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STABILITY IN AFFINE OPTIMAL CONTROL PROBLEMS
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Abstract. This paper investigates stability properties of affine optimal control problems constrained
by semilinear elliptic partial differential equations. This is done by studying the so called metric sub-
regularity of the set-valued mapping associated with the system of first order necessary optimality
conditions. Preliminary results concerning the differentiability of the functions involved are established,
especially the so-called switching function. Using this ansatz, more general nonlinear perturbations are
encompassed, and under weaker assumptions than the ones previously considered in the literature on
control constrained elliptic problems. Finally, the applicability of the results is illustrated with some
error estimates for the Tikhonov regularization.
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1. Introduction

We consider the following optimal control problem

min
u∈U

{∫
Ω

[
w(x, y) + s(x, y)u

]
dx

}
, (1.1)

subject to

 −div
(
A(x)∇y

)
+ d(x, y) = β(x)u in Ω

A(x)∇y · ν + b(x)y = 0 on ∂Ω.
(1.2)
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The set Ω ⊂ Rn is a bounded domain with Lipschitz boundary, where n ∈ {2, 3}. The unit outward normal
vector field on the boundary ∂Ω, which is single valued a.e. in ∂Ω, is denoted by ν. The control set is given by

U := {u : Ω→ R measurable : b1(x) ≤ u(x) ≤ b2(x) for a.e. x ∈ Ω} ,

where b1 and b2 are bounded measurable functions satisfying b1(x) ≤ b2(x) for a.e. x ∈ Ω. The functions
w : Ω×R→ R, s : Ω×R→ R, d : Ω×R→ R, β : Ω→ R and b : ∂Ω→ R are real-valued and measurable, and
A : Ω→ Rn×n is a measurable matrix-valued function.

There are many motivations for studying stability of solutions, in particular for error analysis of numerical
methods, see e.g., [31, 32]. Most of the stability results for elliptic control problems are obtained under a second
order growth condition (analogous to the classical Legendre-Clebsch condition). For literature concerning this
type of problems, the reader is referred to [19, 22, 23, 25, 26, 36] and the references therein. In optimal control
problems like (1.1)–(1.2), where the control appears linearly (hence, called affine problems) this growth condition
does not hold. The so-called bang-bang solutions are ubiquitous in this case, see [4, 10, 11]. To give an account of
the state of art in stability of bang-bang problems, we mention the works [1, 29, 30, 34, 38] on optimal control of
ordinary differential equations. Associated results for optimization problems constrained by partial differential
equations have been gaining relevance in recent years, see [5, 9–11, 13, 35]. However, its stability has been only
investigated in a handful of papers, see e.g., [13, 33, 35]. From these works, we mention here particularly [35],
where the authors consider linear perturbations in the state and adjoint equations for a similar problem with
Dirichlet boundary condition. They use the so-called structural assumption (a growth assumption satisfied near
the jumps of the control) on the adjoint variable. This assumption has been widely used in the literature on
bang-bang control of ordinary differential equations in a somewhat different form, see, e.g., [1, 29, 34, 38].

The investigations of stability properties of optimization problems, in general, are usually based on the study
of similar properties of the corresponding system of necessary optimality conditions. The first order necessary
optimality conditions for problem (1.1)–(1.2) can be recast as a system of two elliptic equations (primal and
adjoint) and one variational inequality (representing the minimization condition of the associated Hamiltonian),
forming together a generalized equation, that is, an inclusion involving a set-valued mapping called optimality
mapping. The concept of strong metric subregularity, see [12, 17], of set-valued mappings has shown to be
efficient in many applications especially ones related to error analysis, see [2]. This also applies to optimal
control problems of ordinary differentials equations, see e.g., [16, 29].

In the present paper we investigate the strong metric subregularity property of the optimality mapping
associated with problem (1.1)–(1.2). We present sufficient conditions for strong subregularity of this mapping on
weaker assumptions than the ones used in literature, see Section 6 for precise details. The structural assumption
in [35] is weakened and more general perturbations are considered. Namely, perturbations in the variational
inequality, appearing as a part of the first order necessary optimality conditions, are considered; which are
important in the numerical analysis of ODE and PDE constrained optimization problems. Moreover, nonlinear
perturbations are investigated, which provides a framework for applications, as illustrated with an estimate
related to the Tikhonov regularization. The concept of linearization is employed in a functional frame in order
to deal with nonlinearities. The needed differentiability of the control-to-adjoint mapping and the switching
function (see Sect. 3) is proved, and the derivatives are used to obtain adequate estimates needed in the
stability results. Finally, we consider nonlinear perturbations in a general framework. We propose the use of
the compact-open topology to have a notion of “closeness to zero” of the perturbations. In our particular case
this topology can me metrized, providing a more “quantitative” notion. Estimates in this metric are obtained
in Section 5.
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2. Preliminaries

The euclidean space Rs is considered with its usual norm, denoted by | · |. As usual, for p ∈ [1,∞), we denote
by Lp(Ω) the space of all measurable p-integrable functions ψ : Ω→ Rs with the norm

|ψ|Lp(Ω) :=
( s∑
i=1

∫
Ω

|ψi(x)|p dx
) 1
p

.

The space L∞(Ω) consists of all measurable essentially bounded functions ψ : Ω→ Rs with the norm

|ψ|L∞(Ω) := ess sup
x∈Ω

|ψ(x)|.

We denote by C(Ω̄) the space of continuous functions on Ω that can be extended continuously to Ω̄ equipped
with the L∞-norm. We denote by H1(Ω) the space of functions ψ ∈ L2(Ω) having all first order weak derivatives
in L2(Ω) endowed with its usual norm. The space H1(Ω) ∩ C(Ω̄) is endowed with the norm

|ψ|H1(Ω)∩C(Ω̄) := |ψ|H1(Ω) + |ψ|C(Ω̄).

A function ψ : Ω × R → R is said to be Carathéodory if ψ(·, y) is measurable for every y ∈ R, and ψ(x, ·) is
continuous for a.e. x ∈ Ω. A function ψ : Ω×R→ R is said to be locally Lipschitz, uniformly in the first variable,
if for each M > 0 there exists L > 0 such that

|ψ(x, y2)− ψ(x, y1)| ≤ L|y2 − y1|

for a.e. x ∈ Ω and all y1, y2 ∈ [−M,M ]. In order to abbreviate notation, we define f, g : Ω× R× R→ R by

f(x, y, u) := β(x)u− d(x, y) and g(x, y, u) := w(x, y) + s(x, y)u.

The following assumption is supposed to hold throughout the remainder of the paper. It ensures that the
mathematical objects related to problem (1.1)–(1.2) that we consider are well defined. Assumption 1 is quite
standard in the literature, see the book [40].

Assumption 1. The following statements are assumed to hold.

(i) The set Ω ⊂ Rn is a bounded Lipschitz domain. The matrix A(x) is symmetric for a.e. x in Ω, and there
exists α > 0 such that ξ ·A(x)ξ ≥ α|ξ|2 for a.e. x in Ω and all ξ ∈ Rn.

(ii) The functions w, s and d are Carathéodory, twice differentiable with respect to the second variable, and
their second derivatives are locally Lipschitz, uniformly in the first variable.

(iii) The functions A, β, b, d(·, 0), dy(·, 0), wy(·, 0) and sy(·, 0) are measurable and bounded.
(iv) The function dy(·, y) is nonnegative a.e. in Ω for all y ∈ R. The function b is nonnegative a.e. in ∂Ω and

|b|L∞(∂Ω) > 0.

Items (i) and (iv) of Assumption 1 ensure that the partial differential equations appearing in this paper have
unique solutions in the space H1(Ω) ∩ L∞(Ω).

2.1. The elliptic operator

We consider the set D(L) of all functions y ∈ H1(Ω) ∩ L∞(Ω) for which there exists h ∈ L2(Ω) such that∫
Ω

A(x)∇y · ∇ϕdx+

∫
∂Ω

b(x)yϕds(x) =

∫
Ω

hϕdx ∀ϕ ∈ H1(Ω). (2.1)
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As usual, ds denotes the Lebesgue surface measure. It is easy to see that for each y ∈ D(L) there exists a unique
element h ∈ L2(Ω) such that (2.1) holds. We define the operator L : D(L)→ L2(Ω) by assigning each y ∈ D(L)
to the function h ∈ L2(Ω) satisfying (2.1). By definition, a function y ∈ H1(Ω)∩L∞(Ω) belongs to D(L) if, and
only if, it is the weak solution of the linear elliptic partial differential equation − div

(
A(x)∇y

)
= h in Ω,

A(x)∇y · ν + b(x)y = 0 on ∂Ω

for some h ∈ L2(Ω). The following lemma is of trivial nature.

Lemma 2.1. The set D(L) is a linear subspace of H1(Ω) ∩ L∞(Ω). Moreover, the operator L : D(L)→ L2(Ω)
is a well defined linear mapping.

If D(L) is endowed with the norm of L2(Ω), then L is an unbounded operator from D(L) to L2(Ω). Since
A(x) is symmetric for a.e. x ∈ Ω, by (2.1) we have∫

Ω

Lyϕdx =

∫
Ω

yLϕdx (2.2)

for all y, ϕ ∈ D(L), the so-called integration by parts formula.

Remark 2.2. If ∂Ω is of class C1,1, A is Lipschitz in Ω̄, and b is Lipschitz and positive in ∂Ω, then

D(L) = {y ∈ H2(Ω) : A(·)∇y · ν + b(·)y = 0},

and Ly = −div
(
A(·)∇y

)
for all y ∈ D(L), see Theorem 2.4.2.6 of [20].

The following lemma shows the inclusion D(L) ⊂ C(Ω̄). Its proof can be found in Theorem 4.7 of [40] and
follows the arguments in [4, 39].

Lemma 2.3. Let α ∈ L∞(Ω) be nonnegative and h ∈ L2(Ω). There exists a unique function y ∈ D(L) such that

Ly + α(·)y = h (2.3)

and this function belongs to C(Ω̄). Moreover, for each r > n/2 there exists a positive number c such that

|y|H1(Ω)∩C(Ω̄) ≤ c|h|Lr(Ω)

for all α ∈ L∞(Ω) nonnegative, y ∈ D(L), and h ∈ L2(Ω) ∩ Lr(Ω) satisfying (2.3).

The following technical lemma can be deduced from Lemma 2.3, see the proof of Lemma 3.4 of [11]. Its use
in optimal control of elliptic partial differential equations dates from the paper ([10], Lem. 2.6). It has shown
to be useful for diverse estimates, see [10, 35].

Lemma 2.4. There exists a positive number c such that

|y|L2(Ω) ≤ c|h|L1(Ω)

for all nonnegative α ∈ L∞(Ω), y ∈ D(L) and h ∈ L2(Ω) satisfying (2.3).

The proof of the next result can be found in Theorem 2.11 of [8] in the case of a Dirichlet problem, see also
Lemma 6.8 of [21]. Here we adapt the argument below Theorem 2.1 in [7], p. 618.



STABILITY IN AFFINE OPTIMAL CONTROL PROBLEMS CONSTRAINED 5

Lemma 2.5. Let α ∈ L∞(Ω) be nonnegative, {hm}∞m=1 be a sequence in L2(Ω) and h ∈ L2(Ω). For each m ∈ N,
let ym ∈ C(Ω̄) be the unique function satisfying Lym + α(·)ym = hm, and let y ∈ C(Ω̄) be the unique function
satisfying of Ly + α(·)y = h. If hm ⇀ h weakly in L2(Ω), then ym → y in C(Ω̄).

Proof. Let p ∈ (2n/(n + 2), n/(n − 1)). Then W 1,p(Ω) is compactly embedded in L2(Ω) and consequently, by
Schauder’s Theorem, L2(Ω) is compactly embedded in W 1,p(Ω)∗. By the latter compact embedding, every
weakly convergent sequence in L2(Ω) converges also in W 1,p(Ω)∗ to the same limit. Define K : L2(Ω)→ C(Ω̄)
by Kh := y, where y ∈ C(Ω̄) is the unique function satisfying Ly + α(·) = h. The result follows from Theorem
3.14 of [28], since that theorem asserts that the linear operator K is continuous from L2(Ω) endowed with the
norm of W 1,p(Ω)∗ to C(Ω̄).

Remark 2.6. Using the definitions of the set D(L) and the operator L, we can write in a shorter way the
partial differential equations involved in this paper. For example, given u ∈ U , to say that y belongs to D(L)
and satisfies Ly + d(·, y) = β(·)u is equivalent to say that y belongs to H1(Ω) ∩ L∞(Ω) and satisfies the weak
formulation of (1.2), that is∫

Ω

A(x)∇y · ∇ϕdx+

∫
Ω

d(x, y)ϕdx+

∫
∂Ω

b(x)yϕds(x) =

∫
Ω

β(x)uϕdx

for all ϕ ∈ H1(Ω). This weak formulation makes sense since, by (ii) and (iii) of Assumption 1, for any y ∈ L∞(Ω),
the function d(·, y) belongs to L∞(Ω).

2.2. The control model

Having in mind Remark 2.6, given a function u ∈ U we say that yu ∈ D(L) is the associated state to u ∈ U if

Lyu = f(·, yu, u). (2.4)

The following proposition shows that the mapping u→ yu from U to D(L) is well defined. Its proof can be
found in the standard literature; it follows from Theorem 4.8 of [40], see also [40], p. 212.

Proposition 2.7. For each u ∈ U there exists a unique state yu ∈ D(L) associated with u ∈ U . Moreover,
{yu : u ∈ U} is a bounded subset of H1(Ω) ∩ C(Ω̄) and for each r > n/2 there exists c > 0 such that

|yu2 − yu1 |H1(Ω)∩C(Ω̄) ≤ c|u2 − u1|Lr(Ω)

for all u1, u2 ∈ U .

We call the function G : U → H1(Ω)∩C(Ω̄) given by G(u) := yu the control-to-state mapping. The functional
J : U → R given by

J (u) :=

∫
Ω

g(x, yu, u) dx

is called the objective functional of problem (1.1)–(1.2).

Definition 2.8. Let ū belong to U .

(i) We say that ū is a global solution of problem (1.1)–(1.2) if J (ū) ≤ J (u) for all u ∈ U .
(ii) We say that ū is a local solution of problem (1.1)–(1.2) if there exists ε0 > 0 such that J (ū) ≤ J (u) for

all u ∈ U with |u− ū|L1(Ω) ≤ ε0.
(iii) We say that ū is a strict local solution of problem (1.1)–(1.2) if there exists ε0 > 0 such that J (ū) < J (u)

for all u ∈ U with u 6= ū and |u− ū|L1(Ω) ≤ ε0.
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Under Assumption 1, problem (1.1)–(1.2) has at least one global solution. The proof is routine and can be
obtained by standard arguments; namely, taking a minimizing sequence and using the weak compactness of U
in L2(Ω).

Lemma 2.9. Problem (1.1)–(1.2) has at least one global solution.

In order to make notation simpler, from now on we fix a local solution ū ∈ U of problem (1.1)–(1.2). We call
the function H : Ω× R× R× R→ R, given by

H(x, y, p, u) := g(x, y, u) + pf(x, y, u),

the Hamiltonian of problem (1.1)–(1.2). Given u ∈ U , we say that pu ∈ D(L) is the costate associated with
u ∈ U if

Lpu = Hy(·, yu, pu, u).

The following proposition shows that the mapping u→ pu from U to D(L) is well defined. We give the proof of
this elementary result because it seems not to be explicitly stated in the literature.

Proposition 2.10. For each u ∈ U there exists a unique costate pu ∈ D(L) associated with u ∈ U . Moreover,
{pu : u ∈ U} is a bounded subset of H1(Ω) ∩ C(Ω̄) and for each r > n/2 there exist c > 0 such that

|pu2 − pu1 |H1(Ω)∩C(Ω̄) ≤ c|u2 − u1|Lr(Ω)

for all u1, u2 ∈ U .

Proof. The existence and uniqueness follows from Lemma 2.3. Given u ∈ U , the function pu satisfies

Lpu + dy(·, yu)pu = gy(·, yu, u).

By (ii), (iii) and (iv) of Assumption 1, for each u ∈ U , the function dy(·, yu) is nonnegative and belongs to L∞(Ω).
By (ii) and (iii) of Assumption 1, for each u ∈ U the function gy(·, yu, u) belongs to L∞(Ω). Furthermore, since
by Proposition 2.7 the set {yu : u ∈ U} is bounded in C(Ω̄), there exists M1 > 0 such that

|gy(·, yu, u)|L∞(Ω) ≤M1

for all u ∈ U . By Lemma 2.3, there exists a positive number c1 such that for all u ∈ U

|pu|H1(Ω)∩C(Ω̄) ≤ c1|gy(·, yu, u)|L∞(Ω).

Thus, M2 := c1M1 is a bound for the set {pu : u ∈ U} in H1(Ω) ∩ C(Ω̄). Let u1, u2 ∈ U and r > n/2. We have
then

L(pu2
− pu1

) + dy(·, yu2
)(pu2

− pu1
) = Hy(·, yu2

, pu1
, u2)−Hy(·, yu1

, pu1
, u1).

By Lemma 2.3, there exists a positive number c2 (independent of u1 and u2) such that

|pu2
− pu1

|H1(Ω)∩C(Ω̄) ≤ c2|Hy(·, yu2
, pu1

, u2)−Hy(·, yu1
, pu1

, u1)|Lr(Ω).

By (ii) of Assumption 1 and the boundedness of the set {pu : u ∈ U} in C(Ω̄), there exists L > 0 such that

|Hy(·, yu2
, pu1

, u2)−Hy(·, yu1
, pu1

, u1)| ≤ L
(
|yu2
− yu1

|+ |u2 − u1|
)

a.e. in Ω.
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Consequently,

|pu2
− pu1

|H1(Ω)∩C(Ω̄) ≤ c2L
(
|yu1
− yu2

|Lr(Ω) + |u1 − u2|Lr(Ω)

)
≤ c2L

(
(meas Ω)

1
r |yu2

− yu1
|L∞(Ω) + |u2 − u1|Lr(Ω)

)
.

By Proposition 2.7, there exists a constant c3 > 0 (independent of u1 and u2) such that

|yu2
− yu1

|C(Ω̄) ≤ c3|u2 − u1|Lr(Ω).

Thus,

|pu2 − pu1 |H1(Ω)∩C(Ω̄) ≤ c2L
(
1 + c3(meas Ω)

1
r

)
|u2 − u1|Lr(Ω).

The estimate follows defining c := c2L
(
1 + c3(meas Ω)

1
r

)
.

We call the function S : U → H1(Ω)∩C(Ω̄) given by S(u) := pu the control-to-adjoint mapping. The following
proposition gives us another useful estimate; it can be easily proved employing Lemma 2.4 and the argument
in the proof of Theorem 4.16 in [40].

Proposition 2.11. There exists c > 0 such that

|yu2
− yu1

|L2(Ω) + |pu2
− pu1

|L2(Ω) ≤ c|u2 − u1|L1(Ω)

for all u1, u2 ∈ U .

We close this subsection with the following result.

Proposition 2.12. Let {um}∞m=1 be a sequence in U and u ∈ U . If um ⇀ u weakly in L2(Ω), then yum → yu
and pum → pu in C(Ω̄).

Proof. We prove only the convergence pum → pu in C(Ω̄), the convergence yum → yu in C(Ω̄) is analogous.
Let {pumk }

∞
k=1 be an arbitrary subsequence of {pum}∞m=1. By the compact embedding H1(Ω) ↪→ L2(Ω), there

exists a subsequence of {pumk }
∞
k=1, denoted in the same way, and p ∈ L2(Ω) such that pumk → p in L2(Ω). Since

yumk → yu in C(Ω̄), one can deduce that

Hy(·, yumk , pumk , umk) ⇀ Hy(·, yu, p, u) weakly in L2(Ω).

By Lemma 2.5, we have pumk → pu in C(Ω̄). The result follows, since every subsequence of {pum}∞m=1 has a

further subsequence that converges to pu in C(Ω̄).

3. Differentiability of the mappings involved

In this section, we prove some preliminary results concerning the differentiability of the control-to-state map-
ping, the control-to-adjoint mapping and the switching mapping (to be defined later). Some of these properties
are well known for the control-to-state mapping; see, e.g., [5, 10, 11, 35, 40]. Nevertheless, we require more
specific estimates than the ones in the literature. The differentiability of the control-to-adjoint mapping and
the switching mapping has not been studied before in the literature on elliptic control-constrained problems,
therefore we devote this section to obtain appropriate estimates needed in the study of stability in the next
section.
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3.1. The state and adjoint mappings

We begin this subsection recalling the definition of directional derivative, see [18], pp. 2–4 or [24], p. 171. Let
Y be a normed space and F : U → Y a mapping. Given u ∈ U and v ∈ U − u, if the limit

dF(u; v) := lim
ε→0+

F(u+ εv)−F(u)

ε

exists in Y , we say that dF(u; v) is the (Gâteaux) differential of F at u in the direction v. Note that by
convexity of U , u+ εv belongs to U for every u ∈ U , v ∈ U − u and ε ∈ [0, 1]. We will restrict ourselves to this
simple definition of directional derivative, as further differentiability properties are not needed in our analysis
of stability.

Recall that ū ∈ U is a fixed solution of problem (1.1)–(1.2). As it is well-known, the differential of the control-
to-state mapping at ū is related to the linearization of the system equation around ū. Bearing this in mind,
given v ∈ L2(Ω), we denote by zv the unique1 solution of the equation

Lzv = fy(·, yū, ū)zv + fu(·, yū, ū)v. (3.1)

The proof of the following estimate can be found in the standard literature, see the proof of Theorem 4.17
in [40] for the case of a Neumann boundary problem (the proof is the same for Robin or Dirichlet boundary).
It can also be deduced by the same arguments given in the proof of Proposition 3.2.

Proposition 3.1. For each r > n/2 there exists c > 0 such that

|yu − yū − zu−ū|H1(Ω)∩C(Ω̄) ≤ c|u− ū|2Lr(Ω) ∀u ∈ U .

One of the first things that can be deduced from Proposition 3.1 is the differentiability of the control-to-state
mapping G. Given v ∈ L2(Ω) satisfying ū+ v ∈ U , the differential of the control-to-state mapping G at ū in the
direction v exists and is given by dG(ū; v) = zv. For further differentiability properties of the control-to-state
mapping, we refer the reader to Theorem 2.12 in [8].

In order to study the differential of the control-to-adjoint mapping we introduce the following notations.
Given v ∈ L2(Ω), we denote by qv the unique2 solution of the equation

Lqv = Hyy(·, yū, pū, ū)zv +Hyp(·, yū, pū, ū)qv +Hyu(·, yū, pū, ū)v. (3.2)

The following estimate is concerned with the differentiability of the control-to-adjoint mapping. To the best
of our knowledge, this result does not appear in the literature; therefore we present its proof, although it is
standard.

Proposition 3.2. For each r > n/2 there exists c > 0 such that

|pu − pū − qu−ū|H1(Ω)∩C(Ω̄) ≤ c|u− ū|2Lr(Ω) ∀u ∈ U .
1The uniqueness follows from Lemma 2.3, and the fact that equation (3.1) can be rewritten as

Lzv + dy(·, yū)zv = β(·)v.

2The uniqueness follows from Lemma 2.3, and the fact that equation (3.2) can be rewritten as

Lqv + dy(·, yū)qv = Hyy(·, yū, pū, ū)zv +Hyu(·, yū, pū, ū)v.
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Proof. Given u ∈ U , we define ψu : Ω → R4 by ψu(x) := (x, yu(x), pu(x), u(x)). For each u ∈ U , we denote by
q̃u−ū the unique solution of the equation

Lq̃u−ū = Hyy(ψū)(yu − yū) +Hyp(ψū)q̃u−ū +Hyu(ψū)(u− ū).

Let u ∈ U and r > n/2 be arbitrary. Using the Taylor Theorem (integral form of the remainder) and (ii)-(iii)
of Assumption 1, one can find α1, α2, α3 ∈ L∞(Ω) such that

Hy(ψu) =Hy(ψū) +Hyy(ψū)(yu − yū) +Hyp(ψū)(pu − pū) +Hyu(ψū)v

+ α1(·)(yu − yū)2 + α2(·)(yu − yū)(pu − pū) + α3(·)(yu − yū)v,

where v = u− ū. Hence

L(pu − pū − q̃v) = Hyp(ψū)(pu − pū − q̃v) +
[
α1(·)(yu − yū) + α2(·)(pu − pū) + α3(·)v

]
(yu − yū).

By Lemma 2.3, Proposition 2.7 and Proposition 2.10, there exists c1 > 0 such that

|pu − pū − q̃v|H1(Ω)∩C(Ω̄) ≤ c1|v|2Lr(Ω).

Now,

L(q̃v − qv) = Hyy(ψū)(yu − yū − zv) +Hyp(ψū)(q̃v − qv).

By Lemma 2.3 and Proposition 3.1, there exists c2 > 0 such that

|q̃v − qv|H1(Ω)∩C(Ω̄) ≤ c2|v|2Lr(Ω).

Finally, by the triangle inequality

|pu − pū − qv|H1(Ω)∩C(Ω̄) ≤ |pu − pū − q̃v|H1(Ω)∩C(Ω̄) + |q̃v − qv|H1(Ω)∩C(Ω̄).

The result follows taking c := c1 + c2.

Given v ∈ L∞(Ω) satisfying ū + v ∈ U , the differential of the control-to-adjoint mapping S at ū in the
direction v exists and is given by dS(ū; v) = qv.

We now state further properties concerning the mappings v → zv and v → qv.

Proposition 3.3. The following statements hold.

(i) For each r > n/2 there exists a positive number c such that

|zv|H1(Ω)∩C(Ω̄) + |qv|H1(Ω)∩C(Ω̄) ≤ c|v|Lr(Ω) ∀v ∈ L2(Ω) ∩ Lr(Ω).

(ii) There exists a positive number c such that

|zv|L2(Ω) + |qv|L2(Ω) ≤ c|v|L1(Ω) ∀v ∈ L2(Ω).

(iii) Let {vk}∞k=1 be a sequence in L2(Ω) and v ∈ L2(Ω). If vk ⇀ v weakly in L2(Ω), then zvk → zv and qvk → qv
in C(Ω̄).

Proof. Items (i) and (ii) follow from Lemma 2.3 and 2.4, respectively. Item (iii) follows from Lemma 2.5.
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3.2. The switching mapping

Let us begin this subsection recalling the first order necessary condition (Pontryagin principle in integral
form) for problem (1.1)–(1.2). If u ∈ U is a local solution of problem (1.1)–(1.2), then∫

Ω

[
s(x, yu) + β(x)pu

]
(w − u) dx ≥ 0 ∀w ∈ U . (3.3)

The variational inequality (3.3) motivates the following definition. For each u ∈ U , define

σu := s(·, yu) + β(·)pu.

Observe that σu = Hu(·, yu, pu). The mapping Q : U → L∞(Ω) given by Q(u) := σu is called the switching
mapping. Given v ∈ L2(Ω), we define

πv := Huy(·, yū, pū)zv +Hup(·, yū, pū)qv.

This definition is justified by the following estimate.

Proposition 3.4. For each r > n/2 there exists c > 0 such that

|σu − σū − πu−ū|L∞(Ω) ≤ c|u− ū|2Lr(Ω) ∀u ∈ U .

Proof. Given u ∈ U , we define ψu : Ω→ R3 by ψu(x) := (x, yu(x), pu(x)). For each u ∈ U , we denote

π̃u−ū := Huy(ψū)(yu − yū) +Hup(ψū)(pu − pū).

Let u ∈ U and r > n/2 be arbitrary, and abbreviate v = u− ū. Using the Taylor Theorem (integral form of the
remainder) and (ii)-(iii) of Assumption 1, one can find α ∈ L∞(Ω) such that

Hu(ψu) =Hu(ψū) +Huy(ψū)(yu − yū) +Hup(ψū)(pu − pū) + α(·)(yu − yū)2.

Therefore, by Proposition 2.7, there exists c1 > 0 such that

|σu − σū − π̃v|L∞(Ω) ≤ c1|v|2Lr(Ω).

Now,

|π̃v − πv|L∞(Ω) ≤ |Huy(·, yū, pū)(yu − yū − zv) +Hup(·, yū, pū)(qu − qū − qv)|L∞(Ω).

Hence, by Proposition 3.1 and 3.2, there exists c2 > 0 such that

|π̃v − πv|L∞(Ω) ≤ c2|v|2Lr(Ω).

Finally, by the triangle inequality,

|σu − σū − πv|L∞(Ω) ≤ |σu − σū − π̃v|L∞(Ω) + |π̃v − πv|L∞(Ω).

The result follows defining c := c1 + c2.
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Proposition 3.4 yields immediately that the differential of the switching mapping Q at ū in any direction
v ∈ U − ū exists and is given by dQ(ū; v) = πv.

One of the important features of the mapping v → πv is the following.

Proposition 3.5. For all v ∈ L2(Ω), we have∫
Ω

πvv dx =

∫
Ω

[
Hyy(x, yū, pū, ū)z2

v + 2Huy(x, yū, pū, ū)zvv
]

dx.

Proof. In order to simplify notation, we write ψū(x) := (x, yū(x), pū(x), ū(x)) for each x ∈ Ω. Let v ∈ L2(Ω) be
arbitrary. By the integration by parts formula (2.2) and the concrete form of the Hamiltonian, we get∫

Ω

Hup(ψū)qvv dx =

∫
Ω

(
Lzv + dy(x, yū)zv

)
qv dx =

∫
Ω

(
Lqv + dy(x, yū)qv

)
zv dx

=

∫
Ω

(
Hyy(ψū)zv +Huy(ψū)v

)
zv =

∫
Ω

[
Hyy(ψū)z2

v +Huy(ψū)zvv
]

dx.

The result follows since ∫
Ω

πvv dx =

∫
Ω

Huy(ψū)zvv dx+

∫
Ω

Hup(ψū)qvv dx.

We give further properties of the mapping v → πv in the next proposition, its proof follows trivially from
Proposition 3.3.

Proposition 3.6. The following statements hold.

(i) For each r > n/2 there exists a positive number c such that

|πv|L∞(Ω) ≤ c|v|Lr(Ω) ∀v ∈ L2(Ω) ∩ Lr(Ω).

(ii) There exists a positive number c such that

|πv|L2(Ω) ≤ c|v|L1(Ω) ∀v ∈ L2(Ω).

(iii) Let {vk}∞k=1 be a sequence in L2(Ω) and v ∈ L2(Ω). If vk ⇀ v weakly in L2(Ω), then πvk → πv in L∞(Ω).

Proposition 3.5 motivates the following definition. For each v ∈ L2(Ω), define

Λ(v) :=

∫
Ω

[
Hyy(x, yū, pū, ū)z2

v + 2Huy(x, yū, pū, ū)zvv
]

dx. (3.4)

Remark 3.7. We mention that the quadratic form Λ : L2(Ω) → R is the second variation of the objective
functional J : U → R at ū. By Proposition 3.5, we also have the following representation

Λ(v) =

∫
Ω

πvv dx ∀v ∈ L2(Ω).

We close this section with a result concerning the quadratic form (3.4).

Proposition 3.8. Let {vk}∞k=1 ⊂ L2(Ω) and v ∈ L2(Ω). If vk ⇀ v weakly in L2(Ω), then Λ(vk)→ Λ(v).
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Proof. By Proposition 3.6, πvk → πv in L∞(Ω), therefore

Λ(vk) =

∫
Ω

(πvk − πv)vk dx+

∫
Ω

πvvk dx→
∫

Ω

πvv dx.

4. Stability

In this section, we study the stability of the optimal solution of problem (1.1)–(1.2) with respect to perturba-
tions. As usual in optimization, the stability of the solution is derived from stability of the system of necessary
optimality conditions. The investigated stability property of the latter is the so-called strong metric Hölder
subregularity (SMHSr), see e.g., Section 3I of [17] or Section 4 of [12]. After introducing the assumptions we
study the SMHSr property of the variational inequality (9). Then the result is used to obtain this property for
the whole system of necessary optimality conditions

4.1. The main assumption

We begin the section recalling that ū ∈ U is a local minimizer of problem (1.1)–(1.2), and the definition of
the quadratic form Λ : L2(Ω)→ R in (3.4).

Assumption 2. There exist positive numbers α0, γ0 and k∗ ∈ [1, 4/n) such that∫
Ω

σū(u− ū) dx+ Λ(u− ū) ≥ γ0|u− ū|k
∗+1
L1(Ω), (4.1)

for all u ∈ U with |u− ū|L1(Ω) ≤ α0.

Assumption 2 resembles the well-known L2-coercivity condition in optimal control, with two substantial
differences: (i) the left-hand side of (4.1) involves a linear term (not only the quadratic form in the L2-coercivity
condition); (ii) the L1-norm appears in the right-hand side of (4.1). We mention that the standard L2-coercivity
condition cannot hold in affine problems. Assumption 2 in the particular case k∗ = 1 has been used before in
the literature on optimal control problems constrained by ordinary differential equations, see Assumption A2’
of [29] or Assumption A2 of [30]. A similar assumption was used in Assumption 2 of [15].We first point out that
if ū satisfies Assumption 2, then it must be bang-bang. A control u ∈ U is bang-bang if u(x) ∈ {b1(x), b2(x)}
for a.e. x in Ω. The proof of this result follows the arguments given in the proof of Theorem 2.1 in [11].

Proposition 4.1. If ū ∈ U satisfies Assumption 2, then ū is bang-bang.

Proof. Let α0 and γ0 be the positive numbers in Assumption 2. Suppose that there exists ε > 0 and a measurable
set E ⊂ Ω of positive measure such that

ū(x) ∈ [b1(x) + ε, b2(x)− ε] for a.e. x ∈ E.

Define ε∗ := min{α0(measE)−1, ε}. Let {vm}∞m=1 ⊂ L2(Ω) be a sequence converging to zero weakly in L2(Ω)
such that for each m ∈ N, vm(x) ∈ {−ε∗, ε∗} for a.e. x ∈ Ω. For each m ∈ N, define

um(x) :=

 ū(x) if x /∈ E

ū(x) + vm(x) if x ∈ E.
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Clearly, for each m ∈ N, um belongs to U and

|um − ū|L1(Ω) = ε∗measE.

Hence, by Assumption 2 ∫
Ω

σū(um − ū) dx+ Λ(um − ū) ≥ γ0

(
ε∗measE

)k∗+1

(4.2)

for all m ∈ N. Since um ⇀ ū weakly in L2(Ω), we have by Proposition 3.8 that the left hand side of (4.2)
converges to 0; a contradiction.

Proposition 4.1 makes the following lemma relevant. The proof follows the argument used in the proof of
Theorem 4.4 in [6]. Alternatively, as argued in the proof of Theorem 4.3 in [35], one can also use Theorem 1 of
[41] and the fact that for a.e. x ∈ Ω, u(x) is an extremal point of conv({uk(x)}∞k=1 ∪u(x)) if u ∈ U is bang-bang.

Lemma 4.2. Let u ∈ U be bang-bang, and {uk}∞k=1 ⊂ U be a sequence. If uk ⇀ u weakly in L1(Ω), then uk → u
in L1(Ω).

Proof. Let Ωi := {x ∈ Ω : u(x) = bi(x)}, i = 1, 2. Let χΩi : Ω→ {0, 1} denote the characteristic function of the
set Ωi, i = 1, 2. Now, by definition of weak convergence∫

Ω

|uk − u|dx =

∫
Ω

χΩ1
(un − ū) dx−

∫
Ω

χΩ2
(un − ū) dx→ 0.

The next proposition shows that the switching mapping satisfies a growth condition. The proof consists of
two steps. The first one is to show that Assumption 2 implies this growth condition for the linearization of the
switching mapping. The second step is to adequately use the linearization as an approximation of the switching
mapping.

Proposition 4.3. Let Assumption 2 be fulfilled. Then there exist positive numbers α and γ such that∫
Ω

σu(u− ū) dx ≥ γ|u− ū|k
∗+1
L1(Ω)

for all u ∈ U with |u− ū|L1(Ω) ≤ α.

Proof. Let α0, γ0 and k∗ be the positive numbers in Assumption 2. Fix r ∈ (n/2, 2/k∗). Using Proposition 3.4,
a constant c > 0 can be found such that

|σu − σū − πu−ū|L∞(Ω) ≤ c|u− ū|
2/r
L1(Ω) ∀u ∈ U . (4.3)

From Proposition 3.5 and Assumption 2, we have∫
Ω

[
σū + πu−ū

]
(u− ū) dx =

∫
Ω

σū(u− ū) dx+ Λ(u− ū) ≥ γ0|u− ū|k
∗+1
L1(Ω) (4.4)

for all u ∈ U with |u− ū|L1(Ω) ≤ α0. Define γ := γ0/2 and

α := min
{
α0, γ

r
2−k∗r c−

r
2−k∗r

}
.
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Then, by (4.3)

|σu − σū − πu−ū|L∞(Ω) ≤ c|u− ū|
2
r

L1(Ω) = c|u− ū|
2
r−k

∗

L1(Ω)|u− ū|
k∗

L1(Ω) ≤ γ|u− ū|
k∗

L1(Ω) (4.5)

for all u ∈ U with |u− ū|L1(Ω) ≤ α. We have for all u ∈ U∫
Ω

σu(u− ū) dx =

∫
Ω

[
σū + πu−ū

]
(u− ū) dx+

∫
Ω

[
σu − σū − πu−ū

]
(u− ū) dx.

Consequently, by (4.4) and (4.5),∫
Ω

σu(u− ū) dx ≥ γ0|u− ū|k
∗+1
L1(Ω) − |σu − σū − πu−ū|L∞(Ω)|u− ū|L1(Ω)

≥ (γ0 − γ)|u− ū|k
∗+1
L1(Ω) = γ|u− ū|k

∗+1
L1(Ω)

for all u ∈ U with |u− ū|L1(Ω) ≤ α.

4.2. Some existence and stability results

We now pass to some preparatory lemmas concerning the existence of solutions of inclusions (also called
generalized equations, see [37]) related to the first order necessary condition of problem (1.1)–(1.2). Given
r ∈ [1,∞], we denote by BLr (c;α) the closed ball in Lr(Ω) with center c ∈ Lr(Ω) and radius α > 0.

The variational inequality (3.3) can be written as the inclusion

0 ∈ σu +NU (u), (4.6)

where the normal cone at u to the set U is given by

NU (u) =

{
σ ∈ L∞(Ω) :

∫
Ω

σ(w − u) dx ≤ 0 ∀w ∈ U
}
.

Lemma 4.4. For all ρ ∈ L∞(Ω) and ε > 0 there exists u ∈ U ∩ BL1(ū; ε) satisfying

ρ ∈ σu +NU∩BL1 (ū;ε)(u).

Proof. Let ρ ∈ L∞(Ω) and ε > 0. Consider the functional Jρ : U ∩ BL1(ū; ε)→ R given by

Jρ(u) :=

∫
Ω

[
g(yu, u)− ρu

]
dx = J (u)−

∫
Ω

ρudx.

The functional Jρ has at least one global minimizer uρ ∈ U ∩BL1(ū; ε) since U ∩BL1
(ū; ε) is a weakly sequentially

compact subset of L2(Ω) and Jρ is weakly sequentially continuous. By the Pontryagin principle,∫
Ω

[
σuρ − ρ

]
(u− uρ) dx ≥ 0 ∀u ∈ U ∩ BL1(ū; ε).

We have then that uρ satisfies ρ ∈ σuρ +NU∩BL1 (ū;ε)(uρ).
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Lemma 4.5. Let V1 and V2 be closed and convex subsets of L1(Ω) such that V1 ∩ int V2 6= ∅. Then

NV1∩V2
(u) = NV1

(u) +NV2
(u) (4.7)

for all u ∈ V1 ∩ V2.

Proof. Given a set W ⊂ L1(Ω), let sW : L∞(Ω)→ R ∪ {+∞} denote the support function to W, that is

sW(h) := sup
w∈W

∫
Ω

hw dx.

By Proposition 3.1 of [3], the set Epi sV1
+ Epi sV2

is a weakly∗ closed subset of L∞(Ω). Then the representation
(4.7) holds according to Theorem 3.1 of [3].

We can now prove existence of solutions of the inclusion ρ ∈ σu +NU (u) that are close (in the L1-norm) to
ū whenever ρ is close to zero (in the norm L∞-norm). The proof follows the arguments in page 1127 of [14].

Lemma 4.6. Let Assumption 2 hold. Then for each ε > 0 there exists δ > 0 such that for each ρ ∈ BL∞(0; δ)
there exists u ∈ U ∩ BL1(ū; ε) satisfying ρ ∈ σu +NU (u).

Proof. Let α and γ be the numbers in Proposition 4.3. Define ε0 := min{ε, α} and δ := εk
∗

0 γ/2. Let ρ ∈ L∞(Ω)
with |ρ|L∞(Ω) ≤ δ. By Lemma 4.4, there exists u ∈ U ∩ BL1(ū; ε0) such that

ρ ∈ σu +NU∩BL1 (ū;ε0)(u).

Since trivially ū ∈ U ∩ intBL1(ū, ε0), by Lemma 4.5 we have

NU∩BL1 (ū;ε0)(u) = NU (u) +NBL1 (ū;ε0)(u). (4.8)

Thus there exists ν ∈ NBL1 (ū;ε0)(u) such that

ρ− σu − ν ∈ NU (u).

By definition of the normal cone,

0 ≥
∫

Ω

(
ρ− σu

)
(ū− u) dx−

∫
Ω

ν(ū− u) dx. (4.9)

As ū ∈ BL1(ū; ε0) and ν ∈ NBL1 (ū;ε0)(u), we have∫
Ω

ν(ū− u) dx ≤ 0.

Consequently, by (4.9) and Proposition 4.3

0 ≥
∫

Ω

(
ρ− σu

)
(ū− u) dx ≥ −|ρ|L∞(Ω)|u− ū|L1(Ω) + γ|u− ū|k

∗+1
L1(Ω),

which implies

|u− ū|L1(Ω) ≤ γ−
1
k∗ |ρ|

1
k∗
L∞(Ω) ≤ 2−

1
k∗ ε0 < ε0.
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As u ∈ int BL1(ū; ε0), we have NBL1 (ū;ε0)(u) = {0}. Thus by (4.8),

ρ ∈ σu +NU∩BL1 (ū;ε0)(u) = σu +NU (u). (4.10)

The following lemma shows how Proposition 4.3 (and consequently Assump. 2) is related to Hölder- stability.

Lemma 4.7. Let Assumption 2 hold. There exist positive numbers α, δ and c such that for every ρ ∈ BL∞(0; δ)
there exists u ∈ BL1(ū, α) satisfying ρ ∈ σu +NU (u). Moreover,

|u− ū|L1(Ω) ≤ c|ρ|
1
k∗
L∞(Ω) (4.11)

for all ρ ∈ L∞(Ω) and u ∈ BL1(ū;α) satisfying ρ ∈ σu +NU (u).

Proof. The existence part follows from Lemma 4.6. Let α and γ be the positive numbers in Proposition 4.3.
Since ρ− σu ∈ NU (u), we have ∫

Ω

(ρ− σu)(ū− u) dx ≤ 0.

By Proposition 4.3,

0 ≥
∫

Ω

(ρ− σu)(ū− u) dx =

∫
Ω

σu(u− ū) dx+

∫
Ω

ρ(ū− u) dx

≥ γ
(∫

Ω

|u− ū|dx
)k∗+1

− |ρ|L∞(Ω)

∫
Ω

|u− ū|dx.

Hence ∫
Ω

|u− ū|dx ≤
( 1

γ
|ρ|L∞(Ω)

)1/k∗

= γ−
1
k∗ |ρ|

1
k∗
L∞(Ω).

The result follows defining c = γ−
1
k∗ .

For inequality (4.11) to hold, Lemma 4.7 requires that the controls are close in the L1-norm to the reference
solution (by Lemma 4.6, the existence of such controls is guaranteed). This closeness assumption on the controls
can be removed if the solution of inclusion (4.6) is unique. In particular, if (4.6) has a unique solution, then
problem (1.1)–(1.2) has unique optimal control (minimizer).

Lemma 4.8. Let Assumption 2 hold, and suppose additionally 0 ∈ σu + NU (u) has a unique solution ū ∈ U .
There exist positive numbers δ and c such that

|u− ū|L1(Ω) ≤ c|ρ|
1
k∗
L∞(Ω).

for all ρ ∈ BL∞(0; δ) and u ∈ U satisfying ρ ∈ σu +NU (u).

Proof. Let α and c be the positive numbers in Lemma 4.7. First we prove that there exists δ > 0 such that if
u ∈ U and ρ ∈ L∞(Ω) satisfy ρ ∈ σu + NU (u) and |ρ|L∞(Ω) ≤ δ, then u ∈ BL1(ū;α). Suppose not, then there
exist sequences {ρk}∞k=1 ⊂ L∞(Ω) and {uk}∞k=1 ⊂ U such that ρk ∈ σuk + NU (uk), ρk → 0 in L∞(Ω), and
|uk − ū|L1(Ω) > α. Since U is weakly sequentially compact in L2(Ω), there exists a subsequence of {uk}∞k=1,
denoted in the same way, and u∗ ∈ U such that uk ⇀ u∗ weakly in L2(Ω). Using Proposition 2.12, one can see
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that ρk − σuk → σu∗ in L∞(Ω). Consequently, as ρk ∈ σuk +NU (uk) for all n ∈ N, we obtain 0 ∈ σu∗ +NU (u∗).
Then, by assumption, u∗ = ū, so u∗ is bang-bang. By Lemma 4.2, we have uk → u∗ in L1(Ω); a contradiction.
The result follows from Lemma 4.7.

4.3. Strong metric subregularity

Let us begin considering the following system representing the necessary optimality conditions (Pontryagin
principle) for problem (1.1)–(1.2):  0 = Ly − f(·, y, u),

0 = Lp−Hy(·, y, p, u),
0 ∈ Hu(·, y, p) +NU (u),

(4.12)

If u ∈ U is a local solution of problem (1.1)–(1.2), then the triple (yu, pu, u) is a solution of (4.12). Therefore,
the mapping that defines the right-hand side is referred to as the optimality mapping. In order to give a strict
definition and recast system (4.12) in a functional frame, we introduce the metric spaces

Y := D(L)×D(L)× U and Z := L2(Ω)× L2(Ω)× L∞(Ω),

endowed with the following metrics. For ψi = (yi, pi, ui) ∈ Y and ζi = (ξi, ηi, ρi) ∈ Z, i ∈ {1, 2},

dY(ψ1, ψ2) := |y1 − y2|L2(Ω) + |p1 − p2|L2(Ω) + |u1 − u2|L1(Ω),

dZ(ζ1, ζ2) := |ξ1 − ξ2|L2(Ω) + |η1 − η2|L2(Ω) + |ρ1 − ρ2|L∞(Ω).

Both metrics are shift-invariant. We denote by BY(ψ;α) the closed ball in Y, centered at ψ and with radius
α. The notation for the ball BZ(ζ;α) is analogous. Then the optimality mapping is defined as the set-valued
mapping Φ : Y � Z given by

Φ(y, p, u) =

 Ly − f(·, y, u)
Lp−Hy(·, y, p, u)

Hu(·, y, p, u) +NU (u)

 . (4.13)

Then the optimality system (4.12) can be recast as the inclusion

0 ∈ Φ(y, p, u). (4.14)

Our purpose is to study the stability of system (4.12), or equivalently of inclusion (4.14), with respect to
perturbations on the left-hand side. From now on, we denote ψ̄ := (ȳ, p̄, ū) = (yū, pū, ū) , where ū is the fixed
local solution of problem (1.1)–(1.2).

Definition 4.9. The optimality mapping Φ : Y � Z is called strongly Hölder subregular with exponent λ > 0
at (ψ̄, 0) if there exist positive numbers α1, α2 and κ such that

dY(ψ, ψ̄) ≤ κdZ(ζ, 0)λ (4.15)

for all ψ ∈ BY(ψ̄;α1) and ζ ∈ BZ(0;α2) satisfying ζ ∈ Φ(ψ).

More explicitly, the inequality (4.15) reads as

|y − yū|L2(Ω) + |p− pū|L2(Ω) + |u− ū|L1(Ω) ≤ κ
(
|ξ|L2(Ω) + |η|L2(Ω) + |ρ|L∞(Ω)

)λ
. (4.16)
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Hence, if the optimality mapping is strongly Hölder subregular, all solutions of the system ξ = Ly − f(·, y, u),
η = Lp−Hy(·, y, p, u),
ρ ∈ Hu(·, y, p) +NU (u).

(4.17)

that are near (yū, pū, ū) satisfy the Hölder estimate (4.16) with respect to the perturbations ζ = (ξ, η, ρ),
provided they are small enough. The subregularity property is weaker than the well known strong regularity
(see [17], pp. 178–179); this allows to relax the assumptions to prove stability.

Remark 4.10. If Φ is strongly Hölder subregular at (ψ̄, 0), then from (4.15) applied with ζ = 0 we obtain that
ψ̄ is the unique solution of (4.14) in BY(ψ̄;α1), hence ū is the unique local solution of problem (1.1)–(1.2) in
this ball. In particular, ū is a strict local minimizer.

We are now ready to state our main result.

Theorem 4.11. Let Assumption 2 hold. Then the optimality mapping Φ is strongly Hölder subregular at (ψ̄, 0)
with exponent λ = 1/k∗.

Proof. Let α and c be the positive numbers in Lemma 4.7. Let ζ = (ξ, η, ρ) ∈ BZ(0; 1) and ψ = (y, p, u) ∈
BY(ψ̄;α) such that ζ ∈ Φ(ψ). By a standard argument, we can find c1 > 0 (independent of ψ and ζ) such that

|y − yu|L∞(Ω) + |p− pu|L∞(Ω) ≤ c1
(
|ξ|L2(Ω) + |η|L2(Ω)

)
. (4.18)

Since Hu is locally Lipschitz uniformly in the first variable, and the sets {yu : u ∈ U}, {pu : u ∈ U} are bounded
in C(Ω̄), there exists c2 > 0 (independent of ψ) such that

|Hu(·, y, p)−Hu(·, yu, pu)|L∞(Ω) ≤ c2
(
|y − yu|L∞(Ω) + |p− pu|L∞(Ω)

)
(4.19)

Define ν := ρ + Hu(·, yu, pu) −Hu(·, y, p). By (4.18) and (4.19), there exists c3 > 0 (independent of ψ and ζ)
such that

|ν|L∞(Ω) ≤ c3
(
|ξ|L2(Ω) + |η|L2(Ω) + |ρ|L∞(Ω)

)
= c3|ζ|Z .

As ρ ∈ Hu(·, y, p) +NU (u), we have ν ∈ Hu(·, yu, pu) +NU (u). Then by Lemma 4.7,

|u− ū|L1(Ω) ≤ c|ν|
1
k∗
L∞(Ω) ≤ cc

1
k∗
3 |ζ|

1
k∗
Z := c4|ζ|

1
k∗
Z . (4.20)

Now, by Proposition 2.11, there exists c5 > 0 (independent of ψ) such that |yu − yū|L2(Ω) ≤ c5|u − ū|L1(Ω).
Consequently, by (4.20)

|y − yū|L2(Ω) ≤ |y − yu|L2(Ω) + |yu − yū|L2(Ω)

≤ c1meas Ω
1
2

(
|ξ|L2(Ω) + |η|L2(Ω)

)
+ c5|u− ū|L1(Ω)

≤ (c1meas Ω
1
2 + c5c4)|ζ|

1
k∗
Z =: c6|ζ|

1
k∗
Z .

Analogously, there exists c7 > 0 (independent of ψ and ζ) such that

|p− pū|L2(Ω) ≤ c7|ζ|
1
k∗
Z .
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Putting all together,

|y − yū|L2(Ω) + |p− pū|L2(Ω) + |u− ū|L1(Ω) ≤ (c4 + c6 + c7)|ζ|
1
k∗
Z .

Finally, let α1 := α, α2 := 1 and κ := c4 + c6 + c7. Since the constants c4, c6 and c7 are independent of ψ and
ζ, so is κ. Thus we have (4.15) for all ψ ∈ BY(ψ̄;α1) and ζ ∈ BZ(0;α2) satisfying ζ ∈ Φ(ψ).

The strong subregularity property defined above does not require existence of solutions of the perturbed
inclusion (4.17) in a neighborhood of the reference solution ψ̄. The next theorem answers the existence question.

Theorem 4.12. Let Assumption 2 hold. For each ε > 0 there exists δ > 0 such that for every ζ ∈ BZ(0; δ)
there exists ψ ∈ BY(ψ̄; ε) satisfying the inclusion ζ ∈ Φ(ψ).

Proof. For each u ∈ U and ζ = (ξ, η, ρ) ∈ Z, define νu,ζ := ρ + Hu(·, yu, pu)−Hu(·, yu,ζ , pu,ζ), where yu,ζ and
pu,ζ are the unique solutions of {

Ly = f(·, y, u) + ξ,
Lp = Hy(·, y, p, u) + η.

(4.21)

By a standard argument, one can find positive numbers c1 and c2 such that

|yu,ζ − yu|L2(Ω) + |pu,ζ − pu|L2(Ω) ≤ c1
(
|ξ|L2(Ω) + |η|L2(Ω)

)
, (4.22)

and |νu,ζ |L∞(Ω) ≤ c2|ζ|Z for all u ∈ U and ζ ∈ Z. Let ε > 0 be arbitrary. By Lemma 4.6, the exists δ0 > 0
such that for each ν ∈ BL∞(0; δ0) there exists u ∈ U ∩ BL1(ū; ε/2) satisfying ν ∈ σu + NU (u). Define δ :=
min{c−1

2 δ0, (2c1)−1ε} and let ζ∗ ∈ BZ(0; δ) be arbitrary; we will prove that there exists u∗ ∈ U ∩ BL1(ū; ε/2)
such that νu∗,ζ∗ ∈ σu∗ +NU (u∗). First, observe that

|νu,ζ∗ |L∞(Ω) ≤ c2|ζ∗|Z ≤ δ0 ∀u ∈ U .

Therefore, by Lemma 4.6, we can inductively define a sequence {uk}∞k=1 ⊂ U such that νuk,ζ∗ ∈ σuk+1
+NU (uk+1)

and |uk − ū|L1(Ω) ≤ ε/2 for all k ∈ N. Since U is weakly compact in L2(Ω), we may assume that uk ⇀ u∗ weakly
in L2(Ω) for some u∗ ∈ U . Weak convergence in L2(Ω) implies weak convergence in L1(Ω) and BL1(ū; ε/2)
is weakly sequentially closed in L1(Ω), therefore u∗ ∈ BL1(ū; ε/2). Using Proposition 2.12, one can see that
νuk,ζ∗ − σuk+1

→ νu∗,ζ∗ − σu∗ in L∞(Ω), and consequently that νu∗,ζ∗ ∈ σu∗ +NU (u∗). We conclude then that
ζ∗ ∈ Φ(ψ∗), where ψ∗ := (yu∗,ζ∗ , pu∗,ζ∗ , u

∗). Finally, by definition of δ and (4.22)

|ψ∗ − ψ̄|Y ≤ c1|ζ|Z + ε/2 ≤ ε.

Thus, ζ∗ ∈ Φ(ψ∗) and ψ∗ ∈ BY(ψ̄; ε), which completes the proof.

The next theorem claims that all solutions of the perturbed optimality system (4.17) are arbitrarily close to
the solution of the unperturbed optimality system, provided that the solution of the latter is globally unique,
Assumption 2 holds, and the perturbation is sufficiently small.

Theorem 4.13. Let Assumption 2 hold and suppose additionally that ψ̄ is the unique element of Y that
satisfies 0 ∈ Φ(ψ̄). For each ε > 0 there exists δ > 0 such that if ζ ∈ BZ(0; δ) and ψ ∈ Y satisfy ζ ∈ Φ(ψ),
then ψ ∈ BY(ψ̄; ε).

Proof. Let δ0 and c0 be the positive numbers in Lemma 4.8. Let ζ = (ξ, η, ρ) ∈ Z and ψ = (y, p, u) ∈ Y be such
that ζ ∈ Φ(ψ). Define ν := ρ+Hu(·, yu, pu)−Hu(·, y, p). Arguing as in the proof of Theorem 4.11, we can find
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positive numbers c1 and c2 (independent of ψ and ζ) such that |ν|L∞(Ω) ≤ c1|ζ|Z and

|y − yū|L2(Ω) + |p− pū|L2(Ω) ≤ c2
(
|ζ|Z + |u− ū|L1(Ω)

)
.

Let δ := min{c−1
1 δ0, (2c0c2)−k

∗
c−1
1 εk

∗
, (2c2)−1ε} and suppose that ζ ∈ BZ(0; δ). As ρ ∈ Hu(·, y, p) +NU (u), we

have ν ∈ Hu(·, yu, pu) +NU (u). By Lemma 4.8,

|u− ū|L1(Ω) ≤ c0|ν|
1
k∗
L∞(Ω) ≤ c0c

1
k∗
1 |ζ|

1
k∗
Z ≤ c

−1
2 ε/2.

Thus,

|y − yū|L2(Ω) + |p− pū|L2(Ω) + |u− ū|L1(Ω) ≤ c2
(
δ + c−1

2 ε/2
)
≤ ε.

5. Nonlinear perturbations

In this section we apply the subregularity results in Section 4 for studying the effect of certain nonlinear
perturbations on the optimal solution. We consider the following family of problems

min
u∈U

{∫
Ω

[
g(x, y, u) + η(x, y, u)

]
dx

}
, (5.1)

subject to  −div
(
A(x)∇y

)
+ d(x, y) + ξ(x, y) = β(x)u in Ω

A(x)∇y · ν + b(x)y = 0 on ∂Ω.
(5.2)

In order to specify the perturbations ξ and η under consideration and their topology, we begin the section
recalling some elementary notions of functional analysis.

As usual, C(Rs) denotes the space of all continuous functions ω : Rs → R. For each m ∈ N, let Km denote
the closed ball in Rs centered at zero with radius m. Consider the metric on C(Rs) given by

dC(ω1, ω2) :=

∞∑
m=1

1

2m
|ω1 − ω2|L∞(Km)

1 + |ω1 − ω2|L∞(Km)
.

This metric induces the compact-convergence topology on C(Rs). In this topology, a sequence {ωm}∞m=1 ⊂ C(Rs)
converges to ω ∈ C(Rs) if and only if |ω − ωm|L∞(K) → 0 for every compact set K ⊂ Rs. This topology is also
known as the compact-open topology, see Chapter 7 of [27]. The following lemma is straightforward and follows
from the definition of dC .

Lemma 5.1. For each compact set K ⊂ Rs there exists m ∈ N such that

|ω1 − ω2|L∞(K) ≤ 2mdC(ω1, ω2)

for all ω1, ω2 ∈ C(Rs) such that dC(ω1, ω2) ≤ 2−m.
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Proof. Let K be a compact subset of Rs. There exists i ∈ N such that K ⊂ Ki, where Ki denotes the closed
ball in Rs centered at zero with radius i. Now, by definition of the metric dC ,

|ω|L∞(Ki)

1 + |ω|L∞(Ki)
≤ 2idC(ω, 0) ∀ω ∈ C(Rs).

Hence,

|ω|L∞(Ki) ≤
2idC(ω, 0)

1− 2idC(ω, 0)
≤ 2i+1dC(ω, 0)

for all ω ∈ C(Rs) with dC(ω, 0) ≤ 2−(i+1). Let m = i+ 1. Then

|ω2 − ω1|L∞(K) ≤ |ω2 − ω1|L∞(Ki) ≤ 2mdC(ω2 − ω1, 0) = 2mdC(ω2, ω1)

for all ω1, ω2 ∈ C(Rs) with dC(ω1, ω2) ≤ 2−m.

5.1. The perturbations

We begin describing the space of perturbations appearing in equation (5.2). Let Υs be the set of all continu-
ously differentiable functions ξ : Rn ×R→ R such that dy(x, y) + ξy(x, y) ≥ 0 for all x ∈ Ω and y ∈ R. The set
Υs does not constitute a linear space, but it allows to have well-defined states for each perturbation.

Proposition 5.2. For each u ∈ U and ξ ∈ Υs there exists a unique function yξu ∈ D(L) satisfying

Lyξu + d(·, yξu) + ξ(·, yξu) = β(·)u.

Moreover, there exist positive numbers M and δ such that |yξu|L∞(Ω) ≤ M for all u ∈ U and ξ ∈ Υs with
dC(ξ, 0) ≤ δ.

Proof. The existence follows from Theorem 4.8 of [40]. Moreover, also from this theorem, there exists c > 0 such
that

|yξu|L∞(Ω) ≤ c
∣∣β(·)u− d(·, 0)− ξ(·, 0)

∣∣
L∞(Ω)

for all u ∈ U and ξ ∈ Υs. Let K := Ω̄× {0}, then by Lemma 5.1 there exists m ∈ N such that

|yξu|L∞(Ω) ≤ c
(
|β|L∞(Ω)|u|L∞(Ω) + |d(·, 0)|L∞(Ω) + |ξ|L∞(K)

)
≤ c
(
|β|L∞(Ω) sup

u∈U
|u|L∞(Ω) + |d(·, 0)|L∞(Ω) + 2mdC(ξ, 0)

)
≤ c
(
|β|L∞(Ω) sup

u∈U
|u|L∞(Ω) + |d(·, 0)|L∞(Ω) + 1

)
for all u ∈ U and ξ ∈ Υs with dC(ξ, 0) ≤ 2−m. The result follows defining δ := 2−m and

M := c
(
|β|L∞(Ω) sup

u∈U
|u|L∞(Ω) + |d(·, 0)|L∞(Ω) + 1

)
.
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We now proceed to describe the perturbations appearing in the cost functional (5.1). Consider the set Υc

of all continuously differentiable functions η : Rn × R× R→ R such that η(x, y, ·) is convex for all x ∈ Ω and
y ∈ R. We have the following result concerning the adjoint variable of the perturbed problem. Its proof is similar
to the one of Proposition 5.2.

Proposition 5.3. For each u ∈ U , ξ ∈ Υs and η ∈ Υc there exists a unique function pξ,ηu ∈ D(L) satisfying

Lpξ,ηu +
[
dy(·, yξu) + ξy(·, yξu)

]
pξ,ηu = gy(·, yξu, u) + ηy(·, yξu, u).

Moreover, there exist positive numbers M and δ such that |pξ,ηu |L∞(Ω) ≤ M for all u ∈ U , ξ ∈ Υs and η ∈ Υc

with dC(ξ, 0) + dC(ξy, 0) + dC(ηy, 0) ≤ δ.

We denote Υ := Υs×Υc, and write ζ := (ξ, η) for a generic element of Υ. We endow Υ with the pseudometric
dΥ : Υ×Υ→ [0,∞) given by

dΥ(ζ, ζ ′) := dC(ξ, ξ′) + dC(ξy, ξ
′
y) + dC(ηy, η

′
y) + dC(ηu, η

′
u).

5.2. The stability result

We are now ready to state problem (5.1)–(5.2) in a precise way. Given ζ ∈ Υ, problem Pζ is given by

min
u∈U

{
Jζ(u) :=

∫
Ω

[
g(x, yξu, u) + η(x, yξu, u)

]
dx

}
. (5.3)

Due to the convexity of the cost in the control variable, each problem Pζ has at least one global solution.
For each ζ ∈ Υ, we fix a local minimizer ûζ ∈ U of problem Pζ . By the local minimum principle, for each

ζ = (ξ, η) ∈ Υ, the triple (ŷζ , p̂ζ , ûζ) := (yξûζ , p
ξ,η
ûζ
, ûζ) satisfies the system

 0 = Ly − f(·, y, u)− ξ(·, y),
0 = Lp−Hy(·, y, p, u) + ηy(·, y, u)− ξy(·, y)p,
0 ∈ Hu(·, y, p) + ηu(·, y, u) +NU (u).

(5.4)

As a consequence of Theorem 4.11, we have the following result.

Theorem 5.4. Let Assumption 2 hold. There exist positive numbers α, α′ and c such that

|ŷζ − yū|L2(Ω) + |p̂ζ − pū|L2(Ω) + |ûζ − ū|L1(Ω) ≤ cdΥ(ζ, 0)1/k∗

for all ζ ∈ Υ such that |ûζ − ū|L1(Ω) ≤ α and dΥ(ζ, 0) ≤ α′.

Proof. By Theorem 4.11, the mapping Φ is strongly Hölder subregular at (ψ̄, 0) with exponent 1/k∗. Let α1, α2

and κ be the positive numbers in the definition of strong subregularity. By Proposition 5.2 and 5.3 there exist
positive numbers M and δ0 such that

|yξu|L∞(Ω) + |pξ,ηu |L∞(Ω) ≤M

for all u ∈ U and ζ ∈ Υ with dΥ(ζ, 0) ≤ δ0. Let K := Ω̄ × [−M,M ]. By Lemma 5.1, there exists m ∈ N such
that

|ξ(·, yξu)|L2(Ω) ≤ meas Ω
1
2 |ξ|L∞(K) ≤ 2mmeas Ω

1
2 dC(ξ, 0) ≤ 2mmeas Ω

1
2 dΥ(ζ, 0)
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for all u ∈ U and ζ ∈ Υ with dΥ(ζ, 0) ≤ min{2−m, δ0}. Repeating this argument, we can find positive numbers
δ and c0 such that

|ξ(·, yξu)|L2(Ω) + |ξy(·, yξu)pξ,ηu |L2(Ω) + |ηy(·, yξu, u)|L2Ω + |ηu(·, yξu, u)|L∞ ≤ c0dΥ(ζ, 0) (5.5)

for all u ∈ U and ζ ∈ Υ with dΥ(ζ, 0) ≤ δ. Using Proposition 2.11 and Lemma 5.1, one can find positive numbers
α and δ′ such that

|ŷζ − yū|L2(Ω) + |p̂ζ − pū|L2(Ω) + |ûζ − ū|L1(Ω) ≤ α1

for all ζ ∈ Υ with |ûζ − ū|L1(Ω) ≤ α and dΥ(ζ, 0) ≤ δ′. Observe that by (5.4), we have

 ξ(·, ŷζ)
−ηy(·, ŷζ , ûζ) + ξy(·, ŷζ)p̂ζ

−ηu(·, ŷζ , ûζ)

 ∈ Φ(ŷζ , p̂ζ , ûζ)

for all ζ ∈ Υ. Let α′ := min{c−1
0 α2, δ, δ

′}. Then by Hölder subregularity of Φ and (5.5),

|ŷζ − yū|L2(Ω) + |p̂ζ − pū|L2(Ω) + |ûζ − ū|L1(Ω) ≤ κc
1
k∗
0 dΥ(ζ, 0)

1
k∗

for all ζ ∈ Υ such that |ûζ − ū|L1(Ω) ≤ α and dΥ(ζ, 0) ≤ α′. The result follows defining c := κc
1
k∗
0 .

5.3. An application: Tikhonov regularization

In what follows we present an application of the theory derived in the previous chapters, namely the so-called
Tikhonov regularization. For a more detailed description and an account of the state of art, the reader is referred
to [33, 42, 43]. We derive estimates on the convergence rate of the solution of the regularized problem when the
regularization parameter tends to zero. The results that appear in the literature require the so-called structural
assumption and positive-definiteness (in some sense) of the second derivative of the objective functional. Using
Theorem 4.11, we can obtain this results under weaker assumptions than used in the literature so far. One can
compare this results with Theorem 4.4 of [33] (where a tracking problem with semilinear elliptic equation is
considered) when it comes to stability of the controls. In Section 6, we give more details on how the assumptions
in the literature interplay with Assumption 2.

We consider the following family of problems {Pε}ε≥0.

min
u∈U

{∫
Ω

g(x, y, u) dx+
ε

2

∫
Ω

u2 dx

}
, (5.6)

subject to  −div
(
A(x)∇y

)
+ d(x, y) = β(x)u in Ω

A(x)∇y · ν + b(x)y = 0 on ∂Ω.
(5.7)

Lemma 5.5. Let Assumption 2 be fulfilled. For every α > 0 there exists εα > 0 such that for every ε ∈ (0, εα)
problem Pε has a local solution ûε ∈ U ∩ BL1(ū;α).
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Proof. Let α > 0 be arbitrary. By Remark 4.10, ū is a strict local minimizer, hence there exists α∗ ≤ α such
that J (ū) < J (u) for all ū 6= u ∈ U ∩ BL1(Ω)(ū;α∗). Consider the family of problems P∗ε given by

min
U∩BL1 (ū;α∗)

{
J (u) +

ε

2
|u|2L2(Ω)

}
. (5.8)

Each problem P∗ε has a global solution ûε. There exists ε∗ > 0 such that |ûε − ū|L1(Ω) ≤ α∗/2 for all ε ∈ (0, ε∗).
Suppose the opposite. Then there exists a sequence {εk}∞k=1 converging to zero such that |ûεk − ū|L1(Ω) > α∗/2
for all k ∈ N. Since U ∩ BL1(ū;α∗) is weakly compact in L2(Ω), we may assume without loss of generality that
uεk ⇀ u∗ for some u∗ ∈ U ∩ BL1(ū;α∗). Since yûεk → yu∗ in C(Ω̄), we obtain that

J (u∗) ≤ liminf
k→∞

[
J (ûεk) +

εk
2
|ûεk |2L2(Ω)

]
≤ liminf

k→∞

[
J (ū) +

εk
2
|ū|2L2(Ω)

]
= J (ū).

Therefore u∗ = ū since u∗ ∈ U ∩BL1(Ω)(ū;α∗) and ū is strict local minimum. By Proposition 4.1, u∗ = ū is bang-
bang. Weak convergence in L2(Ω) implies weak convergence in L1(Ω); consequently, by Lemma 4.2, ûεk → u∗

in L1(Ω), which is a contradiction. We can see that for all ε ≤ ε∗, ûε is a local solution of problem Pε. Indeed,
if u ∈ U ∩BL1(Ω)(ûε;α

∗/2), then

|u− ū|L1(Ω) ≤ |u− ûε|L1(Ω) + |ûε − ū|L1(Ω) ≤ α∗,

and consequently, as ûε is a global solution of problem P∗ε ,

J (ûε) +
ε

2
|ûε|L2(Ω) ≤ J (u) +

ε

2
|u|L2(Ω).

The result follows defining εα := ε∗.

Theorem 5.6. Let Assumption 2 be fulfilled. Then there exist positive numbers α, κ and ε0 such that for every
ε ∈ (0, ε0) problem Pε has a local solution ûε ∈ BL1(ū;α). Moreover,

|ûε − ū|L1(Ω) ≤ κε1/k∗ (5.9)

for every local solution ûε of problem Pε such that ε ∈ (0, ε0) and |ûε − ū|L1(Ω) ≤ α.

Proof. The first claim follows from Lemma 5.5. Let α, α′and c be the positive numbers in Theorem 5.4. Define
ηε : R→ R by ηε(u) := εu2/2 and ζε := (0, ηε) ∈ Υ for each ε > 0. Note that

dC(ηε, 0) :=

∞∑
m=1

1

2m
εm2/2

1 + εm2/2
= ε

∞∑
m=1

1

2m
m2

2 + εm2
≤ ε

∞∑
m=1

m2

2m+1
= 3ε

for all ε > 0. Analogously,

dC(
∂ηε
∂u

, 0) :=

∞∑
m=1

1

2m
εm

1 + εm
≤ ε

∞∑
m=1

m

2m
= 2ε

for all ε > 0. We conclude that dΥ(ζε, 0) ≤ 5ε ≤ α′ for all ε ∈ (0, ε0), where ε0 := α′/5. By Theorem 5.4,

|ûε − ū|L1(Ω) ≤ 5
1
k∗ cε

1
k∗
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for all ε ∈ (0, ε0) such that |ûε − ū|L1(Ω) ≤ α.

6. Assumptions related to subregularity

In this section, we gather some results concerning Assumption 2, in order to provide sufficient conditions
under which it is fulfilled. Furthermore, we analyze related assumptions and their relation between themselves.
Recall that ū ∈ U is a local solution of problem (1.1)–(1.2). Since ū ∈ U satisfies the variational inequality (3.3),
we have

ū(x) =

 b1(x) if σū(x) > 0

b2(x) if σū(x) < 0.

We introduce the following extended cone suggested in [5]. For a fixed τ > 0 define

Cτū =

v ∈ L2(Ω) : v(x)

 = 0 if |σū(x)| > τ or ū(x) ∈ (b1(x), b2(x))
≥ 0 if |σū(x)| ≤ τ and ū(x) = b1(x)
≤ 0 if |σū(x)| ≤ τ and ū(x) = b2(x)

 .

We introduce the following modification of Assumption 2.

Assumption 2′. There exist positive numbers α0 and γ0 such that∫
Ω

σū(u− ū) dx+ Λ(u− ū) ≥ γ0|u− ū|k
∗+1
L1(Ω),

for all u ∈ U with u− ū ∈ Cτū ∩ BL1(Ω)(ū;α0).

This assumption is seemingly weaker than Assumption 2. However, we will prove that the two assumptions are
equivalent. Before that, for technical purposes, we introduce the bilinear form Γ : L2(Ω)× L2(Ω)→ R given by

Γ(v1, v2) :=
1

2

∫
Ω

[
πv1v2 + πv2v1

]
dx. (6.1)

The bilinear form is particularly useful because of the following property.

Λ(v1 + v2) = Γ(v1, v1) + 2Γ(v1, v2) + Γ(v2, v2) ∀v1, v2 ∈ L2(Ω). (6.2)

We will require the following technical lemma.

Lemma 6.1. For every positive number M , there exists a positive number c such that

|Γ(v1, v2)| ≤ c|v1|1/2L1(Ω)|v2|L1(Ω)

for all v1, v2 ∈ BL∞(0;M).

Proof. By Proposition 3.6, there exist c1, c2 > 0 such that |πv|L∞(Ω) ≤ c1|v|L2(Ω) and |πv|L2(Ω) ≤ c2|v|L1(Ω) for
all v ∈ L2(Ω). Let M > 0 be arbitrary. Observe that∣∣∣ ∫

Ω

πv1
v2 dx

∣∣∣ ≤ |πv1
|L∞(Ω)|v2|L1(Ω) ≤ c1M

1
2 |v1|

1
2

L1(Ω)|v2|L1(Ω),
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and that ∣∣∣ ∫
Ω

πv2v1 dx
∣∣∣ ≤ |πv2 |L2(Ω)|v1|L2(Ω) ≤ c2M

1
2 |v1|

1
2

L1(Ω)|v2|L1(Ω)

for all v1, v2 ∈ BL∞(0;M). There result follows defining c := 2−1(c1 + c2)M
1
2 .

Proposition 6.2. Assumptions 2 and 2 ′ are equivalent.

Proof. Clearly Assumption 2 implies 2 ′. Let α0 and γ0 be the numbers in Assumption 2 ′. Let u ∈ U and define

v1(x) :=

 u(x)− ū(x) if |σū(x)| ≤ τ

0 if |σū(x)| > τ,

and

v2(x) :=

 0 if |σū(x)| ≤ τ

u(x)− ū(x) if |σū(x)| > τ.

Clearly v1 ∈ Cτū and v1 + v2 = u− ū. Let M be a bound for U in L∞(Ω), and let c be the positive number in
Lemma 6.1 corresponding to 2M . By Assumption 2 ′,∫

Ω

σū(u− ū) dx =

∫
Ω

σūv1 dx+

∫
|σū|>τ

σūv2 dx

=

∫
Ω

σūv1 dx+ Λ(v1)− Λ(v1) +

∫
|σū|>τ

σūv2 dx

≥ γ0|v1|k+1 + τ |v2|L1(Ω) − Λ(v1),

and

Λ(u− ū) = Λ(v1) + 2Γ(v1, v2) + Λ(v2)

≥ Λ(v1)− 2c|v1|1/2L1(Ω)|v2|L1(Ω) − c|v2|1/2L1(Ω)|v2|L1(Ω)

≥ Λ(v1)− 3c|v2|L1(Ω)|u− ū|
1/2
L1(Ω)

for u ∈ U with |u− ū|L1(Ω) ≤ α0. Thus∫
Ω

σū(u− ū) dx+ Λ(u− ū) ≥ γ0|v1|k+1 + τ |v2|L1(Ω) − 3c|v2|L1(Ω)|u− ū|
1/2
L1(Ω)

= γ0|v1|k+1 + |v2|L1(Ω)

(
τ − 3c|u− ū|1/2L1(Ω)

)
for u ∈ U with |u − ū|L1(Ω) ≤ α0. Now, by the reverse triangle inequality and Bernoulli’s inequality (consider
without loss of generality u 6= ū)

|v1|k+1
L1(Ω) = |(u− ū)− v2|k+1

L1(Ω) ≥
(
|u− ū|L1(Ω) − |v2|L1(Ω)

)k+1
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= |u− ū|k+1
L1(Ω)

(
1−

|v2|L1(Ω)

|u− ū|L1(Ω)

)k+1

≥ |u− ū|k+1
L1(Ω)

(
1− (k + 1)

|v2|L1(Ω)

|u− ū|L1(Ω)

)
= |u− ū|k+1

L1(Ω) − (k + 1)|u− ū|kL1(Ω)|v2|L1(Ω).

Consequently,

∫
Ω

σū(u− ū) dx+ Λ(u− ū) ≥ γ0|v1|k+1 + |v2|L1(Ω)

(
τ − 3c|u− ū|1/2L1(Ω)

)
≥ γ0|u− ū|k+1

L1(Ω) − γ0(k + 1)|u− ū|kL1(Ω)|v2|L1(Ω) + |v2|L1(Ω)

(
τ − 3c|u− ū|1/2L1(Ω)

)
≥ γ0|u− ū|k+1

L1(Ω) + |v2|L1(Ω)

(
τ − γ0(k + 1)|u− ū|kL1(Ω) − 3c|u− ū|1/2L1(Ω)

)
.

Choosing α small enough, one can ensure∫
Ω

σū(u− ū) dx+ Λ(u− ū) ≥ γ0|u− ū|k+1
L1(Ω) + |v2|L1(Ω)

(
τ − γ0(k + 1)|u− ū|kL1(Ω) − 3c|u− ū|1/2L1(Ω)

)
≥ γ0|u− ū|k+1

L1(Ω) +
τ

2
|v2|L1(Ω) ≥ γ0|u− ū|k+1

L1(Ω)

for all u ∈ U with |u− ū|L1(Ω) ≤ α.

Proposition 6.2 allows to split Assumption 2 in two parts, as it follows in the next theorem.

Theorem 6.3. Let there exist numbers µ1, µ2 ∈ R and α > 0 such that∫
Ω

σūv dx ≥ µ1|v|k
∗+1
L1(Ω) (6.3)

and

Λ(v) ≥ µ2|v|k
∗+1
L1(Ω) (6.4)

for every v ∈ (U − ū) ∩ Cτū ∩ BL1(Ω)(ū;α). If µ1 + µ2 > 0, then Assumption 2 is fulfilled, hence the optimality
mapping Φ (see (4.13)) of problem (1.1)–(1.2) is strongly Hölder subregular with exponent λ = 1/k∗ at the
reference point (ȳ, p̄, ū).

The proof consists of summation of (6.3) and (6.4) and utilization of Proposition 6.2 and Theorem 4.11.

The splitting of Assumption 2 has the advantage that the inequalities in (6.3) and (6.4) can be analyzed
separately. The next proposition is related to (6.3).

The following assumption has become standard in the literature on PDE optimal control problems with
bang-bang controls, see, e.g., [10, 13, 35, 44].

Assumption 3. There exists a positive number µ0 such that

meas {x ∈ Ω : |σū(x)| ≤ ε} ≤ µ0ε
1
k∗ ∀ε > 0.

Proposition 6.4. The following statements hold.

(i) If Assumption 3 is fulfilled then there exists µ1 > 0 such that (6.3) holds for every v ∈ U − ū.
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(ii) Suppose there exists ν > 0 such that b2(x)− b1(x) ≥ ν for a.e. x ∈ Ω. If (6.3) holds for every v ∈ U − ū
then Assumption 3 is fulfilled.

Proof. The proof of the first claim follows Proposition 3.1 of [35], see also Proposition 2.7 of [10]. It has been
also proved several times in the literature on ordinary differential equations in a somewhat stronger form; see,
e.g., [1, 29, 34, 38].

Let us prove the second claim. For each ε > 0, define

uε(x) :=



ū(x) if |σū(x)| > ε

b1(x) if |σū(x)| ≤ ε and ū(x) ∈
[b1(x) + b2(x)

2
, b2(x)

]
b2(x) if |σū(x)| ≤ ε and ū(x) ∈

[
b1(x),

b1(x) + b2(x)

2

)
.

Clearly each uε belongs to U , and

|uε(x)− ū(x)| ≥ 1

2
|b2(x)− b1(x)| (6.5)

for a.e x ∈ {s ∈ Ω : |σū(s)| ≤ ε}. From (6.3) we have

µ1

(∫
|σū|≤ε

|uε − ū|dx
)k+1

≤
∫
|σū|≤ε

σū(uε − ū) dx ≤ ε
∫
|σū|≤ε

|uε − ū|dx.

This implies ∫
|σū|≤ε

|uε − ū|dx ≤ µ
− 1
k

1 ε
1
k . (6.6)

Using (6.5) and (6.6) we obtain that

meas {x ∈ Ω : |σū(x)| ≤ ε} =
1

ν

∫
|σū|≤ε

ν dx ≤ 1

ν

∫
|σū|≤ε

|b2 − b1|dx ≤
2

ν

∫
|σū|≤ε

|uε − ū|dx

≤ 2(µ1)−
1
k ν−1 ε

1
k .

Thus Assumption 3 is fulfilled with µ0 := 2(µ1)−
1
k ν−1.
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