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NONINTRUSIVE APPROXIMATION OF PARAMETRIZED LIMITS OF MATRIX
POWER ALGORITHMS — APPLICATION TO MATRIX INVERSES AND
LOG-DETERMINANTS

FABIEN CASENAVE!*, NISSRINE AKKARI!, ALEXANDRE CHARLES!
AND CHRISTIAN REY!

Abstract. We consider in this work quantities that can be obtained as limits of powers of parametrized
matrices, for instance the inverse matrix or the logarithm of the determinant. Under the assumption
of affine dependence in the parameters, we use the Empirical Interpolation Method (EIM) to derive
an approximation for powers of these matrices, from which we derive a nonintrusive approximation
for the aforementioned limits. We derive upper bounds of the error made by the obtained formula.
Finally, numerical comparisons with classical intrusive and nonintrusive approximation techniques are
provided: in the considered test-cases, our algorithm performs well compared to the nonintrusive ones.
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1. INTRODUCTION

Many models in physics, biology or engineering involve partial differential equations, which are nowadays
mainly solved numerically. In many cases, a single solution is not enough, as we are interested in the behavior of
the solution when some chosen parameters vary. For instance, in sensitivity analyses, optimization or uncertainty
quantification, the solution has to be computed a large number of times. In this many-queries context, model
order reduction techniques have proved to allow large improvements in computational costs.

A number of techniques and methods can be grouped under the heading of Reduced Order Models (ROM).
First, one can simply consider taking a coarser mesh, or making use of symmetries in the problem. Then, one
can use methods from the machine learning community, where a meta-model is constructed as an interpolation
or regression of the solutions or quantities of interest over the parameter set. These techniques are nonintrusive
since they use the numerical solver as a black-box, see [1,16,18,24,31] for reviews of machine learning regression
methods. Finally, a third class of ROM consists in solving the partial differential equation (or an approximation
of it) on a small dimensional subspace, so that the computational cost of solving the reduced model is orders of
magnitude smaller than that of the full-scale model. For instance, one can use the Proper Orthogonal Decom-
position (POD) [10,30] or the Reduced-Basis method [6,17,19,20,25,28,29,32,33,35]. The Proper Generalized
Decomposition (PGD) usually expresses the solution as a function of space and time, and the parameters of
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the model, seen here as coordinates. This function is approximated as a sum of tensor products, see [12-15].
These methods are generally very intrusive to the considered computational code, since they need to modify the
assembly routines of the operators. Efforts have been spent to mitigate these intrusivity requirements [7,9,34],
but we still need to manipulate at least the matrices or meshes.

In this work, we consider a family of parametrized invertible matrices, such that the parameter dependence
is affine, and we are interested in the nonintrusive approximation of quantities obtained as limits of powers of
parametrized matrices, for instance the inverse matrices or the logarithm of the determinant (log-det), which
we express as linear combinations of these inverses or log-det computed at given parameter values. For instance,
many evaluations of the log-det of a positive-definite matrix are required for maximum likelihood estimation
in Gaussian process regression, see [23,37]. The proposed algorithm computes the coefficients of these linear
combinations efficiently (namely in a computational complexity independent of the size of the matrices), and is
nonintrusive, in the sense that it resorts only to the evaluation of the quantities of interests, namely the inverse
or the log-det, like most machine learning methods. This is an offline/online procedure. A computationally
demanding stage is first carried out, the offline stage, where the high-fidelity model is solved a certain number
of times and some information on the parameter dependence of the model is learned. This information is then
exploited in the online stage, in a computationally cheap fashion, where the approximation is computed rapidly
and potentially for a large number of parameter values.

In Section 2 is proposed an interpolation formula of the power of parametrized matrices based on the Empirical
Interpolation Method (EIM) [3,22]. Then in Section 3, nonintrusive approximations of limits to certain power
algorithms are obtained using the interpolation of power of matrices, namely the inverse and the log-det of
parametrized matrices. In Section 4, upper bounds of the error made by these approximations are derived.
Finally, in Section 5 are presented numerical comparisons between the proposed nonintrusive approximation
algorithm and classical intrusive and nonintrusive methods.

2. APPROXIMATION OF POWERS OF PARAMETRIZED MATRICES

Let d € N and p € P be a parameter, where the parameter set P is a compact subset of R", r € N*. Consider
{A,}pep C RN XN a set of parametrized square matrices and assume the following affine decomposition for
each element of the set:

d
Ay = a(p)A, peP, (2.1)
=1

where we suppose that the family of square matrices {A;},.,., is independent of u. Hence, the matrix A,
depends on p only through the coefficients o; : P — R.

Let m € N. We propose to derive an offline/online procedure to compute an approximation of AP for
1 <p<m and p € P of the following form:

t
AR AN N(WAL, e P, (2.2)
=1

where {14}, ;< is determined during the offline stage whereas the applications A; : P — R are computed during
the online stage. As we shall see later, this expression will be used to obtain efficient approximations for the
inverse and the log-det of A4,,.

Consider the decomposition (2.1) and take the pth power of the equation. In the general case, the matrices
A;, 1 <i < d do not commute, which prevents us from the use of the multinomial theorem. Thus,

=333 ([Ton) (1) e 23)
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In the following, we factorize the sum according to the products of A; matrices. Let ¢ € N. Denote
a multi-index § = (s1,82,---,8) € N and define its weight |5] := Ele s;. Finally, denote R, q =

{Ig € [0;m]” such that |k| < m}.

Lemma 2.1. Let p, d, m € N and {A,}ep C RN*N g set of parametrized matrices satisfying (2.1). There

erists {TEp}EEE 2.0<p<m € RN*N independent of p, such that the following equality holds:
AL = N gk, )Ty, peP, 1<p<m, (2.4)
Eezm,d
where
d
ok 0. (2.5)
1=1

We clarify here that Lemma 2.1 contains an existence result for the matrices T,;p, that do not need to be
computed for the method to be carried out in practice. Equation (2.4) indicates that the function g — AP
is linear, and the idea is to use an EIM approximation of g(E 1) to readily obtain an approximation of AL,
Working on g(k 1) instead of the matrix coefficients (Ap ) 1 <4,j <N, will enable us to construct nontrusive
approximations for the inverse or log-det of AP as we W111 see in Section 3.

1

Proof of Lemma 2.1. Define the family of applications:

1;d]” — [0; p]"
Foa: [L ’ ! . . Vd,q € N. 2.6
Py { S — (# {31 =7, 1<:i< p})jzl’... .d ¢ ( )

By construction, |F, 4(5)| = p for all § € [1;d]". Take d = 2, p = 3 for example. Then F3((2,2,2)) = (0, 3)
and .7:3’2((1, 27 2)) = .7:3’2((2, 1, 2)) = .7:3’2((2, 2, 1)) = (1, 2)
Define now the reciprocal applications:

- “Mﬂﬁ@mﬂ)

L s {s e[Ld]’ : Fpa(d) = E} Vd,q € N (2.7)

where §2 ([1;d]") denotes the power set of [1;d]”. Take d = 2, p = 3 for example. Then, Z3 2((0, 3)) = {(2,2,2)}
or I3,2((17 2)) = {(17 2, 2)7 (27 1, 2)7 (27 2, 1)}
Using the introduced notation, equation (2.3) can be reordered in the following form:

A=y (Ha )) >[4 vuer. (2.8)

ke[oip]®:|k|=p FETp a(k) =1

Notice that if the matrices 4;, 1 < [ < d, were commuting, we could have simply applied the multinomial

theorem to get
A=y H <Ha )(HA’““ ) Vi € P. (2.9)
=1k

ke[osp]:|k|=p r=1

Recall the notation g(k, p) = lel o M (1) and denote

Tp, = Y, ﬁAsi, (2.10)

FeT, a(k) =1
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so that

A= > g(k,m)Tg,, peP. (2.11)
kefo;p]®:|k|=p

Denote now for a general k € [0;p]” (not restricted to only |k| = p):

T if |k =p
Ty =< " kp ’ 2.12
kip { 0 otherwise. (2.12)

Let m € N. The p-exponent in (2.11) can be parametrized using

AL = 3" g(k,w)T;,, neP, 1<p<m, (2.13)
Eeﬁmyd
where we recall that %, q = {E € [0; m]" such that |k| < m}, which concludes the proof. O

To illustrate Lemma 2.1, consider the case p = 2 and d = 2. In this case, {EE [0:2]% : k| = 2} =
{(1,1),(0,2),(2,0)}, and from equations (2.12) and (2.13), there holds

Ai =g((1, 1)7#)T(1,1),2 +9((0,2), u)To, 2),2 + 9((2,0), 1)T(2,0),2- (2.14)

Since Fa2 ((1,2)) = Fa2((2,1)) = (1,1), there holds Zo 2 ((1,1)) = {(1,2),(2,1)}, and from equation (2.10),
T(l 1,2 = A1As + A2 A;. In the same fashion, we compute F> o (( 2)) = (0,2) leading to Z2 2 ((0,2)) = {(2,2)}
and T(O 92 = A3, as well as F,5 ((1,1)) = (2,0) leading to Z2((2,0)) = {(1,1)} and T270)72 = A?. Using
the formula (2.5) for g in (2.14) leads to the known expression A2 = a1 (n)az(p) (A1 Ag + AgAq) + a1 ()2 A2 +

( )2A2

It is known that #{k € [0;p]"such that |k = p} = ((pd'tdl;!lp)!!. Then, the number of terms
in (2.4), namely Qma = #Fma, equals ﬁ Yoo (’HZTU!. Notice that for d > 2, Qma <

@ (m+1)(m+2)---(m+d—1) = Py(m), where P;(m) is a polynomial of degree d in m.

As discussed earlier, we carry out the Empirical Interpolation Method (EIM) on the g(k, 1), see Algorithm 1
for a description of the offline stage of EIM on this function. In Algorithm 1, §'g := I'(g) — g, with I'(g) denoting
the rank-I EIM approximation, defined by

l
=" Bl (wd" (), (2.15)

I'=1

where 3'(p1) solves

l
Z Bll/’l//ﬂll// ([L) = g(quﬂ), 1 S l, S l. (216)
1""=1

The quantities B! € R>*!, ¢t : P — R, El € Fm,d> 1 € Psample, for all 1 <1 < NEIM “are constructed during
the offline stage in Algorithm 1, where NF™ ig the number of terms selected by the EIM. In practice, NF™M
is not a priori specified, but results from a stopping criterion on the maximum current error (&' g)(EHh 1ia1)
made by the approximation.

Finally, the online stage of EIM consists in the approximation (2.15) and (2.16) with [ = N Replacing
B () in equation (2.15) using equation (2.16) yields

NEII\A NEII\/I 1

Mg E = >0 3 (BY) 9w (B). (2.17)

N
U'=1 1"=1
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Algorithm 1 Offline stage of the EIM
1. Choose a fine finite set Psample C P

2. Set 1:=1
s. Compute py := argmax [|g(-, 1) |leo (%, 4)
HEPsample
4. Compute k; := argmax|g(k, p1)|
KERpm,a
5. Set ¢'(-) := M
g(k1, )

6. Set Bl =1
7. while | < Qm,q do
o Compute juy1 = argmax [[(8'9)( 1) e ey 0

HEPsample
. Compute k41 := argmax]|(6'g) (K, ft111)]
EGE'NL,d
l .
. Set ql+1(.) — (¢ 91( s 1)
. (6'9) (K41, tt1)
o Bt i=gi(k), 1<, <141
2. l—1+4+1
13. end while

We notice from Algorithm 1 that Span (¢'(-)) = Span (g(-,u)), and therefore, there exists a matrix
1<I<K NEIM 1<I<NEIM

such that, for all 1 <[ < NEIM

NEII\I x NEIIVI

I'eR

NEII\/I

S Dvd” (R) = gF. ). (2.13)

I'=1

Replacing ql/(E) in equation (2.17) using equation (2.18) yields

NEIM NEIM

INEIM _’ Z Z Al g kl' (E7Ml)7 (219)

=1 —

~1
t -
where A = (F (BNEIM) ) . From Theorem 1.2 of [8], the matrix Fy; = g(k;,puy), 1 < [,I! < NEM g

invertible, and A = F~7. Now denote

NEIM

NEIM Z Al g k‘l/,p, (220)
I'=1

to obtain

NEIM

EII\I EII\I
v Z AN g(k, ). (2.21)
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Replacing ¢ in (2.4) by I (g) yields

NEIM NEII\/I
EIM EIM -
X e T, = XN Y o,
kEHm d Eeﬁm,d
NEIM
NEIM
= > A (wAL, peP, 1<p<m, (2.22)

=1

where the last equality is obtained by recognizing Af in equation (2.4) at parameter values ;.
We obtain the searched expression (2.2), with ¢ = N*™ and where j; and \;(u) are constructed in respec-
tively the offline and online stages of an EIM on the g(k, u):

NEII\/I

Z AN (AL peP, 1<p<m. (2.23)

i

Notice also that the offline stage of EIM involves a sampling of P, and @, 4 indices. Even though @, 4 is
independent of the size N of the matrix A,, we are limited to moderate values of m and d in practice.

The expression (2.23) can be used to readily approximate any quantity expressed as a linear evaluation
of power of matrices. Yet, quantities such as the inverse matrix or the logarithm of the determinant can be
approximated using algorithms involving successive powers of the considered matrix. Hence, we combine in
the next section these techniques with the approximation presented in the present section. Under particular
conditions, inverses and logarithm of determinants of matrices can be approximated in a nonintrusive fashion
using (2.23).

3. POWER ALGORITHMS

3.1. Inverse operators and solution to linear systems
We recall hereby a classical fixed point results.

Lemma 3.1. Let A and U € RV*N.| We consider the following iterative scheme:

{ XO — X() c RNXN

3.1
Xipy1= (I —07"4) X + 071 3.1)

If U is chosen such that ||I —W=1Ally < 1, then the sequence X}, converges towards A=1 for any initial guess
X0,

3.1.1. Sequence approximating the inverse of parametrized matrices

For concrete implementation, the kth iteration can be evaluated as a series of powers of A and provides an
approximation of A~!. For a parameter indexed family of matrices, we combine this approximation technique
with results of the previous section.

Consider now a parameter-dependent family of matrices A,, i € P, verifying the affine decomposition (2.1),
and such that, for all u € P, A, is invertible. We construct a family of approximations of the inverses, (Xk ) cn-
To obtain a uniform convergence with respect to u, we are led to choose a preconditioner uniform in p and a
common initial condition: denote

Wy = argmin sup [|7 — M A, |2,
MERN XN | Minvertible p€P (3.2)
Xo = argmin sup || X — A, 1||2, |
XERN XN peP
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and let
p=sup|l— W5 Al
neP

and ey = sup||Xo — 4,12
HEP
We suppose that p < 1 and consider the following iterative scheme:

{ Xo,u = Xo
Xeyip = (I - \IlalAu) X + ‘1’61-

An induction shows that:
Xm#_(l—\IJO AM) (XO—AN )—&—AM .

Taking the norm, we get a uniform bound with respect to u:
HXm,u - A;1||2 < Gopm,
which ensures convergence with respect to m since p < 1.

3.1.2. Powers of a parametrized matriz
Define ag(p) =1 and Ag = —¥q. There holds:

d
(I-5"A,) == o)Wy A

Apply Lemma 2.1 to (I — \IfalAM) to get

(r-w5'a)" = 3 g(Ru) Ty,

Eeﬁm‘d+1

225

where §(k, ) = Hf:o o) (p), and TEp are independent of u (the — signs being integrated to the TE o). There

holds Vi € P, Vk € Rom,d+1s Q(E, ) = g(c(l_c’),,u)7 where ¢ cuts the Oth element of k € Fm,d+1- Notice that C(E)
belongs to %, ¢. Hence, we can apply the EIM approximation to the function g(c(k), 1) on Bp,.a X P (see (2.21))

to obtain:
NEII\/I

(I- \I'alAu)p ~ Z Z Ai(p)g (C(E),ul) T}g,p.
=1

Eeﬁm,d-u

‘We now switch the summations to obtain the desired result:
NEH\/I

(I-3"A)" ~ > M) (I-95"4,)", peP, 1< p<m,
=1

where we recall that p; and \;(p) are given by EIM on g(k, ).

—

(3.9)

(3.10)

Notice that (3.10) means that we used the same EIM on g(k, 1) for the affine approximation (2.1) on A, to

get an approximation on (I — \I/alAM)p.
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3.1.8. Approximation of the inverse of parametrized matrices

We now go back to the scheme (3.4) and to show how the approximations (3.10) can be used to approximate
the mth approximation X, ,. Expression (3.5) is not convenient for this purpose since A;l appears, and we
are looking for an efficient approximation of A;l. It turns out to be more convenient to consider the following
expression obtained by induction:

m—1

X = (I =05 A,)" Xo + (Z (1- \I/OIA,L)k> Uyl VYmeN. (3.11)
k=0

To obtain (3.10), we use the fact that (I —W;'A,)" depends linearly on g, as it explicitly appears in (3.8).
Xm, inherits from this linear dependence on g; we will make it explicit be denoting now X, , as X,,g,, where

=, -

gu(k) = g(c(k), p).
Now replace the powers of (I — \IlglAH) in (3.11) using (3.10):

NEII\I

KXoy = Xmgu = > M) (1= 957 4,)" X0+ 373 M) (1 - w504,,)" w5
k=

=1 0 I=1
NEIM m—1 .

= > () ((I — UM AL) " Xo+ Y (T- 95" A,) \1/51> (3.12)
=1 k=0

NEIM

> () X, -
=1

The convergence of X,,g,, to A;l with respect to m, namely (3.6), suggests replacing X,,g,, by the inverses
A,lin (3.12) and defining

NEIIVI

XN = 5T N Ayt (3.13)
=1

where X/ "™ is the obtained approximation of ALl

Remark 3.2 (Nonintrusivity). In equation (3.13), we recall that the coefficients \;(u) are obtained from an
EIM on g(c(k), 1), which only depends on the parametric dependance of A,,, see equations (2.1) and (2.5).
Therefore, the obtained approximation is nonintrusive in the sense that we only resort to the computation of

the quantity of interest (the inverses A;ll) and using some knowledge on the particular form of the problem
(the ay()). In particular, we need to compute neither the (I — Wg'A4,)" nor the TE,p' Notice that the matrices
A;in (2.1), 1 <1 < d, do not need to be computed either. Moreover, we can compute A;ll by the method of
our choice. Even if the described iterative scheme converges, we can use direct methods to compute the A;ll,
and apply (3.13) to retrieve an approximation of A;l. We can also compute A;ll using initial pu-dependent
initial guesses X, and preconditioner ¥y , in the described iterative scheme. In particular, we never need to

construct ¥y and X, we just need the existence of a matrix ¥ such that sup ||l — WA, [ < 1.
neP

Remark 3.3 (Solution of linear systems). Let b € RV, From (3.6), there holds || X} b — Ablly < pFeollbll2,
which suggests to approximating A;'b by

NEIM

S M) (A0) (3.14)
=1
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Notice that a key element of the section is the linearity of the function ¢ — X,,g,, where, from (3.8)
and (3.11),

m—1
Xomgu = > gle(k), n) <T;;’mX0 +) T,g,l%l) . (3.15)

E€E7n,d,+1 =0

3.2. Logarithm of the determinant

The logarithm of the determinant (log-det) of a symetric positive definite (SPD) matrix is a quantity re-
ceiving interest in the literature. For instance, finding the maximum likelihood estimator of the mean and the
covariance matrix of a normal multivariate distribution involves the computation of the log-det of a SPD matrix,
see equation (2.2) form [2].

8.2.1. Sequence approzimating the logarithm of the determinant of parametrized matrices

Consider a family of parametrized SPD matrices A, € RNV and denote p(A,,) the spectral radius of A,,.

Suppose that sup p(A4,) < oo and that we can determme some pps > sup lma%rl(AM), where {r;(A,) h<i<na
HneP HneP

denotes the set of eigenvalues of A,. Denote pg := inf ) guriv ri(A,), that we suppose strictly positive. From
HEP

Lemma 5 of [5],

oo tr (I—piMA#)k
log(det(4,)) = Nlog(par) = 3 ( )

k=1
Let m € N and consider the following approximation of log(det( u)) —Nlog(pam):

nf il (e ) (3.17)

k=1

(3.16)

Xmgu =

where we already make explicit the linear dependence in g (see (3.8)).
Since A,, is SPD, there exists a family of unitary matrices U, such that A, = U,D,Ur, D, being a diagonal

matrix such that D, , = r;(A,). From (I - T}»{A#) =U, (I - piMD#> Ur, there holds tr ((I — pLMAH)k) =

k
N ri(A,) . )
> 1 (1 - W) , from which we infer

gy (og(det(4,)) ~ N log(par))| = 3 ——

. i (1- pp?)k (3.18)

N k
k=m
0o k
S <1 _ PO)
m PM
Notice that . - .
Po Z (1_/)0> _ |:1_ <1_'00)] Z (1_/)0>
M k=m pM M k=m pM
') k 0o k
zz(l_f%> S (1_90) (3.19)
k=m M k=m+1 PM
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Injecting (3.19) in the last term of (3.18), we obtain

_ e \"
| Xmgy: + N log(par) — log(det(A m<Nﬁ4£a), (3.20)

which ensures convergence with respect to m since 0 <1 — £2 < 1.

3.2.2. Powers of a parametrized matriz
Define ag(p) =1 and Ag = —al. There holds:

1 d
<I - aA#> = (3.21)
We carry out the same analysis as in Section 3.1.2 to obtain
1o\ N 1
(I - aA“) Z A ( AM> , peP, 1<p<m, (3.22)

where we recall that 1 and A;(i) are given by the EIM on g(k, p).
3.2.8. Approximation of the logarithm of the determinant of parametrized matrices

Replace (I — %Au)p in the formula (3.17) by the right-hand side of (3.22) to obtain

m—1 NEIM

1 p
Ko =3 e | 30 Ml ( Am>
p=1
NEIM m—1 1 1 »
—= 3 AW Y ( (1_ A) ) (3.23)
=1 p=1
NEIM

= A () Xm G, 1 € P

Consider the following interpolation property:

Property 3.4 (see [22], Lem. 1). V1 <1< NF*IM vy, € P,
EIM — —
I () (ke ) = gk, ). (3.24)

Notice that {k € [0;m]" such that |k| = 0} = {ko}, where ko := (0,0, ---0). Besides, g(ko,u) = 1 for
all € P. We impose the multi-indice ko to be selected by the EIM in the offline stage, hence the EIM
approximation of g(ko, i) is exact for all u € P by application of the interpolation Property 3.4. Hence, Vi € P,

NEHVI — NEH\/I — . .
der Ai(pw)glko,m) =21 Ni(p) = g(ko, ) = 1, which enables us to write (3.23) as
NEIM

Xmgu +N10g PM Z /\l mgm +N10g(pM))7 peP. (3'25)

The convergence of X,,g,, + N log(par) to log(det(A,)) with respect to m, namely (3.20), suggests replacing
XomGpu, +Nlog(par) by log(det(4,,)) in (3.25) and defining

NEII\/I

N ZN )log(det(A,,)), (3.26)
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where Xd\' "™ is the obtained approximation of log(det(A,,)). Notice that we no longer need to compute pas,
and that any algorithm available to compute log(det(A,,)), 1 <1 < N¥M even y-dependent ones, can be used.

Notice that a key element of the section is the linearity of the function g — X,,g,, where, from (3.8)
and (3.17),

o m T
Xpgu=— Y, gle(k),p) (Zt l’“)- (3.27)

EEEm,(H,l =1

3.3. Performance of the approximations

3.3.1. Reducibility

In an industrial context with large-scale computations and a constrained budget, the N¥I™ in (3.13), (3.14),
and (3.26) cannot be as large as we want. The success of any nonintrusive procedure will be assessed by the
quality of the approximation within the given computation budget. If the approximation yields too large errors,
the problem will be considered as nonreducible with the given procedure and the allocated computational
budget. The proposed approximations have been motivated by the iterative schemes (3.1) and (3.17), which
we recall are not required to be computed in practice. In (3.2), ¥ L can be seen as the best preconditioner
uniformly on the parameter space. The problem can be efficiently reduced if this preconditioner is good in the

sense that sup || — ¥, 'A,|ls = p < 1, as can be seen in (3.6). In high parameter dimension cases, the existence
neP
of a good preconditioner is unlikely due to the curse of dimensionality, especially if the interval of variation of

each parameter is large. We recall that we do not need to compute ¥ ! and just need its existence. The success
of the approximation will be assessed a posteriori, if a hidden low-rank structure exists, in the same fashion as
other a posteriori reduced order methods, for instance in the snapshot POD if the eigenvalues of the correlation
matrix decrease fast enough. In this context, at given computational budget, we compare our algorithm to
some other nonintrusive procedures by computing the approximation errors with respect to reference values in
Section 5.

3.8.2. Offline cost

Consider the approximations formulae (3.13), (3.14), and (3.26), that consist in the interpolation of re-
spectively A;}, A;llb, and log (det (4,,)), 1 < 1 < NFM_ The construction of these objects is inherent to
any nonintrusive approximation method, where the high-fidelity model has to be solved a certain number of
times to gather information to derive the approximation. The cost of computing A !, A7 tb and log (det (4,,)),
1 <1 < NFM ig then present in any nonintrusive method, and is not related to the offline part of the al-
gorithm derived in the present work. The analysis boils down to assessing the cost of the computation of the
coefficients \;(u), 1 <1 < NP™M in (3.13), (3.14), and (3.26). In our numerical applications, with d imposed
by the form of the problem, we determine mg as the largest m such that Q,, 4 = #Fm, a4 is lower than the
computational budget. Then, the offline cost corresponds to the EIM applied to the function g on the sampled
Spaces Kmg,d X Psample. Il practice, since the computational budget is constrained (the largest value considered
in our numerical experiments for Q,,,.q4 is 680), we have the opportunity to take a larger sampling of P, which
is desired anyway due to the possibly large dimension of P. If the EIM is carried-out until all the @y, ¢ multi-
indices in &y, q are selected, the algorithmic complexity is proportional to Qilo, 4 X #Psample: recall that in this
case, Qm,,q corresponds to the number of evaluations of the quantity of interest A;l or log(det(A,)). In our
numerical experiments, the offline stage of EIM with #Psample = 108 takes approximately the same time as the
construction of the Design Of Experiment (DOE) using MaxProj when comparing with statistical methods, see
Section 5.1 for more details. For instance, with Q,,.a = 286 (mo = 2 and d = 10), and #Psample = 10°, both
the construction of the DOE and the EIM take approximately 15 min.

Notice that in the classical use of EIM for order reduction of general nonlinear models where we want to
approach the solution and/or operator, we need to evaluate the high-fidelity model #Psample number of times:
hence a large Psample is not a possile option. However, in the present work, the function g to approximate is
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known on the complete set &, ¢ x P without solving the high-fidelity model, enabling the possibility of a large
Psample~

4. CONVERGENCE OF THE APPROXIMATION

This section is organized as follows: Section 4.1 details the setting and notations, Section 4.2 states the main
results, Section 4.3 gives the technical proofs, and comments are given in Section 4.4.

4.1. Setting

Recall the context of this work: we consider a parameter space P, which is a compact subset of R", and
denote its Lebesgue mesure by |P|. We also consider a family of matrices {A,},cp C RN XN We look for
approximations of quantities that can be obtained as limits of power algorithms applied to the matrices A,,
denoted £, (standing for ”limit” for ease of reading): in the previous section, we considered the inverse matrix:
L, = A" and the log-det: £,, = log(det(A,)).

Let K be a bounded neighborhood of %, 4 in R, and denote U := L2(K). We recall that Kp,q =
{E e [o; m]]d such that |E| < m}, and that Qg = #Em,qa < Pys(m), where Py(m) is a polynomial of degree d

in m. Let p € P and denote Gy Rm,d D ko gu(l;) := g(k, ) € R. Consider the extension of g, from Ry, 4 to K:
K>k— gu(k k) = Hl Laf' (1) € R, from which we infer g, € Y = L*(K) — this point will be important later.
We also suppose that «;, 1 <1 < d, are continuous, which ensures the continuity of the functions u — g(l_c’7 1)
for all k € K.

We dispose of a sequence of linear applications (X,;)men € L (U, V), where V is a Hilbert space of finite
dimension s endowed with the scalar product (.,.),, and its associated norm .||, := /(,.),, and where L (U, V)
denotes the space of linear applications from U to V. We suppose that the sequence (X,,9,)men converges to
L,, in the following sense: for all integer m and all p € P, || Xng, — Lullv < Ci(m) — 0. We precise here

that even if g, — X,,g, is linear, the dependence of the limit £, with respect to g, is not necessarily linear.
For the inverse matrix and the log-det applications, yu +— £, is continuous due to the continuity of the oy, and

since P is a compact subset, sup ||£,||,, can be defined. Notice that since y — X,,g, is continuous for all m, the
pneP

continuity of y +— L£,, can be obtained in the general case by assuming the uniform convergence of (u +— X,,9,,)

to (p+— L) with respect to m. We denote C°(P, V), the Banach space of the continuous functions from P to

V, endowed with the norm |[wl|co(p vy = supl|jw(p)|v.
pneP
For the inverse operators, the linear operator in g, is

m—1
US gy Xingu:= Y gle(k),n) (T;;’mXo +) Tzz,z‘l’ol> €V i=RVN
=0

Eeﬁm,d+1

hence s = N2, the limit is £, := A", and C1(m) = ep™, see (3.6).
For the logarithm of the determinant, the linear operator in g, is

o m T
US gy Xngui=— »  glelk),n) (Z Z’”) eV :=R,

=1

kegnl,d«#l

_ro \™
hence s = 1, the limit is £, := log(det(A,)) — N log(par), and Ci(m) = N%%, see (3.20).
Consider the following EIM approximation of g:

NEIM

NEIM -
I Zm gk, ), k€Rma, peP,
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TABLE 1. Definitions and properties resulting from the POD on the sets S.

Set S={9uh<cn
Correlation operator Cpq = (gup,guq)
Eigenvalue problem Tnkn,p = w Zq 1 Cpabng
POD modes @, = \/7 Zp 16n, pgup
Eigenvalues property Tn = & szl (9up» ”)u
Eigenfunctions orthonormality Z;\le Enpm,p = On,m
POD modes orthonormality (Pry Prn)yy = O

where we recall that A\;(u) = ZZY:E;M Al,l/g(lgl/,u), A = (F)~T where F,;y = g(kn, ), 1< 1,1 < NEM where
k; and - are selected during the offline stage of EIM. We denote

e \//MEP 1IN () (-, 1) = g, )| (4.1)

which can be defined thanks to the compactness of P and the continuity of y — g(k u) for all k € K, ensuring
also the continuity of y — A\ (i), 1 <1 < NP™M_ vyielding the intregrability. Denote Qm d < Qm,d, the rank of

the matrix (g(Ei,uj)) 1<i<Qma, 1 <j<#P.Owing to Property 3.4, NFIM = Qm ¢ implies that the

EIM
(SNEIM = HIN

,g’

?

EIM approximation is exact on the whole domain &,, 4 x P. Hence, we now consider values for N¥™ smaller
than Qm,d. For ease of reading, we set N := NF¥M_ keeping in mind the dependency of N in m.

In what follows, we denote by (., .)ys the scalar product on U and |||/ its associated norm. The corresponding
inner product is the L2— one. As explained at the beginning of the section, gu € U, for all 4 € P. Denote the
set S = {gu }1<;<ny C U where the 1 are the parameter values selected by the EIM on g. We apply the POD
technique to the set S, see Table 1 for the obtained properties and [4,30] for more details and justifications.

The approximation of £, denoted X lﬁv , is defined as

XY= M)l (4.2)

4.2. Main results

In this section, we give two different bounds for the error made by the approximation X lfv of L, the first one
involves a rather abstract vector space, the second one makes use of the relation between the functions g,,, on
which the EIM approximation is carried out, and the approximated object £, through the iterative schemes

Xmu-
®,)?

g;m u
Define Zy = ”GP
anllﬁlzp 1(1%7 )22/1

the numerator, leading to the boundedness of (Zy)y. Define also S*V the smallest sN-dimensional sub-
space of C°(P,V) containing the image of the application v +— JNv, defined by Yu € P, (TVv)(n) =
SN (g @)y Zp L Goptv(pp), where Gy = (g, ®p),, € RN is an invertible matrix. The boundedness of
(Zn)nN, the dimension of S*V and the invertibility of G will be justified in Section 4.3.

: in the quotient, the denominator is an approximation of

Proposition 4.1. For any integer m and 1 < N < Qm,d,

1 No&%,
P Sup {1, I —=

XN £ l2 <4(1+ N2Zy) (05N +
uePH B H”V— ( + N)(ﬁ) |p‘ ™
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where

oN = inf L, — : 4.4
£i= s L0 = ()l (4.4)

In the case N = Qm,d where the EIM approzimation is exact: for any integer m
1

A A 2
Qm, A SQm,

o1 N = Ll <4 (14 @z, ) (080) (4.5)
ne

Proposition 4.2. For any integer m and 1 < N < Qm,d,

1 1 N&2 1 )
|P|/e7> %7 = £ally < 3CEm) <1+2NQZN+8|7>|TNN> 35 /ep [ Xm (TN (90) = 90) Iy, - (4.6)
a ©

In the case N = de where the EIM approzimation is exact: for any integer m

1

w ) X2 — £,]2 < 3C2(m) (1 4202 ZQWYd) . (4.7)
ne

m,d

2
Remark 4.3. The bounds in (4.3) and (4.6) involve Ai—i” and || X, (IN(g) — g#)H‘Q/, which are difficult to
2
describe: on the one hand the asymptotic behavior of 1\%\[ exibits an indeterminate form, and on the other
hand the operator norm of X, is hard to estimate. However, thanks to the interpolation property of the EIM,
we know that 5de = 0 and IQ’“vd(g#) = g, while Toma > 0: sharper upper bounds are derived in this

particular case.

In (4.5), Zy, 18 bounded, and HZQ’"’d is related to a certain Kolmogorov width, which are usually assumed
to compensate for exponential or polynomial growth in approximation problems; in our case, we only need to

assume the convergence of Qm,dHZQm’d. This is thoroughly commented in Section 4.4. In (4.7), the convergence
is ensured by the properties of the considered power algorithm through C;(m), as we explicit in the following
corollary.

Corollary 4.4. In the case N = Qm,d where the EIM approzimation is exact, the bound of Proposition 4.2 is

— for the inverse matrix:

1 ) — m
i [ 1l A < st (14 2PRmZ,, ) (48)
ne !
— for the log-det:
1 / Qo 2 _ NPk po \ " >
— X9 _log(det(A,))? < 3~ P (1 PO 1+ 2P(m)Z, ) (4.9)
Pl er P <8y () (reriemz,,

where we recall that Py(m) is a polynomial of degree d in m, such that Qm’d < Qm.a < Pa(m). The approzimation
converges under the condition that p < 1 for the inverse matriz, and that 1 — ;% < 1 for the log-det.

Remark 4.5 (Reducibility). In the case of the inverse matrix, the bound in (4.8) converges under the strong

assumption that p < 1, where we recall that p = sup||T — ¥y ' A,[|2. The strength of the assumption lies in the
neP
existence of a good preconditioner ¥y uniformly on the possibly large dimensional parameter space P, which

we have related to the reducibility of the problem at hand in Section 3.3.1.
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4.3. Technical proofs

In this section, we start by giving two results on the POD basis (), cy: Intermediate Results 4.6 and 4.8,
from which we derive the proofs of Propositions 4.1 and 4.2.

Intermediate Result 4.6. The matriz Gnp, = (gu,, Pp),, € RYV*N is invertible, and V7" € RN, Vi =
(Un)1<n<n with v, € V, there holds

el < (Nt ) (32). )

n=1

Proof of Intermediate Result 4.6. The family (g,,);<, <y is free over U. Indeed, let a € RY such that

Zangun = 0. The equality holds in particular for the indices El € Fm,q selected by EIM: V1 <[ < N,

n=1
N

Z ang(in, k1) = 0. By construction of the EIM, the matrix (g(El,Mn))lélynSN is invertible (see [8], Lem. 2.2),

n=1
in particular the rows of this matrix form a free family. This entails that all the a, are zero, which proves

that the family (g, ) y is free over U. Then, thanks to the orthonormality of the basis (®),cn,
N N

Gy = Z (9> Pp)y @p = Zanq)p, for all 1 < n < N, which means that G is the change of basis ma-
=1

1<n<

p=1 =
trix from (®,,); .« to (gup)1<p<1v7 and is therefore invertible.

Hence, ®,, = Zﬁzl G p9p,- From the definition of the POD modes ®,, (see Tab. 1) and due to the fact that
(Gu;)1<;<n is a set of linear independent vectors, we obtain G;pl = ﬁfn,p for all 1 <n,p < N. Then, using
the eigenfunctions orthonormality (see Tab. 1),

N
> (Guy)’ = NTn Zﬁ NT” (4.11)

p=1

There holds

N N
7t (G—lg)H?V = ( > rn > Grpvp (4.12a)
n=1 p=1 \%
2
N N
< (Z ral || Grpvy (4.12b)
n=1 p=1 v
N N 2
SNY 2N Gy (4.12¢)
n=1 p=1 v
N N 2
<N> ( ey ||v,,||v> (4.12d)
n=1

IA
=

M=

ﬁﬁl\?

—

(Z )(vapné) (4.12¢)
<§: ) (4.12f)

vnll%/>
1 n=1

A
M= 3
35

3
Il
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where the Jensen inequality is applied to the square function between (4.12b) and (4.12¢), the Cauchy—Schwarz
inequality is applied between (4.12d) and (4.12e), and where (4.12f) is obtained from (4.12e) using (4.11), which
ends the proof. (I

Remark 4.7. In the proof of Intermediate result 4.6, we could have simply introduced an orthonormal basis
(P, )1<n< N, obtained for instance from a Gram-Schmidt orthonormalization of the family g,, 1 <1 < N, and
used Zp 1 (G ) < ||G7L||%, where |G| £ is the Frobenius norm of G~!, depending on N. However, doing
so would not have yielded a bound with an explicit dependence on N.

Intermediate Result 4.8.

2
/ ’|H}{\>TIN(QH) - H%guHu < 4512\/7
neP

where H% is the orthogonal projection operator onto the subspace Span (®,) and where we recall that dy
1<n<N

quantifies the EIM approximation error, see (4.1).
Proof of Intermediate Result 4.8.
H%IN(gu) I3 N9p = HNIN(Q;L) 9u + 9 — H%g,w
Recall that Span (®,,) = Span (9u,,) from Intermediate Result 4.6, providing II% 1V (g,) = IV (g,). Using the
<N

1<n<N
triangular inequality hence ylelds

J o) -l <2 [ 1@ -l +2 [ o -1k
ne pneP pneP

2 . 2
—2 [ M@ -adire [ d ol
nep nep V€ Span ()
2
S4/ ||IN(gu)_guHu
pneP
< 46%,
which ends the proof. O

Proof of Proposition 4.1. First, we recall the definition of the application C°(P,V) 3 v — JNv € CO(P,V)
such that Vu € P, (TNv)(p) = Zg 1 (9, )y, Zp 1 Gopv(pp), and of the subspace S*V: it is the small-
est subspace of CO(P,V) containing the image of J%~. To see that the dimension of S*V is sN, denote

(e;)1<i<s a basis of V; any element w of V can be expressed in this basis as follows: w = >0 n;(w)e;
Then, for all v € C°(P,V), there holds (JNv)(u) = Z;V:l i (mi(v(pp))) (Efj:l (g#,q)n)uG,jplei), where
n;(v(pp)) € R and 22[21 (9> ®n)y Grpei € C°(P,V) and is independent of v. This proves that the family
((ZN_ (guv‘I’n)uG;z}) ei) is composed of spanning vectors of S*V. We conclude by noticing

n=1 1<p<N, 1<i<s
that this family is free in C°(P,R) x V' C CO(P,V): (ei)1<i<s is a basis of V, and let w € RY such that

Z;v:l Wp (Zg 1 (9, @) G 1) = 0in CY(P, R). In particular, V1 < ¢ < N, Z _ 1 Wp (nyil (gﬂq’q)”)qu_u}) -
N _

> wp (GG )qp =w, =0.
We now go back to the control of

XN—£2:/
/MHM A=

N

Z )\n(M)Eﬂn — L,

n=1

\%4
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Denote X(u) := (A ()1 <nen L = (L) 1<n<ny and h(p) = ((9M7¢")u)1<n<1\/' With these notations,
(INL) (1) := h*(n) - G7LL. Then,

- /EP HX%@-E—@H (4.13a)
v 1

2 N 5
V+2/MEPH(j L) (1) = Ly, -
(4.13b)

IA
I
—
m
hv]

We now control the two terms in (4.13b):

— (first term in (4.13Db))

),
pneP

(65w — i) (62

2 N N 1 . .
<2 (Z ci) /EP > = (Gt)\(u) - h(ﬂ)) (4.14a)

\4 n=1 n=1
N 2
<25uPH£ ||VN/ Z ( gup guaq)n> (4.14b)
u
N 2
< 2sup [1£,3 2 / I (g, — g,)]1 (4.14¢)
HEP eP
N&2,
< 8Sup 1L, —2, (4.14d)
N

—

where we applied Intermediate Result 4.6 to 7 = GA(u) — h(p) and @ = £ in (4.14a) and Intermediate
Result 4.8 between (4.14c) and (4.14d).

— (second term in (4.13b)) For all v € C°(P,V), the application (JNv)(u) defines an interpolation, since
V1<g<N,

N
Grpo(y) = 3 (GG, v(iy) = v(11y)- (4.15)

p=1 p=1

M=

N
= Z (g#q ’ CD")Z,{
n=1

Moreover, J% is a linear projector onto S*V since using (4.15), for all v € C°(P, V),

N N N
(jNJNv)(u):Z 9ur @)y D g (T (p) =D (g, Pr)yy Y Grpv(pp) = (TV0) (). (4.16)

Now denote @ = arglnf o = Lllcoep,vy. Since T is a projector, ¢o = TN g in C°(P, V). We control the
peS=N
second term in (4.13b) with

2/ P ||(~7N£)(“) o EMH\Q/ =2 HjNﬁ o LHQLz(P,V) <4 HjNﬁ o ‘POH2L2(P,V) +41lpo — ﬁ“?:?(P,V)
pe
<4 HJN (£ - 900)H2L2(7>,v) + 4P| |lpo — ['”30(73,\/)

[ -e () sapi)
Hep (4.17)
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—

Using Intermediate Result 4.6 with 7= h(u), there holds,

4/;@7: ‘ ONC (m)Hi = 4/%7: <ﬁ:1 1L, = po(pn Iv> < g‘“ 2) (4.18a)

9 Py,
< ANsup £, — ¢ <>M<Zjep" ) (4.18b)
7

H

< A[PIN?Zy (03Y)7, (4.18¢)

2
9> P
f# €P ( - )u 5 - We recall that the considered POD has been carried-out

Zp 1( Mp’ ")Z,{

on the discrete set S = {gm}1<l<N, see Table 1 for the definition and the properties of this POD. Consider

where we recall that Zy = N Z &

S = {gu}ugf a second POD applied on this set leads to POD modes denoted ®, and eigenvalues given by
~ \2 ~
T 1= I%\ fueP (gu, @n)u, 1 <n < N. The POD decompositions on S and S are asymptotically equal when N

tends to infinity (this corresponds to the case where the dimension of subspace spanned by the elements of S is

- (Gus )y,
infinite), leading to: Yn > 1, &, — &, and 7, — 7,.Hence, we infer Vn > 1, fuep b —
N—oo N—oc0 [P ZN ( P )2 N—oo
N 2p=1 \up> Pn)y
leading to Zn N—> 1, then Zy is bounded.
—00

1

)

We now conclude the proof from the control of the terms in (4.13b) and by noting that 65 = 0 owing to
Property 3.4, and Toma > 0. 1 (]

Remark 4.9 (Boundedness of (Zy)n). Another way to control the bound of (Zy)x is to recognize a Riemann
sum in the denominator of the quotient in the definition of Zy, for which the sampling p,, is selected by an EIM
on g. The problem of defining the best sample of points to construct an interpolation is complex and is in general
not solved, but the sample provided by EIM is competitive compared to situations where the best behavior is
known, see the numerical illustrations in [22]. In pratice, in [22] and in Figure 4, we observe the points selected
by the EIM to be distributed quite regularly in the parameter space (in particular, the EIM cannot select
twice the same point). Construct a Voronoi tesselation of P from this set of points, and denote vk, the volume

of the cells. Denote My := % sup vk, since %I is the mean volume of the cells, the assumption of regular

1<p<N
N 2
1 vep (Gu Pn)
distribution for the EIM points leads to M is close to 1 for all N. Then, Zny < My— i f’ ep 7k u 5
n=1 Zp 1Y (gup’q)n)u

where ZU gup, 1 1s a Riemann sum converging to the integral /577 (9, @n)i{ as N tends to infinity.
o

Proof of Proposition 4.2. Using the triangular inequality, there holds

2
[ oy =l < [ e Xngliy +3 [
HEP HEP HEP v

w3 [ 1%n (0 -0} (419

N 2
Z An (1) (Ly,, = XmGu,,)
=1

where we recall that X,,g, is the mth term of the considered power algorithm at parameter value u, converging
to the quantity of interest £,, and the EIM approximation of g is IN() (k) = SN A () g(k, ftn). The

n=1
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second term in the right-hand side can be controlled in the same fashion as in the proof of Proposition 4.1:
o
replacing £, with £, — X;,,g,,, there holds, denoting £ — X,,9 = (£, — XinGu, )1 <nen:

N 2 . 2
3/}@ ;An(ﬂ) (Lo, — Ximgp,) ) 36/,@ (Gtx(ﬂ)fﬁ(ﬂ)) .(Gfl (Z—Xmg)> ) (4.208)
+6/ueP Hﬁ't(u) (¢ (ﬁ——M))HQV (4.20b)
< 24C3%(m) ]\ifV + 6|P|CZ(m)N?*Zy, (4.20c)

where we recall that C1(m) is a bound for the approximation of the considered power matrix algorithm, §x
is the EIM approximation error, (Zy)y is a bounded sequence, and 7y denotes the Nth eigenvalue of the
considered POD, see Table 1. The control of the first term in the right-hand side of (4.20b) was obtained

in (4.14d) replacing L by £ — X,,g, and the control of the second term was obtained in (4.18c) replacing ¢q by
X,,g. The proof is ended by noting that 6Qm,d =0 and Yyu € P, I9md(g,) = g, owing to Property 3.4. O

4.4. Comments

We recall the practical results of Section 4.2 stated in Corollary 4.4: the nonintrusive approximations for the
inverse matrix (3.13) and for the log-det (3.26) are convergent with respect to the number of evaluations N*™M
of the quantity of interest.

Consider now F' a compact subset of CO(P,V) containing £. The second bound in Proposition 4.1 can be
weakened to the form: for all integer m,

1

AR L <4 (14 Q2 uZs, ) 0 (421)
Pl Juer :
ne

Sst’d7

where

NgsQum,q = SUP inf v — 90||C0(7J7V)a (4.22)
vEF @GSSQWL,J

which is related to the following Kolmogorov st,d—Width:

dSmed(F, CO(P,V)) = inf sup inf lv —¢llcop,vy = inf

) ) (4.23)
FSQ'm,dCCO(’p’V) veF LpeFSan,,d, FSQm,dCCO(P7V)

’r]FSQAmYd °

For the need of the proof, we considered the snapshots POD on the set (gm)1<l<Q ,» with values p,, selected

by a first EIM on g, which lead to a fixed projector (J%mdv)(u) = Zg:l’d (9> Pn)y Zf;"l’d Grpv(pp) for
v € CO(P,V), and therefore a fixed subspace S5@ma C(P,V), instead of the optimal subspace Fs@m.a
in (4.23).

In [21], upper bounds for the EIM error have been derived, for polynomial and exponential decay rates of
the Kolmogorov n—width d,,({g., 1« € P},U). In Proposition 4.1 are made explicit the dependences on the EIM
upper bound §y and on QZN, which is related to the approximation of y — £, in Co(P,V), not to the EIM
approximation of g, in U.

The convergence of the upper bounds in Proposition 4.1 are difficult to observe in practice, due to difficulty
of the numerical estimation of Jy and GZN . However, the convergence of the upper bound in (4.5) seams
reasonnable since, in reducible cases, the convergence of N 92]\] is a mild assumption when HZN is replaced by
the Kolmogorov sN-width dn (F,C°(P,V)). In our numerical experiments, we observed that the EIM provides
reasonnable approximation errors only in the case where N = Qm,d = Qm,d, probably due to the particular form
of B4, which is a discrete set of multi-indices, not a discrete sampling of some continuous variable: the elements
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k of Km,d seem to generate linearly independant elements 1 +— gﬂ(/;) of C°(P, V). This could be compared to the
discrete EIM (DEIM), where the EIM algorithm is applied on the indices list of some POD vectors, which are
all kept for the approximation [11]. However, the main advantage of the EIM in our case is in the selection of
relevant parameter values in a large set Psample, see Figure 4 showing the location of parameter values selected
by EIM. In the numerical experiments of Section 5, we took N = @, 4 for this reason, and we can assess the
convergence of the approximation with respect to the upper bounds of Corollary 4.4.

Nevertheless, we derived a rather general result of convergence in Proposition 4.1, which could be very usefull
for other classes of models and problems. Notice also that with Qm,d evaluation of the reference quantity £,

HZQ’"’d involves an approximation on a sQAm’d—dimenSional subspace of CO(P, V), where s is the dimension of V.

5. NUMERICAL EXPERIMENTS

In this section, numerical comparisons between the presented algorithms and others taken from the literature
are presented.

5.1. Inverse operators and solution to linear systems

Consider an open set  C R3 meshed with tetrahedra, see Figure 1. This set represents a high pressure
turbine blade featuring three cooling corridors; the intersection between these corridors and €2 is denoted 0€¢.
We consider the following archetypal heat problem:

-V q= pou, in g,
qg-n=-1 on 09¢, (5.1)
qg-n=0 on 9O\,

where u,, is the temperature, ¢ = —,ulﬁuu is the heat flux density, and yu = (u1,p2) € P := (1,4)? is the
parameter. In this problem, p is the heat conductivity, and psu, is a volumic source term depending on the
solution .

FIGURE 1. Mesh of the high pressure turbine blade.
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FIGURE 2. Solutions uy, to (5.2), for respective parameter values (1.82, 3.87) and (3.48, 1.21).

Denote V,(2) the space of P1-finite elements associated with the considered mesh of €2, where h denotes the
characteristics length of the tetrahedra constituting the mesh. The weak form of (5.1) can be approximated by

AU, =, (5.2)

where A, = 1Ay + poAs, with (A1) ; = [, Vo, - V<I> and (Az)i; = [, ®i®;, and b; = faﬂ Q5 { P }1<i<wn
denotlng the P1-finite elements basis, where /\/ =3, 296 in this example. The approximation u,, € Vj of the
solution u, of (5.1) is obtained as u,,, : Zz 1 Uy @i Two solutions u,, at two different parameter values are
shown in Figure 2.

In this section, we compare the approximation (3.14) with other methods for approximating parametrized
solutions:

(1) (Minimisation in the Frobenius norm) Let Yy, , = Span{A;! A;ém)d }, and define

T
Paya(1t) i= argmin |1 — PA(u)]| . (53)

PeYy,, ,
where || - || denotes the Frobenius norm. From [36], Pg,, ,(1) = lQm “ Ni(p) ALt with A(p) the solution of
M(p)A(p) = S(w); (5.4)

with M; () = trace(Af A, T A T A,) and Si(u) = trace(A, ' A,). Pq,, ,(1) is then the best approximation
of A;l expressed as a linear combination of inverses, in a chosen distance. However, the construction of M ()
and S(u) requires the online constructions of A;}AM, 1 <7 < @Q,4, which is too computationally expensive
— the goal of [36] is to propose computationaly effective approximations of (5.3). Here, we make use of (2.1)
to write M, ;(n) = >3, cu(p)a (u)trace(AlTA;iTA;lem) and S;(p) = le"l”l og(p)trace(A, 1 Ay),
where the matrices (trace(ATA TATA )) 1 < l,m < Qpq and right-hand sides (trace(A;,'4;)).,

1 <1 < @m,q can be precomputed — which is still much more computationally demanding than the proposed
algorithm.
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Finally, the approximation of (5.2) can be written w,, (1) ~ Z?:"l‘d A (), (), with A(p) the solution
of (5.4). Notice that this method is intrusive since it requires to access the matrices A,,, instead of only the
solutions u,,, (1) for nonintrusive strategies.

(2) (Proper Orthogonal Decomposition (POD) [30]) First, we construct M € RPma*N guch that M;; =
yy, (i) Then, we compute the singular value decomposition (SVD) of M: M = WSV, with S € R@m a XN
containing the singular values of M on its diagonal and zero elsewhere, and W € R@m.aX@m.a and V e RNV
unitary matrices. The N largest singular values are kept, following an accuracy criterion, and we denote
V € RV*N such that IA/” =V;,1<i< N, 1<j <N, and {@i}lgigﬂf’ such that ('E/i)j = Vm», 1<i< /\7,
1 < j < N. Finally, the approximation of u,,, (1) is computed as w,, (1) = Zf\il 0;(p)0;, where 6(u) solves
Auﬁ(u) = b, with flu = (WVAVT 4+ ay(u)VA VT, and b= Vb.

Notice that this method is intrusive since it requires to access the matrices A, and that the result is not a
linear combinations of solutions, but a linear combinations of singular vectors of M.

(3) (Meta-modelisation) This first step is the same as the previous item: the construction of a basis #;, 1 < i < N

using the SVD. To provide a fair comparison, we did not use the snapshots u,, (u;) for the p; selected by

the EIM on g(E7 1), but we used a Latin Hypercube Sampling of same size, computed with the MaxProj
algorithm (see [27]) to select the p;, which is recommended when using statistical meta-models. The obtained
set of parameter values is called the Design Of Experiment (DOE). Then, we compute the coefficients of
the snapshots on the constructed basis: a;; = (uy,,,0j), 1 < i < Qpa, 1 < j < N. Finally, nonintrusive
meta-models are constructed on the coefficients «; j, for which the predictions 6;(1) at new parameter value

v are used in the obtained approximation as w,,, (i) ~ Zi\il 0;(11)0;. The considered statistical methods are
taken from the machine learning community: (i) Gaussian processes, (ii) gradient boosting regression, (iii)
random forests and (iv) Bayesian Ridge regression; and computed using the python package scikit-learn,
see [26].

Figure 3 shows a comparison for the different aforementioned approximations. In abscissa is the size of the
DOE for the statistical methods, and corresponds to Q). 4, the number of parameter values selected by EIM
for the proposed algorithm, the Minimization of Frobenius norm, and the POD. We pick 100 random values for
the parameter and compute the solutions u,,, 1 < ¢ < 100. For each size of the DOE, we compare the predicted
solution using the described approximations, at each value p;, and compute the relative Euclidian-norms errors
as e — [, — Gy, |2

" [P
ﬁ 2201 €u,, is represented on Figure 3.

We see that the intrusive methods that require to access the matrix A, perform much better than the
nonintrusive methods in the example. Among the nonintrusive considered ones, our algorithm exhibits the best
convergence rate.

Figure 4 shows the locations of the parameters selected by EIM and by the MaxProj DOE in the parameter
domain (1,4)2. We notice that the EIM selects more points close to the boundary of the domain while the
MaxProj DOE is more uniform.

, where @ denotes here the considered approximation. Finally, the mean of relative errors,

5.2. Logarithm of the determinant

In this section, we consider A, = 0.045 (1 — 67“(;)) A1+ (1 — e #2) Ay, where A; and Ay are the same as in

Section 5.1, and (u1,u2) € P := (1,4)%. Figure 5 shows log(det(A,)), u € P: this illustrates the quantity which
we look to approximate using nonintrusive interpolation formulae (even if in large-dimensional test cases, we
cannot afford to plot it).

We compare the approximation (3.26) with the statistical nonintrusive approximation methods considered
in Section 5.1: (i) Gaussian processes, (ii) gradient boosting regression, (iii) random forests and (iv) Bayesian
Ridge regression, see Figure 6. Here again, we construct a DOE using the MaxProj algorithm for selecting the
values of the parameter used with the statistical nonintrusive approximation methods. We pick 100 random
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FIGURE 3. Mean relative Euclidian-norms errors on the solution to (5.2) using various inter-
polation methods, over a set of 100 randomly picked parameter values.

values for the parameter and compute the solutions u,,, 1 < ¢ < 100. For each size of the DOE, we compute
log(det(A,,)) — Id -
€uy = [Tog(det (A, ) 1 ”2, where Id denotes here the considered approximation. Finally, the mean of rela-
[[log(det(Ay,))|2
tive errors, ﬁ Zgol €u,, is represented on Figure 6. We notice that the proposed algorithm exhibits the best

convergence rate.

5.3. Experiments in high parameter dimension cases

5.3.1. A thermal problem in parameter dimension 10

We consider the same geometry as in Section 5.1, see Figure 1, and the following problem:

oy = (s :
Cp (;Lt" —V- (nVUM) =0 mn Q,
nVu, = 1000 W.m™2  on 8¢, (5.5)
ﬁuﬂ = O on aQ\aQC7
’U/H = O OO at t == 0,

where ¢, denotes here the heat capacity multiplied by the density, 1 is the thermal conductivity, and u,, is the
unknown temperature field. We choose nn = 370 W.m 'K, and ¢p contains the parameter dependence as
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FIGURE 6. Mean relative errors on the computation of log(det(A,,)) using the herein proposed
algorithm and various nonintrusive machine learning regression methods.

follows (in J.m 2. K~1):
— experiment 1: ¢, (i, x) = 10+ 1 cos(0.2) 4 pg cos(0.25y) 4 13 c08(0.32) + 4 cos(0.2(x+y)) + 5 cos(0.25(x +
z)) + pe cos(0.3(y + 2)) + pr 52— + ps g + po = + o cos(0.1(z + y + 2)),
e P =(0.1,0.15)19 (0.1,0.2)1° (0.1,0.3)'°, (0.1,0.6)*° or (0.1,1.1)*°,

— experiment 2:  ¢p(p, ) = 10 4+ (1 — e #1) cos(0.2z) + (1 — e=#2) cos(0.25y) + (1 — e #3) cos(0.32) + (1 —
e 1) cos(0.2(z+y))+(1—e7#?) cos(0.25(x+2)) +(1—e7#¢) cos(0.3(y+2))+ (1 —eH7) 2 +(17€7”8)ym%
(L—e )2+ (1 —e#0)cos(0.1(z +y + 2)),
peP=(2205)10 (221)0 (222)10 (2,25)0 or (2,3)1°,

where (x,y,z) € Q is the space variable, and Zpax, Ymax and Zmax denote the maximum of the components of
the space variable over 2. Examples of heat capacities taken from experiment 1 are represented in Figure 7.
We are interested in the solution of (5.5) at ¢ = 100s. Using a backward Euler time-discretization, the weak

form reads: find u, € H}(Q) such that for all v € H{ (),

/ Cp up(Z,t = 100) — u, (7, ¢ = 0) v(Z) +/ nﬁu#(f,t =100) - ﬁv(f) = / nﬁu#(f,t =100) - 11, (5.6)
Q At Q 89

where 7 is the exterior normal on 8¢, and HZ () = {v € L?(Q) such that Vv € L2(Q2) and vlgo\eae = 0}. A
finite element approximation is obtained as A,U,, = b, where

(A,). = M@(f)@-(f)dx+370 Vo, (7) VO, (F)d7, 1<i,j<N,
g zeq 100 ! Fen ’ (5.7)

by — 1000/ B, (7)d7, 1<j<AN,
Feae
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F1cURE 7. Example of heat capacities taken from experiment 1.

where we recall that ®; denoted the P1-finite element basis. An approximation of (5.5) is obtained as w,(Z,t =
100) = Zfil Uy;®;(Z). For experiment 1, the affine decomposition (2.1) is obtained as A, = leil aq(pu)A; with

(A1) = [rcq 15%i(B)8;(E)AE + 370 [, VO,(F) - VO, (F)da (A2)ij = [req 020 ¢, ()0 (7)dE
(A3)ij = [req 02V o, ()0 (2)dx (A)ij = [yeq 20530 o, ()0 (z)dx (A5)ij = [req SO2EE) o, ()0 (z)dx
(A6)ij = [req 200D o, (1)8;(7)dE (A7)ij = [req 20NN &, ()0, ()d7  (A8)i; = [req Tooias ®i (0P, (2)dE
(40)i,; = [zeq Torims ®:i(D)®;(2)dZ (410)i,5 = [req Torios ®i(D)®;()dZ (A11)i = freq Ot 4 200, (747

and ay(pu) = 1, agy1(p) = pgy, 1 <1 <10 (notice that p;) denotes the component [ for the continuous parameter
u € RY). For experiment 2, the matrices 4;, 1 <1 < 11, are the same and a;(p) = 1, ayp1(p) = (1 — e H0),
1 <1<10.

Figure 8 shows the relative errors between the proposed algorithm and Gaussian processes, as detailed in
Section 5.1, in L?- and L>®-norms. The DOE for the Gaussian processes in the parameter spaces is obtained
using MaxProj as well, and we do not provide a comparison with the other statistical methods considered in the
previous sections since they exhibited worse results. We notice that the proposed algorithm provides accurate
results. Then, smaller parameter discrepancies lead to more accurate results: the reducibility of the problem is
better, and p in (3.3) should be smaller leading to smaller bounds C;(m) in (4.8) (at each m). Moreover, at
fixed parameter discrepancy (hence fixed p), the errors decrease as @, ¢ increases (hence as m increases): the
EIM computes exactly (i.e. with no approximation errors, due to the interpolation property 3.4) more elements
of the series defined by the iteration scheme (3.4), and the A; ' in (3.13) are closer to the X,,g,, in (3.12).
In (4.8), this corresponds to the convergence of Cy(m) to 0 with respect to m.

5.8.2. A mechanical problem in parameter dimension 14

Consider a cube 2 meshed with linear hexahedra, with all displacement boundary conditions fixed on one
face (denoted I'p) and a prescribed stress on the opposite face (denoted I'y), the other faces are free. The
domain contains 6 fibers Qq,---,Qg, see Figure 9. We define Qg := Q\ (U?zlﬂi). We consider the following
linear elasticity problem: find u € H}(Q)? such that Yo € H}(Q)3

n ¢ (Vo4 tVo o (V- u S) = “n)v .
|5 V) (Vo Vo) + [ () (70 = [ e 59

N

where, H}(Q)? = {w € L?(Q)? such that Vw € L?(Q)*>*3 and w|r, = 0}, 1 and 7, are respectively Lamé’s
first and second parameters, t = ton (with n the outward unit normal and t; = —100 N.m~?2) is the prescribed
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FIGURE 9. Finite element approximation of the solution of equation (5.8), where the mesh is
deformed proportionally to the solution.

traction vector on Iy, and u,, is the unknown displacement. See Figure 9 for a representation of a finite element
approximation of the solution of equation (5.8). We denote 1, ; and 72 respectively Lamé’s first and second
parameters of the subdomains Q, 0 < k < 6. We choose as parameter = (191,0,72,0, 71,1, 72,15 " ** 71,65 112,6),
and the affine decomposition (2.1) is obtained as A, = S1/2, oy(u)A; with (Agg);; = Jo, 3 (V& +V®;) -
(V(I)j —I—tV<I>j) and (A2k+1)i,j = ka (V . (bi) (V . (I)j), 0 < k < 67 1 < i,j < N (Where ((I)i)lgig./\/ is the basis
of a finite element space approximating Hg(Q)3, with N = 27,783), and aar, = M1k, Q2k+1 = N2k, 0 < k < 6.
The parameter set is defined as follows: the reference Poisson coefficient is 0.3 in the whole cube, and the
Young modulus for the fibers is 2 x 10°, and 2 x 10% in the rest of the domain. From these values, we compute
the reference Lamé’s coefficients (1, 72.%) = (1.15 x 10%,7.7 x 108) for the fibers (namely 1 < k < 6), and
(m1.0,m2.0) = (1.15 x 10%,7.7 x 105) for the rest of the domain. Three parameter sets are considered, constituted
of the intervals centered at the reference parameter values previously defined, with length respectively 1%, 5%
and 10% of the corresponding reference value.

In Figure 10 are represented the relative errors between the proposed algorithm and Gaussian processes, as
done in Section 5.3.1, in L?- and L>™-norms. The same conclusions as Section 5.3.1 can be drawn.

CONCLUSION

In this work, we propose an algorithm to approximate, in a nonintrusive fashion, the limits of parametrized
series of linear operators with respect to a functional g, based on the EIM approximation of g. We derive upper
bounds of the error made by the obtained algorithm. With a strong enough convergence of the considered series,
we prove the convergence of our algorithm. This assumption is verified by the two application considered in this
work: the inverse and the logarithm of the determinant of a family of parametrized matrices. The numerical
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FI1GURE 10. Comparison between the proposed algorithm and Gaussian processes in a parame-
ter dimension 14 test case: — Gaussian 1%, — Gaussian 5%, — Gaussian 10%, - - - Proposed
algorithm 1%, - - - Proposed algorithm 5%, - - - Proposed algorithm 10%, the % indicates the
parameter discrepancy.

simulations illustrate that, in the considered test cases, our algorithm performs well compared to classical
nonintruive approximations taken from the machine learning community.
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