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FEEDBACK STABILIZATION OF TANK-LIQUID SYSTEM WITH
ROBUSTNESS TO WALL FRICTION

IAsSON KARAFYLLISY™, FILIPPOS VOKOS! AND MIROSLAV KRSTIC?

Abstract. We solve the feedback stabilization problem for a tank, with friction, containing a liquid
modeled by the viscous Saint-Venant system of Partial Differential Equations. A spill-free exponential
stabilization is achieved, with robustness to the wall friction forces. A Control Lyapunov Functional
(CLF) methodology with two different Lyapunov functionals is employed. These functionals determine
specific parameterized sets which approximate the state space. The feedback law is designed based only
on one of the two functionals (which is the CLF) while the other functional is used for the derivation
of estimates of the sup-norm of the velocity. The feedback law does not require the knowledge of the
exact relation of the friction coefficient. T'wo main results are provided: the first deals with the special
case of a velocity-independent friction coefficient, while the second deals with the general case. The
obtained results are new even in the frictionless case.
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1. INTRODUCTION

The Saint-Venant model or shallow water model is a well-known mathematical model which has been used
extensively since its first derivation in [1]. Many modifications of this model take into account various types of
forces like gravity, viscous stresses, surface tension, friction forces (see [5-7, 17, 24, 25, 27, 31]).

The stabilization of fluid systems is an important and challenging problem (see for instance [32]). Control
studies of the Saint-Venant model focus on the inviscid Saint-Venant model (i.e., the model that ignores viscous
stresses and surface tension) and its linearization around an equilibrium point (see [2-4, 8-15, 18, 19, 26, 29]).
The feedback design is performed by employing either the backstepping methodology (see [13, 14]) or the Control
Lyapunov Functional (CLF) methodology (see [2-4, 9-12, 15, 18, 19, 29]). The only works that study the feedback
stabilization problem for the viscous Saint-Venant model without linearization around an equilibrium point are
[22, 23]. More specifically, in [22, 23] a feedback control law is constructed by employing the CLF methodology
for the viscous Saint-Venant model without wall friction and surface tension (state feedback in [22] and output
feedback in [23]). In addition [22, 23] are the only works that guarantee a spill-free movement of the fluid.

Friction forces appear inevitably as the result of the interaction between the fluid and the walls of the tank that
contain the fluid. This interaction is complicated and empirical relations have been proposed for the description
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of the forces that are developed due to wall friction (see [30]). In the mathematical literature, researchers have
used various relations in order to express the effect of wall friction; see for example [4, 5, 15, 17, 18]. It is clear
that wall friction forces are always present and sometimes their effect is not negligible.

In this paper we solve the feedback stabilization problem for a tank, with friction, containing a liquid modeled
by the viscous Saint-Venant system of Partial Differential Equations (PDEs). A spill-free exponential stabiliza-
tion is achieved, with robustness to the wall friction forces. A CLF methodology with two different Lyapunov
functionals is employed. These functionals determine specific parameterized sets which approximate the state
space. The feedback law is designed based only on one of the two functionals (which is the CLF) while the other
functional is used for the derivation of estimates of the sup-norm of the velocity. The feedback law does not
require the knowledge of the exact relation of the friction coefficient. Two main results are provided: the first
(Thm. 3.6) deals with the special case of a velocity-independent friction coefficient, while the second (Thm. 3.9)
deals with the general case. The obtained results are new even in the frictionless case (Cor. 3.8).

The problem studied in the present work is similar to the problem added in [22] and consequently there
are some similarities between the present work and [22] (there are less similarities with [23] since [23] focuses
on output feedback laws and numerical aspects). However, there are important differences between the present
work and [22]. Indeed, the absence of wall friction in [22] makes the analysis simpler. In the present work the
presence of wall friction forces us to use a modified CLF (see Sect. 3.1 below) which is not adequate for the
derivation of stability bounds (in sharp contrast with the analysis in [22]). An additional Lyapunov functional
has to be used that can provide bounds for the sup-norm of the fluid velocity. However, the use of the additional
functional allows us to derive stability estimates in stronger norms (e.g., we provide stability estimates in the
H' norm and the sup-norm of the velocity while in [22] the stability estimates gave bounds only for the L?
norm of the velocity; see Rem. 3.7 below).

The paper is structured as follows. In Section 2 we describe the control problem and its main objective. In
Section 3 we present the statements of the main results of this work. We also define the state space of the
control problem and we present functionals which are essential for the derivation of the stability estimates. This
section also includes auxiliary results which are used for the proofs of the main results. Section 4 is devoted to
the proofs of all the results that we present in Section 3. Finally, in Section 5 we give the conclusions of this
work and suggest topics for future research.

Notation Throughout this paper, we adopt the following notation.

* Ry = [0,400) denotes the set of non-negative real numbers.

% Let S C R™ be an open set and let A C R"™ be a set that satisfies S C A C ¢l(S). By C°(4;9Q), we denote
the class of continuous functions on A, which take values in Q C R™. By C*(A;Q), where k > 1 is an integer,
we denote the class of functions on A C R"™, which takes values in Q C R™ and has continuous derivatives of
order k. In other words, the functions of class C*¥(A; Q) are the functions which have continuous derivatives of
order k in S = int(A) that can be continued continuously to all points in 95 N A. When Q2 = R then we write
CY(A) or C*(A). When I C R is an interval and G € C*(I) is a function of a single variable, G’(h) denotes the
derivative with respect to h € I.

* Let I C R be an interval, let a < b be given constants and let u : I x [a,b] — R be a given function. We use
the notation u[t] to denote the profile at certain t € I, i.e., (u[t])(z ) u(t, z) for all x € [a,b]. When u(t, x) is
(twice) differentiable with respect to = € [a, b], we use the notatlon ur( x) (ugy(t,x)) for the (second) derivative
%(t, x) (Uge(t,x) = 8 ( x)). When u(t, z) is differentiable with

. . . ou
respect to ¢, we use the notation u;(¢, z) for the derivative of w with respect to t, i.e., u(t,x) = a(t, x).

of u with respect to « € [a,b], i.e., uy (t, z) =

* Given a set U C R™, xyy denotes the characteristic function of U, i.e. the function defined by xy (z) := 1 for
all z € U and xy(z) := 0 for all x ¢ U. The sign function sgn : R — R is the function defined by the relations
sgn(z) =1 for > 0, sgn(0) = 0 and sgn(x) = —1 for x < 0.
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* Let a < b be given constants. For p € [1,4+00), LP(a,b) is the set of equivalence classes of Lebesgue
measurable functions u : (a,b) — R with

b 1/p
lul, == (/ |u(m)|pdx> < +oc.

L (a,b) is the set of equivalence classes of Lebesgue measurable functions w : (a,b) — R with

lul| o, := esssup (Ju(z)]) < 4o0.
z€(a,b)

For an integer k > 1, H*(a,b) denotes the Sobolev space of functions in L?(a,b) with all its weak derivatives
up to order k > 1 in L?(a,b).

2. DESCRIPTION OF THE PROBLEM

We consider a one-dimensional model for the motion of a tank. The tank contains a viscous, Newtonian,
incompressible liquid. The presence of viscosity, denoted by pu, is crucial in our approach to the problem. We
rely on the viscosity for establishing a region of attraction and we use the viscosity as a gain in the controller on
the difference between the boundary liquid levels. The tank is subject to a force that can be manipulated. We
assume that the liquid pressure is hydrostatic and consequently, the liquid is modeled by the one-dimensional (1-
D) viscous Saint-Venant equations, whereas the tank obeys Newton’s second law and consequently we consider
the tank acceleration to be the control input.

The control objective is to drive asymptotically the tank to a specified position without the liquid spilling
out and having both the tank and the liquid within the tank brought to rest. Let the position of the left side of
the tank at time ¢ > 0 be a(t) and let the length of the tank be L > 0 (a constant). The equations describing
the motion of the liquid within the tank are

H:+ (Hu), =0, for t > 0, z € [a(t),a(t) + L] (2.1)

(Hu), + <Hu2 + ;gH2> — i (Hu), — s (Hyu—a) (u - ) )

for t >0, z € (a(t),a(t) + L)

where H(t, z) > 0, u(t, z) € R are the liquid level and the liquid velocity, respectively, at time ¢ > 0 and position
z € [a(t),a(t) + L], k € C°((0,+00) x R;R,) is the friction coefficient that depends on the liquid level and the
relative velocity of the fluid with respect to the tank, while g, > 0 (constants) are the acceleration of gravity
and the kinematic viscosity of the liquid, respectively.

Various (empirical) relations have been used for the friction coefficient in the literature:

— in [4, 18] the authors use the relation k(h,v) = ¢y |v|, where ¢y > 0 is a constant,

— in [5] the authors use the relation k(h,v) = rg + r1h|v|, where ro > 0, r1 > 0 are constants,

~ in [15] the authors use the relation x(h,v) = rh=1/3 (b+ 2h)4/3 |v], where » > 0 is a constant and b > 0 is
the (constant) width of the tank,
3uc

3u + 4ch’

in [17] the authors derive the velocity-independent relation x(h) = where ¢ > 0 is a constant.

It is clear that there is considerable uncertainty in the friction coefficient.
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The liquid velocities at the walls of the tank must coincide with the tank velocity, i.e., we have:
u(t,a(t)) = u(t,a(t) + L) = w(t), fort >0 (2.3)

where w(t) = a(t) is the velocity of the tank at time ¢ > 0. Moreover, since the tank acceleration is the control
input, we get

a(t) = —f(t), for t >0 (2.4)

where — f(t), the control input to the problem, is equal to the force exerted on the tank at time ¢ > 0 divided
by the total mass of the tank. The conditions for avoiding the liquid spilling out of the tank are:

H(t,a(t)) < Hpnax

H(t,a(t) + L) < Hoa (2:5)
where Hy .y > 0 is the height of the tank walls. Applying the transformation
( 7*7") = u(tva(t) ) ( )
h(t,x) = H(t, a(t) z) (2.6)
£@t) = alt) -

where a* € R is the specified position (a constant) to which we want to bring (and maintain) the left side of
the tank, we obtain the model:

E=w,w=—f fort>0 (2.7)

hi + (hv), =0, for t >0, z € [0, L] (2.8)

(hv); + <hv2 + ;gh2>x =y (hvy), — k(h,v)v + hf, for t >0, (2.9)
v(t,0) =v(t,L) =0, for t >0 (2.10)

where the control input f appears additively in the second equation of (2.7) and multiplicatively in (2.9).
Moreover, the conditions (2.5) for avoiding the liquid spilling out of the tank become:

max (h(t,0), h(t, L)) < Hmpax, for t > 0 - - - Condition for no spilling out (2.11)

We consider classical solutions for the PDE-ODE system (2.7)—(2.10), i.e., we consider functions
EeC?Ry),w e CHRy), h € CH(Ry x [0,L]; (0,4+00)) N C?((0,+00) x (0,L)), v € C®(Ry x [0,L])N
C* ((0,+00) x [0, L]) with v[t] € C?((0,L)) for each t > 0, which satisfy equations (2.7)—(2.10) for a given
input f € C°(R;).

d L
Using (2.8) and (2.10), we prove that for every solution of (2.7)—(2.10) it holds that % </ h(t,a:)dx) =0
0

for all ¢ > 0. Therefore, the total mass of the liquid m > 0 is constant. Therefore, without loss of generality, we
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assume that every solution of (2.7)—(2.10) satisfies the equation

L
/ h(t,z)dz =m (2.12)
0

The open-loop system (2.7)—(2.10), (2.12), i.e., system (2.7)—(2.10), (2.12) with f(¢) = 0, allows a continuum
of equilibrium points, namely the points

h(z) = h*,v(z) =0, for x € [0, L] (2.13)

EeRw=0 (2.14)

s

where h* = m/L. We assume that the equilibrium points satisfy the conditions for no spilling out (2.11), i.e
h* < Hpax.
Our objective is to design a feedback law of the form

f(t) = F (h[t],v[t], £(¢),w(t)), for t >0, (2.15)

which achieves stabilization of the equilibrium point with £ = 0. Moreover, we additionally require that the
“spill-free condition” (2.11) holds for every ¢ > 0.

The existence of a continuum of equilibrium points for the open-loop system given by (2.13), (2.14) implies
that the desired equilibrium point is not asymptotically stable for the open-loop system. Thus, the described
control problem is far from trivial.

3. CONSTRUCTION OF THE FEEDBACK LAW
3.1. The Control Lyapunov Functional (CLF)
Let k,q > 0 be position error and velocity gains (to be selected). Define the set S C R? x (C° ([0, L]))2:
h e C°([0, L]; (0, +00)) N H'(0, L)
v e (o, L))
h S & L 3.1
(6 w,h,v) € [ hiapaz = (3.1)

We define the following functionals for all (£, w, h,v) € S:

2

V(& w,h,v) :=8E(h,v) + W(h,v) + %52 + % (w + k) (3.2)
L
E(h,v) := %/0 h(x)v? (z)dx + % |h— h*X[O,L]H; (3.3)

L
Wiho) =5 [ 0@ (h(o)o(o) + (@) do + = B (3.4)
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where 6 > 0 and h* = m/L. Moreover, define for all (£, w, h,v) € S with v € H'(0, L) the functional:

U, w,h,v) :=V({w, h,v)+ (; ||U/||§ +V (&, w, h,v)) exp (BV (&, w, h,v)) (3.5)

where 3, > 0. We notice that:

— the functional E is the mechanical energy of the liquid within the tank. Indeed, notice that F is the sum
L

1
of the potential energy (% ||h — h*X0,1] ||;) and the kinetic energy (5/ h(z)v?(z)dzx) of the liquid,

— the functional W is a kind of mechanical energy of the liquid within the tank and has been used extensively
in the literature of isentropic, compressible liquid flow (see [21, 22] and references therein),
— the functional V' is a linear combination of the mechanical energies £, W and a Lyapunov function for
kQ
the tank (%gQ + % (w + k&)%),
— the functional U is a functional that can provide bounds for the sup-norm of the fluid velocity (due to the

fact that ||v’||§ <2U(&,w, h,v) for all (§,w,h,v) € S) while the other functionals cannot provide bounds
for the sup-norm of the fluid velocity.

We intend to use the functional V (£, w, h,v) defined by (3.2) as a CLF for the system. However, the functional
V (&, w, h,v) can also be used for the derivation of useful bounds for the function h. This is guaranteed by the
following lemma.

Lemma 3.1. Define the increasing function G € C° (R) N C* ((—00,0) U (0, +o0)) by means of the formula

sgn (h — h*) @h\/ﬁ —2n*Vh + ihﬂ?) for h >0

G(h) = 4 (3.6)
fgh*vh*+h for h <0
Let G7! : R = R be the inverse function of G and define
1
ci= ——— 3.7
/s 7
Then for every (§,w, h,v) € S, the following inequality holds
p1(V(&§w, h,v)) < h(z) < p2 (V(E,w,h,0)), forall z € [0, L], (3.8)
where the functions p; : Ry — R (1 =1,2) are defined by the following formulae for all s > 0:
1 /2m(1+6
p1(8) := max <G1 (—cs),h* — — Im{1+9) \/§>
I 1)
1 [2m (144 (3.9
p2(s) := min (G_1 (cs),h" + — w \/§>
I

Remark 3.2. It follows from (3.9), (3.6), (3.7) and the fact that h* = m/L that p; (V (&, w, h,v)) > 0 when

4 )
V(& w,h,v) < ph* max (3\/5gh*72L('lf+5)). Definitions (3.9) imply that ps : Ry — R is an increasing

function while p; : Ry — R is a decreasing function.
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Notice that Lemma 3.1 gives tighter bounds for the liquid level than Lemma 1 in [22]. Moreover, Lemma 1 in
[22] can be applied only for the case § = 1, while here Lemma 3.1 can be applied for all 6 > 0.

3.2. The state space and useful subsets of the state space

In order to be able to satisfy the conditions for no spilling out (2.11) we need to restrict the state space. This
becomes clear from the fact that the set S contains states that violate the conditions for no spilling out (2.11).
Define

X = {(&w,h,v) €S : max (h(z)) < Hmax} (3.10)
z€[0,L]
R = 2Vogh” (Homax — h*) min (C1, Go) (3.11)

3

where

\/Hmax \/ h* 3#\/3 (Hmax - h*)
(1 := max -2 ) )
h* Hpax  4m (14 6)/gh*

h* 3uV/oh*
CQ = —/———— Inax 27 —_— | .
}Imax_hﬂ< 4m(1+6)\/§

Notice that definition (3.11), the fact that h* < Hpax and Lemma 3.1 imply that for all (§,w, h,v) € S with
V (&, w, h,v) < R it holds that

0 <p1 (V(§w, h,v)) < h(x) < pz (V(Ew, h,v)) < Hiax, for all z € [0, L] (3.12)

Therefore, the conditions for no spilling out (2.11) are automatically satisfied when (¢, w,h,v) € S with
V(& w,h,v) < R.

Remark 3.3. It should be noticed that R depends crucially on Hyyax, h* and §. Obviously, if Hyax or Hpax — h*
are small then R is low because the control problem becomes more challenging and therefore the initial conditions
get more restricted by the inequality V (&, w, h,v) < R. The dependence of R on § is non-monotonic and very

2 Hmax - h* 2
complicated. When § — 400 then we may have R — +o0o (when Hyax > 2h*) or R — M < 400

(when Hyax < 2h*). The case Hpax < 2h* is the more challenging case and in this case R becomes restricted
when § — +o00. It should be noticed that R — 0 as g — 0: this fact shows the crucial role that the viscosity
plays in the behavior of the system and in our analysis.

Notice that since Lemma 3.1 gives tighter bounds for the liquid level than Lemma 1 in [22], inequality (3.12) is
more accurate than the corresponding inequality in [22] (which can be applied only for the case 6 = 1).

The state space of system (2.7)-(2.10), (2.12) is considered to be the set X. More specifically, we consider as

state space the metric space X C R? x H! (0, L) x L? (0, L) with metric induced by the norm of the underlying
normed linear space R? x H' (0, L) x L? (0, L), i.e.,

5 1/2
16w, )l = (& + w2+ [0+ 123 + o)) (3.13)
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However, in order to construct a robust feedback law we need to approximate the state space from its interior
by using certain parameterized sets that allow us to obtain useful estimates:

1) Interior approximations in terms of the state variables:

X (w) := {(f,w,h,v) €S :w< min (h(z)) < max (h(z)) < Hmax }, for w € [0, "] (3.14)
z€[0,L] z€[0,L]

X (w1, ws) = {(f,w, h,v) €S : wy < min (h(z)) < max (h(z)) < Hmax, [[v], < w2 },

z€[0,L] z€[0,L]

for wy € [0,h*] ,w2 >0 (3.15)

Clearly, X@ = X(0,+00) = X and X (wy,ws) C X(w1) € X for all wy € [0, h*], wa > 0. The physical meaning
of the sets X (wi,ws), X(w1) is clear: the state h (fluid level) is constrained to take values in [wi, Himax) and in
the case of X (w1,ws) the state v (fluid velocity) is constrained to take values in [—ws, ws].

2) Interior approximations in terms of sublevel sets of the Lyapunov functionals:

Xy (r) ={(&w,hv)e S : V(whv)<r}, forr>0 (3.16)

Xy (r)={(w,hv)eS :veH(0,L), U w,hv)<r+qrexp(Br)}, forr>0 (3.17)

Clearly, definition (3.5) implies that Xy (r) C Xy (r) for all » > 0. Moreover, inequalities (3.12) imply that
Xy (r) € X (p1(r)) for all r € [0, R) (3.18)

See also Figure 1. The following proposition allows us to guarantee an additional inclusion.

Proposition 3.4. For every function ¢ € H' (0, L) with p(0) = ¢(L) = 0 the following inequalities hold:

L
lelloe < 4/ 7 €112 (3.19)
3

Furthermore, if o € H? (0, L) then
mlle'lly < Lll¢"ll; (3:20)

Proposition 3.4 and definitions (3.5), (3.15), (3.17) guarantee the inclusion

Xy(r)CX (pl(r), \/23L (r +yrexp (Br))) for all r € [0, R) (3.21)
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FIGURE 1. The structure of the sets Xy (), X (w), X for r € [0, R) with py(r) > w.

Proposition 3.5. Let q,k,§ > 0 be given. Then for every (§,w,h,v) € S satisfying the inequality |/(0,w,
min (h*, Hpax — h*

VL

h —h*X[0,1)5 11)||X < e for some e > 0 with e < , the following inequality holds:

V(& w, h,v)
1 0+1 (042)Hpax  3qk? . ‘
SmaX(NQ (h-evi) 2 g 042 Huw 34 )!I(é,w,h—hx[o,L],v)Hi (3.22)

2 7 2 2
where || - ||y is defined by (3.13).

3.3. Main results

Now we are in a position to state the first main result of the present work, which deals with a special case of
the friction coefficient x; namely, the case where the function x € C° ((0,+00) x R; R, ) satisfies the following
assumption.

(H) There exists a continuous, non-increasing function K : (0, Hypax] — Ry such that for every w € (0, h*]
the following inequality holds:

h=2k (h,v) < K(w), for all (h,v) € [w, Hpax) X R (3.23)

Assumption (H) allows us to achieve stabilization in the set X (w) defined by (3.14) for every w € (0,h*].
More specifically, we achieve exponential stabilization in the set Xy (r) defined by (3.16) for all r € [0, R) with
p1(r) > w (for which Xy (r) C X (w); recall inclusion (3.18)). This is shown by the following theorem.

Theorem 3.6 (Special Case of Friction Coefficient-Stabilization in Xy (r) € X (w)). Suppose that the function
k€ CY((0,+00) x R;Ry) satisfies Assumption (H). Let arbitrary w € (0, h*] be given. Pick arbitrary § > 0 for
which the following inequality holds:

2g(6+1) > pK (w) (3.24)
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FIGURE 2. The structure of the sets X7 (1), X (w1, ws) X (w1), X forr € [0, R) with p1(r) > wq

and \/23L (r+rexp(8r)) < ws.

Pick arbitrary r € [0, R), for which pi(r) > w, where p1, R are defined by (3.9), (3.11). Pick arbitrary o,k,q > 0
with

k < qb(r) (3.25)
where

ogpudm3p: (r)
guom2p1(r) + 20 L (mgLHpmax (6 + 1) + 2u26m2py (1))

0(r) == (3.26)

Then there exist constants M, \, M, X > 0 with the following property:

(P) Every classical solution of the PDE-ODE system (2.7)—(2.10), (2.12) and

L
ft)=—-0o ((6 + 1)/O h(t,z)v(t, z)dx + p (h(t, L) — h(t,0)) — ¢ (w(t) + kz§(t))> , fort >0 (3.27)

with v € C°(Ry; H(0,L)) N C*((0,400); H (0,L)), (£(0),w(0),h[0],v[0]) € Xy(r) C X (w), satisfies
(€(t),w(t), hlt],v[t]) € Xy (r) C X (w) and the following estimates for t > 0:

(£ ]— v[ Dllx
h[o

|
<Mexp £)](€(0),w(0), h[0] = h* (0,17, v[0])]| (3.28)

lvalt]ll, < M exp (=At) (|[(€(0), w(0), A[0] = AXx(o,1, v[0]) |  + llva[0]l],) (3.29)
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Remark 3.7 (Remarks on Thm. 3.6). a) Theorem 3.6 can be applied directly to velocity-independent friction

coefficients k(h,v) = k(h), since velocity-independent friction coefficients satisfy automatically Assumption (H).
3
For example, the velocity-independent friction coefficient x(h) = M%, where ¢ > 0 is a constant, which was
w—+ 4e

_ 3uc

© w2(3p + dew)
such that  (h,v) < B for all (h,v) € (0,+00) x R, then the friction coefficient x(h,v) satisfies Assumption (H)
with K(w) = B/w?.

derived in [17] satisfies Assumption (H) with K (w) . Moreover, if there exists a constant B > 0

| L
b) It should be noticed that estimate (3.29) in conjunction with the inequality [[v[t]|| ., < 3 lvz[t]]], (recall
Prop. 3.4) provides the following estimate for the sup-norm of the fluid velocity:

o1 < S0 e (50) (16000 0), 0] — 105,000 |+ 0]1)

¢) Theorem 3.6 guarantees robust exponential stabilization of the state by means of the nonlinear feedback law
(3.27). Here, the term “robust” refers to robustness with respect to friction coefficients that satisfy Assumption
d) The control parameters are o,k,q,d > 0. It should be noticed that there are only two restrictions for
the control parameters: (3.24) which implies that ¢ must be sufficiently large to overcome friction (see (3.23),
(3.24)) and (3.25) which implies that the ratio k/q must be sufficiently small. Definition (3.26) shows dependence
of the upper bound for the ratio k/q on r,4, i, 0, g, L; consequently, (3.25) is a fundamentally nonlinear gain
restriction. The risk of spillage limits the gain on the tank position, even though the gain on the tank velocity
is unrestricted. The risk of spillage forces us to be patient in reducing the distance to the target position.

e) How large is the set Xy (r) for which robust exponential stabilization is achieved? As we noticed above,
Proposition 3.5 guarantees that the set Xy (r) for » > 0 contains a neighborhood of (0707 h*X[O,L]»O) (in the
topology of X with metric induced by the norm | ||y defined by (3.13)). However the size of the set Xy (r)
depends on r € [0, R) that satisfies p1(r) > w and on 4, ¢, k (recall definitions (3.2), (3.16)). The dependence of
Xy (r) on ¢,k is clear: the larger ¢ (or k) the smaller the set Xy (r). However, the dependence of Xy (r) on w €
(0, h*] (for which p;(r) > w and (3.24) must hold; thus w affects both r and J), on d§ (through (3.2) and through
the dependence of R on d; see Remark 3.3) is not clear: it is a very complicated, non-monotonic dependence which
cannot be described easily. When p — 0 it holds that R — 0 (recall Rem. 3.3) and consequently (since r € [0, R))
r — 0. Therefore, when the viscosity tends to zero the set Xy (r) tends to the singleton {(0,0,2*x[0,z;,0)}.

f) Tt should be noticed that the feedback law (3.27) does not require knowledge of the exact relation that deter-
mines the friction coefficient. The feedback law simply requires to know only a velocity-independent upper bound
of the friction coefficient (see also (a)). Moreover, the feedback law (3.27) does not require the measurement of
the whole liquid level and liquid velocity profile and requires the measurement of only four quantities:

— the tank position £(¢) and the tank velocity w(t),
L
— the total liquid momentum / h(t,z)v(t, x)dx, and
0
— the liquid level difference at the tank walls h(t, L) — h(t,0).

Theorem 3.6 shows that robustness is achieved by increasing the gain o (§ + 1) of the total liquid momentum in
the feedback law. However, Theorem 3.6 can also be applied to the frictionless case and provides a novel result
even in this case.

Corollary 3.8 (Frictionless Case). Suppose that k = 0. Pick arbitrary 6 > 0 and pick arbitrary r € [0, R),
where R > 0 is defined by (3.11). Pick arbitrary o,k,q > 0 for which (3.25) holds. Then there exist constants
M, X, M, X >0 for which property (P) holds.

Corollary 3.8 is an improved result compared to Theorem 1 in [22] due to the following facts:
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— Corollary 3.8 provides a larger family of feedback laws that stabilize the PDE-ODE system (2.7)—(2.10),
(2.12) compared to Theorem 1 in [22], since the feedback laws provided by Theorem 1 in [22] correspond
to the feedback law (3.27) with § =1,

— Corollary 3.8 provides the exponential decay estimates (3.28), (3.29) while Theorem 1 in [22] provides
only the exponential decay estimate (3.28).

On the other hand, Theorem 3.6 applies to more regular solutions than Theorem 1 in [22]. More specifically,
property (P) holds for classical solutions of system (2.7)—(2.10), (2.12) and (3.27) with v € C° (Ry; H' (0,L)) N
C' ((0,+00); H' (0, L)) while the requirement that v € C° (Ry; H' (0,L)) N C* ((0,+00); H' (0, L)) is absent
in Theorem 1 in [22].

Our second main result of the present work deals with the general case of the friction coefficient x € C° ((0, +00)
xR; R, ) without any further assumption. We achieve stabilization in the set X (w1,ws) C X defined by (3.15)
for every wy € [0, h*], wa > 0. More specifically, we achieve exponential stabilization in the set Xy (r) defined

2L —
by (3.17) for all r € [0, R) with p1(r) > wi, \/3 (r +~rexp (Br)) < we (for which Xy (r) C X (w1, ws); recall
inclusion (3.21)). This is shown by the following theorem.

Theorem 3.9 (General Case-Stabilization in Xy (r) € X (wy,ws)). Let constants wy € (0,h*), wy > 0 be given.
Define

K := max { h=2k(h,v) @ w1 < h < Hpax, V| < wo } (3.30)

Pick arbitrary 6 > 0 that satisfies

29 (6 +1) > uK (3.31)
Pick arbitrary constants o,q,k > 0 with
k< qf (3.32)
where
g ogIm (3.33)

- guom2wi + 20 L (mgLHpyax (6 + 1)2 + 2u2672w,)

Then for every r € [0, R) with

p1(r) > wy, \/231/ (r+~yrexp(Br)) < wy (3.34)

where p1, R are defined by (3.9), (3.11), there ewist constants M, \, M, \ > 0 with the following property:

(P?) Every classical solution of the PDE-ODE system (2.7)—(2.10), (2.12) and (3.27) with (£(0), w(0), h[0],v[0]) €
Xy(r) C X (wi,ws), satisfies (&(t),w(t),h[t],v[t]) € Xuy(r) C X (wi,w2) and estimates(3.28), (3.29) for all
t > 0. where U is defined by (3.5) with

5 (Hmaxf(Q T 51)

>
K O pé

(3.35)
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des 20L

8 > max ((207 F i) 3/~L25W1) (3.36)

§+1)g°
e = WHm +302L (5 + 1)(5 + 2)m + 6q) (3.37)

1000+ 1)*R
= (3.38)
min (ug, 4qk®,4q (qé - k) 7u5)

&= (3.39)

© 2max (77*2L2 (6 +2) wi  Hyax, (0 + 1)gL2 + 2w1_1u2,qk2,q)

Remark 3.10 (Remarks on Theorem 3.9). a) Theorem 3.9 guarantees robust exponential stabilization of the
state by means of the nonlinear feedback law (3.27). Again, the term “robust” refers to robustness with respect
to the friction coefficient.

b) The control parameters are o, k, g, > 0. As in Theorem 3.6, here there are also two restrictions for the control
parameters: (3.31) which implies that ¢ must be sufficiently large to overcome friction (see (3.30), (3.31)) and
(3.32) which implies that the ratio k/¢ must be sufficiently small. Definition (3.33) shows dependence of the
upper bound for the ratio k/q on r, d, i, 0, g, L; consequently, (3.32) is a fundamentally nonlinear gain restriction.
Again, as we remarked in Theorem 3.6, the risk of spillage limits the gain on the tank position, even though
the gain on the tank velocity is unrestricted.

c) How large is the set Xy (r) for which robust exponential stabilization is achieved? Proposition 3.5 and
definition (3.5) guarantees that the set Xy (r) for 7 > 0 contains a neighborhood of (0,0,h*x[,r},0) (in

the topology of X = {(&w,h,v) eX :ve Hl(O,L)} with metric induced by the norm |[(&,w,h,v)| =

1/2
(H(f,mh,v)”?x + ||v’||§) , where || || is defined by (3.13)). The size of the set Xy (r) depends on r € [0, R)

that satisfies (3.34) and on 3,7, 9, ¢, k (recall definitions (3.2), (3.5), (3.17)). The dependence of Xy (r) on ¢, k
is clear: the larger ¢ (or k) the smaller the set Xy (). However, the dependence of Xy (r) on wy € (0,h*) and
wg > 0 (through (3.30), (3.31), (3.34) and (3.35)), on S3,,d (through (3.2), (3.5), (3.17) and through the depen-
dence of R on d; see Remark 3.3) is not clear: it is a very complicated, non-monotonic dependence which cannot
be described easily. When p — 0 it holds that R — 0 (recall Rem. 3.3) and consequently (since r € [0, R))
7 — 0. Therefore, when the viscosity tends to zero the set Xy () tends to the singleton {(0,0, h*Xxo,z],0)}.

In the proof of both Theorem 3.6 and Theorem 3.9, we are working with two Lyapunov functionals:
V (&, w, h,v) defined by (3.2) and U(&, w, h,v) defined by (3.5). However, the feedback law is designed by using
V (&, w, h,v) only (it is a feedback law of L,V-type). In other words, the CLF is V(§, w, h, v) and the functional
U(&,w,h,v) is used only for the derivation of estimate (3.29) and the derivation of estimates of the sup-norm
of the velocity (used in the proof of Thm. 3.9). Therefore, a question arises:

“Why don’t we use U(&, w, h,v) as a CLF and design
the feedback law based on U(&, w, h,v)?”

The answer is clear: if we design the feedback law (of L,V -type) with U(§, w, h,v) as a CLF then the feedback
law will contain terms with spatial derivatives of the velocity. Therefore, the measurement requirements of the
feedback law will be far more demanding. We avoid the measurement of spatial derivatives of the velocity by
using V (&£, w, h,v) as a CLF. However, since V (£, w, h,v) cannot give us the useful estimate (3.29) we also use
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U(&,w, h,v). This situation is something that cannot happen in finite-dimensional systems: a CLF for a finite-
dimensional system can provide all estimates for the solution. Therefore, in the infinite-dimensional case we
may need one functional to play the role of a CLF and a different functional for the derivation of useful stability
estimates. This situation has been observed again in [20] in the context of a nonlinear reaction-diffusion PDE,
where the CLF could only provide stability estimates for the L? norm of the state and different methodologies
(Stampacchia’s method and an additional functional) were used for the derivation of stability estimates in the
sup-norm and the H' norm of the state. The advice for the researcher that arises from these studies is clear:

— Use as a CLF a functional that can provide bounds for the state norm in a functional space of minimal
regularity. Such a CLF will minimize the measurement requirements of the feedback law.

— Use different functionals in order to obtain bounds for the state norm in more demanding functional
spaces.

3.4. Auxiliary results

For the proof of Theorem 1, we need some auxiliary lemmas. The first auxiliary lemma provides formulas
for the time derivatives of the energy functionals defined by (3.3), (3.4).

Lemma 3.11. For every classical solution of the PDE-ODE system (2.7)—(2.10), (2.12) the following equations
hold for all t > 0:

d L ) L
B o) = | neondiarat 5o [ hajotta)da -
7/0 k(h(t,z),v(t,z))v*(t, z)dz
d 9 L
WL ole) = =g 1ol + £8) [ (Bt ot ) + ot ) do
0 (3.41)

L L
- / w(h(t, z), o(t, )0 (¢, 2)dz — p / B (8, @)hat, )k (R(t, ), o(t, 2))o(t, @)da
0 0

where E,W are the functionals defined by (3.3), (3.4), respectively.
The two next auxiliary lemmas provide useful inequalities for the CLF V defined by (3.2).

Lemma 3.12. Let g,k,0 > 0 be given. Then there exists a non-decreasing function A : [0, R) — (0, +00), where
R > 0 is defined by (3.11) such that for every (&,w,h,v) € X with v € HY(0,L) and V (¢, w,h,v) < R, the
following inequality holds:

V(& w, h,v)

L
112 ’ 2 9 9
s < I+ [ he) (/) o+ € + (0 + k) 2)

Lemma 3.13. Let q,k, 8 > 0 be given. Then there exist non-decreasing functions G; : [0, R) — (0,4+00), 1= 1,2,
where R > 0 is defined by (3.11), such that for every (§,w,h,v) € X with V(§,w,h,v) < R, the following
inequality holds:

V(ga w, ha 'U)
G2 (V(§7 w, ha U))

< H(fa w,h — h*X[O,L]vv)H?X < V('f’ w, ha v)Gl (V(fa w, hv ’U)) (343)

where || - || i is defined by (3.13).
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Inequality (3.42) provides an estimate of the dissipation rate of the Lyapunov functional for the closed-loop
system (2.7)—(2.10), (2.12) with (3.27). On the other hand, inequalities (3.43) provide estimates of the Lyapunov
functional in terms of the norm of the state space.

The following two lemmas are technical lemmas which provide useful differential inequalities.

Lemma 3.14. Let o,k,q,d > 0 be given constants and let r € [0, R) be a constant, where R > 0 is the constant
defined by (3.11). Then for every classical solution of the PDE-ODE system (2.7)—(2.10), (2.12) and (3.27) with
v e CO(Ry; HH(0,L)) NC*((0,+00); H (0, L)) the following inequalities hold for all t > 0 for which V (&(t),
w(t), hlt],v[t]) < R:

Ly ety i) bl v [t])sf%||hm[tnéfq<q0<r>fk>< (0 + k(D)
_Q;jax <2Hmax p1(r ) E“igtii h(t, x)v2(t, z)dz (3.44)
% L
—(5+1—“§; )>/0 w(h(t, ), v(t, 2) 02 (¢, 2)de — qk3E2(1)
d 5L 4
u ( ~ 3)<- L; S ol + 22 e -
+ 5 %(V(t)) || 1[ ]”2 6/’(' (HmaXK (t) +51) V(t)

where V(t) = V(&(t), w(t), h[t], v[t]), O(r) is defined by (3.26), p; : Ry — R (i = 1,2) are the functions defined
by (3.9), e1,e2 > 0 are defined by (3.37), (3.38), respectively, and

K(t) := Jmax, (h2(t, z)k(h(t, ), v(t,2))) (3.46)

Lemma 3.15. Let 3,7,0,k,q,8 > 0 be given constants. Define for all (&,w,h,v) € S with v € H'(0, L) the
functional U(&,w, h,v) by means of (3.5). Let r € [0, R) be a constant, where R > 0 is the constant defined by
(3.11) and define for s € [0, R)

©(8) := 2Hmaxp1 (8) — p1(r)p2 () (3.47)
a(s):= ﬁ min (’Zg’ qk®,q (gf(r) — k), 4152% (2Hmax —p1 (T)Z Ei;)) (3.48)

where p; : Ry = R (i =1,2) are the functions defined by (3.9), 6(r) is defined by (3.26) and A is the function
involved in (3.42). Suppose that (3.25) holds. Then for every classical solution of the PDE-ODE system (2.7)—
(2.10), (2.12) and (3.27) withv € C° (Ry; H' (0,L)) NC* ((0,400); H' (0, L)) the following inequality holds for
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all t > 0 for which V(£(t), w(t), h[t],v[t]) < R and ¢ (V(£(t), w(t), h[t],v[t])) > 0:

LUet), wt), bt oft]) < —a (V(£) V(2)

7.(.2

(V) + Tz ) & exw (570 o 12

5 (HmaXKQ(t) + 51)
o py

VO 5+ Ao (VD) = 2o ) VIO exp (3V(0) s ] (3.9)

~a (V) 51720 exp (3V(0) — (e (VD) = 2 ) exp (V) e ]

) 1o (V) V(D) ~ oo (V(0) sl

Nk(t) B 2 L 2
—<5+1— . )(%|vm[t1|2+v+mv<t>)expwwt)) [ it ), 2% 0
_ (5 r1- “*’2{9“)) /0 k(h(t, ), v(t, )2 (t, z)dz

where K(t) is defined by (3.46), V(t) = V(E(t),w(t), h[t],v[t]) and 1,62 > 0O are defined by (3.37), (3.38),
respectively.

4. PROOFS
"=
Proof of Lemma 3.1. Notice that definition (3.6) implies that the equation G(h) = / 7 dr holds for all
h* T

h > 0.
Let (&, w, h,v) € S be given. Using the inequality

(h(z)o(x) + ph' (x))?

Y]

and definition (3.4), we obtain the following estimate:

2

L L
W(h,v) > 5 ((;i 0 /0 h () (h/(:v))2 dz — g/o h(x)v? (z)dx + %g |h = h*X0,1) ||§ (4.1)

Using definitions (3.2), (3.3), (3.4) and estimate (4.1), we obtain:

5

2(5+1)

k -1 / 2 1+6 * 2
| @) @) de + g h = b s < ViEw ho) (4:2)
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L
Let arbitrary z,y € [0, L] be given. Using the Cauchy-Schwarz inequality, the fact that / h(z)dx = m (recall
0

definition (3.1)) and the fact that G'(h) = |h\_/ﬁh | for all h > 0, we get:
T max(z,y)
Glh@) - G| < | [ G Es| < [ 16 ) ()]s
y min(z,y)

<

m'lx(r,y) ) 1/2 max(z,y) , 1/2
/ “(s) ((9)) ds) ( [ e @ i) ds>
min(z,y) min(z,y)
L 1/2 I 1/2
PRt 8))%15) ( / h(s)(G’(h(s»fds)
0 0

1/2

L
/Oh Y 8))2018) [ = h*xp0.01 |,

IN

[
“
g

max(x,y)
Ih(e) - h(y)| < <[ el

max(z,y) 9 1/ max(z,y) 1/2
[t weras) ([ hes (4.4)
min(z,y) min(a,)

IN

5 2 1446
2 (1+ )gb2 < V} = ¢V for all V > 0, we obtain from (4.2), (4.3), (4.4):

(6+1) 2
|G (h(x)) = G(h(y))| < cV (&, w, h,v), for all 2,y € [0, L] (4.5)
1 /2m(1
in(w) — )l < /2O 2w 0), for iy € 0.1 (4.6)
"
L
Since h(z)dx = m (recall definition (3.1)) and since h* = m/L, it follows from continuity of h and the mean

0
value theorem that there exists x* € [0, L] such that h(z*) = h*. Moreover, since G(h*) = 0 (a consequence of
definition (3.6)), we get from (4.5), (4.6) (with y = a*):

—cV (& w, h,v) < G(h(z)) < V(& w, h,v), for all z € [0, L] (4.7

h*—l W\/V(g,w,h,v)gh(x)gh*—ku 1+6 VV(E w, h,v),

I

for all z € [0, L] (4.8)
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Inequality (3.8) is a direct consequence of definitions (3.9) and estimates (4.7), (4.8). The proof is complete. [J
Proof of Lemma 3.11. Using (3.3) we obtain for all ¢ > 0:

L L
d(.itE(hH v[t]) :== %/0 ht(t,x)UQ(t,x)dqu/O h(t, z)v(t, x)v(t, x)dx

L (4.9)
g / ha(t, @) (h(t, 2) — h*) de

Using (2.8) and (2.9) we obtain
v + V0 + ghy = ph™ (hvg)e — (b, v)v + f (4.10)
Combining (2.8), (4.9) and (4.10) we get for all ¢ > 0:

L L
GEGE0) = =5 [t o) o a)de [ bt o0t a)una)da

2
L L
fg/ h(t,x)v(t,x)hm(t,x)deru/ v(t, z)(h(t, x)v, (L, x))dx
o . o
z)v(t, z)dz — K z),v(t, )% (t, z)dx
@) [ htopitayte = [ r(ha). o) a)a

—g / (ht, ) — B) (Rt 2)o(t, 2))pdz

(4.11)

Integrating by parts and using (2.10), we get for all ¢ > 0

L
—94 (h(t, 2) — h*) (h(t, 2)o(t, 7)) dx—g/ ha(t, 2)h(t 2)o(t, )dz
M/o v(t, ) (h(t, z)vg(t, x) = —u/ h(t, x)v,2(t, z)dx (4.12)

1

L
-3 /O (Wt 2)o(t, 2))av?(t, 2)dz = /O h(t, )02 (8, 2)va (1, 2)da

As a consequence of (4.11) and (4.12) equation (3.40) holds for all ¢ > 0.
Now we define for all ¢ > 0 and = € [0, L] the following;:
o(t, ) := h(t, z)v(t,x) + phy(t, z) (4.13)

Using definition (4.13) with (2.8) and (2.9) we get for all ¢ > 0 and = € (0, L):

lt.0) = (lt)o(t.a) + 5a?(0.2)) = wh(ta), ot o)oltn) bSO (014)

x

Using (3.4) and definition (4.13), we obtain for all ¢ > 0:

d
dt

L L
Ly, o) = —%/0 h’Q(t,x)ht(t,x)gDQ(t,x)dx+/0 WLt )t @) (t, 2)da
L
+g/0 (h(t,z) — h*) hy(t, z)dx

(4.15)
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Combining (2.8), (4.14) and (4.15), we get for all ¢ > 0:

d W (h[t /h (t,2) (¢, ) (h(t, 2)o(t, 2)), do

/ Rt x)e(t, x) ((p(t,a:)v(t,x) + igh (t,x))wdac W
; Rt 2)p(t, z)r(h(t, ), v(t, z))v(t, 2)dx

+f(t)/0 @(t»x)dx—g/o (h(t, ) — %) (h(t, 2)v(t, ), dx

Using (2.10) and integration by parts, we get the following equation:

/ B2t @)% (8 @) (h(t, 2)o(t, 7)), de

(4.17)
/ h=2(t, ) (t, )02 (t, 2)0(t, 2 dx—/ W= (1, )0 (t, 2)pn (t, 2)0(t, )

From (4.12), (4.16) and (4.17) we conclude that

d b

Vo) = | et )¢ ) 2)

—2/ h_l(t,w)w(t,x)apm(t,x)v(t,x)dx—/ h Y (@)% (t, x)vy (t, x)dz
0 0 I (4.18)

- h_l(x)go(t,x)m(h(t,x),v(tx))v(t,x)dx+f(t)/o o(t, x)dx

+9

/ (h(t, 2)0(t, z) — o(t, ) ha(t, z)dz

0

0

for all ¢ > 0. Equation (4.18) and definition (4.13) allow us to get for all £ > 0:

L
G ot) == [ (h7(t.0) (hta)ott,2) + pha(t.0)o(8.0)) o

x

L L
—/0 w(h(t,z),v(t,z))v*(t, z)dx — ,u/o h Y (@) he(t, 2)k(h(t, z), v(t, z))v(t, z)dz (4.19)
10) [ (e aot.a) + b)) do = g o4

Equation (3.41) is a consequence of (2.10) and (4.19). O

Proof of Lemma 3.12. Let arbitrary (&, w,h,v) € X with v € H*(0, L) and V (£, w, h,v) < R be given. Due to
L

the fact that / h(z)dz = m (recall (2.12)), the continuity of h and the mean value theorem, there exists
0
€ [0, L] such that h(z*) = h* = m/L.Using the Cauchy-Schwarz inequality, we get for all € [0, L]:

/: B (s)ds

max(z,z*) L
Ih(z) - b*| = </ Wlds < [ s)lds < VI, (4.20)
0

min(z*,x)
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Thus
(h(z) — h*)* < L|W|3
Using the inequality
(h(@)v(@) + ph' (x))* < 212 (2)v* () + 2412 (' (2))”

and (3.8) we obtain

2#2 2
h™ + h/ dx < 2/ h da: T — —y
/ Jole) +p Voo e

Since v(0) = v(L) = 0 by virtue of Wirtinger’s inequality and (3.8) we have:

L? L?
2
lolly < —5 [I"]l; <

2 L 2
< o (Ve w b)) /o h(z) (v'(x))" dz

Combining the above inequality and (3.8) we get

o 2 L2p2(V(£,w,h,v)) r / 2
[ Hept @i < ooV b ol < SRR [The) /(2 e

Using (4.21), (4.22) and (4.23) we obtain

L
ViEw ho)= /0 ba)e? )+ g [h= K x|
L
—|—%/O Kl (z) (h(z)v(z) + ph/(2))” dz + 752 B (w + k)
2
<232 [M e + (ol # o) I+ e 8wtk

-2 V(& w, h,v))

h x +
0 L
A(V(&,w, h,v)) ( / h(z) (V' (x))? da + ||W'|[5 + €2 + (w + k£>2>
where

1 L? (8 +2) pa(s) R Y
A(S) = gmaX <ﬂ_2pl(s),(5+ 1)gL + m,qk ,q) s for s c [O,R)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

Since p2 : Ry — R is an increasing function and p; : Ry — R is a decreasing function, it follows from definition

(4.25) that A : [0, R) — (0,400) is a non-decreasing function.
The proof is complete.

O

Proof of Lemma 3.13. Let arbitrary (§,w, h,v) € X with V(§,w, h,v) < R be given. Using definitions (3.2),

(3.3), (3.4), the inequalities

(h(@)v(w) + ph'(@))* < 202 (@)o*(x) + 24 (W (),



FEEDBACK STABILIZATION OF TANK-LIQUID SYSTEM WITH ROBUSTNESS TO WALL FRICTION 21
2
(w + k€)* < 2w? 4 2k3¢2

and (3.12) we obtain

§+2 5+
V(€ w,h,v) <i/ h(z dx+—th h*x OL]H2
+u/ h (@) (W (@) de +%£ +q
o, i (4.26)
<THm1xHUH2+Tth h* OL]HQ
2

+ h/ _"_7 2+ 'UJ2
b1 (V(€7w3h7v)) ” ”2 2 § 1

The above inequality implies the left inequality (3.43) with

d+2 S+1  pu?  3qk?
HII]&X) g7 9
2 2 Tpi(s) 2

Ga (s) == max ( ,q> , for s € [0, R)

Since p; : Ry — R is a decreasing function, it follows from the above definition that G : [0, R) — (0, +00) is a
non-decreasing function.

Using definitions (3.2), (3.3), (3.4) and the inequalities

’ 2 H ’
o(w)h (@) > =S PR (@) = Fsh @) ()
3%k, 1
WS T

we obtain

5 [t §+1 .
Vigwho) 2 § [ @y +—g¢|h hx[0L|\2

L /Lh1< ) (0 (@) do + L
) gh?
%54 Jy i (4.27)
21p1<V<f,w,h,v>>Hv||2+— Hh By 0L||2
S
I nl— ¥ g2 2
o@D | I3+7 1 % +6“’

Inequality (4.27) implies the right inequality of (3.43) with

2

(8 op’ ak* q
min <2P1(3)a9(5+ 1), Hom 012) 23

Gi(s) ==

, for s € [0, R)

Since p; : Ry — R is a decreasing function, it follows from the above definition that Gy : [0, R) — (0, +00) is a
non-decreasing function.

The proof is complete. O
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Proof of Proposition 3.4. Suppose first that L = 1. Let ¢ € H' (0,1) with ¢(0) = ¢(1) = 0 be a given function.
0o 1

It holds that ¢ = Z Unbn, Where ¢, (x) = v/2sin (nrzx) and a, = / p(z)dpn(x)dz. Thus, we have (using the
0

n=1

Cauchy-Schwarz inequality):

00 L) 0 1/2 / 1/2
1 1
ol < \/52 lan| = \/iz ——nm lan| < V2 (Z n27r2> (Z n27r2ai> (4.28)
n=1 n=1 n=1

n=1

oo
Since ¢’ = Z NTann, where ¢, () = v/2 cos (nmx) we obtain from Parseval’s identity that

n=1

'l =" n?n?a? (4.29)
n=1

— 1 1
Inequality (3.19) for L = 1 is a consequence of (4.28), (4.29) and the fact that E pe Rl Since
n2mw
n=1

[o ] o0
o' =— Z n?r%a, ¢, when @ € H2(0,1), we have from Parseval’s identity the equation |j¢” |3 = Z nirta?.
n=1

n=1
Thus, (3.20) for L =1 follows from (4.29) and the previous equation.
When L # 1, we consider the function ¢ (§) = ¢ (LE) defined for £ € [0, 1].
The proof is complete. O

Proof of Lemma 3.14. Let o,k,q,0 > 0 be given constants and let r» € [0,R) be a constant, where R >
0 is defined by (3.11). Consider a classical solution of system (2.7)-(2.10), (2.12) and (3.27) with v €
CO (Ry; HY (0,L)) N C* ((0,400); H' (0,L)) at a time t > 0 for which V(£(t), w(t),h[t],v[t]) < R. Using
Lemma 3.11, (3.40), (3.41) and definition (3.2) we obtain:

d
3V (E) w(t), hlt],o[t)

L
= —ug || t]]l5 — u5/0 h(t,@)v3 (1, w)dz + gk (w(t) + kE(1))

L (4.30)
—ak>(t) + f(1) ((5 +1) / h(t, z)o(t, z)dx + p (h(t, L) — h(t,0)) — q (w(t) + kﬁ(t))>
L ’ L
—(5+ 1)/ r(h(t,z),v(t,z))v*(t, z)dx — u/ Y (t, 2)hy (t, 2)k(R(t, ), v(t, 2))v(t, z)de
0 0
Using (3.27) and (4.30), we get:
SV(E), w(t), bl o)
L
=g [l = 25 | hit,a)od (e )de + gk (w(t) + ¢(0)°
’ (4.31)

I 2
—qk3E%(t) — o ((5 +1) /0 h(t,z)v(t,x)dx + p (h(t, L) — h(t,0)) — g (w(t) + kf(t)))

L L
—(0+ 1)/0 r(h(t,z),v(t, z))v*(t, z)dz — u/o R (t, ) he (t, ) k(h(t, x), v(t, z))v(t, z)dx
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Using the inequality

L
2 ((5 +1) /0 h(t, z)o(t, z)dz + p (h(t, L) — h(t, 0))) (w(t) + kE(t))

142 L ’ q 2
< . <(5 + 1)/0 h(t,z)v(t,x)dx + u (h(t, L) — h(t, O))) + 113 (w(t) + k&(t))

guoT?p1(r)

btain f 4.31) the followi timate:
5oL (mgL (6 + 12 + 220771 (1)) we obtain from (4.31) the following estimate

with z =

gV €000, < g

b / Bt )02 (1, 2)dx — gFOE() — g (

0qz
1+=2

~ ) (o) + k()
+oz ((5 +1) /L h(t,x)v(t,x)dx + pu (h(t, L) — h(t, 0)))
0

L
—(0+ 1)/0 k(h(t, ), v(t,z))v*(t, z)dz
L
—,u/ Yt 2)hy (t, )k (h(t, x), v(t, 2))v(t, z)ds
0

Using the inequality

2u(0 4+ 1) (/0 h(t, z)v(t, x)da;) (h(t, L) — h(t,0))
22omp(r) (" C L mgLHu (6 12 ([ :
< m (/0 h(t CU) (t x)dx) + 257‘(‘21)1(7“) </0 hz(t,x)dx>

guémpy(r)
20 L (mgLHmax (0 + 1)? + 202072 ps (1))

and the fact that z =

SV(E), w(t), bl olt)) < g a3~ u5/ (t, a0, )

—qk3E2(t) 2’;57221; </hta: (t,x)d )

g (a0(r) — ) (wlt) + ke (1) (/ ho(t,2)d )

L
—(6+1) / w(h(t, z), o(t, )0 (¢, 2)dx
L
cn [ bt )R(hle, ). o)) o )
0

23

(4.32)

we obtain from (4.32) the following estimate:

(4.33)
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where 0(r) is defined by (3.26). The Cauchy-Schwarz inequality in conjunction with (2.12) implies the following

inequalities:
I 2
( / hz@,x)dx) < Lol
0

L 2 L
</0 h(t,x)v(t,m)da:) Sm/o h(t, z)v*(t, z)dx

Thus, we obtain from (4.33) the following estimate:

SV, i), A ol) < - 252 gl

L
—ua/ h(t, 2)u2(, a:)dx—((H—l)/O k(h(t, 2), 0(t, )02 (t, 2)dz
—qk35<>+% [ b o) ) i) + k(0

—u/ Rt x)he (t, z)k(h(t, z),v(t, z))v(t, z)dz

(4.34)

Using the inequality

Bt )he (8, 2)( (@), o(t 2)o(t o) = —Sh2 () - v3(t, )

we obtain from (4.34) the following estimate:

SVE 00,1 010) <~ Pl o [ hit a2
—(6+1) /0 (1— ((Z(i ; h2((t ;;) w(h(t,2), o(t, 2))o2(t, z)de (4.35)
(

(57T pl )
L3¢2 /i 02
—qk”E3(t) EYEY: .

t,x)de — g (q0(r) — k) (w(t) + kE(1)*

Definition (3.46) in conjunction with (3.12) and (4.35) implies the following estimate:

SV, 000, H0e) <~ ) - 8 [ 01200 )t
—<5+1—“K(t) / w(h(t, 2), 0(t, )02 (t, )dz (4.36)

29 ,/ Jo
pom2py(r)p2 (V (1)) Hv[t]llg —q(q0(r) — k) (w(t) + kf(t))2

_ k3 2t
q g()—’_ 2L2Hlnax

Since v(¢,0) = v(t, L) = 0 (recall (2.10)), by virtue of Wirtinger’s inequality and (3.12), we get:

2 L2 2 L2 L 2
o161 < 25 ool <€~ [ it it oe (4:37)

Combining (4.36) and (4.37), we obtain (3.44).
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Since v € C° (Ry; H* (0, L)) NC* ((0,+00); H' (0, L)), by working with a similar way with the proof of Lemma
3.3 in [20], we establish the following equation:

L
& (31i) == [Constt ot (1.33)

Using (2.8), (2.9) and (4.38) we get:

dt s
—H ||Um[t]”g - f(t)/ Vg (t, z)da — N/ Vg (t Lt @)y (b, v (t, ) da (4.39)
0 0

L
n / vra (b, 2)h L 2) (AL ), vt ) (2, 2)de
0

7 (3 lati2) :/OLL””“ 2o, )vz(t,w)d$+9/ oty 0)ho (1, 2) o

Using (4.39) and the following Young inequalities

5

Vg (b, 2)0(E, 2)0g (L, 2) < ﬂ1192596(15@) + 2—v2(t,x)vi(t,x)
I

59>

GUza(t, ) hy(t, ) < loviw(t,w) + 7h§(t7$)

10

() (1 ) (b, )0 1, ) < Lo (1) + 2R 0, )21 a2 )
Ho2 5 .o
—f () vea(t, ) < {5020 (t,2) + ﬂf (t)

Um(t x)h (¢, a:)fg(h(tx),v(t,m))v(t,x)
< L2 (t,z) + ﬂh_Q(t,x)HQ(h(t,.T),’U(t,l‘))vQ(t,l‘)

- 107

we get:

d (1 2 S 2 M 2 5L ,

5ty ) < o= | VPt a)ui(t, x)dx+ - ||h [tz = 5 lvaalt]lly + 57 (1)

dt \ 2 . 20 2 20 (4.40)

+% h=2(t, x)h2(t, ) (t,z)dx + —/ K2 (h(t,z),v(t, z))v*(t, z)dz

0
Applying Proposition 3.4 to the function ¢ (§) = v (¢, L), we obtain:
L T
lltllloe <4/ 5 lvaltllly and 7 llvaftlly < llvas(t]lly (4.41)

Thus, we get from (4.41):

Lo, 2 2 L 4
/O v (t, 2ol (t, z)de < olt]|12 valt]]l5 < 3 llvaltlll2 (4.42)
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Combining (4.40) and (4.42) we obtain:

d 1 5L 2 H v 2 % 2
(%(mum>_6mum+ “Wlwf 2 a1 + 32200 .
+7M/ ™2 (t, 2)h2 (¢, x)va(t, x)d:c—|— — 2(t, x)k2(h(t, ), v(t, x))v?(t, z)dz

0 0

Using (3.12), (3.46) and (4.43) we get:

5 (3 10ule2) = 35 funlld+ 3L el — & ool + 2700

Op L71 zxzzxf)FQ(t)szvzxx
o [ e+ 2D [

(4.44)

L
Since v(t, L) — v(t,0) :/ ve(t,z)dz =0 and since v[t] € C1([0,L]), there exists z* € [0,L] such that

0
ve (t,2*) = 0. Using the inequality 2 |v.(t,s)ves(t,s)| < ev2(t,s) + e 1v2,(t,s) that holds for all £ > 0, we
get for all z € [0, L]:

max(z,z”)

vi(t, ) = 2/ Vg (ty 8) Uz (8, 8)ds < 2/ |vz (8, 8) Vs (2, 8)| ds

* min(z,z*)
max(z,z") max(z,z") 5 9
</ ts)ds =t [ 2, (b s)ds < & o 13 + & a4
min(z,z*) min(z,z*)
Thus, we obtain for all € > 0:

loz[A)l1% < elloalt)l3 + ™" loaalt)l3, for all e >0 (4.45)

Combining (4.44) and (4.45), we get for all € > 0:

a (1 Lty 30 e e L
&(ummﬁ_6|mum+2mwu 5 et + 5 F2(0)

+2p1(V )/h Y(t, x)h2(t, x)d +2€p1(v(t))/0 R (t, )2 (t, x)da (4.46)

/ RA(t ,x)dx

L
Using (3.12) and assuming [|7,[t][|> > 0, we select & = 1%/0 h=Y(t, 2)h2(t,z)dz and we get:
d 1 Hmax
m(nﬂmﬁ_6naw2 2 s [ e = .
oL o 25#””7:[]” b 1 2 5K (t) k 2 2 .
+2ﬂf )+ VD) </0 h~ (t,x)hm(t,x)dx> + o /0 hZ(t, z)v*(t, z)dz

Inequality (4.47) also holds when ||, [t]||§ = 0. Thus, we conclude that (4.47) holds in every case.
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L
2 1
Using inequality (4.2), which implies / Rt 2)h2 (¢, z)de < (:;:2)‘/(15), we get from (4.47):
0
d /1 5L 4 50+ 1)g*Hpax " 9
G (3 1eat13) < 22 oty + 2O Hmny ) - & g

o o (4.48)
5L 100 (5 + 1)° | z[t]IQVQ(t)JrM;ﬂ(t)/O R2(t, 2)03(t, ¢)dz

o O TEEE )

L
2
Using (3.2), (3.3) (which both imply that / h(t,z)v?(t, z)dx < gV(t)), (3.12), the fact that V(¢) < R and
0
(4.48) we get:

5L 5L
G (3ot ||2) S Il = & Tosa 813 + 5 209

4.49)
1000 +1)*R 5Hmax 72 (0+1)g° (
Vg K=(t t
+ao VO + e (20 + CE T ) v
Equation (3.27) and the triangle inequality give:
L
f) <o ((5 + 1)/ h(t, z) [o(t, )| dz + p[[ha[t]]]; + q|w(t) + k‘f(ﬂl) (4.50)
0
Using the Cauchy-Schwarz inequality and (2.12), we get:
B 1/2
el < vim ( / h*(m)hi(t,x)dw)
0 (4.51)

. . 1/2
/ h(t,z) |v(t,z)|dz < /m </ h(t,az)v%t,m)dm)
0 0

Using (3.2), (3.3) (which both imply that /L h(t,z)v?(t, z)dx < ;V(t) and (w(t) + k€(1))? < SV(t)) and (4.2)
0

L
(which implies that /0 Rt 2)h2 (¢, z)da < 2(((;:—21)V(t)), we get from (4.50), (4.51):
f2(t)
<302 (6 +1) m/ (t, 2)v*(t,z)dz + p m/ Lt 2)hE(t, x)dx + ¢* (w ()+k§(t))2> (4.52)
< 602 <(5+1)(§+2) + q) V(t)

Combining (4.49) and (4.52) and using (4.41) we obtain (3.45).
The proof is complete. O

Proof of Lemma 3.15. Let f,v,0,k,q,6 > 0 be given constants. Suppose that (3.25) holds. Consider a
classical solution of the PDE-ODE system (2.7)-(2.10), (2.12) and (3.27) with v € C°(Ry;H'(0,L)) N
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C! ((0,+00); H' (0, L)) at a time ¢ > 0 for which V(£(¢), w(¢), hlt],v[t]) < R and ¢ (V(£(t), w(t), ht], v[t])) > 0.
Then we get from (3.44), (3.47) and (3.12):

Ly (e, wit), i, oft) < —%g e lt]llz — a (@B(r) — k) (w(t) + kE(t)?

dt
L
- ;jx <2Hmaxp1(r)M) /0 h(t, z)v2(t, z)dz — 4;jaxga(V(t))va[t]H§ (4.53)

- (6 +1- Mz?) /0 k(h(t, ), 0(t,2))0* (t, 2)de — gk*€*(t)

Using definition (3.48), we obtain from (4.53):

L
< —a (V) A V(D) (nhx 112 + (wlt) + ke(6)® + () + / h(t,m)vi(t,x)dx) (4.54)

§7g L
T (V) sl - (5“ - M;;”) | rtntea). ot e)da

Using (3.42) and (4.54) we obtain:

g (60000 Ht o) < —a (VIO V() - 4§jax

- (5 41— ‘”((”) /OL w(h(t, 2), o(t, )02 (t, )da

e (V) lvat]ll5
(4.55)

Inequality (3.49) is a direct consequence of (4.55), (3.45) and definition (3.5). The proof is complete. O

Proof of Theorem 3.6. Let r € [0, R) be given and let constants o, ¢, k,d > 0, for which (3.24), (3.25) hold. Con-
sider a classical solution of the PDE-ODE system (2.7)—(2.10), (2.12) with (3.27) with v € C° (Ry; H' (0,L)) N
C* ((0,400); H' (0, L)) that satisfies V (£(0),w(0), h[0],v[0]) < r. Let 7 € (r, R) be a constant that satisfies:

b2 ('F> _ 2I{maux 7)) — 29 (5 + 1)
max (pl GG , K (p1 (7)) — ) <0 (4.56)

Such a constant 7 € (r, R) exists because (3.24) holds and because all functions involved in (4.56) are continuous.
We next notice that the following implication holds:

“If t > 0 and V (&(¢), w(t), h[t], v[t]) < 7 then %V (&(t),w(t), h[t],v]t]) <07 (4.57)

Indeed, implication (4.57) is a consequence of (3.44), (3.12), (3.23),(3.24),(3.25), (4.56) and definition (3.46).

We next prove by contradiction that V' (£(¢),w(t), h[t], v[t]) < 7 for all t > 0. Assume the contrary, i.e. that there
exists t > 0 such that V (&(¢), w(t), h[t],v[t]) > 7. Therefore, the set A :={t >0 : V (£(t), w(t), hlt],v[t]) > 7}
is non-empty and bounded from below. Thus, we can define t* = inf(A4). By definition, and since
V (€(0), w(0),h[0], v[0]) < r < 7 it holds that t* > 0 and V (£(¢),w(t),h[t],v[t]) < 7 for all ¢ € [0,t*).
By continuity of the mapping ¢t — V (£(t),w(t), h[t],v[t]) (recall that h € C* (R4 x [0, L]; (0, +00)) and v €
C° (R4 x [0, L])) we obtain that V (&(¢*),w(t*), h[t*], v[t*]) = 7. Moreover, since V (£(t), w(t), h[t],v[t]) < 7 for

d
all ¢t € [0,t*), it follows from implication (4.57) that &V (&(t),w(t), h[t],v[t]) <0 forallt € [0,¢*). By continuity
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of the mapping t — V (£(t), w(t), h[t], v[t]), we obtain that
V ("), w(t™), hlt™], o[t"]) <V (£(0), w(0), h[0], 0[0]) <7 < T
which contradicts the fact that V' (£(t*), w(t*), h[t*], v[t*]) = 7.

Since V' (£(t), w(t), h[t], v[t]) < 7 for all ¢ > 0, we conclude from implication (4.57) that %V (&), w(t), hlt], v[t])
< 0 for all ¢t > 0. By continuity of the mapping t — V (£(¢), w(t), h[t], v[t]), we obtain that

V (&(t),w(t), h[t],v[t]) <V (£(0),w(0),h[0],v[0]) <r < R, for all t >0 (4.58)

Hence, (£(t), w(t), h[t],v[t]) € Xv(r) for all ¢ > 0 (recall (3.16)). Using (3.44), (3.12), (3.23), definition (3.47)
and (4.58), we get for all ¢ > 0:

CVE®), w(t), bl vl) <~ 0~ 0 060 — B) (e) + Ke(0))

pép(r) t 2 3¢2 (4.59)
—m/o h(t, x)vy(t, x)dz — qk*&7(t)
Thus, we obtain from (4.59) the following estimate for ¢t > 0
d
3V (€(2), w(?), hit], v[t])
L L (4.60)
< -w (/ h2(t,z)dx +/ h(t, x)v2(t, x)de + E2(t) + (w(t) + kg(t))2>
0 0
where
w = min (“g _10e(r) k3 g (gb(r) — k)) (4.61)
= 4 ’2Hmaxp1(7‘)’q >4 \q :
It follows from Lemma 3.12 and (4.60) that the following estimate holds for all ¢ > 0:
d wV(E(t), w(t), hlt], v[t])
VOO o) < - e (4.62)

where A is the non-decreasing function involved in (3.42). Since A is non-decreasing, we obtain from (4.62) and
(4.58) the following estimate for all ¢ > 0:

%V(E(t),w(t), hlt], vlt]) < —A(T)V(é(t),w(t)vh[t],v[t]) (4.63)
Pick constants 3, > 0 such that
4Hmax€2
2 e e ()
B > % (4 64)
~ 3pPde(r) '

5 (HmaXKQ (p1 (’I“)) =+ 81)
§ po (1)

v >
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We obtain from (3.46), (3.12), (3.23), (3.47), (3.48), (3.49) and (4.58) for all ¢ > 0:
d

dtU(if(t)w)v(t)’ hlt], oft]) < —a(r) V(2)

e, L) E exp (8V (1)) s 12 (4.65)

5 (HmaxK (Pl (7’)) + 51)
i )vexp (BVO) V()

—(a@) -

Thus, we obtain from (4.65) and (3.5) the following estimate for ¢ > 0:

iU(E( t),w(t), hlt], v[t]) < —wU(&(t), w(t), hlt],v[t]) (4.66)
where
. 1) r 5 (Hmax K2 (p1 (1) + €1
W = min ((;}iix) + L2> g, a(r)— ( 5397 ) )> (4.67)

By continuity of the mappings t — V (£(t), w(t), h[t],v[t]), t — U(E(t), w(t), ht],v[t]), (recall that v € CY (R,
;HY(0,L)), h € C* (R4 x [0, L]; (0,400)) and v € C° (R4 x [0, L])) the differential inequalities (4.63), (4.66)
imply the following estimates for all ¢ > 0:

V€t w(o): i ol < exp (=755 ) VIE©).w(0), (0] o) (4.68)
U(E(e), w(t) b, 1) < exp (<3 1) U(E(0),w(0), 4[], o[0) (4.69)

Estimates (4.58), (4.68), (4.69), definition (3.5) and Lemma 3.13 give the following estimate for all ¢ > 0:

(), w(t), hlt) = W0,y o) ||

< Q(t) exp (—%) 1(£(0),w(0), h[0] — h*X[o,va[ODHi (4.70)
lealtll; < Qexp (-@1) (H(f(o),w(O), h[0] = h* xqo,3, v [0]) |5 + ||vz[0]|\§) (4.71)
with
Q(t =Gy (V (f(t), w(t)7 h[t]’ ’U[t])) Ga (T)
0 :=2(1+7) (1+Ga () exp (Br) (4.72)

Where G; : [0, R) — (0,+00) (i = 1,2) are the non-decreasing functions involved in (3.43). Estimate (3.29) with
=VQand X = % is a consequence of estimate (4.71). Since G; : [0, R) — (0, 4+00) (i = 1, 2) are non-decreasing
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functions, we obtain from (4.58), (4.70), (4.72) for all t > 0:

& hlt] = h*xqo,03, vt) ||

sal<r>a2<r>exp LY €(0), w(0). B0 — W xjo 1. 0[O [ (4.73)
NG

Estimate (3.28) with M = /G (r)G2(r) and A = A( 3 is a direct consequence of (4.73). The proof is complete.
O
Proof of Proposition 3.5. Let arbitrary (£, w, h,v) € S that satisfies H(O, w,h —h* X001, v)llx Sewith0 <e <

min (h*, Hyax — h*) /V/L be given. Using definitions (3.2), (3.3), (3.4), the inequalities (h(x)v(z) + ph'(z))? <
202 (2)v2(z) + 2u2 (K (x))°, (w + k&) < 2w? + 2k2€2, we obtain:

w, h,v E z)v?(z)dz 2 Lilz ’x2x
Vigwho <2 M) ”d“‘/oh (@) (W(@))*

0
541 .
+——9 k= h"xp, L]H2+—£2+qw

(4.74)

L
Since / h(z)dx = m (recall definition (3.1)) and since h* = m/L, it follows from continuity of h and the mean

0
value theorem that there exists o* € [0, L] such that h(z*) = h*. Using the Cauchy-Schwarz inequality, we get
for all z € [0, L]:

x max(z,z™)
W) - h* = / W (s)ds = |h(z) — h*| < / W ()| ds < |ll; < VE 1], (4.75)

min(z,z*)

Consequently, we obtain for all z € [0, L] from (4.75), (3.13) and the facts that 0 < ¢ < min (h*, Hpax — h*) /VL,

||(07w7 h — h*X[O,L]av)HX <e

0<h*—eVL <h* = VL|I|, <h(z) <h*+VL|h|, <h*+eVL < Hpax (4.76)
Therefore, we obtain from (4.74) and (4.76):

0+2 3qk?
(f,w h U) < THmax HU”Q +qw + 52

* 5+1 * (4.77)
2 (1 —eﬁ) 115 + =g ||h — W*xpo,01]

Inequality (3.22) is a direct consequence of (4.77) and definition (3.13).
The proof is complete. O

Proof of Theorem 3.9. Let 0,q,k,6 > 0, wy € (0,h*), wy > 0 be given constants for which inequalities (3.31),
(3.32), (3.35), (3.36) hold. Let r € [0, R) be a given constant for which inequalities (3.34) hold.

The proof of Lemma 3.12 shows that the non-decreasing function A : [0, R) — (0,400) involved in (3.42)
may be defined by (4.25). It follows from (4.25), (3.34) and the fact that ps(r) < Hpax (a consequence of the
fact that r € [0, R) and definitions (3.9), (3.11)) that the following inequality holds:

L? 2) Hnax 20
(0+2) iy (54 1)gL% + 2= ,qkz,q> (4.78)
w1

A(r) < %max (

71'2(,01
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It follows from (3.26), (3.34) and definition (3.33) that the following inequality holds:

o(r) >0 (4.79)
Due to (4.78), (4.79), (3.34), definition (3.39) and the fact that p2(r) < Hmax (a consequence of the fact that
r € [0, R) and definitions (3.9), (3.11)), the functions ¢(s), « (s) defined by (3.47), (3.48) satisfy the following

inequalities:

@(T) > Wleax (480)

a(r)>a (4.81)

Inequalities (3.35), (3.36), (3.34), (4.80), (4.81) imply that the following inequalities hold:

5 (Hmaxf(Q T 51)

a(r) > 5
B
a(r) D+ 20 ) > G (4.82)
wo s 5L

8Hmax<p(r)> o

Since the functions p1(s), ¢(s), a(s) defined by (3.9), (3.47), (3.48), respectively, are continuous functions,
inequalities (3.34) and (4.82) imply the existence of 7 € (r, R) for which the following inequalities hold:

p1(F) = w1, \/23L (T + T exp (7)) < wa (4.83)

Hmaxk2 + 61)

o pry
a(?)ﬁ 4 HOBY o(F) > 22 (4.84)

a(r)25<

uéps . _ 5L

> =
SHmang(T) - 6#

Consider an arbitrary classical solution of the PDE-ODE system (2.7)—(2.10), (2.12) with (3.27) with v €
C® (Ry; H (0,L)) NC* ((0,400); H (0, L)) that satisfies U(£(0),w(0), h[0],v[0]) < 7 + yrexp (8r). We make
the following claim.

d
Claim: If U(&(t), w(t), hlt], v]t]) < T + 4T exp (B7) for some ¢t > 0 then gU(f(t),w(t), hlt],v[t]) < 0.
Proof of Claim: Definition (3.5) and the fact that U(&(t), w(t), hlt], v[t]) < T + T exp (67) implies that

VI(E(), w(t), hlt), olt]) <7 (4.85)

lva[t]]l3 < 27 + 297 exp (BF) (4.86)
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It follows from (4.41) that

2L _ -
ol < 22 7+ 47 exp (57) (1.87
Inequalities (3.12), (4.83), (4.85), (4.87) and definitions (3.30), (3.46) imply that
Kt)<K (4.88)

The fact that the functions ¢(s), a (s) defined by (3.9), (3.47), (3.48), are non-increasing functions, in conjunc-

tion with (3.31), (3.49), (4.84), (4.85), (4.88), imply that %U(f(t),w(t),h[t],v[t]) < 0. The proof of the claim

is complete.

Continuity of the mapping ¢ — U(£(t), w(t), h[t], v[t]) (recall that v € C®(Ry. ;H' (0,L)), h € C* (Ry x [0, L]
:(0,+00)) and v € C°(Ry x [0, L])), the facts that 7 > r, U(£(0),w(0),h[0],v[0]) < r +yrexp(Br) < F+
~T exp (A7) and the Claim allow us to use a standard contradiction argument and prove that the estimate
U(&(t),w(t), hlt],v[t]) <T+AFexp (BT) holds for all ¢ > 0. Therefore, the Claim in conjunction with continuity
of the mapping t — U(&(t), w(t), h[t], v[t]) and the fact that U(£(0),w(0),h[0],v[0]) < r + yrexp (Br) implies
that the following estimate holds for all ¢ > 0:

U(&(t), w(t), hlt], v[t]) < U(£(0), w(0), h[0], v[0]) < r + yrexp (Br) (4.89)
Inequality (4.89) in conjunction with (3.17) shows that (£(¢), w(t), hlt],v[t]) € Xy (r) for all ¢ > 0. Working

exactly as in the proof of the claim above and exploiting (4.89), we conclude that (4.88) holds for all t > 0 as
well as the following inequality for all ¢ > 0:

V(E(t), w(t), hlt], ot]) <r (4.90)

Using (3.44), (3.49), (4.82), (4.88), (4.90), (3.31), the fact that pa(r) < Hmax, the facts that pi(s), ©(s), a(s)
are non-increasing and py(s) is non-decreasing, we get the following differential inequalities for all ¢ > 0:

S Ve, wn), hl o) < 22 ha 012 - k')
us (L (4.91)
~a(@00) ~ ) (w(t) + k()" = 7 [ hit. o)kt o
0

d

U0 0,1 1) < = (VD

(e )+ T3 ) & exw (570 s o

5(HmaxK +51)
|t - Texp (8V (1) V(1)

o pry

It follows from (3.42), (3.5), (4.90), (4.91), (4.92), we get the following differential inequalities for all ¢ > 0:

—V(E(), w(t), hlt], v]t]) < —w V(E(#), w(t), hlt], v[t]) (4.93)
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d
U €0, w(t), hlt], v[t]) < ~wU (), w(t), hlt], v[t]) (4.94)
where
1 3 1o
sy i (k) - 0. ).
) HmaxKQ
w=min | a(r)— < +€1) 0y @(r)+£2 H
S pry "\ Hiax L2) 2
From this point the proof becomes identical with the proof of Theorem 3.6. O

5. CONCLUDING REMARKS

This paper showed that a simple modification of the nonlinear feedback law proposed in [22], namely an increase
of the gain of the liquid momentum, can guarantee robustness with respect to wall friction. The constructed sta-
bilizing feedback law does not require exact knowledge of the friction coefficient (for which there is considerable
uncertainty). The obtained robustness results are not a surprise: Lyapunov function(al)s are among the most
important tools of guaranteeing robustness and the feedback laws were designed by means of the CLF method-
ology. Therefore, it is justified to claim that robustness is an intrinsic property for the CLF methodology-a
well-known fact in the literature of finite-dimensional systems. The results of the present paper confirm this
fact for the infinite-dimensional case of systems described by PDEs.

The present paper did not study the existence/uniqueness issue for the solutions of the closed-loop system.
This is a completely different topic for future research. To this purpose, ideas contained in [24, 31] can be used.
However, the obtained stability estimates will certainly help the analysis. Another open issue is the construction
of numerical schemes for the numerical approximation of the solutions of the closed-loop system. The issue was
studied in [23], where we noticed the lack of numerical schemes that can be applied to the closed-loop system.
Again, the stability estimates provided in the present work can help the analysis. Even in the preliminary
numerical study contained in [23] the time step was selected based on the discretized version of the CLF. We
expect that the Lyapunov functionals that were provided in the present work will help the stabilization of the
numerical schemes that will be used for the approximation of the solutions of the closed-loop system.
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