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ON PRIMITIVE WORDS WITH NON-PRIMITIVE PRODUCT

OTHMAN EcHI"®, ADEL KHALFALLAH® AND DHAKER KROUMI

Abstract. Let A be an alphabet of size n > 2. Our goal in this paper is to give a complete description
of primitive words p # q over A such that pg is non-primitive. As an application, we will count the
cardinality of the set £(I,.A) of all couples (p,q) of distinct primitive words such that |p| = |q| =
and pq is non-primitive, where ! is a positive integer. Then we give a combinatorial formula for the
cardinality £(n, ) of this set. The density in {(p, q) : p, ¢ are distinct primitive words and |p| = |q| =}
of the set £(1,.A) is also discussed.
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1. INTRODUCTION

Combinatorics on words is an area of research focusing on combinatorial properties of words applied to formal
languages. It plays an important role in several mathematical research areas as well as theoretical computer
science (see [2, 6, 9, 21]).

This paper deals with primitive words over a nontrivial alphabet A (having at least two letters). The empty
word over A will be denoted by ¢, A* is the set of all words over A and A7 is the set of all nonempty words over
A. A primitive word over 4, is a nonempty word u which is not a proper power of another word (i.e., if u = v™
then m = 1). We denote by Q(.A) the set of all primitive words over A and Q;(A) the set of all primitive words
of length [. Primitive and non-primitive words play a crucial role in algebraic coding theory and the theory of
formal languages (see for instance Lothaire [15] and Shyr [21]).

Whether Q(A) is a context-free language or not is a well-known long-standing open problem posed by Démsi
et al. [4, 8]. This problem was the origin of most of the combinatorial studies of primitive words.

In [18], Reis-Shyr have proved that every non-empty word which is not a power of a letter is a product of
two primitive words. So one may think that Q(A) is “very large” in some sense; in fact the natural density of
the language of primitive words is 1 (see [19]).

One of the well-known classical results about primitive words is Shyr-Yu Theorem [20]. Letting p* := {p" :
n is a positive integer}, the theorem states that if p # ¢ are primitive words, then the language p*q* contains
at most one non-primitive word of the form pg™ or p™q (since p™¢™ is primitive for all n,m > 2 [16]).

In [20] Shyr-Yu gave a necessary condition when the product pg™ is a k-power of a primitive word (i.e.,
pg™ € QF)(A)), with m,k > 2. It is also worth noting that no information about the case m = 1 has been
provided, as far as we know.
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In [10], the author gave necessary and sufficient conditions to get pg™ € Q) (A), for m > 1 and k > 2, but
the expression of p was not explicit.

The aim of this paper is to give a complete description of primitive words p # ¢ such that pq is non-primitive
(¢f., Thm. 3.1). If, in addition |p| = |q|, the number of such couples (p,q) is computed and their density is
discussed.

2. PRELIMINARIES

For any integer k > 1, we denote by Q*)(A) = {p* : p € Q(A)}. For two words v and v we say that v is a
prefix (resp., a suffix) of v if there exist a word z (resp., a word y) such that v = ux (resp., v = yu). Here, we
present some well known results which we will need in the sequel. In the remainder, A denotes an alphabet of
size n > 2.

Lemma 2.1 ([16]). Let u,v be nonempty words over A, then the following properties hold.

1. wv = vu if and only if there exists a word w such that u,v € w™.
2. There exist a unique primitive word \/u (called the primitive root of u) and a unique positive integer e
(called the exponent of u) such that u = \/u®.

The following lemma, which is the main ingredient to solve most problems on primitivity, is due to Fine-Wilf
[11].

Lemma 2.2 (Fine-Wilf Theorem). Let u,v € AT. Then the following statements are equivalent.

(i) There exists a word w such that u,v € wt.
(ii) There exist i,7 > 0 so that u® and v) have a common prefiz (suffiz) of length |u| + |v| — ged(|ul, [v]).

Lemma 2.3 ([14, Corollary 4],Shyr-Yu). Ifug™ = g* for some m,k > 1,u € A*, and g,q € Q(A), withu & q*,
then g # q and |g| > [¢™ .

The following lemma is a classical result in combinatorics on words, originally due to Lyndon-Schiitzenberger
[16] (see also [1, 15, 17]). This lemma will play a crucial role in the proof of our main result (see Thm. 3.1).

Lemma 2.4 ([16]). Let t,v be two distinct nonempty words over A such that tu = uv. Then there exists a
unique pair of words (p,q) and a unique positive integer m such that pq is primitive, t = (pq)™, v = (¢gp)™, and
u = (pq)’p, for some integer j > 0.

Lemma 2.5 ([20]). Let p # q € Q(A). Then the following properties hold.

1. The language pTq" contains at most one non-primitive word.
2. If |p| = lal, then p*q™ \ {pa} € Q(A).

It is worth noting that an alternative proof of the previous result has been given in [7].
Studying local distribution of non-primitive words, Shyr-Tu have established the following result.

Lemma 2.6 ([22]). Let u € A" and each x #y € AT such that |z| = |y| < % and x # y, then either uz or uy
18 a primitive word.

The following is a direct consequence of Theorems 13, 14 in [5].
Lemma 2.7 (Prefix-Suffix). Let ¢ € Q(A), z € A", with © # q. Then the following properties hold.

1. If x is a prefix of q, then ¢*x is primitive for all k > 2.
2. If x is a suffix of q, then xq* is primitive for all k > 2.

Lemma 2.8 ([3]). Let p # q € Q(A) such that |p| = r|q|, for some integer r > 2. Then the following properties
hold.
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1. pg™ is primitive, for all m > r.
2. p™q is primitive for all m > 2 (even for r =1).

3. PRIMITIVE WORDS WITH NON-PRIMITIVE PRODUCT

Note that some information about non-primitive products of the form pg™, for m > 2 was provided in [20].
But once again, it was not an “if and only if result”, and the case m = 1 was not discussed. The following result
gives a complete description of primitive words p, ¢ such that pq is not primitive.

Theorem 3.1. Let p and q be two distinct primitive words and k > 2 be a given integer. Then the following
statements are equivalent.

1. pg € QW(A).
2. One of the following statements holds.
(a) p= (2q)* 1o, with x € AT and zq € Q(A).
(b) There exist an integer 1 < s < k—1, and a,3 € A" such that aff € Q(A), ¢ = (af)’a and p =
(Ba)t—*~1B.

Proof. (1) = (2). Assume that pg € Q*)(A), so that pg = ¢g* for some g € Q(A). Clearly |g| # |q|, otherwise
we have g = ¢, which implies that p = g*~1. As p and ¢ are primitive words, we get p = g and k — 1 = 1. This
contradicts the fact that p # ¢. Hence, we consider two mutually exclusive cases.

- Case 1 |g| > |q|: By pq = ¢*, we deduce that g = xq for some x € A*. Then, we have p = ¢* 1o = (zq)* 2.

- Case 2 |g| < |q|: As pg = g*, there exists y € AT such that ¢ = yg. Hence py = ¢*~!. Of course |y| # |g],
otherwise we get ¥ = ¢ and then ¢ = g2, a contradiction. Thus, two mutually exclusive subcases are to be
considered: |g| > |y| and |g] < |y|.

Sub-case 2-1 |g| > |y|: From the equality py = ¢*~!, we deduce that there exists y; € A* such that g = y1y,
which yields p = ¢g*~2y;. Let us rewrite ¢ = yg = yy1y = wv = tu, where u = y, v = g and ¢t = yy;. We have
v # t, otherwise g = yy; = y1y, which contradicts the fact that g is primitive. By Lemma 2.4, there exist two
words « and 8 over A with aff € Q(A) and two integers s > 1 and j > 0 such that yy; = (af8)®, g = (fa)® and
y = (af) . As g and Ba are primitive, we get s = 1, that is g = Ba, which yields yy; = a8 = (af)?ay;. This
implies that j = 0, and consequently we have 8 = y; and a = y. We conclude that ¢ = afa and p = ¢¥ 2y, =
(Ba)*28, so that p and ¢ have the desired form ¢ = (af)*a and p = (Ba)*~*~13, with s = 1.

Sub-case 2-2 |g| < |y|: Let us perform the Euclidean division of |y| by |g|: |y| = r|g| + h with 0 < h < |g|.
Suppose that h = 0, then from py = ¢* !, we get y = ¢”, so that ¢ = yg = ¢"T'. This contradicts the fact that
q is primitive. Hence, we have h # 0.

From py = g*~1, we deduce that y = y19", for some y; € A", with |y;| = h < |g| and py; = ¢*~"~!. But
as |y1] < |gl, 9 = g1y1 for some g; € A*T. Consequently, we get p = g¥"""2g;. Now, let us write y = y19" =
y19" " tg1y1. Letting u = y;, v = ¢" and t = y;¢" " 'g1, we have uv = tu. Of course v # t, otherwise we have
9" = y19" " g1, which yields (g191)" = y1(g191)" " 'g1 = (y191)". Since g1y1 and y1g1 are primitive, we deduce
that g = g1y1 = y191, contradicting the fact that g is primitive. Therefore, by Lemma 2.4, there exist «, 8 € A*,
s> 1 and j > 0 integers such that a8 € Q(A), t = 119" tg1 = (aB)*, v = g" = (Ba)® and u = y; = (aB) .
As g and Ba are primitive, we deduce that g = Sa and r = s. This leads to (aB)’a(Ba)*~tg; = (af)® and
consequently we have j = 0, which yields y; = a and g; = .

We conclude that ¢ = yg = y19"g = a(Ba)*t! = (af)*a and p = g* 7" 2g; = (Ba)* 5724 = (Ba)*—*724.

Taking into consideration the fact that p and ¢ are primitive words, in both subcases we have necessarily
a,p € At.

(2) = (1). Straightforward.

1

O

Remark 3.2. According to Lemma 2.1 [16], in the previous theorem, the primitive root and the exponent of
pq may be identified according to Conditions (2) — a) and (2) — b) of the theorem. Letting I: = |p| + |q|, the
following properties hold.
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1. Under Assumption (2) — a) of Theorem 3.1, ,/pg = xq and the exponent of pq is given by k = m.
2. Under Assumption (2) — b) of Theorem 3.1, \/pg = B and k = \Oél-lHﬁ\'

So, we obtain the following inequalities:

<k < =<,

S
al ~

1<

where d (resp., ¢) is the smallest (resp., greatest) divisor of [/ in the interval (1,1) .
The following proposition shows that every k € (1,1) is reached as an exponent of some pq, with I = |p| + |q/.

Proposition 3.3. Let | be a composite positive integer and k be a proper divisor of | (i.e., k € (1,1)). Then
there exist two primitive words p,q over A such that pq is not primitive, |p| + |q| =1 and k is the exponent of

bq.

Proof. Let u be a primitive word with length & 0 oand v € Ajuy € AT such that u = zu;. We let p = =z,
g = uiu®~!. We will show that ¢ is primitive.

- If k > 3, then, as u; is a suffix of u, by the Prefix-Suffix Lemma 2.7, ¢ = v u*~! is primitive.

- Now, if k = 2, then ¢ = uju = ujzu; is conjugate to u?x. So, according to Lemma 2.8 (second assertion),
w3z is primitive.

In both cases, p, ¢ are primitive, pg = u* € Q") (A) and [p| + |¢| = I. O

4. PRIMITIVE WORDS p # g SUCH THAT |p| = |¢| AND pg 1S NON-PRIMITIVE

Let p # ¢ be primitive words. Then following Shyr-Yu 2.5, or Lentin-Schiitzenberger [14], we know that the
language p*TqT contains at most one non-primitive word.
A well known class of couples (p, q) of distinct primitive words such that pT¢™ \ {pq} C Q(A), is

{(p,a) € Q(A) x Q(A): p # ¢, Ipl = lq|}-

The aim of this section is to shed light on this class.

Proposition 4.1. Let p and q be two distinct primitive words. Then, the following statements are equivalent.

1. |pl = lg| and pg & Q(A).
2. There ezist two words o, 8 € AT such that |a| = |B], af € Q(A), ¢ = (aB)*a and p = (Ba)®B for some
integer s > 1.

Proof. (1) = (2). First, we will show the direct implication. Assume that pq is not primitive. Then, there exists
an integer k > 2 such that pq € Q(k)(.A). Using Theorem 3.1, there exist an integer s > 1 and two nonempty
words o and 3 such that a8 € Q(A), ¢ = (aB)*a and p = (Ba)*~*~!3. On the other hand, we have |p| = |q/,
from which we get (s + 1)|a| + s|8] = (k — s)|8] + (k — s — 1)|a| and then (k — 2s)(|a| + |8]) = 2|a|. Necessarily
we have k — 2s = 1, otherwise k — 2s > 2, and consequently we get

2laf = (k = 2s)(|laf +[8]) = 2(|laf + |B]) > 2|al,

a contradiction. We conclude that k = 2s + 1. It follows that ¢ = (af)*«a and p = (Ba)*S.

(2) = (1). We finish the proof by showing the reverse implication. Assume that ¢ = (af)°a and p =
(Ba)*B, with s > 1, |a] = |3| and aff € Q(A). As a result, we have |p| = (25 + 1)|a| = |¢| and pq = (Ba)*T! €
Q(25+1)(.A). 0
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In the remainder of this section, we will count the couples (p, q) of distinct primitive words of the same length
such that pq is not primitive. For a given positive integer [, define the set

EAD ={(p,q) € Q(A): p#q, |p| =gl = landpg & Q(A)}.
The cardinalities of £(A, 1) and Q;(.A) will be denoted by &(n,) and m,(l), respectively:
e(n,1) :==[E(A, )] and 7, (1) := [Qi(A)]-
Finally, define
A(l):={deN:dll,d#0 (mod 2),d > 3}.

Theorem 4.2. We have

e,l)= Y T (le>

deAr(l)

Proof. The proof is based on a bijection between £(.A,1) and the disjoint union UdeAl(l) Q%z(.A).

Define the map ¢: UdeAl(l) Q%l(A) — E(A, 1) assigning to a u € Q%I(A) the couple (p, q) such that p =
(Ba)*B and ¢ = (af)*c, where |a| = |B| = 4, u=af and s = 452

Let us show that ¢ is well defined, that is p and ¢ are primitive, |p| = |¢| = [ and pq is not primitive. Indeed,
if s > 2, then by the Prefix-Suffix Lemma 2.7, p = (af8)*«a and ¢ = (B«a)*®f are primitive words. If s = 1, then
as afla is conjugate to Ba? and |a| = |B|, p = Ba? is a primitive word, by Shyr-Yu [20]. Using an analogues
argument, we show that ¢ = Saf is primitive. As a result, p and ¢ are primitive for any s > 1. Summarizing
the properties of p and ¢ as: p = (Ba)*s and ¢ = (af)®« are primitive, where |a| = |3] and o € Q(A). By
Proposition 4.1, we have |p| = |q| and pq € Q(A), which is equivalent to (p, q) € E(A,I).

¢ 15 one-to-one. Let up = o181 € Q%(A) and uy = agfs € Q%(A) be such that ¢(u1) = ¢(u2), hence

(a181)% a1 = (aaf2)%2 0 and (B1a1)® B1 = (B2c2)®2fa, where s; = % for i = 1, 2. Then, we get (a31)%1+! =
(a2B2)%%21L. On the other hand, as a1 3; and g3y are primitive words, we have u; = o131 = a3 = us.
Note that by the previous proposition, ¢ is onto. This completes the proof.
O

Before providing a combinatorial formula for e(n, 1), let us first recall the Mobius inversion formula. Define
the Mo6bius function

1 if n=1,
uwn) =< 0 if n is a multiple of the square of a prime number,
(—=1)* if nis a squarefree with k prime factors.

Clearly p is a multiplicative function (i.e., u(mn) = u(m)u(n), for any relatively prime numbers m,n). Let
f,9: N — C be arithmetic functions, then the following property holds.

Modébius inversion formula [12]

Let n be a positive integer. Then, we have the following equivalence:

g(m) = Z f(d) for all m|n <= f(m) = Zy(d)g (T> for all m|n.
d|

d
dlm
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Let us fix some notations. For a prime number r and [ = r™l; such that r does not divide l;, we denote by

7(n,r,1) = nP! —nl — 7, (xl),
Al r) = {r}Upf(l),

I(l,r): ={L C A(l,r): 0 # LandL # {r}},

i

€L
where pf(l;) denotes the set of all prime factors of ;.

The next result gives the exact expression of £(n,[) in a combinatorial form.

Theorem 4.3. Suppose that | = 2™y such that Iy is odd. Then, we have

e(n,l) =1(n,2,1) = Z (— )‘L|+1np<)

LeT'(1,2)

The proof relies on two lemmata.

Lemma 4.4. If 1 is a positive integer such that r does not divide | and m is a nonnegative integer, then we

have
(e H1]) = Z/“L ( e _nr:'l).
d|l
Proof. Clearly, we have
rm+1
T (x™ ) = N p(dn T
djrm+1]
m+1 m+1
S D S S
d|l d|l
rn+1 ml
S D S S
d|l d|l

Lemma 4.5. Let [l be a positive integer. Then we have

r(nr )= Y (~)H et

Lel'(l,r)
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Proof. From Lemma 4.4, we get

r(n,r,0) =n" —nl — 7, (rl) =n —nl — Z,u(d) (n% - né)
djl
P IO R AR o
d|l,d#1 d|l,d#1 1,d#
= Y (yHEes (1) HH+ st
0£LCA(Lr) rEL 0£LCA(lr),reL, LA {r}
- Z (—1)| B+l
LeT(l,r)

Proof of Theorem 4.3. By Proposition 4.1, we have

SRR ORPIRIE)

deAl(l) d|ly,d#1
21y

— _ 2m+1

S (Fg) - m 2

d|ly

so that

2m+ll
e(n,2™ly) + m, (271) an< 1).

dlly
On the other hand and according to Lemma 4.4, we have
) X0 (5 ).

d|ly

According to Mobius inversion formula, we get

1
m+1 m omt l1
2" _ 2 ZW” ( )

dlly

Combining equations (4.2) and (4.4), we obtain
e(n,l) =n? —n! — 7, (21) = 7(n,2,1).
The second form of e(n, 1) in Theorem 4.3 is a direct consequence of Lemma 4.5.

Example 4.6. From the previous theorem, we have the following two examples.

1. (n,2™) = 0.
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2. Let p be an odd prime number and k > 1 be an integer. Note that A(p*,2) = {2, p}, hence

2pk 2pk
e(n, p*) = (~)!E I eED 4 (1) Eeltlp s

k—1 k—1

where L = {p} and Ly = {2, p}. Therefore, we get e(n,p*) = n?"  —nP

The next results shows how fast £(n, ) grows when [ is large enough.
Proposition 4.7. We have e(n,1) = O(n%), as | — oo.
For the proof, we need a lemma.

Lemma 4.8. Let i,l be two integers such that t > 1 and | > 4. Then, we have

(1 + 21)
n(l) < ——r.
Proof. We have 7, (I) < % Indeed, by lemma 2.6, for a given u € AT with |u| = [ and each x,y € AT with
|z| = |y| = 2 and = # y, we have either ux or uy is a primitive word. It follows that (n? — 1), (I) < 7, (I + 2).
By induction on i, we complete the proof. O

Proof of Proposition 4.7. Let [ be a positive integer that is not a power of 2. By Theorem 4.2, we have

e(n,)= > (2dl>§ > ma(20), (4.5)

deAl(l) 19‘5%

where d; is the smallest divisor of [ greater than or equal to 3. On the other hand, using Lemma 4.8, we get

21

. 1 21 ndr
71—71(27') § %ﬂ-n e é 1
m2—1)a " \di) T (pz_nam

for every integer ¢ > 2, so that

na = na 2n?—1 an?—1
n(21) < —F < ——— =n% <ns . 4.6
Z mn (20) < 2_1ﬁﬂ-—2(n2_1)k [T I T T (4.6)
2<i< 1<i< (n ) k=0
Combining (4.5) and (4.6) completes the proof. O

Now, we discuss the asymptotic behavior of £(n, l)) for some specific sequences (I, k € N).

Proposition 4.9. Let p be a given odd prime number. If (I, k € N) is an increasing sequence of elements of
the set ¥, = {l € N: pis the smallest prime factor of l}, then

21,
e(n,ly) ~n™? ask — 0.

First, let us show a technical lemma.

Lemma 4.10. We have 7,(I) ~ n!, as [ goes to cc.
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Proof. As Q;(A) € A', we have 7,(I) < n'. From Shyr-Tu [20], we deduce that if z # y € A, then given
p € Qi(A) (with [ > 2), either pz or py is primitive. This leads to the inequality (n — 1)7,(l) < m,(l + 1). In
particular, 7, () is increasing with respect to I. Hence, as n! = > Tn(d), we get

nt —m,(l) = Z mn(d) < Z T (0) <lmp(6) < Ind,

d|l,d#l d|l,d1

with 4 is the largest divisor of I not equal to I. Writing | = k, for some k > 2, we obtain § = £+ < é Therefore,
we have n! — Tn(l) < nd < Inz. Tt follows that

nt —Inz < m,(l) < nl.

This is equivalent to

1 _m()

11— — <

<1,

N~

n

which completes the proof. O
Proof of 4.9. Let us rewrite

deAl(ly) deA (le)\{p}
If dy denotes the smallest element of Al(l) \ {p}, then necessarily dy > p + 2. So, we have

Z T (d> < Z T <> <Ipmp <d2> <lpndz. (4.8)

deAY (1)\{p} deAt (1o)\{p} da

Since [xn ¥ = o (n E ), we obtain

204, 2l
Tn <d> =0 (n » ) . (4.9)
deAt(Ix)\{p}

On the other hand, using lemma (4.10), we get

.- <%“> ~n, (4.10)

b
Combining (4.9) and (4.10) in (4.7) completes the proof. O

It is worth noting that in [13] Horvdth has observed that almost all words are primitive, so there is a very
little chance to “go out from Q(.A)” even by means of strong combinatorial manipulations. Recently, Ryoma
[19] has showed that the natural density of the language of primitive words over A is 1 (this is equivalent to
Lem. 4.10).
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Another point of interest is

_IEADI e
PO = e T m @m0 -1

the probability for a random chosen couple (p, q) of distinct primitive words with |p| = |¢| = [ to satisfy pT¢™ €
Q(A), where

CAD ={(p,9) e QA p#q,Ipl=lqdl =1}.

We close the paper by discussing the asymptotic behavior of P(n,1) as n or [ goes to oo.
Proposition 4.11. We have

1. P(n,l) ~ ﬁ, as n goes to infinity, where py is the smallest odd prime factor of | (assuming | not
n pr1

a power of 2).
2. P(n,l)=0 (n_%), as l goes to co.

Remark 4.12. From Proposition 4.11, one may conclude that if the alphabet size is large enough, then almost
all couples (p, q) of distinct primitive words of the same given length [ satisfy pt¢q™ C Q(A). A similar conclusion
holds if we assume that the alphabet size is fixed and [ is large enough.
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