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THE OUTGOING TIME-HARMONIC ELECTROMAGNETIC WAVE IN A
HALF-SPACE WITH NON-ABSORBING IMPEDANCE BOUNDARY
CONDITION

SERGIO RoJas'*, IcNAacio MuGa? AND CARLOS JEREZ-HANCKES?

Abstract. We show existence and uniqueness of the outgoing solution for the Maxwell problem with
an impedance boundary condition of Leontovitch type in a half-space. Due to the presence of surface
waves guided by an infinite surface, the established radiation condition differs from the classical one
when approaching the boundary of the half-space. This specific radiation pattern is derived from an
accurate asymptotic analysis of the Green’s dyad associated to this problem.
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1. INTRODUCTION

Multiple structures of interest in electrical and optical engineering require the analysis of electromagnetic
(EM) fields scattered by objects composed of perfect conductors protected by dielectric coatings or layers. For
instance, coatings are used to increase energy conversion efficiency of photovoltaic and thermo-photovoltaic
cells by exciting surface plasmonic polaritons [25,28,30]. This amounts to the creation of electromagnetic waves
whose energy concentrates strongly along the layer. A similar phenomenon occurs when using periodic gratings
and dielectric or open waveguides used in applications ranging from spectrography and astronomy to long-haul
optic communications [22]. As the complexity of such structures increases, so does the need to model and
computationally simulate them more accurately.

For wavelengths relatively larger than the coating thickness, one can approximate the dielectric/perfect con-
ductor layer by an impedance boundary condition [2,8,9,14]. Depending on the accuracy of the approximation,
most relevant physical features will be qualitatively portrayed while also simplifying the numerical simulation.
Specifically, meshing a coating layer can create highly ill-conditioned elements and/or increase the number of
degrees of freedom beyond any practical use.

Still, when dealing with unbounded domains and infinite boundaries, canonically modeled by either half-
spaces or half-planes, not only the computational effort is challenging [26], but also fundamental mathematical
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properties such as existence and uniqueness of solutions remain unclear. Specifically, when particular relations
between material and geometric parameters exist Surface Waves (SWs) may appear. Contrary to the standard
decaying O(1/r) behaviour of waves scattered by bounded domains, SWs portray an exponential decrease in
amplitude perpendicularly to the surfaces while along them the decay is as O(1/4/7) (¢f. [13]). This has also
been proven for transverse electric (TE) and transverse magnetic (TM) electromagnetic modes occurring in
dielectric layered systems [19-21].

In this work, we study the existence and uniqueness of time-harmonic electromagnetic scattered waves by
an unbounded impedance half-space allowing the presence of SWs. First-order impedance boundary conditions
can be expressed as a complex proportionality relationship between electric and magnetic fields, denoted by E
and H, respectively, as follows:

Er(x) —ikfH(x) x n = fr(x), for all x on surface,

where k is the wavenumber, 1 is the outward unit vector normal to the surface, Er := n x (E x n) is the
tangential electric field component, 5 # 0 a complex constant, and fr being the excitation over the boundary.
This problem is known as the Leontovich boundary condition problem [4], for which SWs appear when Im (8) = 0,
as we will see later on. There exist several works in the literature concerning the impedance problem, most of
them are exterior problems for a bounded scatterer (see [5,6,11,17]). For these cases, SWs may appear but
they are confined to the bounded boundary of the obstacle, without producing a radiation pattern contribution
towards infinity. Unbounded scatters where considered by Ammari and Latiri-Grouz for the absorbing case,
i.e. without the presence of SWs (see [3]), proving existence and uniqueness of solutions and developing also an
integral equation method for the numerical resolution of this problem.

In this paper, we consider an unbounded scatterer (a plane) together with Leontovich-type boundary con-
ditions allowing the propagation of SWs. We prove existence and uniqueness of Maxwell’s solutions when the
boundary data has compact support. Uniqueness is proved by first obtaining the adequate radiation pattern
coming from an exhaustive asymptotic analysis of the associated electric field Green’s dyad, leading to an equiv-
alent Silver-Miiller type radiation condition which allows presence of SWs. This condition is in agreement with
those found in [20,21] for open layered waveguides. Next, we prove that the only solutions for the homogeneous
problem satisfying our radiation condition are null fields. Finally, existence is proved by obtaining an integral
representation of the solutions in terms of the Green’s dyad and boundary data.

This work can be seen as a natural extension of the acoustic case [13] due to the resemblance in the solu-
tions’ behaviors, as well as the similarity in the general procedure to obtain the desired results. However, the
electromagnetic situation can not be obtained as a corollary of the acoustic one. Even though the SW behavior
may be polarized, the general Maxwell problem can not be decoupled into Helmholtz-like problems without the
assumption of additional conditions that affect the outgoing radiation pattern.

The outline of the paper is the following: in Section 2 we describe the model problem and geometry. In
Section 3 we introduce the associated Green’s dyad, together with an accurate asymptotic analysis of it. Section 4
defines the radiation condition and proves that the Green’s dyad of the previous section satisfies this radiation
pattern. Finally, Section 5 contains the uniqueness and existence theorems of outgoing solutions satisfying the
previous radiation pattern, followed by some concluding remarks. Appendices are provided for more technical
details.

2. MODEL PROBLEM

Let R := {x = (21,22,23) € R® : z3 > 0} be the upper half-space and denote by I' := IR3 = {x €
R3 : z3 = 0} its boundary with outward normal n = —k = (0,0, —1). We assume R3 to be filled with a
homogeneous, linear, lossless and isotropic medium characterized by its permittivity e > 0 and permeability
1> 0 that we set equal to one for the sake of simplicity. At ', we assume a homogeneous constant impedance
plane with admittance 8 € R\ {0} being excited by an external source fr = (fi, f2,0) with compact support
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over I'. For a given wavenumber £ € R, we want to find the outgoing time-harmonic EM fields (E, H) satisfying
the homogeneous Maxwell equations in Ri:

curlE—ixH =0,
. (2.1)
curlH+ i« E =0,
together with the impedance boundary condition over I':
ET — ’L/QﬁH Xxn= fT7 (22)

where E7 :=n X (E x 1) denotes the tangential component of the electric field.

2.1. Surface wave solutions

Standard plane wave solutions of (2.1) and (2.2), with fr = 0, are described in the the book of Balanis [7].
We find it instructive to show here that the boundary condition (2.2) allows the existence of surface wave-type
solutions. We emphasize that none of these solutions satisfy our upcoming outgoing radiation pattern.

According to the sign of 3, we find two families of (SWs) satisfying the homogeneous equations (2.1) and
(2.2) with fr = 0. These waves are guided along the plane I' and propagate in a given direction ¢ € [0, 27).
Setting p = (sin ), — cos ¢, 0), we distinguish two cases:

4 = . - 1
e If 5> 0, we obtain the SW fields E, = p ¢!Vt *(cospzitsinyza)o—f 'z and H, = —curlE,.
ik
7 2,2 : 1
e If 3 < 0, we obtain the SW fields H_ = p eV 1+5212(cos ¥z1+sin vz2)e=|Bln*2s and E_ = ——curl H_.
ik

As we can observe, the wavenumbers of these SWs are different from s-the wavenumber related to volume
waves. Hence, due to the presence of SWs in the far field and in order to characterize the proper outgoing
wave behavior, it is required to set an adequate radiation condition that differs from the standard Silver-Miilller
radiation condition [24] when approaching the horizontal surface T

Another important observation is that these particular SWs are polarized. Indeed, the couple (E;,Hy) is
TE polarized while the couple (E_,H_) is TM (cf. [7]). Additionally, when 5 — 0, the SW fields (E_,H_)
tend to a standard couple of planar wave fields guided by the plane, while the SW fields (E,, H ) vanish. This
is consistent with the theory, since SWs have not been reported for § = 0.

2.2. Preliminary notation

For y = (y1,v2,y3) € R, we introduce cylindrical and spherical coordinates centered at the source point
X = (.%'1,3}2,1‘3):

Y1 — T1 = PCOS P, y1 — 21 = rsinf cos p,
Yo — Lo = psin, and Yo — Lo = 7 sin B sin p, (2.3)
Y3 — T3 = Y3 — T3, Y3 — T3 = rcosf.

Due to the cylindrical nature of the problem, during almost the entire text, we will consider the fields E, H
expanded in the coordinate system generated by the unitary basis vectors {p,®,k}. In Section 5.3, we also

consider the vector fields E,H in the Cartesian coordinate system {i,j,k}. In any case, we use the general
notation U when referring to either E or H with

U=U,p+U,p+Usk or U=Ui+Usj+Usk.

The tangential invariance of the problem suggests the use of a tangential Fourier transform, which corresponds

~

to a double Fourier transform in the Cartesian coordinates 1, z2. The hat notation f(&1, &2, ys3) denotes the
transform of f(y1, 2, y3). Introducing the change of coordinates &; = £ cos(p¢), {2 = £ sin(pe), we will use the
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tilde notation U to denote the Fourier transform of any vector function U in the cylindrical coordinate system
(&, e, y3), and write:
U=U¢€+ U, e+ Usk. (2.4)
When referring to a 3 x 3 matrix of sparse nature, we will consider it as a linear combination of the set of
matrices {eij}?,j:p where e;; denotes the matrix which has exactly one non-zero element equal to one at the
(i, 7) position. This notation is related to the matrix structure, regardless of the coordinate system that is being
used. Further conventions will be properly introduced when required.

3. ASYMPTOTIC ANALYSIS OF THE GREEN’S DYAD

Following [3] for the scattering problem in an absorbing plane, we deduce the Green’s dyad for the Leontovitch
problem (2.1) and (2.2) in R3 and derive its asymptotics to obtain radiation conditions.
Let x = (21,22,23) € R3 be a fixed excitation point and y = (y1,y2,y3) be any observation point in R?.
The Green’s dyad G(x,y) associated with the homogeneous Leontovitch problem in a half-space, satisfies:
curlycurl,G(x,y) — k*G(x,y) = ox(y)l, in R%, (3.1a)
G(x,y)r + Bcurl,G(x,y) X k=0, onT, (3.1b)

where G(x,y)7 :=k x (G(X7 y) X E), dx is the Dirac delta at x, and | is the 3 x 3 identity matrix.

3.1. The spectral Green’s dyad

Due to invariance along the horizontal axes, a tangential Fourier transform is applied to (3.1) obtaining
a system of ordinary differential equations (ODEs) that has an analytic solution in the spectral cylindrical
coordinate system (&, ¢, y3). The solution is given by (see Appendix A):

~ 1 ~ ~
G(§74p57y3) = P (G—(€’<p£7y3) o= V& —r2|ws—ys| + G+(£,<p5,y3) ef\/ng,@(mﬁys)) ,
where

~_ 1
G (€7<p57y3) = _\/52—7/‘62911+\/ﬁ

—i€sign(ys — x3) (e13 +e31),

(Fé2 ey + &2 e33)

~ 1 (3.2)
GH (& pe,y3) =07 /&2 —K%en + ﬁ (0T K?exn + 0~ E2es33)
— K
—ifo~ (e13 —e31),
with
) S e N Naertt
o = Vs — TP ot .= PVE TR H

T VE e TaE e

Remark 3.1. The spectral dyads G~ and G* seem to be singular at £ = k. However, such singularity becomes
removable when considering the total representation of G. Stronger singularities related to SWs will be analyzed
next.

3.2. Singularities

It can be seen from expression (3.2) that, in addition to the singularity mentioned in Remark 3.1, some dyadic
elements of GT, related to ¢~ and o™, present a singularity depending on the sign of 3. Notice that the case
B3 = 0 is non-singular since o~ becomes +1 and o+ becomes —1. The singularity is given by:

¢ = ky/1+ 322, if <0, (3.3)
PUlVREE B2, if B> 0. '
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Observe that &, > k. We will see later that this singularity is related to the wavenumber of the SW. Since
the derivation of proper radiation conditions is based on the limiting absorption principle [18], we will perturb
k by a purely imaginary small value € (¢f. [13,21]), writing

k= lim k. := lim K+ ie, (3.4)
e—0t e—0+

which requires a unique definition of the square root:

€ —s /€2 k2. (3.5)

Assuming that £ is complex, the square root in (3.5) can be seen as the product between /€ — k. and /€ + k.,
defined respectively as

3m W

arg (§ — k) € (—2,2) and arg (£ + k) € <_72T73277) .

Remark 3.2. If ¢ = 0 and Im (¢) = 0, then arg (§ — k) € {—m,0} and arg (£ + k) € {0, 7}, which implies that
V&2 — K2 = —iy/K? — €2 when [§]| < k.

Denote by &,(¢) the complex-valued function defined from the singularity associated with ¢~ and o™ in equa-
tion (3.2) after perturbing x > 0 by some € > 0 (see Eq. (3.4)). The following lemma holds true:

Lemma 3.3. For each § € R\ {0}, there exists eg > 0 sufficiently small, such that arg (£,(e)) € (0,7/2) and
Re (&p(€)) > K, for all 0 < e < &p.

e—0t

Proof. Clearly, £,(0) > x. Then, by continuity on ¢, it is enough to show that lim Im < fp) > 0. To do this,
we perform an implicit differentiation over the relation f(€,¢) = 0 that defines §,,, where

f(€,e) = VE2 — K2+ BKE, if <0,
' BE —KZ—1, if §>0.

Denoting by 0; f the partial derivative of f with respect to the jth variable, j = 1,2, we get:

2
I 3 <0, then 9 (&, (0),0) = |5£p/<2 and  9f(&,(0),0) = itk T;'ﬁ K.
If 3> 0, then 01f(£(0),0) = B2\/Kk2+ 62 and 02f(£,(0),0) = —if%k
The proof is obtained from the implicit definition % = —%. (]
Oe 81f

3.3. Integral representation of the Green’s dyad
The spatial Green’s dyad can be written as G = G + G®?)| with

1 27 K __ .
GM .= —/ / G eiérsindcos(pe—¢) € d¢ dee, (3.6a)
27T 0
(2) T iersin0cos(oe—9)
— i - irsin 6 cos(pe—¢ )
G Jim o / / G.e £d¢ dye, (3.6b)

and where (r, ¢, §) represents the spherical coordinates system defined in (2.3). In (3.6b), G. denotes the dyad G
(see Eq. (3.2)) after perturbation by e (see Sect. 3.2). Notice that in G (x,y), due to the absence of singularities,
there is no need to consider a limiting case when € — 0T. In order to obtain the correct radiation conditions
for the problem (2.1) and (2.2), we need to study the asymptotic behavior of the integral representation of the
Green’s dyad G when r — +o0.
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3.4. Asymptotic analysis
The following proposition holds true (¢f. [21], Sect. 2.2.1):

Proposition 3.4. Let G be the component of the Green’s dyad defined in (3.6a). Then GV satisfies the
following asymptotic behavior:

KT

G =11(6, . B,29) T+ O(r™), when 0<6<Z and r— oo, (37)

47r

where I is a bounded matriz function (see Rem. 3.5) satisfying

I11(0, K, 3, x3)| = O(cos §), when 6 — g . (3.8)

Proof. Denote by B, C R? the disk of radius x > 0 centered at the origin. By means of Remark 3.2, G(!) can
be equivalently written as:

1 1 ~— ~ 2i/ K2 —E2 g irg(€1,E2
=g |, (G (1, ) + GF (61, ©)e® V"€ 20 ) (i 9(€12) gy e,
with
d(&1,&2) := /K% — &2 cosf + sinf cos p & + sin b sin p &o. (3.9)

Relation (3.7) is obtained by applying the stationary phase method (see [15]), after noting that the phase
function ¢ has only one stationary point in B, given by (£5,£5) = rsinf(cosp,sinp). The verification of
equation (3.8) is direct by taking the limit in the explicit representation of II given in Remark 3.5 below. O

Remark 3.5. The matrix function II in Proposition 3.4 is:

H(oa K, ﬂ, Z‘g) =1II" (9) + I+ (9’ K, ﬂ) g 2ir cos 01:3’

with
I1—(9) = cos? f ey + es + sin? O es3 — cos O sin b (e13 +e31),
Ot (0,k,8) :=cos?0v~ ey +vt ey —sin?fv~ es3 + cosfsinfu~ (e13 — es1)
_ BK% 4 ik cosd n ikfFcosf — 1
and v ="———— andvti= ——F— —.
Br2 — ik cos ikBcosh +1

The following remarks are useful to establish the adequate radiation condition pattern of the solutions.

Remark 3.6. Using Remark 3.5, by direct evaluation one can show that each column of G(l)(x7 y) satisfies the
classical Silver-Muiiller radiation condition:

lcurlU x ¥ —ikU| = O(r~2), when r — 400,

with T denoting the outward unit normal to the upper half-sphere of radius r. In fact, it is enough to observe
that, in the cylindrical coordinate system, the dyadic curl x T operator is given by (cf. [3]):

cos 00y, 0 —cos 00,
~ sin 0 sin 6 cos 6
curl x ¥ = 77890 cos 80y, + 78p(p~) — Oy | - (3.10)

—sin 60y, 0 sin 60,
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Im(¢) -Y

Fi1GURE 1. Complex paths.

Remark 3.7. The same procedure employed to prove Propostion 3.4 can be used to show that curly, G also
admits an asymptotic expression of the form:

IRT

curlyG(l) = chr1(97 R, ﬂv $3) °

+0(r7?), when0<6< T andr— +00,
4mr 2

where Ileyr1 is a bounded matrix function satisfying [Icuri (0, &, 3,23)| = O(cos @), when 6 — 5. This im-
plies that also each column of the dyad curly G satisfies the classical Silver-Miiller radiation condition (see
Rem. 3.6). Therefore, the couple (G, (ix)~curl, GV)) corresponds to the standard radiative contribution of

the associated Green’s dyad EM couple.

We next study the asymptotic behavior of G(?) defined in equation (3.6b). Recall that, for a sufficiently small
£ > 0, the singularity of G, defines a pole &p(e) satisfying Re (€,(¢)) > k and Im (§,(¢)) > 0 (see Lem. 3.3).
Such singularity perches over the real axis when ¢ = 0. To avoid this, we apply the Residue Theorem of complex
analysis (see [27]) and study the asymptotic contribution obtained from the residue plus the integral over an
alternative integration path displayed in Figure 1. To choose an adequate contour, notice that, for any sufficient
large £ in the new integration path, we can write £ = k + Re™, with R > 0 and w € (—7/2,7/2). It is easy
to conclude that REH}OO V(k+ Reiw)? — 52 = REYEOO Re™ by looking at the square root definition (3.5). This

implies that the exponential factors in the integrals defining G, in the worst case, behave asymptotically like
exp [—Re™r cos § + iRe™r sin 6l cos(¢¢ — ¢)] (see Eq. (3.9)). Thus, to ensure exponential decay when R — 400,
we use integration paths over the upper complex half-plane when cos(pe — ¢) > 0, and when cos(¢¢ — ¢) < 0,
we choose paths in the lower part.

Summarizing, we decompose G as:

1 27
G® = lim 7/ (S£° +RES) dpe =: lim (S:+R.) =:S+R, (3.11)
0 e—0

where, for a fixed small € > 0 and for each angle ¢, € (0,27), SZ¢ corresponds to the pole contribution and R¥*
to the line integral over the alternative integration contours. The next proposition provides asymptotic behaviors
of the components S and R of G(). In particular, R is estimated differently in two complementary regions of the
half-space depicted in Figure 2. This is necessary to avoid singularities in the estimation techniques.

Proposition 3.8. Let (r,¢,0) and (p,,x3) represent the spherical and cylindrical coordinates systems (2.3)
respectively. Regarding the decomposition G =S+ R defined in equation (3.11), the following statements hold
true:
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(i) S — 0 exponentially when ys — +oo.
ip&p—im/4
(ii) Horizontally, S = F(0, m)e_q(ﬁv’“)(“"’%)zﬁ—k(?(p_g’/z), when p — +oo , where F is a bounded matriz,
Tp&p
q is a positive function, and §, is the singularity characterized in equation (3.3).
(ili) For any o > 0 fized, |R| = O (r=2) + O (r~(22+1/2) in the domain described by rcosf > r°.

(iv) |R| = O(p=3/2) in the complementary domain rcosf < re.

Proof. We start by studying the asymptotic behavior of S. For a fixed ¢, we have the following cases for the
pole contribution:

o If cos(gpe — ) < 0, we use path integrals on the lower complex half-plane following the dotted contour
v~ U~y in Figure 1, thus the pole is not included.

o If cos(pe — ¢) > 0, we integrate over Im (£) > 0 enclosing the pole located at &,(e) by following the dashed
contour v+ U~ in Figure 1.

For the last case, the residue contribution is

see— ! (6= 6(e)) £GF o650,

- 47”{2 f"gp

with p ¢e (€, cpg)|€:£p(€) = —/&2(e) — K2 (w3 +y3) —i&p(e) rsind cos(pe — ). Thus, integrating in angle, taking
the limit when ¢ — 07, and noting that cos(pg — ¢) > 0 if and only if —7/2+ ¢ < ¢ < 7/2 + ¢, we obtain:

w/2+
5= FOK) —apm st / 7 eirto con(oe=9) doe, (3.12)
2r —m /24

where F(f3, k) is a bounded matrix function and ¢(f, k) is a scalar positive function (see Rem. 3.9). The proof
of (i) is direct by observing that the integral in (3.12) is bounded. To prove (ii), we apply again the stationary
phase method with phase function ¢(p¢) := &, cos(¢e — ¢). The only stationary point such that cos(¢e —¢) > 0
is p¢ = ¢. We obtain:

ip€p—im/4
S = F(B, ,Q)e*q(ﬁ,n)(rﬁys)u

V2mpép

It remains only to study the asymptotic behavior of R. We start by showing (iii). For a given ¢ € (0,7/2),
the straight complex line departing from x has a parametrization:

+ O(p~3/?), when p — +oc. (3.13)

K+ ne®, if cos(pe — ) >0,

: 0, Ca i e b - @
v :[0,00) — given by  ~(n) {,.ane“”, if cos (e —¢) < 0.

Note that for each component of R, their respective integral over v admits a representation of form:

27 —+00
= / / )e" M dn dpe, (3.14)

where ¢(n) = —/12 2% 4 2nk eFi® cos b + i(k + neti?) sin @ cos(pe — ¢) and the sign of the exponential
terms depends on the sign of cos (¢¢ — ¢). Moreover, g;; is an analytic function in (0, +00) having a removable
singularity at n = 0 (see Rem. 3.1). It can be easily checked that Re (¢) < 0, for all n and @. Thus, the integrand
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in equation (3.14) vanishes at infinity implying a null contribution over the curve 7}%. On the other hand, a
double integration by parts in equation (3.14) gives:

S N il R
ij ) ro dnd _ v / irk sin 6 cos(pe —cp)d
/ ( (¢')? R R SRy 0 ¢ ve

with ¢;; being a constant. The first term in the right-hand side of the previous equality behaves as O(r—2),
while the second term will behave as (’)(r_(20‘+1/ 2)). In fact, the stationary phase technique applied to the
integral of the second term gives a O(r~'/2) behavior, while the additional O(r~2%) contribution comes from
the assumption r cos > r<.

To prove (iv), we can compute the value of R as the difference:

1 27 +o0 - ~ ” ( )
R=_— o ip€ cos(pe—¥) q d

with S denoting the Fourier transform of the SW dyad S (see Eq. (3.12)). It can be easily checked that the

difference G—S is continuous, since S have the same singularity that G has. Thus, applying the stationary phase
technique to the angle integral, we obtain:

e—iTr/4 +oo ~ . "
= — G—S)ed
o RG (6-5)eeag
eiTr/4 +00\/> é g —ipid o 32
o | §(G-S)e g+ 0(p*?)
= O(p~3/?), when p — +o0,

where the last equality comes from an integration by parts argument in & to obtain an extra power of p. (I

Remark 3.9. We have the following cases for the functions F(3, k) and ¢(8, k) used in equations (3.12) and
(3.13):
If3>0:qg=p03"" and F=1i3%k%esn.

Ifﬁ <0 : q= |ﬁ|,‘€2 and F = iﬁzf'@z ( 2\ﬁ|e11 + —— ifp(elg — 631)> .

\5 R
In any case, the limiting situation 8 — 0 corresponds to F(/3, H)e*qw’”) = 0, which implies S = 0 as expected.

Remark 3.10. Note that S represents a SW and its horizontal behavior is the characteristic one for an outgoing
2D wave (see Eq. (3.13)).

Remark 3.11. Using an analog argument to the one in Proposition 3.8, we can prove that the expression
curly, G®? .= curly, S + curly, R also satisfies the following asymptotic behaviors:

(i) curly S — 0 exponentially when y3 — +o0.
) eipfp —im/4

V2mp&p
q is positive (see Rem. 3.9), and &, is the singularity characterized in (3.3).

(iii) For any o > 0 fixed, |curly R| = O(r~2) + O(r~(29+1/2)) in the domain described by 7 cos > r®

(iv) |eurly R| = O(p~3/2) in the complementary domain rcosf < r°.

(ii) curly S = Feup (8, k)~ 1(0n) (@atys + O(p~3/2), when p — +o0, where Feyur1 a bounded matrix,
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Standard waves

Surface waves

FIGURE 2. Half-space sub-division by the surface y3 = r® for 0 < a < 1/2.

4. THE RADIATION CONDITION

Recall that (r, ¢, 0) and (p, p, x3) represent the spherical and cylindrical coordinates systems (2.3) respectively.
The next notion of a radiative couple of electromagnetic fields follows from the asymptotic analysis of the
previous section (cf. [21], Prop. 1.2 for the open transverse waveguide). Indeed, Theorem 4.6 in this section
establishes that the Green’s dyad is radiative in the sense of Definition 4.1. Moreover, radiative couples are
unique (see Sect. 5.3). In particular, an analog of the Rellich Lemma for acoustic radiative solutions (cf. [11])

can be stated (see Prop. 5.10), which justifies the choice of o € (1, 1) in the following definition.

Definition 4.1. We say that a couple of EM fields (E, H) satisfying (2.1) and the boundary condition (2.2) is

radiative, if and only if, there exists a constant « € (%, %), such that the following Silver-Miiller-type radiation

condition holds true:
Hxt-E[ =0 (r*@w/?)) , for y3 > 12, (4.1a)

Hxr—-ME| =0 (r_(3/2_0‘)) , for ys <r%, (4.1b)

with T being the outer unit normal to the upper half-sphere of radius r, and M is the matrix defined by:

g—pl, if 6 >0,
K
M = . 3 (4.2)
ﬁl =+ i Q‘ﬂ|613, lf/B < O,
gp gp
where | is the identity matrix.
Remark 4.2. The matrix M is invertible, with inverse:
€5|, if B> 0,
M~ = ¢ P (4.3)
2Py ’L'F;|ﬂ|e13, if 6 <0,
K
For the matrices M and M~!, the following proposition holds true:
Proposition 4.3. Let || - || be the Euclidean norm in R3. The matrices M and M1 are positive-definite in the

following sense:
f—p, if >0,
(i) Re(@-Mu) > ym |lul?, with s = { %

o (& — 218]) , if B < 0.
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K
(ii) Re (u : M—lﬁ) > -1 [ul|?, with yw-1 = &'
K1 (fp — /<;2|ﬁ|) ,if B < 0.

Proof. The proof of 4.3 for the case § > 0 is direct. For the case § < 0 observe that:

if 6 >0,

(&lal® = 21810 (@ ws) ) = 25 (& — #215]) Il

Re(u-Mu) = e
P

~
&
The same procedure can be used to prove 4.3. (I

Remark 4.4. It is clear that yy and -1 are always positive. Indeed, when 5 < 0, we have

& = k14 K262 > K2|3).

Remark 4.5. Note that (4.1b) can be equivalently written in terms of M~! (see Eq. 4.3) as
|M71H X T — E| =0 (Tf(g/zfo‘)) , for ys <r®.

Theorem 4.6. Denote by G; the jth column of the Green’s dyad G. If x3 = 0, for j = 1,2, 3, the electromagnetic
1

couple <Gj, ,curlGj) satisfies the radiation condition (4.1) for any a € (%,1).
ik

Proof. Recall that, asymptotically, the Green’s dyad admits the decomposition (see Eqgs. (3.6) and (3.11))
G=GW+G? =G +S+R.

When in the region y3 > r®, the proof of (4.1a) for GM) comes directly as consequence of Remark 3.6, while
the proof for G is deduced from Proposition 3.8 and Remark 3.11. Opposingly, when considering the sub-
domain y3 < r, first it can be demonstrated that each column of S satisfies the following asymptotic behavior
(see Prop. 3.8 and Rem. 3.9):

lcurlU x p — ik MU| = O(p~>/?), when p — +o0. (4.4)

In fact, observe that the differential operator curl(-) x p is nothing but the differential operator curl(-) x T

in equation (3.10) with § = 7. Next, since p = rsin6 and sinf is bounded away from zero in the domain
y3 < r%, we have that |cur1G§-2)’ = 0(p~2) + O(p~%/?) = O(r~'/2) (see Rem. 3.11), with G§-2) denoting the
jth column of G, for j = 1,2,3. On the other hand, since 1 —sinf < 1 —sin?f = cos?f < cosh < r—(1-)
we get [T — p| <7~ (=), Thus, gathering all this information together with equation (4.4), Proposition 3.8 and
Remark 3.11, we deduce

|curlG§2) XT —iK MGE.Q)’ < |curlG§2) x (T—p)| + |curlG§2) X p—ik MG§2)|

— O(r—(3/2—o<)) + O(p_3/2) — O(T_(3/2_a)).

0
The proof is then completed by noting that GV = M +
r

(see Prop. 3.4). O

O(r~?), when 0 is close to 7/2 and 7 — +oo

5. THE UNIQUENESS AND EXISTENCE RESULTS

Before stating the main results of this paper, we set the functional space framework needed (Sect. 5.1),
together with some properties of spherical Mazwell solutions (Sect. 5.2).
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5.1. Functional spaces

Let © be an open subset of R?, and denote by 9€2 its boundary. Let 2(£2) be the space of C> (Q2)-functions
with compact support in €, and let 2’(€2) be the dual space of distributions (see [27]). The space Z (Q) will
denote the restriction to € of functions in the space 9 (RS). As usual, let us denote by L?(2) the Hilbert space

of square-integrable functions over Q and L*(Q) := [L? (Qﬂ3 Without loss of generality, denote by (-, -) the
inner product of L?(Q) or L*(Q) (when it corresponds), and by || - |jo their respective norms. Consider the
following Sobolev spaces:

H' (Q):={Ve2(Q):Vel*Q) and VV € L*(Q)}, H'(Q):=[H' ()],
H(curl,Q) = {V € [2/(Q)]® : V€ L*(Q) and curl V € L*(Q)},

endowed with the natural norms ||[V[|? == [V + [VVI3, [[V]} == S0, [Vill?, and V]2 = VI3 +
[curlV||2.

For V € [9 (ﬁ)]g, define the following trace operators:
Y% (V) := V]sq, (V)i =%(V)xn and ~7p(V):=nxy(V). (5.1)

It is well known that [Z (Q)]* is dense in H(curl, ), and that the trace 7o extends continuously from

H'(Q) onto the trace space H'/2 (9Q) := [H'/2 (90)]3 (see [10]). The dual space of H/? () will be denoted
by H~'/2 (99). These trace spaces are endowed with the norms:

. W,V
[Vll2=_ inf V] and [Wll-1/2 = sup < ) : (5.2)
VE(IJ) () 0£veEH/?(00) ||V||1/2
Yo =V

where (-, -) denotes the duality pairing between H ™/ (9Q) and H'/? (8Q). For the traces v, and v7, we have
the next result (see [10] for a general version of it):

Proposition 5.1. For Q = R3 | the traces v, and yr extend continuously from H(curl, Q) into H % (60),
and the following inequality holds:

e (U)l—1/2 = [7:(U)l-1/2 < [U[lecun ¥V U € H(curl,Q)..
Proof. The trace 4 is defined by the action:

(m(U), %(V)) := (U, curl V) — (curlU, V). (5.3)

It follows that ‘f{)Q 7(U) % (V)| = | (1(U), %(V)) | < [[U]lcur [|[V]1, for all U € [2(Q)]* and for all

V € H'(Q). Using the definition of the dual norm in equation (5.2), we obtain that [[7:(U)[—1/2 < |[U||eur1 for
allU € [2 (ﬁ)]?’ The result follows from a standard density argument and the fact that, over the plane z3 = 0,
it holds:

(vr(U), %0(V)) = = (7(U), (V"))

with V* = (—=V4, V4, V3) € H'(Q), which implies that [|[y7(U)[|_1/2 = [|7:(U)[|-1 2. O

Remark 5.2. We recall that the traces v, and 7 are not surjective in H -1/ 2(39). However, continuity is
enough for the purposes of this work.
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The asymptotic behavior of the Green’s dyad (see Propositions 3.4 and 3.8) suggests the use of weighted
Sobolev spaces in order to allow L*-integrability in infinite domains. Thus, we consider the weight o(p,x3) =

1+ p? + 2% where p = /2% + 23, and for any o > 1/2, we define the weighted spaces:
HY Q) :={VeP(Q): " VeL*Q) and o° VV € L*(Q)} ¢ H'(Q),
H(Q) = [H(@)] ¢ H'(Q),
H_,(curl, Q) := {V €12/ : 07V € L2(Q) and o “curl V ¢ LQ(Q)} ,
endowed with the norms [[V|3, = [le” VI3 + " VI3, VIR, = S0, IVil3,, and V]2 =

curl,—o
o= V|2 + ||o=° curlV||3. Observe that H _, (curl,Q) D H (curl, Q).

We define the trace space HY/? (9Q) := vo(H,(2)) ¢ H'/?(8Q), and denote by H:},/2 (09) its dual. These
trace spaces are equipped with the norms:

| w, &),

Wihyoo = inf lél, and Wl o= sup o |
VEH_ () 0£peHL/?(60) ||¢H1/2’0
Yo (V)=v

1/2
o

where (-, -)_ denotes the duality pairing between H_,/* (8Q) and HY/? (8). Analogously to Proposition 5.1,

the following lemma holds true:
Lemma 5.3. For o > 1/2 and Q = R3, the traces v, and vr defined in (5.1) extend continuously from
H_,(curl, Q) into H:(l,/2 (092). Moreover, the following inequality holds true:
2 (O)ll-1/2,—0 = [7:(U)ll-1/2,~0 < [[Ulleurt,~» ¥V U € H_;(curl, ).
Proof. The proof is analogous to the one of Proposition 5.1 by considering the duality pairing:

(1 (U), %0(V)), = (077U, curl V) — (90 7 curl U, 07 V),
(yr(U), %0(V)), == = (1(U), %(V)), ,

with V* = (—uvy,v1,v3) € H(Q). O

In what follows, it will be useful to work with functions at a given tangential level x3 = ¢, with ¢ > 0. Thus,
for V.e H_,(curl,R3), we define V¢: R? — C3 as V°(p,¢) = V(p, ¢, c). We conclude with the next lemma:

Lemma 5.4. Foranyc>0and Ve H_, (curl7 Ri), the traces Vi 1= k x V¢ and V& = kxVexk belong

to the space H:i,/2 (RQ), their respective norms are equal, and the following estimate holds:

A +eve2+4 7
(1 + — ||Vchr1,7o-

IVill—1/2,—0 = VTl —1/2,-0 < 5

Proof. Define U € H_,(curl,R3) as U(p,p,23) := V(p, ¢, 23 + ¢). Then, by Lemma 5.3, V§ = v (U) €
H :i,/ 2 (R?) and the following inequality holds:

IVill-1/2,~0 = 17 (U)ll-1/2,~0 < [ Ulleur1, o

On the other hand,

—20

olp, 3 —c o
Apora =) |0 o ) V2.

(e(p,22)) " U < [l(elp, 23 — €) VI3 < H o(p, 3)

[e.e]
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The same estimate holds when considering curl U and curlV instead of U and V, respectively. Thus,

Q(p, 1'3) 2
||U||curl,—0' S 3 ||V||cur1,—cr-
Q(p7 xr3 — C) %)
Finally, a straightforward computation of the maximum for the two-variable function g(p,:z:;:,)) gives the
o\p, T3 — ¢
bound in the expression (5.4), thereby completing the proof. O

Inequality (5.4) is sub-optimal for V§ = k x V¢, in fact, more regularity can be considered for the space of
solutions by noting that, for any € > 0, the Green’s dyad components satisfy the following condition:

o249 (kx V) € I? (R?), Ve, (5.5)
Thus, a more adequate space to seek for solutions of the Leontovich problem is
W, (RY) = {VeH , (curl R}) : k x V* satisfies (5.5), ¥ ¢ = 0}. (5.6)
We have the following result:

Lemma 5.5. If V.€ W_, (R3), then for all ¢ >0 and ¢ > 0, we have that V§ =k x V¢ € H~(1/2+9) (R2).

Proof. This follows immediately from the Fourier definition of the fractional Sobolev space (see [29]):
H* (R2) = {6 € 7' (R?) : (1+€%)20 e L* (R?) |
and its extension to vector fields. (]

5.2. Spherical Maxwell’s solutions

For | € Ny, let j; denote the spherical Bessel function of the first kind and order ! (see [1]). Using
the spherical coordinates system (r,¢,6), let us consider the following family of functions {v]"(r,¢,0) :=
Ji(kr) e™P P (cos 0)}, where P denotes the Legendre functions of order I € Ny and degree m € Z such
that |m| < (see [1]). For x = (rsinf cosp,rsinfsin p,rcosf), it is well known (cf. [23]) that the following
vectorial spherical functions:

1
M;"* := curl (v;" x) and N = - curl M;", (5.7)

2

are solutions of the equation curlcurlu — k“u = 0.

Lemma 5.6. For o)", 5" € R, the electromagnetic couple (E™, H"), where
E" :=o"M]" + 3"N}*  and iH]" :=o"N;" + 5"M}",
is a solution of the Mazwell system (2.1).
Proof. See Theorem 9.16 and Remark 9.18 from [23]. O

Remark 5.7. Notice that
curlMj" = k N;* and curlN[" =xM;" (5.8)

The next property concerns traces of functions Mj* and Nj* and will be used in Step 2 of the proof of the
uniqueness theorem (see Sect. 5.3).
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Lemma 5.8. If I +m is an odd integer, then

o d R .
yr (M) = ji(kp) €™ —TP*(0) @ over 23 = 0 (i.c. = 7/2),
yr (N7*) =7 (N[*) =0 over z3 =0,

where @ is the unitary basis vector associated to the azimuthal angle.

Proof. The results are a direct consequence of the tangential representations (B.1), (B.2) in Appendix B.1, and

d2

the fact that P}*(0) = FP}”(O) = 0 when ! + m is odd, where the latter can be deduced from Formulas 8.5.3,
x

8.5.4 and 8.6.1 of [1]. O

5.3. The uniqueness theorem

Before establishing the main theorem, we provide some properties of solutions satisfying the homogenous
problem (2.1) and (2.2), i.e. with fp(x) = 0.

Lemma 5.9. Consider the space W _, (Ri) defined in (5.6). Let (E,H) e W _, (Ri) xW_, (Ri) satisfy the
Mazuwell system (2.1). Then, for any Lipschitz open bounded set Q@ C R3, we have that (E,H) is in H,, () x
Hi (). In particular, all their traces are well defined as functions in L*(9Q) when 0QNT = §.

Proof. Since E.H € W_U(Ri), then in particular E,;H € H(curl, Q) by the boundedness of . Moreover,
since the couple (E,H) satisfies the homogeneous Maxwell equations (2.1), then divE = divH = 0. Hence,
both E,H € H{, (Q) (see [16], Cor. 2.10). O

Proposition 5.10. Consider an outgoing radiative EM couple (E,H) (see Def. 4.1), with fr = 0 as boundary
data in (2.2), satisfying the same hypothesis of Lemma 5.9. Let R > 0 and denote by Sg the surface of the
half-ball of radius R contained in Ri, We have:

R [Elra(syy =0 and  lim |[H x¥z2s5) = 0. (5.9)

Proof. Denote by Qg the half-ball of radius R contained in Ri, and denote by Dpg the disk of radius R within
the surface I'. For any ¢ > 0, let Q% C ]Ri be the vertical e-translation of (0 towards the direction E, i.e.
Q5, == Qp + ck.

Finally, let S% and D% be the upper and lower boundaries of €)%, respectively. Lemma 5.9 implies that, for
any € > 0, the following equality holds true:

(Hxﬁ)~E+/ (Hxn)-E

(H,curl E)g:, — (curl H, E)qe, :/
D

St

).

Taking € — 0, and using the curl relations (2.1) together with the homogeneous boundary condition (2.2),

we obtain:
P 2 2 . 1 2
/SR(H xT) -E =ik /QR (|IE[* = [H?) — (irB) / |E7|".

Dr

£
R

(Hx?)-ﬁ—/D (Hxk)-Er.

€ €
R R

Thus,
Re </3R (Hx?)-E) =0. (5.10)
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In order to use the radiation condition equation (4.1), take a € (1, +) guaranteed by Definition 4.1 and define
the piece-wise constant matrix:
i = {

with matrices | and M defined in (4.2). By adding an adequate zero term to H X T in equation (5.10), we conclude

—Re(/SRE-IT/lE) :Re(/SR (Hx?—l\~/IE)~E>.

Next, using Proposition 4.3 and the Silver-Miiller-type radiation condition (4.1), we obtain for large R:

1 1
E|? <C - / E|.
1Blz2 s < max{mw; R} o

By Holder’s inequality, it holds

I, ifxz>re,
M, if 23 < r®,

1 1
||EHL2(SR) S C max {R2aé 5 7R%*0¢ } .

In a similar way, adding an adequate zero term to E in relation (5.10), using Proposition 4.3 4.3, and the
radiation condition (4.1) written in terms of M~! (see Rem. 4.5), it is also easy to prove the asymptotic:

N 1 1
||H X I'HLZ(SR) § C max {W, 7R%*O& } .

The result follows by taking the limit when R — +o00, using the fact that % <a< %
O

The next Lemma is an orthogonality result verified by EM couples satisfying the hypothesis of
Proposition 5.10. This result is critical in the proof of Theorem 5.12 to imply that the Fourier transform
of the traces of such a couple vanish over a disk of radius x > 0.

Lemma 5.11. Let Dy be the disk of radius R within the surface T' = 8Ri. Consider an outgoing radiative
electromagnetic couple (E,H) satisfying the same hypothesis of Proposition 5.10. Let ES% := k x E x k and
HY := k x H be tangential traces of (E,H) over I'. If (I + m) is an odd integer, then:

lim Ji(kp)e P EL =0  and lim Jilkp) e P HY = 0. (5.11)
R— o0 Dr R—o0 Dr

Proof. Let Qr be the half-ball of radius R contained in Ri having Dy as its bottom and let Sg := 9Qg \ Dg.
Let the couple (V]*, W) be any (M}*,N7") or (N7*, MJ*) (see (5.7) and (5.8)). First notice that, for any open
and bounded set © C R3, the curl relations (2.1) and (5.8), together with Lemma 5.9, imply that:

/ (H x 8) - VI = & (H, WJ")q + ir(E, W),
o

and
/ (Wzﬂ X ﬁ) E = —iK (V?’L,H)Q — H(Vlm,E)Q.
oQ

Therefore, using the same limit argument as in the proof of Proposition 5.10, we obtain:

O:i/ (Hxﬁ)-W—/ E - (W xn).
09 09
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The asymptotic decay of Bessel functions (see [1]) and the limit properties (5.9) of Proposition 5.10 imply
that the integral contribution over Sk vanishes when R — 4o0. Thus,

lim i HY - V7" = lim E} - (k x WiP).
R— o0 DR R—o0 DR

The boundary condition (2.2) implies that, in the previous equality, we have:

1 - -~
lim — [ E}- V=l E) - (k x WJ).
RgnooKﬂDRT L Rllgo DRT(X l)

Since the couple (V]*, W) can be any (M]”, N7*) or (N}, MJ"), if I+m is an odd integer, Lemma 5.8 implies
that the right-hand side of previous equality vanishes when V;* = M" whereas the left-hand side is equal to
zero when VI = N!™. This proves the orthogonality property in (5.11) for EJ., and also the orthogonality
property for H as a consequence of the homogeneous impedance boundary condition. O

We now present the main theorem of this section.

Theorem 5.12 (Uniqueness). Consider the space W _, (R%) defined in (5.6). There exists at most one radia-
tive couple (E,H) in W_, (R3) x W_, (R%) satisfying Mazwell equations (2.1) and the Leontovich boundary
condition (2.2).

Proof. As usual, we consider the case when fr = 0 and conclude that the only solution of this problem is
(E,H) = (0, 0). The absence of forcing terms in (2.1) implies that, in a distributional sense, each EM field must
satisfy:
~AE - k*E=0. (5.12)
Since we are looking for solutions in W_, (R%) (see (5.6)), the field E has at most polynomial growth. Hence,
for any fixed x5 > 0, E*(p, ¢) := E(p, ¢, 23) induces a tempered distribution in the space [.7” (Rz)]g (see [27]
for the definition and properties of .’ (RQ)). In particular, the two-dimensional Fourier transform application is
well defined on E®® and we thus denote it by E” € [y ! (Rz)] ° That is, the Fourier transform in the coordinate
system (&, ¢, x3) (see Eq. (2.4)). Using equation (5.12), it can be easily deduced that E(¢, ¢, z3) := E®® must
satisfy:
O3E+ (k* — E2)E = 0.
General solutions of the previous equation are of the form:

Eos — - (g)ef\/ngnzmg + T+(§)e\/§2*7ﬁ2963, (5.13)

with TF being distributions that are independent from (¢ and x3. Note that the same reasoning applies to H
instead of E in the previous analysis.

On the other hand, from equation (2.1) we derive the following additional relations for the two-dimensional
Fourier transform of the EM fields in the spectral cylindrical coordinate system (&, ¢, x3):

it (ﬁ& i, ﬁg) — (—83177@6, 03 B¢ — i€ Es, iwa) : .
i (B By B) = (0T o571 — il i) (o44

The next steps of the proof require the analysis of the horizontal Fourier traces:

Eg? =k x E* x k and ﬁfs =k x H*s,
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which are nothing but the Fourier counterparts of the horizontal traces:
EZ% :=kxE® xk and H:=kxH".
Observe that the homogeneous impedance boundary condition (2.2) implies that:
E) = ikfH?  and  EY = ixgHY. (5.15)
The analysis will be divided into four steps:

(1) For fixed x5 > 0, we prove that E? and ﬁf3 have compact support in the horizontal plane R?.
(2) We show that ES and H? vanish over the disk of radius x > 0.
(3) We use the previous information to conclude that E*3 = 0 and H*® = 0, which implies E = H = 0.

5.3.1. Step 1

Let us denote by D, C R? the open disk of radius & located at the origin, and by D = RQ\DH its open
complement on R2. By representation (5.13), we observe that the distribution E%” over D is the sum of
exponentially increasing and decreasing terms. Using Lemma 5.4, we show that E? can not be exponentially

—c —c\13
increasing in D . In fact, for ¢; = (¢¢, Py, 0) € [@ (Dn)} , it holds that

(e VE Rz, o) = 3, Fle VT g
< C(@3,0) [Blleust,—o |F(eVE536)]|1 o0,

with F denoting the two-dimensional Fourier transform, and C(zs3,0) being the constant in equation (5.4),
which has an asymptotic polynomial growth in x3. The product C(z3,0)e™V €2 —r?zs ¢, belongs to the space
[ (R?)] ? as well as its Fourier transform, implying that the right-hand side of the previous inequality goes to
zero when 3 — +00. The last statement allows us to conclude that e~V &*—#?%s E?? goes to zero as a distribution

—e\13 ~ ~
n [@’ (Dn)] . The same applies to e~ V& ~#?zs H}*® as well. Having in mind the representation (5.13) for E*s

- ~ ~ —o\13
and H"3 | we arrive at the following characterization of E7? and Hy* in [9’ (D )} :

EZ = T e VE-r23 gnq  HI = T?) ¢~ VERos, (5.16)

for some xs-independent distributions T) = (Té(j), ngi)v 0), with j =1,2.

On the other hand, from equation (5.14) we obtain that Es = —%831775 and thus k x H can be

characterized as
kxH= (JI@&,H&,O) <§2 505 Fe, - 63 e 0> . (5.17)

—e\13
For any ), = (¢, 1y, 0) € [9 (DK)} , the previous relation implies:
(7,9, ) = (A2 g ) — (HE ) (5.18)
where, by using (5.16) and (5.17), we obtain
7 1 — —K2z
(HE o) = — < 2 =2 TV Ve 3711,<P£>7

T(l) 2 2
(H%,l/Jg) <\/§%ﬁ26\/5 —K z3’¢£>.
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Moreover, the impedance boundary condition (2.2) implies that

0= lim <E; —ikfHD ¢t> -

r3—01

lim (B +inBHZ v ) + (B2 — inBHE b, ) (5.19)

for all ¥, = (¢, 1y, 0). In particular, for ¥, = (¢,0,0) and 3, = (0,%,0), with ¢ € 2(D.,). Therefore,
13

combining equations (5.16), (5.18), (5.19) and using the fact that [@ (DN)} is not affected under multiplication

by /&2 — k2, we finally conclude that
(V= +2T 0) =0 and  ((1-8VE =T, 0) =0,

for any ¢ € 9(5;), which implies that the support of T(}) in EZ is contained in the curve &2 = 5,2, (see Sect. 3.2).
A similar argument shows that the support of T2 is also contained on the same curve.

Finally, from the representations (5.16) we conclude that, for any x3 > 0, E%d and ﬁf“" belong to [é” ! (Rz)]B,
the space of distributions with compact support. In particular, their inverse Fourier transforms E7? and H}?
belong to C* (R?) (see [27]).

5.8.2. Step 2

In the following, we will consider the trace EY given in terms of its tangential Cartesian components
(E?, E3,0). The cylindrical counterpart (E9, E,0) can be obtained using the following identities:

—ip i
EY = cos pEY + sin pE§ = eT(E? +iEQ) + %(E? —iED), (5.20)
0 ; 0 0 e o oy, €Y 0 o
E, = —sinpE] +cos by = —i 5 (E] +1iE3) + 17(E1 —iE3). (5.21)

Combining equations (5.20) and (5.21), the conclusion of Lemma 5.11 can be equivalently written as:

If (I +m) is an odd integer:

R 2
: . —i(m+1)¢ 0 : 10 _
B}ggo/o /O p Ji(kp)e (BY +1iE3) dpdp =0, (5.22)
R 2 )
Jim / / p ji(kp) e D? (B — i E9) dpdp = 0.
—Jo 0

Let us define the following Fourier coefficients:

1 [ .
ci'(E,p) = 2*/ E)e™ "™ dp, for j=1,2.
T Jo

Thus, from equation (5.22) we deduce that:

If (I +m) is an even integer:

R _ (5.23)
lim / p ji(kp) i (B, p)dp =0, for j=1,2.

R—oo /o
It is possible to prove (cf. [13], Eq. (79)) that the Fourier transform of E? can be written as the limit:

R
Bevo = lm Y e'(vo [ pilke) (B VE<K
—00 0

<t
(I4+m) even



344 S. ROJAS ET AL.

27
where " (€, p¢) = (i)'(20 + 1)e™¥¢ / P, <i cos(ga)) e"™?dyp and IP; corresponds to the /th Legendre poly-
0

nomial. Using the orthogonality relation (5.23), we conclude that E¢ = E9 = 0 (and thus EY = 0), for all
¢ < k. Using the Fourier representation for the impedance boundary condition (see (5.15)), we conclude also
that HY = 0, for all £ < k.

5.8.3. Step 8

Collecting all the previous information, we have proved that the tangential traces E% and INI? are supported
in the circumference {§ = &,}. Using equation (5.14) we conclude that E° and HO are also supported in the
circumference {¢€ = £,}. On another hand, Lemma 5.5 states that E°, H? € H~(1/27)(R?). Since the derivatives
of the delta distribution do not belong to H~(1/2+2)(R?), the Fourier traces of the EM fields must be of the
form

B’ = d(pe)6(6— &) and  HO = W(p) (¢ - &), (5.24)
for some vectorial functions ® = (®,, @, ®3) and ¥ = (V,, ¥,,, ¥3). The last conclusion implies that, up to a
constant, the trace couple (E°, HY) is of the form:

27
(B0, 0) O )) = [ (@), W) o760 255 ) e

Applying the stationary phase technique (see [15]) to the previous expressions, we obtain

(B, HY) = (0(), 0(¢)) S @+ m) Wl 4 ) e o)
| | . | u |

Let us assume that the impedance parameter [ is positive, then the radiation condition (4.1) over the plane
r3 = 0 reads |[H® x p — §,E°| = O(p~3/2). Note that the radiation condition is satisfied if and only if each
component of the vectorial expression:

H’ x p— §E? = (—§,E), H) — §E), —H) — §,EY) (5.25)

is of order p~3/2. The first component of (5.25) immediately implies that E, = O(p~3/2) and, this is satisfied
only if ®,(¢) = ®,(p + m) = 0. Since ¢ is arbitrary, we deduce that ®, = 0. The second component of (5.25)
gives that HY — &,E) = O(p=3/?). We can obtain additional information by using the curl relations (2.1).
In particular, Hy = (irp) " (EJ + pd,E) — 0,E}). Since p~'EJ and p~'9,E) are already of order p~32, we
conclude that 0,E + ik&, ES = O(p~%/2). A straightforward computation gives that this is satisfied only if
®, = 0. The latter implies that HY = O(p’S/z) and thus U3 = 0. Also, the impedance boundary condition
(2.2) gives the following additional identities: Eg = —mﬁHg and Eg = iHﬁHg. From here, we can also deduce
that W, = ®, = 0. Finally, the third component of (5.25) and the fact that H) = O(p~*/2) imply that ®3 = 0.
Summarizing, we have proved that ® = ¥ = 0, implying that E°=H"=0 by equation (5.24). A similar
procedure shows the same result for the case 3 < 0. _

We show now that E*3 = H® = 0, for all z3 > 0. First note that, the representation for E*® given in
equation (5.13) evaluated at z3 = 0, implies that TT (&, p¢) = =T~ (&, p¢). Thus, for any x3 > 0, the electric

field can be written as: B
E® =T~ (5’905) (e—\/f2_,@2x3 _ e\/£2_n2x3) . (5.26)

On another hand, since ﬁ? = 0, the relation (5.17) together with (5.26) imply that
K

1
WT{(&%) = V@ - KT, (6,9c) =0,
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concluding then that the support of ELES = (T T..,0) ( VRt oy 52_“2‘”3> is over the circumference

pe?
{¢ = &}, as well as the support of HIS by relation (5 17). Finally, as a consequence of relations (5.14), w
conclude that the support of the whole fields E? and H® is over the circumference {€ = k}. As we did with E0
and HO (see Eq. (5.24)) to conclude that EY = H? = 0 —using the stationary phase technique and the radiation
condition—, we can also prove that E*3 = H*s = 0, for all x3 > 0, from the fact that E®* and H* are compactly
supported in {€ =¢,}. O

5.4. Existence

Theorem 5.13 (Existence). Let fr = (fi, f2,0) € L*(T) be a compactly supported function. Let (E,H) be the
EM couple defined as

BO) =~ [ 676) fr(y)dS(y). Hix) = S-curlE(x), (527

wzth G”(x,y) denoting the transpose of the Green’s dyad (3.2). Then, (E,H) belongs to the space W _,(R%) x
+(R%), it is a radiative solution of Mazwell equations (2.1) and satisfies the impedance boundary condition
(2 2).

Remark 5.14. In equation (5.27), GT(x,y) fr(y) must be understood as a matrix-vector multiplication.

Proof. Notice that G (x,y) = G(y,x) (cf. [3]). Hence, GT (x,y) satisfies the homogeneous electric field problem
(3.1a), for any x € Ri and y € R? x {0} by switching the roles of x and y. Thus, it is clear that the EM couple
(E, H) satisfies the homogeneous Maxwell equations (2.1). On the other hand, as a consequence of Theorem 4.6,
it can be easily proved that the EM couple (E, H) is also radiative.

It only remains to prove that the couple (E, H) satisfies the impedance boundary condition (2.2). Without
loss of generality, we assume that the couple (E,H) and the boundary data fr are given in the cylindrical
coordinate system. For y3 = 0 and any z3 > 0, one performs the computation of the boundary operator
(Gr(y,x) fr(y) — Bk x curly G(y,x) fr(y)) in spectral domain and cylindrical coordinates. Then, taking the
limit as 3 — 07 and taking an inverse Fourier transform, it is easy to check that:

(GT fr— BE x curly G fT)

= B0y ) (Y1, y2) (€11 + €22) fr(y),

CD3—0

completing the proof. |

6. CONCLUSIONS

We have proven the existence and uniqueness of solutions for the Maxwell problem over a half-space with an
impedance non-absorbing boundary condition. For this, we established adequate Silver-Miiller-type radiation
conditions to be satisfied by the solutions through a detailed study of the Green’s dyad associated to this problem.
Our existence result is achieved with the help of an integral representation of the solution in terms of the Green’s
dyad. As immediate future work, it remains to prove existence and uniqueness for a locally perturbed half-space.
More general problems such as the impedance problem for the full Engquist-Nédélec boundary condition must
be considered. Finally, this work paves the way for obtaining similar results for scattering problems defined over
layered media.

APPENDIX A. DERIVATION OF THE GREEN’S DYAD

Due to tangential symmetry, we can set the coordinate axes so that x = (0,0, z3). Following [3], we split the
Green’s dyad (3.1) as G(x,y) = G°(x,y) + PA(x,y), where G°(x,y) is the Green’s dyad associated with the
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perfect conductor problem:

curlycurly, G — k%2 G? = dx(y)l in R3, (A1)
Gy =0 onT, )
and P?(x,y) is the radiated solution of the problem:
curlycurlyP? — x2P% =0 in R}, (A.2)
Pgw — ﬁcurlyPﬂ xn=fcurly,G°xnonT. )

Denoting by x* = (x1, 2, —23) the transversal reflection point of x, by g the fundamental solution of the
scalar Helmholtz equation in R3:
x.y) eisllx—yll
9\Xy)=
dr|[x -yl

and defining g*(x,y) := g(x*,y), the solution of problem (A.1) can be written as (cf. [12,23]):

d di g—g° 0 0
GO(x,y) = (I + g”‘z”) 0 g-g° 0 |. (A.3)
R 0 0 g+g*

To obtain the solution of problem (A.2), the next steps are followed:

e A Fourier transform is applied along the horizontal axes, reducing the spatial problem into an ODE problem
in the vertical variable.

e The resulting ODEs are solved analytically and the spatial solution is represented via an integral form by
applying the inverse Fourier transform.

A.1. The spectral problem

We define the tangential Fourier transform as:

. 1 +oo “+oo »
fyl’m(f)(fla&) = f= %/ / f(i‘/hyz)e & tuzde) dy; dys.

Making the change of variables (&1, &2) = & (cos g, singg), the Fourier transform of the expression
(curlcurl — x2)PA(x,y) in cylindrical spectral coordinates (£, ¢, y3) becomes:

-0z, — K? 0 &0y, \ _
0 -0 +&€-x" 0 |P=0, (A.4)
€0y, 0 £2 — g2

and the Fourier transform of the Leontovich boundary condition reads:

1+80,, 0 —ipe\ _ Dy 0 —if\ _
0 1+p88,, 0 |PP=—p| 029, 0 |G (A.5)
0 0 0 0 0 0

with P? and G° denoting the Fourier transforms of P? and G°, respectively. The right-hand expression in the
previous equality depends on G°. We note that

_ o~ VE—r|zs—ys|
‘Fy17y2(g)(£1v§2) = 9(5) = m7
~ eV 52*H2(w3+y3)
Fyrwe(99)(&1,62) =: 9% (&) = W7

for y3 > 0.
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Thus, by (A.3) we get:

N ] K2 —€2 0 €0, g—g° 0 0
G =— 0 w2 0 0 g—g° 0
k iy, 0 K>+ 0y, 0 0 g+4g*

— 1 (aO*e—\/ &2 —rk2|z3—ys| + GOJre—\/ 52—N2(1’3+y3)> ,

4mk2
with
S 0 —i€sign(ys — 73)
K
607 = 0 52 — K2 0
52
—i&sign(ys — x3) 0 NGETS
and
&2 — kK2 0 —i€
2
K
ore| 0 e
2
i€ 0 &
€2 — x2
In conclusion, the right-hand side of equation (A.5) is given by:
i€
Oys 0 —i 10 ————
76 6/3 31 OE 6() - 7£ei v 527“6213 52 - K:2
0 0 o0 27 01 0
00 0
By direct computation, one can see that P? has the following structure:
ps ps
- e~ VE&—r*(@3tys) _ - Pﬁf N 0 P$3
LA — for some P7t = 0 P8 0
AmK2 ~5 Pepe o
Py 0 Py

To obtain the unknown terms, first note that the third row in equation (A.4) gives the following relations:
i§
/12 — €2

Using the relations (A.5) and the fact that P8 is divergence-free, one can deduce the following expressions

B _ & B

p8 _ _ phs
3¢ = T_gQ ng and P33 = ng

for 5?5, ﬁgwg and IS§3 respectively:

- 2 2 /[¢2 L2 . 2 2 - P 2
Po = LA Sl ps br and P?{s = 1257

I/ e A G O W= R T et

Consequently, we can also derive

2iBK3¢
NG

25/1262
\/52 ) (\/52 ) —|—ﬂ/12> '

5?5 = and ﬁg{a = —
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Summarizing, the spectral Electric Green’s dyad G is given by:

G= (G_ —VE&€-rlza—ysl | Gte \/52—52(963-5-1/3))7

47r/<;2

with G~ := G°~ and

V& — K2 — BK? \/52—7/-”»2
—VE - 0 N
o \/Of K2+ Bk ST 41 \/ Of@ -I-ﬁ/@
a N BVEE — K2 —1
\/52—752 0 R
\/7/12+6/<;2 VEE — K2 (/€2 — K2 + K2

APPENDIX B. SPHERICAL REPRESENTATION OF MJ"[f;] AND NJ*[f/]
Consider the local orthogonal unit vectors in the directions of increasing r, 6 and ¢ respectively,
T=sinfp+cosbk, 8 =cosfp—sinfk, p=a.
For a field A = A, T+ Ay 0 + A, p, its curl has the form:

1

rsin 0

1 ~
+ ; (8T(TA9) — (%AT) (2]

—_

curl A =

. ~ 1 ~
(Op(Aypsing) — 0,A0)T + - (sinOa@AT — 87“(7“14@)) (7]

The associated vectorial functions in spherical coordinate system are given by

m — imep im m ) : i m P
M} [f1(r, 8, ¢) = fi(kr)e (sinGPl (0059)0‘1'5”19de1 (cos®) @ |,

imey 0 :
fi(kr)e T sin 1o+ im he @,

Kr KT sin Okr

N [f1(r,0,¢) =

with coefficients
2 2

d d
hy = 2cosf EP?L(COS 0) — sin® 9 — o° ]P””(cos 0) +

P (cos @),
sin?g ! ( )

hg = (fl(lﬂ’) + ﬁrif;(nr)) etme %]P’Z"(cos 0),

hy = (fl(m") + ﬁrif;(ﬂr)) emPPM (cos 0).

B.1. Tangential traces of M]™[f], NJ*[f] over the plane § = 7 /2

Since we need to calculate integrals over the plane x5 = 0, we are interested on the behavior of the vectorial
functions M}*[f] and N7*[f] when 6 = /2. Therefore, the coordinate system becomes

T(g=r/2) = P, O(9=r/2) = K, P(9—r/2) = P,
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and the spherical representations are of the form:

e (M{"[fi]) = fl(ﬁT)eim@%PT(O) @ = (I+m)fi(kr)e™ Py (0) @, (B.1)
and
RT) 4 2
e (N7 L) = L eime (pp(o) - opr0)) 7
+im <fl(m") + nrd(lfl(nr)) eMEPT(0) P. (B.2)

Remark B.1. Last equality in equation (B.1) comes from the recursive relation (cf. [1]):

(@~ 1) LB () = LB () — (1 m)BY (o).
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