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ON THE POWER OF TWO-WAY MULTITHEAD QUANTUM
FINITE AUTOMATA

AMANDEEP SINGH BHATIA® AND AJAY KUMAR

Abstract. This paper introduces a variant of two-way quantum finite automata named two-way mul-
tihead quantum finite automata. A two-way quantum finite automaton is more powerful than classical
two-way finite automata. However, the generalizations of two-way quantum finite automata have not
been defined so far as compared to one-way quantum finite automata model. We have investigated
the newly introduced automata from two aspects: the language recognition capability and its compar-
ison with classical and quantum counterparts. It has been proved that a language which cannot be
recognized by any one-way and multi-letter quantum finite automata can be recognized by two-way
quantum finite automata. Further, it has been shown that a language which cannot be recognized by
two-way quantum finite automata can be recognized by two-way multihead quantum finite automata
with two heads. Furthermore, it has been investigated that quantum variant of two-way deterministic
multihead finite automata takes less number of heads to recognize a language containing of all words
whose length is a prime number.
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1. INTRODUCTION AND MOTIVATION

Quantum computing combines visionary ideas of Computer Science, Physics, and Mathematics to study
theoretical computational models and designing quantum devices which can implement such models. It is based
on the quantum phenomena of entanglement and superposition to perform operations [6]. Over the last few
decades, interest in quantum computation and information has increased significantly. Shor [35] designed a
quantum algorithm for calculating the factors of a large number n which can be applied for cracking the various
cryptography algorithms. Soon after the discovery of Shor’s algorithm, Grover [9] designed a quantum algorithm
for searching an element in a unsorted database set of size n approximately in /1 operations.

A quantum finite automaton combines quantum mechanics with classical finite automata. It is a theoretical
model with finite memory for quantum computers. Firstly, Moore and Crutchfield [24] and Kondacs and Watrous
[15] conceptualized the quantum automata separately. Moore and Crutchfield [24] conceptualized measure-once
one-way quantum finite automata (MO-1QFA). In 1997, Kondacs and Watrous [15] proposed another QFA
model: measure-many one-way quantum finite automata (MM-1QFA). These models recognize a proper subset
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of regular languages. Amano and Iwama [1] proposed 1.5-way quantum finite automata (1.5QFA), in which the
tape head is not permitted to move left of the input tape.

In theoretical computational theory, research on two-way multihead finite automata has a long history. In
1960s, Rabin and Scott [33] introduced a multi-tape or multihead finite state automata. Rosenberg [34] studied
the basic properties of mutihead finite state automata and also examined their language recognition power.
Kutrib and Malcher [17] introduced the variant of one-way reversible automata by introducing multiheads
and investigated their properties. Furthermore, it has been proved that one-way two-head finite automata can
recognize all uniletter regular languages. In 1970, Ibarra [14] introduced two-way multihead automata and
proved that (n+ 2)-head deterministic two-way finite automata is more powerful than n-head deterministic
two-way automata, where n > 1. Further, it has been shown that the class of languages recognized by m-head
deterministic/non-deterministic two-way pushdown automata is a subset of the class of languages recognized
by (n+ 1)-head deterministic/non-deterministic two-way pushdown automata.

In classical computational theory, it is known that two-way deterministic and nondeterministic multihead
finite automata are distinguished by the complexity class L=DSPACE(log (n)) and NL=NSPACE(log(n))
respectively [13]. The class of languages recognized by logs n tape bounded Turing machine and two-way deter-
ministic finite automata are equivalent. But, it is an open problem to determine that whether every context-free
language belongs to this family [36]. Therefore, a two-way deterministic (and nondeterministic) multi-head finite
automaton can be simulated by a deterministic (and nondeterministic) Turing machine using logarithmic space,
and vice versa. Moreover, Sudborough [36] stated that a bounded language L = {a"|n is a power of 2} can
be recognized by two-way deterministic finite automata with two heads, which cannot be recognized by any
one-way multihead finite automata. Hence, two-way multihead deterministic automata is more powerful than
its one-way variants.

Lange et al. [18] proved that reversible machine can be designed for any deterministic machine by using
same amount of space. Morita [25] introduced a two-way reversible multi-head finite automaton (RMFA) and
studied its language recognizing capability. It has shown that it can be designed for various context-sensitive and
context-free languages with less number of heads. After introducing the concept of two-way reversible multihead
finite automata, Morita [26] investigated that deterministic two-way multihead finite automata (DMFA) can
be simulated by its reversible model with the same number of heads. It has been proved that DMFA (k) can be
converted into RMFA (k). Further, it has been shown with an example that a language containing all words of
prime number can be recognized by DMFA and RMFA with three heads. Thus, the class of languages recognized
by two-way multihead deterministic automata can be characterized by reversible one logarithmic space.

In 1997, Kondacs and Watrous [15] defined the quantum analogue of 2-way deterministic finite state automata
named 2-way quantum finite automata (2QFA). They demonstrated that it is more powerful than the 2-way
deterministic finite automata. In 2QFA model, the tape head can read the input tape bi-directionally, or it can
be stationary. It is more dominant than the classical model because it allows quantum parallelism with the
superposition of states on the input tape. Moreover, 2QFA recognizes non-context free languages in linear time,
some context-free languages with one-sided error and regular languages. Ambainis and Watrous [2] presented
2QFA with classical states (2QCFA). In this model, the internal state can be mixed quantum state and the
position of head is classical. It is an intermediate model between 1QFA and 2QFA.

The equivalence problems inherent to MO-1QFA, MM-1QFA, and QFA with control language (CL-1QFA)
have been explored by various researchers. Mateus et al. [22] demonstrated that minimization of a given 1QFA
with algebraic numbers is decidable and proposed an algorithm that takes automata as input and produce a
minimal size equivalent automata. This algorithm runs in an exponential space (EXPSPACE). Li et al. [20]
demonstrated the equivalence problem of two CL-1QFAs. It is noted that two CL-1QFSs are equivalent if and
only if they are (k1n? + kon3 — 1)-equivalent, where n; and no signify the minimal DFA states and k; and ks
are the CL-1QFA states. As an application of MM-1QFA equivalence, they demonstrated that two MM-1QFAs
were equivalent if and only if they are (3;n3 + 32n3 = 1)-equivalent, where 3 is the number of states of DFA to
recognize a regular language {L = g*a(a|r|g)}. Using the algorithm proposed by Mateus et al. [22], the state
minimization of MM-1QFA is also decidable in EXPSPACE.
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Qiu et al. [31] studied the equivalence problem of multi-letter QFAs. There is a polynomial-time algorithm
that decides the equivalence of two multi-letter QFAs. The state minimization problem of multi-letter QFAs is
decidable in EXPSPACE. Li and Qiu [19] addressed the open problem imposed by Gudder [10] and proved the
equivalence problem of two quantum sequential machines (QSMs). From the perspective of state complexity,
Qiu et al. [32] studied one-way quantum finite automata with quantum and classical states (1QFAC) and stated
that it is more concise than DFA exponentially. Further, Qiu et al. studied the equivalence problem of 1QFAC
by a bilinearization technique. The quantum basis state minimization problem of 1QFAC can be solved in
EXPSPACE. Further, there exists a polynomial-time O((kin1)? + (kang)? — 1)* algorithm to determine their
equivalence. Recently, Zheng et al. [39] explored the promise problems recognized by classical, quantum and
semi-quantum finite automata.

Qiu and Ying [30] proposed ¢ quantum finite automata (qQFA) and ¢ quantum regular grammar (qQRG).
They have verified the equivalence between MO-1QFAs and qQRGs. Furthermore, Qiu and Ying [30] defined ¢
quantum pushdown automata (qQPDA) and investigated the equivalence with quantum pushdown automata
(QPDA). It has been proved that the class of languages recognized by QPDA, can be recognized by qQPDA.
Li et al. [21] studied the generalized variant of one-way quantum finite automata, named as one-way general
quantum finite automata (1gQFA). It prompts trace-preserving quantum operation rather than unitary for
each symbol in the input alphabet. It has been investigated that generalized variant of MO-1QFA can simulate
probabilistic automata and classical DFA. Moreover, Li et al. [21] studied generalized variant of MM-1QFA
on the basis of equivalence problem and its language recognition power. In 2000, Gudder [10] presented the
quantum variant of stochastic sequential machines (SSMs) as sequential quantum machines (SQMs). Bhatia
and Kumar [5] designed quantum finite state machine of matrix product state using unitary criteria. On year
later, Qiu [28] presented the formal definition of quantum sequential machine (QSM), which is more analogues
to SSM. It has been proved that QSM and SQM are equivalent on the basis of language recognition.

Zheng et al. [40] explored the power of Arthur-Merlin proof systems (AM) with verifier as 2QCFA. It

has been proved that a language L. iqaie = {zay | z,y € {a,b}*,|z| = |y|} can be recognized in polynomial
expected running time with one-sided error € by quantum Arthur-Merlin proof systems (QAM(2QCFA)). Fur-
ther, it has been shown that a language L.,,u = {wazf|z € {a,b}*} can be recognized in an exponential

expected running time by QAM(2QCFA). But, the languages Luiddie and Ly,pq cannot be recognized by two-
way probabilistic finite automata (AM(2PFA)). In 2011, Zheng et al. [41] introduced two-way two-tape finite
automata with the quantum and classical states (2TQCFA) model. They demonstrated efficient 2TFA (two-
tape finite automata) algorithms to recognize languages which can be recognized by 2QCFA. They have also
introduced k-tape automata with the quantum and classical states (kTQCFA) and proved that it can recognize
{L =a"b""|n € N}.

Zheng et al. [42] proved that {xcy|z,y € {a,b}*,c € ¥, |z| = |y|} can be accepted by 2QCFA in polynomial
time with one-side error probability, but it can be accepted by 2PFA with bounded error in exponential time.
Zheng et al. [43] explored the state complexity of semi-quantum finite automata and compared their space
efficiency with classical variants. In communication complexity, they have addressed the strings equality problem
using promise problem. It has been shown that a language L, = {a*? | k,p € ZT} can be accepted by 2QCFA

1
in a linear expected running time O(=p?|w|) with one-sided error e using two quantum basis states and a

constant number of classical states, where |w| is the length of input string w. Zheng et al. [44] proved a state
conciseness outcome of 2QCFA by considering number of promise problems. Recently, Bhatia and Kumar [4]
modeled ribonucleic acid (RNA) secondary structures namely hairpin loop, internal loop and double helix loop
using 2QFA in linear time by one-sided bounded error.

Qiu and Yu [29] studied the concept of multi-letter QFA (QF A.) proposed by Belovs et al. [3]. It has been
shown that a language L = ((a + b)*b) can be recognized by 2-letter QFA with no error, which cannot be
recognized by 1QFA. Qiu and Yu extended their work and proved that (k 4 1)-letter QFA is more powerful than
k-letter QFA in language recognition. It has been proved that multi-letter QFA recognize a proper subset of
regular languages. There exists a language L containing all words that begin with any number of @ and following
first b (if there is one), there exists letter a in odd number. It cannot be recognized by neither MM-1QFA with
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bounded error nor any (QF A,). As a result, there exits a minimal one-way deterministic finite automata (DFA)
for L. Clearly, multi-letter QFA is not powerful than 1DFA.

However, it is known that any deterministic machine can be imitated by reversible machine using space
equally. But, this is not in case of one-way reversible finite automata e.g. a language L = {a*b*} can be
recognized by 1DFA, but cannot be simulated by one-way reversible finite automata [12]. It is known that
one-way reversible finite automata is less powerful than 1DFA. Kondacs and Watrous [15] proved that two-way
reversible finite automata can be designed for any DFA (i.e. by 2QFA where transition matrices consists only
0s and 1s). Therefore, it has been shown that for every regular language, there exists a two-way reversible finite
automata and consequently 2QFA which accepts it in linear time.

Till now, in quantum automata theory, multihead variants of various quantum automata models have been
proposed and their language recognition capabilities have been examined. Recently, Ganguly et al. [8] proposed
one-way multihead quantum finite automata (k-1QFA) and proved that it can recognize all unary languages.
Further, it has been investigated that it is more powerful than 1-way reversible 2-head finite automata. Ganguly
et al. [7] introduced two-tape one-way quantum finite automata (2T1QFA) and claimed that it can recognize
all regular languages. It has been investigated that a language which cannot be recognized by any deterministic
multihead finite automata can be recognized by 2T1QFA with two heads.

In one-way multihead finite automata, the language L = {w1$ wa$. .. S$wa, | w; € {a,b}* and w; = wap 41—
for 1 <i < n} can be recognized with (k + 1)-heads, which cannot be recognized with k-heads [12]. On the other
hand, Monien [23] considered a language over unary alphabet and proved that (k + 1)-heads are better than
k-heads for two-way multihead finite automata. However, the same language can be recognized by 2MQFA with
two-heads. In fact, it is possible to design only artificial languages by using diagonalization technique which
cannot be recognized by two-way multihead finite automata. In this paper, we focused on the languages which
cannot be recognized by 2QFA, but can be recognized by 2-2MQFA.

Although, the various generalizations of 2QFA such as 2QFA with more observables, multi-dimensional 2QFA,
multihead 2QFA can be defined. In this paper, we started the investigation of 2QFA by introducing multiheads
for refining the language recognition power. It has been proved that 2-2MQFA has more language recognizing
power than 1-2QFA and 2QCFA. We have shown that 2-2MQFA can recognize context-free and context-sensitive
languages such as L = {ww|w € {a,b}*},L = {zay|z,y € {a,b}*,|z| = |y|} and L = {www|w € {a,b}*}.
Although, we find that in a 2-2MQFA where transition matrices consist 0 and 1, i.e. basically a two-way reversible
multihead finite automata (RMFA). So, 2MQFA can recognize all the languages recognized by RMFA. Morita
[26] claimed that RMFA takes few heads to recognize various non-regular and non-context free languages. We
have proved that 2MQFA takes less number of heads as compared to RMFA to recognize a prime language by
exploiting quantum parallelism.

1.1. Motivation

— 1QFA models are simpler and widely studied by various researchers. Its various variants have been proposed
such as multi-letter QFA (QF A,), multihead 1QFA, generalized 1QFA and many more.

— 2QFA models have not been extensively examined as compared to one-way models [22]. 2QFA is more
dominant than classical 2DFA and two-way probabilistic finite automata (2PFA). A language is recognized
by 2PFA in exponential time, which can be recognized by 2QFA with bounded error in linear time.

— By exploiting the superposition property of quantum automata, we have introduced the two-way multihead
quantum finite automata and determined its language recognition power.

2. PRELIMINARIES

We assume that the reader is intimate with the notations of quantum computational, quantum computing
[27, 38] and classical automata theory [11] throughput the paper. Here, we give results and formal definitions
of two-way deterministic finite automata, two-way reversible finite automata, two-way deterministic multihead
finite automata, two-way quantum finite automata and two-way multihead quantum finite automata.
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Definition 2.1. [37] A two-way deterministic finite automaton Mspra is defined as octuplet
(Q,E,#,$,S,t,’r‘7 6), Where

— (@ is a set of states,

— X is an input alphabet,

— # is a left-end marker (# ¢ X),

— $ is a right-end marker ($ ¢ ),

— s is a starting state s € Q,

— t is a set of accepting states such that ¢t C Q,

— r is a set of rejecting states r C @) such that s # ¢,

— Transition function § is defined by ¢ : Q x (X U {#,$}) — @ X («,—), where («, —) represents the
head function for the left and right direction of tape head.

At any instance, 2DFA is in any state ¢ and read some symbol a or an end-markers, based on ¢ and current
symbol, it will move its head one cell in direction («—, —) and returns a new resultant state p. The tape head
does not move beyond the end-markers.

Definition 2.2. [16] A two-way reversible finite automaton is defined as octuplet (Q,%,#,$, s,t,r,6). The
definition of 2RFA is same as 2DFA, the only difference lies in the pair of transitions (4.e. the transitions from two
different states reading the same symbol cannot lead to single state such that 6(q1,a) = (p, —),0(g2,a) = (p, —)
the states ¢; and g2 must be the same.

It is a special case of two-way deterministic finite automaton, in which every step of computation is logically
reversible, i.e., every configuration prompts one-to-one partial mapping from the set of states into itself. It
has been investigated that 2RFA is equivalent to 1DFA and 2DFA in language recognition power [15]. The
transition matrices of reversible automata consists only 0 and 1. Each row and column has exactly only one
entry 1. Therefore, the dot product of any two rows is zero.

Definition 2.3. [26] A two-way multihead finite automaton Moy pa is defined as nontuplet
(Q>Zaka #7$7QO7A7R7 6), where

— () is a non-empty finite set of states,
— Y is an input alphabet,

— k is a number of heads (k € 1,2,...),
— # is a left-end marker (# ¢ X),
— $ is a right-end marker ($ ¢ %),

— qo is a starting state,

— A is a set of accepting states such that A C Q,

— R is a set of rejecting states R C @ such that AN R = ¢,

— Transition function § is a subset of Q x (XU {#,$})* U {«—,1,—}* x Q), where («+, T, —) represent the
left, stationary and right direction of tape head.

The right and left-end markers are not included in ¥ (i.e.{#,$} UX = ¢). To process the input string by
Moy ra, we assume that input string z is written on input tape with both end-markers such that #z$. The
automaton is in any state ¢ and for any h € {0,1,...,| z | +1}*. A triplet {#x$, ¢, h} is known as configuration
of 2MFA on input string z. It defines a function s, : {0,1,...,| x| +1}* — (S U {#,$})". It generates a k-tuple
of symbols in #z$ which is read by k-heads of 2MFA at the position h. Now, we define the notion of deterministic
and reversibility for multihead finite automata.

A multihead finite automaton [26] My 4 is said to be deterministic if it holds the following condition:

Vrilan, s1.d, gy € 8,¥r2[g2, 52,d, 43) € 6((q1 = @2 A 51 = 82) = (r1 = 13)) (2.1)
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Input Tape——m—>
# | b|la|b|b|a|a]|S$§

A A

h h hs
Heads

q

F1GURE 1. Two-way multihead finite automata.

The q; state of My;pa moves the tape head according to the d = («, 7, —) on reading the symbol s; and the
resultant state is uniquely determined. Similarly, Mj;r 4 is said to be reversible if the following condition holds:

Vrilaq, s1,d, qll] IS 5,V7’2[Q2,82,dl,q/2] IS 5((q/1 = ql2 ATy #19) = (d= d A 81 # 82)) (2.2)

The two different states on reading the different symbols results to same state and shifts the k-heads in same
direction. Figure 1 represents the two-way finite automata with multiheads.

Theorem 2.4. For any two-way deterministic multihead finite automata, we can design two-way reversible
finite automata with same number of heads which recognizes the same language as the former.

Proof. The proof has been shown in [26]. O

Theorem 2.5. Two-way quantum finite automata can recognize all reqular languages.

Proof. The proof has been shown in [15]. O

Definition 2.6. [15] A Two-way quantum finite automaton is defined as sextuple (Q, 2, 9, go, Qace, @re;), Where

— @ is a set of states. Moreover, Q = Qgcc U Qrej U Qnon, Where Quec, Qrejs Qnon represent the set of
accepting, rejecting and non-halting states respectively.

— X is an alphabet,

— Transition function § is defined by 6 : @ x ' x @ x D — C, where I' = X U {#,$} and D = {«,1,—}
represent the left, stationary and right direction of tape head. Transition function must satisfy the following
conditions:

o Local probability and orthogonality condition:

Y(q1,01),(q2,02)€EQXT

- lg =
2 6<q1,o,ch>6<qz,mq’vd>:{ 00 7 }

(¢",d)e@QxD
o First separability condition:
V(q1,01),(q2,02)€EQXT

(S(Q]_, 01, qla _>)6(Q2a g2, q/7 T) + 6(Q]_, 01, q/7 T)(S(q27 g2, q/7 <_> =0
q'eQ
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o Second separability condition:

V(gi.o1),(g2.02)€Qx
5(q17 g1, q/7 _>)§(q27 g2, q/7 <—) = 0
q'€EQ

A 2QFA is simplified, for each o € I, if there exists a unitary linear operator V, on the inner product space
such that Lo{Q} — L2{Q}, where @ is the set of states and a function D : @ — {«, 1, —}. Define transition
function as

0

oy = b dVela)
5((],0',(] 7d) - { else

if D(¢') = d} (2.3)

where (¢'|V5|q) is a coefficient of |¢’) in V; |q).

In order to process the input string by Msgra, we assume that input string z is written on input with
both end-markers such that #x$. The automaton is in any state ¢ and the tape head is above the symbol o.
Then, with the amplitude d(q, o, ¢, d) moves to state ¢’, d € {—,1,—}, moves the head one cell towards left,
stationary and in right direction. The automaton for processing an input z corresponds a unitary evolution in
the inner-product space H,,.

A computation of a 2QFA My ra is a sequence of superpositions co, 1, 2, . . ., where ¢g is an initial configu-
ration. When the automaton is observed in a superposition state, for any c;, it has the form Us [¢;) > .cc, e |ei)
where defines the set of configurations, and the configuration ¢; is associated with amplitude a.. Superposition
is valid; if the sum of the absolute squares of their probability amplitudes is unitary. The probability for a
specified configuration is given by the absolute squares of amplitude associated with that configuration. Time
evolution of quantum systems is given by unitary transformations. Each transition function é prompts a linear
time transformation operator over the space H,.

Uilaky= > dlgz(k),q,d) ¢,k +d mod|z|)
(¢'.d)EQx D

for each (q,k) € C||, where ¢ € Q,k € Z, and extended to H, by linearity [15].

Theorem 2.7. A language L containing of all words that begin with any number of a and following first b (if
there is one), there exists letter a in odd number. It cannot be recognized by MM-1QFA and multi-letter QFA
with bounded error, but it is recognizable by 2QFA.

Proof. We construct 2QFA model for L such that Magra = (Q,%,6, 90, Qace; Qrej) be a 2QFA Q =

{qO» 41,42,43,44,45,496,497,498,499, 9105 9a1 s 9as> 9rq» qT2}7 Y e {aa b}a Qacc = {qal ) qaz} and Qrej = {qm ) qrz}' The
state transition functions and head functions are given in Table 1. All vectors formed V, are unitary on Hilbert

space Ly(Q) and D represents head functions.

TABLE 1. Details of the transition functions and head functions.

V4 [q0) = lqo) Valq0) = [q0) Vi lq0) = |q1) Valq1) = lg2)
Vi la2) = [g3) Valgz) = |qa) Valga) = [g7) Vi laa) = [g5)
Vi lgs) = lqa) Va lgs) = ge) Valg6) = gs) Vi g6) = lq7)
Va lg7) = lags) Va lgs) = lg3) Vi lgs) = |qo) WV [q9) = |q2)
Valge) = [q10) Vb |910) = |90) Vs lq4) = [da, ) Vs lg5) = |qa,)
Vs lg6) = gry) Vs laz) = lar,) Vi la) = lar,)

D(gr,) = (1), D(ga,) = (1), D(q0) = (=), D(q1) = (<), D(g2) = (—),

D(Q3) = (—’)7D(Q4) = (_>)3D(Q5) = (—>)7D(q6) = _>)3D(Q7) = (—>)7

D(gs) = (<), D(g9) = (<), D(q10) = (<), D(gr,) = (1), D(gay) = (1)
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FIGURE 2. State transition diagram of L.

Figure 2 shows the state transition diagram for L. As a result, it can be easily said that a language L can
be recognized by two-way reversible finite automata (and by 2QFA) in linear time, which cannot be recognized
by any 1QFA and multi-letter QFA [29]. Thus, L(MM — 1QFA) U L(QF A,) is a proper subset of all regular
languages after considering a language L. Consequently, now the relation among the 1QFA, multi-letter QFA
and 2QFA on the basis of language recognition power is defined as L(MO — 1QFA) C L(MM — 1QFA) N
L(QFA,) C L(2QFA), where the acronyms of models are used to denote the classes of languages accepted by
them, e.g. L(2QFA) depicts the class of languages accepted by 2QFA. O

Definition 2.8. A two-way multihead quantum finite automaton My_omgra is a sextuple (Q,X, qo, Qace,
Qrej;0), where

— @ is a set of states. Moreover, @ = Qucec U Qrej U Qnon, where Quce; Qrejs @non represent the set of
accepting, rejecting and non-halting states respectively.

— X is an alphabet,

— Transition function § is defined as 6 : Q@ x I'* x Q@ x D* — C, where I' € (X U {#,$})*, D = {«—,1,—}
represent the left, stationary and right direction of tape head. The computation process of My_onqra is
as follows:

Consider a My_onmgra, at instance, it is in any state ¢ and with the amplitude 6(g, 01,02, . .,Uk,q/,dl,
da,...,dr) moves to state q/ after reading the input symbols (o1, 09,...,0%) by k-heads and moves the heads
according to (dy,ds, . . ., dy) respectively. Similar to simplified 2QFA, for each (01,09, ...,0k) € T, if there exists
a unitary linear operator V(g, o,,....0,) ON the inner product space such that Ly(Q) — L2(Q), where @ is the set
of states and a function D : Q — {«<, 1, —}. Define transition function as

q> if D(q)
else

5(qa 01,02,...,0k, qla dlaan ey dk) = { <(()] “/(017027.“7019)

_ (d17d2,...,dk)} (2.4)

> is a coefficient of ’ql> in Vi, og,...00) |q) 18 said to be well-formed iff
' _J 1la=q¢
q1><q q2>{0ql#qQ}

.- Equivalently, it is well-formed when every V(,, 5,,..0,) is unitary.

where <q ’1/(01,02,..4,%) q

> i

’

q€Q

(2.5)

025.0,0k) 02,,0k)

for each Vig, 0,0
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2.1. Language recognition

A two-way k-head quantum multihead finite automaton is defined as 2QFA in which k-heads reading the
input string from single input tape and cannot move beyond the end-markers. We assume that 2MQFA has
to be observed to produce information about its processing. Consider an observable O for finite-dimensional
Hilbert space H,, which is decomposed into subspaces such as F,, E,., E, refers to the subspace of ‘accept’,
‘reject’ and ‘non-halting’ respectively. Each of these subspaces are traversed by configurations.

We assume that input string x € ¥* with both end-markers such that #x$ is written on an input tape.
The processing of input string starts with an initial state and heads pointing towards the left-end marker.
Each computation step is composed of two linear operations. Firstly, the unitary transformation operator is
performed to the present state and second one is a measurement. It computes several paths simultaneously
(quantum parallelism). Then, the result is observed by an observable O. During computation, it is the branching
and quantum interference that create parallelism and constructive/destructive superpositions of states result in
amplify or destruct the effects of some computation.

Suppose if the automaton is in a superposition state |¢) = aq |x1) + ag |x2) + -+ + oy |T,) Where ajs are
amplitudes and |a1|? + |az|? + - - - + |, |? = 1, then the superposition is projected into above-mentioned sub-
spaces Ej,j € {a,r,n}. The result of each observation will be either ‘accept’ or ‘reject’ or ‘non-halting’. The
probability of each outcome is determined by the amplitudes of the associated configuration in the present
superposition. However, these amplitudes are complex numbers, parallel computation paths can interfere with
each other (if their amplitudes cancel each other i.e. destructive interference otherwise constructive). The com-
putation is over if the observation results in accepting or rejecting. Sometimes, the computation paths may end
in different perpendicular states during observation of some configuration. It results in constructive interference
which holds | Y7 | a;|* > Y |ay|®. After every measurement, the superposition collapses to the measured
subspaces. The outcome of the observation may results in a superposition of halting and non-halting states.
Then, the computation continues and superposition collapse to non-halting state. If the amplitude of halting
states in some superposition is zero, then the outcome of observation measured in non-halting subspace with
probability 1. Therefore, superposition remains unchanged by the observation.

3. COMPUTATIONAL POWER OF 2MQFA

In this section, we have shown the language recognition power of 2MQFA for various languages. We have
shown that by adding an extra head, 2-2MQFA becomes more powerful than 1-2QFA and 2QCFA. Therefore,
a language which cannot be recognized by 2QFA can be recognized by 2MQFA with two heads. First of all, we
have shown the superiority of 2-2MQFA over DMFA and RMFA on the basis of number of heads.

Theorem 3.1. L1 = {w" | n > 1,w € {a}} where the length of w is a prime number, can be recognized by
3-DMFA and 3-RMFA [25, 26]. However, it can be recognized by two-way multihead quantum finite automata
with 2-heads.

Proof. An input string is said to be of prime number if its length is divisible by a number itself. During
computation, we will divide the input string with the number (2 <i <n) or (2 <i <n — 1) after checking its
length of odd or even number respectively. The idea of the proof is as follows. The computation is divided into

1
two paths with equal ﬁ amplitude. Consider an input string of length 7. Now, we will check its divisibility from

number 7 to 2. The computation process is further divided into equal parts. On observation, the computation
paths are in superposition of halting and non-halting states. Therefore, after checking divisibility with input
string, the computation paths are halted with equal probability in acceptance and rejectance state. But, the
computation remains continue with the non-halting states. The input string is said to be accepted (prime
number), when it is not divided by any of the number except itself. At the end, second head of both computation
paths read the left-end marker at same time and other head points towards their respective position of a number.

Thus, in case of a prime number, both computation paths leading to rejecting configuration interfere destruc-
tively, due to which their amplitude sums to 0. Hence, 2-2MQFA accepts the input string with probability 1. In
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case, if the left-end marker is read by the computation paths (both heads) at the same time, then the accepting
configuration interferes destructively. It results in rejection of an input string with probability 1. A 2-2MQFA
for Ly is defined as follows:

M272MQFA = (Q7 %, qos Qaces Qreja 6)7

where

— Q={q0, Qace; Qrej } U{Xs,i, Ysi | 2 <5 <312 <0 <n+3YU{quiisyii>Geiyis Qbisir Giis Ziis Qrisi> Qsiyis Quisis
Quiyis Qiisi> Quiis Qeiyiy Qtiis Qgisis Jivis Giis Qpisks Zisk, Quii | 2 < 4 < ny1 <k < maz(i — 1)} U {qpi,0, Qui,os
Q45,05 Ti0s Zio | 2 <0 < mj,

— ¥ = {a}, qo is an initial state, Qucc = {qacc}, and Qre; = {gre; }-

— Each Vi, o,,..0,) 18 unitary by inspection, so Ma_opqra for Ly is well-formed. The specification of
transition function and head functions are as follows:

[#]alalala[a]ala]s|
Check the | [#]alafa[a]a]a]a]s] 1 Check the
g 00 ivisibili
d“hlsy 7 ity ﬁ l \/5 divisibility

Check the  Check the [#]a]ala]alalala]$] Check the

Check the
divisibility ) 80 | divisibility  divisibility 26 @ | . divisibility
by S — — by 3 by 2 2 — by 4
e o s
[#[ala]afalalala[s] [#[a]a[aa[a]a]a]s] [#lafalala[alaa][s]  [#]a[a]a]a]a]a]a]s]
6 o e [ N [ Y Iy
[#[alalalalalalals| [#]a]a]ala]a]a]a]s] [#[alalalalalala]s| [#]a[a]ala]a]a[a]$]
6 0 Y ) e o I 6
(#[alafafafalala[s] [#]afa[aa[a]a[a[s] [#]afafalalalaa][s]  [#]a[aa[a[ala]a]s]
4 o ' 60 60

Halted with equal HHHHHHHHE HHHHHHHHE Halted with equal
probability [ ] l 6 @ l probability

On measurement, accepted with
probability 1.

[#]alaafalafa[a]s]  [#]a]a]a]a]a]a]a]s] [#]alalala]a[ala]s]  [#]a]a]a]a[a]a[a]s]
6 & 6 o o o s

FiGure 3. Computation process of language Ly for input x € L.

Similarly, we consider an input string z of length 8. The computation process remains same. But, the input
string is divisible by more than one number. At the end, one head of computation reads the left-end marker # at
same time; but other head of one of the path or both paths does not points towards their respective position of
a number. It shows that input string is divisible by (2 or/and 3). It leads to an accepting configuration interfere
destructively. Thus, the string is said to be rejected with probability 1. Figures 3 and 4 show the pictorial
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[#]ala]a]a[a[a]a]a]s]
a0

Check the 1 [#]a]a]a ﬂ|a|a|“|:.|$| 1 Check the
kil o Checkth
el G e

|
| 1

[#]ala]a]a[a[a]a]a]s]
a0

[#[a]afa]alala]a]a]s]
6 o

|#|a|a|a|a|a|a|a|a|$| |#|a|a|a|a|a|a|a|a|$|
[ 2 0

|#|”|"|a|"|"|"|"|"|$| |#|a|a|a|a|a|a|a|a|$|
()0} 4 0

[#[a]ala]a[a]a]a]a]s]

Check the Check the  Cheek the [#]afafala]a]a]a]a]s] Check the
divisibility ) | 2 divisibility  divisibility 0 8 | divisibility
__by5S 1 — by3 by2 i — by4
\TE l V2 B l l N

[#[ala[a]a]a]a]a]a]s]
8 a

[#]ala]a]a[a]a]aa]s]
e a

[#[a]a[a]a]a]a]a]a]s]
8 o

[#[a]a[a]a]a]a]a]a]s]
8 a

[#]ala]a]a]a[a]a]a]s]
G

[#]a[a]a]a]a]a]a]a]s]
8 o

[#]a]ala]a]a[a]a]a]s]
8 a

[#]ala]a]a[a]a]a]a]s]
e 0

[#lala[a]a]a]a]a]a]s]
a0

[#]ala]a]a[a]a]a]a]s]
0 a

[#]a]a[a]a]a]a]a]a]s]
08

[#]a]a[a]a]a]a]a]a]s]
aa

[#[afa]afa]a]a]a]a]s]
o I

[#[a]afa]alala[a[a]s]
Y}

[la]a]a]a]a]a]a]a]s]
0 @

[#]a]a]a]a]a]a]a]a]s]
) 6

| | | !

Halted with equal |#|a|a|a|a|a|a|a|a|$| |#|a|a|a|a|a|a|a|a|$| Halted with equal
probability a e l a e l probability

On measurement, rejected with
probability 1.

FIGURE 4. Computation process of language Ly for input x ¢ L.

representation of computation x € Ly and x ¢ L. The state transition functions and head functions are given
in Table 2. [

Theorem 3.2. For k> 1, (k+1)-2MQFA is computationally more powerful than k-2QFA.

Proof. Initially, we prove it for the case k=1. We claim that a language Ly = {ww | w € {a,b}*} is cannot
be recognized by k-2QFA, but it can be recognized by (k+1)-2MQFA (proved in Thm. 3.3). We assume that
a language Ly can be recognized by k-2QFA. Consider an input string x € Lo i.e. written on the input tape
enclosed with endl—markers such that #2$. On reading the left-end marker #, the computation is split in two
V2
one time on reading each symbol. Meantime, in other path, the head moves deterministically toward right-end
marker $. This process remains continue until the head does not reach the right-end marker in second path.
Suppose, along the second path, the head points towards the right-end marker and simultaneously the head
is somewhere in the middle of input string in first path. Now, in order to match the contents, the tape head
should be at the beginning of second w in first path when the head is reading the right-end marker in second
path. However, the tape head moves deterministically in both paths and first head does not know the position
of head in other path. Regardless of the power of 2QFA, there are some languages which cannot be recognized
by it. We get a contradiction that language Lo is cannot be accepted by k-2QFA. But, it can be accepted by
(k+1)-2MQFA (proved in Thm. 3.3).

1
paths Vg |qo) = lg1) + 7 |g2). Now, in first path along state g, the tape head moves after remain stationary
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TABLE 2. Details of the transition functions and head function for L;.

V#,# |(J0> = ‘Xs,8> ) V#«,a ‘Xs,8> = |Ys+1,s+l> 7Va7a |Ys,k> = |Xs—1,k+1> s

Vaa I Xs1) = Yair1), Vas [Yer) = 1gs.0) , Vas 1 Xs ) = [qs0)

1 1

Va7a |qs,i> = ﬁ |qmi,i> + E |qyi,i> 7fOI' 1 = sk + 1, k = 17 2,37
1 1 .

Va,a lgs,i) = NG |Gyi,i) + NG |qzii),for i = (s + 1)k, k=1,2,3, ...

Va,a 1qeii) = |apii) » Vaa l9pii-1) = [@pi k) » Vaa l@pik) = |Gpik—1)

Vi # 1api0) = 12ii41) , Vaa [2ik) = [Zik41) , Vara l2i0) = [ fi)

‘/a,a |Qyzz> = ‘xi,i> 7‘/a,a |Qy1,1> = |Qacc> 7Va,a |qgr;i,i—1> = |xi,k> 7‘/a,a |qgm',k> = |xi,k—1>

Vi alTio) = 12i0) , Va# 12i.0) = |Ziit1) s Va#t [Zik) = |2ik+1) s Va,a |%ik) = |Zik+1)

Va,a |Z“> = |9“> 7Va,a \9u> = \gu> s Va,,$ |g“> = |/€”> »Va,a \k“> = |fzz> s Va,a |qu,1‘> = |(Ibi,i> »Va,a \%m‘) =

|Zi,:)

Va,a |fzz> ,fOI“ >3

= L i) + = Jgui)
—\/i%*z,z \/iq.%,z

1 1 .
Va,# |Z1k‘> = ﬁ ‘qacc> + ﬁ ‘qrej> ,Vk 7é 1,0<k <2

1 1 .
Va,# |Zi,k> = iﬁ |Qacc> + ﬁ |Q7‘ej> ,dk=14,2<k<3

Vasa l@rii) = qwiyi) s Vasa |Quwi—2),i—2) = |Quisi) » Vasa [Quii) = |qQuiji—1) »

Vasa [Quik) = [Quik—1) » Vit,a [qui,0) = [Pisi+1) » Vasa [Pik) = [Pik+1) 5

Vaa [Pik) = |qui,i+1) , for k=1,

1 1 .
Va7# |Qui,k> = 72 ‘qacc> + E |QTej> ,fOI‘ 3<1i S n—2

1 1 .
Vm# |quz,k> = ﬁ ‘Qacc> + ﬁ |QTej> ,fOI' 2 S ? S 3

1 1 I I
Va,# |pi,k> = E |Qacc> + E |QT6j> aV#’# |Qui,0> = ﬁ ‘qacc> + ﬁ |q7"€j>

Va,a @sii) = |@ii) s Vasa [@1i,i) = [qvisi) » Vasa [Qisi) = deii) » Vasa [eivi) = |Qe(i—a),i—4)

Va,a l@tii) = @ti,i—1) s Va,a |@tik) = |@tik—1) s Va,a [@ti,0) = |@rike+1) 5

Va,al@rik) = @riit1) s Va2 [@rii) = |@ii—1) » Vaya [arik) = |Qyik+1),0 < k<

Va,# |qm‘,k> = |Qyi,k+1> k#0, V#,# ‘Qti,0> = |Qyi,k+1> 7Va,# |Qyi,k = |Qyi,k+1>

Vs |Gyii) = |qrii) . for 3 <4 <n—2,Voalqsii) = 1afii), Vas |afii) = 9gi,i) » Va,a [9gi,i) = |aFia)

1 1 . .
Va,# |qyi,k> = 72 Iqacc> + ﬁ ‘QTej> 7Vk = Z,fOI‘ 2 <1< 3

T T
V. ik) = tT—=|qace) + —= |Qrej), Tk # i,for 2 <i <3
# 1 ayi k) \@Iq ) ﬂlq i), 3k #

Head Functions:

D(qo) = (1,1), D(Xss) = (T,—=),for s =1, D(Ys 1) = (—, =), D(Xs1) = (=, —=),for 1 <1,k <n,D(gs;) =
(T,<—),for 2 S ) S nyD(qxi,i) = (T7T)’D(Qyi,i) = ((_7T)7D(QZi,i) = 1) (Qb’i,L = (<_7T)7D(QI)Z,Z) =
(<_7<_)7D(q;n k) = (<_a<_)aD(Zi,0) = TvT)v (Zi,k - (_>7<_)7 or k 7& OaD fl,z) = (Ta ))D(xl,l) = (‘_
y aD('ri,k) = (<—,<—),fOI' k # OaD<gl,l) = ( 7_>)5D( i) — ( a(_)aD(qTi7i) = (T7T)aD(qsi¢i) = T7T
) D(qui,i) = (< 1), D(quii) = (< 1), D(quik) = (<), D(pik) = (=, ), D(qi,i) = (<,1), D(qui,i) =
(HyT)aD(QCi,z) = (<_3T)v (qti,i) - (<_7T)7 (qti,k) - (<_7<_ , Ior k 7é OvD(qti,O) = (TvT)vD(QM,k) — (_’
7<—),fOI‘ k 1, (qm,l) = (T7T)7D(q’tﬂ,k) = (_>7 )7D(Qf271) = (_>7_))5D(qu l) = (Tab)aD(qTEj) = (T7T
)7D(q(LCC) = (Ta T)
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Although, £-2QFA [15] with single head can recognize all regular languages, some non-regular languages
L = {a™b" | n > 1} and non-context free language L = {a™b"¢™ | n > 1}. The power of 1-2QFA comes from the
ability of their heads to be in superpositions of basis states corresponding to configurations with the heads in
different positions, instead of one position as in the classical model. But, the relationship between 2QFA and
its multihead variant is not known with respect to language recognition capability.

Thus, it has been proved that 2-2MQFA is computationally more powerful than 1-2QFA. As a result, in
Theorem 3.3, 3.4 and 3.5, we considered the languages Ly = {ww | w € {a,b}*}, L3 = {zay | z,y € {a,b}*, |x| =
ly|} and Ly = {www | w € {a,b}*} which cannot be recognized by simple 2QFA and 2QCFA. However, it has
been proved that these languages can be recognized by 2QFA with 2-heads. Each transition Vi, o, . 4. 18
unitary and Ms_2pgra is well-formed for these languages. However, it is still an open problem to find more
languages like these that witness the superiority of (k+1)-2MQFA over k-2QFA for k> 2. O

Theorem 3.3. Language Ly = {ww | w € {a,b}*} is recognizable by 2MQFA with 2 heads.

Proof. The idea of this proof is as follows. It consists of three phases. First the initial state gy reads a first
symbol and both heads starts moving towards the right-end marker $. After reading a symbol, first head
remains stationary at once and other moves forward. If the input string @ € Lo, then first head is at beginning
of second w in the input string and second head points towards the right-end marker $. In second phase, the
symbols read by first head are getting matched with the symbols read by second head and moves towards the
left-end marker #. If any of the symbol read by both heads does not get matched, then it leads to rejectance
state gre;. Otherwise, Lo is said to be accepted if all the symbols read by first head gets matched with the
symbols read by second head and first head is reading right-end marker # at the end. A 2-2MQFA for Ly is
defined as follows:

MQ—QMQFA - (Qa 27 q0, QaCCa QT€j7 6)7

where

- Q ={q0,91,92, 43, G4, Gace, Grej }, Where g1, g2 and g3 are used to move the second head towards the $ and
first head remains stationary at once on reading the symbol, ¢4 is used to match the symbols of both
heads.

— ¥ = {a, b}, qo is an initial state, Qucc = {qacc} and Qre; = {gre;j}-

— In transition functions r, s € {a,b}* and its specifications are defined in Table 3.

TABLE 3. Details of the transition functions and head function for Ls.

V4 90) = lqo) Virlgo) = la1) Vs 1) = [g2) Visla1) = |grej)
Vis la2) = qu) Visla2) = lgs) Va,alqa) = [qa) Vb lq4) = [qa)
Vtr$ Q3> = Q4> V#,r |Q4> = |Qacc> ‘/b,a |Q4> = ‘QTej> Va,b |(J4> = |QTej>

Head Functions:
D(q0) = (T,—), D(q1) = (=, =), D(g2) = (T,—), D(g3) = (—, 1),
D( 4) = (HvH ) (qacc> = (Ta T)7‘D(q’l”€j) = (Ta T)

Each Vis, o,.....0,) is unitary, it obeying unitary time evolution defined by local interactions between its
symbols which permitting being in a superposition of configurations for each (o1, 09,...,0%) € I. O

Theorem 3.4. Language Ls = {xay | z,y € {a,b}*, || = |y|} is recognizable by 2MQFA with 2 heads.

Proof. Tt consists of two phases. First we keep the first head stationary at once and other moves forward on
reading symbols towards the left-end marker $. At the end of first phase, if the middle symbol is a, then it
proceed to second phase to check |z| = |y. Suppose, if the middle symbol is not a, then L3 is said to be rejected.
In second phase, we keep the first head stationary for once and other head keep moving towards left side. At the
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TABLE 4. Details of the transition functions and head function for Ls.

Vi # lq0) = |qo) Vi l90) = [q1) Visla1) = [g2)
Vas 1) = [g3) Vs |a3) = [qa) Vis [q4) = [g3)
‘/b,$ |CI1> = |Q7"ej> Vr,s Q2> — q1> V#,# |Q4> = |Qacc>

Head Functions:
D(qo) = (1.1), D(aq1) = (1, =), D(g2) = (=, —), D(g3) = (T, <),
D<Q4) = ((_7(_)>D(Q7‘ej) = (T7 T)?D(qacc) = (Ta T)

end, if the both heads read the left-end marker at same time, it is said to be accepted (w € L3). A 2-2MQFA
for L3 is defined as follows:

M2—2MQFA = (Q7 3, qo, Qacca Qreja 6)7

where

- Q = {90,901, 92,93, 94, Gaces Grej }» Where g1 and g2 are used to move the second head towards the $ and
first head remains stationary at once, g3 and ¢4 are used to move the both heads towards left side after
checking the middle symbol a. On reading the left-hand marker by both heads at same time, the state g4
is changed to qqcc-

- ¥ = {a, b}, qo is an intial state, Qacc = {qacc} and Qre; = {gre; }-

— In transition functions r, s € {a,b}* and its specifications are defined in Table 4.

It is easy to verify that Ls can be recognized by Ms_angra. First phase checks whether the middle symbol
is a or not. Finally, second phase confirms the length |z| = |y|. O

Theorem 3.5. Language Ly = {www | w € {a,b}*} is recognizable by 2-2MQFA.

Proof. The M>_2pQFa to accept this language is identical to the one accepting L. The idea of this proof is as
follows. It consists of four phases. First, we keep the first head stationary two times and other moves forward.
This process remains continue until the second head does not read right-end marker $. If the input string = € Ly,
then first head is at beginning of second w in the input string and second head points towards the right-end
marker $. In second phase, the symbols read by first head are getting matched with the second head and moves
towards left-end marker #. If any of the symbol read by both heads does not get matched, then it leads to
rejectance state gp¢;.

Otherwise, it confirms that the contents of first and third w are same. In third phase, we keep the second
head stationary two times and other head moves forward towards $. Finally, we repeat the second phase. The
contents of all w’s get matched with corresponding one respectively. If any of the symbols does not matched
between both heads, then the input sting is said to be rejected. At the end, if the first read points the left-end
marker #, which shows that the all the contents gets matched and string is accepted. A 2-2MQFA for L4 is
defined as follows:

MQ*QMQFA = (Q7 Ea qo, Qacc; QTej7 6)7

where

- Q =1{90,91,9, 63, 94,05,96, 97, 48> Gacc, Grej }, Where qi,q2,q3 and gg are used to keep the first head sta-
tionary two times and second head to move towards the $, states ¢4 and g7 are used to match the symbols
between both heads, g5, ¢ used in third phase to move the first head towards the right side and second
head remains stationary at once, ¢4 and g7 are changed to ¢,.; on reading the different symbols by both
heads.

- ¥ = {a, b}, qo is an initial state, Qucc = {qacc} and Qre; = {gre;j}-

— The specification of transition function and head function are as follows, where r, s € {a,b}*.
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state

[#[afbf[afbfafb[s] [#[alblalb[b[a[b[s]
qQ Ah
[#]a[bfafbfafb[s] [#[albla[b[b[a[b[Ss]
qs ' ' ' @
[#lafbla[b[a[b[s] [#[a[b[a[b[b[a[b][s]
qa é @ a @
[#[afbfa[b[a[b[s] [#[afblalb[b[afb[s]
qs [ &) [ &
[#]albplalbla[b[s] [#]afb]af[b[blalb]s]
q7 o 6] @
[#]lalbfa[b[af[b[s] [#[alblalb[b[a[b][Ss]
q7 h @ h @
[(#[afblafbla[b[s] [#[af[bla[b[b[afb]s]
q7 ] [

a a

FIGURE 5. Computation process of language Ly for inputs ababab € Ly (left) and ababbab ¢ Ly
(right). In second case, Ma_apqra halts with the two heads leaving at the positions when the
symbols do not match.

TABLE 5. Details of the transition functions and head function for Ly4.

V#,#\qo> = [q0) Vi lqo) = lq1) Vs |q1) = |ga) Visla2) = lgs)
r s1a3) = q1) Vs las) = lgs) Vs las) = lqa) Va,a |q4) = [qa)
) = ldre;) ) = lga) Vi rlqa) = lgs) Vs 145) = |g6)
rs < 1g6) = 1g5) Vb.algs) = |qre;) Vaa lg7) = lqr7) Vo lar) = \q7>
a b > |QT’€j> ‘/r,$ ‘Q5> - ‘Q7> V#ﬂ“ |Q7> - ‘Qacc> ‘/7',$ Q1> - ‘QTej>
Vtr$ |QQ> = |QTej> ‘/b,a |Q7> = |qrej

Head Functions:

D(QO) = (Ta"),D((h) = (~>7~>)7D(q2) = (T?")aD(‘B) = (Ta"%
D(q4) = (<_7 <_)uD(q5) = (_>>_>)7D(QG) = (_)7 T)7D(CI7) = (<_7 <_)
( 8) = (_>7 T)aD(QT'Ej) = (Tv T)aD(QGcc) = (Ta T)

It can be easily verify that each V(,, ,,) is unitary and obeying unitary time evolution defined by local
interactions between its symbols. Figure 5 shows the computation process of Ma_spgra for Ly. The state
transition functions and head functions are given in Table 5. O

4. CONCLUSION

In this paper, we focused on variant of 2QFA named two-way multihead quantum finite automata. There are
various quantum variants which have been proved more powerful than classical ones. Firstly, we have proved
that a language L = a*b(a?)*a can be recognized by 2QFA, which cannot be recognized by any 1QFA and
multi-letter QFA. We investigated the language recognition capability of 2MQFA. There are many context-free
languages and context-sensitive languages recognized by 2MQFA other than presented in this paper. We have
designed a 2MQFA for a prime language with two-heads as compared to three-heads DMFA. Although, DMFA
can be converted to RMFA with the same number of heads for any language. Therefore, it has been proved
that 2MQFA takes less number of heads to compute a prime language over DMFA and RMFA. Furthermore, we
have shown the recognizability results of 2-2MQFA as compared to 2QFA, 2QCFA and proved that by adding
an extra head it becomes more powerful. Hence, the class of languages recognized by 2QFA is a subset of class
of languages recognized by 2-2MQFA. In future, we will investigate multidimensional 2QFA and its comparison
with classical counterparts.
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