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STABILITY ANALYSIS AND ERROR ESTIMATES OF ARBITRARY
LAGRANGIAN-EULERIAN DISCONTINUOUS GALERKIN METHOD COUPLED
WITH RUNGE-KUTTA TIME-MARCHING FOR LINEAR
CONSERVATION LAWS

LINGLING ZHOU!, YINHUA X1A%* AND CHI-WANG SHU?

Abstract. In this paper, we discuss the stability and error estimates of the fully discrete schemes for
linear conservation laws, which consists of an arbitrary Lagrangian—Eulerian discontinuous Galerkin
method in space and explicit total variation diminishing Runge-Kutta (TVD-RK) methods up to
third order accuracy in time. The scaling arguments and the standard energy analysis are the key
techniques used in our work. We present a rigorous proof to obtain stability for the three fully discrete
schemes under suitable CFL conditions. With the help of the reference cell, the error equations are easy
to establish and we derive the quasi-optimal error estimates in space and optimal convergence rates
in time. For the Euler-forward scheme with piecewise constant elements, the second order TVD-RK
method with piecewise linear elements and the third order TVD-RK scheme with polynomials of any
order, the usual CFL condition is required, while for other cases, stronger time step restrictions are
needed for the results to hold true. More precisely, the Euler-forward scheme needs 7 < ph? and the

second order TVD-RK scheme needs 7 < ph% for higher order polynomials in space, where 7 and h are

the time and maximum space step, respectively, and p is a positive constant independent of 7 and h.
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1. INTRODUCTION

In this paper, we consider the stability analysis and error estimates of an arbitrary Lagrangian—FEulerian dis-
continuous Galerkin (ALE-DG) method coupled with Runge-Kutta time-marching schemes for one-dimensional
linear conservation laws

u + (Bu)y =0, (z,t) € [a,b] x (0,T],
u(z,0) = up(x), 2 € [a,b]

(1.1)
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with the periodic boundary condition. Here [ is a constant. We only pay attention to the smooth solution
of (1.1).

The discontinuous Galerkin (DG) method is a class of finite element methods, in which the basis functions
are completely discontinuous, piecewise polynomials. Reed and Hill introduced the first DG method to solve
the neutron equation [19] and later, Cockburn et al. extended the method to Runge-Kutta DG (RKDG) for
nonlinear conservation laws in a series of papers [2,4-6]. The DG method has a wide range of applications owing
to some advantages like parallelization capability, the strong stability and high-order accuracy, and so on. We
refer to [3,7,8,12,20] and the references therein for more references of the DG method.

For the theoretical analysis of the fully discrete DG method, Zhang et al. have done a lot of work for conserva-
tion laws [22-26], where the time discretization is the explicit second or third order total variation diminishing
Runge-Kutta (TVD-RK) method. For the smooth solutions, they obtained (quasi)-optimal error estimates
for both the second and third order TVD-RK time-marching schemes with periodic boundary conditions and
suitable CFL conditions. The stability of the third order TVD-RK (TVD-RK3) was shown in [25]. They also
considered the inflow boundary condition as well as the discontinuous initial data [22,26]. Moreover, Burman et
al. [10] analyzed the explicit RK schemes in combination with stabilized finite element methods for first-order
linear partial differential equation systems and established sub-optimal error estimates for smooth solutions,
which presented a unified analysis for several high-order symmetrically stabilized finite element methods en-
countered in the literature. We refer to [15,21] for the energy analysis, which is the main technique for all work
listed above.

However, all the analysis listed above are considered on the static grids. The ALE-DG method discussed here
is a moving mesh DG method and the grid moving methodology belongs to the class of arbitrary Lagrangian—
Eulerian (ALE) methods [9], which allows the motion of the mesh to be like either the Lagrangian or the
Eulerian description of motion and should satisfy the geometric conservation law (GCL). The significance of
the GCL has been analyzed by Guillard and Farhat [11]. There have been works about the implementation and
applications of the ALE-DG method in the literature, e.g., [14,16-18]. Klingenberg et al. developed an ALE-DG
method for one-dimensional conservation laws [13], where local affine linear mappings connecting the cells for
the current and next time level are defined and yield the time-dependent approximation space. They showed
that the ALE-DG method satisfies the GCL for any Runge-Kutta scheme and is efficient for the conservation
law. They also showed that the ALE-DG method shares many good properties of the DG method defined on
static grids, e.g., the L? stability, the local maximum principle, high order accuracy, and so on.

The main purpose of our work is to study the stability and the error estimates for the ALE-DG method
combined with the explicit Runge—Kutta time-marching schemes, in which the Euler-forward, the second order
TVD-RK (TVD-RK2) and TVD-RK3 methods are considered. Compared with the work on the static grids,
our analysis is similar but more technical. Owing to the time-dependent functional space, the scaling arguments
play an important role in this work. With the energy estimates, we prove that all three fully discrete schemes
are stable under suitable CFL conditions. More precisely, for the Euler-forward scheme with P? (piecewise
constant) elements, the TVD-RK2 scheme with P! (piecewise linear) elements and the TVD-RK3 approach
with polynomials of any order in space, the usual CFL condition is needed, while the Euler-forward scheme
with P* elements for k > 1 requires 7 < ph? and the TVD-RK2 approach with P* elements for & > 2 needs
T < ph% for the results to hold true. Here 7 and h are the time and maximum spatial mesh sizes, respectively,
and p is a positive constant independent of 7 and h. To best understand the error equations, we reformulate the
equation (1.1) in terms of a suitable coordinate transformation. Then we proceed to obtain quasi-optimal error
estimates in space and optimal convergence rates in time under the same CFL condition as the stability. To the
best of our knowledge, the above results are the first for high order ALE methods with minimum smoothness
assumptions on mesh movements (only assuming uniform Lipschitz continuity of the mesh movements) and
without the need of remapping.

The organization of our paper is as follows. In Section 2, we list some notations adopted throughout the
paper. The semi-discrete ALE-DG scheme for the linear conservation law is given in Section 3, where we also
show some properties of the scheme. Section 4 presents the stability of the ALE-DG scheme in combination



ANALYSIS OF ALE-DG METHOD FOR CONSERVATION LAWS 107

with the explicit RK time-marching methods up to third order. The error estimates for the three corresponding
fully discrete schemes are proven in Section 5. We conclude our results in Section 6.

2. NOTATIONS

In this section, we will introduce some notations adopted throughout the paper.

2.1. Notations for the distribution of the mesh

Let Q = [a,b]. In order to describe the semi-discrete ALE-DG scheme of equation (1.1), we first introduce
N

some notations for the distribution of the mesh. Assume that the mesh generating points {x?fl} are given
2J) =1

"+l are connected by time-dependent straight

at any time level ¢,,, n = 0,..., M, and the points 30?,; and T
2 2

lines

Ti 1 (t) := x;L% + wj_%(t —tn), VtE [tn,tnt1], (2.1)
where

VT — g
wi_1 = J73  J73 (2.2)
2 tn—i—l - tn

Note that for any time ¢, the first point x%(t) and the last point xN+%(t) stay the same for compactly

supported problems and could move with the same speed %w 1 (t) = %aj N4l (t) for periodic boundary problems.
We provide an example to show the distribution of the ALE mesh in Figure 1. The straight lines (2.1) provide

the time-dependent cells

Kj(t) = [z;_1(t), ;01 (8)], VEE[tn,tnsa] and j=1,...,N.

The length of each cell Kj;(t) is denoted by A;(t) := x;, 1 (¢) —a;_1(t). Moreover, we set h(t) := max, Aj(t)
<<

and h := H[I(E)%}ZE] h(t). We assume that the mesh is quasi-uniform in the sense that h < CA;(¢t) for j =1,2,..., N,
te(o,

a n+1 n+1
X 112 Xis1/2 b

]
i
i
i
i
i
i
i
i
i
i
i
i
i
i
i
i
!
!
!
!
!
i
A

El e ——
| S—

%2 Xis1/2

FIGURE 1. An example of the ALE mesh.
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where C' is a positive constant and independent of h. In addition, the grid velocity field for all ¢ € [t,, t,+1] and
x € K;(t) is defined by

B r—x;_1(t) () —x
and the weak derivative of w with respect to z is given by
Wil —wi 1 ALt
Op(w(, b)) = 12972 — 50 (z,t) € Kj(t) X [tn, tni1]- (2.4)

INTOREN IO

Note that 9, (w(z,t)) is independent of z. The quasi-uniformity assumption for the meshes implies that A, ()
satisfies the following property, for all ¢t € [t,,tp41], n =0,..., M — 1,

A(t) = (wj+% — wj_%)(t —tn) + Aj(ty) > 0. (2.5)
In addition, we assume that w(z,t) satisfies the following properties:
(wl): There exists a constant C,, > 0, independent of h, such that,

PG 2.6
(e.t)€ladix[0.7] jw(@,t)] < 26

(w2): There exists a constant C\,,;; > 0, independent of h, such that,

Ol )= G 2.7
(m7t)€%%f{x[o,T]| (w(z,1))] o

For any K(t), we define the following time-dependent linear mapping

%L — K0, et =2 e a0, (2.8

which yields a characterization of the grid velocity
at(X] (£7 t)) = (U(X] (55 t)a t)? V(§7 t) S [_17 1] X [tna tn+1]-
For simplicity, we denote K7 = K;(t,) and A} = A;(t,), for any n=1,..., M.

2.2. Notations for function space and norms

For any ¢ € [t,, tn41], the finite element space is defined by
Vi(t) = {v € L*(Q) s v(x; (1)) € P*([-1,1]), j=1,2,...,N},

where P*([—1,1]) denotes the space of polynomials of degree at most k on [—1, 1]. We denote the inner product
over the interval K;(¢) and the associated norm by

(0,7, 1) = / ordz, ol = /@050
K;(t)

We also use the usual notations of Sobolev space. Let H*(D) be the Sobolev space on sub-domain D C €,
which is equipped with the norm || - ||+ (p) for any integer s > 0. Then we define the broken Sobolev space

Hi(t) == {v:v(x;(-t) € H'([-1,1]), j=1,2,...,N},
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which contains the finite element space. Moreover, the left and right limits of v at the point x;_ (t) are denoted

1

3

by vj_ and v;; 1, respectively, where
2

1
2

Summing over all the elements, we denote

N N N
(UaT) :Z(’U7T)Kj(t)a ||UH2 :Z”UH%(](t)a [[U]]2 :Z[[U]]f_%
j=1 j=1

Jj=1

Let I,(t) be the union of all elements interface points and define the L?-norm on I},(t) by

1/2
N /

2 — 2
ol = | 35 (Iofy P + Iy )

j=1

2.3. Notations for coordinate transformation

In the following, we will introduce some notations for coordinate transformations, which are often used in
our stability analysis. For simplicity, we only consider the uniform partition of the time interval [0, T], namely
{t, = n7}M  with the time step 7 and M7 = T. With the time-dependent linear mapping (2.8), we have, for
three different time stages t,,, by =tn + 5, and t,q1,

JANK
n+i @+% n+l
[_171] '—)Kj 2v X](fatn-l-%): ]2 (€+1)+x]_§7 (210)
A
[~1.1) — K7 (& tnn) = —5—(E+ 1) + 277 (2.11)

Thus V¢ € Vi(tn), ¢ € Va(t,y 1), and ¢ € Vi(tn41), define

(vt} =0 (0. 6t tup)) = (x50, (212)
ot ) = (et ). S CTI) R (T ) R AT
(

3wt =0 (it ). 3(wttup)) = vt tmn). @19
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n n+1
Anil =1-52>0, Ain =1+s;>0, (2.15)
Aj J
A" s INas 5
I_—1-2>0 =142 >0 2.16
An-‘r% 2 ’ A;L + 2 ’ ( )
J
1
A7_1+§ s 77,+1 s-
i _1_%2_ I 14350 2.17
AT 2 ' A2 3 ’ (2.17)
J
where
s1=Twy(tn), S2=Twe(tny1), $3=7Twaltyy1), (2.18)

and w,(t) = ,w(x,t) is given by (2.4). Note that

A7 AT An ATTE AR AL
J . J =1 J . J =1 J . J =1
n+1 n ) +1 n ’ n+1 +1 )
AT A TR AT pn
we have
S1S83 S$283
81 = 82 + 8182, S1 =S3+T, 83252+T' (2.19)

In the end, we present some properties. For any function v}’ € Vj,(t,,), the scaling arguments and the assump-
tion (2.7) of w, indicate that,

n
971y = e I0F e = (1= 52) [0 2 < (14 )RR [y, (2:20)
J
n+1
ORI = =0k ey = (1 + )R ey < (1 Cuar) ey (2.21)

J

Similarly, we also have

o112

wa “n ey sz —
g S0+ T)IIthIIiﬁu IIUZIIi;H <1+ T)HUZLH;w; (2.22)

J J
Remark 2.1. The introduction of coordinate transformations (2.9)—(2.11) is to make the presentations simpli-
fied and clear. With the help of them, the relation between ¢, g?) and ¢ in (2.12), the representations of the same
function at different time stages, is easy to be understood. Moreover, it is straightforward to obtain properties
(2.20)—(2.22), which are frequently used in our analysis.

2.4. Projections and inverse properties

In this section, we will present two types of projections. The L? projection P, and Gauss-Radau projections
Phi into V},(t), which are often used to derive the quasi-optimal and optimal L? error bounds of the DG method.
For a function u € L?(Q), the L? projection is defined by

(Phu,v)Kj(t) = (’LL, 'U)Kj(t), Yu € Vh(t). (223)
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For k > 1 and v(x(:,t)) € P*~1([~1,1]), the Gauss-Radau projections are defined by
(Ph_u,v)Kj(t) = (u,v)Kj(t), Pu (:E;+%(t)) =u (x;r%(t)) ,
(P, o)i,m = (o) o, Pru(el, ) =u (st ).

Let Qpu be either Pyu or Pfu. Suppose v € H¥*1(Q), then by a standard scaling argument, it is easy to
show (c.f. [1]) for both projections that

Inll + 22 nll o) + Blanll < CR*H, (2.25)

(2.24)

where n = Qru — u and the positive constant C' depends on w and its derivatives, but it is independent of h.
Finally, we present the well-known inverse properties of the finite element space V},(¢t). For any v € V},(t), there
exists positive constants pq and o, independent of v and h, such that

1
hlvell < palloll,  h2[lvlln, @) < pellvll. (2.26)
In the following, we denote p = max{u1,u3}. For more details of the inverse property, we refer the reader
to [1].
3. SEMI-DISCRETE ALE-DG METHOD

3.1. ALE-DG scheme
To derive the semi-discrete ALE-DG method, we first list the following lemma, which has been proven in [13].

Lemma 3.1. Let u be a sufficiently smooth function in any cell K;(t). Then for all v € Vi, (t), there holds the
transport equation

d )

&(u, V)i, ) = (Ou, )k, ) + (On(Wu), V), 1y, Vi=1,...,N. (3.1)
Next, multiply the equation (1.1) by a test function v € V},(¢) and apply the integration by parts as well as the
transport equation (3.1), we obtain the semi-discrete ALE-DG method for arbitrary K;(t), t € [t,,tn41]: find
up, € Vi () such that for all test functions v € V3 (t), we have

E(uhav)Kj(t) = (g(wauh)7vx)Kj(t) - g(wauh)j+%v;+% +g(w7uh)j—%v;;%» (3.2)
where g(w,up) = (8 — w)up and the numerical flux g(w,uh)j_% can be chosen as the Lax-Friedrichs flux, for
j=1,...,N,

. a

)y = (3 —w, Pnd, -l g a= ) max [5-ul, (33)

For simplicity, we define the ALE-DG spatial operator A as
N
Av,r)(t) = ZA(U,T)Kj(t), Yu,r € Hﬁ(t)7 (3.4)
j=1
where
A(’Uﬂn)Kj(t) = —<(ﬂ—W)U,’/‘I> +g(wav)j+%rj_+l _g(wvv)j—%r;‘r_Lv (35)
K;(t) 2 :

and §(w,v);_1 is the Lax-Friedrichs flux defined by (3.3). Then by the above notations, the semi-discrete

ALE-DG scheme (3.2) can be rewritten as

d

&(uh,v)Kj(t) = 7A(uh, U)Kj(t)y Yv € Vh(t).
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3.2. The properties of the ALE-DG scheme

In this subsection, we shall present some properties of the operator A defined by (3.4), which implies the
properties of the ALE-DG spatial discretization.

Lemma 3.2 (Boundedness of the operator A). Suppose A is defined by (3.4), then for any v, r € V3 (t) and
t € [tn,tny1], we have

[A(w,r)(0)] < 3agh™ o]l lr] (3.6)
A, )0 < (allee] + Cusllel] + VIaph=*[e]) ] (3.7)

Moreover, for the piecewise linear case, i.e., k = 1 in the finite element space Vi (t), there holds
St
A, 7~ PPO] < (1 1) Cusllvl +vEaph™ o] ) Ir — Pirl, (35)
where Pgr denotes the L? projection of r onto the piecewise constant finite element space.

Proof. By the periodic boundary condition, we first obtain

N
Av,r)(t) = — <(ﬂ w)v 7‘1> Z: 9w, v)j 2 lrlirs- (3.9)

The definition (3.3) yields,
90,0), 51 < ol 4| + 07, .

Then sum over all j to get

N N
Zg(w,v)?+% < 22042 ( 1 |2 + |U]+1 ‘ ) = 20‘2“””%,1@)- (3.10)
j=1 j=1

In addition, we have the following estimates

Zm <2

Z{{T}}H—l <

Mz

(I 412+ 177, 12) = 202, 0 (3.11)

J

I
—

1
(It 121,y 2) = S, - (3.12)

N | =

1

J

Thus we can obtain the first inequality (3.6),

A7) (0)] < afolllrs]| + (imw,v);;) (Zurﬂm)

Jj=1

< apah=H[vlllIrl] + 20l 0 7L e
< aph ™ |[oll]l7]]-
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Here we use the Cauchy—Schwarz inequality as well as the inverse property (2.26). To obtain the second
inequality (3.7), we integrate (3.5) by parts and sum over all j,

Alw,)(t) = ((6 w)vm,r) + (05 wporr)

+ Z )l + Z [P Pt (3.13)
() + B,
where
N
Blo,r)(t) = <(ﬂ Y ) F0 -0l by + Z 14307045

Here we use the fact that the quantity w,(t) defined by (2.4) only depends on ¢. By (3.12) and the similar
arguments to estimate (3.6), we get

1Bv,)(t)] < allvallrl + vV2alol |7l
< (alleall + v2aph=2e1) Il (3.14)
which yields the desired result (3.7),
A1) < (allvall + Cuslloll + vV2Zauh=3 [o] ) 7.

Here we use the property (2.7) of d,w(x,t). Finally, we analyze the inequality (3.8). By the property of the
piecewise constant L? projection,

(r = Par,va) i, = 0, Yulx;(t)) € PH([~1,1)),

we have

((6&))’[}177”13]?7’) = <(wj—é W)’Um,T'P}?T> )
K;(t) K;(t)

which yields

(9= yenr = Pr) < Custlolr — P
< 1Cus|lvlllr — PR .
Henceforth, replacing r with r — PPr in (3.13) and by similar arguments, we obtain
(A= PO < (0 + 1)Cusllol+ v2ageh =t [o]) [ = Pl
O

Lemma 3.3. Suppose A is defined by (3.4) and Pyv is the L? projection defined by (2.23). Denote n = Pyv—wv,
then for any v € HL(t), r € Vi (t) and t € [ty tni1], we have

(A, ) (O] < uCuzlnlllirll + v 2allnllr, i [7], (3.15)
A, ) (O] < #Cus|lllIrll + 20h7 2 ]| 1, oI (3.16)
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Proof. From (3.9) and the definition of the L? projection (2.23), we have

Aln,r)(t) = ((ﬁ w mm) Zg w, )1 lrlrs

= ((w—wj; 7777":1:) ZQ w 77]+1[[r]]]+ )

which implies that

N }
A7) O] < Cushlinllir. + (Zgwmg;) ]

j=1
< uCuel|nllllrll + v2alin 1, @[]

Here we use the Cauchy—Schwarz inequality, the inverse inequality (2.26) as well as the estimate (3.10). It is
easy to obtain (3.16) from (3.15) by using the estimate (3.11) and the inverse property (2.26).

(I
Lemma 3.4. For any v, r € H}-(t) and t € [tp,tn41], we have

N
A(v,7) () + A, 0)(8) = > alol;y 1 [r]41 — sz (0,7) i, () (3.17)

j=1

" a W (t)
A(v,v)(t) = ZE[[U]]J+1 -3 x2 [l (3.18)
Jj=1 Jj=1

Proof. With the representation of A(v,r)(t) in (3.9) and integration by parts, we can easily obtain

A(v,m)(t) + A(r,v)(t) = — (B — w)v,rm>

w,0)j4 1 [r]44

)
w,r)

I/

(6 —wr, vx)

jralvljey

N
=24

B
-2

N
wa () (0, 1) k1) + Z afvl i lrljse

|
M=

Jj=1
N N
+
*Zl(ﬁ “it3)as %*Zﬁ Wiy
Jj= Jj=

=

(B —wp ) ol ol + by s lol )

<.
Il
—

|
M=

wa ()W, M)y + Y ool 4[]8

j=1

<.
Il
—

Here in the last step we use the periodic boundary condition and [r[|{v} + [v]{r} = [rv]. It is clear that
(3.17) implies (3.18) if r = v. O

It is worth pointing out that the properties of A4 in Lemmas 3.2-3.4 are similar to those in Zhang and Shu
[25] developed for the static grids, which play very important roles in obtaining stability.
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4. STABILITY ANALYSIS FOR LINEAR CONSERVATION LAWS

In this section, we would like to analyze the stability of three fully discrete schemes, that is, the ALE-DG
method coupled with Euler-forward, TVD-RK2 and TVD-RK3 time-marching schemes. In what follows, we
denote the approximation of uy(t,) by uj.

4.1. First order scheme

The ALE-DG with the Euler-forward scheme is given in the following form: find uZH € Vi(tn41), such that
for any vy = v, (-, t,) € Vi (t,) and 1 < j < N, there holds

(™ o) g = (s o) iy — TA(R, o) xy (4.1)

Here ﬁ is defined by (2.12).

Theorem 4.1. Let uZ'H be the numerical solution of the fully discrete scheme (4.1), then we have for any n,
that

luptH? < (14 C7)lup]l?,
under the CFL condition

Aptrh™2 < - (4.2)

O =

In particular, for the piecewise constant finite element space, Vi, (t) = {v(x;(-,t)) € P°([—1,1])}, we have the
strong stability

Jup | < g,
with the usual CFL condition

1
ap’rh™! < 1 (4.3)

Here « is defined by (3.3), p is the inverse constant (2.26), and C is a positive constant depending solely on
Cua-

Proof. To analyze the stability of the scheme (4.1), we need first to obtain the energy identity. Take v}’ = u} in
the scheme (4.1) to yield

(UZHvuZ)K;“ = ||UZ||%<J“ — T A(up, up)kr- (4.4)

By the scaling argument with (2.15), we have

n+1
1201 = L g ey = (14 s ey (4.5)
J

Noting that

n+1

+ 1, — 1 —
n+1 n+1,2 n (|2 n |2
+ = |ju 41— = ||U — U
( ”K;L“ 2” h”K]’?“ 2” h hHK;LHa

— 1
Uh ,Uh)K;_H»l = 5”“}1
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we get the energy identity by summing up (4.4) over j,

N
1 1 1 — s1
ST = SR = Sl — 2 = 3 Pkl — r AR, up) t)
=1
1 — T
= Sl = a2~ Tafup]?

Here in the last step we use the property (3.18) of A as well as the definition (2.18) of s;. Next,

(4.6)

we only need

to analyze the first term of the right hand side in (4.6). Apply the scaling arguments and (2.15) again to get

An

(w0 = ter (TR sepes = (1= s) (B 0 e,
J

and
A(”Za 'UZ)KJ" = A(TLE, EE)K@-H .
J

It implies the equivalent form of (4.1),

(™t = ) g = =2y, ) genn — AU, ) g
PX case. Take the test function EE =ul ! — @ in (4.9) and sum all over j to obtain
N
™ =l = =D sa(ufly un ™t — ) o = TACR, = ) ()
j=1 '

Using the Cauchy—Schwarz inequality and the boundedness (3.6) of the operator A, we have
lup ™t = ul|* < (Cuar + Baprh™)|Ju][lup ™ = uf .
Here we use the fact that |se| < Cy,7. Then divide both sides of the above inequality by [|uy ™!
™t = w | < (Cuor + Baprh™) [,
which yields that
1 —~ —
Sl — @I < (2,7 + 90227 *h )
Under the CFL condition (4.2), we obtain the following inequality,
1 — —
Sl — @R < (Cr )P
< O7llup|*.

Here the last step uses (2.21) and 7 < 1. Consequently, the energy identity (4.6) implies that
1 n+1/2 1 n||2 n|2
Sl 2 = Sl ? < Orllug .

PO case. Apply the equivalent form (3.13) of the operator A to rewrite (4.9),

—

(“Z—H — uy, ﬁ)K;”“ = *TB(@’ @)K;‘“?

(4.7)

(4.10)

- EEH to get,

(4.11)
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due to the fact that s = Tw(t,+1). Since the finite element space is piecewise constant, we have d,v}} = 0,

which is not available for £ > 1. Take the test function 1/)@ = uZH — u/\Z in the above equality and use the
boundedness (3.14) of the operator B to yield,
gt — W) < V2apTh™? [u]), (4.12)
which leads to
1 —
Slleh ™ = upll* < o®prh ™ up]?. (4.13)

If

a2,u27'2h_1 — %a <0, that is, au27h_1 <

| =

we finish the proof by combining (4.6) and (4.13) together,
1, . 1, .
Sl = 2l < 0.
(]

In the following, we provide a remark to summarize the main difference between the case P° and P*, k> 1
in the stability analysis of the first order scheme.

Remark 4.2. For the piecewise constant finite element space, Vj,(t) = {v(x;(-,t)) € P°([—1,1])}, we have the
property O,vp, = 0 with v, € V3 (t), which can not be extended to the finite element space with polynomial
degree k > 1. Thus, the bound (4.12) is no longer available for the case P*, k > 1. Instead, we use the inverse
inequality to control 9,v;, and get the bound (4.11). In the end, two different CFL conditions are obtained for
the stability of the first order scheme.

4.2. Second order scheme
The ALE-DG with TVD-RK2 scheme is given in the following form: find u} ™" € Vj(t,41), such that for any
vp = vp(-,tn) € Vi(tn) and 1 < j < N, there hold

(uilwvﬁ)K;“ = (uZﬂUZ)K;L - TA(”Z>”Z)K_;L7

e ) (4.14)

— — T —
Up, 702')}{;“ = 5(162,”}?)1(_? + §(u}l,vﬁ)K;+1 — §A( ;1”’02’)K;L+1.

Here v!7 is defined by (2.12).

Theorem 4.3. Let uﬁ“ be the numerical solution of the fully discrete scheme (4.14), then for any n, there
holds

lup ™1 < (1 + C7)llupll?,
under the CFL condition
4
h—4/3 < 3/ - .
B (STemE
In particular, for the piecewise linear finite element space, Vi (t) = {v(x;(-,t)) € PY([-1,1])}, we just need
the usual CFL condition,

11
Al <mind —— ———1¢. 4.15
e —mm{mm} (419

Here « is defined by (3.3), p is the inverse constant (2.26), and C is a positive constant depending solely on
Cyz and p.
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Proof. Rewrite the scheme (4.14) such that all of the terms are in the same cell K;LH,

(ui,vﬁ)K;H =(1- sz)(uﬁ,vﬁ)K;H - TA(uﬁm,’})K?H,

(4.16)

— 1—589 ~ ~ 1 — T —~
1 2 1 1 X
(up " SV )+t = (Ul Vi) gener + 5 (Uns V) et — 5 AU V) g
i 2 3 2 J 2 J
Here we use (4.7) and (4.8). By taking @ = %EZ, uj in the above equalities, respectively, and adding them
together, we have

1 1—59 —~ 1 S —~ So  —
412 2 2 _ +1 12 20,1 2 2 2
glun™ igner = =5 Muglliner = Gllup™ = whllyener + Fllun = uplliener = Fllupllne
So T o~ — T
= Tl s = AR ) e — 5 Al ) (4.17)
Noticing that
lupllier = (1= so)lupllfensn, 2= Two(tns1), (4.18)
J

we obtain the energy identity by summing (4.17) over all j and using the property (3.18) of A,

Dtz = Lz = Lypaper — g2 +i 52 ud — 2
2 h 2 h 2 h h 4 h h K;L+

j=1

- Zalup]” - Zalull. (4.19)

In order to obtain the stability, we just need to analyze the first two terms of the right hand side in the above
equality. From (4.16), it is straightforward to get

(uh —ps O g = =T AU ) genr = s2(uf, OF) geni (4.20)
— T o~ o~
(UZ+1 — Up, UZ)K;“ = _5-’4(“}11 - “ZWZL)K;‘“- (4.21)
Pk case. Take the test function @ =uptt —u} in (4.21) and sum up all over j to yield,
T —
™ — b =~ Ak — ™ ) ). (1.22)

Using the boundedness (3.6) of A, we have

n 3 — -
[up ™ = ubll < onTh ™ ug, — ]l (4.23)

Then by the similar arguments, taking the test function @ =uj — @ in (4.20) and using the boundedness

(3.6) lead to
luf, = upll < (CwaT + 3aprh™)|[uf]. (4.24)

Denote A = aurh~t. Combine (4.23) and (4.24) to get that

AN (C2 7 + 9N |Juf |2

1
Sl =l <

)
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If
81 4 4
—\< that i h™s < @ ——— 4.25
1 <, atis, Th73 < ST(ap)t ( )
then we have
n+l 2 Cim 5 D2 n|2
*II | < (52 A llugll” = Crlluill, (4.26)

where we use the property (2.21) and 7 < 1. Under the CFL condition (4.25), the estimate (4.24) turns out to
be

lu, — ug||? < 2(C2, 72 + 2v/7)||uf||?,
which indicates that

C’ —
T(Con™ +2V7)||up ||

N
Zﬁllu;
o 47"

< CTHuZ||2~ (4.27)

Thus we combine (4.19), (4.26) and (4.27) to obtain
|| PP - ||UZ||2 < Orllup .
P! case. Denote z = uj — @ Using the boundedness (3.7) of A in (4.22), we get

n+1

~2[2]. (4.28)

[uh

Now we will analyze |z,||. Let y = z — PPz, where Pz denotes the L? projection of z onto the piecewise
constant finite element space. It follows from the property of the L? projection and the identity (4.20) as well
as the boundedness (3.8) of A,

N N

lyll* =D (= = Bz, y)gens = D _(2:9) en
j=1 j=1
N

= —T.A(u;l’,y n+1 Z uh, KT”‘LI

< (0 + 2 Cuarlafll + ﬁamh*iﬂuﬁﬂ) Il

Here we also use the Cauchy—Schwarz inequality and |sg| < C,7 for the last step. Divide both sides of the
above inequality by |ly|| to yield,

— i
Iyl < (1 + 2)Cuel|upll + V2aprh™= [up].
Noting that 9, (P{z) = 0 and the inverse property (2.26), we get

lzall = llyzll < wh ™yl
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which implies that
lzall < (4 2)Cusaperh™ [l | + V2aprh™ % [ui].
In addition, it is clear to observe that
[=] < V2([ui] + [upD)-

Thus the estimates (4.24) and (4.28) give that,

n @ —1y 7 —2rm
it =kl < 57 (0 +2)Cuanrh™ [l + V2ap2rh™ 4 [uz])

+ C;wT ((Cme + 3au7h_1)Ht/LE||) + galnh_% [2]
< Ovrllup )| + Collup] + Calus, (4.29)
where
(b +5)A+ Cuut

Ci =

1 2 & 1
5 Cuwe, Co=aurh™2 + goﬂu%gh*%, Cs =aurh™ 2,

and A = aurh™!. Squaring the above inequality, we have
1 —
lun™ = wpll* < C3[up]® + 2C3 [un]® + 2072 i1,
If we let

C3< -7, 203 <

| 9

«a
8
or furthermore,

1 1

2021272071 < %7, atutrth T3 < %T, that is, X< rnin{32,u7 m}, (4.30)
then
1 « «
St =kl < 2rpl? + Srfubl? + Ol 2 (4.31)

Here we use the property (2.21) and 7 < 1. Owing to the choice of the CFL condition (4.30) and the estimate
(4.24), we obtain

N

s — C —~
2 Ik = Rl < =57 (Cua + 307
j=1 ’

< Ctllup|?. (4.32)

Finally, we finish the proof by combining (4.19), (4.31) and (4.32),

1 1
Sl 2 = Sl < Ol
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Similar to the first order scheme, we provide a remark to summarize the main difference between the case
P! and P*, k > 2 in the stability analysis for the second order scheme.

Remark 4.4. For the piecewise linear finite element space, V,(t) = {v(x;(-,t)) € P*([-1,1])}, we have the
orthogonal property

(r— Pf(b)r, vx)Kj(t) =0, Vo(x;(t) € Pl([—l, 1)),

where P,? r is the L? projection of 7 onto the piecewise constant finite element space. With the help of this prop-
erty, we can obtain a sharp estimate for ||u} ™! —u} ||, namely, the bound (4.29). Under the usual CFL condition,
we derive the stability for piecewise linear polynomials. However, for higher order piecewise polynomials (k > 2),
the above treatment breaks down since the orthogonal property is invalid. Thus we use the boundedness (3.6)
of A directly and obtain the stability for the case P*, k > 2 under a stronger time step restriction.

4.3. Third order scheme

The ALE-DG with TVD-RK3 scheme is given in the following form: find u} ™" € V}(t,41), such that for any
vp = vp(-,tn) € Vi(tn) and 1 < j < N, there hold

—~

(uflwv;:)l(;"‘*'l = uZﬂ)IZL)K;L - TA(U‘Z’UZ)K;H

— 3 1 —~ 1 —
2 _ 1 1
(Uh»vﬁ)K;L+% = 7 (Why o)y + o (h, V) genrn = 2T AU, UF) gen, (4.33)
1 _ 2 _
(up o) penia = g(uﬁ,vZ)K]n + §( i,vZ)K;Jr% — gT‘A(“%va)K:+%’

where E;f, vt are defined by (2.12). In this subsection, we are going to obtain the L?-norm stability for the fully
discrete scheme (4.33). Similar to the second order case, we first rewrite the scheme (4.33) such that all of the
terms are in the same cell KJ”H,

(uh U gt = (g, 0 ) gens = AU Of) e — 82U, O ) g

e 3 _ r _ sy~ 3~ —~
(uim};)K;H = Z(uﬁ,v{j)K?H + Z(“flwvmi{;‘“ — ZA(U}mUZL)K;“ + g(u% — iuﬁmﬁ)K;H, (4.34)
— 1 ~ —~ 2 5 —~ 21 5 —~ So ,—~ 5 —
(uZHmﬁ)K;H = g(Uﬁ,’Uﬁ')K;H—l + g(U%,UZ)K;H—l — ?A(uim,’})[{?u — g( n4 u%mﬁ)K;H.

Here we use the scaling arguments and (2.15)—(2.17). Next, for the convenience of the analysis, we define
E, zui—u/\z, E, :2u%—u,11—17§, Eg = uj ™! —2u,21+17ﬁ. (4.35)

Then we can achieve the following identities by a direct calculation,

(By, vi) gnn = —s2(uy, v gnn = T AU, ) gnon
— P T —
(EQ, U]{Z)KJ’_Hrl = _SQ(UZ - U}ZN UZ)K;’_”A - §A(E1a U}T;)K;“rlv (436)
— —~ — ~ T —
(Eg, ’UZ)K;JA = —89 (u% — uﬁ, UZ)K;Hrl — gA(EQ, UIZL)KJ’.L“ .
For the last identity, we rewrite E3 = (up ™' — Lufl — 202) — 4(u2 — u7'), and
o —~ $2 75 — T —~
(u? — uﬁ,vﬁ)K;H = —SQ(U;LL7UZ')K;L+1 + E(u%vZ)K]@H — ZA(u}L + uZ,v,f)K;ﬂ. (4.37)

In the following, we will present the stability for the fully discrete scheme (4.33).
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Theorem 4.5. Let UZH be the numerical solution of the fully discrete scheme (4.33), then we have for any n,
that

Jup™H* < (14 C7)Jug]?,
under the CFL condition
1
apth™ < 3 (4.38)

where « is defined by the Laz-Friedrichs numerical flux (3.3), u is the inverse constant (2.26), and C is a
positive constant depending solely on Cyy.

Proof. Similar to the second order scheme (4.14), we need first obtain the energy identity. Taking the test

functions zjf = @, 4u}, and 6u% in the identities (4.34), respectively, and adding them together, we have

/ L Fdz = —sal|u) e — 28| [Fer + s2R1 — TRy,
K7 J J
J
where
F = —2ubul — (@) + dudub — (uh)® + 6up ™ uZ — 2u2u) — 4(ud)?,

Ry = 2(;%’7“‘}11 - @)KJ’."H - 3(@?“%)1(?“’
Ro = AU, uf) et + Aluf, 0h) s + 4A@WR,187) e
Noting that
F = 3[(up*)? — (uf)?) — B3 — 3(u ™! — uf))Es,

we get the following identity by summing over all j,

N
Bllup ™ |1* = 3llup|® = IBa® + 3(up ' —ujf, Bs) + ) soRy
j=1
N N P N
= sollup R =2 sallud|2ne =7 Ro. (4.39)
=1 ’ j=1 ’ j=1

Denote each line of the right hand side in the above equality by ©1, O, respectively. The definitions (4.35),
the identities (4.36) and the properties (3.17)—(3.18) of A yield,

6,

N
HE2H2 —|— 3(E3,E1 —|— EQ —|— Eg) —|— ZSQR]_
i=1
N
—||E2||? + 2(E2, E2) + 3(Es, E1) + 3(Es, Ez) + 3||Es|* + 282R1
j=1
= —||E2|® + 3||Es||> — TA(E1, E2) — TA(Es, E1) — TA(E2, Es)

N N
+ Z so(uft —u Eo + 3Eq) pont1 + Z s9Ry

j=1 j=1

N N
«
= |2l + 3|[Es||® — 7o Y [Ex];; 1 [Eallj51 — 57[[E2]]2 +) 5201,

j=1 j=1
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and
— 1
On = (uh — u, Bp + 3E1) cner + R + (Br, Bo) enr + 5 [[Ea|nss
J
3% 2 1 12
= —§|IuZ|IK}@+1 - §||uh||K;}+1'
On the other hand, the property (3.18) of A implies that

« (6%
62 = —Sr[up]? - Srluh]? - 20 ]

N S N S
21" n 2
= 2 s + 3 2k
- J - J
j=1 j=1

Recalling the relationship (4.18), we add ©7 and @ to the equality (4.39) and obtain the energy identity

Bllup™ 17 = 3llupl|* = I + I, (4.40)
where
al «
I = —||E2|)* + 3||Es)|* — a7 Y [E1];y 1 [Baljss — 5 TIE]?, (4.41)
j=1
I = ~5rluh]* — 5rluh]? — 207[f]*. (1.42)

Denote the last two terms on the right hand side of (4.41) by I;; and we have the following estimate by
applying the Young’s inequality,

a a
I < —7[E]* + 57'[[1[*32]]2

a a .
< 57'[[“;11]]2 + 57'[[%]]2 +atl[Ball7, 400y

A

o @ _
< 57’[[112]]2 + ET[[UZ]]Q + auth 1HE2||2, (4.43)

where we use the estimate (3.11) for the second inequality and the last inequality uses the inverse inequality
(2.26). Next, we will analyze 3|[Es||> with the identity (4.36). Denote A\ = aurh™" as before. Take the test
function v}’ = E3 in the third equality of (4.36), sum over all j and use the boundedness (3.6) of A to derive,

1Bs )2 < (Cunrlluf — af |+ AIE2ll) 1Bl
which implies that,
3|[Es* < 6A%|[Ea|* + 6C5, 72 ||u? — uf|*. (4.44)
Here we use [s2| = |wy(tnt1)T] < Cuyp7. Then from (4.41)—(4.44) and under the CFL condition (4.38), we
get,
L + 1y < 602, 72w} — ]| — (1 - 6A% — X)|[Eo?
< 6C2,7up — up||?. (4.45)

since 7 < 1. In addition, it is clear to obtain the following equality from (4.37),

S2., 5 —_ S9 ,—~ — T —~
(1- 5)(“;21 - UZ,UZ)K;H = *3(“2#’2)1@“ - ZA(U}L Jruﬁvv;?)K;H,
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which yields,

(= R 0 per o = =2 (@ O e — = (1 ) A, + 0, 0] jern
= S (W ) gepr = (U FIAEL U)o
= 50 DA@E ) .
Here we use the relationship (2.19) between sy and s3 for the first step. Taking the test function @ =l Q/LZ
in the above equality, summing it over all elements, and applying the boundedness (3.6) of A, we have
I~ T < 5 + 22l + 10+ SRl (4.46)

Here for the first step we use |s3] = |wg(t,,41)7| < CuoT and the last step uses the CFL condition (4.38). For

the estimate of |[E, ||, we take v = E; in the first equality of (4.36) and use the similar arguments to derive,
IELll < (Cuar + SNTI < (Cuat + VT (4.47)
As a result, we collect the estimates from (4.45) to (4.47) to achieve,
I + 1 < Cyrlug]?,
where C7 depends solely on C,,,.. Recalling the energy identity (4.40), we will finish the proof,
Bl[up 1P = 3llupll* < Crrllugt]|* < OF|lug]l?,

where we use the property (2.21) and 7 < 1. a

5. ERROR ESTIMATES FOR LINEAR CONSERVATION LAWS

In this section, we will present error estimates for the fully discrete schemes with the help of the stability
analysis in the previous section. We begin with some preliminaries. To make it clear to construct the error
equation, we first show the representation of equation (1.1) after a time-dependent coordinate transformation
x = z(,t) defined by (2.8). For simplicity, we denote 0(&,t) = v(x(&,t),t) for any function v(z,t). Then by the
chain rule,

U = UgTe, Up = Up + UgpTy,

A, ()

where z¢ = =5= and x; = @. Thus in the reference coordinates (¢,t), the equation (1.1) of Kj(t), t € [tn, tny1]
becomes
2
U+ Ay (B = w)ie =0, (§,) € [=1,1] X [t tnya]- (5.1)
A;(t)
On the other hand, by (2.3), (2.8) and (2.5), we have
o1 A(t)
wgzé(wj+%—wj7%): j2 . (5.2)
Combine (5.1) and (5.2) to derive,
O (ﬂAJ (t)> + O¢ (2( - w)ﬂ) =0,
which is equivalent to the form,
. . . 2(0 —w
U+ (al)e =0, U(6.6) = ats(0), alé.t) = 5. (5.3
J
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5.1. First order scheme

In this subsection, we would like to show the error estimates for the ALE-DG spatial discretization coupled
with the Euler-forward time marching scheme. Following the idea of analyzing the error estimates for static
meshes [25], we first present the error equation.

5.1.1. Error equation
Denote u™ = u(x,t,) for any time level n. To proceed with the error equation, we need the following lemma,

which describes the local truncation error in time.

Lemma 5.1. Let u be the exact solution of equation (1.1). Suppose u is sufficiently smooth with bounded
derivatives, then for any vy € Vi,(t,) and 1 < j < N, there holds,

(" o) e = (" o) iy — A" O iy + (8 0 (5.4)

where @ is defined by (2.12), £ is the local truncation error in time and ||} ||xr = O(12) for any j and n.

Proof. By the Taylor expansion with Lagrange form of the remainder, we obviously have,

2
U(gvt + T) = U(gvt) - T(GU)E(f,t) + %Utt(gvtl)v tl S (t;t +7_),

where we use the definition of U in (5.3). Let t = t,, and we still use the notation ¢; to stand for a fixed value
between t,, and t,.1. Multiply the test function ¥? € P¥([—1,1]) on both sides of the above equation, and
integrate by parts to yield,

1 1 2 1
| omtisas= [ omapag - r A0 + 7 [ Ot s
_ -1 —1
where

~ ~ 1 ~

AU == [ U og(aR)aE + U, — o U
A(t)

Noting that z¢ = , we can easily get, by the scaling arguments and (5.3),

1 1
/ U Hapde = 2(u™ o) e, / U"ohde = 2(u", vp) k- (5:5)
1 ’ -1 '

Owing to the smooth exact solution, we have [u] jo1 = 0 at each element boundary point, which implies
that,

AU, 01 = 2A(u”, o) Kkr- (5.6)
Moreover, from the definition (5.3) of U and A () =wj1 —w
U = Dj(t)i + Aj()a, Uy = Dj(t)ie + 205 ()i

It is inferred that

1
T / Ui, tr)ofde = = / (Ajatt+2A;at>(£,t1)®Zd£
—1

At ~ oA, .
i CTUCTNINTY B S CYNSRINTY
K7 Kn

J J

= 2(e7, vp) K7 (5.7)
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where @y (X (- tn)) = ue(z(-,t1)), @e(X(tn)) = ue(z(, 1)) for x(+,tn) € K}, x € Kj;(t1), and

’

Aj(t) o B 5
ZJA(?l)TQUtt + I?TQ’U,t.

el =
By the quantity (2.4), (2.5) and (2.7), there hold,

Aj(t)
Af

’

A
=1 +wm(tn)(t1 *tn) S 1+ sz7 FZJ = |Wm(tn)| < Cw:m
J

which implies that
et llzey < CT2.
Here C is a positive constant independent of & and 7. Finally, we combine (5.5), (5.6) and (5.7) to finish the
proof,

(U o) e = (0, 0 iy — AW o) Ky + (€ 0

O

For the convenience of analysis, we introduce some notations. The error between the exact solution and
the numerical solution of the first order scheme (4.1) is denoted by €" = u(z,t,) — uj for any stage n. Let
(" = Ppu™ —uf and 0" = P,u™ — u™, where Pyu" is the L? projection defined by (2.23). Subtracting (5.4) for
the first order scheme (4.1), we obtain the error equation for any v}j! € Vj,(¢,) and 1 < j < N,

("1 o) e = (", o) iy — TA", 0wy + (5, 03 iy

Moreover, €™ = (™ — n" yields that

(o) e = (¢ o)y — TAWC™ Wiy -+ H (0,07, (5.8)
where
Hj (777’02) = (nnJrlv{J.}T\LL)K;”rl - ("7717’0}?)1(7 + TA(W”:”Z)K; + (8?71}2)1(;' (59)

In the end, we present the following estimates for the projection error.

Lemma 5.2. Suppose u is sufficiently smooth with bounded derivatives, then there exists a positive constant C
independent of h, T and n, such that for any v} € H\(t,) and Vn < M,

1™ |+ B2 ) 5 ey + BllO" | < OB, (5.10)
(") = (" o) < CTR* vl (5.11)

Proof. The estimate (5.10) can be obtained directly from (2.25). By the scaling arguments, the definition
n" = Pyu™ — u™ and (5.3), we get,

n+1
Aj

_ ! N
) g — i) = =5 [ e - [ e
—1 —1

1 [t . . . .

— 5/ [(PhU"“ — Ut —(P,U™ — U”)}@ng

-1
1 ! rn+1 rn rn+1 rn ~n
3 P,(U" =U") = (U™ = U")|vpdE

-1
< S raE 2 (al) €, 1) el
S 5 7Y% sta)llL2(—1ap 10 L2 ((-1,1)-
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Here we use the fact that the L? projection is linear in time on the static mesh as well as the exact solution
is smooth enough. Noting that aU = 2(8 — &)@ from (5.3), we apply the scaling arguments again to derive,

1 2
o820 €ty = [ (0672060 ) g
2
:4/ (8f+2((ﬁ—w)u")) (2¢)?*3da
K7
A" 2
-4 7 \2k+3 ak+2 _ n) d ,
G [ (o) a
and
1
2
T A e 3 ICARE

Finally, the above estimates yield,
(" o) — (" o) < CTR* g
The proof is completed. O

In the following, we use the notation C' to stand for a generic positive constant independent of 7, h, n and
u}, but may depends on the exact solution u, the mesh speed function w and the inverse constant p in (2.26).
It may have a different value in each occurrence.

5.1.2. Error estimate for the first order scheme

Theorem 5.3. Let uj be the numerical solution of the fully discrete scheme (4.1) with Euler-forward time-
marching method, and u be the exact solution of equation (1.1). Suppose u is sufficiently smooth with bounded
derivatives, then we have the following error estimate,

max |[u(z, tn) — up|| < C(KF3 +7),
nt<T
under the CFL condition

Aptrh™2 < —. (5.12)

Ne) e

In particular, for the piecewise constant finite element space, Vi, (t) = {v(x;(-,t)) € P°([-1,1])}, we just need
the usual CFL condition

1
ap*th™t < 3 (5.13)

Here « is defined by (3.3), p is the inverse constant (2.26). The positive constant C is independent of h, T,
n and uy,.

Proof. Similar to the stability analysis, we take the test function v}! = ¢™ in the error equation (5.8) to derive
the energy identity for (",

1 1 1 —~ a
SIC 2 = SHCM 2 = S = T2 = Zalc I + Y Hyni ¢, (5.14)
j=1
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In the following, we will estimate ||¢"*! — ZEHQ and Z;V:I H;(n,¢") separately. From the estimate (5.11) and
Lemma 5.1, it is easy to conclude that,

(™ o) = (", o) + (€8, vp) < C(rhA 4 72) up . (5.15)
By the scaling arguments with (2.15), we have,

An _ _
(CnJ}Z)KJn = ATi_l(CnarUZ)K;L+1 = (1 - 52)(§",1}Z)K?+1.
J

Then the error equation (5.8) can be rewritten as
(Cn+l - Cn, @)K;‘*l = —82((”7 @)K;LJA - TA(C", {}f)K]n + Hj (777 U}?)

Choose @ = ("t - ZE in the above equality and sum over all j to obtain

N
IEm T = ¢ = =D s ¢ = () enen = TACT C = () ()
i—1 X
JN -
+ Y Hy(n, ¢ = ¢, (5.16)
j=1

where C/’?ﬁ is defined by (2.14). Now we will divide the analysis into two cases as in the stability analysis.

PX case. The boundedness (3.15) of A firstly gives that
An™,¢™) < pCour ™IS + V200" 7y 2y [€7]
< CRFFY[C™| + CahF T2 [¢M]
< [I¢" 2 + SIC"T + Ch2+L.

Here we use the estimate (5.10) for the second step and Young’s inequality for the last step. Take v} = (" in
(5.15) to infer that

N
STH0,¢M) = L) = (,¢7) + TAM™ L CM) + (€7,C7)
j=1

< 2r¢"IP + SrICTT? + O 4 72). (5.17)

Here we use the Young’s inequality again. As for the estimate of [|¢("1 — E;H27 we will use the equality (5.16).
By the boundedness (3.16) of A and (2.20), we have,

A", ¢t — ) () < <Mcwx||n”|| +20ph ™2 IIn"Ilrhan)) [¢ntt = ¢l
< C<hk+1 + ozuhk> ||Cn+1 o 65”

Owing to 7 < 1, it follows from taking o' = ¢"*% — (" in (5.15) and (2.20) that

N
S H(, ¢ - (M) < C(T’”‘“l +aprh® + ) lent — &),
j=1
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In addition, by the boundedness (3.6) of A, we get,
LA, ¢ = )t | < Baurh ™SI — -
Recalling the equality (5.16), we obtain the following estimate by dividing both sides by ||¢"+! — ZEH,
[¢ = C < Cuar[C7I] 4+ Bagurh ™ |C | + Ok + aprh® +72),

which implies that

2
1 — —~
FlIe = ¢ < (cT2 + (3a,u7h1)2> I¢n (1> + c(m‘@“ +oputh® + 72)

< O7)IC7|? + Or(h*+2 + 72)
< OT[[C1P + Cr(h*M+2 4 72). (5.18)

Here we use the CFL condition (5.12), the relationship (2.21) and 7 < 1. Hence, we combine (5.14), (5.17)
and (5.18) to derive

ICPFHI2 = (171 < CrlIC™|* + Cr(p* 4 7).
Summing over n and using Gronwall’s inequality, we obtain,
Ic"* < C(r*F 1 +7%), < M,
if we choose the initial condition up(z,0) = Pyu(x,0). Finally, apply the estimate (5.10) to yield,
lem||> < C(h** 1 +7%), n < M.

P? case. Since the finite element space is piecewise constant, we have d,v} = 0, which indicates that

N
A", op)( Z g(w,n" ]+1[[Uh]]j+2
Sfalln 17t [vr] (5.19)
< %[[U;;}]Q + Ch. (5.20)

Here we use the estimate (3.10) for the second step, Young’s inequality and the estimate (5.10) are used for
the third step. Then recalling the definition (5.9) of H,; and taking v} = ¢™ in (5.15) and (5.20), we get

N
> H ¢ < T¢I 4 FTICT + Cr(h 4 7). (5:21)
j=1

On the other hand, choose v} C”“ ¢"™ in (5.19) to derive,

Al ET = ¢ () < V3l 1, 0 [C7F = ¢

—1.n /":L\_/ n
< 2aph”2{In"| 1, 0 1€ = |
< Cop||¢"H = ¢,
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where the same reasons for obtaining (3.16) are used in the second step, and for the last step we use the estimates
(5.10) and (2.20). It is inferred from taking v = ¢"** — (™ in (5.15) and (2.20) that

N —_— —~
S H (O — ¢ < c(m +apT + 72) g = .

j=1

Moreover, by the boundedness (3.7) of A, we obtain,
FA@ ¢ = Tt < (CurrlITN + VEaprhHC'T) |64 - 1.

In light of the equality (5.16), divide both sides by [|¢"*! — Z;H to yield,
[¢7F = 8l < 2Cua 7|7 + V2aprh™ 2 [¢"] + C(rh + apr + 7°).

Under the CFL condition (5.13), the above estimate leads to

St T2 < Sr e+ Orll P + O+ 7). (522)
Here we also use (2.21). Consequently, the estimates (5.21)-(5.22) together with the energy identity (5.14)

imply
IS = ISP < CTICMIP + Cr(h + 72).
Thus by the same arguments as in the P* case, we can obtain the desired results for the case PP,
e™]|> < C(h+7%), n<M.

The proof is completed. |

5.2. Second order scheme

In this subsection, we will present the error estimate for the fully discrete scheme (4.14) with TVD-RK2
time-marching method. Similar to the first order case, we need first obtain the error equation.

5.2.1. Error equation

To obtain the error equation, we introduce the reference functions, which are in parallel to the TVD-RK2
time discretization stages. Similar to the first order case, we consider on the reference cell. To be more specific,
let U©)(¢,¢) = Aj(t)a(&, ) be the exact solution of the equation (5.3) in the j-th cell, and

TW (&, 1) = TO &, 1)+ 700 (¢, 8). (5.23)

Then define

1

e n = A(t)

U0, t), al(Et) = UM (g, 1).

Aj(t+T)

Denote u™! = u®(x,t,) = a® (&, t,) for any time level n and [ = 0, 1. Now we are ready to state the
following lemma, which describes the local truncation error in time.
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Lemma 5.4. Let u be the exact solution of equation (1.1). Suppose u is sufficiently smooth with bounded
derivatives, then for any v € Vi (t,) and 1 < j < N, there hold,

(u™?, ﬁ)K;ﬂ = (u", o) kp — TA@U", v} )k, (5.24)
— 1 1 —~
(Un+1, UZ)KJ7_1+1 = i(un7 UZ)KYI + 5(@6”’1, Uﬁ)K7_L+1
- fA( A)Km + (€5, vi) ko (5.25)

where EE is defined by (2.12), ey is the local truncation error in time and ||e3 || k» = O(3) for any j and n.

Proof. By the Taylor expansion with Lagrange form of the remainder and the definitions of the reference
functions (5.23), it is not difficult to derive,

U“N&®-4W®@t)f mU”D<£w
U t+71)= “N£w+ U”@t»—f[@t+ﬂU“@tm+f@t>

where

3

3
a@wz%%ﬁm+%m@wné%wﬂWWm ta1, 22 € (1,84 7).

Up = D) + Aj()a,  Upe = Aj(8)iigee + 30, (),

’ ’

_Ag(;)(ﬁ_d})v Aty = A;’(t) (5_&))

Let ¢t = t,, and we still use the notations t9; and ¢52 to stand for fixed values between ¢,, and ¢, 1. The scaling
arguments imply that

1 1
/ Ui (t21)0,dE = / [Ajige + 3A; ()] (t21) 0y dE
—1 —1

20(t 6A;
= %(Utthvhh{" A” (uttavh)

where G (X (5 tn)) = et (@ (-, t21)), Ut (X (5 ) = uw (2 (-, t21)) for x(+,t,) € K}, & € Kj(t21). Similarly,

I ! A ) 1
[ fietenyiiag = 7t [ (8~ oplenias —2(x0? [ 13- pilta)onas

/

- QAAH(W R I o (CE TR
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and

’

1 ) A2
[ fau(tan) 0 )i = 22,)

} rriy [ (=@ + 7T el

(24;)2A7 /1

A;’ (t22) [(B - J)) (fb + Tﬁt)k(tn)ﬁﬁdg

-1

2A,~ 3 1
+ sy | [ - teas

AL)ZAT

- (16 - )+ ruolaten). o
(24))
A?(tgz)

Ky

(- w)u]zun),vg)m.

5
As a result, we know that

1
[ et tuyoas = 263 0p)ny
1

where €5 can be obtained by the above analysis and
lefllxy < O

Here we use the assumption that u is smooth enough, the quantity (2.4), (2.5)—(2.7) and the fact that 7 < 1.
The positive constant C'is independent of 7, h and n. Finally, by the same arguments as Lemma 5.1, we obtain
the desired results (5.24)—(5.25). O

As is customary in the error estimates, we introduce some notations. Denote the error at each stage by
e™? =y —u} and e™! = u™! —ul, where u} and u} are the solutions of the fully discrete scheme (4.14). For
simplicity, denote uZ’O = uy, and uZ’l =u}. Let

l
Cn,l _ Phun,l _ uz, , ,r,n,l _ Phu"’l _ un,l’ l = O, 1’

where P,u™! is the L? projection defined by (2.23). Noting that e™! = (™! —n™! we obtain the error equation
for any vy € Vj,(¢,) and 1 < j < N by Lemma 5.4 and the scheme (4.14),

(Cn’l’ U;LL)KJ’."‘H = (Cna UZ)K;‘ - TA(C", ’U}TLL)KJ” + 'Cgl (77’ U;Ll)’ (526)
(€ H,UZ)K;H = 5(( 7vh)K; + Q(C ’l,vh)K;,H - §A(C ’l,Uh)K;H + E?(U,Uh)a (5.27)

where
5]1(77’“2) = (77"717U}TLL)K;+1 - (nnvv}?)K;l + TA(T]na ’UZ)K;‘? (528)

— 1 —~
L50mvi) = (" o) g = 50" )iy — G (0™ ) g

T —
+ 5,4(77"’1, UZ)K;L+1 + (€3, vp) k- (5.29)
By the scaling arguments, we have

(C",o)ry = (1= s2) (€™ i) ersns A" v)icy = AT U)o,
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which indicates by a direct calculation,

(Cn,l _ C7L’1/}}§>K;+1 = —52(Cn’ @)K}”A — TA(Cnaﬁ)K;Jrl + L;(?’],’Uﬁ), (530)
n nl T arml o ny L
("t —¢ ’1avh)K;L+1 = —§A(C - C"’Uh)K;L“ + E?(Wa“h) QEJ (1, v3)- (5.31)

Next, we will list some estimates for the projection error. The analysis is the same as that in Lemma 5.2,
thus we only present the results without the detailed proof.

Lemma 5.5. Suppose u is sufficiently smooth with bounded derivatives, then there exists a positive constant C
independent of h, T and n, such that for any v} € H\(t,) and Vn < M,

™+ B2 ey + RIOen™ | < CREFY 1 =0,1, (5.32)
di (" o) + da (™ o) + da (™, op) < CTREF o (5-33)

with any three constants restricted by di + de + ds = 0.
Based on the above estimates, we can easily get the following estimates, which is important for our analysis.

Lemma 5.6. Suppose u is sufficiently smooth with bounded derivatives, then we have the following estimates,
form =1, 2,

N
Z (n,v) < C(Th* 4 59, 73) |0l || + CarhFt2 [vrls (5.34)
N
Z (n,vp) < C(Th* Y + 89, 7% + aurh®) |07, (5.35)

where dop, is the Kronecker symbol.

Proof. 1t is straightforward to obtain the desired results by a combination of the estimates in Lemmas 3.3, 5.4
and 5.5. Here we also need use the property (2.21). O

5.2.2. Error estimate for the second order scheme

Theorem 5.7. Let u} be the numerical solution of the fully discrete scheme (4.14) with TVD-RK2 time-
marching method, and u be the exact solution of equation (1.1). Suppose u is sufficiently smooth with bounded
derivatives, then we have the following error estimate,

ma [Ju(,tn) = il < O+ 7,
under the CFL condition
7 < ph?, (5.36)

with any given positive constant p. In particular, for the piecewise linear finite element space, Vi (t) =
{v(x;(- 1)) € PY([—1,1])}, we just need the usual CFL condition,

T < ph. (5.37)

Here p is a suitable positive constant depends solely on o and p, where « is defined by (3.3) and p is the
inverse constant (2.26). The positive constant C' is independent of h, T, n and uy,.
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Proof. To derive the energy identity for (", we take the test function @ = %@, ¢™! in the error equation (5.26)
and (5.27), respectively, and add them together to yield,

N
1 1 1 5 _
§||Cn+1||2 - 5\\("”2 = 5\\(”“ —¢ME 4D ZHCM - C"||§(;L+1
Jj=1

N
o s o (S S DY A NSNS (5.38)

Jj=1

where
1 N
L5, ¢" ¢ = SL5(0,C") + L3, <),

The following proof is decomposed into four steps.

Step 1. Bound on Z;Vﬂ L7. By the estimate (5.34) in Lemma 5.6, we get,

N
D Lim.¢M ¢ < CTRMTH I+ (Igm ) + P ICr | + Carh* 3 ([¢M] + [¢1])

j=1

< 7lI¢ P + rlle™!

2 ST +ICT) + O 1) (5.39)

here we use the Young’s inequality and (2.20).
Step 2. Bound on [|¢™! — ("||. Take the test function v} = (™! — (" in the equality (5.30) and sum over all j
to yield,

1™ = CT2 < (Cuwr + Baprh ™) [T 1™ — 7
+ C(rh** 4 aprhF) ¢t — 7.

Here we use the Cauchy—-Schwarz inequality, the boundedness (3.6) of A and the estimate (5.35). We also
use the fact that sg = wy(t,+1)7 and the assumption (2.7). By the property (2.20) and dividing both sides by

gL — ¢, we have,
€™ = CP|| < (Cuer + 3aprh™)|[C7|| + C(rR* + aprh®). (5.40)

Step 3. Bound on [|¢™!|. Taking the test function @ = (™! in the error equation (5.26) and following the
same lines as that in Step 2, we can easily get the boundedness of ||¢"™,

lc™H ) < €+ Baprh™HI¢" || + C(rh* ! + aprhF). (5.41)

Step 4. Bound on [|¢"*! — ¢™!||. This step will be divided into two cases, the general P* case and the P! case,
which is the same as in the stability analysis. Denote A = aurh™! for simplicity.

Pk case. Take the test function @ = (" — (™! in the equality (5.31) and apply the estimate (3.6) of A as
well as (5.35) to derive,

A

n n 3 - n n
¢ = ¢ < SaprhHIC = G+ CrhA 4 apirht 4 79)

Mo 4 BN T + O+ N 4 apurh 4+ 7).

IN
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Here we use the estimate (5.40). If the time-step satisfies A* < pr for any positive constant p, the above
inequality indicates that

1 —~
I = ¢ < Crlicn | + C(rh® T 4 77)
< O7lI¢"|]* + Crh® 1 4 77), (5.42)
where we use (2.21) and 7 < 1. In addition, the estimates (5.40)—(5.41) turn out to be

lg™t = ¢l < Clicmll + CR* 1 < Cl¢™ || + CR* Y,
Ic™H < Cli¢™ | + CREF,

under the CFL condition (5.36). Then combine the energy identity (5.38), the estimates (5.39) and (5.42) to
get,

1 1 Cua oy
SICHE = SR < CrlCnIP + TI¢ML + Or (R 4 7t 4 2 gt — 2
< CT[IC* 4 Cr (R 4 7).

Summing over n, using Gronwall’s inequality and choosing the initial condition uy(z,0) = Pru(z,0), we
obtain,

||Cn||2 < C(h2k+1 +T4), n< M.
Finally, apply the estimate (5.32) to yield,
e ||> < C(h** L + 1Y), n < M.

P! case. Denote z = (™! — (. Choosing the test function EE = ("t — (™! in the equality (5.31) and using
the estimate (3.7) of A as well as (5.35), we have,

C 2
77 ¢ Gl Sl + w7 (5.43)

Now we analyze [|2,||. Similar to the stability analysis, let y = 2 — P?z and PPz is the L? projection into the
piecewise constant space. By the property of the L? projection and taking v)¥ = y in the equality (5.30), we get,

N

lyl? = 3 () gerer < <(u +2)Coa |G + VBopirh m) lu

j=1
+ C(Th? + apth)||y||. (5.44)

Here we use the boundedness (3.8) of A and the estimate (5.35). Divide both sides of the above inequality
by |ly|| to obtain the estimate of ||y||. In addition,

122l = llyell < b~ lyll- (5.45)

Let 7 < ph with a positive constant p independent of 7 and h, we will show the restriction of p in the
following. Collect the estimates (5.43)—(5.45) to yield,

¢t = ¢

2
= (1 + @w) aprh™ 2 [¢"] + aprh 2 [¢™'] + L,
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where
- Cuwe ap 2 3
L = Cpr| | + TTHZ” +C (1 + 7p) (Th* + auth + 7).
Hence,
1 n n \/§ — n
S = R < (14 R agp) o) [
+ 2(ap)?r2h ¢ + 212
If
221 o @ 221 < & 221 < 2
2(ap)*Th~ Tk (ap)p?r2h 67 2(ap)*t*h™" < 3
that is,
< mi 1 1
in¢ ——, ———
= 32ap? o /16p1 [
then we have
Lns & reny2 n,172 2
SIC = M2 < S 4 S rle PR + 2L, (5.46)

With the CFL condition (5.37) and the property (2.21), the estimates (5.40)—(5.41) turn out to be,
2] < ClIC™ | + Ch?, - I¢™H| < Ci¢™ (| + CR?, (5.47)
which imply that,
L% < C7||¢™||* + Ch® 4 7°. (5.48)
In light of the energy identity (5.38), we combine the estimates (5.39) and (5.46)—(5.48) to obtain,
1 1 Cue
SICHZ = ZICTI < OTICh I + Crll™ 2 + SEE el + Ok + 7
< C7||¢"||* + CTh® + 7°.
In the end, by the same arguments as the general P* case, we can obtain the desired results for the case P!,
lem|? < C(h®+ 1), n< M.
The proof is completed. U

5.3. Third order scheme

In this subsection, we will present the error estimate for the fully discrete scheme (4.33) with TVD-RK3
time-marching method. We begin with the error equation.
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5.3.1. Error equation
Similar to second order case, tvhe reference functions will be introduced to obtain the error equation. Consid-
ering the equation (5.3), define U (¢,1) = Aj(t)u(€,t) as the exact equation, and
UW(E 1) =TO(E 1) = 7(aU )¢ (€, 1),
. 3. 1. .
0 (61) = J0O €D + 70D -  (alet + TN (ED)
€
Then let

1 . 1 . 1 .
L (0) _ © ~0___ g0 @t 7@
'\ = U™, a' = Uv, v = U,
Aj(t) Aj(t+71) Aj(t+F)

here we omit the same symbol (£,¢) on both sides of the above equalities. By the standard explicit TVD-
RK3 scheme for the equation (5.3) and the same idea as that in Lemma 5.1 and Lemma 5.4, we can easily
obtain the following lemma, which describes the local truncation error in time. Before doing that, denote
u™ = u®(z,t,) = aV (&, t,) for any time level n and [ =0, 1, 2.

Lemma 5.8. Let u be the exact solution of equation (1.1). Suppose u is sufficiently smooth with bounded
derivatives, then for any vy € Vi,(t,) and 1 < j < N, there hold,

—~

(U™ o) s = (" 0] iy — TA" 0]y

— T —
(un72 (UH,UZ)KJ" + Z(un,l’vﬁ)K]ﬁ_‘_l — ZA(un717/U}?)K}L+17

" —
7Uh)K;L+% -

W= Wl w

2 — 2T _
(unv 'U;LL)K;‘ + 7(“’”727 U;LL)K”L‘F% - ?A(unﬂ’ ’U;LL)K'”Jr% + (Egv UITzL)K]’U

+1 "n _
(un 70}?)1(_;”'*'1 - 3 ’ ’

where 5,’? and v} are defined by (2.12), €% is the local truncation error in time and les]lxn = O(14) for any j
and n.

l

Similar to the second order case, we denote the error at each stage by e™! = u™! — uZ’l forany nand l =0, 1,

2, where uZ’l = u! with [ = 1, 2 are the solutions of the fully discrete scheme (4.33) and uZ’O = uj. In addition,

the error can be rewritten as e™! = (™! — n™! with
Cn,l _ Phun,l o uZ,l’ 77717l _ Phun,l _ uml7 ] = O, 1, 2.
Here P,u™! is the L? projection of u™! defined by (2.23). We can obtain the error equation along with the
scheme (4.33) and Lemma 5.8, for any v € Vj(t,) and 1 <j <N,
(€ o) = (€ efier — TACT o)k + T (o),
3

n,2 ~m n n 1 n,l " T n,1 “n n
(€ ’2avh)K;,+2 = E(C 7Uh)K;" + Z(C 717”}1)1(;?“ - Z-A(C ’1avh)KJ'%+1 "’7}2(”};)7 (5.49)

I

n n 1 n .n 2 n,2 ~m 27 n,2 Tm n
(C +1v’U}?)K;‘+1 = 7(4 7’Uh)KJ” + 7(6 727vh)Kﬁ+% - ?A(C 7QaUh)KJ.L-%-% +7;'3(vh)7

3 3

where

7}1 (UZ) = (nnJ’vg)K;’*’l - (nnaUZ)K; + TA(nnvvlrzl)Kfa

TP (i) = "% 00) oy = 0% v ky = (0 0 geren + LAWY V) g,
; .

Pop) = +17Uh)K;"+1 - g(ﬂ VR K — 5(77 ’2»”h)Kn+% + 3«4(77 72’%)1("*% + (€5, v ) k-
’ J J

N
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Similar to the stability analysis, we introduce some notations for simplicity,
Dy = (™' = {7, Dy = 2072 — (M = (7, Dy = ¢ - 20m2 4 (5.50)

Recalling the fact that

—~ —~ I So.,— 5 —
(€ Ry = (1= 52) (T ) oo (200 vy = (1= 2)E2, U)o,
J

we follow the same lines as that in obtaining (4.36) to derive,

(D17 ’U}?)K;”rl = _SQ(Cna ’U}TLL)K;L*I - TA(C", Uﬁ)]{;z*l + 7}1 (Uﬁ)v
— — _= T —

(DQ, ’U}?)K;LJA = —82((” — Cn,Q’ ’UZ)K;_L+1 — 5./4(]1))1, UZ)K;L+1 + 7;-4 (U}?), (551)
— B T —~ n

(D?H’U}:L)K;‘*l = _82(Cn’2 - CanZ)K;‘+1 - gA(DQaUZ)K;L+1 + 7}5(vh)7

where

__ —~ T o~
T (wR) = 200" 08) ey = (0" 0Dy = (070, 00) gern + S AM™ = 0% 0) e,
J

7}5(112) = (77n+1,@);(;+1 - 2(”"’%@)}{”% + (Un,UZ)K; + (EQ,UZ)K; (5.52)
J

T — n P
+ gA(???"’2 -n - 77”71)}?)K]p+1.

Similar to the first and second order case, some estimates for the projection error will be shown. The proof
follows the same lines as that in proving Lemma 5.2, therefore we just list the results without the detailed proof.

Lemma 5.9. Suppose u is sufficiently smooth with bounded derivatives, then there exists a positive constant C'
independent of h, T and n, such that for ¥Yn < M,

o741+ 242
™2 || + h'/2 ||y

< COhM1=0,1, (5.53)
< ChFFL (5.54)

Fh(t7z+l) + hHamnn)”
Ot 1)+ hllEan™?

n+§

Moreover, for any vy € Hj (t,),
(™! o™ o) + ds (™ 2,07) + da (0" 05) < CTRE o]

with any four constants restricted by di + do + d3 + dy = 0.

Denote 7™ (vp) = Zjvzl T (vyy) for m = 1,...,5. It is straightforward to derive the following results by a

combination of the estimates in Lemmas 3.3, 5.8 and 5.9 as well as in (2.20)—(2.22).

Lemma 5.10. Suppose u is sufficiently smooth with bounded derivatives, then we have the following estimates,
form=1,...)5,

T (o) < C(Th* ! 4 G, + (55m74)||ﬁ|| + CarhF+3[wp], (5.55)
T () < C(ThF*Y 4 8300t + S5t + aprh®)|[o]), (5.56)

where 03y, and 85y, are the Kronecker symbols.

In particular, we also get the following results of the estimates for 74 and 7°.



ANALYSIS OF ALE-DG METHOD FOR CONSERVATION LAWS 139

Lemma 5.11. Suppose u is sufficiently smooth with bounded derivatives, then we have the following estimates,
form=4,5,

T () < C(Th*+Y 4 85,0t 4 aur?h®)|[oll]). (5.57)

Proof. By the scaling arguments and the quantities (2.15)—(2.17), we have,

o~ JR— S92 -/ -
(nnﬂ}}?)K}L = (1 - 52)(”7”7“}?)}(]@*17 (Un’ZaUZ)KH% = (1 - 5)(7’”4’2’1}}?)[(;"*17
J

which implies

n,1l

(77”’1 - ﬁﬁa Uﬁ)K;’_L*l = (77 7”}7)]{5‘*1 - (WHWZ)KJ" - 32(?7”}7)]{}‘*1’

(2n™2 =yt =g, Rt = 2(77"’2,@){% —(n
J

M) e = (07 0

+ 52(7?1’\2 - 7/]%7 1/)}?)}(7}*1-
It follows from the estimates in Lemma 5.9 and sy = wy(t,41)7 that
(™t =7, o) < CThE o, (5.58)

(22 =™ =i, o) < OTRE

Here we use the relationship (2.20)-(2.22) and 7 < 1. Take EE =g™! — 7 in (5.58) and divide both sides by
[n™1 — 17| to obtain,

It~ < Cri,
By the inverse equality (2.26), we derive,
— 1
1™ =7y ) < CTREE.
Similarly, we have

_ _ R N ;
2772 =t =i < CrhA 2 = o = i, < OTARR,

Thus the boundedness (3.16) of A yields ,
Aw“4ﬁwmwn<@ammkwﬁ+mmvnM—ﬁmmm)mn
< T(Chkﬂ + QC’a,uhk) ([0 .

Together with Lemma 5.9, we can easily get,

TA(w}) < C(rh* Y+ 72hF 40 4 aur®hP)|o|
< C(rh* 4 apr®h®)||o |,

Since 7 < 1. We follow the same lines and use Lemma 5.8 to obtain,
To(w}) < C(rh* ™ + 74 + apr?h®) o7

The proof is completed. O
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5.8.2. Error estimate for the third order scheme

Theorem 5.12. Let u} be the numerical solution of the fully discrete scheme (4.33) with TVD-RK3 time-
marching method, and u be the exact solution of equation (1.1). Suppose u is sufficiently smooth with bounded
derivatives, then we have the following error estimate,

max |[u(z, t,) — up|| < C(RFT2 +73),
nt<T

under the CFL condition Th™' < p with a fized constant p > 0. Here the positive constant C is independent of
h, 7, n and uy,.

Proof. Similar to the stability analysis, we take the test function vy’ = ¢™, 4¢™! and 6¢"? in the error equation
(5.49), respectively, and add them together to obtain the identity for (",

BIIC™ 12 = B CP|2 = D2 + 3(¢mH — &, D3+ZszGl
7j=1

N — N —_—
=52l 0l =2 sall¢™?

- J -

j=1 Jj=1

N
2 E G T6
K™ - 3 559
J i g - 2 ( )

where
G1 = 2(C"2, ¢ = ) o = 3(CT M) o,
= AT, T gen + A C) g+ AAC2,CV2) g
T6 = THC™) + 4T2(C) + 6T3(C2). (5.60)

Denote each line on the right hand side of (5.59) by ®; and ®, respectively. In light of the definitions (5.50),
the equalities (5.51) and the properties (3.17)—(3.18) of A, we follow the same lines as that in the stability
analysis to derive,

N
= H]D)an + 3(D3,D1 + DDy +]D)3) + ZSQGl
j=1

= _”[D)Q”2 + 2(D27D2) + 3(D3aD1) + 3(D37D2) + 3 D?)aID)?) Z SQGI
= —||D2||2 + 3| Ds|* — 7A(Dy, Dy) — TA(D2, Dy) — TA(Dsz)

N
Zsz — (2, D, + 3Dy) ) +) 5G +T7

7j=1

N N
«
= —|D2|f + 3IDs1* = 7Y D1l 4 [D2] s — 5 7D2]” + Do sbu +T7,
j=1 j=1

and
¢ = (C - (™ (2 , Do + 31Dy )Kﬂ+1 +Gy + (DMDQ)K”“ + 5 ||D2||Kn+17

T7 = 2T4(Dy) + 37° (D) + 37°(Dy). (5.61)
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A direct calculation of ®1; gives that,
Rt 1 112
B = ST s = 16"
Moreover, by the property (3.18) of A, we get,

[0 [0
(I)2 — 757_[@%]}2 o 57_[[Cn,1]]2 o 2a7_[[<n,2]]2
N s N s
2\ 2
=D U e + D SN egn +T°
j=1 j=1

Plug ®; and @, in the identity (5.59) to obtain the energy equality for ¢,

3IC"TH = 3[I¢M1P = Ay + Ag + As, (5.62)
where

N «

Ay = —||De||® + 3||Ds|* — T ZH]Dl]]jJr% [D2]; 11 — 57[[@2]]2,
=

[0 (0%
Ao = —57[[@]]2 - 57[[(”’1]}2 — 2072,
Ny =TO+T7.

Here 76 and 77 are defined by (5.60) and (5.61), respectively. The following proof is decomposed into five
steps.
Step 1. Bound on |[Ds||. Take the test function v}’ = D3 in the third equality of (5.51), sum all over all j and
apply the boundedness (3.6) of A to obtain,

1D < cmf(cw T ||<n|) T aprh=1 s
+ C(ThEY + aprh® + 7).

Here we use the estimate (5.56). Denote A\ = aurh™! as before. It is inferred that
3Dl < 6Dl + Cr2 (JEP2IP + 1T
+ C(rh* Y + aprh® 4+ 74)2
Step 2. Bound on A;. By the Young’s inequality and the above estimate, we have,

A

IN

« 3a
gT[UDhHQ + 77[[113)2]]2 — D2 ||* + 3||Ds]|*

IN

e !
ZT[[C"’I]]2 + ZTUC"]]Q — (1= 3X = 6)%)[|D2?

+ C7? <|C/"\2|2 + |Z;||2> + C(Th** + aprh® + %)%
Thus we obtain the time step restriction

(1 -3\ —6)?) > 0.
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It is sufficient to choose \ < % Then
«@ o — —
Ay < GrICMP + I + o ) 4 Or (G 4 TR, (5.63)

Here we use 7 < 1. - .
Step 3. Bound on 7°. Recalling the definition (5.60) of 7°, we take v = (", (™! and (™2 for m = 1, 2 and 3,
respectively, in the estimate (5.55) to yield,

70 < Ort+ 4 o) (17 + 16+ 1077
+ Carit+ (I + [T + 21
<o (I + o117 + 167217
L (G G U A B R () (5.64

Step 4. Bound on 77. Taking Eﬁ = Dy and D; + D in the representations (5.52) of 74 and 7°, respectively,
we obtain the following estimate by Lemma 5.11,

T7 < Cr(h* + 73 + aprh®) (|Dy || + |D2])
< 7Dy ]2 + 7D |2 + Cr(h*+2 4+ 76 + a2y r2h2)

< O (IR + G + 16 2) + Cr(n2+2 + 19, (5.65)
Here we use the CFL condition 7 < ph and the fact that
D1 [|? + D2 |* < C(IIC”’QHZ + ¢ + IC"’”)-

Step 5. Bound on ||¢™||2 and [|¢™2||2. Take the test function ol = (™ in the first equality of the error equation
(5.49) to derive,

6™ < 1™ I + Baerh I I
+ C(rh™ + aprh) |||

< (Oncnn n Ch’““) Tl

Here we use the Cauchy—Schwarz inequality, boundedness (3.6) of A and the estimate (5.56) of 71 for the
first step. The CFL condition and (2.20) are used for the second step. The above estimate indicates that

¢ < ClI¢™ )| + ChFTE (5.66)

Taking the test function v} = (™2 in the second equality of the error equation (5.49) and by the similar analysis,
we have,

lc™2 < Clic™ [l + Cli¢™ | + Ch*,
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which implies
I¢72] < CIIC™ | + ClIC™H || + CREF. (5.67)

Here the properties (2.20)—(2.22) are used frequently. Finally, we combine the estimates (5.63)—(5.67) and
the energy equality (5.62) together to yield,

B¢ = 3lI¢™|1* < OTlIC™ 1 + Cr(h*H 4 76).
Sum over all n, use the Gronwall’s inequality and choose the initial condition up(z,0) = Pyu(z,0) to obtain,
IC™? < C(h* 1 475, n< M.
We finish the proof by applying the estimate (5.53),
le™|* < C(R***' +7°), n< M.
O

Remark 5.13. We remark that it is not difficult to extend the error estimates to the upwind flux, which also
starts from the energy identity and the analysis follows the same ways as the Lax-Friedrichs flux case, then
we can obtain the optimal error estimates. The main differences lie in two places. One is the properties of the
ALE-DG operator A, which is also changed owing to the choice of the flux, and the other one is the Gauss-Radau
projections (2.24) instead of L? projection.

6. CONCLUSION

In this paper, we have analyzed the stability and error estimates of the fully discrete ALE-DG schemes for
linear conservation laws, when explicit TVD-RK time-marching methods up to third order are adopted. The
coordinate transformations and scaling arguments are the main techniques in our work, which have been used
to control the additional quantities owing to time-dependent cells, function spaces and velocity grid field. We
have assumed that the velocity grid field is a piecewise linear polynomial with respect to the spatial variable.
Moreover, the velocity grid field and its weak derivative in space are assumed to be bounded in our analysis.
These assumptions are helpful to satisfy the discrete geometric conservation laws and are significant to our
proof. We have proven that the three fully discrete schemes are stable under the appropriate CFL conditions.
In the first order fully discrete scheme, we have considered two cases, P® and P*, k > 1. The main difference
between them is that 0,v; vanishes with v, belonging to the piecewise constant finite element space, and a
usual CFL condition is sufficient to preserve stability for the case P°. However, a more restrictive condition is
required for the finite element space with polynomial degree £ > 1. In the second order fully discrete scheme,
the cases P! and P*, k > 2 have been analyzed separately. For the piecewise linear finite element space, we have
used the orthogonality property of a L? projection defined onto the piecewise constant finite element space and
derived the stability under the usual CFL condition, while for higher order piecewise polynomials (k > 2), the
above treatment broke down and we required a stronger CFL condition for stability. For the third order fully
discrete scheme, the combinations of the numerical solutions in different time stages have been used to derive
the stability under the usual CFL condition. In addition, we have obtained the quasi-optimal error estimates
in space and optimal convergence rates in time for sufficiently smooth solutions. The ALE-DG method itself
can be extended to conservation laws on a simplex mesh in two dimensions. The analysis of the fully discrete
ALE-DG scheme in the two dimensional case is more technical and will be considered in the future.
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