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ACCEPTING NETWORKS OF EVOLUTIONARY PROCESSORS
WITH RESOURCES RESTRICTED AND STRUCTURE LIMITED
FILTERS*

JURGEN DAssow! AND BiaNcA TRUTHE?**

Abstract. In this paper, we continue the research on accepting networks of evolutionary processors
where the filters belong to several special families of regular languages. We consider families of codes
or ideals and subregular families which are defined by restricting the resources needed for generating
or accepting them (the number of states of the minimal deterministic finite automaton accepting a
language of the family as well as the number of non-terminal symbols or the number of production
rules of a right-linear grammar generating such a language). We insert the newly defined language
families into the hierachy of language families obtained by using as filters languages of other subregular
families (such as ordered, non-counting, power-separating, circular, suffix-closed regular, union-free,
definite, combinational, finite, monoidal, nilpotent, or commutative languages).
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1. INTRODUCTION

Networks of language processors have been introduced in [3] by Csuhaj-Varji and Salomaa. Such a network
can be considered as a graph where the nodes represent processors which apply production rules to the words
they contain. In a derivation step (an evolutionary step), any node derives from its language all possible words
as its new language. In a communication step, any node sends copies of those words to other nodes which satisfy
an output condition given as a regular language (called the output filter) and any node adopts (copies of) words
sent by the other nodes if the words satisfy an input condition also given by a regular language (called the input
filter).

Inspired by biological processes, in [1] a special type of networks of language processors was introduced. The
nodes of such networks are called evolutionary processors because the allowed productions model the point
mutation known from biology. The productions of a node allow that one letter is substituted by a letter, letters
are inserted, or letters are deleted; the nodes are then called substitution nodes, insertion nodes, or deletion
nodes, respectively.

*This paper is a revised and extended version of the paper presented at NCMA 2019 [21].

Keywords and phrases: Network, evolutionary processor, computational power, regular filter, descriptional complexity, codes,
ideals.

1 Fakultét fiir Informatik, Otto-von-Guericke-Universitit Magdeburg, Postfach 4120, 39106 Magdeburg, Germany.
2 Institut fiir Informatik, Universitit Giessen, Arndtstr. 2, 35392 Giessen, Germany.

** Corresponding author: bianca.truthe@informatik.uni-giessen.de

© The authors. Published by EDP Sciences, 2021

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/ 10.1051/ita/2021004
https://www.rairo-ita.org
https://orcid.org/0000-0003-0031-5275
mailto:bianca.truthe@informatik.uni-giessen.de
https://creativecommons.org/licenses/by/4.0

2 J. DASSOW AND B. TRUTHE

Networks of evolutionary processors can be defined as language generating and language accepting devices.
In case of a generating device, the processors start working with finite sets of axioms and all words which are in
a designated processor at some time form the generated language. In case of an accepting device, input words
are accepted if there is a computation which leads to a word in a designated processor.

Results on generating networks of evolutionary processors can be found, e.g., in [1, 2, 14]. Accepting networks
of evolutionary processors were introduced in [13]. Further results, especially on accepting networks where the
filters belong to certain subclasses of the family of the regular languages, were published in [6, 12].

In [5], the generative capacity of networks of evolutionary processors was investigated for cases that all filters
belong to a certain subfamily of the set of all regular languages. In [20], networks of evolutionary processors
were investigated where the filters are restricted by bounded resources, namely the number of non-terminal
symbols or the number of production rules which are necessary for generating the languages or the number of
states of a minimal deterministic finite automaton over an arbitrary alphabet which are necessary for accepting
the filters.

In [12], the computational power of accepting networks was studied in which the filters are languages from
certain subfamilies of the set of all regular languages. It was shown that the use of ordered, non-counting, power-
separating, suffix-closed regular, union-free, definite, and combinational languages as filters is as powerful as
the use of arbitrary regular languages and yields networks which can accept all the recursively enumerable
languages. On the other hand, when the filters are restricted to finite languages, nilpotent languages, monoids,
commutative or circular regular languages, then not all recursively enumerable languages can be accepted. The
results obtained and methods used are different to the case of generating networks.

In the present paper, the research on accepting networks of evolutionary processors is continued as in [20]
for generating networks, namely the computational power is investigated when the resources for generating or
accepting the filters are bounded. Further, we study accepting networks of evolutionary processors where th
filters are ideals or codes. The language classes obtained by these types of filters are compared to those defined
by structural properties (obtained in [12]).

2. DEFINITIONS

We assume that the reader is familiar with the basic concepts of formal language theory (see, e.g., [15]). and
recall here only some notations used in the paper.

2.1. Languages, grammars, and automata

Let V' be an alphabet. By V* we denote the set of all words (strings) over the alphabet V (including the
empty word \). For a natural number k, we denote by V* the set of all words over the alphabet V with length
k. The cardinality of a set A is denoted by |A]|.

A phrase structure grammar is a quadruple G = (N, T, P, S) where N is a finite set of non-terminal sym-
bols, T is a finite set of terminal symbols, P is a finite set of production rules which are written as a — (8
with o € (NUT)*\T* and 8 € (NUT)*, and S € N is the axiom. A grammar is right-linear if, for any rule
a — 3, the left-hand side « consists of a non-terminal symbol only and the right-hand side S contains at most
one non-terminal symbol and this is at the right end of the word: « € N and 8 € T* UT*N. A special case
of right-linearity is regularity where each rule contains exactly one terminal symbol (with the only possible
exception S — A). Let G = (N, T, P, S) be a grammar. A word v € (N UT)* is derived in one step from a word
u € (NUT)* by the grammar G, written as u =>¢ v, if there are a rule « — 5 € P and two subwords x and y
of u such that u = zay and v = zBy. By ={,, we denote the reflexive and transitive closure of the derivation
relation =>¢. The language L(G) generated by the grammar G is the set of all words which consist of terminal
symbols and which are derivable from the axiom S:

LG)={w|weT" and S = w }.

If G is clear from the context, we write = and =" instead of =g and =, respectively.
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Regular and right-linear grammars generate the same family of languages (the regular languages). Therefore,
also right-linear grammars are often called regular. In the context of descriptional complexity, when the number
of non-terminal symbols or the number of production rules which are necessary for generating a language are
considered then there is a difference whether a language is generated by means of regular or right-linear rules.
We use in this paper right-linear grammars.

By REG and RE, we denote the families of languages generated by regular and phrase structure grammars,
respectively.

A finite automaton is a quintuple A = (V, Z, zo, F,0) where V is an alphabet called the input alphabet, Z is
a non-empty finite set of elements which are called states, zg € Z is the so-called start state, F' C Z is the set of
accepting states, and § : Z x V' — P(Z) is a mapping which is also called the transition function where P(Z)
denotes the power set of Z (the set of all subsets of Z). A finite automaton is called deterministic if every set
d(z,a) for z € Z and a € V is a singleton set.

The transition function 0 can be extended to a function §* : Z x V* — P(Z) where §*(z,A) = {2z} and

§*(z,va) = U 52, a).

z'€0*(z,v)

We will use the same symbol ¢ in both the original and extended version of the transition function.

Let A= (V,Z, 20, F,0) be a finite automaton. A word w is accepted by the finite automaton A if and only
if the automaton has reached an accepting state after reading the input word w, i.e., §(zo,w) N F # (). The
language accepted by A is defined as

L(A)={w]|d(z0,w)NF #0D}.
The family of the languages accepted by finite automata is equal to the family of the regular languages.

2.2. Ideals and codes

In the sequel, let V' be an alphabet. We first introduce the notion of an ideal in V* from the theory of rings
and semigroups.

A non-empty language L C V* is called a right (left) ideal if and only if, for any word v € V* and any word
u € L, we have wv € L (vu € L, respectively). It is easy to see that the language L is a right (left) ideal if and
only if there is a language L’ such that L = L'V* (L = V*L’, respectively).

We now present some notions from coding theory, especially some special codes. For details, we refer to
[11, 16].

For a word x € V*, let

E(@)={y|ye VT, vyo' =z for some v,v' € V* },

(i.e., E(x) is the set of all non-empty subwords of x).
A language L C V* is called

— a code if and only if, for any numbers n > 1, m > 1, and words

LT1,X2y-+3TnsY1,Y25 - - Ym el

such that

T1X2 ... Ty = Y1Y2 .- - Ym,
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we have the equalities n = m and z; = y; for 1 <i <n (i.e., a word of L* has a unique decomposition
into code words.
— a solid code if and only if, for any numbers n > 1, m > 1, words

T1, T2y 3T, Y1,Y25 - - - Ym GLa

and words

U17U2)"'7vn+1)w17w27-"7wm+1
with E(v;) "L =0 for 1 <i<n+1, and E(w;) "L =0 for 1 <j <m+ 1 such that

V1T102T2 ... UnTpUpt1 = W1Y1W2Y2 - . . Wi YmWm 41,

we have n =m, z; =y; for 1 <i <n,and v; =w; for 1 <j<n+1;

— uniform if and only if L C V™ for some n > 1 (all words have the same length);

— prefix if and only if, for any words w € L and v € V* such that uv € L, we have v = A (i.e., any proper
prefix of a word in L is not in L);

— suffix if and only if, for any words v € L and v € V* such that vu € L, we have v = X (i.e., any proper
suffix of a word in L is not in L);

— bifix if and only if it is prefix as well as suffix;

— infix if and only if, for any u € L, and v,v" € V* such that vuv’ € L, we have v = v’ = X (i.e., any proper
subword of a word in L is not in L).

Note that uniform, prefix, suffix, bifix, and infix languages are codes.
A code L C V* is called

— outfix if and only if, for any words u € V* and v,v’ € V* such that vv’ € L and vuv’ € L, we have u = \;
— reflective if and only if, for any words u,v € V* such that uwv € L, we have vu € L.

By rld, lld, C, SC, PfC, SfC, BfC, IfC, OfC, RC, and UC, we denote the families of regular right ideals,
regular left ideals, regular codes, regular solid codes, regular prefix codes, regular suffix codes, regular bifix
codes, regular infix codes, regular outfix codes, regular reflective codes and uniform codes, respectively.

In [4], it is proved that any uniform code, any regular outfix code, and any regular reflective code is finite.
Further relations, expecially those depicted in Figure 1, are proved in [4, 11], and [16].

Lemma 2.1. The hierarchy of the classes REG, rld, lld, C, SC, PfC, SfC, BfC, IfC, OfC, RC, and UC is
presented in Figure 1.

2.3. Other subregular language families

For a language L over V', we set

Comm(L)={ai ...a;, |a1...anp € L, n > 1, {i1,49,...,0n} ={1,2,...,n} },
Cire(L) ={vu|uw € L, u,v € V*},
Suf(L)y={v|uw €L, u,veV*}.
In [12], the following restrictions for regular languages are considered. In order to relate our results of this

paper to the results there, we explain here those special regular languages. Let L be a language and V' = alph(L)
the minimal alphabet of L. We say that the language L, with respect to the alphabet V| is

— monoidal if L = V™,
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FIGURE 1. Hierarchy of regular ideals and codes (an arrow from X to Y denotes X C Y if two
families are not connected by a directed path, then they are incomparable).

— combinational if it has the form L = V*A for some subset A C V,

— definite if it can be represented in the form L = AU V™*B where A and B are finite subsets of V*,

— nilpotent if L is finite or V* \ L is finite,

— commutative if L = Comm(L),

— circular if L = Circ(L),

— suffiz-closed if the relation xy € L for some words z,y € V* implies that also the suffix y belongs to L or
equivalently, L = Suf (L),

— non-counting (or star-free) if there is an integer k > 1 such that, for any z,y, z € V*, the relation zy*z € L
holds if and only if also zy*'z € L holds,

— power-separating if for any word x € V* there is a natural number m > 1 such that either the equality
J™ N L = or the inclusion J7* C L holds where JI* = {z" | n>m },

— ordered if L is accepted by some finite automaton A = (Z,V, 0, zo, F') where (Z, <) is a totally ordered set
and, for any a € V, z =< 2’ implies 6(z,a) < §(Z, a),

— union-free if L can be described by a regular expression which is only built by product and star.

Among the commutative, circular, suffix-closed, non-counting, and power-separating languages, we consider
only those which are also regular.

By FIN, MON, COMB, DEF, NIL, COMM, CIRC, SUF, NC, PS, ORD, and UF, we denote the families
of all finite, monoidal, combinational, definite, nilpotent, regular commutative, regular circular, regular suffix-
closed, regular non-counting, regular power-separating, ordered, and union-free languages, respectively.

In this paper, families of languages are of special interest which are defined by bounding the resources which
are necessary for accepting or generating these languages.

Let RLG be the set of all right-linear grammars and DFA the set of all deterministic finite automata. Further,
let

G=(N,T,P,S) € RLG and A= (V,Z, z2y,F,0) € DFA.
Then we define the following measures of descriptional complexity:
Var(G) = |N|, Prod(G)=|P|, State(A)=1Z|.

For these complexity measures, we define the following families of languages (we abbreviate the measure Var
by V, the measure Prod by P, and the measure State by Z):

RLY ={L|3G € RLG : L = L(G) and Var(G) <n},
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FIGURE 2. Hierarchy of further subregular language families. An edge label refers to the paper
where the respective inclusion is proved. The proper inclusions where no reference is given as
well as the incomparabilities are proved in [19].

RLY ={L|3G € RLG : L = L(G) and Prod(G) <n},
REG? = {L |3A € DFA : L = L(A) and State(A) <n}.

The relations between the considered families are investigated, e.g., in [9, 10, 17-19, 22]. They are illustrated
in Figure 2.

Regarding the families defined by bounded resources, we note the following relations: K; C K;;; for
K € {RLY,RL" ,REG?} and i > 1 as well as RL}, C RL) and REG? C RLY .

Lemma 2.2. The inclusion relations presented in Figure 2 hold. An arrow from an entry X to an entry Y depicts
the proper inclusion X C Y ; if two families are not connected by a directed path, then they are incomparable.
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2.4. Accepting networks of evolutionary processors

We call a production o« — S a substitution if |a| = || = 1 and deletion if || = 1 and 8 = A. The productions
are applied like context-free rewriting rules. We say that a word v derives a word w, written as v = w, if there
are words x,y and a production o — 8 such that v = zay and w = z8y.

A production A — a, where a is a letter, is called an insertion. The application of an insertion A — a derives
from a word w any word wjaws with w = wjws for some (possibly empty) words w; and ws.

In order to indicate also the applied rule p in a derivation step, we write v =, w. For a set P of rules, we
write v == p w if and only if v =), w for some rule p € P. The reflexive and transitive closure of the relation
is denoted by =%: we write * =% y if there are rules p1,...,p, (n > 0) in P and words wy,...,w, such
that x = wg, w; =>p,,, wiy1 fori=0,...,n—1, and w, = y. If at least one rule is applied, we write = :>I+3 Y.

We now present the basic concept of this paper, namely accepting networks of evolutionary processors (ANEPs
for short).

Definition 2.3. Let X be a family of regular languages and n a natural number.

1. An accepting network of evolutionary processors of size n and with filters from the family X is an (n 4 5)-
tuple N' = (V,U, N1, N, ..., N,,, E,n;,n,) where
e V is a finite alphabet, called the input alphabet of the network,
e U is a finite alphabet with V' C U, called the working alphabet of the network,
o N, = (M,;,I;,0;) for 1 <i < n are the processors where
o M; is a set of rules of a certain type: M; C{a—b|a,be U}
or M; C{a—=A|lacU}lor M; C{A—b|beU},
o I; and O; are languages from the class X over some subset of the alphabet U; the set I; is called the
input filter and O; the output filter of the processor,
e Fisasubset of {1,2,...,n} x {1,2,...,n}, and
e n; and n, are two natural numbers from the set {1,2,...,n}; the processor NN, is called the input node
and N,,_ the output node of the network.
2. A configuration C' of an ANEP N is an n-tuple C' = (C(1),C(2),...,C(n)) where C(i) is a subset of U*
for 1 <i<n.
3. Let C = (C(1),C(2),...,C(n)) and C" = (C'(1),C"(2),...,C"(n)) be two configurations of N'. We say
that C derives C” in one
e cvolutionary step (written as C = C”) if, for 1 <4 < n, C’(4) consists of all words w € C(i) to which
no rule of M; is applicable (no left-hand side of a rule is present in the word w; note that insertion rules
can always be applied since the empty word is always a subword) and of all words w for which there
are a word v € C(i) and a rule p € M; such that v =, w holds,
e communication step (written as C' + C’) if, for 1 <14 < mn,

C'(i) = (C(H)\O))U | J (C(k)NOxN ).

(k,i)eE

The computation of an ANEP N on an input word w € V* is a sequence of configurations
Cy = (CFr(1),Cr(2),...,C¢(n)), t > 0, such that

o C¥(ni) ={w}and C¥(j) =0 for j € {1,...,n}\ {ni},

e for any ¢ > 0, C3; derives C3},, in one evolutionary step,

e for any ¢ > 0, C3},, derives C3;,, in one communication step.

The computation of an ANEP N on an input word w € V* is said to be accepting if there exists a step
t > 0 in which the component C}”(n,) of the configuration representing the content of the output node is
not empty.
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4. The language L(N) accepted by N is defined as
L(N)={w]|we V" and the computation of N on w is accepting }.

In the sequel, we also use the terms evolutionary network or network or net instead of ANEP.

Intuitively, an accepting network with n evolutionary processors is a graph consisting of n nodes Ny,..., N,
(also called processors) and a set of edges given by E such that there is a directed edge from node Ny to node N;
if and only if (k,7) € E. Among the processors, two are distinguished: an input processor N,, and an output
processor N, . Any processor N; consists of a set M; of evolutionary rules, an input filter I;, and an output
filter O;. We say that N; is

e a substitution node if M; C{a —b|a,be U} (by any rule, a letter is substituted by another one),
e a deletion node if M; C {a — A | a € U} (by any rule, a letter is deleted), or
e an insertion node if M; C{ A —b|be U} (by any rule, a letter is inserted).

Every node has only one type of rules. The input filter I; and the output filter O; control the words which
are allowed to enter and to leave the node, respectively. We say that an accepting network has filters from a
subclass X of regular languages if both filters of any processor belong to the class X. With any node N; and
any time moment t > 0, we associate a set Cy(7) of words (the words contained in the node at time ¢). Initially,
the node N, contains exactly one word — the input word; all other nodes do not contain any word. In an
evolutionary step, we derive from Cy(7) all words by applying rules from the set M; to the present words (all
words, for which there is no rule applicable, survive an evolutionary step; to the others, any applicable rule
is applied). In a communication step, any processor N; sends out copies of all words from the set Cy(i) N O;
(which pass the output filter) to all processors to which a directed edge exists; only the words from Cy(3) \ O;
remain in the set associated with INV;, and, moreover, it receives from any processor N such that there is an
edge from Nj to N; all words whose copies are sent by N and pass the input filter I; of INV;, i.e., the processor
N; gets in addition all words of Cy(k) N Og N I;. The input filter of a node controls which words are allowed to
enter the node and the output filter controls which words are allowed to leave the node. Those words which do
not leave a node remain there. Those words which leave a node move to every adjacent node. There, a word
enters the processor if it passes the input filter, otherwise it is lost (it vanishes from the network). We start
with an evolutionary step and then communication steps and evolutionary steps are alternately performed. An
input word is accepted by a network if and only if there exists a step in the computation in which the output
processor contains at least one string. The accepted language consists of all accepted words. In what follows,
we do not distinguish between nodes and processors. If two ANEPs accept the same language, we say that the
networks are equivalent to each other.

For a family X, we denote the family of languages accepted by networks of evolutionary processors where
all filters are of type X by A(X). In this paper, we assume that a filter language belongs to some family X
if it belongs to it with respect to its smallest alphabet, not necessarily to the alphabet of all letters which
might occur in the node or even in the entire network. A word passes a filter if it is an element of the language
representing the filter otherwise it does not pass the filter.

The following theorem is known (see [12]).

Theorem 2.4 ([12]). We have A(REG) = RE.

This result appeared already earlier in other publications, however, [12] is the first paper where the evolu-
tionary step is defined as here (in the present paper, in an evolutionary step, a word remains only in a node
if there is no rule which can be applied to it or, for some letter a in the word, a — a is a rule associated to
the node; this is in contrast to earlier literature, where a word also remains, if there are a rule which cannot be
applied and a another rule which can be applied).

Also the following two lemmas are from [12] and will be used here as well.
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Lemma 2.5 ([12]). Let X and Y be two families of languages such that X C Y. Then the inclusion
A(X) C A(Y) holds.

Lemma 2.6 ([12]). Let X be a subclass of REG. Then the inclusion X C A(X) holds.

3. RESuULTS

We investigate the impact of filters defined by restricting resources or by properties as being an ideal or a code
for the computational power. We compare the language families obtained in such a way to those investigated
earlier in the literature (see [12]).

3.1. Resources restricted filters

We first consider the number of non-terminal symbols sufficient for generating a language. We obtain that
any recursively enumerable language is accepted by a network of evolutionary processors were each filter is
generated by a right-linear grammar with only one non-terminal symbol.

Theorem 3.1. We have A(RLY) = RE for all natural numbers i > 1.

Proof. Every combinational language can be generated by a regular grammar with only one non-terminal
symbol: For generating a language V*A, the rules S — vS for every letter v € V and S — a for every letter
a € A are sufficient ([19]). According to Lemma 2.5, the chain of inclusions

COMB C RLY C RLY C --- C REG
implies the chain of inclusions
A(COMB) C A(RLY) C A(RLY) C --- C A(REG).

In [12], the relation A(COMB) = RE was proved. Hence, together with Theorem 2.4, we also have
A(RL}) = RE for all natural numbers i > 1. O

We now consider networks where the filters are accepted by deterministic finite automata with a bounded
number of states. Analogously to Theorem 3.1, we obtain a similar result.

Theorem 3.2. We have A(REG?) = RE for all natural numbers i > 2.

Proof. Every combinational language can be accepted by a deterministic finite automaton with two states only:
A language V* A with an alphabet V and a subset A C V is accepted by an automaton whose transition graph
is as follows ([19]):

VA A
A
start
v

According to Lemma 2.5, the chain of inclusions
COMB C REGY C REGY C --- C REG
implies the chain of inclusions

A(COMB) C A(REGY) C A(REGE) C --- C A(REG).
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Since A(COMB) = RE = A(REG) (by [12] and Thm. 2.4), also the relation A(REGZ) = RE holds for every
natural number 7 > 2. O

For networks with filters which are accepted by deterministic finite automata with one state only, the situation
is different.

Theorem 3.3. We have A(REG?) = A(MON).
Proof. The inclusion MON c REG? ([19]) implies the inclusion

A(MON) C A(REG?)
(according to Lem. 2.5). We now prove that the inverse inclusion
A(REGY) € A(MON)

holds as well.

Every language of the family REG 1Z is the empty set or a monoidal language. A network with filters in REG 1Z
which contains empty sets as filters can be transformed into an equivalent network which has only monoidal
languages as filters, which can be seen as follows.

If the input filter of a node NN is the empty set, then no word can enter this node. Thus, we can remove all
edges that lead to the node N and set the input filter to an arbitrary monoidal language without changing the
possible communications. If the output filter of a node is the empty set, then no word can leave this node. If
this is the case for a node N which is not the output node, then this node N is useless in that sense that it
does not contribute to the acceptance of a language. So, we can eliminate this node together with all incident
edges without changing the language accepted. If the output node has an empty output filter, then we replace
this filter by any monoidal language and cancel all its outgoing edges (once a word is present in this node, the
input word is accepted, so there is no need that the computation continues; hence, the output filter has no effect
on the acceptance of a language). This new network accepts the same language and has only monoidal filters.
Hence, also the inclusion A(REG?) C A(MON) holds, and, thus, also the equality A(REG?) = A(MON). O

We finally investigate networks where the filters are restricted by the number of production rules necessary
for generating the filters. Here, we obtain an infinite hierarchy. Further inclusion relations and incomparability
results are proved in the sequel.

First, we give a lemma regarding the number of production rules Prod(L) (for some regular language L)
which are necessary for a right-linear grammar generating the language L. Note that

Prod(L) = min{ Prod(G) | L = L(Q) }.

Lemma 3.4. Let T and T’ be two alphabets and h : T* — (T")* be a homomorphism. Then, for every language
L CT*, we have Prod(h(L)) < Prod(L).

Proof. Let G = (N, T, P,S) be a right-linear grammar such that L(G) = L and Prod(G) = Prod(L). Then the
grammar G’ = (N, T', P’ S) with

P={A-hw)|weT*and A—weP}U{A— h(w)B|BeNand A —wBeP}
is right-linear and satisfies L(G") = h(L). Thus,

Prod(h(L)) < |P'| < |P| = Prod(G) = Prod(L).
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The next lemmas give lower bounds for the number of rules of right-linear grammars generating special
languages (these will later be used to prove that some output filters cannot be generated with fewer rules).

A rule in a right-linear grammar is called a T-rule if and only if it has not the form A — B or A — ),
where A and B are non-terminal symbols, (i.e., by the application of a T-rule, at least one terminal symbol is
produced).

Lemma 3.5. Let a1, as,...,a; be i pairwise different letters and T' an alphabet with a; € T for 1 < j <. For
every natural number j with 1 < j <1, let z; € {a;}*T{a;}* be a word over T with |z;| > 3. Further, let L CT
be a regular language such that {z1,z2a,...,2;} C L. Then it holds Prod(L) > i.

Proof. Let everything be defined as stated in the lemma and let G = (N, T, P, S) be a right-linear grammar
generating the language L. Further, let I be the subset of all indices j € {1,2,...,i} such that there is a
derivation D; of the word z; by rules of a subset P; C P such that all T-rules of this set P; are not used in
any derivation of any other word z;, with 1 <k <14, k # j. For j € I, we choose g; as the first T-rule which is
applied in the derivation D;.

Let j ¢ I. Then there is a derivation D; of z; in which a T-rule A — wB or A — w with w € T" is applied
which is also applied in some derivation of another word zj. But then w is a subword of z; as well as of z.
By the structure of the words z, with 1 < p < i, we obtain that |w| < 2 (a longer subword of z; contains at
least two letters a; but no other word contains a; twice). Hence, in the derivation D}, a T-rule is applied which
produces a word of {a;}* (the word w itself or a subword of the remaining part of z;). We choose ¢; as this
rule.

By construction, the rules ¢1, gs, . . ., ¢; are pairwise different. This implies for the number of rules Prod(G) > i.
If the grammar G is minimal, we obtain also Prod(L) = Prod(G) > i. O

Lemma 3.6. Let ai,as,...,a; be i pairwise different letters and T an alphabet with a; € T for 1 < j < 4.
Moreover, let t > 0 be a natural number and, for every natural number j with 1 < j <14, let z; € {a;}*T{a;}*
be a word over T with |z;| > 3t. Further, let L C T be a regular language such that {z1,z2,...,2;} C L and
let G = (N,T, P,S) be a right-linear grammar which generates the language L and where the longest right-hand
side of a rule in P has a length of at most t. Then it holds Prod(G) > i.

Proof. Let everything be defined as stated in the lemma. For every word z; with 1 < j <, there is a derivation
S =" Wi 1 = Wj 2 = Zj

where 1 < |wj | < tand |wj1|+ 1 < |wja| <2t If wj; consists of the letter a; only, we denote the first T-rule
applied in the derivation by g;. Otherwise, we take as g; the first T-rule which is applied in the sub-derivation
wj1 =* w;o. In this way, the right-hand side of any rule ¢; is from the set {a;}TN (any rule ¢; is not
terminating since |w; 2| < 2t whereas |z;| = 3t). Additionally, we take as ¢;11 the terminating rule applied in
the derivation D;j.

By construction, all rules ¢i,qo,...,q;+1 are pairwise different. This implies for the number of rules
Prod(G) > i+ 1. If the grammar G is minimal, we obtain also Prod(L) = Prod(G) > i+ 1. O

We now present some witness languages for separating language families.
Lemma 3.7. Let L = {a,aaa}. Then L € (A(FIN) N A(RLY))\ A(RLY) holds.

Proof. The language L is finite and can be generated by a right-linear grammar with two rules. According to
Lemma 2.6, it holds L € A(FIN) N A(RLY).
Assume that also L € A(RL}) holds. Then there is an ANEP

N: ({a’}?U7NlaN27'"aN7L7EanianO)



12 J. DASSOW AND B. TRUTHE

with L(N) = L and where every filter contains at most one word. If the input and output node coincide
(n; = n,), then the language {a}* is accepted which contradicts the assumption L(N) = L. Hence, the input
and output node are different. We distinguish now the possibilities for the input node N, = (M,,, In,, Op,):

1. The node has no rules. Then L(N) C O,,. Since the output filter O, contains at most one word, the
language L is not accepted.

2. The input node is a deletion node. If O,,, € {a}*, then L(N') = (), which is a contradiction. Hence, the filter
O,, contains a word which consists of letters a only. Then L(N) C {a}*{w}{a}*. Due to the assumption
that L(N') = L, we have w = a (in case that a is not deleted in this node) or w = X (in case that the rule
a — X exists). In the first case, the word input word aaa cannot be changed. Since, it cannot leave the
node, it is not accepted. In the second case, both the input words aa and aaa are derived to w by deletion,
and hence, both are accepted, which is also a contradiction.

3. The input node is a substitution node. If O,, = 0, then L(N') = @, which is a contradiction. Otherwise,
Op, = {w} for a word w € U*. Since a™ with m = |w| is the only input word which can be derived to
the word w by substitution rules, this is the only word for which it is possible that it is accepted. This is
again a contradiction.

4. The input node is an insertion node. If O,, = 0, then L(N) = 0, which is a contradiction. Otherwise,
O, = {w} for a word w € U*. The only input words which can be derived to the word w by insertion
rules are a™ with m < |w|. Hence, L(N) C {a™ | 0 < m < |w| }. Since, by assumption, L(N) = L,
it follows |w| > 4. Furthermore, aaa is a scattered subword of the word w (because aaa € L and, by
insertion rules, only letters can be added to obtain the word w). Since also a must be derived to the word
w, the node contains the rule A — a. But then, also the input word aa can be derived to the word w (by
one insertion of @ more than for the input word aaa). Thus, it holds aa € L(N) if and only if aaa € L(N),
which is also a contradiction.

Since every possibility yields a contradiction, the assumption is wrong. Hence, we obtain the claim L ¢ A(RL{D ).
O
The language from the previous lemma serves as a witness language for some inclusion relations.
Theorem 3.8. The proper inclusions A(RLY) ¢ A(FIN) and A(RLY) c A(RLL) hold.
Proof. The inclusions A(RL}) C A(FIN) and A(RLY) € A(RLY) follow from Lemma 2.2 and Lemma 2.5. A
witness language for the properness is in both cases the language L = {a, aaa} as shown in Lemma 3.7. O
We now consider a sequence of languages which will also serve as witness languages.

Lemma 3.9. For any natural number i > 2, let V; = {a1,a2,...,a;} be an alphabet with i letters. Further, let
Li = J{as}".
k=1
Then L; € (A(RLL, ;) N A(MON))\ A(RL}).

Proof. Let ¢ > 2 be a natural number. The language L; is generated by the following network with ¢ + 2 nodes
where the index of the input node is n; = 0 and that of the output node n, =1 + 1:
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The language accepted is L; because any word a;* with 1 < %k <4 and m > 0 moves from the input node
to node Nj and further to the output node and any other word is lost in the first communication step. Each
filter in the presented network is a monoidal language and belongs to the family RLiH (the language V;* can
be generated by the i + 1 regular rules S — xS for € V; and S — A; any language {ax}* for 1 < k < i can be
generated by the two rules S — a;S and S — \). Hence, L; € A(RL’ ;) N A(MON).

Assume that also L; € A(RL!) holds. Then there is an ANEP
N = (‘/ianva‘ .. 7Nn7E7nianO)

with L(N) = L; and where every filter is generated by a right-linear grammar with at most ¢ rules. If the input
and output node coincide, then the language V;* is accepted which contradicts the assumption L(N) = L;.
Hence, the input and output node are different. We consider the input node N,,, = (M,,, I,,,, O,,) and prove
that already the output filter O, of this node cannot be generated by a grammar with at most ¢ production
rules. Let G, be a right-linear grammar which generates the filter O,,.

We distinguish some cases with respect to the rule set M,y,:

1. No rule  — A with x € V;, no rule x — y with x € V; and y € U, and no rule A — y with y € U is
contained in M,,;. Then input words cannot be changed in the node N,,, but have to leave it in order to
yield a word arriving in the output node after some steps. Thus, especially all words a?t with 1 < j <4
are contained in O,,. Since the generation of these words by a right-linear grammar requires at least i + 1
rules (one for each first letter and a terminating rule because these words cannot be derived in one step
due to the choice of the length), we obtain a contradiction to our assumption.

2. The set M,, contains a rule for deleting a letter of the input alphabet. First, we discuss the case that M,
contains only one such rule a;, — A. The words a; with 1 < j <4 and j # k cannot be changed in the
node N,,. Each such word must leave this node such that it can be accepted by yielding a word z; which
arrives in the output node. Thus, all these words a; belong to O,,. But then a mixed input word aa;
derives a; which leaves the node N, and also yields the word z; which arrives in the output node. Thus,
the word axa; ¢ L; is accepted in contrast to our assumption.

If there are two rules ax — A and ay — A in M, with 1 <k < £ <4, then we derive in the first step in
the node N, the word aj, both from the input word a} as well as from the input word asay. Since aj is
accepted, also asay is accepted, but agay ¢ L;. Thus, we have a contradiction, again.

3. The set M, contains insertion rules. Let ¢ be the length of the maximal number of letters of V; in the
words z occurring on the right-hand sides of rules of G,,. Since M, contains only insertion rules and a
word obtained from a? has to leave the input node, ¢ > 0 holds. We consider the word a?t for an index j
with 1 < j <. Since this word is accepted, there is a sequence of words w;1,u;2,...,u;,,; such that

3t
aj = Uj1 = Ujo = == U -1 = Ujry (3.1)

is a derivation in the node N, where u;, ¢ O,, for1 <p <r; —1 and Ujr; € Op, and u; ., is transformed
in the sequel into a word arriving in the output node.
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If all letters inserted into the word a?t in the derivation (3.1) to get u;,, are not in V; \ {a;}, we set
zj = uj,. Obviously, z; contains a? for some natural number ¢ > 3t as a scattered subword (¢ > 3t occurs
if a; is inserted in some steps) and the other letters do not belong to V;.

If a letter of Vi \ {a;} is inserted, then let ujs, == u; ;41 be the first step where such a letter is
inserted and let ay be this letter. Then the word af'agaf® for some numbers ¢; and go with g1 + go > 3t

is a scattered subword of Ujs;+1 (the case g1 + g2 > 3t occurs if a; is inserted in some earlier steps)

and the other letters of u; s, 11 do not belong to V;. We now consider an input word u = a?llaka?é such
that ¢; < ¢1, ¢5 < g2, and ¢} + g5 = 3¢, and then we start to insert the letters inserted in the first s; steps
of the derivation (3.1) at the corresponding positions in u such that u; ;1 is obtained if all insertions can
be performed (i.e., the intermediate words do not leave the input node). If all steps can be performed, we
obtain the word w; s, 41 Wwhere we insert further letters as above to produce the word ujr; in the input
node. This word w;,, leaves the node and is transformed into a word arriving in the output node. But
then u ¢ L, is accepted which gives a contradiction. Therefore, a word «’ produced in less than s; steps
has to belong to O, (the word u’ leaves the node N,,, and does not yield a word arriving in the output

node after transformations). Then, we set z; = u’. Note that z; contains a scattered subword a‘;i/aka?g
with ¢}’ 4+ ¢4 > 3t such that all other letters of z; do not belong to V;.

By our construction, we have {z1,29,...,2;} C O,,. We consider the homomorphism h which
maps every letter of V; onto itself and every letter not in V; onto the empty word. Then
{h(z1),h(z2),...,h(2)} C h(Oy,). Let Hy,, be a right-linear grammar constructed from the grammar G,
as in the proof of Lemma 3.4. Then L(H,,) = h(O,,) and the maximal length of the words z’ occurring on
the right-hand sides of rules of H,, is t. By Lemma 3.6, we obtain that Prod(H,,) > i. By the construction
of H,,, we get Prod(G,,) > i, too. Since the above argumentation is valid for any right-linear grammar
generating the output filter O,,,, we obtain that also Prod(O,,) > i holds. Thus, O,, ¢ RL! which is a
contradiction to our assumption.

. The set M,, contains a rule for substituting a letter of the input alphabet.

For every natural number j with 1 < j <14, we set Y} as the set of all letters which can be obtained in
the input node from the letter a; by substitutions and only from this letter and which do not belong to
the alphabet V;:

Vi={z|zecU\Vianda; ="z and Vk #j:ap, ="z }.

We further set Y as the set of all letters which can be obtained in the input node from two different letters
of the input alphabet by substitutions and which do not belong to the alphabet V;:

Y={z|zeU\V,and 35,k :1<j <k <iand
a; ="z and ap, ="z }.

Let ¢ be the maximal length of the words z occurring on the right-hand side of rules of G,,. Since the
length is not changed by the application of substitution rules and an infinite set is accepted, it is clear
that ¢t > 0. We consider the word a?t for an index j with 1 < j <. Since this word is accepted, there is a
sequence of words wu; 1,u;2,...,u;,; such that

3t
aj == Uj1 == Uj2 = '+ —> Ujr;—1 — U r; (32)

is a derivation in the node N, where u;, ¢ O, for 1 <p <r; —1 and Ujr; € Oy, and u ., is transformed
in the sequel into a word arriving in the output node.

If the word w;,, consists of letters from the set {a;} UYj only (the letters different from a; do not
belong to the set V; and cannot be obtained from another letter az), we set z; = uj.,.
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If a letter of the set (V; UY)\ {a;} appears after a substitution, then let u; s, = u;,+1 be the first
step where such a letter appears and let x be this letter. Then we have

g1 € ({a;3 UY5) " {a}({a;} U Y;)®

for some numbers ¢; and ¢o with ¢; + g2 = 3t — 1. If x € V;, then x = ay, for some index k with 1 < k <4
and k # j. If x € Y, then there is a letter a; with 1 < k <i and k # j and ap =" =.

We now consider the input word u = af'axaf’. We first substitute the letters as in the first s; steps of
the derivation (3.2) at the corresponding positions in u ignoring those derivation steps which substitute the
letter at position ¢; + 1 and then we execute the substitutions at position ¢; + 1 according to the derivation
ar =" x such that u; .1 is obtained if all substitutions can be performed (i.e., the intermediate words
do not leave the input node). If all steps can be performed, we obtain the word uj,s;+1 Where we substitute
further letters as above in the derivation (3.2) to produce the word wu;,, in the input node. This word
uj ., leaves the node and is transformed into a word arriving in the output node. But then u ¢ L; is
accepted which gives a contradiction. Therefore, a word u’' produced earlier than u; 41 belongs to Oy,
(such that the word u’ leaves the node N,, but does not yield a word arriving in the output node after
transformations). Then, we set z; = u’. Note that z; belongs to the set ({a;} UY;)?U({a;} UY;)%.

By our construction, we have {z1,z29,...,2;} C O,,. We consider the homomorphism A which maps
every letter of V; onto itself, every letter of a set Y; with 1 < j <7 onto a;, and all letters from Y onto a
new letter b. Then {h(z1), h(z2),...,h(z;)} C h(Oy,). Let Hy, be a right-linear grammar constructed from
the grammar G,,, as in the proof of Lemma 3.4. Then L(H,,) = h(O,,) and the maximal length of words 2’
occurring on the right-hand sides of rules of G, is t. By Lemma 3.6, we obtain that Prod(H,,) > i. By the
construction of H,,, we get Prod(Gy,) > i, too. Since the above argumentation is valid for any right-linear
grammar generating the output filter O,,,, we obtain that also Prod(O,,) > i holds. Thus, O,, ¢ RL!
which is a contradiction to our assumption.

Our assumption is false in any case and, thus, L; ¢ A(RL) holds. O

The previous lemma is now used to prove an infinite hierarchy.

Theorem 3.10. For all natural numbers i > 1, the proper inclusion
A(RLY) € A(RLE )

holds.

Proof. The proper inlusion A(RLY) ¢ A(RLY) was already proved in Theorem 3.8.
Let i > 2 be a natural number. The inclusion A(RL] ) C A(RLL, ;) follows from Lemma 2.2 and Lemma 2.5.
A witness language for the properness is the language L; as was shown in Lemma 3.9. O

The inclusion results obtained here and in [12] are illustrated in Figure 3. Whenever there is no directed path
from an entry X to an entry Y, the families X and Y are incomparable. Before we prove the incomparabilities,
we give some helpful lemmas.

Lemma 3.11. Let L be the family of the regular commutative languages or the family of the regular circular
languages, then A(L) = L holds.

Proof. Let £ € {COMM, CIRC'} and

{Comm, if L= COMM,
fc=

Cire, otherwise
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be the function which maps a language to its commutative or circular closure. By Lemma 2.6, we have the
inclusion £ C A(L). Hence, it suffices to show that also the inclusion A(L) C £ holds. Let N be a network
where all filters belong to the class £ and let L = L(N) be the accepted language. If the input and output
node of the network N coincide, then L = V* where V is the input alphabet and L € £. We now consider the
case, that the input and output node are different. Assume that L ¢ L. Then there are a word u € L and a
word v € fz({u})\ L. Every operation on « in an evolutionary step leading to a word u’ can be executed also
on v at an appropriate position such that the resulting word v’ belongs to the set fz(u'). Since all the filters
belong to the family £, both words ' and v’ leave the node and enter the same nodes or both remain in the
node. This argumentation can be repeated for all further steps in a computation which leads to the acceptance
of the input word u. This implies that there is also a computation which leads to the acceptance of the input
word v but this is a contradiction to v ¢ L. Thus, fz(L) = L(N) and, therefore, L € L. O

Lemma 3.12. Let L = {ab}. Then L € A(RLY)\ A(CIRC) holds.

Proof. Since L € RLY, it follows L € A(RLY) by Lemma 2.6. According to Lemma 3.11, it holds
A(CIRC) = CIRC. The language L is not circular and, therefore, L ¢ A(CIRC). O

Lemma 3.13. Let L = {a}*{b}. Then L € A(RLY)\ (A(NIL) U A(CIRC)) holds.

Proof. The language L can be generated by a regular grammar with two rules (for instance, S — a5 and S — b).
By Lemma 2.6, it follows L € A(RLY). By Lemma 3.11, it holds A(CIRC)= CIRC. The language L is not
circular and, therefore, L ¢ A(CIRC). We now prove that L ¢ A(NIL).

Assume that L € A(NIL). Then there is a network

N: ({a7b}7U7N1aN2a' "7Nn7ni7no)

with L(N) = L where each filter is finite or its complement is finite. Let m; be the length of a longest word
occurring in a finite filter of the network A and let mo be the length of a longest word occurring in the
complement of an infinite filter of the network N. Further, let m = max{m;, m2} be the maximum of these two
lengths.

Any word of length at least m + 1 can be communicated to another node only by passing infinite filters. For
any such word, also every permutation goes the same way (it is too long for passing the finite filters and too long
for not passing the infinite filters). A substitution or insertion of a letter in a permutation yields the same words
as first substituting or inserting a letter and then permuting the words. Thus, as long as the network A/ does
not apply deleting rules, it works on a word with at least m + 1 letters in the same way as on every permutation
of it. Hence, especially the word a™b is accepted if and only if also the word a™ 'ba is accepted. Since this
contradicts L(N) = L, at some moment during the computation, a deleting rule is applied which reduces the
original length. Hence, this deletion or a deletion in an earlier step effects a letter of the original input word —
possibly after some substitutions. Let us consider the two words w; = a™b and ws = a™ 'ba as input words. If
that letter will be deleted which was originally the b and all other operations regarding the letters a before are
applied in both words w; and wy at the same positions, then the computations on the words w; and wsy lead to
the same word. If, in continuation, the word w; is accepted then also ws is accepted which is a contradiction.
If the considered deletion effects a letter which was originally an a, then there is a derivation of the word a™b
in the network before the mentioned deletion of the i-th a for some 7 with 1 < ¢ < m such that these letters are
only substituted or not changed (x; € U for 1 < m, y € U) and letters are inserted, which are later maybe also
substituted and deleted (leading to words w; € U* with 1 <4 < m + 2):

a a a a a a a

b
| \ \ \ \ \ \

W1T1W2T2W3 . . . Wi 1L -1 Wi L Wi 1 Ti41Wi42 - - - Win—1Tm -1 W TmWm+1YWm 2
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All intermediate words in this derivation have a length of at least m + 1. Thus, the same evolutionary and
communication steps are also possible, if we start with the word a™ 1ba and operate on the last a as on the
i-th a of the word a™b:

a a e a a e a a b a

W11 W2L2W3 . . . Wi 1T QWi Wi 1T 1Wi42 -« -« Win—1Tm—1WmTm Wm 1Y Wm4-2T5

Then we delete the letter x; and obtain in both cases the same word. Hence, also in the case that a letter
is deleted which was originally an a, the computations on the words w; and ws lead to the same word. If, in
continuation, the word w; is accepted then also w» is accepted which is a contradiction as before.

By these contradictions, we obtain that a network with nilpotent filters cannot accept the language L. Thus,
we also have L ¢ A(NIL). O

Lemma 3.14. For any natural number i > 1, let V; = {a1, az,...,a;} be an alphabet with i letters. Further, let
Fi11 be the following language over the alphabet Viyi:

i+1
Fiyn = U {a}}.

k=1

Then F;q € (A(RLE ;) UA(FIN)) \ A(RLY).

Proof. Let ¢ > 1 be a natural number. Since the language F;y; is finite and can be generated by a right-linear
grammar with ¢ + 1 rules, we know from Lemma 2.6 that

Fit1 € A(RLL ) UA(FIN).
Assume that Fj,; € A(RLY) holds. Then there is an accepting network
N: (‘/i+17UaN17' .. 7Nn7E;nianO)

with L(N) = F;;1 and where every filter is generated by a right-linear grammar with at most 7 rules. If
the input and output node coincide (n; = n,), then the language V%, is accepted which contradicts the
assumption L(N) = F;,1. Hence, the input and output node are different.

We consider the input node N,,, = (M,,, In.,, On,) and prove that already the output filter O, of this node
cannot be generated by a grammar with at most ¢ production rules. We distinguish some cases with respect to
the rule set M,,;:

1. No rule z — X\ with « € V;41, no rule x — y with z € V;;1 and y € U, and no rule A — y with y € U is
contained in M,,,. Then input words cannot be changed in the node N,,, but have to leave it in order to
yield a word arriving in the output node after some steps. Thus, especially all words a? withl1 <j<i+1
are contained in O,,. Since the generation of these words by a right-linear grammar requires ¢ 4+ 1 rules
(one for each first letter), we obtain a contradiction to our assumption.

2. The set M,, contains a rule for deleting a letter of the input alphabet. First, we discuss the case that M,
contains only one such rule a — A. The words a?— with 1 < j <i+ 1 and j # k cannot be changed in the
node N,,. Each such word must leave this node such that it can be accepted by yielding a word z; which
arrives in the output node. Thus, all these words a? belong to O,,. But then a mixed input word aka?-

derives ag? which leaves the node N,,; and also yields the word z; which arrives in the output node. Thus,

the word aka;’ ¢ F; 11 is accepted in contrast to our assumption.
If there are two rules ar — A and ay — A in M,,, with 1 <k < ¢ <14+ 1, then we derive in the first step

in the node N,, the word af both from the input word aj as well as from the input word asa?. Since a;

is accepted, also aga? is accepted, but aga? ¢ F;y1. Thus, we have a contradiction, again.
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3. The set M, contains insertion rules. We consider the word a? for an index j with 1 < j <1+ 1. Since

this word is accepted, there is a sequence of words wu; 1, u;2,...,u;,, such that
3
a; = Uj1 = Uj2 = ' = Ujr;—1 = Ujr; (33)

is a derivation in the node N, where u;, ¢ O,, for1 <p <r; —1 and Ujr; € Op, and u; ., is transformed
in the sequel into a word arriving in the output node.

If all letters inserted into the word a3 in the derivation (3.3) to get u;,; are not in Viy1 \ {a;}, we set
zj = uj,. Obviously, z; contains a? for some natural number g > 3 as a scattered subword (¢ > 3 occurs if
a; is inserted in some steps) and the other letters do not belong to Vj1;. If a letter of the set V11 \ {a;} is
inserted, then let u; ;. = w; 5,11 be the first step where such a letter is inserted and let a be this letter.
Then the word a?l aka?? for some numbers ¢; and ¢ with ¢; + g2 > 3 is a scattered subword of Ujs;+1
(the case g1 + g2 > 3 occurs if a; is inserted in some earlier steps) and the other letters of Ujs;+1 do not
belong to V1.

We now consider an input word u = a?i aka?é such that ¢} < q1, ¢4 < g2, and ¢} + ¢5 = 3, and then
we start to insert the letters inserted in the first s; steps of the derivation (3.3) at the corresponding
positions in u such that u; s, 41 is obtained if all insertions can be performed (i.e., the intermediate words
do not leave the input node). If all steps can be performed, we obtain the word w; s, 11 where we insert
further letters as above to produce the word u; ., in the input node. This word u; .., leaves the node and is
transformed into a word arriving in the output node. But then the word u ¢ F;; is accepted which gives
a contradiction. Therefore, a word u' produced in less than s; steps has to belong to O, (the word v’
leaves the node N,,, and does not yield a word arriving in the output node after transformations). Then,
we set z; = u/. Note that z; contains a scattered subword a;]-i/ aka;]-; with ¢] < ¢f < ¢ and ¢4 < ¢§ < o
such that all other letters of z; do not belong to V4.

By our construction, we have {z1,22,..., 2,41} C O,,. We consider the homomorphism h which maps
every letter of V11 onto itself and every letter not in V; 1 onto the empty word. Then

{h(21),h(z2)s . B(zi1)} € B(On).

By Lemma 3.5, we obtain that Prod(h(O,;)) > i+ 1 holds. From Lemma 3.4, we also know
that Prod(O,,) > Prod(h(O,,)) holds. Thus, we obtain also in this case O,,, ¢ RL! which is a contradiction

to our assumption.

. The set M, contains a rule for substituting a letter of the input alphabet.

For every natural number j with 1 < j <i 41, we set Y} as the set of all letters which can be obtained
in the input node from the letter a; by substitutions and only from this letter and which do not belong
to the alphabet Vi:

Yi={2z|zecU\Viyianda; ="z and Vk # j : ar, ="z }.

We further set Y as the set of all letters which can be obtained in the input node from two different letters
of the input alphabet by substitutions and which do not belong to the alphabet V;1:

Y={z|zeU\Vijsand 3j,k:1<j<k<i+1and
a; =" z and a, ="z }.

We consider the word a? for an index j with 1 < j < i+ 1. Since this word is accepted, there is a
sequence of words wu; 1,u;2,...,u;,, such that

3
a; = Uj1 == Uj2 = '+ — Ujr;—1 — Ujr; (34)
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is a derivation in the node N, where u;, ¢ O,, for1 <p <r; —1 and Ujr; € Op, and u; .-, is transformed
in the sequel into a word arriving in the output node.

If the word w;,, consists of letters from the set {a;} UY; only (the letters different from a; do not
belong to the set V;11 and cannot be obtained from another letter ax), we set z; = Ujp; -

If a letter of the set (Vi;1 UY)\ {a;} appears after a substitution, then let u; ,, == u; 5,11 be the first
step where such a letter appears and let x be this letter. Then we have

ujs;+1 € ({a} UY;) M {e}({a;} UY;)%

for some numbers ¢; and g with ¢; + g2 = 2. If x € V1, then x = aj, for some index k with 1 <k <i+1
and k # j. If z € Y, then there is a letter a; with 1 <k <i+ 1 and k # j and a, =" .

We now consider the input word u = a?laka;@. We first substitute the letters as in the first s; steps of
the derivation (3.4) at the corresponding positions in u ignoring those derivation steps which substitute the
letter at position ¢; + 1 and then we execute the substitutions at position ¢; + 1 according to the derivation
ap =" x such that wu; s, 1 is obtained if all substitutions can be performed (i.e., the intermediate words
do not leave the input node). If all steps can be performed, we obtain the word u; ,; +1 where we substitute
further letters as above in the derivation (3.4) to produce the word u; ,.; in the input node. This word w; .,
leaves the node and is transformed into a word arriving in the output node. But then the word u ¢ F; 4
is accepted which gives a contradiction. Therefore, a word v’ produced earlier than w; ;41 belongs to Oy,
(such that the word u’ leaves the node N, but does not yield a word arriving in the output node after
transformations). Then, we set z; = u'. Note that z; belongs to the set ({a;} UY;)?"U({a;} UY;)%.

By our construction, we have {z1,22,...,2;41} C Oy,. We consider the homomorphism h which maps
every letter of Vi1 onto itself, every letter of a set Y; with 1 < j < ¢4 1 onto aj, and all let-
ters from Y onto a new letter b. Then {h(z1),h(22),...,h(zi+1)} C h(Oy,). By Lemma 3.5, we obtain
that Prod(h(Op,)) > i+ 1 holds. From Lemma 3.4, we also know that Prod(O,,) > Prod(h(O,,)) holds.
Thus, O,, ¢ RL; which is a contradiction to our assumption.

Our assumption is false in any case and, thus, Fjy; ¢ A(RLY) holds. O
We now prove the incomparability results.
Theorem 3.15. Every family A(MON), A(COMM), A(REG?), and A(CIRC) is incomparable to A(RLY)

Proof. Due to the relations
A(MON) = A(COMM) = A(REG?) and A(COMM) c A(CIRC),

it suffices to show that there is a language in the set A(MON) \ A(RLY) and that there is a language which
belongs to the set A(RL]) \ A(CIRC).

From Lemma 3.9 with Ly = {a;}* U {as}*, we know that L, € A(MON) but L, ¢ A(RLY) and, by
Theorem 3.10, we also have Ly ¢ A(RLY).

For the language L = {ab}, the relation L € A(RLY)\ A(CIRC) was proved in Lemma 3.12. Thus, this is a
witness language for the other case. O

Theorem 3.16. Each of the families A(FIN), A(MON), A(COMM), A(REG?), A(NIL), and A(CIRC) is
incomparable to every family A(RLfD) fori>2.

Proof. Due to the equality A(MON) = A(COMM) = A(REG?) and the inclusion relations A(FIN) C A(NIL),
A(COMM) C A(CIRC), and A(RL!) C A(RLL,,) for all i > 1, it suffices to show that the following sets are
not empty:

A(MON)\ A(RLY) and A(FIN)\ A(RLY) for i>2
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as well as
A(RLYY\ A(NIL) and A(RLY)\ A(CIRC).

According to Lemma 3.9, we have L; € A(MON)\ A(RL}) for all i > 2 which proves the first case.
From Lemma 3.14 follows that F; € A(FIN)\ A(RLY) for all i > 2 which proves the second case. The last
two cases follow from Lemma 3.13 where L € A(RLY) \ (A(NIL) U A(CIRC)) was shown for the witness
language L = {a}*{b}. O

3.2. Ideals and codes as filters

We start with accepting networks of evolutionary processors where the filters are either all left ideals or all
right ideals and prove that this restriction does not decrease the computational power compared to the use of
arbitrary regular languages as filters.

Theorem 3.17. We have A(lld) = RE.

Proof. In [12], it was shown that, for every recursively enumerable language Z, there is an ANEP with definite
filters only which accepts the language Z. Each filter in the constructed network has the form V*L for some
alphabet V' and a finite language L C V*. Hence, all these filters are also left ideals which proves that also the
equivalence A(lId) = RFE holds. O

The symmetry between left and right ideals can be used for showing that also right ideals as filters do not
restrict the computational power.

Theorem 3.18. We have A(rld) = RE.

Proof. Let L € RE be a recursively enumerable language. Then also the language L of all reversed words,
LR ={wf|wel},

is recursively enumerable. According to Theorem 3.17, this language is accepted by a network with left ideals as
filters. If we change, in an accepting network for LT, every occurring filter F' to F'%, this new network accepts
the language (L) which is L and has right ideals as filters. Hence, A(rld) = RE holds. O

We now consider codes as filters. In order to have a better readability, we recall that by C, SC, PfC, SfC,
BfC, IfC, OfC, RC, and UC, we denote the families of regular codes, regular solid codes, regular prefix codes,
regular suffix codes, regular bifix codes, regular infix codes, regular outfix codes, regular reflective codes and
uniform codes, respectively.

Theorem 3.19. For any L € {C, PfC, SfC, BfC, IfC, SC}, we have A(L) = RE.

Proof. Let £ € {C, PfC, SfC, BfC, IfC, SC'}. We mention that, for any regular language R and two additional
letters A and B not occurring in the alphabet of R, the language {A}R{B} belongs to the class L.
Let L be a recursively enumerable language. By [12], Theorem 3.1, there is an accepting NEP
N = (‘/a V/aNlaN27' .. ;NTL?Eaniano)

with regular filters and N,,, = (0, V*,V*) such that L(N) = L. Let A and B be two new symbols not occurring
in V’. We modify the net to

N =WV, V'u {A,B},Né,N{,Né,...,N,’L,N,'L+1,E’,O,n0)



ACCEPTING NETWORKS OF EVOLUTIONARY PROCESSORS 21
where

No = ({A = A A= BEABIVH{A} {A}V{B}),
Npyr = (M, {AYV{B}, {A}On { B}),
N}, = (M, {A},{B}, {A}O,{B}) for Ny = (Mj, I}, O), 1 < k <,
E' = {(Ng, Ny)} U{ (Nrs Ni) | (N, Ny) € E'}
U{ (N, NI) | (Ni, Ni € B

Let w € L. By definition, using the insertion rules A — A and A — B of the initial node, we produce words
which cannot leave the node or AwB which is send to the node N, ;. Note that this node N, ; behaves on
a word AzB as N; on the word z. Now let AxB with x € (V')* be a word in some node Nj,. Then the word
can be changed to aAxzB or AxzBa for some letter a € V' if M) contains the insertion rule A — a or to Az’B.
In the former two cases, the words and all words which can be obtained by further applications of M}, cannot
leave the node. In the latter case, the word Az’B remains in the node N, if and only if 2’ remains in N}, or
the word Az’'B arrives in all nodes N/ if 2’ moves from N}, to N;. Essentially, this situation also holds for N .

which behaves as N,,,. The dlfference is that in the sequel no word can be send to N, by the structure of E’
Thus, it is easy to bee that a word AyB arrives in the new output node Ny, if and only if y arrives in node
Ny, (starting with w). This proves L(N’) = L. Hence, RE C A(L) and, since £L C REG and A(REG) = RE
(Thm. 2.4), we also have A(L) = RE. O

The next lemmas present witness languages for proving incomparabilities of language families or the
properness of inclusion relations.

Lemma 3.20. Let x € V* be a word over some alphabet V' such that there is a circular shift of x which is
different from x. Then {z} € (A(UC)U A(RLY))\ A(CIRC).

Proof. We consider the network

V.V, (0, {x}, {=}), (0, {x}, {=}), (1,2),1,2),

which accepts {z}. Since {z} is a uniform code and can be generated by one rule, we get {z} € A(UC)UA(RLY).
By Lemma 3.11, we know that A(CIRC) = CIRC. By our assumption, we have {z} ¢ CIRC, and thus, we
obtain {z} ¢ A(CIRC). O

Lemma 3.21. Let L = Circ({abc}). Then L € (A(UC)U A(RC)) \ A(COMM).

Proof. The language L is uniform and circular. Therefore, it is also a reflective code. By Lemma 2.6, it fol-
lows L € A(UC)U A(RC). According to Lemma 3.11, it holds A(COMM) = COMM. The language L is not
commutative and, therefore, it holds L ¢ A(COMM). O

Lemma 3.22. For any natural number i > 1, let V; = {a1,aq,...,a;} be an alphabet with i letters. Further, let
F;11 be the following language over the alphabet Viyq:

7+1
Fip = U {ai}.
k=1
Then Fi 1 € (A(UC)U A(RC)) \ A(RLY).

Proof. Let i > 1 be a natural number. The language F; is uniform and circular. Therefore, it is a uniform and
reflective code. Hence, F; € A(UC) U A(RC) according to Lemma 2.6. As proved in Lemma 3.14, we also know
that Fi 1, ¢ A(RLY). O
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Lemma 3.23. Let i be an integer with i > 5 and

Ci={a™ba"™ |ny >0,ny>0,n1 +n2=1}
U{bmlabmz |m120,m2207m1+m2:i—|—1}

and
L, ={zoyprz1y2.. . yrxy | 25 € {c}* for0<s<r, y1y2...y- € C; }.

Then L; € A(RC) and L; ¢ A(UC).
Proof. Let ¢ > 5. The network

({a,b,c},{a,b,c}, {c = A}, Ci, C)), (0,C;, C), (1,2),1,2)

accepts the language L;. Since C; is a reflective code, we get L; € A(RC).
Assume that L; € A(UC). Then there is an accepting network

N: ({aab7c}7UaN17~"7Nn7Eanian0)

with filters in UC such that L(N) = L;. We get n; # n, since otherwise all words over {a,b,c} are accepted.
Therefore, any word of the language L; is possibly changed by some applications of rules of M, and then it
leaves the input node N,, = (M,,, I,,Oy,). Since especially the output filter O,,, is a uniform code, we get
O,,, C U* for some natural number k. We distinguish two cases:

1. Let k < i+ 1. Since b™*ab™? of length i 4 2 is in L,,, it has to leave the input node after some transforma-
tions. Consequently, M,,; contains deletion rules, i.e., a — A € M,,, or b — XA € M, or both these rules are
in the set M,,,. We discuss the situation where a — XA € M,,, (the other cases can be handled analogously).
Then we consider the input word w = ab’*!a. By deleting the first a, we obtain the word w’ = b**'a. The
word w’ cannot leave the input node since its length is 7 + 2 > k. Since w’ as an input word is accepted
(because w’ € L;), we get that w is accepted, too, which contradicts L(N) = L.

2. Let k > i+ 2. Since b™ab™2 of length ¢ + 1 is in L, it has to leave the input node after some transfor-
mations. Thus, M, contains insertion rules. However, since the word c*t1pi*1g has to be transformed
to a word of length k, too, the set M, has to contain also deletion rules. This is a contradiction to the
definition of a network.

Since there is a contradiction in any case, we have L; ¢ A(UC). O
Lemma 3.24. Let Z; = {w | w € {a,b}*, |w|, € {1,3} }. Then
Z1 € (A(FIN) N A(COMM)) \ A(OfC).
Proof. The network
({a,b},{a,b}, {b = A}, {a,aaa}, {a,aaa}), (0, {a,aaa}, ), {(1,2)},1,2)
accepts the language Z; (by deletion of all the letters b in the input node, we get a or aaa and this word is sent
to the output node). Since the filters are finite and commutative, we have Z; € A(FIN) N A(COMM).

Let us assume that there is an accepting network

N: ({aab}aUaN17"' 7N7L7Eaniano)
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with filters in OfC such that L(N) = Z;. Since Z; is a proper subset of {a, b}*, the input node and output node
are different. We distinguish the cases for the input node N,, = (My,, In;, On,):

1. The set M, is empty. Then a and aaa are in the output filter O, since these words are accepted and
thus they have to leave the input node. But this contradicts the code property of O,,.

2. The set M, contains deletion rules. If ¢ — X is a rule of M,,, then we obtain @ == X in the input node
Np,. Moreover, A cannot be changed by applications of rules of M,,. Hence, A € O, since a is accepted.
But the empty word is contained in no code. Thus, a — A is not in M,,. Therefore, the input words a
and aaa cannot be changed by M,,. Since these words are accepted, they both belong to the output filter
O,,,. However, this is a contradiction to the code property of O,,, again.

3. The set M, contains substitution or insertion rules. Since O,,, is finite, only a finite set of words can leave
the input node and can finally be accepted, because the application of the rules of M, cannot decrease
the length of the words. This is a contradiction because Z; is infinite.

Since every case yields a contradiction, the assumption is wrong and Z; ¢ A(OfC). O

From the previous results, we obtain the following proper inclusions.
Theorem 3.25. The proper inclusions

1. A(UC) C A(OfC) C A(FIN),
2. A(RC) C A(OfC), and
3. A(RC) C A(CIRC)

hold.

Proof. The inclusions follow from the inclusion relations UC C OfC C FIN, RC C OfC, and RC C CIRC
together with Lemma 2.6. Their properness follows from the existence of witness languages:

1. According to Lemma 3.24, we have Z; € A(FIN)\ A(OfC) for the language Z; = {w | w € {a,b}*,|w|, € {1,3} }.
From Lemma 3.23, we have the relation Ls € A(RC) \ A(UC). Since A(RC) C A(OfC), the language Ls
is also a witness language for the properness of the inclusion A(UC) C A(OfC).

2. From Lemma 3.20, we know {ab} € A(UC) \ A(CIRC). We also have the inclusions A(UC) C A(OfC)
and A(RC) C A(CIRC) (since RC C CIRC); hence, the language {ab} is also a witness language for the
properness of the inclusion A(RC) C A(OfC).

3. By Lemma 3.24, it is Z; € A(COMM) \ A(OfC). Since A(RC) C A(OfC) and A(COMM) C A(CIRC),
the language Z; is also a witness language for the properness of the inclusion A(RC) C A(CIRC).

O

Before we prove the proper inclusion A(RLY) € A(UC), we give some characterization of the languages in
the set A(RLY).

Lemma 3.26. A language L C V™ is in A(RL{D) if and only if one of the following cases holds:

1. There are an alphabet U with V C U, a word w € U, and a set M of deletion rules, insertion rules, or
substitution rules over the alphabet U such that L = {v |v € V* v =7, w }.

2. There is a subset V' of the alphabet V' such that L = (V')*.

3. It holds L = 0.

4. It holds L = {)\}.

Proof. Let L = L(N) for some network N' = (V,U, N1, Na, ..., Ny, E,n;,n,) where all filters are in RLf. If the
input node and output node coincide, then we obtain L(N) = V* which belongs to case (2).

We now assume that input node and output node differ. Let (M,,, I, Oyp,) be the input node. Because any
language in RI/lP contains at most one word, we have one of the following cases especially for the output filter
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of the input node: Oy, is empty, O,, = {w} for some non-empty word w € U, or O,, = {A\}. We discuss these
cases.

If O,,, is the empty set, then no word can leave the input node, and consequently, L(N) = §) which corresponds
to case (3).

If O, = {w} for a non-empty word w € U™, then all and only the words of the set K = {v |v e V*, v =7}, w}
lead to w and, hence, to a word which can leave the input node. If the outgoing word w leads to a word arriviﬁg
in the output node (after some transformations), then L(N) = K and case (1) holds. If the outgoing word does
not lead to a word arriving in the output node, then L(N) = @ and case (3) holds.

If O,, = {\} and the input node is a substitution or insertion node, then no other input word than A leads
to a word which can leave the input node and we get L(N) = {A} or L(N) =0, i.e., case (4) or case (3) holds,
respectively. If O, = {\} and the input node is a deletion node, we set V' as the set of all letters of the input
alphabet V' which can be deleted in the input node, V' ={a|a € V, a = A € M,, }, and obtain that all words
of (V')* and only these words of V* yield a word which can leave the input node. Thus, we obtain L(N') = (V/)*
or L(N) = 0 (depending on whether the outgoing empty word leads to a word arriving in the output node or
not). Thus, case (2) or case (3) holds.

On the other hand, for each of the cases (1) to (4), we see in the above consideration how such a language
can be accepted by a network where all filters belong to the class RLllD . O

We now prove the mentioned proper inclusion.
Theorem 3.27. We have A(RLY) ¢ A(UC).

Proof. Let L € A(RLY). Furthermore, let N = (V,U,Ny,Na,...,N,, E,ni,n,) be a network such that
L = L(N) and all filters belong to the class RL} . By Lemma 3.26, there are four cases for L.

If L={v|veV* v=71,w}, by the proof of Lemma 3.26, M = M,, and {w} is the output filter of the
input node of . Then we construct the network

N = (V, U, (M, {w}, {w}), (0, {w}, {w}),{(1,2)},1,2).

It is easy to see that L(N;) = L. Since all filters are uniform, we get L € A(UC).
If L = (V')*, we consider the network

N2 = (V/’ V' {§}7 (V)’ {§}7 {§})’ @, 1)7

where § ¢ V'’ which accepts (V’)*. Since all filters of Ms are uniform codes, we have L € A(UC) also in this
case.
If L = 0, we consider the network

N3 = (V’ Vu {§}7 (@, {§}7 {§}>7 ((Z)v {§}’ {§})’ {(17 2)}’ 1, 2)7

which accepts the empty set because no word of V* can be transformed into a word which can leave the input
node. Since all filters of N3 are uniform codes, we have L € A(UC) in this case, too.
If L = {\}, we consider the network

Ny = (Vv Vu {§}7 ({)‘ — §}7 {§}a {§})7 (Q)v {§}7 {§})7 {(L 2)}a 1, 2)

If w € VT, then w cannot be transformed into § by the rules of the input node. Hence w is not in L(A}). On
the other hand, by one application of the insertion rule to the empty word, § is obtained and will be successfully
sent to the output node, which gives A € L(Ny). Therefore L(N,) = {A}. Since all filters of A, are uniform
codes, we have L € A(UC).
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Thus, we get the inclusion A(RLY) € A(UC). The properness follows with the language Fy = {a?, a3} which
belongs to the class A(UC) but not to A(RL!) according to Lemma 3.22. O

We now prove the incomparability results.
Theorem 3.28. The classes A(UC) and A(RC) are incomparable.

Proof. From Lemma 3.23, we have the relation Ls € A(RC) \ A(UC). From Lemma 3.20, we know
{ab} € A(UC) \ A(CIRC). Since A(RC) C A(CIRC), we also have {ab} € A(UC) \ A(RC). O

Theorem 3.29. The class A(RC) is incomparable to each of the classes A(MON), A(COMM), and A(REG?).

Proof. Due to the equality A(MON) = A(COMM) = A(REG?), it suffices to show that there is a language in
the set A(RC) \ A(COMM) and a language in the set A(COMM) \ A(RC).

In Lemma 3.21, we have shown for L = Circ({abc}) that L € A(RC)\ A(COMM).

From Lemma 3.24, we know further that Z; € A(COMM) \ A(OfC). Due to the relation A(RC) C A(OfC),
we also have Z; € A(COMM) \ A(RC). O

Theorem 3.30. The class A(RC) is incomparable to each of the classes A(RLY) fori > 1.

Proof. Due to the inclusions A(RL;) C A(RL{,), it suffices to show that there is a language in the set
A(RLY)\ A(RC) and, for each i > 1, there is a language in the set A(RC) \ A(RLF).

We know that {ab} € A(RLY)\ A(CIRC) by Lemma 3.20 and, together with the relation A(RC) c A(CIRC),
we also have {ab} € A(RL{)\ A(RC).

In Lemma 3.22, we showed that Fj,; € A(RC)\ A(RL!) for any natural number i > 1. O

Theorem 3.31. The class A(UC) is incomparable to each of the classes A(MON), A(COMM), A(REG?),
and A(CIRC).

Proof. Due to the equality A(MON) = A(COMM) = A(REG?) and the inclusion A(COMM) c A(CIRC),
it suffices to show that there is a language in the set A(UC) \ A(CIRC) and a language in the set
A(COMM)\ A(UC).

We know that {ab} € A(UC) \ A(CIRC) by Lemma 3.20.

From Lemma 3.24, we know further that Z; € A(COMM) \ A(OfC). Due to the relation A(UC) C A(OfC),
we also have Z; € A(COMM)\ A(UC). O

Theorem 3.32. The class A(UC) is incomparable to each of the classes A(RLY) fori > 2.

Proof. Due to the inclusions A(RLZP ) C A(RLﬁ_l), it suffices to show that there is a language in the set
A(RLY)\ A(UC) and, for each i > 2, there is a language in the set A(UC)\ A(RLY).

We know that {a}*{b} € A(RLY)\ A(NIL) by Lemma 3.13 and, together with the relation A(UC) C A(NIL),
we also have {a}*{b} € A(RLY)\ A(UC).

In Lemma 3.22, we showed that Fj,; € A(UC)\ A(RLY) for any natural number i > 1. O

Summarizing, we have proved the hierarchy which is shown in Figure 3.

Theorem 3.33. The relations shown in Figure 8 hold.

4. CONCLUSIONS

We have investigated accepting networks of evolutionary processors where the filters belong to subregular
language families which are defined by restricting the resources needed for generating or accepting them or
which are ideals or codes. We have inserted the newly defined language families into the hierachy of language
families obtained by using languages of other subregular families as filters which was published in [12]. The
hierarchy with the new results is shown in Figure 3.
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FIGURE 3. Hierarchy of language families by ANEPs with filters from subregular families. An
arrow from a language family X to a language family Y stands for the proper inclusion X C Y. If
two families X and Y are not connected by a directed path, then the families are incomparable.
The labels at the arrows or equality signs refer to the theorems where the respective relation
is shown. The other relations were proved in [12].

In [8], generating networks of evolutionary processors were investigated where the filters are ideals or special
codes. In [20], generating networks of evolutionary processors were considered where the filters are determined
by restricting resources. In [7], the two hierarchies obtained in the aforementioned papers were merged.

In the present paper, we have continued this research and considered the same language families for the filters
in accepting networks of evolutionary processors. It is an extension of the paper [21].
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