RAIRO-Theor. Inf. Appl. 56 (2022) 2 RAIRO - Theoretical Informatics and Applications
https://doi.org/10.1051 /ita/2022002 Www.rairo-ita.org

WEAKLY PROTECTED NODES IN RANDOM BINARY SEARCH
TREES

EzzAT MOHAMMAD NEZHAD'!, MEHRI JAVANIAN?*
AND RAMIN IMANY NABIYYI!

Abstract. Here, we derive the exact mean and variance of the number of weakly protected nodes
(the nodes that are not leaves and at least one of their children is not a leaf) in binary search trees
grown from random permutations. Furthermore, by using contraction method, we prove normal limit
law for a properly normalized version of this tree parameter.
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1. DEFINITIONS

Let P = (p1,p2,...,Pn) be a uniformly random permutation of {1,2,...,n}. A random binary search tree is
generated by P as follows. The elements of P serve as keys. The keys are stored in the internal nodes of the tree.
The root of the tree stores the first key p;. The second key po is compared with p;. If po < p1, then ps becomes
root of the left subtree; otherwise, po becomes root of the right subtree. The process repeats on subsequent keys
in the same manner. Note that a uniform probability distribution on permutations does not induce a uniform
probability distribution on binary search trees [5]. Figure 1 shows an example of a binary search tree.

In a rooted tree, a protected node is a node that is not a leaf and none of its children is a leaf. For many
types of random trees, protected nodes have been investigated in numerous papers, see for instance [1-4, 6].

By a weakly protected node, we mean a node that is not a leaf and at least one of its children is not a leaf.
Figure 1 illustrates the protected nodes and weakly protected nodes in a binary search tree.

In this note, we study the number of weakly protected nodes in random binary search trees. Recently, the
number of weakly protected nodes have only been studied for ordered trees in [10].

2. THE EXPECTATION AND VARIANCE

We denote the number of weakly protected nodes in a random binary search tree of size n by X,,. We
denote the sizes of the left subtree and right subtree of the root by U, and n — 1 — U,, respectively. In view
of the probability distribution on binary search trees, U,, and n — 1 — U,, have uniform distribution on the set
{0,1,...,n—1}.
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FIGURE 1. A binary search tree built from the keys (5, 2, 6, 1, 8, 7, 4, 9, 3) where gray nodes
are: (a) Protected nodes; (b) Weakly protected nodes.

Let the notation < indicate the equality in distribution. For n > 3, we have a distributional recurrence for
X,,ie,

X, 2 Xu, + Xn1-v, +1—6nsly, =1, (2.1)

4

where 1 4 is the indicator function of A, §; ; is Kronecker delta, X, X, and X,,, X,, and U,, are independent.

Moreover, X, =0 for n =0, 1, 2.

Theorem 2.1. Let X,, denote the number of weakly protected nodes in a random binary search tree of size n.
Then

m—8
E(X,) = ”15 . forn>4, (2.2)
Vi (X)—QH( +1) f > 10 (2.3)
ar(Xn) = 275 (n , or n > 10, .
with E(X,,) =0 forn=0,1,2 and E(X3) = % Moreover,
2
Var(X,) =0, n=0,1,2, Var(X3) = g’
2 32 38
Var(Xy) = g’ Var(X5) = e Var(Xe) 2
286 211 211
Var(X —, Var(Xg) = —, Var(X —.
ar(Xr) = 5o50 VarlXs) =g VarlXo) = 555
Proof. Taking expectation of (2.1), for n > 3, we obtain
~ 5n 3
E(X,) =EXy,) +EX,-1-v,) +1— T (2.4)
By conditioning on U, the equation (2.4) gives
n—1
nE(X,) =2) E(X;)+n— 6,3 (2.5)
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We subtract from the equation (2.5) a version of itself with n replaced by n — 1 and unwind the recurrence: for
n >4,

n+1 1+0,_
E(X,) = — ]E(Xn_l)+?1’3
n+1 X+ 1)(1+63)
= E(X3) + e ot
AP )
A+ 1 +’§n+1_”§n+1
15 n+2 o i+l

By simplifying this we get (2.2). Similarly, by (2.1) and (2.2), we have, for n > 9,

2 n—1 4 n—1 4
E(X2) = - E(X7) + - E(X;) + EE(X;;) +1
j=0 j=4
9 n—>5
+- ZJE(XJ)E(Xn_l—J) + —E(X3)E(X,-4)
j=4
n—1 n—1
2 o 4 7j—8 8
=D E(X) +-) -+l
j=0 j=
+g"‘573—8 Tn-1-4)-8 8 Tn-4) -8
n‘ 15 15 3n 15
2Ny e M0 7T 112
T n 675 225 675  45n°

=0

<.

By the last equation, for n > 10, it follows that

nE(X7) — (n = DE(X; )

49 49
=2E(X2_ — —n—1.
(Xn-0) + 225" o+ 225"

Therefore, for n > 10, we obtain

n+1

4 4
E(X2) = S B
n

E(X?
(Xna)+ (225 225

n+l_ " on4+1 49 , 49
- E(X, ( 1)
TR 9)+Zoj(j+1) 257 T 2257

49, 1357123
225 3150 350

with E(X3) = 3, E(X]) = 2, E(X3) = 3, E(X§) = 43!, E(X7) = 7, E(X3) = T3 and E(X3) = %'
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Finally, applying (2.6) and Var(X,,) = E(X2) — (E(Xn))z, the assertion in (2.3) follows. O

3. LIMITING DISTRIBUTION

In this section, we begin to prove the normality of limiting distribution of X,,. The proof was completed by
applying the contraction method, which was first introduced by [9], in studying the Quicksort algorithm.

Here, we prefer the Zolotarev metric (3 (see [8]) as the metric space applied in the contraction method. Let
the distribution of a random variable X denoted by £(X). Then, for any given random variables X and Y, the
3rd order Zolotarev metric between X and Y is defined as

G(X,Y) = G(L(X), L(Y))
= sup{|E[f(X)] —E[f(Y)]| : f € F}

where F = {f : f € C® |f@)(x) — f@)(y)| < |z —y|} denotes the set of all twice differentiable functions, where
the second derivative is Lipschitz continuous with Lipschitz constant equal to 1.

The following lemma gives several properties of probability metric (3(X,Y’), which are quite useful in our
proof of Theorem 3.5.

Lemma 3.1 (see [8]). Let (35(X,Y) be the 3rd order Zolotarev metric between the random variables X and Y.
Then,

(i) For any real number ¢ > 0,
G(eX,cY) = CG(X,Y); (3.1)
(ii) If the random variables Y and (X1, X2) are independent mutually, then
G(X1+Y, Xo +Y) < (X1, Xa); (3.2)
(iii) For any random variables X and Y,

E(X]?) +E([Y]?) < 00, E(X*)=E(Y*), k=1,2
— ((X,Y) <0 (3.3)

(iv) For the random variables V' and {V, },>1, as n — oo
GVa, V) =0 = V, 5V, (3.4)

where the notation —2» denotes the convergence in distribution.

Lemma 3.2 (see [7]). let X1, Xo, T1 and Ty be random variables such that the pairs (X1 + T1, Xo + T3) and
(X1, X2) satisfies (3.3). Then

(X1 + T, Xo+Ts) < (3(X1, Xo)

2
1X: 131 T5lls 11X 0175113 IITng}
+Zl{ : + 5 o

where || X||3 :=E(|X|>)'/? for a random variable X.
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Moreover, the proof of Theorem 3.5 requires the following upper bound for metric (3:

GXY) < S(IX I+ XY s + Y 13) 63X, V), (3.5)

N | =

where the minimal Ls-metric £3 defined by
U3(X,Y) :=43(L(X), L(Y))
=inf{|| X Y5 XX,V Zy,

for random variables X and Y with || X3 < oo, [|Y |5 < 0.
We standardize X,, with its mean and variance, i.e.,

Y, = X”;(%X’L)7 o%(n) == Var(X,,)
Let denote a quantity
Y, d o(Uy) Yo on—1-U,) Vo1, n>4
(n) o(n)

where Y; 4 Y;, for 0 < i < n — 1. The random variables Y;, Y;, U,, 0 < i < n — 1, are independent. To prove
the Theorem 3.5, we still require some more arrangements. The following three lemmas are necessary.

Lemma 3.3. Let W, Wi and W be independent standard normal random variables. Then we have

d U, +1 In—U,
W = il Wy + nil W, (36)

where Uy, is a random variable with uniform distribution on the set {0,1,...,n — 1}.

Proof. Tt is sufficient to verify that the characteristic function of the right side of (3.6) is the same as that of a
standard normal random variable. From the independence of the random variables W, Wy, Ws, U,,, we have

E{exp {“<le + nn_+U1n W2> H
-5 el eI m e it m)

7=0
n—1 - A
1 . j+1 . n—7
=3 e {itwny [ B e {iwey [T ]
jz:(:)n exp ¢ 1itWy ] exp < 1tWy T
gy ( j+1 t2) ( n—j t2) e
=>» —exp| — = Jexp( — R
jzon P n+1 2 P n+1 2

2
where, the function e~ T is the characteristic function of a standard normal random variable. Hence we obtain
the claim. O

Lemma 3.4. Asn — oo, E[|Y,3]] = O(1).
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Proof. By Lyapunov’s inequality, E[|Y,,|] < /E[|Y,]?] =1. Let &, :=1V maXogjgnEHYjSH and U be a uniform
random variable on (0,1). Then from (2.1) we obtain

SEEDWIC TR

( ) +0(1) )01+ O(1) (3.7)
( 1))§n 1+ O( )

K\J\W

IN

IN

Hence, there exist an ng € N and a constant 0 < a < oo such that for n > ng
E[[Y2[] <0961 + a.

By induction, we have E[|Y;?]] < &,, V (10«) for all n > 0. This implies the claim. O
In the following, we begin to prove the asymptotic normality distribution for X,,.

Theorem 3.5. Let X,, denote the number of weakly protected nodes in a random binary search tree of size n.
Then,
X, — %n D ( 211 )
—_— s, as n — oo,
3150

where N'(p, 0?) denotes a normal random variable with mean p and variance o?.

Proof. By (3.4), we just need to show that the Zolotarev metric between the random variables Y,, and N, a
standard normal random variable, approaches 0, as n — oco. For W; and W, independent standard normal
random variables, also independent of U,,, we set

_o(Un) on—1-U,)
O o T o)

Note that Var(©,,) > 0 for all n > ng, and Var(6,,) — 1 as n — oo. Hence there exists a deterministic sequence
(6n)n>ne with &, — 0 as n — oo such that Var((1+6,)0,) = 1 for all n > 4. So, by Lemma 3.4, each pair from
the random variables Y;,, (1 + d,,)©,, and N satisfies (3.3). Thus we obtain

WQ, n 24

(3(Yn,N) < C3(Yn, (1 4+ 6,)00) + ¢3((1+6,)0n, N).
Now Lemma 3.2 yields
G (Yn, (14 6,)05) < G(Yn, 0,) +o(1).
Using the bound (3.5) and Lemma 3.3, for some finite constant M > 0, we obtain

G((1+6,)0,,N) < Még((1+6n O,,N)

1
<MH(1—|—5 \/U_‘_ Wy
n+1

+((1+5) on=1-Un) _ U”)
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From (3.1) and (3.2), we can conclude that

C3(Yn7N) § (Yn7 @n) + 0(1)
o(Uy) on—1-U,) <
C3( () Yu, TYH*I*U"’
a(Uy) oln—1-U,)
o(n) o(n)

—~ 1 o)) on—1-j) =
< —C Y; + Y1,
jgo n>® o(n) o(n) !

IN

W+ Wg) +o(1)

)3§3 (YUn,N)] +o(1) (3.8)

This implies, similarly to the inequality (3.7), (¢3(Yn, N)), 5, that is bounded. We denote £ := sup,, (3(Yy, N)
and s := limsup,,_, . (3(Y;,,, N) > 0. For any € > 0 there exists an n; > 4 such that (3(Y;,, N) < s + ¢ for all
n > ny. Hence, from (3.8) we obtain

So 0 < s =limsup,, ,., (3(Yn, N) <0.8(s+¢) < s+e. Since € > 0 is arbitrary then we have s = 0. Therefore,
by (3.4), the assertion holds. O
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