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EDGE-BIPANCYCLICITY IN CONDITIONAL EDGE-FAULTY K-ARY
N-CUBES*

SHIYING WANG"** AND SHURONG ZHANG?

Abstract. The class of k-ary n-cubes represents the most commonly used interconnection topology
for parallel and distributed computing systems. In this paper, we consider the faulty k-ary n-cube with
even k > 4 and n > 2 such that each vertex of the k-ary n-cube is incident with at least two healthy
edges. Based on this requirement, we investigate the fault-tolerant capabilities of the k-ary n-cube
with respect to the edge-bipancyclicity. We prove that in the k-ary n-cube Q%, every healthy edge is
contained in fault-free cycles of even lengths from 6 to |V (Q%)|, even if the QF has up to 4n — 5 edge
faults and our result is optimal with respect to the number of edge faults tolerated.
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1. INTRODUCTION

A multiprocessor system and an interconnection network (networks for short) have an underlying topology,
which is usually presented by a graph, where nodes represent processors and links represent communication
links between processors. Study of the properties of the graph is an important part of the study of the system.
The k-ary n-cube, denoted by QF, has been one of the most common graphs for the system because of its
desirable properties, such as ease of implementation and its ability to reduce message latency by exploiting the
communication locality found in many parallel applications [5, 6]. For example, the underlying topology of the
Cray T3D [8], the iWarp [13] and the IBM Blue Gene [1] is based on k-ary n-cubes.

The problem of embedding a guest graph into a host graph attracts much attention [2, 14, 16]. For an
undirected simple graph G, we denote the vertex set and the edge set by V(G) and E(G), respectively. G is
said to be pancyclic if it contains a cycle of every length from its girth to |V (G)|. Bipancyclicity is essentially
a restriction of the concept of pancyclicity to bipartite graphs whose cycles are necessarily of even length [18].
Furthermore, a bipancyclic graph is said to be edge-bipancyclic if every edge lies in a cycle of every even length.
The edge-bipancyclicity of various graphs has attracted a great deal of attention in recent years [7, 10-12, 15].

In the system (or the network) where the nodes and their links are likely to fail, it is important to consider the
fault tolerance (robustness) of the system (or the network). The fault tolerance of large systems (or networks)
is usually a measure of the extent to which the system (or the network) can retain its original nature in the
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event of a certain number of nodes of failure and/or links failure. In [12], Li et al. studied the problem of cycles
embedding in k-ary n-cubes with faulty vertices and edges. They presented the following result.

Theorem 1.1 ([12]). Given an integer n > 2 and an even integer k > 4, let Q¥ be a k-ary n-cube with f, faulty
vertices and f. faulty edges. If f, + f. < 2n — 3, then each healthy edge of QF lies in a cycle of every even length
from 4 to k™ — 2f,.

In the event of a random edge failure, it is very unlikely that all of the edges incident with a single vertex
fail simultaneously. This reason has motivated research on the conditional faulty k-ary m-cube in which each
vertex is incident with at least two healthy edges. In [3], Ashir and Stewart studied the problem of embedding
hamiltonian cycles in k-ary n-cubes with conditional edge-faults. They presented the following result.

Theorem 1.2 ([3]). Letn > 2 and let k > 4 be even. Then the conditional faulty QF with at most 4n — 5 faulty
edges is hamiltonian.

In [18], Xiang et al. determined the bipancyclicity of the k-ary n-cube with conditional edge-faults.

Theorem 1.3 ([18]). Let n > 2 and let k > 4 be even. Then the conditional faulty QF with at most 4n — 5
faulty edges is bipancyclic.

In this paper, we consider conditional faulty Q* with even k > 4 and prove that every healthy edge is
contained in a fault-free cycle of every even length from 6 to |V (QF)|, even if the QF has up to 4n — 5 edge
faults. We also give an example showing that the upper bound 4n — 5 is sharp.

2. TERMINOLOGY

The k-ary n-cube, denoted by QF (k > 2 and n > 2), is a graph consisting of k™ vertices, each of which
has the form ©v = uy_1Un_o...ug, where 0 < u; < k—1 for 0 <i <n— 1. Two vertices u = Uy_1Up_3...Ug
and v = v,_1Up_2...Up are adjacent if and only if there exists an integer j € {0,1,...,n — 1}, such that
u; = v; £ 1(mod k) and u; = v;, for ¢ € {0,1,...,n — 1} \ {j}. Such an edge (u,v) is called a j-dimensional
edge. For clarity of presentation, we omit writing “(mod k)” in similar expressions for the remainder of the
paper. Obviously, QF is bipartite if & is even. So, Q¥ (even k > 4) doesn’t contain any fault-free cycle of odd
length. For any two distinct vertices u and v of such QF, set

5(u,v) = 1, if w and v are in different parts;
»7/ 771 0, if uand v are in the same part.

We can partition QF along the dimension j, by deleting all the j-dimensional edges, into k disjoint subcubes,
Qk[0], QF[1],..., QF[k—1] (abbreviated as Q[0], Q[1], ..., Q[k — 1], if there is no ambiguity). It is clear that each
Q4] is isomorphic to QF | for0 <i < k—1.Let u = Uy _1Up_2 .- SUj419U 1 - . . ug be a vertex of Q[i]. The vertex
V= Up_1Un—2 ... Uj+17Uj_1 ... ug of Q[i'] is denoted by ni/(u)7 where 0 <4’ < k—1and i # ¢. Obviously, nt’ (u)
and u are adjacent if and only if i’ =i+ 1. For 0 < p,q < k — 1, we use Q¥[p, q] (abbreviated as Q|p, q|, if there
is no ambiguity) to denote the subgraph of Q¥ which is induced by {u:u € V(Q]i]),i =p,p+1,...,4 — 1,q}.
Then Q[p,p] = Q[p] and Q[p,p — 1] = Q}.

The set of edges incident with a vertex v in a graph G is denoted by dg(v). Let dg(v) be the number of edges
of G incident with v and let F be a set of faulty edges of Q¥. We call F' a conditional faulty edge set of Q¥ if
each vertex of QF — F is incident with at least two edges. Throughout this paper, we denote by F a conditional
faulty edge set of Q¥ and by F' the set of faulty i-dimensional edges. Then F = U?:_ol Fi.For0<j<k-1,
set F; = F N E(Q[j]). For graph-theoretical terminology and notation not defined here we follow [4].
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3. SOME LEMMAS

The purpose of this section is to give some results that are useful for the proof of the main theorem. In Q5,
every vertex has the form vivg = ab, where 0 < a,b < k — 1. For convenience, we write ab as v p.

For 0 < 4,7 <k — 1, Row][i : j] is the subgraph of Q% induced by {vap:a=1d,i+1,...,5, 0<b<k—1}
Col[i : j] is the subgraph of Q% induced by {vep :0 <a <k—1,b=14d,i+1,...,5}. Instead of Row][i : i]
and Col[j : j], we simply write Row[i] and Col[j]. For 1 < ki, ks < k — 1, the subgraph of Q% induced by
{Vap :0<a <k —1,0<b<ky—1} is denoted by Grid(kq, k2). A vertex of Grid(ki, ks) is called a corner
vertex if its degree in Grid(ky, k2) is 2.

For convenience of discussion, we define the following subsets of E(Q5).

For0<i<k—1,Row(i:i+1)={(vij,vit1,;):0<j<k—1}

For0<j<k—1,Col(j:j+1)={(vij,vij+1):0<i<k—1}.

For 0 <1 <k—1, M| = {(vij,vj+1):7=0,2,....,k =2} and M} = {(v;j,v+1): 5 =1,3,...,k —1}.
Then M] and M! are two edge-disjoint perfect matchings of Row[l]. Clearly, |M}| = |M!| = k/2 and M} U M} =
E(Rowll]).

Lemma 3.1 ([9]). Let s and t be any two distinct vertices of Grid(m,n) with m,n > 2. If 6(s,t) =1 and s be
a corner vertex of Grid(m,n), then there exists a hamiltonian st-path of Grid(m,n).

Lemma 3.2 ([9]). Let s and t be any two distinct vertices of Grid(m,n) with m,n > 4. If 6(s,t) = 1, then there
exists a hamiltonian st-path of Grid(m,n).

In [14], Stewart and Xiang considered the hamiltonian path embeddings in Q¥ with even k > 4. They
presented the following results.

Lemma 3.3 ([14]). Let s and t be any two distinct vertices of Row[p : q|, where 0 <p < q < k—1. If(s,t) =1,
then there exists a hamiltonian st-path P of Rowlp : q]. Moreover, each of the following holds:

(i) P contains at least one edge of Row[r|, for every r = p,q.

(i1) P contains at least two nonadjacent edges of Row[p| or Row|q].

(7i1) If k > 6, then P contains at least two nonadjacent edges of Row[r], for every r = p,q.

(iv) If k =4 and s,t ¢ V(Row[p]) (resp. s,t ¢ V(Row|q])), then P contains two nonadjacent edges of Row[p]
(resp. Rowlq]).

Lemma 3.4 ([14]). Given an integer n > 2 and an even integer k > 4, let Q% be a k-ary n-cube with f, faulty
nodes and fo faulty edges. If f, + fo < 2n —2 and s,t are distinct healthy vertices such that 6(s,t) = 1(resp.
0(s,t) =0), then then there exists an st-path of length at least k™ — 2f, — 1(resp. k™ — 2f, — 2).

Lemma 3.5 ([9]). Given an even k > 4, let 5,t and x be any three distinct vertices in Row|0 : p] of Q%, where
1<p<k-—1 Ifé(x,s) =1 and (s,t) = 0, then there exists a hamiltonian st-path of Row[0 : p] — x.

Lemma 3.6 ([12]). Let e € E(Row[0 : p]), where 1 < p <k — 1. Then the following hold.
(i) Row|0 : p] has two distinct hamiltonian cycles containing e such that one contains MY and Mg, and the

other contains MY_, and MY 5, where o, B € {0, 1}.
(ii) e lies in a cycle of each even length from 4 to (p+ 1)k.

Lemma 3.7 ([12]). Let v* be a faulty vertez in Row [0] of Row[0 : p]. If p > 2, then each edge of Row|0 : p] — v*
lies in a cycle of every length from 4 to (p 4+ 1)k — 2.

Lemma 3.8 ([12]). Let e* be a faulty edge in Row[0] of Row[0 : p]. If p > 3, then the faulty Row[0 : p| is
edge-bipancyclic.

We define the following paths in Row[i : i+ 1]. Let i <a <i+1, 0<b#m <k—1.If a =i then let
a=1+1,and if a =i+ 1 then let a = 1.
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Cm ('Ua,ba Ua,b) = Va,bVa,b+1Va,b+2 - - - Va,m—1Va,mVa,mVa,m—1Va,m—-2 - - - Va,b+1Va,b-

Crr(Va,by Va,b) = Va,bVa,b—1Va,b—2 - - - Va,m+1Va,mVa,mVa,m+1Va,m+2 - - - Va,b—1Va,b-

In addition, if m = b, we define C;r(vmb,vd’b) = C, (Va,psVab) = (Va,b, Vap)-

Lemma 3.9. Let (v,0,v01) be a faulty edge in Row[0 : p] and let s,t be any two vertices of Row[0 : p]. If
d(s,t) = 1, then there is a hamiltonian st-path of Row[0 : p] — (vo,0,v0,1) that contains at least two nonadjacent
edges of Row|0] and one edge of Row[p] or two nonadjacent edges of Row[p] and one edge of Row|0].

Proof. Set s =v; ; and t = vy j, where 0 < 4,7’ <pand 0 < j,j' <k — 1. We prove the assertion by induction
on p. It may be readily checked that the lemma holds for p = 1, Suppose that p > 2 and the assertion holds for
Rowl[0 : p — 1]. It is enough to consider Row[0 : p|. Recall that s = v; ; and t = vy ;.

Suppose first that 0 < 4,7 < p — 1. By the induction hypothesis, there is a hamiltonian st-path P! of
Row[0 : p— 1] — (vo,0,v0,1) that contains at least one edge of Row[p — 1]. It is easy to obtain the path as required.
Suppose next that 0 < ¢ < p—1 and i’ = p. By the induction hypothesis, there is a hamiltonian sv,_1 j_1-path
Pl of Row[0 : p—1] — (v0,0,v0,1). Then P = P*URow([p] + (vp—1 j/—1,Vp js—1) — (Vp js—1, 1) is as required. Suppose
now that ¢ = ¢/ = p. By the induction hypothesis, there is a hamiltonian v,_1 j41vp—_1,j/+1-path P! of Row][0 :
p—1] = (v0,0,v0,1). Then P = P'U Rowl[p] — {(s,vp,j+1), (t, vp,57+1)} + {(vp,j41, Vp—1,j+1)s (Vp,j41, Vp—1,541) }
is as required. O]

According to the proof of Lemma 3.9, we have the following Corollary.

Corollary 3.10. Let (vo0,v0,1) be a faulty edge in Row|0 : p] and let s,t be any two vertices of Row[0 : p]. If
d(s,t) = 1, then there is a hamiltonian st-path P of Row(0 : p] — (vo0,v0,1). Moreover, P contains at least two
nonadjacent edges of Row[r] if (s,t) ¢ E(Row(r]), where r € {0, p}.

Lemma 3.11. Let (vo0,v0,1) be a faulty edge of Row(0 : p] in Q.

(i) If p > 2, then the faulty Row|0 : p] is edge-bipancyclic.

(1) If p =1, then each healthy edge of Row[0]U Row[l] — (v1,0,v1,1) lies in a cycle of every even length from
4 to 2k.

(13) If p=1 and k =4, then (v1,0,v1,1) lies in a cycle of every even length from 4 to 2k.

(iv) If p =1, then each edge of Row(0 : 1) lies in a cycle of every even length from 4 to k+ 2 and the
k + 2-cycle contains at least k/2 edges of Row(r], for every r =0, 1.

Proof. Choose a healthy edge e of Row[0 : p]. If p > 3, then, by Lemma 3.8, the faulty Row[0 : p] is edge-
bipancyclic. Suppose that p = 2. If e is not incident with vy, then, by Lemma 3.7, e lies in a cycle of every
even length from 4 to 3k — 2 in Row|[0 : 2] — vg9. By Lemma 3.9, e lies in a healthy cycle of length 3k.
Thus, there is a cycle of each even length from 4 to 3%k that contains e. If e is incident with vg o, then e €
{(v0,0,v1,0); (v0,05v0,k~1) }-

Set Cl = <UO,O;UO,k—laCi_(vO,k—laUl,k—l)avl,k—laUl,O; U0,0>7 i =k — ].,k - 2,. . .,].. Note that Cz is a Cycle
of length 2(k —i+ 1) and e € E(C;). So e lies in a cycle of each even length from 4 to 2k. For any edge
(v1,5,v1,541) of the cycle (vg,0,Cy (v0,0,v1,0),V1,0,V0,0), Where j € {1,3,...,k — 1}, replace (vqj,v1,j4+1) with
the paths (v1 j,v2,5,v2,j+1,v1,j+1), and so on, so as to obtain healthy cycles of lengths 2k + 2,2k + 4, ..., 3k.
Therefore, e lies in a cycle of each even length from 4 to 3k. Then the statement (i) holds. By the structure of
Rowl[0 : 1] — (vo,0,v0,1), it is easy to verify that the statements (i¢)-(iv) hold. O

Choose any dimension 7 € {0,1,...,n — 1}. Partition Q¥ (n > 3 and even k > 4) along the dimension r into
k disjoint subcubes Q[0], Q[1],...,Q[k — 1]. Let |F| < 4n —5 and p € {0,1,...,k — 1}. We have the following
lemmas.

Lemma 3.12. Given a fault-free edge (u,v) of Q[0], if |Fi| < 2n —5, for i =0,1,...,p, then each of the
following holds.
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(i) There is a hamiltonian uv-path P of Q[0,p] — F such that |E(P N Qp])| = k"1 — 1.
(ii) There is a fault-free uv-path of every odd length from 1 to (p+ 1)k"~! — 1 in Q[0,p] — F.

Proof. We prove the assertion by induction on p. According to Theorem 1.1, the assertion is true for p =
0. Suppose that p > 1 and the assertion holds for Q[0 : p — 1]. Then there is a hamiltonian wv-path P of
Q0,p — 1] — F such that |E(Py N Q[p — 1])| = k"~ ! — 1. It is enough to consider Q[0 : p].

Recall that |F| < 4n — 5. Since [%1_1] > 4n — 5, there is an edge (s,t) € E(P1 N Q[p — 1]) such that
(s,nP(s)), (t,nP(t)), (nP(s),nP(t)) ¢ F. Observe that |F,| < 2n —5 = 2(n — 1) — 3. By Theorem 1.1, there is
a fault-free n?(s)nP(t)-path P, in Q[p] of every odd length Il with 1 <ly < k"1 — 1. Thus, P = P, U P, +
{(s,nP(s)), (t,nP(t))} — (s,t) is a uv-path of every odd length | = |E(P;)| + Iz + 1 with pk"~ ! +1 <1< (p+
1)k~ — 1. By the induction hypothesis, there is a fault-free uv-path of every odd length from 1 to pk™~! —1 in
Q[0,p — 1]. Hence, a path of a specified length can be constructed. If |E(P,)| = k"~ — 1, then P is a hamiltonian
wv-path and |E(P N Q[p])| = |E(P)| = k"~! — 1. Thus the proof is complete. O

Lemma 3.13 ([17]). Given an even integer k > 4, let s* and t* be two adjacent vertices of QX and let s and t be
any two vertices of QX — {s*,t*} such that §(s,t) = 1. Then there exists a hamiltonian st-path of QF — {u*,v*}.

Lemma 3.14 ([17]). Given an even integer k > 4, let s* be a verter of QF and let s and t be any two distinct
vertices of QX — s* such that §(s,t) =0 and §(s,s*) = 1. Then there exists a hamiltonian st-path of QX — s*.

Given a graph G, let S and T be two subsets of V(G). An (S,T)-path is a path which starts at a vertex of
S, ends at a vertex of T', and whose internal vertices belong to neither S nor 7T'. By induction and Lemma 3.13,
we can get the following lemma easily.

Lemma 3.15. Let S = {s',s*} C V(Q[p]) such that §(s', s*) = 0. Then there exists a set T = {t*,t*} C V(Q]q])
such that §(s',t') = 1, §(t1,t?) = 0 and there are two vertex-disjoint (S, T)-paths in Q[p,q| that contain all
vertices of Q[p,q|, where 0 <p < q<k-—1.

Lemma 3.16. Let s € V(Q[0]) and t',t?> € V(Q[j]) such that §(s,t*) =1, §(t*,t*) = 0 and t* # 2. Then there
exists a hamiltonian t't?-path of Q[0,j] — s, where 0 < j < k — 1.

Proof. According to Lemma 3.14, the assertion is true for j = 0. Suppose that j > 1 and the assertion holds for
Q[0,5 — 1]. It is enough to consider Q[0 j].

Let S = {t!,#?}. By Lemma 3.15, there exists a set T = {t3,t*} € V(Q[1]) such that 6(t',¢3) = 1, 3 # t,
5(t%,t*) = 0 and there are two vertex-disjoint (S,7T)-paths P! and P? in Q[1,;j] that contain all ver-
tices of Q[1,]. By Lemma 3.14, there is a hamiltonian n®(t3)n°(t*)-path P3 of Q[0] — s. Then |J°_, P" +

r=1

{(#2,n°(t%)), (t*,n°(*))} is as required. O

Lemma 3.17 ([17]). Let u,v € V(Q|0,p]) such that é(u,v) = 1. If F; is a conditional faulty edge set of Q[i]
and f; <4n —10 fori=0,1,...,p, then there exists a hamiltonian wv-path of Q[p,q| — F'.

4. EDGE-BIPANCYCLICITY OF CONDITIONAL FAULTY k-ARY 2-CUBES
In this section, we will prove the following result:

Theorem 4.1. Given an even integer k > 4, let F be a conditional faulty edge set of Q% with |F| < 3. Then,
for any healthy e of QX e lies in a cycle of each even length from 6 to k% in Q§ — F.

We will investigate the edge-bipancyclicity of the conditional faulty k-ary 2-cube with at most 3 faulty edges.
It is enough to consider |F| = 3. Suppose that |F!| > |F°|. Then 2 < |F!| < 3. In the following lemmas,
suppose that k > 4 is an even integer and e = (s,t) is a healthy edge of Q%. Set s = v;; and t = vy, where
0<1,j,7,57 <k—1. Let C; and Cs be two cycles. Then denote by C; A Cs the graph induced by the edges of
E(Cy) A E(Cy), where E(Cy) A E(C3) denotes the symmetric difference of E(C1) and E(C5). We consider the
following cases.
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Case 1. |F1| = 2.

In this case, |F°| = 1. Without loss of generality, we assume that F° = {(vgg,v01)} and F' =
{(Wirg1> Vis+1,51)s (Vi 5oy Vig+1,2) }> where 0 < iy, jr,da, jo <k — 1.

Case 1.1. iy = iz (see Lem. 4.2).

Case 1.2. i1 =0 and ia = k — 1 (see Lem. 4.3).

Case 1.3.1 < i3 <k —2and iy =k — 1 (see Lem. 4.4).

Case 1.4.1 <14y < i3 <k —2 (see Lem. 4.5).

Case 2. |F'| = 3.

In this case, |J:O| = 0. Let F' = {(Uihjl’ Ui1+17j1)’ (Uiz,j27vi2+1,j2)’ (UiS,jsvvis-‘rLj?,)}’ where 0 <
i1, J1, 12, 2,13, j3 < k — 1.

Case 2.1. iy = ip = i3 = 0 (see Lem. 4.6).

Case 2.2. 19 = i3 = i1 — 1 (see Lem. 4.7).

Case 2.3. ia = i3 # i1 =1 (see Lem. 4.8).

Case 2.4. i1 =i2+ 1 and is = i3 + 1 (see Lem. 4.9).

Case 2.5. i1 ¢ {ia, 3,92 = 1,43 = 1} and iy # i3 (see Lem. 4.10).

Lemma 4.2. If i, = iy, then e lies in a healthy cycle of each even length from 6 to k2.

Proof. Suppose first that i; = is € {0,k — 1}. Without loss of generality, we assume that i; = i = k — 1. Note
that Q5—Row(k — 1 : 0) is isomorphic to Row[0 : k — 1]. By Lemma 3.8, the faulty Row|[0 : k& — 1] is edge-
bipancyclic. Then e lies in a cycle of each even length from 6 to k2 in Q% — F. Suppose next that 1 < i; = iy <
k—2.

Case 1. e € E(Row[0 : 41]) or e € E(Row[iy + 1 : k — 1]).

If e € E(Row[iy + 1 : k —1]), then e € E(Row[i; + 1 : 0]). By symmetry, it is enough to consider the case
that e € E(Row|0 : 41]) in the following.

Case 1.1. e lies in a cycle of each even length from 6 to (i1 + 1)k in Row[0 : 41] — (v0,0, v0,1)-

By Lemma 3.6(i), Row[0 : i1] has a hamiltonian cycle C' containing e and M¢.

Suppose first that iy + 1 < k — 2. By Lemma 3.6(i7), there is a vg_1 ovk—1,1-path P! of every odd length
1Y€ [1,(k—1—1iy)k—1] in Row[i; + 1 : k — 1]. We may obtain a cycle C'U P + {(vo,0,vk—1.0), (0.1, Vk—1.1)} —
(v0,0,v0.1) of every even length [ = |E(C)| + 1! +1 € [(i1 + 1)k + 2, k?].

Suppose next that i3 +1 =k — 1. If e ¢ M{, let C,, = (Von,Vk—1.n) Vk—1.,n+1,V0,n+1,V0.n), fOr m =
0,2,...,k—2. Then C ACyACyA...\C, is a cycle of every even length from (k — 1)k +2 =k —k +2
to k% that contains e. If e € M, then e € E(Row[0]). By Lemma 3.6(i), Row[0 : k¥ — 3] has a hamiltonian
cycle O containing MY and MY~3, where a € {0,1}. Without loss of generality, we assume that o = 0. Let
C" = C'"URow[k — 1] + {(v0,0, Vk—1,0)s (vo,1, ve—1,1)} — {(v0,0,v0,1), (Vk—1,0,Vk—1,1)} and Cp, = (Vk—3.n, Vk—2,n,
Vk—2,n+15 Vk—3,n4+1s Vk—3.n), for n =10,2,...,k —2. Then C" ACy ACy A ... AC,, is a cycle of every even length
from k2 — k + 2 to k? that contains e.

Case 1.2. Row[0 : i1] — (v0,0,v0,1) has not any cycle containing e of every even length from 6 to (i; + 1)k.

By Lemma 3.11, 41 = 1 and e € Row(0 : 1) U{(v1,0,v1,1)}. Observe that ¢; +1 = 2 < k — 2. By using a similar
construction in the second paragraph of Case 1.1, we may obtain a cycle of every even length from 2k + 2 to k2
in Row([2 : 1]. As 2k + 2 < k? — 2k + 4, it remains to show that there is a cycle of every even length from 6 to
k* — 2k + 4.

If e = (v1,0,v1,1), then, by Lemma 3.6(i7), there is a vg_1 ovk—1,1-path P! of every odd length I € [1,k% —
2k — 1] in Row[2 : k — 1]. So (v1,0,v1,1,v0,1, Vk—1,1, P{', Vk—1,0, V0,0, V1,0) is a cycle of every even length I{ +5 €
[6, k% — 2k + 4].

If e = (vo,5,v1,;) € Row(0 : 1), then, by Lemma 3.11(it7), e lies in a cycle C of every even length from 4 to
k+ 2 and C contains k/2 edges of Row[0] when |E(C)| = k + 2. Suppose that |E(C)| = k + 2. Choose an edge
(vo,j1,v0,j141) of C. By Lemma 3.6(ii), there is a vy_1 jivg_1 j111-path Pj of every odd length I3 € (1, k* — 2k —1]
in Row[2 : k — 1]. Then C' U P} + {(vg j1,vk—1,41), (Vo j141, Vk—1,51+1)} — (Vo j1,v0,j141) is a cycle of every even
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length |E(C)| + 13 + 2 € [6,k* — k + 2] that contains e. Note that k% — 2k +4 < k? — k + 2. Thus e lies in a
cycle of every even length from 6 to k? — 2k + 4.

Case 2. e € Row(i; i1 +1).

Now e = (v4, j,Vi,+1,j)- By symmetry, we may assume that k/2 < i3 < k—2. Then 2 <43 <k —2. If
either (v, j—1,vi+1,j—1) € F or (i, j+1,Vi,+1,541) ¢ I, then e lies in a 4-cycle. Otherwise, e lies in a 6-cycle
<’U1‘1,j, Viy,j—15Viy,5—2,Vi; 41,72, Vi;+1,j—1, Vi  +1,55 Uil,j>- Then there is a cycle Cl of leng‘th ll S {4, 6} containing
e in Rowl[iy : iy + 1] — F. Choose an edge (v;, ,v;, ++1) of C'. In the following, we will construct a cycle of
every even length | with 6 <1 < k? that contains e in Q§ — F.

Case 2.1. ' +2 <[ < i1k + 4.

Suppose that there exists a v;, —1 i, —1,r4+1-Path P? of every odd length 1% € [1,i1k — 1] in Row[0 : 41 — 1] — F.
Then e lies in a cycle C' U P? + {(viy s Vi —1.0)s (Viy 415 Vi —1,041) } — (Vi ry Uiy r41) Of every even length [ =
I* +1%2 +2 with I' +2 <1 < ik +1'. Recall that I' € {4,6}. Then e lies in a cycle of every even length from
'+ 2 to itk + 4.

Otherwise, Lemma 3.11 implies that i1 = 2, (v, .+, Vi, r41) = (V2,0,v2,1) and k > 6. Observe that (vs,v31) €
E(C'). By Lemma 3.6(ii), there exists a v4ov41-path P? of every odd length * € [1, (k — 4)k — 1] in Row[4 :
k — 1]. Then e lies in a cycle C* U P3 + {(vs,0,v4,0), (v3.1,v4,1)} — (v3,0,v3,1) of every even length | = ' + 13 +2
with ' +2 <1< (k—4)k+1'. Asi; =2 and k > 6, it follows that i1k +4 < (k — 4)k + 1. So e lies in a cycle
of every even length from ' + 2 to i1k + 4.

Case 2.2. i1k +6 <1 <k?—2k.

In this case i7 +1 < k — 2. Lemma 3.6(i) implies that Row[0 : ¢; — 1] has a hamiltonian cycle
C? containing (vi,—1,,vi;—1,,4+1) and M§. Then C? = C' U C? + {(vi,—1,r,Viyr)s (Viy—1r415Viy rt1)} —
{(iy =17, Vi —1,041)s (Viy 7y iy 1)} I8 a cycle containing e and |E(C®)| = i1k + ['. Using the path
{(Vk—1.0,0,0, C® — (v0.0,0.1), V0.1, Vk—1.1), it is not difficult to construct the required cycles.

Case 2.3. k2 — 2k +2 <1< k2.

Clearly, we can obtain a healthy k2-cycle containing e easily.

Let C* = (Row[i1] U Rowli; + 1]) A C. Then e € E(C*), |E(C*)| > 2k — 2 and we may choose any
edge (vi,4141,0i+1,5141) of C*NRowl[i; + 1] such that j' # 0. We may easily verify that there exist
healthy cycles containing e of even lengths from k% — 2k + 2 to k> —2 in C* U Rowli; +2 : i1 — 1] +
{ i1, vi42,51), (Vi 11,5141V 42,51 41) - O

Lemma 4.3. Ifi; =0 and io = k — 1, then e lies in a healthy cycle of each even length from 6 to k2.

Proof. Recall that (s,t) = (v; j,vir j) and F* = {(vi, jrs Vis+1,51)s (Vin,jos Vis+1,jo) }- We distinguish three cases.
In each case, we will construct a cycle of every even length | with 6 <1 < k? that contains e in Q§ — F.

Case 1. (s,t) € E(Row|0]).

Clearly (s,t) = (vo,j,vo ;). Without loss of generality, we may assume that j' = j + 1.

Case 1.1. 6 <1 < k? — 2k + 6.

As either i1 ¢ {j,7 +2} or iy ¢ {j’,j' — 2}. Without loss of generality, assume i; ¢ {j,7 + 2}. So C! =
(s,t7vo,j+2,v1’j+27v1,j/,vl,j7s> is a 6-cycle containing e. By Lemma 3.6(¢%), there is a va jva j41-path Pl of
every odd length e [1, k% — 2k — 1] in ROW[2 ck— 1]. So CtuU P! + {(’ULj,’Ug}j), (1)1)j+1,1}27j+1>} — (Ul,j7vl,j+l)
is a cycle of each even length 6 + ! + 1 € [8,k? — 2k + 6] containing e.

Case 1.2. k> — 2k + 8 <1 < k2.

Suppose first that (vo0,v1,0), (vo,1,v1,1) € F or (vo0,Vk—1,0), (Vo1,vk—1,1) ¢ F. Without loss of gen-
erality, assume that (vo0,v1,0),(vo,1,v1,1) ¢ F. Then we can verify that Row[0] U Row[l : k — 1] +
{(v0,0,v1,0), (v0,1,v1,1)} contains the cycles as required.

Suppose next that [{(vo,0,v1,0), (v0,1,v1,1)} N F| = [{(vo,0,Vk-1,0), (V0,1,Vk=1,1)} N F| = 1. That is ji1,j2 €
{0,1}. Noting that F is a conditional faulty edge set of Q5 and (voo,v01) € F, it can be seen that j; # jo
and so j; =0,j2 = 1 or j; = 1,72 = 0. Without loss of generality, assume that j; = 1, jo = 0. Clearly, Row[0] U
Row[l : k — 1] + {(vo,0,v1,0), (v0,1,Vk—1,1)} contains the cycles as required
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Case 2. (s,t) € Row(0 : 1).

In this case, (s,t) = (vo,;,v1,5).

Case 2.1. Both (s,vg j+1,v1,j4+1) and (s,voj—1,v1,j—1) are all faulty.

Without loss of generality, assume that (s,vg;—1), (Vo,j+1,v1,j4+1) € F. Then s = vo; and ¢t = vy ;. Thus
(s, Cj‘ﬁ(s,t), t,s) is a healthy cycle containing e of each even length from 6 to 2k, where j! = 3,4,...,k — 1,0.
Therefore, it is not difficult to verify that (s, Cy (s, t),t,8) U Row[2 : k — 1] + {(¢,v2,), (v1 j4+1,V2,j+1)} contains
the cycles as required.

Case 2.2. Either (s,vo j41,v1,j41) is fault-free or (s,vo j—1,v1,j-1) is fault-free.

We only consider the case that (s,vo j+1,v1,;+1) is fault-free since the proof for the other case is similar.
Clearly, 1 < j < k — 1. By Lemma 3.6(i4), there is a tvq j1-path P! of every odd length from 3 to k¥ —k — 1 in
Row|[1 : k — 1]. Then (s,vo j+1,v1,j+1, P, t,8) is a cycle containing e of every even length from 6 to k% — k + 2.

Suppose first that ja ¢ {0,1}. Lemma 3.6(47) implies that there is a vy _1 ogvg_1 1-path P? of every odd length
from 1 to k% — 2k — 1 in Row[2 : k — 1]. Then Row[0] U Row[1] U P? + {(s,1), (vo,j+1,v1,j+1)s (V0,0, Vk—1,0)s (V0,15
vk—1,1)} — {(8,v0,j4+1)s (t,v1,j41), (v0,0,v0,1)} is a cycle of every even length from 2k + 2 to k. As 2k + 2 <
k? — k + 4, it follows that e lies in a cycle of every even length from k? — k + 4 to k2.

Suppose next that jo € {0,1}. By the structure of Row[0 : 1] — F', we may choose two vertices vg, and
v1p such that 6(vo,q,v1,6) =1, (Vo,a;Vk—1,0) ¢ F and there is a hamiltonian vg ,v1 p-path P of Row[0 : 1] — F'
passing through (s,t). Clearly, we can construct a cycle of every even length from k? — k + 4 to k2.

Case 3. (s,t) € E(Row[l : k —1]).

The healthy cycles containing e of even lengths from 6 to k? — 2 can be obtained easily. It remains to construct
a cycle of length k? containing e in Q§ — F.

Case 3.1. (v0,0,v1,0), (vo,1,v1,1) ¢ F or (vo,0,Vk-1,0), (v0,1,Vk-1,1) & F'.

Without loss of generality, assume that (vo,0,v1.0), (v0,1,v1,1) ¢ F. Suppose first that (s,t) € E(Row[1]). It is
easy to construct a hamiltonian zy-path P! containing (s,t) in Row|[0 : 1] — F, where §(x,y) = 1. Using the path
Pl we can obtain a healthy k?-cycle containing e. Suppose next that (s,t) € E(Row[2: k — 1]) U Row(1 : 2).
By Lemma 3.6(i), Row[l : k — 1] contains a hamiltonian cycle C! containing e and (v1,,v1,1). Then we can
verify that Row[0] U C* + {(vo,0,v1,0), (v0,1,v1,1)} contains the cycle as required.

Case 3.2. (UO,Oa 'kal,O); (1)0’1,’0171) € For (’1)0’0,’0170)7 (’Uo,l,’l]kfl_rl) eF.

Without loss of generality, assume that (vgo,vk—1,0), (v0,1,v1,1) € F. Furthermore, we may assume that
d(s,v0,0) = 0 and 6(t,v9,1) = 0. Suppose first that t = v19 or s = vi_11. If t = vy, then, Corollary 3.10
implies that there is a hamiltonian vg_;1s-path P} of Row[2 : k — 1] — ¢. Then (s, Py, vk_1.1,v0,1,%V02
yee o, V0k—1, V0,01, 8) is as required. If s = vy_1,1, then the proof is similar. Suppose next that ¢ # v and
s # vgp—1,1. Recall that s = v; j, t = vy j» and d(s,v9,0) = 0. Then i + j is even and ¢’ + j' is odd.

Case 3.2.1. i = 1.

Case 3.2.1.1. j < j.

In this case, 0 < j' < k — 2.

Suppose first that j° = 0. Observe that i’ is odd. As t # vy, we have that 3 < i =4 <k — 1. Recall
that s # vg_1,1. Then ¢ # vy_10 and so 3 < ¢ =4 < k— 3. By Lemmas 3.1 and 3.2, there is a hamil-

tonian v;_1 1s-path P? of Row[l : k — 2] N Col[l : k — 1]. Let P? = (vir—1.0,0i'—2.0 - -, V0.0, V0.k—15 V0,k—25
V01, k1,15 Vk—1,2, - - - s Uk—1,k—1, Uk—1,0, Vk—2,05 - - - » £). Then (s, P?, vy _1 1,05 1,0, P?,t,s) is as required.

Suppose next that 1 < j' < k—2. Let G; = Row[l : k—1] N Col[l : j — 1] and G2 = Row[l : k — 1] N
Col[j : 0].

Ifj—1=1,thenj =2, =1landi=1iseven. So2 <14 < k—2. Lemma 3.1 implies that there is a hamilto-
nian vg 2vg x—1-path P of Row[0 : 1] N Col[2 : k — 1]. By Lemmas 3.1 and 3.2, there is a hamiltonian v; 1 2s-path
P24 of ROW[2 k- 1] N 001[2 : 0] Then <S, P247 Vi’4+1,2, Vi’ +1,1, Vi'4+2,15 - - - , Vk—1,1, V0,1, V0,2, P14, V0,k—1, V0,0,
V1,0,V1,1,V2.15- - -, t, S) is as required (see Fig. 1a).

If j—1 > 2, then, Lemma 3.1 implies that there is a hamiltonian sv; g-path P} of G5 and there is a hamiltonian
tvk_m—path P25 of Gl. Then <8, P157 V1,0, V0,0, V0,k—1,V0,k—25-- -5 V0,1, Vk—1,1, P25, t, S> is as required (see Flg 1b)

Case 3.2.1.2. j < j'.
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V0,1 V0,2 Vo,k—1 g

v1,0

FIGURE 1. A hamiltonian st-path.

In this case, 0 < j <k — 2.

Suppose first that j = 0. Observe that ¢ = 4’ is even and so 2 < i =4 <k —-2. If j/ =1, let G; =
Row[l : k= 1] N Col[l : k — 2] and G2 = Row[l : k — 1] N Col[k — 1 : 0]. Then we can obtain a required
path by using a similar construction in the fifth paragraph of Case 3.2.1.1. If 5/ = k — 1, then, Lemma 3.5
implies that there is a hamiltonian svg_j1-path PP of Rowl[i : k — 1] — ¢. If i’ > 4, then, by Lemma 3.3,
there is a hamiltonian vy gvy—1 x—1-path P9 of Row[l : 4’ — 1]. If i’ = 2, let P§ = Row|[1] — (v1,0,v1 k—1). Then
(5, P8 vp_11, V0,1,00,2, - - - s V0,k—1, 00,0, V1,0, P vir_1k-1,t,8) is as required.

Suppose next that 1 < j <k —2.

If ¢ =4 =1, then j is odd and j is even. If j = 1, then s = wv;;. Lemma 3.1
implies that there is a hamiltonian wvg_1,_1t-path P/ of Row[l : k — 1] N Col2 : k — 1]. Then
<S, V2.1y---,Vk-1,1,00,1,Y0,25---,V0,k—1,Y0,0,V1,05---5Vk—1,0, Vk—1,k—1; P17, t, S> is as required. If j > 3, then,
Lemma 3.5 implies that there is a hamiltonian svgo-path PJ of Col[2 : j'] —t. By Lemma 3.1, there
is a hamiltonian vy gvg_11-path P§ of Row[l : k — 1] N Col[0 : 1]. As j’ is even, we have that j' <
k — 2. Lemma 3.3 implies that there is a hamiltonian vg,_1v1 j4+1-path P{ of Col[j’ + 1 : k — 1]. Then
(8, Py, 002,001, Vk—1.1, P4, 01.0,0.0, V0 k—1, PJ,v1 j7+1,1,8) is as required.

If 2 <i=1i <k—2. Lemma 3.5 implies that there is a hamiltonian svj_1 1-path P of Row[i : k — 1] — ¢ and
there is a hamiltonian v 2vy 1 j-path P{ of Row[0 : 4’ — 1] —vg 1. Then (s, PY, vp_1 1, V0,1, 00,2, P, vi—1,4,t,S)
is as required.

If i =4 =k —1, then Lemma 3.5 implies that there is a hamiltonian svg_1 1-path P77 of Rowlk — 2,
k — 1] —t. By Lemma 3.5, there is a hamiltonian wvgovg j-path P¢ of Row[0 : k — 3] — vg,1. Then
(8, P, vk—1.1,v01,v0,2, PY,v0 js,t,8) is as required.

Case 8.2.2. 1 £ 1.

Using Lemmas 3.3 and 3.5, the proof of this case is immediate. O

Lemma 4.4. If1<i; <k—2 andiy =k — 1, then e lies in a healthy cycle of each even length from 6 to k2.

Proof. We distinguish four cases. In each case, we will construct a cycle of every even length [ with 6 < < k2
that contains e in Q5 — F. Recall that e = (s,t) = (v; j, vy ;) and F* = {(vi, j1, Vis+1.51) s (Vin,jos Vis+1.42) }-

Case 1. (s,t) € E(Row|[0 : i1]).

Case 1.1. 6 <1< (i1 + 1)k.

By Lemma 3.11, e lies in cycles of even lengths from 4 to (i1 + 1)k in Row[0: 4] — F or iy = 1 and e €
Row(0 : 1) U {(v1,0,v1,1)}. Then we only need to consider the case that i1 = 1 and e € Row(0: 1) U{(v1,0,v1,1)}.
Suppose first that e € Row(0 : 1). It is easy to construct the cycles as required. Suppose next that e = (s,t) =
(v1,0,v1,1)-

Claim 1. e = (s,t) lies in a cycle of every even length from 6 to 2k in Row[éiy : 41 + 1] — F.

Note that i; = 1. If j; > 2, it is easy to verify that there exist healthy cycles of lengths 6,8, ...,2k — 2. If
j1 € {0,1}, without loss of generality, assume that j; = 1. Then (s, ¢, C;ﬁ (t,v2.1),v2,1,v2,0, S) is a healthy cycle of
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every even lengths from 6 to 2k — 2, where j! = 2,3,... k— 1. Noting that e ¢ M{ and |M}| = k/2 > 2. It follows
that we may choose an edge (vq j2,v; j241) € M{ such that (v j2,v1 j241) and (vij,,v2,5,) are nonadjacent.
Then Row[1] U Row[2] + {(v1,j2, v j2), (V1 j241, V2 j241) } — {(v1,52, V1 j241), (V252,02 j241)} is & cycle containing
e of length 2k. Therefore, this claim holds.

By Claim 1, e lies in a cycle of every even length from 6 to 2k = (i1 + 1)k.

Case 1.2. (iy + 1)k +2 <1 < k2.

Suppose first that i; + 1 < k — 2. Using Lemma 3.9, it is easy to verify that there exists a cycle containing e
of every even length from (i; + 1)k + 2 to k2. Suppose next that i; +1 =k — 1. Then (i; + 1)k +2 = k%> — k +2
and (s,t) € E(Row[0 : k —2]).

If (s,t) € E(Row[0 : k — 3]), then, Lemma 3.9 implies that there is a hamiltonian st-path P3 of Row|0 :
k — 3] — F. Choose an edge (vg_3 3, Vk—3,3+1) of P3. By Claim 1, there is a cycle containing (vg_3 3, Vk—3 j3+1)
in Row[k — 2 : k — 1] — F of every even length from 6 to 2k. Clearly, we can construct healthy cycles of lengths
from k? — k + 2 to k2. If (s,t) € E(Row[k — 2]) U Row(k — 3 : k — 2), without loss of generality, assume that
(s,t) ¢ MF~2 By Lemma 3.6(i), Row[l : k — 2] has a hamiltonian cycle C? containing e, M¥~2 and M}, where
a € {0,1}. We can construct a healthy cycles of lengths from k? — k + 2 to k? — 2. Lemma 3.9 implies that there
is a hamiltonian st-path P of Row[0 : k — 2] — (vo,0,v0,1). It is easy to see that there exists a cycle containing
e of length k2.

Case 2. (s,t) € Row(i1 : i1 + 1) U Row(k —1:0).

In this case, j = j'. Noting that (viji1,vi j41) € F or (vij—1,v j—1) ¢ F, without loss of general-
ity, assume that (v;j+1,virj4+1) ¢ F. Then we can easily construct the required cycles in Q5—Row(i :
i) +A{(s, 1), (vijs1, vir j41) }-

Case 3. (s,t) € E(Row[i; +1: k —1]).

Suppose first that i; + 1 < k — 2. Then the required cycles can be constructed easily. Suppose next that
i1+ 1=k —1. By Claim 1, e lies in a cycle of every even length from 6 to 2k in Row[k — 2 : k — 1] — F. Clearly,
we may obtain the cycles as required. O

Lemma 4.5. If1 < iy <iy < k — 2, then e lies in a healthy cycle of each even length from 6 to k2.

Proof. We distinguish three cases. In each case, we will construct a cycle containing e of every even length [
with 6 <1 < k? in Q5 — F. Recall that e = (s,t) = (v; j, vy ) and F* = {(vi, j1,Viy+1,51) (Vig,jos Vist1.4s) }-

Case 1. (s,t) € E(Rowl[0 : 41]) or (s,t) € E(Rowl[ia + 1 : k — 1]).

If (s,t) € E(Rowl[ia + 1 : k — 1]), then (s,t) € E(Row[iz + 1 : 0]). It is similar to the case that (s,t) €
E(Row][0 : i1]). So we only need to consider the case (s,t) € E(Row[0 : i1]) in the following.

Case 1.1. i1 +1 <9 — 1.

In this case, k > 6.

Case 1.1.1. e = (s,t) lies in a cycle of every even length from 6 to (i; + 1)k in Row[0 : i1] — F.

In this case, it remains to construct the cycles containing e of even lengths from (iy + 1)k + 2 to k2.

Suppose first that io + 1 < k — 2. Then it is easy to verify that we can obtain a cycle containing e of
every even length from (i + 1)k + 2 to k2. Suppose next that io +1 = k — 1. Then iy = k — 2. Suppose that
(s,t) ¢ E(Rowli1]). Using Corollary 3.10, we may construct a cycle Ci containing e of every even length from
(i1 4+ 1)k + 2 to k> — k in Row[0: k — 2] — F and C} contains MF~? if |E(C})| = k? — k. Furthermore, we can
obtain the cycles of even lengths from k% — k + 2 to k2. If (s,t) € E(Rowli1]), then, Lemma 3.6(1) implies that
Row|[0 : 41] has a hamiltonian cycle C? containing e and M. Observe that (vgo,v0,1) € M{ and e ¢ M{. Then
we can construct a cycle of every even length from (iy + 2)k + 2 to k2.

Case 1.1.2. There is no cycle containing e of every even length from 4 to (i1 + 1)k in Row|[0 : ¢;] — F'.

By Lemma 3.11, 43 = 1 and e = (s,t) € Row(0 : 1) U {(v1,0,v1,1)}. By Lemma 3.9, there is a hamiltonian
st-path P! of Row|[0 : 1] — F that contains at least one edge of Row[0]. Note that i; + 1 < iy — 1. It is easy
to construct cycles containing e of even lengths from k? — 2k + 2 to k% If (s,t) = (v1,0,v1,1), then j = 0.
Let P4 = <S,t, V0,15, Vk—1,1, Vk—1,0, V0,0, S>. If (S,t) S ROW(O : 1), let P4 = <S,t,U11j+1,1107j+1,vk_17j+1, Vk—1,5, S>
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We can observe that P* is a fault-free 6-cycle containing e and (Vk—1,j,Vk—1,j41) € E (P*). It remains to construct
cycles of even lengths from 8 to k% — 2k containing e.

Suppose first that 45 + 1 < k — 2. Note that P* contains (Vk—1,Vk—1,441), ©1+1<is—landis+1<k—2.
Then it is easy to construct a cycle of each even length from 8 to k? — 2k containing e. Suppose next that
io+1=k—1.If (s,t) € Row(0 : 1), then, by Lemma 3.11(iv), e = (s, t) lies in a cycle of every even length from
8 to k + 2 in Row|[0 : 1] — F and the k + 2-cycle C'* contains k/2 edges of Row[1]. Recall that k > 6. So we can
obtain cycles containing e of even lengths from 8 to k? — 2k in Row[0 : k — 2] — F. If (s,t) = (v1,0,v1.1), then, by
Claim 1 in Lemma 4.3, (s,t) lies in a cycle C? of every even length from 6 to 2k in Row|[1 : 2] — F. According to
the proof of Claim 1 in Lemma 4.3, (v20,v2,1) € E(C?). Lemma 3.6(ii) implies that there is a v3 gvs 1-path P9
in Row[3 : k — 2] of every odd length from 1 to (k —4)k — 1. Then C? U P§ + {(v2,0,v3,0), (v2,1,v31)} — (v2,0,v2,1)
is a cycle containing e of every even length from 2k + 2 to k? — 2k.

Case 1.2. i1 +1 = i5.

Case 1.2.1. i+ 1<k — 2.

In this case, k > 6. By Lemma 3.6(i), Row|[0 : ;] has a hamiltonian cycle C! containing e, M{ and M@,
where a € {0, 1}. Clearly, we can verify that e lies in a cycle of every even length from k? — 2k + 2 to k2.

It is enough to construct the cycles containing e of even lengths from 6 to k% — 2k.

Suppose that e lies in a cycle of every even length from 4 to (i1 + 1)k in Row[0 : 1] — F. It is easy to verify
that there exists a fault-free cycle of every even length from 6 to k* — 2k containing e in Q5 — V(Row[i; + 1]).
Suppose next that there is not any cycle containing e of every even length from 4 to (i; + 1)k in Row[0 : i1] — F.
By Lemma 3.11, 4; = 1 and (s,?) € Row(0 : 1) U {(v1,0,v1,1)}- Note that is =11 +1 = 2.

If (s,t) € Row(0 : 1), then, Lemma 3.11(4v) implies that (s,t) lies in a cycle of every even length from 6 to
k+2in Row[0 : 1] — F and the k + 2-cycle C? contains k/2 edges of Row[0]. We can construct a cycle of every
even length from 6 to k? — 2k containing e in Row[3 : 1] — F. Suppose that (s,t) = (v1,0,v1.1). We can construct
the required cycles in Row[1] U Row[3 : k — 1] U (s, ¢, 00,1, Vk—1,1, Vk—1,0, 00,0, S)-

Case 1.2.2. io+1=Fk—1.

Clearly, i1 =k — 3 and i = k — 2.

If e lies in a cycle of every even length from 4 to k2 — 2k in Row[0 : k — 3] — F, then it remains to construct
cycles containing e of even lengths from k% — 2k + 2 to k2. By Lemma 3.6(i), Row|[0 : k — 3] has a hamiltonian
cycle C! containing (s,t), MJ and MF=3, where a € {0,1}. So we can construct the required cycles using the
cycle C*.

If there is not any cycle containing e of every even length from 4 to k? — 2k in Row|[0 : k — 3] — F, then, by
Lemma 3.11,4; =1 and so ia =41 + 1 = 2. Asis +1 =k — 1, we have that &k = 4. Thus it is easy to construct
a cycle of every even length from 6 to k2 = 16 containing e.

Case 2. (s,t) € E(Rowl[iy + 1 : ia]).

If i1 +1 <iy—1, then k > 6. It is easy to verify that there exist the cycles as required. If i; + 1 = i5, then
(s,t) = (vij,vir ;) € E(Row[iy + 1]). Without loss of generality, assume that j < j'. By Claim 1 of Lemma 4.3,
e lies in a cycle of every even length from 6 to 2k in Row[iy : ¢; + 1] — F. Suppose first that io + 1 < k — 2. Then
we can construct a cycle containing e of every even length from 2k + 2 to k2. Suppose next that i, +1 =k — 1.
Then iy = k — 3, ia = k — 2 and (s,t) € E(Row[k — 2]). By Claim 1 in Lemma 3.4, there exists a 2k-cycle C?
containing e in Row[k — 2 : k — 1] — F such that C? contains at least two nonadjacent edges of Row[k — 1].
Then, we can obtain cycles containing e of even lengths from 2k + 2 to k2.

Case 3. (s,t) € (Row(iy : 41 + 1) U Row(izg : i2 + 1) U Row(k — 1 : 0)).

If (s,t) € Row(k —1:0), then (s,¢) € E(Row[iz + 1 : 0]). Similar to Case 1, e lies in cycles of even lengths
from 6 to k2. If (s,t) € Row(iy : is + 1), then, by symmetry, it is similar to the case that (s,t) € Row(iy : i1 + 1).
So we only need to consider the case that (s,t) € Row(i1 : 41 + 1). Clearly (s,t) = (viy j,Viy41,5)-

Suppose first that 47 + 1 < 5 — 1. We can obtain healthy cycles of even lengths from 6 to k? containing e.
Suppose next that i1 + 1 = ia. Then, (s,t) € Row(i; : i2).

Claim 1. (s,t) lies in a cycle of every even length from 4 to k in Row[iy : i1 + 1] — (viy jy, Vig,j )-

Without loss of generality, assume that j; = 0 and 1 < j < k/2. Clearly, (s,C’;'_l(s,t),t, s) is a cycle
containing e of every even length from 4 to 2(k — j). Noting that 2(k — j) > k, then this claim holds.
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By Claim 1, (s,t) lies in a cycle of every even length from 4 to k. As either j; # j — 1 or j; # j + 1, without
loss of generality, assume that j; # j + 1. We may verify that there exists a healthy cycle containing e of each
even length from k + 2 to k? in Rowl[iz] U Row[iz + 1 : i1] + {(s,1), (Vi j41, Vin,j+1)}- O

Next, we consider the case that |F!| = 3. In this case, |F°| = 0. Let F' = {(vi, j1sVi+1.51 )
(Uiz,j27vi2+1,j2)a (Ui37j370i3+17j3)}, where 0 < il,jl,ig,jg, 7:3,j3 < k — 1. Recall that e = (S,t) = (’UL]',UZ‘/’]'/).

Lemma 4.6. Ifi; = iy = i3 = 0, then e lies in a healthy cycle of each even length from 6 to k2.

Proof. If (s,t) € E(Row][l : 0]), then, by Lemma 3.6(i), this lemma follows. So we only need to consider the
case that (s,t) € Row(0 : 1). If k = 4, then we may easily verify that there exist cycles as required. In the
following, we prove that the lemma holds for k£ > 6.

Suppose first that there exists j' € {j — 1, + 1} such that j' ¢ {j1, j2, j3}. Obviously, we can construct the
required cycles in Row[1 : 0] 4+ {(s, 1), (vg j1,v1 1)}

Suppose next that j — 1,57 4+ 1 € {j1,42,73}. As k > 6, we have that j — 2 # j + 2. Then either
J—2¢ {j1,j2,73} or 5+ 2 ¢ {j1,72,73}. Without loss of generality, assume that j + 2 ¢ {j1,72,73}. So
Ol = <S, V0,541, V0,542, V1,542, V1,j+1, t, S> is a 6—cycle containing €.

By Lemma 3.6(i), there is a vy jvs j11-path P° in Row[2 : k — 1] of every odd length from 1 to (k —
2)k — 1. Then C* U P® + {(t,v2,;), (v1,j41,v2,j+1)} — (t,v1,j41) is a cycle containing e of every even length
from 8 to k% — 2k + 6. Lemma 3.3 implies that there is a hamiltonian V2, j4+1Vk—3,j+1-Path PS of Row|[2 :
k — 3]. By Lemma 3.6(ii), there is a vg_1 j+1vk—2,j+1-path P7 in Row[k — 2 : k — 1] of every odd length from 1
to 2k — 1. Then ROW[O] U ROW[H U P6 U P7 + {(S, t), (Uo,j+1, Uk_17j+1), (1]17]'4_1, U27j+1), (Uk_37j+1, Uk_27j+1)} -
{(s,v0,j+1), (t,v1,j+1)} is a cycle containing e of every even length from k? — 2k + 2 to k. O

Lemma 4.7. If iy = i3 =i, — 1, then e lies in a healthy cycle of each even length from 6 to k2.

Proof. Without loss of generality, assume that i1 = 0. So is = i3 =k — 1.

Suppose first that (s,t) € E(Row[0]). By Claim 1 of Lemma 4.3, e = (s, t) lies in a cycle of every even length
from 6 to 2k in Row([0 : 1] — F. Choose an edge (vg ji,vg ji1+1) of Row[0] — (s,t) such that j; ¢ {j',j' + 1}.
Then it is easy to construct healthy cycles containing e of even lengths from 2k + 2 to k? in Row[0] U Row][l :
k— 1} + {(’onjl,’Ul’jl)7 (UO,j1+1a Ul,j1+1)}'

Suppose next that (s,¢) € Row(0 : 1). By Claim 1 of Lemma 4.4, (s,t) lies in a cycle of every even length
from 4 to k in Row[0 : 1] — (vo j,,v1,,)- Noting that either j — 1 # j or j + 1 # j', without loss of generality,
assume that j 4+ 1 # j!. Clearly, there exists a cycle containing e of every even length from k + 2 to k2.

Suppose now that (s,t) € E(Row[l : k — 1]). It is easy to verify that there exist the cycles as required. It
remains to consider (s,t) € Row(k —1:0).

If {j —1,7+1} # {42, 73}, without loss of generality, assume that j — 1 ¢ {j2,j%}. We can construct
required cycles in ROW[l : 0] + {(S, t), (vk—l,j—h U07]‘_1)}. If {j — 1,] + 1} = {j27j3}, then (vk—l,j+2a U07j+2) ¢ F.
So C? = (t,8,Vk—1,j+1,Vk—14+2, V0,j+2,V0j+1,t) is a 6-cycle containing e. By Lemma 3.6(ii), there is a
Vk—2,jUk—2,j+1-path P? in Row[l : k — 2] of every odd length from 1 to k* — 2k — 1. Then C? U P? +
{(s,v6—2,5), (Vk—1,j+1, Vk—2,j+1)} — (S, Uk—1,j41) is a cycle containing e of every even length from 8 to k% — 2k + 6.
Since either j —1 # j; or j+1 # ji1, without loss of generality, assume that j+1 # ji. Then (v j+1,v1,41) ¢ F.
Obviously, we can obtain a fault-free cycle containing e of every even length from k2 — 2k + 8 to k2 in Row[0] U
Row[l : k — 1] + {(s,1), (vo,j+1, v1,5+1)}- O

Lemma 4.8. If iy = i3 # i, £ 1, then e lies in a healthy cycle of each even length from 6 to k2.

Proof. Without loss of generality, assume that io = i3 = k — 1. Then 1 < i; < k — 3. Recall that e = (s,t) =
(Vi vir,jr)-

Suppose that (s,t) € E(Row[0: k —1]). As 1 <43 < k — 3, it is easy to construct the cycles as required. We
only need to consider the case that (s,t) € Row(k —1:0).

Suppose first that {j — 1,5 + 1} # {j2,j3}. Without loss of generality, assume that j 4+ 1 ¢ {ja,j5}. Then we
can obtain the required cycles in Row[0 : i1] U Row[i1 + 1 : k — 1] 4+ {(s, %), (vk—1,j+1,v0,j41) }-
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Suppose next that {j — 1,7 + 1} = {jo, j3}. Without loss of generality, assume that j = 0 and so {jz2,j3} =
{1,k —1}. Now (s,t) = (vk—1,0,v0,0). For every ny =2,3,...,k —2, C;} (s,t) + (s,1) is a cycle containing e of
every length from 6 to 2k — 2. Let C* = C;7 ,(s,t) + (s,1).

Observe that i; > 1. For every ni; = 0,2,...,k — 4, replace (von,,v0n,+1) of C' with the path
(V0,115 V1,1 s V1,n1+15 V0,n1+1) SO s to obtain cycles containing e of even lengths from 2k to 3k —4. Let C* = C' U
Row[1]+{(t,v1.0), (vo.1,v1.1)} —{(t,v0.1), (v1,0,v1.1)}. Then C? is a cycle containing e of length 3k — 2. Obviously,
C? contains M.

If 417 > 2, then, for every edge (vy ;1,01 141) € M} of C?, replace (v1,j1,v1,5141) with the paths
(V1,j1,V2,41 5+ Ung i1, Ung j1415 Unp—1,514+15 - - - » V1,41 41) for ma = 2,3,... i1, so as to obtain cycles containing
e of even lengths from 3k to (i; +2)k — 2. As i1 + 1 < k — 1, using a similar way, we may obtain cycles contain-
ing e of even lengths from (i; + 2)k to k2 — 2. Note that i; > 1 and i1 + 1 < k — 2. We may easily construct a
cycle containing e of length k2. O

Lemma 4.9. Ifi; =iy + 1 and is = i3 + 1, then e lies in a healthy cycle of each even length from 6 to k2.

Proof. Without loss of generality, assume that iy = 0. Then i = k — 1 and i3 = k — 2. Recall that e = (s,t) =
(Vi vir 7).

Case 1. (s,t) € E(Row|[0]) or (s,t) € E(Row[k — 1]).

Without loss of generality, assume that (s,t) € E(Row[0]). According to the proof of Claim 1 in Lemma 4.3,
(s,t) lies in a cycle C* in Row[k — 1 : 0] — F of every even length from 6 to 2k and C' contains at least two
nonadjacent edges of Row[k — 1] if |[E(C')| = 2k. Clearly, it is easy to construct cycles containing e of even
lengths from 2k + 2 to k% in Row|[1: 0] — F.

Case 2. (s,t) € E(Row[l : k —2]).

Lemma 3.6(ii) implies that e lies in a cycle of every even length from 6 to k% — 2k in Row[l : k — 1].
Without loss of generality, assume that (s,t) ¢ E(Row[k — 2]). Furthermore, we assume that (s,t) ¢ M}. By
Lemma 3.6(), Row|[1 : k — 2] has a hamiltonian cycle C! containing (s,t), M} and M*~2 where a € {0,1}.
Then we may construct cycles containing e of even lengths from k% — k + 2 to k2.

Case 3. (s,t) € Row(0:1) or (s,t) € Row(k —2:k—1).

By symmetry, we may assume that (s,¢) € Row(0: 1). Now, (s,t) = (vo,j,v1,;). By Claim 1 of Lemma 4.4,
(s,t) lies in a cycle of every even length from 4 to k in Row[0 : 1] — F'. As either j — 1 # j; or j + 1 # j1, without
loss of generality, assume that j + 1 # j;. It is easy to verify that there exist healthy cycles containing e of even
lengths from k + 2 to k? in Row[0] U Row([1 : k — 1] + {(s,t), (V0 j4+1,v1,j+1) }-

Case 4. (s,t) € Row(k —1:0).

By symmetry, we may assume that (s,t) € Row(k — 1 : 0). Now, (s,t) = (vk—1,j,v0,;). By Claim 1 of
Lemma 4.4, (s,t) lies in a cycle of every even length from 4 to k in Row[k —1: 0] — F. As either j — 1 # j,
or j + 1 # jo, without loss of generality, assume that j + 1 # jo. Then C' = Row[0] U (¢, 8, vk—1,j+1, V0 j+1) —
(t,v0,j+1) is a cycle containing e of length k + 2.

Choose an edge (vgji,v0,141) of C' such that ji ¢ {j',j' + 1}. By Lemma 3.6(ii), there is a
vy j1vg j141-path P! of every odd length from 1 to k% — 2k — 1 in Row([l : k — 2]. Then C? = C' U P! +
{(vo j1,v1,51), (v j141,v15141)} — (V01,00 j141) is a cycle containing e of every even length from % 4 4 to
k? —k+2.

Let C?® = Row[k — 1] U C? — (s,vk—1,j+1). Then C? is a cycle containing e of every even length from 2k + 2
to k2. As 2k + 2 < k? — k + 4, we have that e lies in a cycle of every even length from k2 — k + 4 to k2. O

Lemma 4.10. If iy ¢ {ia,i3,i2 = 1,i3 = 1} and iz # i3, then e lies in a healthy cycle of each even length from
6 to k2.

Proof. Suppose first that io = i3 + 1. Without loss of generality, assume that i; = 0. Then i3 = &k — 1 and
2 < i1 < k—3. Clearly, k£ > 6. Note that io +1 <i; — 1 and i; + 1 < i3 — 1. Then we can easily construct the
cycles as required. Suppose next that i, ¢ {i,, i, £ 1}, for any p # g € {1,2,3}. That is every pair of edges in
F are nonadjacent. We may verify that e lies in a healthy cycle of each even length from 6 to k2. O



98 S. WANG AND S. ZHANG

By Lemmas 4.2-4.10, we have Theorem 4.1.

5. EDGE-BIPANCYCLICITY OF CONDITIONAL FAULTY k-ARY n-CUBES

In this section, we will prove our main result:

Theorem 5.1. Given an integer n > 2 and an even integer k > 4, let F be a conditional faulty edge set of QX
with |F| < 4n — 5. Then, for any healthy e of QX , e lies in a cycle of each even length from 6 to k™ in QF — F.

We prove the assertion by induction on n. According to Theorem 4.1, the assertion is true for n = 2. Suppose
that n > 3 and the assertion holds for Q% ;. It is enough to consider |F| = 4n — 5. Suppose that |F°| > |F¢|,
fori =1,2,...,n — 1. Then |F°| > (4”—;51 > 3. Partition Q¥ along the dimension 0 into k disjoint subcubes
Q[0], Q[1],...,Q[k —1]. Now, |F;| < |F| —|F°| <4n—8fori=0,1,...,k— 1.

Suppose that e = (s,t) is a healthy edge of Q¥. Assume that s € V(Q[i]) and t € V(Q]j]), where 0 < i,j <
k—1.

Lemma 5.2. Given an integer 2 <p<k—1,1let 0<i<j<p, |Fy| <2n—-5 fori =0,1,...,p and |[F N
E(Q[0:p])| <4n —6.

(i) If i = j, then e lies in healthy cycles of even lengths from 4 to (p+ 1)k" 1.

(i1) If i = j — 1, then e lies in healthy cycles of even lengths from 6 to (p + 1)k™ 1.

Proof. Suppose first that i = j. By Lemma 3.12(i4), e lies in a cycle of every even length from 4 to (p —i+1)k" ™1
in Qi : p]. If i = 0, then the statement (i) follows. Suppose that ¢ > 0. According to the proof of Lemma 3.12,
there is a hamiltonian st-path P! of Qi : p] — F such that |E(P' N QJi])| > k"~ — 2. As ’“TL%_Q > 4n — 6,
we may choose an edge (u,v) of P! N Q[i] such that (u,n~1(u)),(v,n""1(v)) ¢ F. By Lemma 3.12(ii), there
is an n'~1(u)n*~1(v)-path P? in Q[0 : 4 — 1] — F of every odd length from 1 to ik"~* — 1. Then P! U P? +
{(s,t), (u,n* = (u)), (v,n*"1(v))} — (u,v) is a cycle containing e of every even length from (p —i + 1)k" =1 +2 to
(p+ 1)kt

Suppose next that i = j — 1. If for any edge (s, s1) € E(Q]i]) which is incident with s, either (s, s1,n7(s1)) is
fault-free or (t,n’(s1), s1) is fault-free, then, without loss of generality, assume that (s, s1,n7(s1)) is fault-free. By
Lemma 3.12(ii), there is an ss1-path P? in Q[0 : i| — F of every odd length from 1 to (i +1)k"~! — 1 and there is a
tn(s1)-path P* in Q[j : p] — F of every odd length from 3 to (p—j +1)k"~! — 1. Then (s, P3,s1,n%(s1), P4, t, s)
is a cycle containing e of every even length from 6 to (p + 1)k" 1.

If for any edge (s,s1) € E(Q[i]) which is incident with s, both (s, s1,n7(s1)) and (t,n?(s1), s1) are all faulty,
then (s, s1,n7(s1),t) contains at least one faulty edge. If (s, s1,n7(s1),t) contains at least two faulty edges, then
2(2n —2) < |[FNE(Q[0: p])| < 4n — 6, a contradiction. Then there exists an edge (s, s2) € E(Q[i]) such that
(s, 82,17 (s2),t) contains exactly one faulty edge. In this case (s2,n’(s2)) € F.

Recall that p > 2. Then either e € E(Q[0: p—1]) or e € E(QI1 : p]). Without loss of generality, assume that
e € E(Q[0:p—1]). Let P = {(s,8',n(s'),t) : (s,8") € E(Q]i])}. Then P contains at least |P| = 2n — 2 faulty
edges and so there are at most (4n —6) — (2n — 2) = 2n — 4 faulty edges outside P. Since dg;)(s2) — (2n —4) = 2,
we may choose an edge (s2,s3) of Q[i] — (s2, ) such that (sq,s3,n7(s3),n7(s2)) and (n?(s3),n*1(s3)) are all
fault-free. Clearly, Ct = (s, s2, 53,17 (53),n7 (s2),1, 8) is a 6-cycle containing e. Similarly, we may choose an edge
(s3,54) of Qi] — (83, s2) such that (s3, 84,17 (s4),n7(s3)) and (n’(s4),n?T1(s4),n?T1(s3)) are all fault-free. Then
C? = CY U (s3,84,n7(s4),n7 (83)) — (83,17 (s3)) is a 8-cycle containing e.

By Lemma 3.12(ii), there is an n/T1(s3)n/T1(s4)-path P° in Q[j + 1] — F of every odd length from 1 to
k"=t — 1. Then C% U P® + {(n?(s3),n?T1(s3)), (n?(s4),n"*1(s4))} — (n?(s3),n?(s4)) is a cycle containing e of
every even length from 10 to k"% + 8.

Lemma 3.17 implies that there is a hamiltonian sss-path P% of Qi) — F. Then (s, PS. sy,
n? (s4),n? 1 (s4), PP, nI*(s3),n7(s3),n7(s2),t,8) is a cycle containing e of every even length from k"' 46
to 2k + 4.
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Lemma 3.17 implies that there is a hamiltonian tn’(ss)-path P7 of Q[j] — F. Choose an edge (z1,y1) €
P such that (z1,n/*1(x1),n? 1 (y1),y1) is healthy. By Lemma 3.12(ii), there is an n/™!(zq)n/™1(y;)-
path P® in Q[j + 1 : p] — F of every odd length from 1 to (p — j)k" ! — 1. Then PSU P7 U P8 +
{(s,1), (84,77 (84)), (x1,n? T (1)), (y1, 7"t (y1))} — (21,91) is a cycle containing e of every even length from
2k"~1 +2to (p—i+ 1)k" 1 If i = 0, then the proof is complete. If i > 0, similar to the proof above, we can
obtain the cycles as required. O

By induction and Lemma 3.17, we can get the following lemma easily.

Lemma 5.3. Let 0 < i; < j; < ¢ <k—1 and let F;; be a conditional faulty edge set of Q[i'] and |Fy| < 4n—10
fori' =0,1,...,q. For any two distinct vertices u € V(Qli1]) and w € V(Q[j1]) such that 6(u,v) =1, if0 < iy =
J1 = q, then there exists a hamiltonian uv-path P of Q[0,q] — F such that |E(P N Qlq])| = k"~ — 2; otherwise
there exists a hamiltonian uv-path P of Q[0,q] — F such that |E(P N Qlq])| = k"% — 1.

Lemma 5.4. Let u,v € V(QI[p, q]) be any two distinct vertices such that 6(u,v) =1, and let (x,y), (z,z) be two
distinct healthy edges in E(Q[r]), where © ¢ {u,v} andp <r < q. If |Fy| <2n—6 fori =p,p+1,...,q and
|F N E(Q[p,q])| < 2n — 2, then there exists a hamiltonian wv-path P of Q[p,q] — F passing through (x,y) and

(z,2).

Proof. Set F| = F,. U (9gp(z) \ {(x,¥), (x,2)}). Then |F]| < (2n —6) + (2n —4) = 4n — 10. As |Fy| <2n -5
for i/ =p,p+1,...,q, it is easy to see that F; is a conditional faulty edge set of Q[i'] and F is a conditional
faulty edge set of Q[r]. Note that |(F N E(Q[p,q])) UF.| < (2n —2)+ (2n — 4) = 4n — 6. By Lemma 5.3, there
exists a hamiltonian wv-path P of Q[p,q] — (F U F)). Clearly, P is also a hamiltonian path of Q[p, ¢] — F and
(z,y), (z,2) € E(P). O

Lemma 5.5. Let (u,v) € E(Q[p]) and let (z,y), (x, z) be two distinct healthy edges in E(Q[p]), where x ¢ {u,v}.
If |F,| < 2n — 5, then there exists a hamiltonian wv-path P of Q[p| — F passing through (z,y) and (z, z).

Proof. Set F, = F, U (O (x) \ {(=,v), (z,2)}). Then [F)| < (2n —5) + (2n — 4) = 4n — 9. By the induction
hypothesis, there exists a hamiltonian uv-path P of Q[p] — (F'U F}). Clearly, P is also a hamiltonian path of
Q[p]pr and (x7y)v(xvz)€E(P)' [

In the following, we complete the proof of the main result. We break the proof into the following eight
lemmas depending on the distribution of edge faults in the conditional faulty k-ary n-cube. The basic strategy
for each lemma is to divide the k-ary n-cube into some coalitions of subcubes, obtain cycles in these coalitions
by applying the above lemmas to these coalitions, and construct the required cycles in the conditional faulty
k-ary n-cube by joining cycles in different coalitions.

First, we consider the case that |F.| <2n—5for r =0,1,...,k — 1.

Lemma 5.6. If |F.| <2n—5 forr =0,1,...,k — 1, then e lies in healthy cycles of even lengths from 6 to k™.

Proof. Recall that e = (s,t) and s € V(Q[i]), t € V(Q[j]). According to Lemma 3.12(i%), the assertion is true
for i = j. Suppose that i # j. Without loss of generality, we assume that ¢ = 7 — 1. For any edge (s, s1) € E(Q]i])
which is incident with s, if either (s, sy, n?(s1)) is fault-free or (t,n?(sy),s;) is fault-free, then we can obtain
required cycles by using a similar construction in the second paragraph of Lemma 5.2. If both (s, s1,n7(s1))
and (t,n%(s1),s1) are all faulty for every edge (s,s1) € E(Q[i]), let P = {(s,s,n/(s'),t) : (s,5") € B(Q[i])}.
Then P contains at least |P| = 2n — 2 faulty edges and so there are at most (4n —5) — (2n —2) = 2n — 3
faulty edges outside P. If every path in P contains at least two faulty edges, then 2(2n —2) < |F|=4n -5, a
contradiction. Then there exists a path (s, so,n7(s2),t) € P which contains exactly one faulty edge. In this case
(s2,m7(s2)) € F.

Note that either e € E(Q[0 : k — 2]) or e € E(Q][1 : k — 1]). Without loss of generality, assume that e €
EQI0: k—2]).

Case 1. There is an edge (sz, s3) of Q[i] — (s2,s) such that (sq, s3,n7(s3),n%(s2)) and (n’(s3),n?T1(s3)) are
all fault-free.
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Obviously, C! = (s, sq, s3,n7(s3),n7(s2),1,8) is a 6-cycle containing e.

If there exists an edge (s3,54) of Q[i] — s such that (s3,s4,n7(s4),n7(s3)) and (n?(s4), n¥*1(s4),n?T1(s3))
are all fault-free, then we can obtain required cycles by using a similar construction in the forth to seventh
paragraphs of Lemma 5.2. Otherwise, we claim that there are at least 2n — 3 path in P such that each path
contains exactly 1 faulty edge. In fact, s and s3 have at most 1 common neighbor in Q[i] — s3. Observe that
(4n—5) = [dgpi)—s,(53) —1] = 2n—1 and dg[q) = 2n — 2. Then (2n—2) — [(2n — 1) — (2n—2)] = 2n — 3. Therefore
this claim holds. As 2n — 3 > 1, there is a path (s, s1,n/(s1),t) € P containing exactly 1 faulty edge, where
s1 # s9. Clearly, (s1,n/(s1)) € F.

Asdgp(s1) =2n—2 > 2+[(4n—5) — (|P| = 1) — dgpi)—s, (s3)] = 3, we may choose an edge (s1,51) € E(Q[i] —
{s,s3}) such that both (sq,s},n7(s]),n?(s1)) and (n/(s}),n/*1(s})) are all fault-free. By the definition of Q¥
s} and s3 are adjacent to at most two common vertices in Q[i]. Then exists an edge (s}, s5) of Q[i] — s1 such that
(s1,s7,n7(s7),n?(s})) and (n?(s7),n?*1(s}),n?*1(s})) are all fault-free because dgp(s]) = 2n —2 > [{s1}| + 2.
Using similar proofs in the forth to seventh paragraphs of Lemma 5.2, we may obtain required cycles.

Case 2. There is not any edge (sz, s3) of Q[i] — (s2, s) such that (sa, s3,17(s3),n/(s2)) and (n’(s3),n?*1(s3))
are all fault-free.

In this case, each path in P contains exactly one faulty edge. Then, for any path (s, s1,n’(s1),t) € P such
that sy # s2, we have that (s1,n’(s1)) € F. Similar to Case 1, we can obtain the cycles as required. O

Now, we consider the case that |F,.| > 2n — 4, for some r € {0,1,...,k — 1}. Without loss of generality, we
assume that »r = 0. Then |F,.| < 2n —4 for r =1,2,...,k — 1 and so F, is a conditional faulty edge set of Q[r].

Lemma 5.7. If|Fy| < 4n—9, Fy is a conditional faulty edge set of Q0] and |F,.| < 2n—5 forr=1,2,...,k—1,
then e lies in healthy cycles of even lengths from 6 to k™.

Proof. Clearly, |F°| < (4n —5) — (2n — 4) = 2n — 1. we distinguish three cases

Case 1. (s,t) € E(Q[0]).

As |Fyl <4n—9=4(n—1) —5 and Fy is a conditional faulty edge set of Q[0], by induction, we can construct
the cycles as required.

Case 2. (s,t) € BE(Q[1 : k —1)).

Lemma 5.2 implies that (s,t) lies in a cycle in Q[1 : k — 1] — F of every even length from 6 to k™ — k"~ 1.
Observe that either (s,t) € E(Q[Ll : k —2]) or (s,t) € E(Q[2 : k — 1]). Without loss of generality, assume that
the former case holds. It is easy to construct healthy cycles containing e of even lengths from k™ — k"1 4 2 to
k™.

Case 8. s € V(Q[0]) and t € V(Q[1]) UV (Q[k — 1]).

By symmetry, it is enough to consider the case that s € V(Q[0]) and ¢t € V(Q[1]). Set P = {(s,s’,n'(s'),t) :
(s,s") € E(Q]i])}. Clearly, |P| = 2n — 2.

Suppose first that there is a path (s,s1,n'(s1),t) € P which is healthy. By the induction hypothesis and
Lemma 3.12(i7), we can obtain the cycles as required. Suppose next that every path in P is faulty. We can
observe that there exists a path (s,ss,n'(s2),t) € P which contains exactly 1 faulty edge. If (n'(s2),t) € F,
then, using a similar proof above, we may construct the cycles as required.

Case 3.1. (s2,n'(s2)) € F.

Case 3.1.1. There is an edge (s2, s3) of Q[0] — (s2, s) such that both (sg, s3,n'(s3),n'(s2)) and (n'(s3),n?(s3))
are all fault-free.

Obviously, C! = (s, 59, 53,1 (s3),n'(s2), 1, s) is a 6-cycle containing e.

Case 8.1.1.1. There exists an edge (s3,s4) of Q0] — (s3,52) such that (s3,ss,n'(ss),n'(s3)) and
(n'(s4),m>(54),m>(s3)) are all fault-free.

In this case, similar to the proofs in the fifth paragraph of Lemma 5.2, there exists a fault-free cycle containing
e of every even length from 8 to 2k" ! + 8.

If there exists a path (s, s5,n'(s5),t) € P such that (s5,n'(s5)) ¢ F,let F' = F\{(s, s5), (t,n'(s5))}. Clearly,
we may obtain a fault-free cycle containing e of every even length from k"' + 4 to k™. If for every path
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(s,86,n"(s6),t) € P such that (sg,n'(se)) € F, then there are at least 2n — 2 faulty 0-dimensional edges between
Q[0] and Q[1] and so |Fp| < (4n —5) — (2n — 2) = 2n — 3.

Suppose first that |Fy| < 2n — 4. Then |Fy| < 4n — 10. By similar constructions in the sixth and seventh
paragraphs of Lemma 5.2, we may obtain a cycle containing e of every even length from 25”1 4 2 to k™.

Suppose next that |Fy| = 2n — 3. Then F C Fy U E(P). Choose an edge (z,y) € Fy and a vertex z of
Q0] — {s,z,y} such that §(s,z) =1 and (z,n'(z)) ¢ F. Set F} = F\ {(x,y)}. By Lemma 3.17, there is a
hamiltonian sz-path P} of Q[0] — F}j. Similar to the seventh paragraph of Lemma 5.2, there is a tn'(z)-path Py
in Q[1, k — 2] — F of every odd length from k"~ +2 to k" — 2k"~! — 1. If (2,y) ¢ E(P}), then we may choose an
edge (v1,91) € E(P). If (z,y) € E(PY), let (x1,%1) = (v, y). By Lemma 3.12(i7), there is an n*~1(z1)n*~1(y,)-
path P9 in Q[k — 1] of every odd length from 1 to k"~! — 1. Therefore P} U P9 U P{ + {(s,t), (x1,n*~1(z1))(y1,
n*~Y(y1)), (z,n'(2))} — (x1,91) is a cycle containing e of every even length from 25"~ 4 4 to k™.

Case 8.1.1.2. There is not any edge (s3,s4) of Q[0] — (s3,s2) such that (s3,ss,n'(s4), n'(s3)) and
(n(s4),m>(s4),n>(s3)) are all fault-free.

In this case, similar to the second paragraph of Case 1 in Lemma 5.6, there is a path (s, ss,n'(ss),t) € P
which contains exactly 1 faulty edge, where s5 # so. If (n'(s5),t) € F or (s5,n'(s5)) € F, then we may obtain
the cycles as required. If (s, s5) € F, set F{, = Fy \ {(s, s5)}. Note that (s, t,n!(s5), s5) is fault-free. It is easy to
construct a healthy cycle containing e of every even length from 8 to k™.

Case 3.1.2. There is not any edge (s2, s3) of Q[0] — (s2, s) such that (sq, s3,n1(s3),n(s2)) and (n'(s3),n?(s3))
are all fault-free.

Now, every path in P contains exactly 1 faulty edge. Choose a path (s, sg,n'(sg), t) € P such that sg #
s9. Similar to Case 3.1.1.2, we may construct the cycles containing e of every even length from 8 to k™.
Suppose first that (¢,n'(sg)) € F or (sg,n'(ss)) € F. It is easy to verify that there is a 6-cycle containing
e. Suppose next that (s,ss) € F. Since 4n — 5 = |P| + dgjo)—s(s2), (s,nF71(s),n" " (ss), ss) is healthy. So
(s,n*=1(s),n*"1(sg), ss,n'(ss),,s) is a 6-cycle containing e.

Case 3.2. (s,s2) € F.

Set F, = Fy \ {(s,s2)}. Observe that (s,t,n'(sz),s2) is healthy. We can obtain a fault-free cycle contain-
ing e of every even length from 8 to k". It remains to construct a 6-cycle containing e. Suppose first that
(s,n*1(s),n*"1(sq), s2) is healthy. Then (s,n*~1(s),n*~1(sq), 52, n'(s2),, s) is a 6-cycle containing e. Suppose
next that (s,n*~1(s),n*~1(sy), s2) contains at least 1 faulty edge.

Case 3.2.1. For every healthy edge (s, s3) of Q[0], (s3,n'(s3)) ¢ F or (t,nl(s3)) ¢ F.

If (s3,n'(s3)) ¢ F, then, similar to the proof in the second paragraph of Case 3, we can obtain the 6-
cycle as required. If (s3,n'(s3)) € F, then (¢,n'(s3)) ¢ F. Similar to Case 3.1, we may construct the 6-cycle
containing e.

Case 3.2.2. For every healthy edge (s, s3) of Q[0], (s3,n'(s3)), (t,n'(s3)) € F.

Set P’ = {P: P is an ssy-path of length 3 in Q[0]}. Clearly, any two paths in P’ are internally dis-
joint. According to the definition of QF, |P'| = 2n — 4. If there is a fault-free ssp-path P® € P’, then
(s, P° s9,n'(s2),t,8) is a 6-cycle containing e. If every path in P’ is faulty, then P’ contains at least 2n — 4
faulty edges. Recall that Fj is a conditional faulty edge set of Q[0]. Then there exist two healthy edges (s,z1)
and (s, 22) of Q[0]. Note that (z1,n'(z1)), (z2,n'(z2)), (t,n'(z1)), (t,n'(x2)) € F.

Set T ={P: P is atn!(z1)-path of length 3 in Q[1]} and f; = |F N E({s,n*1(s), n*~1(s2), s2))|. Since
(40— 5) = fi — [P'| = {(s,52)H — [{(@1,n1(21)), (@2, 7 (22)), (6, n} (@)} < (40— 5) — 1 — (20— ) — 1 — 3 =
2n — 6, it can be seen that there are at most 2n — 6 faulty edges in 7. So there are at least |7| — (2n — 6) = 2
healthy paths in 7. Combining this with the fact that there is at most 1 neighbor y; of 21 in Q[0] — s such that
(v1,71) € E(P'), there exists a fault-free path (¢, w1, wa,n'(z1)) in T such that (we,n%(wq),z1) is fault-free.
Then (s, z1,n°(ws), ws, w1, t,s) is a 6-cycle containing e. O

Lemma 5.8. If |Fo| = 4n — 8 and Fy is a conditional faulty edge set of Q[0], then e lies in healthy cycles of
even lengths from 6 to k™.

Proof. Clearly, |F°| = (4n —5) — (4n —8) =3 and |F,| =0forr =1,2,... .k — 1.
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Claim 1. There exists an edge (x,y) € Fy such that (x,y) is adjacent to at most one edge in F°.

By contradiction. Suppose that every faulty edge of Q[0] is adjacent to at least two faulty edges of F°. Choose
a faulty edge (s1,t1) € Fp. If there exist two nonadjacent edges in Fy, then |F°| > 4, a contradiction. So, any
two faulty edges in Fy are adjacent. Note that there is no cycle of length 3 in Q[0]. Then all the faulty edges in
Fy are incident with a vertex z of Q[0]. As Fp is a conditional faulty edge set of Q[0], it can be seen that there
are at most 2n — 4 faulty edges incident with z. Observe that 4n — 8 > 2n — 4, a contradiction. Therefore, this
claim holds.

By Claim 1, without loss of generality, we assume that (z,n'(z)), (y,n'(y)) ¢ F. As |Fy| = 0, we have that
(nt(z),n'(y)) ¢ F. Set F}, = Fy \ {(x,y)}. Then |F}| = 4n — 9 = 4(n — 1) — 5. By the induction hypothesis,
there is a hamiltonian zy-path P° of Q[0] — F}. Clearly, (z,y) ¢ E(P°), which implies that P is a hamiltonian
path of Q[0] — Fp.

Case 1. (s,t) € E(Q0]).

By the induction hypothesis, (s,t) lies in a hamiltonian cycle C} of Q[0] — F{. If (z,y) ¢ E(C}), choose an
edge (s1,t1) of Cf — (s,t) such that (s1,n'(s1)), (t1,n'(t1)) & F. If (z,y) € E(C}), let (s1,t1) = (2,y). Then we
can construct a fault-free cycle containing e of every even length from k"~! + 2 to k™. It remains to construct
a cycle containing e of every length from 6 to k" ~!. Recall that F} is a conditional faulty edge set of Q[0]. We
may choose two healthy edges (s, s’), (¢,t') of Q[ ]. Then (s, s,t,t’) is a healthy path of Q[0]. Set

By = {(s/sn} ("), (0}(s), 02(s"). (0 (5),0%(5). (1, 1)

Ey = {(Sl7nk_1(5/))7 (nk_l(s ), - 2( )) ( 1( ), ( ))7 (tvnk_l(t))}v

Es = {(s,n'(s)), (n'(t),n*(1)), (¢',n* (")), (n Ht'),n ( N

By = {(s,n""(5)), (n"~1(1), n* 2 (1)), (¢',n*~1(t), (R (), n 2 (1)) ).

Clearly, Ei,Es, E3 and E; are pairwise disjoint edge sets. As |F°| = 3, it follows that there exists
a fault-free edge set in {Ei, Es, E3, E4}. By symmetry, we assume that E; is healthy. Then C! =
(s,t,nt(t),n'(s),n'(s'), s, s) is a 6-cycle containing e = (s,t). By Lemma 3.12(ii), there is an n?(s’)n?(s)-path
Plin Q[2] of every odd length from 1 to k"~ — 1. So C*U P! + {(n*(s),n?(s")), (n*(s),n%(s))} — (n'(s),n'(s"))
is a cycle containing e of every even length from 8 to k"1 + 6.

Case 2. (s,t) € E(Q[1,k —1]).

We may choose an edge (r1,%1) € E(PY) such that (z1,n'(21)), (y1,n (1)), (x1, n* "1 (21)), (y1,n* (1)) ¢
F and (n*=1(x1),n*1(y1)) # (s,t) because [kn_;*l] = Lz_l > |F9| + 1. Lemma 5.2 implies that e lies in a
cycle in Q[1,k — 1] — F of every even length from 6 to k™ — k"~ 1.

Suppose first that (s,t) € E(Q[2,k — 1]). Note that |[F°| = 3 < 2n — 2. By Lemma 5.4, there is a
hamiltonian st-path P! of Q[2,k — 1] — F passing through (n*~!(z1),n*1(y;)). Lemma 3.12(#i) implies
that there is an n!(z)n!(y)-path P? in Q[1] of every odd length from 1 to k"' — 1. Then P°U P! U
P2+ {(s,t), (z,n' (2)), (y, n' (9)), (w1, n*~H(21)), (yr, n* ()} = {(@r,91), (WP (@1), 0"~ (y1))} is a cycle
containing e of every even length from k™ — k"~ ! + 2 to k".

Suppose next that (s,t) € B(Q[1,k — 2]). If (s,t) # (n'(x),n'(y)), then, similar to the above argument,
there is a cycle containing e of every even length from k™ — k"~1 + 2 to k™. If (s,t) = (n'(x),n'(y)),
then, Lemma 3.13 implies that there is a hamiltonian n'(x)n'(y)-path P® of Q[1] — {s,t}. Choose an edge
(x9,72) € E(P%) such that (z2,n%(z2)), (y2,n%(y2)) ¢ F. By Lemma 3.12(ii), there is an n*~!(zo)n*~1(y2)-
path P® in Q[2,k — 1] — F of every odd length from 1 to k™ — 2k"~! — 1. Then P°U P°> U P°® +
{(57 t)’ (l’, nl(iL')), (y, nl(y))a (xl’ nl(xl))7 (yla nl(yl))a (:L'Qa nkil(‘TQ))a (y27 nk71<y2))} - {(xl 7y1)’ ($27 y2)} is a
cycle containing e of every even length from k™ — 2k~ ! + 2 to k™. Thus, e lies in a cycle of every even length
from k" — k"1 + 2 to k™.

Case 3. s € V(Q[0]) and t € V(Q[1]) UV (Q[k — 1]).

Case 3.1. 6 <1 < k™ —2k"1 1+ 4.

Suppose that ¢t € V(Q[1]). Recall that Fj is a conditional faulty edge set of Q[0]. We may choose a fault-free
path (s3, 82, s, s1, 84) of Q[0] — Fp.

Suppose first that either (s1,n'(s1)) ¢ F° or (s2,n'(s2)) ¢ F°. Without loss of generality, assume that
(s1,n'(s1)) ¢ FU. It is easy to verify that e lies in a cycle of every even length from 6 to k™ — 2k~ ! + 4.
Suppose next that (s1,n'(s1)), (s2,n'(s2)) € F°. Let By = {(s3,n%(s3)), (n'(s3),n%(s3)), (n'(s2),n?(s2))} and
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Ey = {(s4,n1(54)), (n'(s4), n2(54)), (n'(s1),n2(s1))}. Note that E; N Fy = () and |F°| = 3. Then either E; is
healthy or Fs is healthy. Without loss of generality, assume that F; is healthy. Then it is easy to construct the
cycles as required. If t € V(Q[k — 1]), then the proof is similar.

Case 8.2. k™ — 2k 146 << k™.

Case 3.2.1. s € {z,y}.

Without loss of generality, assume that s = z. Then PY is a hamiltonian sy-path of Q[0] — Fy. Suppose that
t € V(Q[1]). Thus we can obtain a healthy cycle containing e of every even length from k™ — 2k"~1 + 2 to k"
in Q0] UQ[1,k — 1] + {(s,t), (y,n*(y))}. If t € V(Q[k — 1]), then t = n*~1(z). Choose two edges (n'(y),y1) €
E(Q[1]) and (t,t1) € E(Q[k — 1]) such that (y*,n%(y1)), (t1,n*"2(t;)) ¢ F. By Lemma 3.12(ii), there is an
n'(y)yi-path P3 in Q[1] of every odd length from 1 to k"~! — 1 and there is a tt;-path P* in Q[k — 1] of
every odd length from 1 to k"~ — 1. Lemma 3.17 implies that there is a hamiltonian n*=2(¢;)n?(y;)-path P5
of Q[2,k — 2] — F. Then (s,t, P* t;,n*"2(t1), P%,n?(y1),y1, P?,n' (y),y, P, s) is a cycle containing e of every
even length from k™ — 2k" ! + 4 to k".

Case 8.2.2. s ¢ {z,y}.

We may choose an edge (s,s1) € E(Q[0]) such that s; ¢ {z,y} and s; is incident with at most 1 faulty
edge in FO since dgo)(s) — [{(z,y)}| = 2n — 3 > |F°|. By the induction hypothesis, there exists a hamiltonian
ss1-path P of Q[0] — Fy. If (z,y) ¢ E(PY), choose an edge (u,v) € E(PY) such that (u,n!(u)), (v,n'(v)) & F.
If (z,y) € E(Plo)v let (u,v) = (z,y).

Case 8.2.2.1. t € V(Q[1]).

If (s1,n%(s1)) ¢ F, then, by Lemma 3.13, there is a hamiltonian tn!(s;)-path P! of Q[1] — {n!(u),n'(v)}.
Choose an edge (z1,y1) € E(P° — {(s, s1), (u,v)}) such that (x1,n*" (1)), (y1,n*"1(y1)) ¢ F. We may obtain
the cycles as required.

If (s1,n'(s1)) € FO, then (s;,n*"1(s1)) ¢ F°. Observe that 2n — 2 > 4 and |F° N E(Q[1,k — 1])] < 3 —
[{(s1,n'(s1))}| = 2. We may choose two edges (n*~1(s1), s2) € E(Q[k—1]) and (t,t1) € E(Q[1] — {n'(u),n' (v)})
such that (so,n¥7%(s)), (t1,n%(t1)) ¢ F°. By Lemma 3.12(ii), there is an n*~!(sy)so-path P? in Q[k — 1]
of every odd length from 1 to k"~! — 1. By Theorem 1.1, there is an n!(u)n!(v)-path in Q[1] — {t,t;} of
every odd length from 1 to k"~! — 5. Lemma 3.13 implies that there exists a hamiltonian n'(u)n'(v)-path of
Q[1] — {t, t1}. Therefore, there is an n!(u)n!(v)-path P* of every odd length from 1 to k"1 — 3 in Q[1] — {¢,#}.
By Lemma 3.17, there is a hamiltonian n?(t;)n*~2(sy)-path P® of Q[2,k — 2] — F. Then P) U P2 U P*U P +
{(s,1), (t,t1), (51,7~ (s1)), (u, nt(w)), (v,n (v)), (s2,n*2(s2)), (t1,n%(t1))} — (u,v) is a cycle containing e of
every even length from k™ — 2k"~1 + 6 to k".

Case 3.2.2.2. t € V(Qlk —1]).

Suppose first that (s1,n'(s1)) ¢ F°. Recall that t € V(Q[k — 1]). The proof is similar to the proof
of the case that (s;,n*"!(s1)) ¢ F° and t € V(Q[1]). Suppose next that (si,n'(s1)) € F°. Then
(s1,n*71(s1)) ¢ FO. It is easy to verify that there exist the required cycles in Q[0] U Q[1,k — 1] +

{(S’t)’ (517 nk_l(sl))’ (ua nl(u)), (vvnl(v))}' O

Lemma 5.9. If there exists a vertex x € V(Q[0]) which is incident with 2n — 3 edges in Fy and |Fy| < 4n —9,
then e lies in a healthy cycle of length k™.

Proof. Clearly, |F,| < |F|— (2n —3) — |F°| <2n -5, for r = 1,2,...,k — 1. In addition, for any w € V(Q][r]),
r=1,2,...,k =1, we have dgj(w) — |F,| > 3. So F, is a conditional faulty edge set of Q[r]. Note that x is
incident with exactly dgoj(z) — (2n—3) = 1 healthy edge of Q[0]. Then either (z,n'(z)) ¢ F or (z,n*"!(z)) ¢ F.
Recall that e = (s,t), s € V(Q[i]) and t € V(Q]j])-

Case 1. There is an edge (r,y) € Fy which is adjacent to at most one edge in F°.

Clearly, either {(z,n'(z)), (y,n'(y))} NF° =0 or {(z,n*"1(x)), (y,n*"(y))} N F® = 0. Without loss of
generality, we assume that the former case holds. Set F, = Iy \ {(z,y)}. Then |F}| < |F\ {(z,y)}| — |F°| <
4n —9 —1 =4n — 10. For any w’ € V(Q[0] — ), we have dgjo)(w’) — [|[F| — (2n — 3) — |F°|] > 3. Observe that
there is at most one faulty edge in dgoj(z) that is incident with w’. Then w’ is incident with at least 3 — 1 = 2
healthy edges of Q[0]. Thus Fj is a conditional faulty edge set of Q[0]. By the induction hypothesis, there is a
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hamiltonian zy-path P° of Q[0] — F}. Clearly, P? is also a hamiltonian path of Q[0] — Fy. If (n'(z),n'(y)) € F,
let ' = F\ {(n'(z),n'(y))}. Otherwise, let I’ = F. Note that |[FNE(Q[1,k—1])] < 2n—2and |FNE(Q[r])| <
2n — 5, forr=1,2,...,k— 1.

Case 1.1. s,t € V(Q[O0]).

By the induction hypothesis, there is a hamiltonian st-path P} of Q[0] — F}. Then we can construct a
hamiltonian cycle as required.

Case 1.2. s,t € V(Q[1,k —1]).

Case 1.2.1. {n*(z),n'(y)} # {s,t}.

Suppose first that i = j =1 or 2 <14,j < k — 1. It is easy to verify that there exists the cycle as required.
Suppose next that i = 1 and j = 2. If there exists a neighbor w of s in Q[1] — {(n'(z),n'(y))} such that
(w,n?*(w)) ¢ F, set F{ = F} \ {(s,w)}. By Lemma 5.5, there is a hamiltonian sw-path P2 of Q[1] — F} passing
through (n'(z),n'(y)). Clearly, we may construct a hamiltonian cycle containing e. Suppose that every edge
(s,w) of Q[1] — {(n'(x),n*(y))} such that (w,n*(w)) € F. As dopj(s) — [{(n'(x),n' (y))}| = 2n — 3, we have that
|Fy| < (4n —5) — (2n — 3) — (2n — 3) = 1. Choose a vertex w’ of Q[1] — {s,n'(x),n*(y)} such that §(s,w’) =1
and (w',n?(w’)) ¢ F. Using Lemma 5.4 and a similar proof as above, we may obtain the cycle as required.

Case 1.2.2. {n*(x),n'(y)} = {s,t}.

Without loss of generality, assume s = n!(z). Suppose that {(z,n*~1(z)), (y,n*~1(y))} N F° = (). Note that
{n*=1(z),n*~1(y)} # {s,t}. Similar to the proof above, we may obtain a path as required. So we consider the
case that either (z,n*~1(z)) or (y,n*~!(y)) is faulty below. We only consider the case that (z,n*~!(x)) € FO.
Then (y,n*~*(y)), (z,5) ¢ F°.

If there exists an edge (s, w!) of Q[1] — ¢ such that (w!,n?(w!)) ¢ F, by Lemma 5.5, there is a hamiltonian
sw! path P of Q[1] — F passing through (s,t). By Lemma 5.3, there is a hamiltonian n?(w*)n¥~1(y)-path P?
of Q[2,k — 1] — F. Then P° U P2 U P? + {(z, s), (y,n*(y)), (w',n?(w'))} is as required. If every edge (s, w!)
of Q[1] — t such that (w!,n?(w')) € F, then |F;| < 1. Choose a vertex w? of Q[1] — ¢ such that §(s,w?) =1 and
(w?,n?(w?)) ¢ F. Then we can construct the cycle as required.

Case 1.3. s € V(Q[0]) and t € V(Q[1]) U V(Q[k — 1]).

If s € {x,y}, it is easy to construct a healthy hamiltonian cycle containing e. We consider s ¢ {z,y} below.
Choose a vertex w of Q[0] — {z,y} such that (w,n'(w)), (w,n*~*(w)) ¢ F and 6(s,w) = 1. By Lemma 5.3,
there is a hamiltonian sw-path Py of Q[0] — F{. Clearly, (z,y) € E(P;s). Without loss of generality, write P§ as
<S,P23(1),$,y,P23(2) ,w).

If [{(z,n* 1 (x)), (y, n*~1(y))} N F°| = 0, then, we only need to consider the case that j = 1. Clearly, we may
obtain a required cycle in Q[ JU Q[l kE—1]+{(s, t) (w,nt(w)), (z, n*~1(x)), (y,n*~1(y))}. Now we consider the
case that |{(z,n*~1(2)), (y,nk~ (y))} NF° =1 and j = 1. Since there are at most |F| —(2n—-3)—1=2n-3
faulty edges outside Fj U {(x nF=1(2)), (y, n*1(y))} and dgp)(v) = 2n — 2, we have that there exists at least
one neighbor t; of ¢ in V(Q[1]) such that {(t,t1), (t1,n%(t1))} ¢ F.

Suppose first that there exist at least 2 distinet neighbors t1,t2 of ¢ in V(Q[1]) such that {(¢,1), (¢,t2),
(t1,n%(t1)), (t2,n*(t2))} & F. Set F{ = Fy U (Ogpuj(v) \ {(t,t1), (t,t2)}). Then |F[| < (2n —5) + (2n —4) =
4n — 9 = 4(n — 1) — 5. By the induction hypothesis, there is a hamiltonian n!(z)n!(y)-path P3 of
Q] — F|. Clearly, (t,t1),(t,t2) € E(P2). As s ¢ {z,y}, we have that t ¢ {nl(z),n'(y)}. Write P3 as
(nl(x), P73(1)v t1,t, P73(2), n!(y)) By Lemma 5.3, there is a hamiltonian n?(¢;)n*~!(w)-path P$ of Q[2,k — 1] — F.
So (s, 2(1),x,nl(sc),Pf(l),tl,nQ(tl),Pg,nk* (w),w PQ(Q)7 , 1(y),P73(2),t,s> is as required.

Suppose next that there exists only one neighbor t; of ¢ in V(Q[1]) such that {(t,t;), (t1,n%(t1))} ¢ F.
Let T = {t': (t,t') € E(Q[1]), (t,t') € F or (t',n*(t')) € F}. Then |T| = dgpuj(t) — 1 = 2n — 3. Note that
|F| = 4n — 5. Then |Fy| = 2n — 3 and |F N E(Q[2,k — 1])| = 0. Clearly, for any vertex w ¢ T'U {x,y,t}, w
is not incident with any faulty 0-dimensional edge. In addition, if w € V(Q[1,k — 1]), then w is not incident
with any faulty edge. Choose edges (s,s1), (s, s2) € E(P?). Without loss of generality, we write PV as (z, P(Ol)

S1, 8, SQ,PO y). Obviously, {t,t1} # {n*(z),n'(y)}.
It 31 2 x, using a similar proof as above, we may obtain the cycle as requlred If s, = @, then §(n'(y),t) = 0.
As nl(y) # t, we have that (n!(z),n'(y)) §Z F. Choose a vertex z of Q[1] — n'(z) such that (n'(y), z) € E(Q[1])
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and z ¢ T. Clearly, (n'(y), ), (2,m%(2)) ¢ F. Lemma 5.5 implies that there is a hamiltonian n!(x)t-path P5 of
Q[1] — F passing through (n'(z), 1(y)) and (n'(y), z), By Lemma 5.3, there is a hamiltonian n?(z)n¥=!(sq)-
path P} of Q[2,k —2]. Then (s,z,n'(z ),nl(y),y,P(Z), s9,n* " 1(s9), P}, n?(2), z, P& — {n'(z),n'(y)},t,s) is as
required.

Case 2. Any edge (z,9) € Fo is adjacent to at least two edges in ]-'0

Claim 1. [{(z 0! 2], (. ) 0170 =1 and (3 1), (070D} ] =

IF (1 (2)), (e, () ¢ 0, then (5,0 (), (4 b1 (5')) € 7. S0 2(2n —3) < | FY| < |F| - (20— 3) =
2n —2, a contradlctlon Therefore, |{(z, nl(x)) (z, n* ()} N F°| = 1 and so [{(v/,n*(¥')), (v, n*~L(y'))} N
FOl>1. As 2n —2 = |{z}| + (2n — 3) < |F°| < |F| — (2n — 3) = 2n — 2, we have that |F°| = 2n — 2. Then
H' nt(y'), (v, n*~1(y'))} NFP| = 1. Therefore, this claim holds.

By Claim 1, without loss of generality, assume that (z,n'(z)) ¢ F°. Obviously, F N E(Q[1,k — 1]) = 0.
Choose an edge (x,y) in Fy. Set F} = Fy \ {(z,y)}. By the induction hypothesis, there is a hamiltonian zy-path
P? of Q[0] — F}. Clearly, P? is also a hamiltonian path of Q[0] — Fp.

Suppose that s,t € V(Q[0]). It is easy to verify that there exists a healthy hamiltonian cycle containing e.
Therefore, it remains to consider the case that either s ¢ V(Q[0]) or ¢ ¢ V(Q[0]). We distinguish two cases.

Case 2.1. (y,n'(y)) ¢ F°.

Since (z,n'(x)), (y,n'(y)) ¢ F and F N E(Q[1,k — 1]) = ), we can easily obtain the cycle required.

Case 2.2. (y,n'(y)) € F°.

In this case, (y,n*"1(y)) ¢ F°.

Case 2.2.1. s,t € V(Q[1,k — 1]).

If ¢ = j, then it is easy to construct the cycle as required. We only consider the case that ¢ # j. Without loss
of generality, assume that 1 <i < j < k — 1. If §(n'(x),s) = 1, then we can obtain a healthy hamiltonian cycle
containing e. Suppose that §(n'(z),s) = 0.

Suppose first that s = n'(x). Then j = 2. Choose a vertex t!' € V(Q[2] — t) such that §(¢!,¢) = 0. By
Lemma 3.16, there is a hamiltonian tt!-path P} of Q[1,j] — s. By Lemma 5.3, there is a hamiltonian
/Lt n*~1(y)-Path Py of Q[j + 1,k — 1]. Then (s,z, P?,y,n*~1(y), Py, nt1(t1), ¢!, P} t,s) is as required.
Suppose next that s # n'(z) and t # n*~!(y). Using P? and Lemma 3.16, it is easy to construct the cycle as
required.

Case 2.2.2. s € V(Q[0]) and t € V(QI[1]) UV (Q[k — 1]).

Without loss of generality, assume that §(s,2) = 1. If s € {z, y}, then it is easy to obtain a cycle as required. If
s ¢ {x,y}, we may choose a vertex w of Q[0] — {s, z,y} such that 6(s,w) = 1 and (w,n!(w)), (w, n*~*(w)) ¢ FO.
By Lemma 5.3, there is a hamiltonian sw-path PP of Q[0] — Fj. Clearly, z ¢ {s,w} and so (x,y) € E(P}).

Suppose first that t € V(QJ1]), then, by Lemma 3.13, there is a hamiltonian n!(w)t-path P§ of Q[1] —
{n!(x), 2} where (n!(x),2) € E(Q[1]) and z # t. By Lemma 5.3, there is a hamiltonian n?(z)n*~!(y)-path P§
of Q[2,k —1]. Then PP U PF U P§ +{(s,1), (v,n'(2)), (y,n"" ' (1), (' (2), 2), (2,7%(2)), (w,n' (w))} — (x,y) is
as required.

Suppose next that t € V(Q[k — 1]). As s ¢ {x,y}, we have that t # n*~!(y), using a similar proof as above,
there exists a cycle as required. O

Lemma 5.10. If there exists a vertex x € V(Q[0]) which is incident with 2n — 3 edges in Fy and |Fo| < 4n — 9,
then e lies in healthy cycles of even lengths from 6 to k™ —

Proof. Clearly, |F,.| < |F|—(2n—3)—|F°| <2n -5, for r =1,2,...,k — 1. Recall that e = (s,t), s € V(Q[i])
and t € V(Q[j])-

Case 1. (s,t) € E(Q|0]).

Suppose that x ¢ {s,t}. Let f, = |[{z}| and fe = |Fp| — (2n — 3). Then f. <2n —6 and so f, + fe < 2n —5.
By Theorem 1.1, e lies in a cycle of every even length from 4 to k"~! — 2 in Q[0] — Fp. Clearly, we can construct
a healthy cycle containing e of every even length from k"' to k™ — 2. Now we consider the case that = € {s,t}.

Claim 1. If |Fy| < 4n — 8, then then e lies in cycles of even lengths from 6 to k™.

Without loss of generality, we assume that & = s. Then (s,¢) is the only one healthy edge which is incident
with s in Q[0]. As F' is a conditional faulty edge set of QF and s is incident with 2n — 3 faulty edges in Fp, it
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implies that either (s,n'(s)) ¢ F or (s,n*~1(s)) ¢ F. Without loss of generality, we assume that (s,n'(s)) ¢ F.
Thus (n'(s),s,t) is fault-free.

If either (t,n'(t)) ¢ F or (s,n*"1(s)), (t,n*1(t)) ¢ F, then it is easy to verify that there exists a healthy
cycle containing e of even length from 6 to k™ — k"~ + 2. Note that there are 2n — 3 faulty edges incident with s
in Fy and |F°| < 2n — 2. We may choose a faulty edge (s, s1) € Fp such that s; is incident with at most one edge
in 0. Set F} = Fu \ {(s,51)}. Then |F}| < 4n —9. By the induction hypothesis, there is a hamiltonian ss;-path
Pl of Q[0] — F}. Clearly, (s,t) € E(P'). Thus, using the path P, we can obtain a healthy cycle containing e of
every even length from k™ — k"1 + 2 to k".

It remains to consider the case that (t,n'(t)) € F and {(s,n*"1(s)), (t,n*"1(¢))} N F # 0. Suppose first
that (n'(s),n'(t)) ¢ F. We claim that we may choose an edge (¢,t1) of Q[0] — s such that (¢,t1,n'(¢1),nt(¢)) is
healthy. In fact, there exist 2n — 3 candidate edges in E(Q[0] — s) and at most (4n—5) — (2n—3) — [{(t, n* (¢))}| —
{(s,n*=1(s)), (t,n*~1())} N F| < 2n — 4 faulty edges block candidates. Furthermore, one faulty edge blocks
at most one candidate. Therefore, this claim holds. Similarly, we may choose an edge (s,s1) € Fy such that
(s1,n%(s1),n'(s)) is healthy. Now, (s, t,t;,n'(t1),nt(t),n'(s),s) is a 6-cycle containing e. Clearly, it is east to
construct a cycle containing e of every even length from 8 to k™.

Suppose next that (n!(s),n'(t)) € F. Set C = {{t,t1,t2,n'(t2),n'(s)) : (s,t,t1,t2,8) is a 4-cycle in Q[0]}.
Obviously, (s,t2) € Fy. By the definition of Q¥ (s,t) lies in 2n — 4 4-cycles in Q[0]. Thus |C| = 2n — 4. Observe
that (4n—5) — (2n—3) — [{(t,n1 (1)), (n*(s),n  (£))}] —=|{(s,n*~1(s)), (t,n*~1(t))} N F| < 2n —5. Therefore, there
exists a path (t,t1,t2,n'(t2), n*(s)) € C which is healthy. Now, (s, t,t1,t2,n'(t2),n'(s), s) is a 6-cycle containing
e. Using this cycle, we can obtain the cycles containing e of every even length from 8 to k™. Therefore, this
claim holds.

By Claim 1, e lies in a cycle of every even length from 6 to k™ — 2.

Case 2. (s,t) € E(Q[1,k — 1]).

By Lemma 5.2, ¢ lies in a cycle of every even length from 6 to k™ — k"' in Q[1,k— 1] — F. By Lemma 5.3, there
is a hamiltonian st-path P! of Q[1,k — 1] — F such that |E(P' N (Q[1]UQ[k — 1]))| > 2k~ — 3. We may choose
an edge (s1,t1) of PN (Q[1] U Q[k — 1]) such that (s1,n%(s1),n%(t1),t1) is healthy and = ¢ {n°(s1),n%(¢t1)}
since [%] = k™! —1 > 4n — 5. Then, we may obtain a cycle containing e of every even length from
E? — k"l 42 to k™ — 2.

Case 8. s € V(Q[1]) and t € V(Q[1]) UV(Q[k — 1])).

Without loss of generality, we assume that ¢t € V(Q[1]).

Case 3.1. s # x.

Let P = {(s,s1,n'(s1),t) : (s,51) € E(Q[0]) and s1 # x}. Then |[P| > 2n — 3.

Suppose first that there is a path (s, s1,n'(s1),t) € P such that (s1,n'(s1)), (t,n'(s1)) ¢ F. Therefore, it is
easy to verify that there exist the cycles as required.

Suppose next that every path in P contains at least 1 faulty edge which is not in Fy. As there are at most
2n — 2 faulty edges not in Fy and |P| > 2n — 3, we have that there is at most 1 path in P which contains 2
faulty edges which are not in Fy. Note that s is incident to at least 2 healthy edges of Q[0] and 2 > 1. Tt is east
to see that we may choose a healthy edge (s, s2) € E(Q[0]) such that either (s2,n'(s2)) ¢ F or (t,n'(s2)) & F.
We will construct a cycle of every even length I with 6 <1 < k™ — 2 that contains e in Q¥ — F.

Case 8.1.1. 6 <[ < k™ — 2k" 1 + 6.

If (s2,nt(s2)) ¢ F, then, it is easy to verify that e lies in a cycle of every even length from 6 to k™ — 2k"~! + 6.
If (s2,n'(s2)) € F, then (t,n'(s2)) ¢ F. We may choose an edge (s2,s3) € E(Q[0] — {s,z}) such that both
(s2,83,n"(s3),n'(s2)) and (n'(sz),n*(s2),n?(ss),n'(s3)) are healthy because dgg(s2) —2 = 2n —4 > (4n —
5) — (2n — 3) — |P|. Clearly, we can construct the cycles as required.

Case 8.1.2. k™ —2k" 1 +8 <[ < k" —2.

If (s,z) ¢ E(Q[0]), then |Fy| = 2n — 3 and |P| = 2n — 2. Clearly, F' C E(QI0,1]) because 4n —5 = (2n — 3) +
|P|. Choose an edge (z,y) € Fy and a vertex w € V(Q[0] — {s,z,y}) such that (w,n'(w)) ¢ F and §(s,w) = 1.
Set Fjy = Fy \ {(z,y)}. Then |Fj| < 4n — 10. By Lemma 3.13, there is a hamiltonian sw-path P% of Q[0] — F},
and there is a hamiltonian tn'(w)-path P7 of Q[1] — F. Obviously, (z,y) € E(P%). Then we can construct the
required cycles.
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If (s,x) € E(Q]0]), then |P| = 2n — 3 and so (4n — 5) — (2n — 3) — |P| = 1.

Suppose first that (s, z) ¢ Fp. since 2n — 3 > 1, we may choose an edge (z,y1) € Fo such that (yi,n'(y1)) ¢ F.
Set F} = Fy \ {(z,y1)}. Then |F}| < 4n — 10. By Lemma 5.3, there is a hamiltonian zy;-path P{ of Q[0] —
Clearly, (z,5) € E(P). As |Fy| < 2n—5and 6(¢,n'(y1)) = 0, Lemma 3.4 implies that there is a tn!(y;)-path P§
in Q[1] — Fy of length k" ~! —2. Choose an edge (u, v) of P§ such that (u,n?(u)), (v,n%(v)), (n?(u),n?(v)) ¢ F.By
Lemma 3.12(i7), there is an n?(u)n?(v)-path P§ in Q[2,k — 1] — F of every odd length from 1 to k™ — 2k"~1 — 1.
Then PP U PSUPS + {(s,t), (y1,n (1)), (u,n%(u)), (v,n%(v))} —  — (u,v) is a cycle containing e of every even
length from 2k~ ! to k™ — 2. Noting that 2k"~! < k™ — 2k" ! + 8, we see that e lies in a cycle of every even
length from k™ — 2k"~1 + 8 to k" — 2.

Suppose next that (s,z) € Fy. There exists an edge (z,y2) € E(Q[0]) such that (z,y2) ¢ Fp. Set F§ =
Fo\ {(z,s)}. Then |F}| < 4n — 10. By Lemma 5.3, there is a hamiltonian zs-path P} of Q[0] — F}. Clearly,
(z,y2) € E(P}). Recall that (4n —5) — (2n — 3) — |P| = 1. Then either (y2,n'(y2)) ¢ F or (y2,n* " 1(ys)) ¢ F. If
(y2,n(y2)) ¢ F, then, using a similar proof as above, we may obtain the cycle as required. If (y2,n!(y2)) € F,
then (y2,n*~!(y2)) ¢ F. It is easy to construct the cycles as required.

Case 3.2. s = x.

Claim 2. If |Fy| < 4n — 8, then e lies in cycles of even lengths from 6 to k™.

Case 8.2.1. k™ —2k"~1 48 <[ < k™.

As |F% < (4n—5) — (2n — 3) = 2n — 2, we may choose an edge (s, y1) € Fp such that either (y1,n'(y1)) ¢ F°

v (y1,n* " 1(y1)) ¢ FO. Set F = Fy \ {(s,41)}. Then |F}| < 4n — 9. By the induction hypothesis, there is a
hamiltonian sy;-path P} of Q[0] — F}}. So we can construct the required cycles easily.

Case 3.2.2. 6 <1 < k™ —2k" ! +6.

Choose a healthy edge (s,92) of Q[0]. If (y2,n'(y2)) ¢ F, then we may obtain the cycles as required.

Case 3.2.2.1. (y2,n*(y )) € Fand (t,n'(y2)) ¢ F.

Suppose first that (n'(y2),n?(y2)) ¢ F. If there is an edge (y2,y3) € E(Q[0] — s) such that both
{(y2,y3,n  (y3),n* (y2)) and (n'(ys),n?(y3),n?(y2)) are healthy, then the required cycles can be constructed.
Otherwise, for any faulty edge (s, ya) E Fo, (5,n*1(s),n* " (ys), ya,n (y4),t, s) is a healthy 6-cycle containing
e because 4n — 5 = (2n — 3) + [{(y2, n' (y2))}| + dgjoj—s(y2). Thus it is easy to verify that e lies in a cycle of
every even length from 6 to k™ — 2k" 1 4+ 6.

Suppose next that (n'(y2),n?(y2)) € F. Since 2n —3 > (4n—5) — (2n 3) — {(y2,n' (y2)), (n 1(y ) 2(y2))},
we may choose an edge (s,ys) € Fy such that (n*~1(s), n*~1(ys), y5, (y5), t) is healthy. If (s,n*~1(s)) ¢ F,
then, it is easy to construct the cycles as requ1red Suppose that (s,n*"1(s)) € F. As ( H(ys)) lies in 2n — 4
4-cycles in Q[1] and 2n — 4 > (4n —5) = (2n — 3) — [{(y2,n' (y2)), (n*(y2), n%(y2)), (s, 1(s))}| =2n — 5, we
may choose a cycle (t, 21, 20, (y2),t) of Q[1] such that both (¢, 21, 20,1n%(22),y2) and <zl,n2(z1),n2(22),zQ> are
healthy. Clearly, we rnay obtain a cycle containing e of every even length from 6 to k™ — 2k™~1 + 6.

Case 3.2.2.2. (y2,n*(y2)), (t,n'(y2)) € F.

Since 2n — 3 > (4n —5) — (2n — 3) — |[{(y2, 7' (y2)), (t,n' (y2))}|, we may choose an edge (s, ys) € Fy such that
(n*=1(s),n*L(ys), ys,n' (ys),t) is healthy. Using a similar proof as the second paragraph of Case 3.2.2.1, we
may construct the cycles as required. Therefore, this claim holds.

By Claim 2, e lies in a cycle of every even length from 6 to k™ — 2. O

Lemma 5.11. If there exists a vertex x € V(Q[0]) which is incident with 2n — 3 edges in Fy and |Fy| = 4n — 8,
then e lies in healthy cycles of even lengths from 6 to k™.

Proof. Clearly, |F°| =3 and |F,.| =0, for r = 1,2,...,k — 1. Recall that e = (s,t).

Case 1. (s,t) € E(Q0)).

If © € {s,t}, then, by Claim 1 in Lemma 5.10, e lies in a cycle of every even length from 6 to k™. Now we
only consider the case that = ¢ {s,t}. Then we may choose two healthy edges (s,s’), (t,t') € E(Q[0]) such that
s’ #t and t' # s. Similar to Case 1 of Lemma 5.8, we can construct healthy cycles containing e of even lengths
from 6 to k™ — 2k" "1 + 6.

Recall that F is a conditional faulty edge set of Q. Then either (z,n!(z)) ¢ F or (z,n*~1(x)) ¢ F. Without
loss of generality, we assume that (z,n!(x)) ¢ F. As 2n — 3 > |F°| = 3, we may choose an edge (z,y) € Fy such
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that either (y,n'(y)) ¢ F or (y,n*"1(y)) ¢ F. Set F}, = Fy \ {(z,y)}. Then |F}| = 4n — 9. By the induction
hypothesis, e = (s,t) lies in a hamiltonian C* of Q[0] — F}. Clearly, (z,y) € E(C'). It is easy to verify that
there exists a healthy cycle containing e of every even length from k™ — 2k™~! + 8 to k™.

Case 2. (s,t) € E(Q[1,k —1]).

Lemma 5.2 implies that e lies in a cycle of every even length from 6 to k™ — k"~ 1. Note that either (z,n'(z)) ¢
F or (z,n*~Y(z)) ¢ F. Without loss of generality, we assume that (z,n!(z)) ¢ F.

If there exists an edge (z,y) € Fy such that (y,n'(y)) ¢ F, set F} = Fy \ {(z,y)}. Then |F}| = 4n — 9. By the
induction hypothesis, (z,y) lies in a hamiltonian cycle C* of Q[0] — F{. Similar to the Case 2 of Lemma 5.8, it is
easy to verify that e lies in a cycle of every even length from &™ — k"' 42 to k™. Suppose that (y,n'(y)) € F for
each edge (z,y) € Fy. Recall that 2n — 3 > | F°| = 3. Then each 0-dimensional edge between Q[0] and Q[k — 1]
is healthy. Thus (x,n*~1(x)), (y,n*~1(y)) ¢ F for every edge (z,y) € Fy. Similar to the above argument, we
may obtain the cycles as required.

Case 8. s € V(Q[0]) and t € V(Q[1]) UV (Q[k — 1]).

Without loss of generality, we assume that s € V(Q[0]) and ¢t € V(Q[1]).

Claim 1. There exists an edge (x,y) € Fy such that (z,y) is adjacent to at most 1 edge in F°.

Recall that F is a conditional faulty edge set of QF. Then x is incident with at most 1 edge in F°. Suppose
first that (z,n'(x)), (x,n*~1(z)) ¢ F. There exists an edge (z,y) € Fy such that y is incident with at most 1
edge in FY because 2n — 3 > |F°| = 3. So (x,y) is adjacent to at most 1 edge in F°. Suppose next that z is
incident with exactly 1 edge in F°. Then there exists an edge (z,y) € Fy such that y is not incident with any
edge in F° because 2n — 3 > |FY| — 1 = 2. Thus (z,y) is adjacent to at most 1 edge in F°. Therefore, this claim
holds.

If s = x, then, by Claim 2 in Lemma 5.10, e lies in a cycle of every even length from 6 to k™. It remains to
consider the case that s # x. Set P = {(s,s1,n'(s1),t) : (s,51) € E(Q[0] — z)}. Then |P| > 2n — 3.

Case 3.1. There exists a path (s, s1,n'(s1),t) € P such that (s, s1), (s1,n(s1)) ¢ F.

Lemma 3.12(ii) implies that there is an n!(s;)t-path P} in Q[1,k — 1] — F of every odd length from 3 to
k™ — k"~1 — 1. Then (s, s1,n'(s1), P}, t,s) is a cycle containing e of every even length from 6 to k™ — k"1 4 2.

By Claim 1, there exists an edge (z,y) € Fy such that (z,y) is adjacent to at most 1 edge in FY. Set
F} = Fy\ {(z,y)}. Then |F}| = 4n — 9. By the induction hypothesis, (s, s1) lies in a hamiltonian cycle C} of
Q[0] — F}. Clearly, (z,y) € E(C}) and z ¢ {s,s1}.

Case 3.1.1. (x,n*(z)), (y,n'(y)) & F.

If y ¢ {s,s1}, then (x,y) and (s, s1) are nonadjacent. Then we can verify that e lies in a healthy cycle of
every even length from k™ — k"~ +4 to k"™ in CT U QI[1,k — 1] + {(s,1), (s1,n*(51)), (z,n*(2)), (y,n*(y))}.

If y = s, set Fy = Fy \ {(z,s)}. Then |F}| = 4n — 9. By the induction hypothesis, (z, s) lies in a hamiltonian
cycle C3 of Q[0] — F}. So we can construct a cycle containing e of every even length from k™ — k"~ + 4 to k™.

If y = s1, then (s,s1) = (s,y) and s ¢ {z,y}. Choose an edge (s, s2) of C} — (s,y). Clearly, (z,y) and (s, s2) are
nonadjacent. Suppose first that either (s2,n!(s2)) ¢ FY or (s2,nf7!(s2)) ¢ F°. Similar to Case 3.2.2.1
of Lemma 5.8, we can construct the cycle as required. Suppose next that (sg,n'(s2)),(s2,n* (s2)) €
FO As y = s;, we have that §(x,s) = 0. Then |P| = 2n — 2. So |P| — [{s1,82}] = 2n — 4 > |F°| —
{(s2,n1(52)), (s2,m%71(52))}| = 1. Thus, we may choose an edge (s, s3) of Q[0] — {s1, s2} such that (s3,n'(s3)) ¢
FY. Since y = sy, it follows that y & {s, s3}. Noting that 6(z,s) = 0, we have that x # s3. Recall that = # s.
Therefore, (x,y) and (s, s3) are nonadjacent. Similar to the case that y ¢ {s, s1}, we may obtain the cycles as
required.

Case 3.1.2. {(z,n!(x)), (y,n'(y))} N F # 0.

In this case, (z,n*"1(z)), (y,n*1(y)) ¢ F. Note that (s,t), (s1,n'(s1)) ¢ F. Clearly, using the cycle C}, we
can obtain the cycle as required.

Case 3.2. There is not any path (s, s1,n'(s1),t) € P such that (s, s;), (s1,n'(s1)) ¢ F.

Clearly, P contains at least 2n — 3 faulty edges. In each case, we will construct a cycle of every even length
[ with 6 <1 < k™ that contains e in Qﬁ — F.

Case 8.2.1. 6 <1 < k™ —2k""1 + 6.



EDGE-BIPANCYCLICITY IN CONDITIONAL EDGE-FAULTY K-ARY N-CUBES 109

Note that s is incident with at least (2n — 2) — [(4n — 8) — (2n — 3)] — |{z}| = 2 healthy edges which are
not incident with z in Q[0]. Then we may choose two healthy edge (s, s2), (s, s3) of Q[0] such that = ¢ {s2,s3}.
Clearly, (s2,n'(s2)), (s3,n'(s3)) € F. So there is at most |F°| — 2 = 1 faulty O-dimensional edge between Q[1]
and Q[2]. Therefore we may choose a vertex s4 € {s2,s3} such that (n'(sy),n?(s4)) ¢ F. Observe that |F| —
(2n —3) = [FNE(P)| <1 <dg(ss) — {z,s}| = 2n — 4. We may choose an edge (s4, s5) of Q[0] — {z, s} such
that (s4, s5,n(s5),n?(s5)) is healthy. Clearly, we may obtain the cycles as required.

Case 8.2.2. k™ —2k"~1 4+ 8 <[ < k™.

By Claim 1, there exists an edge (x,y) € Fy such that (x,%) is adjacent to at most 1 edge in F°.

Suppose first that there is a neighbor sg of s in Q[0] — {z,y} such that (s, n'(se)) & F. Set F}, = Fy\
{(z,y), (s,86)}. Then |F}| < 4n — 9. By the induction hypothesis, (s, s¢) lies in a hamiltonian C? of Q[0] — F}).
Clearly, (z,y) € E(C?). Clearly, s¢ ¢ {,y}. Similar to Case 3.1.1, we may obtain the cycles as required.

Suppose next that (sg,n'(sg)) € F for every neighbor s of s in Q[0] — {x,y}. Note that there are at least
2n — 3 neighbors of s in Q[0] — {z, y}. Combining this with the fact that 2n — 3 > |F9| = 3, it is easy to see that
FNE(Q[1,k—1]) = 0 and each 0-dimensional edge between Q[0] and Q[k — 1] is fault-free. So we may choose a
neighbor s7 of s in Q[0] — {z,y} such that (s7,n*"1(s7)) ¢ F. Set F}, = Fy\ {(z,), (s,s7)}. Then |F}| < 4n —9.
By the induction hypothesis, (s, s7) lies in a hamiltonian C* of Q[0] — F}. Clearly, (x,y) € E(C?'). It is easy to
obtain required cycles in C*UQ[1,k — 1] + {(s,1), (s7,n*"1(s7)), (z,n*~1(2)), (y,n*1(y))}. O

Lemma 5.12. If there ezists a verter x € V(Q[0]) which is incident with 2n — 2 edges in Fy, then e lies in
healthy cycles of even lengths from 6 to k™.

Proof. Clearly, |F.| < (4n—5)— (2n —2) -3 =2n—6, for r = 1,2,...,k — 1. Recall that e = (s,t). Note
that F is a conditional faulty edge set of Q. So (x,n!(z)), (x,n*~!(z)) ¢ F. Observe that there are at most
(4n —5) — (2n —2) = 2n — 3 faulty edges outside Q[0]. Since dgo)(z) — (2n —3) = 1, there exists an edge (=, y) of
Q[0] such that both (n¥=1(z),n*~1(y),y,n'(y),n'(x)) and {(n*~2(y), n*~1(y)), (n'(y),n%(y))} are all fault-free.
We distinguish three cases. In each case, we will construct a cycle of every even length [ with 6 <[ < k™ that
contains e in QF — F.

Case 1. (s,t) € E(Q[0]).

Clearly, « ¢ {s,t}. Similar to Case 1.1 of Lemma 5.10, there is a cycle containing e of every even
length from 6 to k™ — 2. We may choose an edge (z,v1) of Q[0] — y such that either (y1,n'(y1)) ¢ F° or
(y1,mn* (1)) ¢ FO since (2n —2) — [{y}| > |F°|. Without loss of generality, we assume that (y;,n*~1(y;)) ¢ F°.
Set F} = Fo \ {(z,y), (z,y1)}. Then |F}| < |F| — |F°| — 2 < 4n — 10. By Lemma 3.17, there is a hamiltonian
st-path P? of Q[0] — F}. Clearly, (z,vy), (x,y1) € E(C'). Similarly, there is a hamiltonian n!(z)n!(y)-path P*
of Q[1,k — 2] — F and there is a hamiltonian n*~*(2)n*~1(y;)-path P° of Q[k — 1] — F. Then P3U P*U P® +
{(s,1), (z,n'(2)), (z,n*1(2)), (y,n (v)), (y1,n* (1))} — {(z,y), (x,31)} is a cycle containing e of length k™.

Case 2. (s,t) € E(Q[1,k — 1]).

Similar to Case 2 of Lemma 5.10, it is easy to verify that there exists a cycle containing e of every even
length from 6 to k™ — 2. Then we only need to construct a hamiltonian cycle containing e. Note that (s,t) €
E(Q[1,k —2]) or (s,t) € E(Q[2,k — 1]). Without loss of generality, we assume that (s,t) € E(Q[1,k — 2]).

Case 2.1. There is an edge (z, 2) of Q[0] — y such that (z,n'(2)), (z,n*~1(2)) ¢ F.

Set F} = Fy \ {(z,y),(z,2)}. By Theorem 1.2, there is a hamiltonian cycle C' of Q[0] — F}. Clearly,
(2,9), (x,2) € E(CY). Since d(n'(y),n'(z)) = 0 and §(s,t) = 1, we have that {n'(y),n'(2)} # {s,t}.
If nl(z) ¢ {s,t}, then {n'(z),n'(2)} # {s,t}. Lemma 5.4 implies that there is a hamiltonian st-path P3 of
Q[1,k — 2] — (F\ {(n'(z),n'(2))}) passing through (n'(z),n'(z)). By Lemma 3.17, there is a hamiltonian
n*~1(z)n*~1(y)-path P* of Q[k — 1] — F. Thus C' U P3 U P* + {(s,1), (z,n'(z)), (z,n'(2)), (x,n*~1()), (y,
n* L)} = {(=,y), (z,2), (n'(x), n'(2))} is a cycle containing e of length k™. If n!(y) ¢ {s,t}, using a similar
proof as above, we can obtain the cycle as required.

Case 2.2. For every edge (r,2') of Q[0] — y, either (2/,n'(z)) € F° or (¢/,n*~1(2")) € FO.

As |[FY < 2n -3 and dgpj(z) —1 = 2n — 3, we have that for every edge (z,2') of Q[0] —y, |[F°N
{(z',n'(2")), (2, n*~1(2'))}| = 1. Clearly, F N Q[1,k — 1] = (). We may choose an edge (z,z) of Q[0] —y such
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that n'(z) ¢ {s,t} because 2n —2 — 1> 3 > |{s,t}|. Set F} = Fy \ {(z,y), (x,2)}. By Theorem 1.2, there is a
hamiltonian cycle C? of Q[0] — F.

Suppose first that (z,n!(z)) ¢ F°. Observe that {n'(z),n'(2)} # {s,t}. Similar to Case 2.1, a hamiltonian
cycle containing e of Q¥ — F can be constructed. Suppose next that (z,n!(z)) € F°. Then (z,n*~1(z)) ¢ FO.
If {n'(z),n'(y)} # {s,t}, then we can use a similar construction as in Case 2.1. Suppose that {n'(z),n'(y)} =
{s,t}. Note that ' N Q[1,k — 1] = (). Using the cycle C?, it is easy to construct the cycle as required.

Case 3. s € V(QI0]) and t € V(Q[1]) UV (Q[k — 1]).

Case 3.1. 6 <[ < k"™ — 2.

Without loss of generality, we assume that s € V(Q[0]) and t € V(Q[1]). Set P = {(s1,n'(s1),t) :
(s,s1) € E(Q[0] — x)}. Then |P| > 2n — 3. Suppose first that there is a path (s1,n'(s1),t) € P such that
(s1,n'(s1)), (t,n'(s1)) & F. It easy to verify that there is a cycle containing e of every even length from 6
to k™ — 2. Suppose next that every path in P contains at least 1 faulty edge. Note that there are at most
(4n —5) — (2n — 2) = 2n — 3 faulty edges outside Q[0] and |P| > 2n — 3. Then |P| = 2n — 3 and each path
(s9,m1(s2),t) € P contains exactly 1 faulty edge. We can observe that (s, s2), (n'(s2),n2(s2)) & F, |Fy| = 2n—2
and (s,z) € E(Q[0]).

If (t,n'(s2)) € F, then (t,s,s2,n(s2)) is fault-free. We may easily verify that there exist the
cycles as required. If (¢,n'(s2)) ¢ F, then (sg,n'(sy)) € F. Note that both (so,s3,n!(s3),n!(s2)) and
(nl(s3),n%(s3),n?(s2),n'(s2)) are healthy for every edge (sz2,s3) of Q[0] — {s,xz}. Then we can construct a
cycle containing e of every even length from 6 to k™ — 2k"~! + 6. Recall that (s,z) € E(Q[0]). Choose any
edge (z,y1) € BE(Q[0] — 5). (y1,m*L(y1)) ¢ F because F C Fy U E(P). Set F}, = Fy \ {(z,5), (z,y1)}. Then
|Fy| < |F|—|F° —2 < 4n —10 < 4n — 9. By Theorem 1.2 there is a hamiltonian cycle C? of Q[0] — F.
Clearly, (z,s), (z,y1) € E(C'). Therefore, we may easily verify that e lies in a cycle of every even length from
k™ — 2k 4+ 8 to k" — 2.

Case 3.2. l = k™.

Case 8.2.1. 6(s,z) = 1.

Without loss of generality, we assume that t € V(Q[1]). Suppose first that either (2',n'(z')) € F or
(2/,n*=1(2")) € F for every edge (z,2') of Q[0] — y. Note that Q[0] — = is fault-free. By Lemma 3.14, there is a
hamiltonian sy-path P! of Q[0] — . By Lemma 3.17, there is a hamiltonian n!(z)t-path P} of Q[1, k —2] — F and
there is a hamiltonian n*~!(x)n*~1(y)-path Ps of Q[k — 1] — F. Then (s, P} —x,y,n*1(y), P+, n*~1(z), z,n' (),
Pj,t,s) is a cycle containing e of length k™. Suppose next that there is an edge (z,z) of Q[0] —y such that
(z,n1(2)), (z,n*"1(2)) ¢ F.Set F}, = Fy\ {(z,9), (z, 2)}. Then |F}| < 4n — 10. By Lemma 3.17, there is a hamil-
tonian sz-path P} of Q[0] — F. Obviously, either (z,y) € E(P}) or (z,2z) € E(P}). Without loss of generality,
assume that (z,y) € E(P}). Similar to the proof above, we can obtain the cycle as required.

Case 3.2.2. 0(s,xz) = 0.

Suppose first that s = z. Observe that |F°| < (4n — 5) — (2n — 2) = 2n — 3. Then there is an edge (, z1) of
Q[0] — y such that either (21,n%(z1)) & F° or (21,n*71(21)) ¢ F°. Without loss of generality, we assume that
(21,n*"1(21)) ¢ FO. Then (y,n'(y)), (z1,n*1(21)) ¢ FO. It is easy to construct a cycle containing e of length k™.

Suppose next that s # x.

Case 3.2.2.1. There is an edge (z, 22) of Q[0] — y such that (zq,n'(22)), (z2,n* 1 (22)) ¢ F°.

Without loss of generality, we assume that t € V(Q[1]). Set F§ = Fy \ {(x,y), (x, 22)}. By Lemma 3.17, there
is a hamiltonian sy-path (s, PZ, 2o, x,7) of Q[0] — F}. As s # z, we have that ¢ # n!(z). Lemma 5.4 implies that
there is a hamiltonian n!(y)t-path (n'(y), n'(x), P#,t) of Q[1] — Fy.

If there exists an edge (n*~1(y),w) of Q[k — 1] — n*~1(z) such that (w,n*"2(w)) ¢ F°, set F|_, = Fr_4
\ {(n*~1(y),w)}. By Lemma 5.4, there is a hamiltonian n*~!(x) n¥=1(z)-path <n’“_1(x),nk_1(y),w17P32(1),
nF=1(23)) of Q[k — 1] — F}_,. Let P} = P32(1) and wy = w. If for every edge (n*~1(y),w’) of Q[k — 1] — n*~1(x),
(w',n*=2(w")) € F°, then |F°| = 2n — 3 and so |Fj_1| = 0. We may choose a vertex w; of Q[k — 1] — n*~1(z)
such that §(n*~1(y),w1) = 1 and (wy,n*~2(w1)) ¢ F°. By Lemma 3.13, there is a hamiltonian n*~1(z2)w;-path
P32(2) of Q[k — 1] — {nF~1(x),n*1(y)}. Let P2 = P??(Q) and we = wy.
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By Lemma 3.17, there is a hamiltonian n?(y)n*~2(wy)-path P2 of Q[2,k — 2] — F. Then
(5, P2, 29, 0% 1(29), P2 wy ,n*=2(wy), PZ,n2(y),n*(y),y,n*~1(y), n*~1(z),z,n'(x), P2, t,s) is a cycle contain-
ing e of length k™.

Case 3.2.2.2. For every edge (z,2') of Q[0] — y, either (2/,n'(2")) € FO or (2/,n*~1(2")) € FO.

Clearly, |[F N E(Q[1,k — 1])| = 0 and |F N {(z',n' (")), (2',n*~1(2"))}| = 1. Without loss of generality, we
assume that there exists an edge (z, 23) of Q[0] — y such that (z3,n*~1(z3)) ¢ F°. Set F} = Fy \ {(=,y), (z, 23)}.
By Lemma 3.17, there is a hamiltonian sy-path (s, P}, z3, x,y) of Q[0] — F.

Suppose first that ¢ € V(Q[1]). Choose vertices ws € V(Q[1] — n'(y)) and wg € V(Q[k — 1] — n*~!(x)) such
that §(ws,t) = (we,n*"1(y)) = 1. Note that t # n'(z). By Lemma 3.13, there is a hamiltonian wst-path P3
of Q[1] — {n'(x),n'(y)} and there is a hamiltonian wen*~!(y)-path P§ of Q[k — 1] — {n*~1(z), n*~1(23)}. By
Lemma 3.17, there is a hamiltonian n?(ws)n*~2(wg)-path P} of Q[2,k — 2]. Then (s, P}, z3,n*~1(z3),n*~1(z),
z,nt(z),nt(y),y,n*(y), P3,we, n*~2(we), P{,n%(ws) ,ws, P§,t,s) is a cycle containing e of length k™.

Suppose now that t € V(Q[k — 1]). By Lemma 5.4, there is a hamiltonian n*~!(z3)t-path
P* of Q[2,k — 1] passing through (nf~1(z),n*~!(y)). Without loss of generality, we write P* as
(nk=1(z3), P{t,n*~1(x),n*~1(y), Ps,t). By Lemma 3.17, there is a hamiltonian n'(z)n'(y)-path P° of Q[1] Then
(5, PP, z3,n* "1 (23), P{t, n*~Y(x), z,n' (z), P>, n'(y),y, n*~1(y), P4, 1,s) is a cycle containing e of length k". [

Lemma 5.13. If |F.| =2n —4 for somer € {1,2,...,k — 1}, then e lies in healthy cycles of even lengths from
6 to k™.

Proof. Clearly, |Fy| = 2n—4, |F,/| = 0 forevery v’ € {0,1,...,k—1}\{0,7} and | F°| = 3. Recall that e = (s, ).
We distinguish three cases. In each case, we will construct a cycle of every even length [ with 6 <1 < k™ that
contains e in Q% — F.

Case 1. (s,t) € E(Q[0]) or (s,t) € E(Q]r]).

Without loss of generality, assume that (s,t) € E(Q[0]). Furthermore, we assume that k/2 <r < k — 1. Note
that 2n — 4 < 4n — 10. It is easy to verify that e lies in a cycle of every even length from 6 to k™.

Case 2. (s,t) € E(Q[1,r —1]) or (s,t) € E(Q[r + 1,k — 1]).

Without loss of generality, assume that (s,t) € E(Q[1,r — 1]). Then r > 2. Observe that |F,.| = 0 for every
r €{0,1,...,k—1}\ {0,7} and |F°| = 3. We may may easily verify that there exist a cycle containing e of
every even length from 6 to (r — 1)k"~ 1 in Q[1,7 — 1] — F.

Case 2.1. (r — k" 1 +2 <1 < (r+ 1)k" L

By Lemma 5.3, there is a hamiltonian st-path P? of Q[1,r — 1] — F such that |[E(P3 N Q[1])| > k"~ — 2 and
|E(P3NQ[r—1])] > k"~ ! —2. Then we may choose edges (u1,v1) € E(P3NQ[r—1]) and (uz2,v2) € E(P3NQ[0])
such that (u1,n"(u1),n"(v1),v1) and (uz,n®(u2),n’(v2),ve) are healthy. Observe that 2n — 4 < 4n — 9. By
induction, we can obtain a cycle containing e of every even length from (r — 1)k~ + 2 to (r + 1)k"~! in
Q[0,r] — F.

Case 2.2. (r + k"1 +2 <1 < k™

In this case 7 < k — 2. Lemma 5.3 implies that there is a hamiltonian st-path P* of Q[0,7] — F. It is easy to
construct a cycle containing e of every even length from (r + 1)k"~! + 2 to k™.

Case 8. s € V(Q[m]) and t € V(Q[m + 1]) UV (Q[m — 1]), where m € {0,r}.

By symmetry, we assume that s € V(Q[0]) and ¢ € V(Q[1]). Set P = {(s,s1,n'(s1),t) : (s,51) € E(Q[0])}.
Then |P| = 2n — 2.

Case 3.1. r > 2.

In this case, |[Fy| = 0. As 2n — 2 > |F° = 3, there exists a path (s,s;,n'(s1),t) € P such that
(s1,n'(s1)) ¢ F°. Recall that |Fi| = 0. Thus (t,n'(s1)) ¢ F. Then we may easily verify that Q[0] U
Q1,7 — 1] + {(s,t), (s1,n1(s1))} has a healthy cycle containing e of every even length from 6 to rk"~1 and
Q[2,0)UQ[1] + {(s,1), (s1,n'(s1))} has a healthy cycle containing e of every even length from k™ — k"~1 + 4 to
k™. Similar to Case 2.1, it is easy to verify that there is a cycle containing e from rk"~' 4+ 2 to k™ — k"1 + 2
in Q[0,k—1] - F.

Case 3.2. r = 1.
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If each path in P contains at least 2 faulty edge, then 2(2n — 2) = 4n — 4 < |F| = 4n — 5, a contradiction.
So there exists a path P% = (s, s1,n'(s1),t) € P which contains at most 1 faulty edge.

Case 8.2.1. P° is healthy.

In this case, we can easily verify that e lies in a cycle of every even length from 8 to k™. Then, it is enough
to construct a 6-cycle that contains e.

If (s,n*~1(s),n*"1(s1), s1) is fault-free, then (s, n*~1(s),n*~1(s1),s1,n'(s1),t,s) is a 6-cycle containing e. If
(t,n2(t),n%(s1),n'(s1)) is fault-free, then (s, sy, n (s ),n2 s1),n2(t), t,s) is a 6-cycle containing e.

Now we consider the case that both (s,n*~1(s),n*"1(s1),s1) and (t,n?(t),n%(s1),n'(s1)) are faulty. Then
IFNE(Q[0,1])| < (4n —5) — 2 =4dn — 7.

Suppose first that there is a path (s, sy, n'(s2),t) € P such that sy # s; and (s, s2), (t, n'(s2)) ¢ F. Set
A= {(s1,51,n'(s1),n'(s1)) : (51,51) € E(Q[0] — 5)} and B = {(s2, 55, n'(s5),n'(s2)) : (s2,55) € E(Q[0] - 5)}.
Then | A| = |B| = 2n — 3. By the definition of Q¥, AU B has at least 2(2n — 3) — 1 = 4n — 7 internally disjoint
paths.

If there exists a healthy path P® in A, then (s, s1, P>, n'(s1),t,s) is a 6-cycle containing e. If there exists a
healthy path P53 in B, then (s, so, P>, n'(s2),t, s) is a 6-cycle containing e. If each path in A U B is faulty, then
AU B contains at least 4n — 7 faulty edges and so F'N E(Q[0,1]) C E(AU B). Since |P| = 2n — 2 > 2, we may
choose a fault-free path (s, s3,n'(s3),t) € P such that s3 ¢ {s1,s2}. Set D = {(s3, s5,n'(s5),n'(s3)) : (s3,8%) €
E(Q[0] — s)}. Observe that |D| = 2n — 3 > 3 > 2. We may choose a path P® € D such that P® ¢ AU B. Then
PS is healthy. Therefore, (s, s3, P%,n'(s3),t,s) is a 6-cycle containing e.

Suppose next that every path (s, so,n!(s2),t) € P such that either (s,s2) € F or (t,n'(s2)) € F, where s5 #
s1. Then P contains at least |P| — [{s1}]| = 2n — 3 faulty edges. Since |[F N E(Q[0,1])| - |[FNE(P)| < (4n—T) —
(2n—3) =2n—4 and |A| = 2n — 3 > 2n — 4, we may choose a healthy path P7 € A. Then (s, s1, P7,n(s1),t, s)
is a 6-cycle containing e.

Case 3.2.2. |[FNE(P%)| = 1.

Suppose first that (s,s1) € F or (t,n'(s;)) € F. By symmetry, it is enough to consider the case that
(t,nt(s1)) € F. Set F| = Fy \ {(t,n'(s1))}. Then |F]| = 2n — 5. Clearly, we may obtain the cycles as required.

Suppose next that (s, s1), (t,n'(s1)) ¢ F. Then (s1,n'(s1)) € F°. Since |P| = 2n — 2 > |F°| = 3, we may
choose a path (s, s2,n'(s2),t) € P such that (s2,n'(s2)) ¢ F°. Clearly, s2 # s1. If [F N {(s, s2), (t,n'(s2))}| =1,
then the proof is similar as above. If |F N {(s, s2), (t,n'(s2))}| = 0, then (s, so,n'(s2),t) is healthy. Similar to
the Case 3.2.1, we may obtain the cycles as required.

We only need to consider the case that |F'N{(s,s2), (t,n!(s2))}| = 2. Clearly, we may easily verify that there
is a healthy cycle Containing e of every even length from 8 to k™ in Q[0] U Q[1,k — 1] + {(s,1), (s2,n'(s2))}.
Set T = {(s,s',n'(s'),t) : ' € V(Q[0] — {s,51,82})} and J = {(s1,8],n'(s)),n'(s1)) : (s1,5)) € E(Q[0] — 5)}.
Then ZU J has |Z| + |J| = 2n —4) + (2n — 3) = 4n — 7 internally disjoint paths. Since (4n — 5) —
{(s1,n1(s1)), (8, 82), (t,n(s2))}| = 4n — 8 < 4n — 7, there exists a healthy path P* in ZU J. If P* € Z, then
the proof is similar to the Case 3.2.1. If P* € 7, then (s, s1, P*,n'(s1),t, s) is a 6-cycle containing e. O

By Lemmas 5.6-5.13, Theorem 5.1 holds.

It was proven in [3] that there are configurations of 4n — 4 faulty edges in Q¥ (n > 2, even k > 4), so that
even if every vertex is incident with at least 2 healthy edges, there does not exist a Hamiltonian cycle. Such
a configuration is obtained by taking a cycle (s,s’,t',t,s) in Q¥ and ensuring that every edge in (Oqr (s) U
Aqr (') \ {(s,8"),(s,%),(s', 1), (', 1)} is faulty. This amounts to 4n — 4 faults. Clearly, there is no hamiltonian
cycle in QF — I containing (s,t). Consequently, the value of 4n — 5 for the number of faulty edges in Q¥ in the
statement of Theorem 5.1 is optimal.

6. CONCLUSIONS

In this paper, we investigate a problem on embedding cycles into k-ary n-cube QF with faulty edges and
show that each healthy edge in QF (n > 2, even k > 4) lies in a fault-free cycle of every even length from 6
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to |V (QF)| inclusive for any conditional fault edge set F' with |F| < 4n — 5. The above result shows that the
conditional fault-tolerant capability of the k-ary n-cube is nice in terms of the cycle embeddings, which can be
used to study the building of terabit routers in the environment of k-ary n-cubes. Our further work is to study
the fault panconnectivity of k-ary n-cubes with conditional edge-faults.
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