ESAIM: M2AN 53 (2019) 173-195 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051 /m2an/2018047 WWW.esalm-m2an.org

AUGMENTED LAGRANGIAN FINITE ELEMENT METHODS FOR CONTACT
PROBLEMS

ERIK BURMANY*, PETER HANSBO? AND MATS G. LARSON?

Abstract. We propose two different Lagrange multiplier methods for contact problems derived from
the augmented Lagrangian variational formulation. Both the obstacle problem, where a constraint on
the solution is imposed in the bulk domain and the Signorini problem, where a lateral contact condition
is imposed are considered. We consider both continuous and discontinuous approximation spaces for
the Lagrange multiplier. In the latter case the method is unstable and a penalty on the jump of the
multiplier must be applied for stability. We prove the existence and uniqueness of discrete solutions,
best approximation estimates and convergence estimates that are optimal compared to the regularity
of the solution.
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1. INTRODUCTION

We consider the Signorini problem, find u and A such that

—Au = fin Q
u=0onTIp (1.1)
u<0, A<0, uA=0o0nTIg,

or the obstacle problem
—Au—A=fin
u =0 on 09 (1.2)
<0, A<0, uA=0in Q.

Here Q C RY, d = 2,3 is a bounded polyhedral (polygonal) domain and f € L?(2). It is well known that
these problems admit unique solutions v € H'(£). This follows from the theory of Stampacchia applied to
the corresponding variational inequality (see for instance [24]). For the discussion below we will also assume
the additional regularity u € H'**(Q), A € H'=*(T¢), s > 1/2, for the Signorini problem (1.1) (see [3]) and
u € HT(Q), A\ € H'7%(Q), s > 1, for the obstacle problem (1.2) (see [15]).
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From a mechanical point of view, these equations model the deflection of a membrane in isotropic tension
under the load f, assuming small deformations. The membrane is either in contact with an obstacle on part of
the boundary, (1.1), or in the interior of the membrane, (1.2), preventing positive displacements w. In both cases
the Lagrange multiplier has the interpretation of a distributed reaction force enforcing the contact condition
u < 0. We present the numerical analysis in the framework of the simplified model above, but there are no
conceptual differences when working with more realistic models of elasticity (in which case friction can also be
considered, cf. [16,29]). Extensions to adhesive contact models are given in [13].

2. FINITE ELEMENT DISCRETIZATION

Our aim in this paper is to design a consistent penalty method for contact problems that can easily be included
in a standard Lagrange-multiplier method, without having to resort to the solution of variational inequalities.
We consider two different choices for the multiplier spaces, either a stable choice or an unstable choice where a
stabilization term is needed to ensure the stability of the formulation. In the latter case we add a penalty on
the jump of the multiplier over element faces in the spirit of [11,12].

There exists a large body of litterature treating finite element methods for contact problems [5-7,9,19,22,28,
35,36]. Discretization of (1.1) is usually performed on the variational inequality or using a penalty method. The
first case however leads to some nontrivial choices in the construction of the discretization spaces in order to
satisfy the nonpenetration condition and associated inf-sup conditions and until recently it has proved difficult
to obtain optimal error estimates [21,26]. The latter case, on the other hand leads to the usual consistency
and conditioning problems of penalty methods. Another approach proposed by Hild and Renard [25] is to use
a stabilized Lagrange-multiplier in the spirit of Barbosa and Hughes [4]. As a further development one may use
the reformulation of the contact condition

A==y u— s (2.1)

where [z]1 = max(0, z), introduced by Alart and Curnier [1] in an augmented Lagrangian framework. Using
the close relationship between the Barbosa—Hughes method and Nitsche’s method [30] discussed by Stenberg
[32], this method was then further developed in the elegant Nitsche-type formulation for the Signorini problem
introduced by Chouly, Hild and Renard [18,20]. In these works optimal error estimates for the above model
problem were obtained for the first time. For an overview, see [17].

Using the notation (u, v) for the L? inner product over C we have in the case of the Signorini problem (1.1)
that C corresponds to I'¢, the boundary part where the contact conditions hold and

(u,v) :2/ uv ds,
T
while for the obstacle problem (1.2) C'= Q and

(U, ) = / uv dz.
Q

Finally, we define ||v]|¢ := (v, v)g ?. With this notation, the augmented Lagrangian multiplier seeks the station-

ary point to the functional

_ 1 Lo 2 _ Y2
B, ) = ga(uw) + 5ol =X & = I, (2.2)

where v is a positive parameter, c¢f. Alart and Curnier [1], and a(u,v) := (Vu, Vv)gq. Observe that formally the
stationary point is given by (u, A) such that

a(u,v)+<7’1[u—7)\] ,v> = (f,v)q
(A [ — YA e = O (23)
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for all (v, u), or by substituting the second equation in the first

a(u,v) = (A, v)e = (f,v)
A+ o — A = 0. (2.4)

It follows that under our regularity assumptions any solution to (1.1) or (1.2) also solves the Euler-Lagrange
equations (2.3) and (2.4). Observing now that the contact condition equally well can be written on the primal
variable as u = —[yA — u]4 we get by adding and subtracting v in the second equation of (2.4)

a(u,v) — (\v) o = (f,v)
(u+[yA— u]+7/¢>g =0. ? (2.5)

In this paper we consider two different methods, resulting from this approach. The first formulation is the
straightforward discretization of (2.3) resulting in a method that gives the stationary point of the functional
(2.2) over the discrete spaces. The second formulation is a discretization of (2.5) that is chosen for its closeness
to the standard Lagrange multiplier method for the imposition of Dirichlet boundary conditions.

The augmented Lagrangian approach is well known as a solution procedure for variational inequalities, see
for instance [27], however our objective herein is to show that it may also be considered as a discretization
method that yields optimally convergent approximations to contact problems for sufficiently smooth solutions.

We consider discretization either with a choice of approximation spaces that results in a stable approximation,
or a choice that is stable only with an added stabilizing term. Here we consider stabilization based on the
interior penalty stabilized Lagrange multiplier method introduced by Burman and Hansbo [12] for solving elliptic
interface problems. The appeal of this latter approach is that we may use the lowest order approximation spaces
where the displacement is piecewise linear and the multiplier constant per element (or element side). When
considering the Signorini problem (1.1) these spaces match the regularity of the physical problem perfectly and
therefore in some sense is the most economical choice.

For an alternative stabilization method of Barbosa—Hughes type in the augmented Lagrangian setting, see
Hansbo, Rashid, and Salomonsson [23].

We assume for simplicity that {7} is a family of quasiuniform meshes of {2 (the extension to locally quasi
uniform meshes is straightforward), such that the mesh is fitted to the zone C. That is, for the Signorini
problem, C' C I'¢ is a subset of boundary element faces of simplices K such that K NT¢ # 0, F := 0K NT¢
To := {F}, C := Upez, with C C R%!. For the obstacle problem C is defined by Q and hence Uger =: C C R?
and 7o = 7. Below we will denote the elements of 7o by K in both cases. We define V}, to be the space of
H'-conforming functions on 7, satisfying the homogeneous boundary condition of I'p.

ViE = {v, € HY(Q) : v|r, = 0;v|x € Pp(K), VK € T},

where Py (K) denotes the set of polynomials of order less than or equal to k on the simplex K. Whenever the
superscript is dropped we refer to the generic space of order k. For the multipliers we introduce the space A,
defined as the space piecewise polynomials of order less than or equal to [ defined on C.

Ap = {pn € L*(O) : pn|x € Pr_1(K),VK € T}

Whenever | = k — 1 the superscript is dropped. We will detail the case of discontinuous multipliers, but all
arguments below are valid also in case the Lagrange multiplier is approximated in the space of continuous
functions, AL N C%(C), I > 1, in this case no stabilization is necessary. The differences in the analysis will be
outlined.

Both formulations that we consider herein take the form: Find (up, A\r) € Vi X Ap, such that

a(un, vn) + b[(un, An); (vn, pn)] = (f,on)a V(vn, pn) € Vi X Ay (2.6)

where (-, -)q denotes the standard L2-inner product, and the methods are distinguished by the definition of the
form b[-;-] that acts only in the zone where contact may occur. The stabilization term will be included in the
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form b[-;-]. As already pointed out this term is necessary only when the choice V, x A, does not satisfy the
inf-sup condition. In our framework, this is the case when the multiplier is discontinuous over element faces.

In this paper we will focus on a stabilization using a penalty on the jumps over element faces of the multiplier
variable in the spirit of [11,12],

sOnerm) = Y 57 [ Wllm] s (27)

FeFc F

where 0 > 0 is a parameter, [z]|r denotes the jump of the quantity x over the face F and F¢ denotes the set
of interior element faces of the elements in 7o. The semi-norm associated with the stabilization operator will
be defined as | - |5 := s(-,-)2.

We will also below use the compact notation

Ap[(un, An)s (vn, pn)] := alun, vn) + 0[(un, An); (v, pin)]
and the associated formulation, find (up, A\p) € Vi, X Ay such that
Apl(un, An), (Vn, )] = (fyvn)q, for all (vp, pg) € Vi X Ap. (2.8)

We will now specify two different choices of b[; -] leading to two different Lagrange-multiplier methods.

Formulation 1: In the first formulation we use the original formula for the contact condition proposed by Alart
and Curnier, A = —y~t[u — y\] 4

B[(un, An); (s pn)] i= (v Hun — YAn] 5 vn)
+ (v Hun — 7)\h}+a%uh>c
+ (YAhs ) o + (A, pn) (2.9)

or, changing the sign of ;1 we may write the nonlinearity as the derivative of a quadratic form. Here, using the
notation Py (up, Ap) := £(up —yAp)

B[(uny An); (Vs pn)] = (v [Py (uny An) ]y Py (vns i)
= (Y, An) o — 8(Ans i), (2.10)

with v > 0 a parameter to determine. In this case the finite element formulation corresponds to the approximate
solutions of (2.3) in the finite element space.

Formulation 2: In the second formulation we use a reformulation of the contact condition on the displacement

variable, u = —[yA — u]+ to obtain the semi-linear form
bl(un, An); (vn, pn)] = = (Any vn) o + (b un) ¢
+ (s [Py (uny Al ) ¢+ 8(An, pn)) (2.11)

with v > 0 a parameter to determine. In this case the finite element formulation corresponds to the approximate
solutions of (2.5) in the finite element space.



AUGMENTED LAGRANGIAN FINITE ELEMENT METHODS FOR CONTACT PROBLEMS 177

2.1. Alternative formulations

In both Formulation 1 and 2 above it is possible to derive an alternative formulation of the same method
using the relation
[Py—(un, An) ] = [Pyt (un, An)l+ = Pyg(un, An)-

Considering the form (2.10) and adding and subtracting P4 (up, Ar) in the nonlinear term we have the alter-
native form (omitting the stabilization term)

B[(un, An); (s n)] = (7 [Py (wny M)l Py (U i) o = (vins An) o
= (VN ([Py (uny A4 = Pt (uny An)), P (vny 1))
+ (v Py (wny An)s Py (0n, 1)) oo — (Vs An) ¢
— (Anvnde — (s un) o + 7 (un, v) o
+ (v Py (uns An) 45 Py (0n, 0) ) - (2.12)

Similarly for Formulation 2 we obtain in (2.11) omitting for simplicity the stabilization term

b[(wn, An)s (Vns n)] = — (M vn) o+ (s An) o+ (s [Py (U, An) 4 ) o - (2.13)

We see that this semi-linear form corresponds to a discretization of (2.4).

The methods defined by (2.11) and (2.13) or (2.10) and (2.12) respectively are equivalent, but if during the
solution process the linear and nonlinear parts are separated in the nonlinear solver, one can expect the different
formulations to have different behavior and give rise to different sequences of approximations in the iterative
procedure.

3. TECHNICAL RESULTS

Here we will collect some useful elementary results. We will frequently make use of the notation a < b for
a < ¢b with ¢ some positive constant. First recall the following inverse inequalities and trace inequalities (for a
proof see, e.g., [2])

IVunlx < erh™Hunll, Yun € Vi (3.1)
lullor < er(h™%|lullx + B3| Vu| k), Yue HY(K) (3.2)
lunllox < erh™2|lunllx,  Vun € Vi (3.3)

Similar inequalities hold for functions in A and we will use them without making any distinction between the
two cases. We let 1o : L?(C) — A?L denote the standard L? projection onto A(,)l and we observe that there holds,
by standard approximation properties of the projection onto constants (and a trace inequality in the case of
lateral contact),

[(L = mo)vnlle < coh®||Vun|le (3.4)

with s =1 for the Obstacle problem where C' C 2 and s = % for the Signorini problem where C' C 0f). Similarly
we define m; : L2(C') — AL N C%(C) and note that the corresponding inequality holds for

I = m)onlle < ek Vonllo. (3.5)

We also observe for future reference that ||ul|c < ||ul|g1(q) in both cases.
For the analysis below it is useful to introduce an indicator function for the contact domain C' defined on the
space Vj,. Let &, denote a finite element function such that &, € V;! with &,(z) = 0 for nodes in (2\ C)UTp,
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that is nodes outside the contact zone. For all other nodes z; € K with K C 7¢, z; € I'p, &n(x;) = 1. The
following bound is well known, see for instance [14]

1
Jeg € RT such that c¢l|pnllc < |1€2pnlle,  Yun € AL, 1>0. (3.6)
Stability of the method will rely on the satisfaction of the following assumption:
Assumption 3.1. There exists cp € [0,1) such that for all u, € Ay, there holds
(1= &unlle < epllpnllc-

The assumption holds whenever there exists a quadrature rule on the simplex, with positive weights and only
interior quadrature points, that is exact for polynomials of order less than or equal to [+ 1. This is easily shown
by observing that since (1 — &) pn|x € Pry1(K),

1= &mnlle = Y D (1= &nl(@i)pnlzi)’wi

KeTc ieQxk
< max (max (1 — &p(x;)) E E (tn(z:)) 2w;
7
KeTc i€Qk KeT icox
2 2
= cpllpnlle

where Qp is a set of integers indexing the quadrature points in K, w; is the weight associated to the point
z; € Qi and

= 1— )2
cp = ggg%(gggi( En(wi))

Since 1 — &, is zero only on the boundary of C' and no points z; € Q are on the boundary we conclude that
cp < 1.

This is a very mild condition, on triangles it has been shown to hold for the integration of polynomials of
degree at least up to 23, see [33,37]. It follows that for the Signorini problem in three dimensions and the
obstacle problem in two space dimensions the analysis holds at least up to k = 12. For the lowest order case
where the multipliers are constant per element it is straightforward to show that cp < 1/2 if C C R? and

1 3
cp < 3 it C CR°

Lemma 3.2. Let a,b € R; then there holds
(lals — []+)? < (fal+ — [bl+)(a —b),
s — L4 < la — bl
Proof. Expanding the left hand side of the expression we have
[a]} + 3 — 2[al+[b]+ < [a]ya+ [+ — abl+ — [a]4+b = ([a]+ — [b]4+)(a —b).

For the proof of the second claim, this is trivially true in case both a and b are positive or negative. If a is
negative and b positive then
|la]l+ = [b]+] = [o] < [b—al

and similarly if b is negative and a positive

a4 = [bl4] = lal < [b—al.
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Lemma 3.3. (Continuity of b[-;-]) The forms (2.11) and (2.10) satisfy

[b[(w1, A1)s (v, )] = bl(uz, A2); (v, ]|

_1 1 _1 1
< (v 2 [(ur —w2)llare) +72A — Aelle) (v 2 ([vlle + 2 lklle)
=+ ‘/\1 *>‘2|8|.“|S~

Proof. Immediate by the definitions of b[; -], the second inequality of Lemma 3.2, the Cauchy—Schwarz inequality
and the assumptions on | - ||¢- O

Next we define the local averaging interpolation operator I.; : A, — Ap N C°(C) such that for every
Lagrangian node x; € 7¢, with the associated set Q; := {K C 7o : z; € K}

Iepdn(zi) = k7" Z An ()| K
KeQ;

where k; denotes the cardinality of the set 2;. Observe that since &, € Vhl, for any uyj, € Ay, there are functions
R, in V}, such that R, |c = I.f&npn. We recall the following interpolation result between discrete spaces:

Proposition 3.4. For all p, € Ay, there holds, for positive cs and ccy,

1
I€npn — Lep(Enpn)llc < csllh2[pnlllzes  Meppnlle < cerllpnllc-

Proof. For a proof we refer to Lemma 5.3 of [10]. O

Lemma 3.5. Letr, € A,NCY(C), then there exists Ry, € Vi, such that Rylc = &y and || Ry || ) + | Rallc <
crh™®||rrllc, with s = 1/2 when C' is a subset of O and s = 1 when C is a subset of Q.

Proof. Define Ry, so that Rp(z) = &prp(x) for all nodes = in 7o and Ry (x) = 0 for all other nodes x in the
mesh. First consider the case when C is a subset of the bulk domain 2. Then, using an inverse inequality,

IVRilla < erth | Rulla = cth™Hralla = et Hirallc.

In the case C is a subset of the boundary of €2 we observe that

2

IVRp|lo = > IVRuE| S > BRallk
KCT:0KNC#D KCT:0KNC#D

=

Using that Ry is defined by the nodes in C, combined with the shape regularity of the mesh, we may use the
following inverse trace inequality ([10], Lem. 3.1) on every K : 0K N C # 0,

1
Bl < h2 || Rnlloxnc-
It follows, since Rp|c = &xrp, that

VRl S V2| Ryl S h7 Y2 |rallc.
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4. EXISTENCE OF UNIQUE DISCRETE SOLUTION

In the previous works on Nitsche’s method for contact problems [18,20] existence and uniqueness has been
proven by using the monotonicity and hemi-continuity of the operator. Here we propose a different approach
where we use Brouwer’s fixed point theorem to establish existence and the monotonicity of the nonlinearity for
uniqueness. To this end we introduce the finite dimensional nonlinear system corresponding to the formulation
(2.6).

Let M := Ny + Ny, where Ny and N, denote the number of degrees of freedom of V}, and Ay respectively.
Then define U,V € RM where U = {u;}2% U {N N, V = {wi )W U {pi} ¥4, where {u;}, {v;} and {\;}, {v;}
denote the vectors of unknowns associated to the basis functions of V}, and Ay, respectively.

Consider the mapping G : RM — RM defined by

(GU),V)ra = Ap[(un, An), (Vns in)] — (f5 vn) -

Existence and uniqueness of a solution to (2.6) is equivalent to showing that there exists a unique U € RM such
that G(U) = 0.
We start by showing some positivity results and a priori bounds

Lemma 4.1. There exists a > 0 and an associated constant ¢, > 0 so that with the form b defined by (2.10),
6>0and~y = vglh% with o > 0 there holds, for all (up, A\p) € Vi, X Ay,

[Vunl|d + YA+ 7 Py (un A 12+ callvEnllZ S Anl(un, M), (un — aRy, A, (4.1)

where Ry, € Vj, is defined in Lemma 3.5, such that Ry|c = vEpefAn.
There exists a > 0 and an associated constant c, > 0 so that with the form b defined by (2.11), k > 2 and
v = Yoh? with o > 0, Yo sufficiently large, and & > 0 there holds, for all (un, A\n) € Vi x Ay,

IVunl|d + o + [Py (un, M) 12+ callvEMlIZ S Anl(uns An), (un + aRp, A+ Lrous)], (4.2)

with Ry, as before. In case k =1 (4.2) holds under the additional that 0 < & < (coer)?yy*.
Under the same conditions on the parameters as above, for both formulations there also holds, for (up, An)
solution of (2.8),

IVunllo + 172 Anllo S 1 fle- (4.3)

The hidden constants are independent of h.

Remark 4.2. For k > 2 and continuous multiplier space the parameter § and the term |A\;|? can be dropped
above.

Proof. First consider the claims for formulation 1. By testing in (2.8), using (2.10), with v, = up and pp, = =\,
An((wn, M), (n, =An)) = [ Vunlld + (v Pyy (un, An) un + YAn)o + 172 A2 + [Anl?

and observing that

_ 1
(Y Py (s A 1Y AR o + 12 A1
1 _1 1 _ 1 1
= |72 |E + <W’ 2 [Py (un, An))+s _’72)\h>c +2 <7 2 [Pv+(uh7)\h)]+,72)\h>c

implies

— 1 1 _1 _1 1
(Y Py (uny An)s un +An) e + 172 AllE = 12 Al + D1y 2[P7+(uh,/\h)]+\|%+2<’y 2[P7+(uh7/\h)]+a72)\h>c



AUGMENTED LAGRANGIAN FINITE ELEMENT METHODS FOR CONTACT PROBLEMS 181
we obtain the relation
IVl + 72 [Py (s M) + 72 MnllE + a2 = An[(un, An), (un, An)). (4.4)
Testing (2.8) with vy, = —aRy,, with 1, = yI.f(EpAn) and pp = 0,

An[(un, An), (—aRn,0)] = a(un, —aRp) + (7 [Py (un, A4, = Lep (€nn))
= a’(uh7 7O‘Rh) + <771[P’y+ (uhﬂ /\h)]-‘r + )\ha 7’}/Icf(§h)\h)>c
— (Ans Y(EnAn — Lep (EnAR))) o + (Any YErAR) & - (4.5)

For the last term in the right hand side we have by the inequality (3.6), c§||'y%/\h||?J < (YAn, &nAn)c. The
second to last term of the right hand side, which is zero for continuous multiplier spaces, can be bounded using
Proposition 3.4

1 o
(VAR EnAn — Lep(EpAn))o < ngn’ﬁ)\h”zc + cle 20 A2 (4.6)

The second term is bounded using a Cauchy—Schwarz inequality and the stability of I,

o 1 1 1 1
(cerce) 2y 2 [Py (un, An)]+ +72/\h|\20+102||’72>\h\|20 (4.7)

DO | =

(Y Py (wns )l + Ay vIep (Enn) ) <

for the first term we use the Cauchy—Schwarz inequality followed by the stability of Ry, Lemma 3.5, and of I.¢
to obtain

—2s _ 1, 1
a(un, Bn) < cgh™*yeipe " [[Vunllg + g7 v Anlle (4.8)
Applying the inequalities (4.6)—(4.8) to (4.5) we have

1 —92g _
ceallv2 Mg = chh ™ yckpe 2l Vunlle
1

_ _1 1
= 5(Cesce) 2allyTE [Py (un, Ay + 72 AnllE

—c?cg25_1a\)\h|§

< Ap[(un, An), (—aRp, 0)]. (4.9)

We conclude that (4.1) holds, by observing that h=2¢y = O(1) and by combining the bounds (4.4) and (4.9)
with o small enough. The a priori estimate (4.3) follows noting that for (up, Ap) solution of (2.6) there holds
using the Poincaré inequality and the properties of Ry,

An(uny An), (u, — aRp, 0)] = (foun — aRy) S 1 Flo(|Vunllo + 72 Aullo)-

To prove (4.2) we start by testing in the left hand side of (2.8) with v, = uy and up = A\, + v tmup, =
’y_lPW,(uh, )+ H(up + miup), where i = 0 if k = 1 and i = 1 for k > 2. Observing this time that, using the
definition (2.11) and adding and subtracting uj at suitable places the following equality holds

B[(uny An), (uny An + 7y~ mun)] = 4 (un, un) e — 7 Imiun — unllz:
+ Py (uns A4 16
+2(v un, [Py (un, M)+ ) o
+ 5 (miun — un, [Py (un, )4 ) ¢
+ A2+ s,y (mun — un)).
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This results in

IVunlld 4+~ Hlun + [Py (un, M) I8+ [Al2 =7 Hlmoun — unl|2:
+ N maun — up, up, 4 [Py~ (un, An)]4) o + 8(An, v~ Yompup — up))
= An[(un, An), (vn, ).

We now bound the three last terms on the left hand side. First by the properties of 7; we have
iy —unlE < ARy Vgl i = 0,1, (4.10)

Using a Cauchy—-Schwarz inequality, the previous result and an arithmetic-geometric inequality we have

1 1
v (miun — wny un + [Py (un, An)l4) o < 5Ci TPy | Vun 1§ + 57_1|\Uh + [Py (un, An)) 412 (4.11)
Finally for £ = 1 we have for the last term
1 1 6c2c?
s(An, v~ Hmoun — up)) < *|/\h|2 + 7ot Imoun — unl|? 5\)\h|§ +3 L Vun 1§

and for k > 2, s(Ap, v~ 1(miun — up)) = 0. Collecting the results above we obtain for k = 1

_ _ 1 _ 1
(1-3/2¢57, " — 1/20¢5¢3v0 ) Vunllg, + 27 Hun 4 [Py—(un, An)] 42 + §|/\h|§
S Anl(un, An), (v, pn))- (4.12)

We see that the factor (1 — 3/2c2v, " — 1/28ckc2, ') is positive under the assumptions on vy and §. The
corresponding inequality for & > 2 is obtained by omitting the term with § and replacing ¢y with ¢;. Observe
that by using v, = Ry, with r, = —vI.£Ep A, and py, = 0 we have using similar arguments as above

VHfé)\hﬂzc = Ans Y(ErAn — LepénAn)) o + alun, Ry) = Ap[(un, An), (Rr,0)]. (4.13)

Using once again (4.6) and (4.8)
1 -
§C§H7%>‘h||2c = cph ™ e[ Vunllf, — cZeg 207 A2 < Anl(un, An), (R, 0)] (4.14)

where the stabilization contribution can be dropped whenever continuous approximation is used for the mul-
tiplier space. We conclude as in the previous case by combining the bounds (4.14) and (4.12). The a priori
estimate (4.3) also follows as before. O

Proposition 4.3. The formulation (2.8) using the contact operators (2.11) or (2.10), and the same assumptions
on the parameters 6, v as in Lemma 4.1, admits a unique solution.

Proof. By the positivity results (4.1) and (4.2) of Lemma 4.1 we have for each method that there exists a linear
mapping B : RM +— RM such that b, |U| < |BU| < by|U| for some 0 < b; < by and that for U sufficiently big

0 < (G(U), BU). (4.15)

We give details regarding the construction of B only in the case of formulation 2 with £ = 1. The argument
for £ > 2, and that for formulation 1, are similar. Let the positive constants ¢; and ¢, denote the smallest
and the largest eigenvalues respectively of the block diagonal matrix in RM*M with diagonal blocks given
by (Vei, Vj)a + <'7_1(pi’90j>c’ 1 < 4,5 < Ny where g;, denotes the basis functions for the space V; and
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%’y(wi,wj)c where 1);, denotes the basis functions for the space Ay, 1 < 4,57 < N, such that, with ||uh||%h =
IVund + 1y~ 2 unlZ

1 _
cnlUlear < llunltn + 31IIAlIE < EnlURa -

Recalling the a priori bound (4.2), let B denote the transformation matrix such that the finite element function
corresponding to the vector BU is the function (up + Ry, A\, + 7’17r0uh), with R defined in Lemma 4.1. First
we show that for « sufficiently small, there are constants b; and by such that by|Ulgy < |BU|pm < bo|U|ga.
This can be seen by adding and subtracting aRpand v~ 'mou, and using (a + b)? < 2a? + 2b2,

1 1 _
lun 2, + Z’Y”)\hH?c < 2||up + aRp17 ), + SIAn + Lrounl|?:

—1/2

1
+ 5l P mounl|E + 2l aRallf

2
1 —zS8
< 26,|BU |3 + §HuhH%,h + cay’h > | AnllE

where we have used the properties of R;, from Lemma 3.5. It follows, for a small enough, recalling that v =
O(h?®), that

1

1 1
SenlUar < (1= S)lunlld )+ (5 —

4

Similarly we may prove the upper bound: using that by the properties of R; and mouy we have

ca)V|[Anl|E < 26n|BU [Rar

1 _
nlBU e < llun + @Bl + 211w+ moun
1 1, _
< 2unl -+ 20Balf+ S + 2 2w
1
S (hunll s+ o).

We have shown that (4.15) holds and we observe that, by Lemma 3.3, G(U) is continuous. Existence of a solution
to the nonlinear system is then a consequence of Brouwer’s fixed point theorem using standard arguments, see
for instance ([34], Lem. 1.4, Chap. 2).

Uniqueness is consequence of the positivity results of Lemma 4.1 and the monotonicity of Lemma 3.2. Con-
sidering first formulation 1, where the form b[-; | is given by (2.10), we have

IV (ur —u)[[§ = =7~ {[Pyg (w1, Ai)]y = [Py (w2, Xo)] g, un — ug + (A1 — A2))
— YA = AellE = (A1 — A2f2
It follows that, defining
[w, A[1? = [[Vullg + A2,

[[Jur — w2, Ax = Xo||I* = =7[|A1 — A2l
= [Py (ua, M) = [Py (u2, Ao)] 4, Py (un — ug, At — A2))
=y [Py (ua, A1) = [Py (u2, A2)]4, 2v(A1 — A2)) o -

Then, using the monotonicity of Lemma 3.2 we deduce

ur — w2, Ar = Xo||1 + vlIAx = A2llE + 7 I[Py (wa, Ax) ) — [Py (uz, A2)] 4 |2
< = ([Pya(ua, M)+ = [Py (u2, A2) )4, 29(A1 = A2)) -
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Therefore
[lur =z, A= Xof [P+ Hv(An = A2) + [Py (ur, M4 — [Pos (w2, A)] 4 |2 = 0 (4.16)
and u; = uz. Repeating the arguments leading to (4.9) on A\; — A2 and using (4.16) allows us to conclude that
A1 = Ao,
In the case of formulation 2 we only give the details for & > 2, the case £ = 1 is similar, but we need

to handle an additional stabilization term. Assume that (u1,A;) and (ug, A2) solves (2.8) with the contact
conditions defined by (2.11).

[V (ur —u2)||§ = (A1 — Ao, ur — u2)
= =7 (A = A2, [Py—(u1, A1) ] — [Py—(u2, A2)]+)
— A= Aol

Observing that with pup = v~y (u; — ug) we also have

v HIm (un = u2) &+ (i (un — w2), [Py (ua, M)]4 = [Py—(u2, A2)]4) o = 0
and therefore we can write

IV (ur — u2) | + v~ Hlua — uz + [Py—(u1, Ar)]4 — [Py—(uz, M) 18 + [A1 — Aaf?
=77 {(1 = m1)(ur — u2),ur — ug + [Py—(ug, Ar)]4 — [Py—(uz, A2)] 1) -

By splitting the term in the right hand side using the arithmetic-geometric inequality and using the approxi-
mation properties of mq,

10— m) (1 — wa)lo < exh® [V (ur — ua)o

we may conclude that

_ 1 _
(L= R*)||V(ur — ua) |3 + 27 Mur — ug 4 [Py— (1, M)+ — [Py—(uz, A2)] 4 [|&

+ A1 = A2 <0.

As a consequence u; = us when 7 is sufficiently large. That A\; = Ay is immediate from (4.13) since the first
equation of (2.4) is linear. O

5. ERROR ESTIMATES

In this section we will prove the main results of the paper which are error estimates for the two methods
given by (2.6) with the two contact formulations (2.11) and (2.10). The idea of the proof is to combine the
uniqueness argument with a Galerkin type perturbation analysis. Since this result is central to the present work
we give full detail for both formulations.

Theorem 5.1. (Formulation 1) Assume thatu € H*(Q) and X\ € L*(C) satisfies (2.3) and (up, \n) the solution
to (2.6) with (2.9) and 0 < v = vy "h?, where s = 1/2 for the Signorini problem and s = 1 for the Obstacle
problem. Also assume that v9 € RT is sufficiently large and § € R sufficiently large. Then there holds for all
(Uh,llzh) eV, x Ay

allu = unll (@) + YO = X)lE + AN A Py, M) lIE

1 -
S Zllw=onllfa) + O = )&+ I = on) & + [l
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Proof. Using the coercivity of a(-,-) we may write

allu = upllin ) < alu — up, u —up)
= a(u — up,u —vp) + alu — up, vy — up)
a 2 1 2
< ZHU Uh||H1(Q) + EHU - UhHHl(Q) + a(u — up, vy — up).

It follows, using Galerkin orthogonality, that

a(u—up,vp —un) = (Y [Pyg(un, M)+ — 7 [Py (u, N4 vn — un)
<7 1 'y+ uha )‘h)] - 1[P.Y+(7.L, A)]+a Up — Up + V(Mh - >‘h)>c
+ (v (/\h = A)s (n = An)) + $(An, tth — An). (5.1)

First observe that

(YO =N (= M) = — 7 (i — M)l
e (= NllellvE (e — An)lle

1 1 1
< (e1 = D) 72 (n = M)l + 4?1”72 (i = MIE
where we see that the first term can be made negative by choosing €; small enough. Similarly
S(Any fin — An) = =lpn = AnlZ + s(un, pn — An) < (2 = 1| — Anl? + 7|Mh|2

where once again the first term on the right hand side can be made negative by choosing €5 small. Considering
the first term on the right hand side of equation (5.1) we may write

(7 Py (uny M) = 7 Py (e, )]s o =+ (o — An))
= (Y [Py (s M)y = 7 [Py (s Mg Py (vn = us i — A))

I
+ (T Py (n Al = 7T Py (4 M)y P (0 — gy A = An))
1
+ (T Py (s Al = 77 [Py (1, M 29 (= An))
I

=I1+1I+111

The term I may be bounded using the Cauchy—Schwarz inequality followed by the arithmetic geometric inequal-
ity
1 1 1 1
I < eglly A+ 972 [Py (un, An)]4lIE + 1, P (on = s = MIE-

For the term IT we use the monotonicity property ([a]4+ — [b]+)(b —a) < —([a]+ — [b]+)? to deduce that
IE < =% O+ 7 Py (s M)l

Finally to estimate term III, let Ry be defined by Lemma 3.5 with the associated rj := Icf(2§h7(uh —An))
and set ( = 1 — . Using that

a(w—un, Ry) — (v [Pyy (un, An)l+ =7 Pyy (u, N4, mn), = 0
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and adding and subtracting 2&, (1, — Ar) in the right slot, we may write
(YT Py (uns M)l = Y Py (1, M, 29 (i = An))
= (v [Py (s, M) = 77 [Py (, M), 260y (1 = An) )
ITIa
+ (YT Py (un, Al = YT Py (M), 2607 (0 — An) = )

I11b

+ a(u — up, Rp,)
—_———
ITlc
=IIla+IIIb+ I1lc.

We estimate IT1a—I11c term by term. For I11a we use the Assumption 3.1

ITIa < cplly™* [Py (un, M)+ + 73 MG + el (an — M)
As a consequence of Proposition 3.4 we get the following bound of term I171b
iy
€4

1 1 1
IITb < eqlly™ 2 [Py (un, A)l+ + 72 MG + == [1h2 [, — An] %

For the third term we observe that by the continuity of ¢ and Lemma 3.5 we have
e <|lu—upllar @l Bl < crllu —unllar@h e
< crllu = unll g @b~ "2 1v2 (A — )l
< Tllu = unlEn gy + chh 70 IvE On — )12
Collecting the above bounds and recalling that by definition
s M) = 8711 E Dl
we have
Sl = sy + (1= €5 — ea — )l HOA + [P (un, ML) I
+(L—e1—ep — G )l Gun — M)l
+ (1= e2 — 2/ (0ea))lun — Mnl?
< <= wnlFi + I Py on — = N
1

2
452 |/’[/h|8

1 1
||~z — )12
R

Observe that, as usual when a continuous multiplier space is used, all terms and coefficients associated to the
jump operator may be omitted.
Fixing €1, e3,e4 and 7y sufficiently large so that

€1+ cp/(0a) =es +es=(1—cp)/2,
and e, sufficiently small and § sufficiently large so that ea + ¢2/(de4) < 1, then there holds

1 1 1
allu = unl3 oy + 112 [Py (un, M)+ + Y2 ANE + 172 (n = A)IE + [ = Anl2
1 1 1
S S llu- onllEr ) + 11772 Py (on — s i = MG+ 172 (i = MIE + a3

The triangle inequality |72 (A — M) |2 < 172 (n — An) |2 + |72 (un — A)||% concludes the proof. O
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Corollary 5.2. Assume thatu € H"(Q), 1+s <7 <k+1 and A\ € H'~17%(C), with s = 1/2 for the Signorini
problem and s = 1 for the Obstacle problem. Let (upn,Ap) be the solution of (2.6) with the contact operator
defined by (2.9). Under the same conditions on the parameters as in Theorem 5.1 there holds

allu—upl gy + 72O = Mn)lle + 72O+ Pyt (un, A)l4)lle
S A ulgra) + N ae-1-0(c)),

Proof. Let vy, = ipu where ij, denotes the standard nodal interpolant and let u, = mA where m; denotes the
L2-projection. Using standard approximation estimates and the trace inequality (3.2) we may then bound the
right hand side of the estimate of Theorem 5.1,

S h2(T71)|u|§{T(Q)7

Ju— vhH%ﬂ(Q)
Y = on)llE SRl ) S PPV ulf gy
VN = )l S vERTTI N gemamsoy S B2V N o1 0.

Finally we have,

w2 = s(un, pn) = s(mA = pry mA = ) S YR H|mA — |3
SAUmA = AP + 1A = pall) S 220N i o

S PV o)
and we conclude by taking square roots. (I

Theorem 5.3. (Formulation 2) Assume that u € H*(2) and \ € L?*(C) satisfies (2.3) and that (up, \,) is the
solution to (2.8) with (2.11) and v = yoh?®, where s = 1/2 for the Signorini problem and s = 1 for the Obstacle
problem. If 7o sufficiently large and § > 0 sufficiently small, then there holds for all (v, un) € Vi X Ap,
allu = unlfp @) + MO = Mn)lIE
7 I = ) + [Py (u, Ny = [Py (un, A4 16
1 _

S lw=onllie) + lin = ME + leals + 57 lon = ule. (5.2)

Proof. Using the coercivity of a(-,-) we may write
aflu — uh||§11(sz) < a(u —up,u —up) = a(u — up,u — vp) + alu — up, vp — up)

o 1
ZHU - UhH?ql(Q) + a”u - Uh||?11(sz)
+ a(u — up, vy — up). (5.3)

By Galerkin orthogonality and by adding and subtracting suitable quantities it follows that

a(u — up,vn —up) = (A — An, Un — Un)
= <)\ - )\ha'Uh — uh>c
= (n — Anyu = un) o + (A, ftn — An)
= (= Ans [Py—(u, )]+ = [Py—(un; An)l+) ¢ -
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Then we proceed by adding and subtracting u in the right slot of the first term on the right hand side, A in the
left slot of the second term, uy, in the left slot of the third term and finally A + v~ !(u — uy) in the left slot of
the fourth term in the right hand side, leading to

a(u —up,vn —up) = (A= Ap,vn —w) e — (B — A u— up) o
= (= A [Py—(u, N4 = [Py—(un, An)]4) o
=Py (u, N) = Py (s A, [Py (u, M) = [Py (un, M)+ )
— (v M uw —un), [Py—(u, M) — [Py (un, An)l4)
= tan = A2+ s(pns = An).-

We may then apply the monotonicity of Lemma 3.2 to obtain the bound

a(u —up,vp —up) < (A= Ap,vp — U)o
— (= Ay (w = up) + [Py (u, N)]4 = [Py—(un, An)l+) ¢
= Py (M) = [Py (un, An)] 4 12
= (= un), [Py (u, M) = [Py (un, An)l+) ¢
= tan = A2+ s(pns pn = An).- (5.4)

Summarizing (5.3) and (5.4) we have

3 3 _
ZQHU — unllF ) + Z'uh = Anl2 + M IPy= (u, )4 = [Py—(un, M)+ &
+ 47 (= un), [Py=(u, M)+ — [Py—(un, An)] )
1
< a”u —vnll gy + A = Ans o — u)g
= (un — A, (u = up) + [Py (u, N4 — [Py—(un, M)l ) o + |unl2- (5.5)

To control the fourth term on the left hand side we need to obtain some control of v~ *||u — uy||%. To this end
first observe that the following Galerkin orthogonality holds

(s w = un)e = s(Ans ) + (pns [Py—(u, N4 = [Py—(un, An)l+) s Vin € Ap. (5.6)

Defining € = m;(u — uy,), with i = 0 for k = 1 and i = 1 for k > 2 and taking p, = v~ '€ in (5.6) we may write
(the stabilization term is present only for k = 1)

0 =771 (& [Py—(u, M]3 = [Py (un, M) 4) o + 7 ellE + s(An, v te)
1 3 4.
>y [Py (u, Ny = [Py (un, M)l ) ¢ + 57 l1EllE = e
In the last inequality we used the Cauchy—Schwarz inequality and (3.3), to obtain the bound
1o 1T 4
SOy 1e) < edPul2 + el

It follows that 3
Zv’llléllzc — eS| Mnl3 < =& [Py (u, M4 — [Py (un, An)] ) -

We recall that by the L%-orthogonality there holds, with e = u — uy, [[€||2 = |e]|Z — ||e — &||2 and therefore

v elE < vTHElE + evT R el -
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For the Signorini problem this follows by using approximation |le — &||c < ch?|e]|

1
a0 < chz|le|| g1 (o). Con-
sequently using also that ||&]|c < |le||c, there exists a constant ¢ independent of v and h such that
1

- 1
S el = 57 Py VL = [Py, M)

— 28|pn — An|? — ¢(6 + 1)y h* lu — unlF ) < 2¢8|pnl3
Collecting the results of equations (5.5), and (5.7) we have

3 _ 3
(4a —c(6+ 1)y, 1) [l = wn||F ) + <4 - 205) ln — Anl?

57 el + 5 P (M) = [P G M I
£ (= ), 1Py (V)] = [Py M) )

1
< a”u — onll5 ) + (A = Ay vn —u)g

i = A=+ [Py (1, N — [Py (s M) + (268 + 1) 2
Assuming that ~, is large enough so that c(§ + 1)y~ th?s < ia and § small so that 2¢d < 1/4, using that

%az + %b2 +ab= %(a +b)? and the Cauchy—Schwarz inequality followed by the arithmetic-geometric inequality
in the second to last term in the right hand side we obtain

allu = unF ) + ln — Anl3

577 = ) + [Py () = [Py, M)

< Sl = vnllfr @) +2 0= Ansvn = w) o + 29l = AllE + 48 + 1]l

(5.8)

It remains to control the Lagrange multiplier. Observe that taking v;, = Rj as defined in Lemma 3.5 with
rh = —0vIr&n (1 — Ap) we may use Galerkin orthogonality to obtain

57”5;% (tn — A& = 0v(pn — Ay (1= Lep)én(pn — An))e
+ 0y(A — pn, Lep (§n (i — An)))e + a(u — up, Ry) = 0.

Applying the bound (3.6), c§||/¢h = MllZ < €2 (1 — An)||% in the first term and using the Cauchy—Schwarz
inequality followed by Proposition 3.4 in the second and the third terms term of the left hand side leads to

2
C
5 Ol = Mull = el — Mnl3 + au — un, Ru) £ 611X — 2.

Applying now the triangle inequality |[(A — Ap)[|Z < 2||un — Anl|Z + 2||un — A||Z we obtain, with ¢ ¢ = czch

2
c
fMH()\ = ME = eselin = Anl3 + alu = un, Ri) S 09|A = |-
Recall that by Lemma 3.5 we have

ct . Gt 5 4ckyo 9
a(u —up, Rp) > —§57||()\ = )lle — §5’Y||(/$h =Ml = WHV(U —un)llg
3
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from which we deduce that there exists a constant ¢y > 0 depending on 7y, cg, cesuch that, (recalling the
assumption, 73 = O(1))

OV = MG = lpn = Anl? = 0llu — unlFr o) S VIA = pallE- (5.9)
Multiplying both sides of (5.9) by % taking § < «, and adding it to (5.8) leads to the inequality
o =y + i — M2+ = M) 3
T I = un) + [Py (uy N = [Py (s M)+ I

1
S S lu- onllFr ) +Yin = A&+ pnl2 + A= A, vn — u) g - (5.10)

Finally splitting the last term on the right hand side

1

2, —1 2
S on = ull?,

1
(A= Ap,vp —u) < 57”()\ - )llE +
we conclude that

1
ollw = unlls ) + ln = AlS + 51 = M)llE
A7 I = un) 4 [Py (u N = [Py (un, An)]+[IE

1 _
S —lw= ol ) + vl = A& + linlS + 7 on =l (5.11)
]

Corollary 5.4. Assume thatu € H"(Q), s+ 3 <r <k+1 and A € H~'175(C), withs = 1/2 for the Signorini
problem and s = 1 for the Obstacle problem. Let (up,Ap) be the solution of (2.6) with the contact operator
defined by (2.11). Under the same conditions on the parameters as in Theorem 5.3 there holds

allu = unll ) +YI[(A = A)lle
=+ fy*l/QH(u — uh) + [Pvf(u, )\)}4» - [P'yf(uhv Ah)}‘i’”c‘
SH T ulgr) + [Alrr=1-5(0))-

Proof. Similar to that of Corollary 5.2. O

Remark 5.5. Note that the assumption A € L?(C) hides an assumption on the primal variable u. Formally
identifying A with the exterior normal derivative d,u for the Signorini problem we have d,u € L?(T'¢) and
similarly for the obstacle problem Au € L?(1).

6. NUMERICAL EXAMPLES

In the numerical examples below, we define h = 1/v/NNO, where NNO denotes the number of nodes in a
uniformly refined mesh. We use the formulation (2.8) with the nonlinear term defined by (2.10). Numerical
experiments with the formulation (2.11), not reported here, resulted in very similar results. For the spaces
we choose piecewise linear finite elements for the primal variable and piecewise constants for the Lagrange
multipliers, constant per element for the obstacle problem, and constant per element edge on the Signorini
boundary for the Signorini problem.
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F1GURE 1. Convergence for the smooth obstacle. Dashed lines indicate expected convergence
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FiGURE 2. Elevation of the discrete solution, smooth obstacle.
6.1. Smooth obstacle problem

Fr) = {87“(2)(1 —(r?
solution

Our smooth obstacle example, adapted from [31], is posed on the square Q@ = (—1,1) x (—1,1) with
)
8(r2+ (r2 -

if r S To,
(2))) if’l“>7"0,

where r = /22 + y? and rq = 1/4, and with Dirichlet boundary conditions taken from the corresponding exact

2 212
u=—[r"—rgli.
We choose v = h?/vy with 79 = 107! and show the convergence in the L?— and H'-norms in Figure 1. An
elevation of the computed solution on one of the meshes in a sequence is given in Figure 2. We note the optimal
the multiplier error (dashed line has inclination 1:1).

convergence of O(h?) in L? (dashed line has inclination 2:1) and O(h) in H! as well as for a weighted norm of

191
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4
10
107 102 10
Meshsize

F1GUuRrE 3. Convergence for the nonsmooth obstacle. Dotted line has inclination 1:1, dashed
line has inclination 1:5/3.

6.2. Nonsmooth obstacle problem

This example was proposed by Braess et al. [8]. The domain is = (—2,2) x (=2,2)\ [0,2) x (—2,0] with

£, 0) = P2/ sin (2/3) (64(r) /7 + 61(r)) + 37 /294(r) sin(20/3) + ga(r)

where, with 7# = 2(r — 1/4),
L
g1(r) = { —67° + 1571 — 1073 + 1,
0,

o(r) = {o, r <5/4,

SO
IVIA A
= 3 O
VAN
—_

1 elsewhere.
with Dirichlet boundary conditions taken from the corresponding exact solution
ulr, @) = =r*/3g1(r) sin(2¢/3)

which belongs to H°/37¢(Q) for arbitrary ¢ > 0.

For this example we plot, in Figure 3, the error on consecutive refined meshes. We note the suboptimal
convergence in L? which agrees with the regularity of the exact solution. In Figure 4 we show an elevation of
the approximate solution on one of the meshes used to compute convergence.

6.3. Signorini problem

The Signorini problem is posed on the unit square (0,1) x (0,1) with homogeneous Dirichlet boundary
conditions at y = 1, homogeneous Neumann boundary conditions at z = 0 and x = 1, and a Signorini boundary
at y = 0. The load is f = —2msin 27wz (following [6]), and we set 79 = 10. No explicit solution is available and
we instead use an overkill solution, using 66049 nodes (corresponding to h ~ 4 x 1073) to estimate the error. In
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FIGURE 4. Elevation of the discrete solution, nonsmooth obstacle.
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F1GURE 5. Convergence for the Signorini case.
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F1GURE 6. Elevation of the discrete solution, Signorini case. The Signorini boundary is indicated

by the dashed line.

Figure 5 we show the convergence in the L2~ and H'-norms and again we observe optimal convergence of O(h?)
in L? (dashed line has inclination 2:1) and O(h) in H! (dotted line has inclination 1:1). Finally, in Figure 6 we

show an elevation of the computed solution.
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