ESAIM: COCV 28 (2022) 80 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv /2022070 WWW.esaim-cocv.org

OPTIMALITY CONDITIONS AND MOREAU-YOSIDA
REGULARIZATION FOR ALMOST SURE STATE CONSTRAINTS

CAROLINE GEIERSBACH"* AND MICHAEL HINTERMULLER?

Abstract. We analyze a potentially risk-averse convex stochastic optimization problem, where the
control is deterministic and the state is a Banach-valued essentially bounded random variable. We
obtain strong forms of necessary and sufficient optimality conditions for problems subject to equality
and conical constraints. We propose a Moreau—Yosida regularization for the conical constraint and show
consistency of the optimality conditions for the regularized problem as the regularization parameter is
taken to infinity.
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1. INTRODUCTION

Let X5 and X» be real, reflexive, and separable Banach spaces, and let (2, F,P) denote a complete probability
space, where € represents the sample space, F C 2 is the o-algebra of events on the power set of 2, and
P: © — [0,1] is a probability measure. Consider a convex stochastic optimization problem of the form

minimize Ji(z1) + R[J2(z1, z2(+); )]

z1,22(")

z1 € C, (1.1)

subject to (s.t.) {xz(w) € Xonalr1,w) as.
where C' C X, is nonempty, closed, and convex; Xs ,q(21,w) C X2 is assumed to be nonempty, closed, and
convex for all 1 € C and almost all w € Q. In the problem (1.1), the control z is deterministic and the state 5
is a vector-valued random variable. This is the natural paradigm if one views x; as a concrete “decision” that
should be made while taking into account uncertainties from inputs or parameters in the state system. This
paradigm differs in spirit from a two-stage stochastic optimization problem, where x5 (called the second stage
variable) is a recourse decision that should be made after a realization w becomes known; see, e.g., [33, 45] for
an introduction to multistage stochastic optimization. However, the convex problem (1.1) can be shown to be
equivalent to a two-stage stochastic optimization problem if z9(w) is almost surely contained in a bounded set;
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see the discussion in [40] and Section 3 of [41]. This equivalence was used by Rockafellar and Wets [40-43] to
establish optimality conditions for two-stage stochastic optimization problems by first embedding them into a
static problem of the form (1.1).

There are numerous applications ranging from economics and finance [31, 32], engineering [14, 39], and life
sciences [16] that can be mathematically expressed as (1.1). Often, historical information (in the form of a
probability distribution) about uncertain demand, performance, or physical parameters has been collected and
one would like to take this information into account while making a decision. In some settings, it is enough to
optimize over these possibilities on average, in which case one works with a risk-neutral formulation, meaning
the measure R is simply the expectation, or average. However, there are many applications where the average
is not desirable, and one works instead with a different choice of risk functional R : LP(Q) — R U {oo}, which
captures the optimizer’s desired risk tolerance.

For many applications, the spaces X; and X5 are Euclidean spaces, which simplifies the analysis considerably.
For instance, in portfolio optimization, the decision variable may be a (finite) vector of real-valued weights
representing the percentages of total cash dedicated to each asset. The second-stage variable is another vector
corresponding to a redistribution of assets after new information is gathered. However, there are some problems
in which the underlying spaces are infinite-dimensional, for instance, in optimization with partial differential
equations (PDEs) subject to uncertainty; see e.g., [2, 8, 13, 20, 26-28, 44], and the references therein. As an
example, consider the optimal control of a stationary heat source over a domain D C R?, where the conductivity
a = a(s,w) is uncertain, but known to follow a given probability distribution. One seeks a control z; and the
resulting solution xo = x2(s,w) of the PDE, the latter of which does not exceed a threshold ¢ and, on average,
best approximates some target distribution yp. With a > 0, the model is formally expressed as

T 1 2 - 2
minimize iE 22 — ypll72(p) +§||I1HL2(D)

@122 ()
x1 € C, ,
.t =V - (a(s,w)Vra(s,w)) = z1(s) on D x Q, (P)
o xa(s,w) =0 on 0D x Q,

xa(s,w) < Y(s,w) on D xQ,

where the constraints are to hold almost everywhere in D and almost surely in 2. Other examples of conical
constraints will be presented in Section 4.1. To develop optimality conditions for this problem, a constraint
qualification is needed, which implicitly requires that subsets of the given function space have a nonempty
interior. Standard PDE theory (cf. [1]) gives, under mild assumptions on a and D, a unique solution za(-,w) €
Xo := H}(D)N H%(D) for every 1 € X; := L?(D) and w € €. Through embeddings one obtains even x5(-,w) €
C(D), where an interior point condition is satisfiable. However, without additional structure on Q, z3 as a
function in LP(Q, X5) can only satisfy an interior point condition if p = co. It is notable that for a deterministic
model, i.e., where o = z3(s), the Lagrange multiplier associated with the conical constraint is generally only
a measure. It is standard to employ regularization in numerical procedures to circumvent this difficulty; see
[23, 24].

In this paper, we are concerned with obtaining strong forms of optimality conditions for a problem like (1.1),
by which we mean explicit, “almost sure”-type conditions, which are amenable to building algorithms. The
main difficulty here is in applying classical duality theory, where one would expect a Lagrange multiplier to
belong to the space (L*>°(€, X))*, X being a Banach space. A multiplier from this space cannot generally be
represented as a mapping from €2 to, say, X*. Hence the task of establishing optimality conditions in the strong
form, i.e., with almost sure conditions, is quite challenging. Another difficulty is in the structure of the problem
itself, where the optimality conditions should make explicit the first stage variable’s independence of w. Luckily,
insights can be found in classical literature, above all in the important works by Rockafellar and Wets [40-43],
who developed theory for the case X = R%. A notable recent development in the theory of optimality conditions
for the case X = R? is [15]: the authors studied nonlinear multistage stochastic optimization problems with
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general objectives (not necessarily expectation functionals) and introduced a new concept of subregular recourse.
Recently, the classical theory in [40-43] was revisited in [21] with a focus on the more general vector-valued
case. The authors proved the existence of integrable Lagrange multipliers under a relatively complete recourse
condition (defined in Asm. 3.6). For many applications, including the problem (P’), this assumption is too
strong. In this paper, we consider problems not satisfying the condition of relatively complete recourse; in
contrast to [21], the characterization of Lagrange multipliers is more delicate. Additionally, we generalize the
theory from [21] to include a potentially risk-averse formulation. Finally, in [21], a regularization was proposed
for a specific example and consistency of the primal problem was analyzed as the penalization parameter is
taken to infinity. However, a consistency analysis for a more general problem class was missing. This theoretical
gap is addressed in the current paper, where we show consistency for both primal and dual variables as the
penalization parameter is taken to infinity.

Optimality conditions with an application to PDE-constrained optimization under uncertainty were first
presented in [29]. While the framework in [29] allows for generally nonconvex problems, the case where the
feasible set X3 ,q(w) contains conical constraints is not covered. Our work is related to a recent paper [19].
As part of this work, a risk-neutral model problem from optimal control is presented and the authors also
propose a Moreau—Yosida regularization to solve their problem. To this end, they impose more structure on
their probability space, which allows for standard arguments via embeddings. However, they do not obtain strong
forms of optimality conditions, which can yield deep insight into the structure of the optimality conditions for
the original problem. The framework presented in our work is general enough to cover the theory in [19] without
additional structure on the probability space. It is worth mentioning that our work is related to the recent trend
to include chance constraints in PDE-constrained optimization under uncertainty [12, 17, 22]. These models
are of interest when deviations from a hard constraint are permissible with a certain probability. Notably, the
chance constraint and regularized “almost sure” models can be shown to be related to one another [19].

We proceed as follows. In Section 2, we present notation and technical results needed for the handling of
essentially bounded Banach-valued random variables. Additionally, we recall key properties of risk functionals.
In Section 3, we generalize the risk-neutral framework given in [21] by allowing for potentially risk-averse
objective functions. Additionally, we present necessary and sufficient conditions without the assumption of
relatively complete recourse. While regular (integrable) Lagrange multipliers do not exist in this case, we show
that Lagrange multipliers can be split into regular parts and singular terms, which can be handled separately.
In Section 4, we present the Moreau—Yosida regularization of almost sure conical constraints and show that
the optimality system for the regularized problem is consistent with the original problem as the penalization
parameter is taken to infinity. An outlook is given in Section 5.

2. PRELIMINARIES

2.1. Background and notation

Throughout the paper, we denote the dual space of a (real) Banach space X by X* and the canonical dual
pairing by (-, -) x+ x. If X is paired with another space U, we write (-, )y, x to denote their pairing. The symbols
—, —, and —* denote strong, weak, and weak® convergence, respectively; A: X = Y denotes a set-valued
operator from X to Y. We recall that for a proper function h: X — R U {oo}, the subdifferential (in the sense
of convex analysis) is the set-valued operator

Oh: X=X tx—{geX":{(qy—z)x-x +h(z) <h(y) YyeX}

The domain and epigraph of h are denoted by dom(h) = {z € X : h(z) < oo} and epi(h) = {(z,a) € X xR:
h(z) < a}, respectively. The sum of two sets A and B with A € Risgivenby A+ AB :={a+Xb:a € Abc B}. A
nonempty subset K of X is said to be a cone if for any x € K, t > 0, it follows that tx € K. The indicator function
of a set C' is denoted by ¢ and is defined by d¢(z) = 0if z € C and d¢(x) = oo otherwise. For a nonempty and
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convex set C' C X, the normal cone N¢(z) at € C'is defined by No(z) :={z € X*: (z,y—x)x+ x <0Vy € C}.
We set Neo(z) := 0 if z ¢ C. Note that déc(x) = Neo(z) for all z € C.

For all results, the probability space (2, F,P) is assumed to be complete. Given a Banach space X equipped
with the norm ||| x, the Bochner space L"(Q, X) := L"(Q2, F,P; X) is the set of all (equivalence classes of)
strongly measurable functions y : Q2 — X having finite norm, where the norm is given by

_ [ Ually) I dB@)Y7, r <o
lyller,x) == o
esssup,colly(w)lx, — r=oo
If X =R we use the shorthand L"(€2). An X-valued random variable = is Bochner integrable if there exists a
sequence {x,} of P-simple functions ,,: & — X such that lim, . [, /|2n(w) — z(w)|| xdP(w) = 0. The limit of
the integrals of x,, gives the Bochner integral (the expectation), i.e.,

E[z] ::/Qx(w)dﬁ”(w) = lim [ 2,(w)dP(w).

n—oo O

Clearly, this expectation is an element of X.

Throughout the paper, we work with parametrized functions of the type f: X x Q — Y, and write f(z;w) for
the mapping from X to Y for a fixed parameter w € 2. A property is said to hold almost surely (a.s.) provided
that the set (in ) where the property does not hold is a null set. As an example, two random variables &, ¢’
are said to be equal almost surely, £ = £’ a.s., if and only if P{w € Q: {(w) # £'(w)}) = 0. Sometimes we write
“for almost every w” to mean a.s.

2.2. Properties of L*° (€, X)

In this section, we present some technical results that will be crucial to characterizing optimality for problems
like (1.1). Throughout this section, let X be an arbitrary (real) reflexive and separable Banach space, and let the
o-algebra of Borel sets on X be denoted by B. A function f: X x 2 — RU {oo} is called a convex integrand if
f(-;w) is convex for almost every w. Following Rockafellar [36], an integrand is called normal if it is not identically
infinity,! it is (B x F)-measurable, and f(-;w) is lower semicontinuous in X for each w € 2. An example of a
function that is normal is one that is finite everywhere and Carathéodory, meaning f is measurable in w for
fixed  and continuous in « for fixed w. Normality of f implies that it is superpositionally measurable, meaning
w > f(z(w);w) is measurable as long as x : ) — X is measurable.

For a normal convex integrand f, we define the integral functional on L (2, X) by

@) = | fla@)w)p(e),
i.e., the expectation of the superposition of f. A continuous linear functional v € (L>(2, X))* of the form
(0, 2) (L= @.x))" L= @.x) = / (z%(w), 2(w)) x - x dP(w) (2.1)
Q

for some z* € L'(Q, X*) is said to be absolutely continuous. A proof of the following result is in [21]. This was
originally shown for X = R in [35] and a similar relation was shown in the context of law invariant convex risk
functions in [18].

TThis definition corresponds to the original definition used by Rockafellar in the Bochner space setting [36]. The condition
“not identically infinity” was included in the definition of a “normal integrand” in early works, including [36, 40—43]). Over time,
Rockafellar changed his definition to exclude this condition; he acknowledged this in [38] by writing “what previously was a normal
convex integrand is now a proper normal convex integrand.”
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Lemma 2.1. Assume f is a normal convex integrand and f(x(w);w) is an integrable function of w for every
xz € L®(Q,X). Then I and I+ are well-defined convex functionals on L>(Q, X) and L'(Q, X*), respectively,
that are conjugate to each other in the sense that

@)= sup { [ " @) s xde) - ff<a:>} |

z€L>(Q,X)

nw = sw [ @) e)x xdp@) - 1)}

*€L1(Q,X*)

Furthermore, if v* is an absolutely continuous functional corresponding to a function x* € L'(Q, X*), then
I3 (v*) = Ip«(z*), while I}(v*) = oo for any v* that is not absolutely continuous.

Remark 2.2. Since X is reflexive, it satisfies the Radon—Nikodym property; moreover, the underlying proba-
bility space is o-finite. It follows that the dual space (L(£2, X*))* can be identified with L>(£2, X'). Thus the

mapping
xH/ )x+ xdP(w) = (2", 2) p1(0,x+), L (9,X)

is weakly* continuous and convex. Moreover, I+, as the supremum over (z,«) € epi(Iy) of functionals of the
form

*
T = <I’ 7I>L1(Q,X*)7LM(Q7X) —Q,

is convex and weakly* lower semicontinuous. A consequence of Lemma 2.1 is that in the case where f is a
normal convex integrand and f(z(w);w) is integrable for all € L>°(2, X), we have I}* = I}, = Iy and thus If
is also weakly* lower semicontinuous. Another helpful method to prove weak* lower semlcontmulty of I follows
from page 227 of [36]: if f is a normal convex integrand and neither Iy nor Iy~ are identically infinity, then Iy
and Iy« are conjugate to each other.

In this work, we make extensive use of a decomposition of elements belonging to (L>°(Q, X))*. Note first
that the space of absolutely continuous functionals defined by (2.1) form a closed subspace of (L>°(£2, X))* that
is isometric to L!(, X*). This subspace has a complement consisting of singular functionals, given in the next
definition.

Definition 2.3. A functional v° € (L*°(Q, X))* is called singular (relative to P) if there exists a sequence
{F,} C F with F,; C F, for all n and P(F,) — 0 as n — oo such that v° is concentrated on {F,}, i.e.,
(V°, ) (Lo (0, x))*, Lo (0,x) = 0 for all x € L>°(Q, X) that vanishes on some F,.

The following Yosida—Hewitt-type decomposition result for vector measures was proven in Appendix 1, The-
orem 3 of [25] (with a slight correction to the original proof in [30]). A related result is in Theorem 4 of
[46].

Theorem 2.4 (Ioffe and Levin). Fach functional v* € (L>(Q, X))* has a unique decomposition
* v+ ’UO,
where v 1s absolutely continuous, v° is singular relative to P, and

||U*||(Loo(9,x))* = ||U||(Loo(9,x))* + ”UOH(LOC(Q,X))*-
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Using this decomposition, it is possible to obtain a particularly useful expression for the subdifferential of
integral functionals on L>°(£2, X). The next result was proven in Corollary 2.7 of [21].

Lemma 2.5. Suppose f is a normal convez integrand. Let T € L (2, X) be a point at which there exists r > 0
and k, € LY(Q) satisfying f(z(w);w) < kp(w) as long as ||& — Z| o, x) < r. Then v* € (L=(Q, X))* is an
element of 0I;(Z) if and only if

¥ (w) € 0f(Z(w);w) a.s., (2.2)

where z* € L' (2, X*) corresponds to the absolutely continuous part v of v*. Moreover, dI¢(Z) can be identified
with a nonempty, weakly compact subset of L'(Q, X*). In particular, v* belongs to 81(z) if and only if v° =0
and v = x* satisfies (2.2).

To close this section, we present some auxiliary results for operator-valued random variables that will be of use
later in the paper. Let £(Y, Z) denote the space of all bounded linear operators from Y to Z (both real, reflexive,
and separable Banach spaces). The set L>° (2, L(Y, Z)) corresponds to all (strongly measurable) operator-valued
random variables A: Q — L(Y, Z) (also known as uniformly measurable operator-valued functions) such that
esssup,,cql|AWw)|lz(v,z) < oo. The adjoint and inverse operators are to be understood in the “almost sure”
sense; e.g., for A, the adjoint operator is the (strongly measurable) random operator A* such that for all
(y,2*) €Y x Z*,

P{w e Q: (", AW)y)z+.z = (A" (W)2", y)y-v}) = 1.

The next two results are proven in Appendix A. In the proofs, and in other arguments throughout the paper,
we make use of the fact that bounded sets in L>°(€,Y) (the dual of a separable space) equipped with the
weak* topology are metrizable; the same applies for L>°(£2, Z). In particular, topological and sequential notions
coincide.

Lemma 2.6. Let A€ L>(Q,L(Y,Z)). Then

(i) The operators Ai: L*°(Q,Y) — L>*(Q,Z2),y(-) = A()y(:) and Aj: (L=(Q,2))* — (L>®(Q,Y))* are
bounded. Additionally, A5 maps singular elements of (L°(Q, Z))* to singular elements of (L™ (Q,Y))*.
Moreover, A%: LY(Q, Z*) — L*(Q,Y™*), 2*(-) — A*(:)z*(-) is bounded.

(i) The operators As:Y — L*®(Q,Z),y — A()y and As: (L*°(Q,2))* — Y* are bounded. Moreover,
As: LY(Q, Z%) — LY, Y*), 2*(-) — A*(-)2*(-) is bounded.

In Lemma 2.6, the notation A(-)y(-) signifies an element of L>(§, Z) with the pointwise action A(-)y(-) :
Q= Z, w— Alw)y(w).

Corollary 2.7. Let A € L*(Q,L(Y,Z)). Then the operator Ay: L>®(Q,Y) — L*(Q, Z),y(-) — A()y() is
weakly*-to-weakly* continuous, and the affine set {y € L>®(Q,Y): Aw)y(w) = b(w) a.s.} is for allb € L>®(Q, Z)
weakly* closed. Moreover, the operator Ay: Y — L>®(Q, Z),y — A(")y is weakly-to-weakly* continuous.

2.3. Risk measures

As the class of problems represented by (1.1) contains risk measures, we briefly mention some properties
that will later be used in the main results. Let LP(Q2) be the space of random variables with p € [1,00).
Throughout the paper, p’ will denote the Holder conjugate of p, i.e., % + i = 1. Following [4], a risk measure
R:LP(Q) - RU{oo} is called coherent, provided it satisfies the following conditions for £, & € LP(£2):

(R1) Convezity: RIAE+ (1 — N)E] < AR[E] + (1 — VR[] YA€ 0,1],
(R2) Monotonicity: If £ < &' a.s., then R[§] < R[],

(R3) Translation equivariance: If ¢ € R, then R[¢ + ¢] = R[¢] + ¢,
(R4) Positive homogeneity: If X > 0, then R[A] = AR[¢].
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Coherent risk measures include, for example, R[¢] = E[¢], R[{] = sup&, and average value-at-risk R[{] =
AVaR,[¢] (often called conditional value-at-risk). However, some important risk measures do not satisfy all
of these axioms. For the purposes of duality, (R1) and (R2) play a central role, and we focus on this
case. If R satisfies (R1) and is proper and lower semicontinuous, then R is related to its convex conjugate
R*: LV (Q) — RU {0} by

RiE] = sup {E[¢V] - R[]} (2:3)
Yedom(R*)

Notice that E[§0] = (J,€) 11 (), r(0)- If R[€] is also finite, then the maximum is attained in (2.3) with

OR[¢] = argmax {E[¢J] — R*[Y]}. (2.4)
dedom(R*)

It is straightforward to show that if (R2) is satisfied, then ¥ € dom(R*) if and only if ¥ > 0 a.s. Additionally, if
R: LP(Q) — R satisfies (R1) and (R2) and is everywhere finite, then it is continuous and subdifferentiable on
L?(Q) (]45], Prop. 6.5).

While we do not make use of this fact here, it is worth mentioning that the conditions (R3)-(R4) provide a
useful characterization of dom(R*) and the subdifferential. In particular, a risk measure satisfying (R1)-(R3) is
equivalent to the restriction ¥ to the set of probability density functions (¢f. [45], Thm. 6.4), i.e., the set P = {J €
LY (Q) : E[¥] = 1,9 > 0 a.s.}. Finally, a risk measure satisfying (R1)-(R4) implies OR[¢] = arg maxeq E[E0].
For a more thorough introduction to risk measures, we refer to [34, 45].

3. KARUSH-KUHN-TUCKER (KKT) CONDITIONS

We now focus on a particular subclass of (1.1), namely on convex problems where the set X5 4 (z1,w) restricts
22 (w) in the form of an equality and conical constraint. As already mentioned in the introduction, under standard
assumptions, classical convex duality theory would provide the existence of Lagrange multipliers in spaces of
the form (L*°(€2, X))*. The formulation of pointwise optimality conditions, which we present in this section, is
more delicate.

3.1. Problem formulation

We first equip the problem (1.1) with more structure. For the remainder of the paper, X1, Xo, W, and R are
assumed to be real, reflexive, and separable Banach spaces. We define the equality and inequality constraints
by the mappings e: X7 x Xo x Q@ — W and i: X7 X Xo X 2 — R, respectively. Given a cone K C R, the partial
order <g is defined by

r<g0 & —-rek,
or equivalently, r >k 0 if and only if r € K. With
x:= (r1,22) € X := X7 x L>(Q, X2),
we define the problem

migier%ize {j(z) = Ji(z1) + R[J2(2)]}

.Z‘EXO::{.Z‘EXZJ}lEC}, (P)
s.t. e(z1,z2(w);w) =0 a.s.,

i(z1,22(w);w) <k 0 a.s.
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Throughout our work, we often use the notational convention, where if x € X, J(z) is a shorthand for
Ja(z1,22(+);-). Similarly, if © € X, we write e(z) = e(x1,x2(+); ) and i(x) = i(x1, 22(+); ). Below, K-convexity
of i(-,-;w) means

’L(/\l‘l + (1 — /\)3%1,/\@ + (1 — /\)Jﬁz;w) <K /\i($1,$2;w) + (1 — A)i(fl,fg;w) V($1,$2), (£1,£2) c X; x Xo.

Problem (P) is subject to the following assumptions.

Assumption 3.1. (i) C C X; is nonempty, closed, and convex and K C R is a nonempty, closed, and convex
cone.

(éi) Jy is convex, lower semicontinuous, and finite on Xj.

(iit) Jo(,-;w) is continuous, convex, and finite with respect to Xy x Xo for almost all w € Q and for every
(z1,22) € X1 X X3, the functions Jo(x1,x2;-) are measurable on €. For every r > 0 there exists a, € LP(Q),
p € [1,00) such that for almost all w and any ||z1]|x, + ||2||x, <7, we have

| T2 (21, 223 w)| < ar(w). (3.1)

(iv) With respect to X7 x Xa, e(+,-;w) is continuous and linear and i(-,-;w) is continuous and K-convex for
almost all w € Q.

(v) For every (x1,x2) € X1 X X3, the functions e(z1,x2;-) and i(x1, zo; ) are measurable on 2. For every r > 0,
there exist constants b, . > 0 and b,.; > 0 such that for any ||z1||x, + ||z2||x, < r, we have

le(z1, z2;w)lw < bre, |li(z1,22;w)[|R < by ass. (3.2)

(vi) R: LP(Q2) — R is convex, monotone, and everywhere finite.

Remark 3.2. The growth condition (3.1) in combination with the Carathéodory property ensures that
Ja: X — LP(Q) is continuous; see Theorem 3.5 of [29]. Continuity in the case p = oo is possible under addi-
tional assumptions; see Theorem 3.17 of [3]. The conditions (3.2) ensure e(x1(:),x2(:);:) € L=(2, W) and
i(x1(+), x2(+); ) € L>(Q, R) for all (x1,x2) € L>®(, X1) x L>®(€, X2). This structure is used in Theorem 3.9
in connection with the nonanticipativity constraint.

Remark 3.3. Suppose h: X7 x X5 x Q — R is a normal convex integrand and h(x;, z2(w);w) is an integrable
function of w for every x € X. Then z — Ij(z) is a weakly* lower semicontinuous mapping on X. This can be
seen by the pairing X with X’ := X7 x L'(Q, X3) and arguing that Ij, and I+ are well-defined on X and X',
respectively. These functionals are conjugate to each other as in Lemma 2.1 with

In-(2') = sug{(x’,x)xl,x —In(z)} and In(z) = sup {(a', z)x/ x — In-(2")}.
xre z’eX’

This gives weak* lower semicontinuity using the arguments in Remark 2.2. Here, the weak* topology coincides
with the weak topology on (the reflexive space) X7, so one even has weak-weak™* lower semicontinuity of I, i.e.,
weak with respect to X; and weak™ with respect to L>(£2, X3). To simplify the discussion, we will not make
the distinction between weak and weak* with respect to 7.

The following result is an adaptation of Proposition 3.8 in [29].

Proposition 3.4. Suppose Assumption 3.1(iii) holds and R: LP(Q}) = RU {00} is conver and monotone. If R
is finite and continuous at Jo(x), then R o Jo is weakly* lower semicontinuous at x.

Proof. Let f(x1,22;w) := Jo(a1, T2;w)d(w), where ¥ € dom(R*) C LP (Q). This function is clearly a normal
convex integrand since ¥ > 0 a.s. by monotonicity of R. Moreover (3.1) in combination with ¢ € LP' () imply
that f is integrable on X. Weak* lower semicontinuity of Iy on X follows by Remark 3.3.
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Now, suppose {z"} C X is a sequence such that ™ —* z. Then

RiJa(a")) = sup (ELx(")0] = R'[0]} 2 ElJa(a")6) = R'[0) (3:3)

for any 6 € dom(R*). Since R is finite and continuous at J(z), it is subdifferentiable there (cf. [45], Prop.
7.74), so (3.3) holds for 6§ € OR[J2(x)]. With (2.4) and weak® lower semicontinuity of Iy on X, weak® lower
semicontinuity of R o Jy at x follows. O

As a result of Proposition 3.4, Assumption 3.1(iii), and Assumption 3.1(vi) imply weak* lower semicontinuity
of RoJy on X.

3.2. Definition of Lagrangians

To obtain pointwise optimality conditions, it will be advantageous to use the decomposition afforded by
Theorem 2.4. This structure will be used to distinguish between the extended (standard) Lagrangian asso-
ciated with the natural pairing and the Lagrangian associated with the weak™ pairing. We define the sets
A= LYQ,W*) x LY(Q, R*) and A° := {\° = (A2, \9) € S. x S;}, where S, and S; denote the sets of singular

e’ ?

functionals (as in Def. 2.3) defined on L>°(Q, W) and L*>(, R), respectively. We define the dual cones

K®:={r*eR:(r*,r\p-r>0 VreK},
K®:={X; €8 : (AL, y) (Lo (.r)) 1=(,r) =0 Vy € L( R) satisfying y(w) € K as.}.
Now, we define the admissible sets Ag = {A = (Ae, \i) € A: Ni(w) € K9 as.} and Af = {\° = (A, \9) €

e’ K3
A°: XS € K%} corresponding to the associated dual problem.
Finally, we define the extended Lagrangian over Xg x Ao x Aj by

L@, A A%) = Lw, A) + L°(2, ), (3.4)
where

L(z,\) := j(z) + (Ae, e()) L1,y Lo (,w) + (N, i(2)) L1 (0, R*), 1 (9, R)
= j(x) + E[(Ae, e(@))w=w + (Aiyi(2)) r* R

is called the Lagrangian and

Lo(z,A°) i= (AL, e(@)) (1= (@)=, L= (2,w) T (A]2 8(2)) (Lo (2, R)), Lo (2, R)-
By convention, we set L(z, A\, \°) = —o00 if € X but (A, A\°) & Ag x A5, and L(z, A\, \°) = oo if = & Xo.

By Theorem 2.4, A\, and A; can be identified with elements A% and A? of the spaces (L*°(€2, W))* and
(L>° (2, R))*, respectively. Hence (3.4) simply corresponds to the standard Lagrangian when

U:=L>*(Q,W)x L*(Q,R)
is paired with its dual U*. -
We will now present the conditions under which saddle points to the extended Lagrangian L exist. To that

end, let u = (u,, u;) be a point in a neighborhood of zero in U. We define the perturbed admissible set

Foauw :={r € X: 2 € C,e(x1,22(w);w) = ue(w) a.s.,i(x1, z2(w);w) <g u;(w) a.s.}
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and the value function
o(u) i= inf (@) + Or,,., (2).

For the existence of saddle points, we impose the following standard assumption.

Assumption 3.5. (i) F,q, is bounded for all u in a neighborhood of zero or j is radially unbounded, meaning
|z]| x — oo implies j(x) — co.
(ii) The problem is strictly feasible in the sense that

0 € int dom v. (3.5)

The condition (3.5) is satisfied if v is finite in a neighborhood of zero and corresponds to an “almost sure”-type
Robinson constraint qualification. Suppose

)

i(z1, ;W)

Notice that the condition (3.5) implies that for all  in a neighborhood of zero in L (2, W) x L*°(Q, R), there
exists 1 € C, x9 € L(Q, X5) such that

— G(z1,22(w);w) —u(w) € K as. (3.6)

Note that G(-,-;w) is K-convex. Then the condition (3.6) is equivalent to a Robinson’s constraint qualification
for fixed w in the case where G(-,-;w) is continuously differentiable on X; x Xo; ¢f. Proposition 2.104 of [10].

To obtain “regular” Lagrange multipliers, meaning multipliers with respect to the Lagrangian L, we make
an additional assumption.

Assumption 3.6 (relatively complete recourse). The induced feasible set
C = {z; € X1: ay € L®(Q, Xo) satisfying e(z1, zo(w);w) = 0 a.s.,i(z1, z2(w);w) <x 0 as.}

contains the first-stage feasible set, i.e. C C C.

Assumption 3.6 is quite strong, essentially requiring the second-stage variable to be feasible for any feasible
first-stage variable. In Section 3.4, we will see that for problems satisfying this condition, Lagrange multipliers
happen to be more regular. In that case, integrable multipliers in A can be found and the singular terms from
A° vanish.

3.3. KKT conditions

In this section, we present strong KKT conditions without the additional Assumption 3.6. This leads to
Lagrange multipliers belonging to A x A°, i.e., multipliers have singular parts. Theorem 3.9 uses arguments
made in Section 5 of [43], where the finite-dimensional case was considered. Many arguments from [21] can be
carried over; we repeat some arguments here and in Appendix B for completeness. First, we obtain the existence
of saddle points.

Lemma 3.7. Let Assumption 3.1 and Assumption 3.5 be satisfied. Then there exists a saddle point (z, A, ;\O) S
Xo x Ag X A§ to the Lagrangian L, i.e, the point (T, )\, \°) satisfies

L@, M%) < L3, M A°) < Lz, M A°) W@, A A°) € X x A x A°. (3.7)
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Proof. This is proven in Theorem B.2 and B.3. O

It will be convenient to define the function

U, X) = inf L0, X°) (3.8)

Let us start with a technical lemma, which adapts ([42], Thm. 3) to include risk functionals.

Lemma 3.8. Let Assumption 3.1 be satisfied. Then for every (A, A\°) € Ag X A, we have

Ilen)gg{L(x, A)+ L°(z,A°)} = Ilen)go{[/(m, A) + (z1, A°) )

Proof. To begin, notice that for all x; € C7, we trivially have

inf {L@A) + L2, 0%} > inf Lz M\ 4+ inf Loz, \°).
IQELgl(Q,XQ){ (1‘ ) (aj )} IgELgl(Q,XQ) (:E ) IgELgl(Q,XQ) (x )

Hence it is enough to show the inequality “<”, or equivalently, that for arbitrary € > 0 and arbitrarily fixed
"

z' = (21,y), 2" = (z1,y") € Xy, there exists x = (x1,y) € X such that the inequality
L(z, M)+ L°(z,\°) < L(2",A\) + L°(2',\°) + ¢ (3.9)
is true. Then (3.9) in combination with the definition (3.8) will prove the assertion.

Let {F. ,} and {F; ,} be the sets on which A2 and A§ are concentrated according to Definition 2.3. We define
F,=F,,UF;, and

nw — y/(w>7 wEFﬂ
v {wwm wgF,’

On F,,, we have e(z1,y"(w);w) = e(z1,y' (w);w) and i(z1,y"(w);w) = i(x1,y'(w);w). Therefore, thanks to
Definition 2.3, for 2™ = (x1,y"™) we have

(Aeye(@™) —e(@)) (Lo @wyy L=@w) =0, (A7 i(z™) —i(2")) (Lo, r))* Lo (0,r) =0,
which implies
Lo(2™, \°) = L°(2',\°) Vn. (3.10)

Let 14 denote the indicator function on A, defined by L1a(xz) =1 if z € A and 14(z) = 0 otherwise. Then
Jo(21,y"();0) = J2(z1,y”(+); ) in LP(Q) as n — oo. Indeed,

o,y (): ) = Jalar, 5" (s e

= /Q |J2($1,y//(w)5w)19\}«“ﬁ, (@) + J2(z1, ¢ (w); W) LF, (W) = Ja(21,y" (W); w) [PAP(w)
— [ My @) - el (@)iw) PABG)
O\F,

+Aﬂhmw%mmfb@mNMwWWW)

n
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Since the integrand in the last integral above is bounded and P(F),) — 0, the last integral vanishes. We now
show that ™ converges strongly to z” in X. Notice that

" ="l = 9" = =0, = esssuply” (@) — v (@) |,
we
= esssup|ly™(w) — v (W) x,
wek,
=inf{fa e R:P{w € F,, : [|y"(w) —y"(w)| x, > a} = 0}.

In combination with P(F,) — 0 as n — oo, the event {w € F, : ||y"(w) — y"(w)||x, > a} has vanishing small
probability for all @ > 0 as n — oo, i.e., in particular for the choice a = 0. Recall that Jo: X — LP(Q) is
continuous by Remark 3.2. Now, continuity of R : LP(2) — R gives

lim R[Ja(z™)] = R[Ja(z")].

n— o0

Analogous arguments yield

lim E[(Ac, e(z™))w+w] = E[Ae, e(@”)w+wl,  lim E[(Ai,i(z"))r+ ] = B[(Ai, i(2")) r-,&]-

n—oo n—oo

As a result, we obtain lim,, . L(z™,A) = L(z"”, ). In combination with (3.10), for any € > 0, there exists an
ng such that for all n > ng we have

L(x™ \) + L°(z",\°) < L(z",\) + L°(2/,\°) + .
After setting x := ™ (for an arbitrary n > ng), we obtain (3.9). O

Theorem 3.9. Let Assumption 3.1 be satisfied. Then (T, N\, A°) € Xo x Ag x A satisfies (3.7) if and only if
there exist p € LY(Q, X7) and 9 € OR[J2(Z)] fulfilling the following conditions:

(i) The function
x1 = Ji(z1) + (Bp) 21) xr.x, + (71, 2°)

attains its minimum over C at Z1.
(ii) The function

(z1,22) — Jg(_x17x2;w)1§(w) + Ae(w), e(x1, T2;w))we w
+ (Ni(w), i(z1, 225 0)) R, R — (P(W), T1) X7, X,

attains its minimum in X1 X X at (T1,Ta(w)) for almost every w € Q.
(#ii) It holds that T4 € C and the following conditions hold almost surely:

i e(Z1,T2(w);w) =0,

)\Z((JJ) S K@, i("fl,.’fz(W);UJ) <K O, (5\1-(0.)),i(il,:ﬁg(w);w»mﬂ =0.

(iv) It holds that £(Z1,A°) =0 and

A€ KP, (A2, i(T)) (L, R, Lo (2,r) = 0.
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The origin of the multiplier p in Theorem 3.9 will become apparent in the proof. There, in view of applying the
Moreau—Rockafellar theorem, the variable z; € X7 first needs to be identified with its corresponding element in
the Bochner space L> (2, X1). This identification is equivalent to imposing z1 (w) = x1, meaning z; (w) = x; a.s.
Sometimes, this condition is imposed explicitly in the problem formulation and is known as a “nonanticipativity”
constraint; see Section 2.4 of [45].

Remark 3.10. Recall the convention L(z, A\, \°) = —co if x € X and (A, A°) & Ag x AS. Given \° € A°, we
have the implication

e(Z1,T2(w);w) =0 as., (T, T2(w);w) <k 0as. = L°(Z,A°)<0. (3.11)
Hence conditions (iii) and (iv) imply
0=/4(z1,\°) < L°(z,\°) <0. (3.12)

Proof of Theorem 3.9. We show that if conditions (i)-(iv) are satisfied, then a saddle point exists. Notice that
¥ € OR[J2(Z)], (2.3), and (2.4) imply with £ = Jo(Z)

E[J2(2)J] — R*[J] = R[J2(z)]. (3.13)
Additionally, (2.3) implies with £ = Js(x)

E[Jo(z)9] — R*[Y] < ﬁEdiI;I?R*){E[JQ(x)ﬂ] — R*[Y]} = R[J2(z)]. (3.14)

Now,

L(z, M 2°) = L(z, \) + L°(z, 3°)

CLD 1 (21) + R (@)] + B[, e(@))we v + iy i(2)) e 1] + 01, X°)
CLY 1 (31) + (31, 3°) + ELR(@)0) — R*[0] + E[(e, e(@)wew + (A, i(2)) -, 5]
= Ji(z1) + (E[p], #1) x7,x, + £(Z1, A°) + E[J2(2)0] — R*[V]

+ E[(Ae, (@) w+w + (N, i(T)) re,r — (P, T1) x7.x, ]

< J1($1) + <]E[,5]7331>X;‘,X1 + g(l‘l, 5\0) + E[JQ(Q:)??] — R*[’lg]

+ E[(Ae, e(2))wew + (M, i(2))re r — (9, 21) x7 X,
(3.14) _ o
< L(z,A\X°) VzeX.

Note that we used monotonicity of the expectation operator in the second to last inequality above.
To prove that L(Z, A\, A\°) < L(z, A\, A°) for all (A, A°) € A x A°, we first prove L(Z,\) < L(Z, A) for all A € A.
Notice this follows if

E[(Ae, e(Z))w+w + (Ni, i(2))r- 7] < E[(Ae, e(Z))w+w + (Xi,i(Z)) r- R,

for all A € A. This is fulfilled thanks to condition (iii) and the fact that (\;(w),(Z1,Z2(w);w))r+.r < 0 a.s. for
all A € A. Now, it is enough to argue that L°(z, \°) < L°(Z, \°) for all A°> € A°. This is also clear, since given
A° € A° and conditions (iii) and (iv), (3.12) holds, hence 0 = L°(Z, \°) = supyocpo L°(Z, A°) > L°(Z, \°).

For the second part of the proof, we show that (Z,\, A\°) being a saddle point implies conditions (i)-(iv).
Trivially, (Z, A\, A\°) € Xo x Ag x A implies 7; € C, \;(w) € K® a.s., and \? € K®. It is straightforward to argue
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that e(Z1, Z2(w);w) = 0 a.s. and i(Z1, T2 (w);w) <k 0 a.s., since otherwise one would have supyc, L(Z,\) =
Now,

0> L°(z,\°) = Sup {{Ae, e(@)) (Lo (@, w))* Lo () + (AT 1(T)) (Lo (,R))*, Lo (2, R) }-
Oe 8

Since 0 € K®, we obtain
L°(z,)\°) =

and thus £(Z, A°) =0 and (\¢,i i(Z)) (Lo (0, R))*,L,r) = 0. Analogous arguments can be made to conclude that
(Ai(w), (%1, Z2(w);w)) r*,r = 0 a.s. We have shown that conditions (iii)-(iv) hold.

Now, we show that conditions (i)-(ii) must hold. Since (%, \,\°) is a saddle point, we have in combination
with Lemma 3.8 that

L(Z,\,\°) = llen)g Lz, \,\°) = xlen)g {L(z,\) + £(21,2°)}. (3.15)

We first work on rewriting the expression L(x, \) + £(x1, A\°). We define the convex function

Hl({ﬁ) _ {J1(.131) —|—€($1,;\0), z € Xy, (316)

00 else.

7

Additionally, we define the integrand

ha (w1, w25 W) = J2(3317332§W)7§(w) + <5\e(W),€(!E1,$2;w)>W*’W
+ (Xi(w), (21, 223 w)) R- . — R¥V].

Assumption 3.1 ensures that hg is a Carathéodory, i.e., continuous in (z1,z3) for every w and measurable
in w for every (x1,x2). Additionally, hy is everywhere ﬁmte and convex with respect to (x1,x2); recall that
the monotonicity of R implies ¥ > 0 a.s. Note also that A\ € Ay implies \;(w) € K® a.s., giving convexity
of the mapping (z1,72) — (\i(w),i(71,72;w)) g+ r. As a result, hy is a normal convex integrand. Let X :=
L>(Q, X)) x L*(Q, X5). The growth conditions from Assumption 3.1 ensure that for any r > 0, there exist
a, € LP(Q) and positive constants b, . and b, ; such that for all x = (x1, x2) € X satisfying ||x||x < r, we have

2(©);@)D(@)| + [(Ae(), 1 (@), Xa(@); 0w w!
(@), 106 (), x2 @) )) e | + R
3(@)] + brelRe@)lw- + bral Ri(w)l

[h2(x1(w), x2(w); w)| < [J2(x1(w), X
\

(w
+ (N
r(w

(
< lar(w)]] + |R*[]] =t kp(w).

It is straightforward to show that k. € L'(£2). Since r is arbitrary, ha(x1(w),x2(w);w) is integrable for all
X = (x1, x2) € X. In particular, the functional

Ha(y) = /Q o061 (), x2(60):0)8() + (Re(@), e(x1 (@), x2(); @) w- wdP(w)
+ / (Ral@),i(x1 (), x2(); @) e R dP(w) — R*[7]
Q
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is well-defined and finite on X by Lemma 2.1; it is continuous on X since for an arbitrary r» > 0 it is always
possible to bound Hs for all y satisfying ||x|lx < r due to

00 = [ B (@)onalw))dBw) < [ b @)Pw) < .

Since the domain of Hy is X, it follows by, e.g., Proposition 2.107 of [10] that Hs is continuous on X.

Let ¢t: X — X be the continuous injection, which maps elements of X; to the corresponding con-
stant in L*°(£2, X7) and maps each element of L*°(£, X5) to itself. In particular, ¢(Z) = (x1(-), x2(+)) with
(X1(w), X2(w)) = (Z1,Z2(w)) a.s., implying

Ho(u(o) = [ Ja(1,22(0);0)0) + (R (@) @1, 22(w)s)hw.aw dPw)
Q

+ / (Xi(w),i(Z1, Ta(w); w)) r- RAP(w) — R*[J)] (3.17)
Q

= R[J2(2)] + E[(Ae, e(Z))w+w + (X, i(Z)) r+ R],

where the last equality follows since ¥ € OR[J2(Z)].
Combining (3.15), (3.16) and (3.17), we have

inf L@ A0 = L@, A7) = (@) + Ha(u(a).

Since Hj is continuous on X and z € dom(H;) (note z € Xy implies xz; € C), it is possible to invoke the
Moreau—Rockafellar theorem (c¢f. [10], Thm. 2.168) to obtain

0 € OH(T) 4 t*OH2(1(7)).
In particular, there exists g € X* = (L°°(Q, X1) x L>=(£, X3))* such that
—1*qg€ O0H1(Z) and g€ 0H2(¢(Z)).
From Lemma 2.5, it follows that OHz(:(Z)) consists of continuous linear functionals on L™ (€, X;)

, X
L (£, X5), which can be identified with pairs (g1, g2) from a weakly compact subset of L'(Q, X7) x L' (Q, X3
such that

J(w) = (@1(w), @2(w)) € Oha(ZT1,T2(w);w) a.s. (3.18)

Let 11: X7 — L°(£2, X1) be the continuous injection such that t(x) = (1121, 22). Notice that for ¢; € L*(Q, X7),
the adjoint ¢5: (L*°(Q, X1))* — X7 satisfies

<LTq_1,I1>Xf,X1 = <ljl7L1$1>L1(Q,X1*),L°°(Q,X1) = EK%('),M)X;,XJ Vry € Xi.
Hence t*G = (E[q1], 32) € X7 x LY(Q, X3). Thus —1*q € 9H;(Z) can be equivalently written as
Hi(z) > Hi(z) — (E[q1], 21 — Z1) x; x, — E[(q2, 22 — Z2) x5, x3]
for all z € X. We obtain from (3.16)

J1($1) +€(1‘1, /\o) Z J1(fl) —|—€(i‘1, /\o) — <]E[(jl],$1 — 'fl>Xf,X1 V131 S C (319)
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and
E[(q2, 72 — T2)x3.x,] =20 Vra € L7(Q, Xa). (3.20)

The expression (3.19) is clearly equivalent to condition (i). Moreover, (3.20) implies g2 (w) = 0 a.s. In combination
with (3.18), this implies that for all (z1,22) € X1 X X,

ha(z1,w2;w) > ho(Z1, T2(w);w) + (@1 (w), 21 — T1)x7 x, s
From the definition of hs, it follows that

Ta(@1, @23 )I(w) + (Ae(w), e(w1, 22 0))we w
+ (Ai(w),i(z1, 225w ))_R*, — (W), 1) x7,x, (3.21)
> Jo(#1, T2(w); )9 (W) + (Ae(w), €
+ (Ai(w), i(21, T2 (W); W) R, R —

for all (z1,22) € X3 x X5. The inequality (3.21) is clearly equivalent to condition (ii) with p(w) := g1 (w). O

Remark 3.11. Implicitly proven in Theorem 3.9 are some additional properties that will later be convenient.
First, f(z1,72;w) 1= Jo(z1, 72;w)¥(w) is Carathéodory and convex with respect to (z1,72). The growth con-
ditions ensure that F(x) = E[f(x1(-), x2(+); )] is continuous with respect to x € X = L (Q, X1) x L>=(Q, X3).
Therefore, an element of the subdifferential OF (:(7)) can be identified with a pair (¢1, $2) belonging to a weakly
compact subset in L'(Q, X;) x L*(£2, X3) such that

P(w) = (¢1(w), $2(w)) € Of (F1, To(w);w) = 0Ja(T1, To(wW); wW)I(w)  aus.

The equality of the subdifferentials follows since 9 >0 as.
Additionally, we show that ¢ satisfying ((w) € 0J2(Z1, T2(w); w) a.s. belongs to the set LP(£2, X7) x LP(Q, X3).
By definition of the subdifferential, we have for all y € X

(Cw), X(w) = Z(w)) x7x x5, X1 x X2 < J2(X1(w), X2 (W);w) — Jo(Z1, Zo(w);w)  as.

Hence with y := ¥ — Z we obtain ({(w), X(W)) xrxxz,x1x Xy < Ja(x1(Ww) +Z1, X2 (W) + T2 (w);w) — J2(ZT1, To(w); w)
a.s. For any r > 0, there exists by Assumption 3.1(iii) a function a, € LP(£2) such that |J2(x1(w), x2(w);w)| <
ar(w) for y satisfying ||x||x < r. With 7 > 0 chosen large enough we get

(@) llxzxx; = sup (C(w), x(W))xpxx3.x:x x5 < 20, (w),
X(w):lIx(W)llxq x xo <1

so it follows that E[||¢;|%«] < oo for i = 1,2. Since ( is measurable, it follows that { € LP(, X7) x LP(Q, X3)
as claimed.

3.4. Existence of regular multipliers

In this section, we refine the results by [21] to include objective functions with risk measures. The additional
Assumption 3.6 ensures that Lagrange multipliers are more regular.

Lemma 3.12. Let Assumption 3.1, Assumption 3.5, and Assumption 3.6 be satisfied. Then there exists a saddle
point (T,\) € Xo x Ag to the Lagrangian L, i.e., (T, \) satisfies

L(z,)\) < L(z,\) < L(z,\) Y(z,\) € X xA. (3.22)
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Proof. This is proven in Theorem B.2 and Theorem B.4. O

Theorem 3.13. Let Assumption 3.1 be satisfied. Then (Z,\) € Xo x Ao satisfies (3.22) if and only if there
ezist p € L*(Q, X7) and ¥ € OR[Jo(T)] fulfilling the following conditions:

(i) The function
xy = Ji(z1) + (E[p], 71) x7 x,

attains its minimum over C at Z.
(ii) The function

(21, 29) = Ja(x1, 223 W) (W) + (Ne(w), (w1, o5 w))w= w
+ (Ai(w), i(21, 223 w)) R- R — (P(W), 1) x5, X,

attains its minimum in X1 X X at (T1,T2(w)) for almost every w € Q.
(iii) It holds that 1 € C and the following conditions hold almost surely:
e(Z1,Z2(w);w) =0,
Ni(w) € K%, i(T1,T2(w);w) <k 0, (Ni(w),i(Z1,Z2(w);w)) - r = 0.

Proof. The proof follows the arguments from Theorem 3.9 after setting L° = 0. O
In the risk-neutral case R = E, the subdifferential consists of the unique subgradient ¥ = 1. In that case,
Theorem 3.13 recovers the optimality conditions presented in [21].
4. MOREAU—-Y OSIDA REGULARIZATION

Optimal control problems with state constraints were first handled in [11] and the use of a Moreau—Yosida
regularization for such problems was first studied in [23, 24]. In this section, we detail the use of Moreau—Yosida
regularization for the state constraint

i, z2(W)iw) <k 0 (& —i(z1,22(w);w) € K) (4.1)
from Problem (P), i.e., in the novel setting of stochastic optimization problem with almost sure constraints.

4.1. Moreau—Yosida revisited

In applications, it is often the case that K coincides with a cone on a weaker space than R, the space where
K has a nonempty interior. Let (H,(-,-)y) be a Hilbert space. We consider cases in which the image space R
of the conical constraint belongs to a Gelfand triple in the sense that

R— H=H"— R", (4.2)

where < denotes the dense and continuous embedding. In particular (h,r)g- r = (h,r)y whenever r € R and
h € H. We assume the cone K is compatible with a cone Ky on the less regular space H in the sense that
Ky N R = K. This construction is quite natural and allows the construction of a regularization with respect to
the weaker H-norm, where computations are cheaper. Notably, since ¢ has an image in R, it follows that

(1, 22(W)w) <k, 0 & i(z,ze(w);w) <k 0. (4.3)
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Examples of applications are given at the end of this section.
Given a parameter v > 0, the Moreau—Yosida regularization (or envelope) for d,, is given by the function
7. H — R with

B1(k) = inf {xc, () + 3 Ik — vl |

Clearly, 87 has the property that 57(k) = 0 whenever k € Ky, and otherwise 57(k) > 0. Additionally,

(k) = 3 inf {81, () + Ik =l } = Sk =, ()] (4.4)

where 7x,, : H = Kp, k + argmin,c {6k, (y) + ||k — y| '} denotes the projection onto Kp. Let Kj; = {h €
H: (h,k)g > 0Vk € Kg} denote the dual cone to K. The projection wg,, onto a nonempty, closed, convex cone
Ky admits the characterization (cf. [7], Prop. 6.27)

Try()=p & peKpy,(p,x—p)g =0, and p -2z € Kj. (4.5)

Moreover (cf. [7], Prop. 12.29), 87 is Fréchet differentiable on H with the gradient VY = y(idg — 7k, ).
The following result is proven in Appendix C and is needed in the following Lemma 4.2.

Lemma 4.1. LetY and Z be real Banach spaces and K C Z be a nonempty, closed, and convex cone. Suppose
f:Y = Z is K-convex and g : Z — R is convexr having the property that g(z) =0 if z € K. Then go (—f) is
convet.

Lemma 4.2. Under Assumption 3.1, x — E[87(—i(z))] is weakly* lower semicontinuous on X for any v > 0.
Moreover, we have E[B7Y(—i(x))] = 0 if and only if i(z1,22(w);w) <g 0 a.s.

Proof. First, we prove that h(xy, z9;w) := BY(—i(x1,x2;w)) is a normal convex integrand. Since the indicator
function dk,, is a proper, convex, and lower semicontinuous function on H, 57 is a convex, real-valued, and
continuous function (¢f. [7], Prop. 12.15). In particular, 87 is a normal integrand, so w — 7(f(w)) is measurable
for any measurable mapping f: Q — R. Continuity of both 57 and ¢ imply continuity of h on X; x Xa; convexity
of h on X7 x X5 follows by Lemma 4.1. As a result, h is a normal convex integrand.

Let r > 0 and suppose (x1,z2) € X7 X Xo satisfies ||z1]|x, + ||z2]|x, <. Since 0 € K = Ky N R and 7g,, is
nonexpansive, we have thanks to the characterization (4.4)

B, @230) = 2| =ilw1, @23 w) = Ticy (i, 2230)) %
2
< y(ll=i(@1, w250) = Ol + |75 (0) — iy (=i, 225 0)) | )

< Ay, wo;w) |17 < 2yebZ

where b, ; is defined as in Assumption 3.1(v) and ¢ > 0 depends on the embedding constant from R < H. Hence
h(x1,z2(w);w) is integrable in w for all z. Weak* lower semicontinuity of I}, follows by Remark 3.3. The second
statement is clear when considering (4.3) in combination with 57 > 0 and 87(k) =0 if and only if k € K. O

In the introduction, we already gave one example (P’) of an application to PDE-constrained optimization
under uncertainty. Now, we will consider three representative examples of the almost sure constraint (4.1) from
the same problem class. Additionally, we provide their regularization functions.

Example 4.3 (Mixed control/state constraints). Suppose D is a bounded subset of R. Assume X, = H!(D),
X1 =H=1L*D), and Ky = {z € H : z(s) > 0 a.e. in D}. For a € L*(Q, X3), the pointwise almost sure
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constraint
z2(s,w) <a(s,w)+exi1(s), ae s€D, as. we
has the form (4.1) with i(z1(-), z2(, w);w) = 22(+,w) — a(-,w) — ex1(-). In the case e = 0, R = H'(D) and we

have a stochastic version of state constraints originally investigated by [11]. In the case € > 0, R = L?(D), and

we have a stochastic version of a bottleneck constraint as investigated by [9].
By (4.4),

B7(=i(a1 (), wa(,w)iw)) = 2 llmax(0,wa(w) — alw) = 1) [Fp):

where max is defined pointwise in D.

Example 4.4 (Volume constraint on state). Assume Xy = HY(D), H =R =R, and Ky = R,. For b € L>=(Q),
the constraint

/ xa(s,w)ds < b(w), as. we
D

takes the form i(zz(-,w);w) = [, z2(s,w)ds — b(w) and the regularization function is given by

2

7 citaate i) = (0. [ an(o,)ds - 060))

Example 4.5 (State gradient constraint). Let D be a bounded subset of R?. Assume X, = W?2?(D)NWy?(D)
for p > 2d, H = L?(D), and Kp is the same cone as in Example 4.3. For ¢ € L>(2, H), the almost sure
constraint

|[Via(s,w)|z <9YP(s,w) ae s€D, as. we

takes the form i(z2(-,w);w) = |Vaa(-,w)|2 — ¥(-,w). In this case, R = WHP(D). The regularization is
. g
B (=ila( w)w)) = 5 [max(0, [Vas (- w)la = ¢ (- w) 72 ()

4.2. Convergence of regularized problems

We now discuss the Moreau—Yosida regularization of the conical constraint from Problem (P). To that end,
we define the family of regularized problems, parametrized by v > 0, by

minimize {7 (z) = j(x) + E[5(~i(x))]}
{ x1 € C, (Pﬂy)
e(r1,r2(w);w) =0 as.

s.t.

Problem (P7) is interesting in its own right. Due to the linearity of the constraint, in the case where j is
quadratic, it is related to a subproblem used in sequential quadratic programming.

Thanks to Assumption 3.1, the functions e(, -;w) are Fréchet differentiable with partial derivatives that are

bounded and linear, i.e., e,, (w) € L(X;, W). Without loss of generality, affine terms can be incorporated in the
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objective function, so by linearity,
e(z1, oy w) = ey, (W)x1 + ey, (w)xa.

We focus on the case where Problem (P) does not satisfy the relatively complete recourse condition. This
occurs naturally when the equality constraint has a unique solution for every x; € C. Then it is clear that the
relatively complete recourse condition will not be satisfied except for trivial choices of K.

For the next results, we need the following additional assumptions.

Assumption 4.6. (i) e,,(w) is a linear isomorphism for almost every w and ez} € L>=(Q, L(W, X3)).

(éi) 1 is continuously Fréchet differentiable on X7 x X5 for almost every w with partial derivatives satisfying
iz, (T1,22;) € L®(Q, L(X, R)) for every (z1,22) € X7 X X5 and k =1, 2.

(i7) If 27 —* z and j(z7) — j(Z), then ||z]||x, — |Z1]lx,-

Remark 4.7. For the consistency of the primal problems, shown in Proposition 4.8, we only need Assump-
tion 4.6(i). By Assumption 4.6(i), for every z; € C, there exists a unique solution zy € L*°(, X3) such
that

Ta(w) = —e,,) (w)eq, (w)z1. (4.6)

Thanks to the additional structure afforded by Assumption 4.6(i), it is in fact enough to require that j is
radially unbounded with respect to 7 only (instead of x). Assumption 4.6(iii) is a property that is satisfied in
combination with (4.6), e.g., if Jj is a p-strongly convex function, as is the case for the Tichonov regularization
Ji(z1) = &lz1|%,, 1 > 0. To see this, notice that by (4.6), the control-to-state operator S(w) : X1 — Xa, 1 —
22(w) is a linear mapping for almost every w. The reduced functional jg(xl) :=R[J2(x1,S(-)x1; )] is therefore
convex. It is straightforward to prove that j(z]) := Jy(2]) + Jo(x]) = j(27) is a p-strongly convex function over
X;. Note that if 27 —* z, then 2] —* Z; and thus the convex combination z; := tx] + (1 — t)z; € C satisfies
2] —*  for any t € [0,1]. By weak* lower semicontinuity and convexity of j as well as j(z7) = j(Z),

j(z1) < liminf j(z)) < limsup j(z) < limsuptj(z]) + (1 — t)j(z1) = j(z1),

V=00 y—o0 y—00

meaning lim,_, J(tz] + (1 =)&) = j(&;) for any t € [0, 1]. Now, p-strong convexity of j gives

lim 21— t)]27 — a3k, + lm j(t2] + (1 —)z1) < lim tj(2]) + (1 —)5(Z1)
2 y—00 Y0

y—o0

. M = 112
< lim St - e} — 71l%, <0,

which gives ||z]||x, — [|Z1] x, as required.
The first result concerns optimality of limit points of solutions to Problem (P7).

Proposition 4.8. Suppose Problem (P) satisfies Assumption 3.1, Assumption 3.5, and Assumption 4.6(i).
Then there exists a solution ¥ € X to Problem (P”) for all v > 0. Additionally, given {v,} with ~, — oo,
weak* limit points of {x"™} solve Problem (P).

Proof. Let F, :={x € X : 21 € C,e(x1,x2(w);w) = 0 a.s.} denote the feasible set for Problem (P7). From
(4.6), we have

w2l o= 0, x2) < llez, oo @, comxan lea 21l L= @,m) < cllznllx, - (4.7)
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Either boundedness of C' or radial unboundedness of j imply boundedness of j7 over F.;. Thus a minimizing
sequence {z"} C F, exists such that

lim j7(z") =457 := inf j7(z). (4.8)

’
n— oo z€F!,

If C is bounded, then (4.7) implies 2™ is bounded in X for all n. Otherwise, if j is radially unbounded, then for
every ¢ > 0 there exists r > 0 such that for all n satisfying ||z"||x > r, we have j7(z™) > j(z™) > ¢. Choosing
¢ large enough produces a contradiction to (4.8). Hence z™ is bounded for all n, so there exists a subsequence
{ni} such that z™ —* 7. Assumption 3.1 guarantees that Proposition 3.4 and Lemma 4.2 apply, from which
we deduce weak™ lower semicontinuity of j7. As a result, we obtain

77 <37(@7) < lim 7 (z™) = 7.
k—oco

Notice that C' is closed and by Corollary 2.7, F, is weakly* closed. Hence 27 € F.; and therefore 27 is an
optimum for Problem (P7).

Now, observe a sequence {7} of optima to Problem (P7) with v,, — oo. If Z is an optimum of Problem (P),
then by optimality,

J@r) < g (am) <) = §(T). (4.9)

In fact (4.9) implies that {z7»} makes up a minimizing sequence for j. Again, boundedness of C or radial
unboundedness of j imply boundedness of {7 }. Therefore, there exists a subsequence {n;} such that z7x —*
Z. Weak* lower semicontinuity of j gives j(Z) < j(Z). Now, it is enough to show feasibility of &, since from
feasibility one must conclude j(%) = j(Z) by optimality of . Notice that j is bounded over F_4, so from (4.9),
we have

E[37 (=i(@))] = 2B =) = mic, (=i ) ] < e

Using the weak™ lower semicontinuity granted by Lemma 4.2, we obtain the convergence E[||—i(z7"x) —
iy (—i(x7))]|%] — 0 as k — oo, meaning —i(#1,42(w);w) € K a.s. by Lemma 4.2. Feasibility of & for
Problem (P) now follows by closedness of C' and Corollary 2.7. In closing, we have j(z'") — j(&) = j(Z)
since

§(#) < liminf j(z™) < limsup j(z™) < §(7) = j(2). (4.10)

Yn 00 Yn—>00
O

In the following, we analyze the convergence of Lagrange multipliers as v — oco. To that end, it will be helpful
to first formulate more explicit optimality conditions for Problem (P), and after that the explicit conditions
for Problem (P7). In what follows, we use the abusive notation e} for the adjoint operator from (L> (2, W))*
to (L>°(€2, X;))* and €}, () for the adjoint operator from L'(Q,W*) to L'(Q, X}) as described in Lemma 2.6.
Similarly, i} () is the shorthand for the operator from (L*°(€, R))* to (L*>(£, X;))* whereas i}, (Z1,Z2(-);-)
represents the operator from L'(Q, R*) to L'(Q, X}).

Lemma 4.9. Suppose Assumption 3.1, Assumption 3.5, and Assumption 4.6(i)-4.6(ii) are satisfied. Then there
exists a saddle point (T, A\, \°) of the Lagrangian L. Furthermore, the existence of the saddle point is equivalent
to the following necessary and sufficient optimality conditions: there exist p € L1 (Q, X7), ¥ € OR[J2(Z)], 7 €
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aJl(fl); ge NC(£1)7 and é = (§1a€2) € LP(Q7XT) X LP(Q,XS) with E(w) € aJQ(.’Z'th(OJ);OJ) such that

n+E[p ]+em1)\2+z (Z)A; + € =0, (4.11a)

ex Ao +in (T)A; =0, (4.11b)

GW)I(w) + e, (WD Ae(w) + i, (T4, o (w )7‘*})5‘1’(‘*}) —plw) =0, (4.11c)

G (w)v ( )+ €, (W Ae(w) + 5, (71, Ta(w); w)Ai(w) = 0, (4.11d)

T €C, e(T1,T2(w);w) =0, (4.11e)

i(Z1, T2 (w);w) <k 0, N(w) € K%, (Ni(w),i(F1,To(w);w)) g =0, (4.11f)
A€ KO, (A,i(Z)) (L @.r) L @,r) = 0, (4.11g)

with pointwise conditions holding for almost all w € .

Proof. By Lemma 3.12, a saddle point (Z,\,\°) exists, and so we can apply Theorem 3.9. The conditions
(4.11e)—~(4.11g) are trivially satisfied. Minimizing Jy (x1) + (E[p], 1) x+ x, + £(z1,A°) in ;1 over C' is equivalent
to minimizing

F(z) := Ji(z1) + (E[p], 1) x; x, + (A2, €(2)) (Lo (W) L= (W)
+ (A],i(2)) (Lo (@, R))* L (@,R) + dc (1)

over X. In combination with (4.11e)—(4.11f), the condition £(Z1, A°) = 0 implies the minimum in the definition
of (3.8) can only be attained at Z» by Remark 3.10. Hence condition (i) of Theorem 3.9 is the same as 0 € OF (Z).
All terms in F' other than d¢ are continuous on X. Thus the sum rule for the subdifferential applies (cf. [10],
Thm. 2.168) and we have after exploiting differentiability afforded by Assumption 4.6(ii) the expression

e (M) (PR ERY) - (6Y)

ro2’'e

Note that the corresponding adjoint operators are well-defined by Lemma 2.6. The existence of 7 and & as well
as (4.11a)—(4.11b) follow. Condition (ii) of Theorem 3.9 yields

0c 8(J2(561,:f32(w);w)1§(w)) + <{€$1(w))(\e()w) + iy, (ilvi?(w)?‘”)/.\i(w) - p(w)}) .

Since ¥ > 0 a.s., O(J2(T1, To(w);w)D(w)) = 0Jo(Z1, T2(w); w)I(w). Hence there exists ((w) € 8.J2(Z1, Ta(w); w)
such that (4.11c)—(4.11d) are satisfied a.s. The fact that ¢ € LP(Q, X{) x LP(2, X3) follows from Remark 3.11.
O

Now, we formulate the optimality conditions for Problem (P”). We define the corresponding Lagrangian by
Lz, ) := j7(z) + E[(Ae, e(x))w .

Lemma 4.10. Suppose Assumption 3.1, Assumption 3.5, and Assumption 4.0(i)—4.6(ii) are satisfied. Then
there exists a saddle point (7, A7) of the Lagrangian LY. Furthermore, the existence of the saddle point is equiva-
lent to the following necessary and sufficient optimality conditions: there exist p? € LY(Q, X7), 97 € OR[J2(z7)],

nY € dJy(x]), &7 € Neo(z]) and {7 = (¢7,¢F) € LP(Q, X7) x LP(Q, X3) with (7 (w) € dJ2(x], 23 (w); w) such that

n +E[p)] + ¢ =0, (4.12a)
W) (w) + €5, (WAL (W) + i3, (2], 23 (w); w)A] (w) — p7 (w) =0, (4.12b)
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G (@) (w) + €}, (WAL (W) + i3, (1, 23 (w); w)A] (w) = 0, (4.12¢)
x] € C, e(z],x] (w),w) =0, (4.124d)
A (w) = y(i(a], 23 (W);w) + Tr, (—i(a], 23 (W);w))) in H, (4.12¢)

with pointwise conditions holding for almost all w € €.

Proof. By Assumption 4.6(i), we have that the set C is contained in the induced feasible set for z; given by C=
{1 € X1 : x5 € L™(Q, X3) s.t. e(x1, 22(w);w) = 0 a.s.}. Hence Assumption 3.6 is satisfied for Problem (P7)
and Lemma 3.12 can be applied to the Lagrangian L7, giving the existence of a saddle point (z7,AY). Now,
Theorem 3.13 can be applied.

Condition (i) of Theorem 3.13 clearly translates to (4.12a). As discussed in Section 4.1, 87 is Fréchet
differentiable on H with V37 (k) = v(k — 7k, (k)) € H — R*. By the chain rule,

0z, B (—i(21, w25 w)) = —iy (21, 025 w) VB (—i(1, 225 W)).

Defining \] (w) = —VB7(—i(z1, x2;w)), we get the expression (4.12¢). Condition (ii) of Theorem 3.13 amounts
to

f(z1,m250) 1= Ja(1, 225 0) 07 () + B7 (—i(21, 22(w); W))

</\PY() (331,1‘2, )>W*,W_<pﬁy(w)axl>Xf,X1

attaining its minimum at (27,23 (w)), i.e., 0 € f(z], 23 (w);w), which yields (4.12b)(4.12¢c). The remaining
conditions follow directly from Theorem 3.13. O

The following characterization of the multiplier A} will be useful later.

Lemma 4.11. For all k € Ky, we have
(N (W), k)g =0 (4.13)
and
(A (w),i(2], 23 (W) w)) e = (A (W), k)

Proof. Thanks to (4.5) and (4.12e), we have A} (w) € K§; a.s. and thus the expression (4.13) holds. Additionally,
(4.5) implies (\] (w), 7y, (—i(2], 23 (w);w)) g = 0, so

N (@) k) = (N (W), mrey (=i, 23 (0);w)) - (4.14)
Adding (A (w),i(z], 3 (w);w))m to both sides of (4.14) gives
(A (w),i(a], 23 (w);w) + k) > 0.
O

Let X := X x A x LY(9, X7) x X7 x X7 x (LY, X7) x LY(Q, X3)). In the following, we use the shorthand
@7 = (¢],09) = (({97,(]97). We define the primal-dual path

Cri={(=", X, 070", £7,¢7) € X: y € [r,00)}.
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Proposition 4.12. Let Assumption 3.1, Assumption 3.5, and Assumption 4.6(i)—4.6(ii) hold. Then, for every
r >0, the path C, is bounded in X.

Proof. Bounding of x7, n7, ¢7. Making the same arguments as in Proposition 4.8, 27 is bounded independently
of 7, from which boundedness of 77 immediately follows. Notice that 7 € IR[J2(27)], implying boundedness
of ¥7. (This follows from the fact that R is finite, convex, and continuous on LP(£2), making it locally Lipschitz
on LP(2); see Proposition 2.107 of [10]. It follows that the subdifferential maps bounded sets to bounded sets by
Lemma C.1.) Using the relations (2.3) and (2.4), since E[J3(27)97] = R[J2(z")] + R*[¢"], and by Remark 3.11,
@7 (after identification) belongs to OE[J2(27)¥7], boundedness of 7 and 97 implies boundedness of ¢7.

Bounding of A . In the following, statements written as depending on w are to be understood as holding almost
surely. From (3.5), there exists r > 0 such that for all u = (u.,u;) € B,(0) = B..(0) x B,.;(0) C L*(Q, W) x
L>(Q, R), there exist k € K and z° = (29, 29(+)) satisfying 2§ € C and

€y (W)25 (W) + €x, (W)} — ue(w) =0
—i(x?, 29 (w); w) — ui(w) = k. (4.15)

Now, (4.15) combined with Lemma 4.11 gives

(N @), ui@) g = (N (), (27, 25 (w)s w) + ui(w) g — (] W), i(a}, 23 (w);w)m
(AN (@), k) — (N (W), (2, 23 (w);w) i

(N (@), i(a], 23 (W)iw)a — (A] (W), i}, a3 (w)iw))m

(N (@), i, (27, 23 (W);w) (@] = 21))n

+ (N (W), iy (2], 23 () w) (23 (w) — 25(@)))

where we used convexity of (z1,z2) — (A],i(21,22,w))n in the second inequality. Recalling (4.2) and using
(4.12b)—(4.12d), we obtain

(A (W), ui(W) re,r < (P (W) — 6] (w), 7] — 2 x7.x, — (B3 (W), 23 (W) — 29 (W) x5, xo-
Thus
(A, ui) Lro,re) e ,r) < (ElpY — @], 27 — af) x; x, —E[(¢3, 23 — 25) x5 x,]
< (=& =77 = [Qﬂ]ﬂ?? — ) xr.x, —E[{(¢3, 2] — 29)x; x,]
< (-0 —E[¢]],2] — 2D x: x, — E[(#3, 23 — 23) x; x.) (4.16)
< (I llx; + ||¢7HL1(QX Dle] =2 x,

+ 16311 L1 @, xp) 1123 — 28] Lo (2, %)

where in the third inequality we used &7 € N¢(2]), and in the fourth inequality we used Jensen’s and Holder’s
inequalities.

In the following, we use a generic constant ¢ > 0, which is independent of w and takes potentially different
values at each use. Since z7, 77, and ¢” are bounded independently of ~, (4.16) yields

(A i) r(o,r), L (a,r) < € < 00

and hence

1 1
M leiory < = sup (AL y)io,re 1=@m} < Ce < oo
yEBr :(0)
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Bounding of \), p7, £7. Now, (4.12¢) and Assumption 4.6(i)—4.6(ii) yield

Iz ,we) = =€y (in, ()N 4+ @) | L1 @,w)
< clliz, @N + b3l a.x;)
< (N llLve,re) Fllosllzr@,xp) < ¢ < 0.

Additionally, (4.12b) gives

1P I, x5) = lo] +ex, AL +in, ()N (|21 @.x0)

< (o]l @xzy + Nl @w=y + 1IN | @,r) < e < oo
Finally, (4.12a) combined with Jensen’s inequality yields
1€ x; < 7 llx; + Elllp7]|x;] < ¢ < oo

O

We now show optimality of accumulation points of the primal-dual path Cy. Here, a central difficulty is
that the Banach—Alaoglu theorem cannot be applied to obtain weak* compactness of closed bounded subsets
of L1(£2, X*) (X being a generic reflexive Banach space), as it would require understanding L'(2, X*) as a
dual of another Banach space. Another difficulty is that weakly* compact subsets of L!(Q, X*) are not weakly*
sequentially compact.

We will use two tools to circumvent these difficulties: first, we will identify L(£2, X*) with a closed subspace
of the bidual space (L(£2, X*))** = (L>°(£, X))*. This is always possible, and in our setting, this corresponds
to the relationship between absolutely continuous functionals and their integrable functionals via the expression
(2.1). The absolutely continuous functional corresponding to A7 is denoted by A7%; the other functionals are
defined similarly.

To circumvent the second difficulty, we will work with a net (generalized sequence) in Cy instead of a sequence.
Given a directed set I on which a relation = is defined, which is reflexive, transitive, and directed, a net (z%)qaer
on X isamap x: 1 — X. A net (y%)ses is a subnet of (z%)aer via ¢ : J — I if for all B € J, y? = 29 and
for every ag € I, there exists 8y € J for which Sy < S implies g < ©(3). We remind that x® converges to an
accumulation point z if (2%),er lies eventually in every neighborhood of x, i.e., for any neighborhood V of z,
there exists o € I such that for all & = ap, we have ® € V. For our purposes, the choice (I, =) = ([0, c0), <)
will be sufficient. Notably, topological notions of closure and continuity carry over for nets. We will write —, —,
—* to emphasize topologies when taking limits. Nets on compact sets in Hausdorff spaces have the following
convenient property: there exists a subnet that converges to a point in the set; see, e.g., Section 1.4, 1.7, 1.9 of
[7] for definitions and properties.

Theorem 4.13. Let Assumption 3.1, Assumption 3.5, and Assumption 4.6 hold, and observe the net generated
by the primal-dual path (x"*l,)\”/,p”/,n“/,@/,(;57/)7/6[0700) C Co, with ¢7 = V9. Then there exists for J C
[0,00) a subnet (x7, XV, pV* n¥ £, $7V%) cs, a sequence v, C J with v, — 00, and an accumulation point
(i‘,/\’,p’,f],é, ¢, (e LP(Q, X7) x LP(Q, X3), and Je Lp,(Q) such that

7’ =z in X,

ALE —=* N gn (L2 (Q, W)™,
Xya —* )\’ in (L>(Q, R))*,
p'ya -7 ,0 in (LOO(Qle)) ’
nm =1 in X,

S v oo~
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7. 7% —* ¢ in (L°(Q, X1))* x (L, X2))* with 9 —* § in L' (Q) and (" (w) — ((w) in XF x X3
a.s.

We have N, = X% + X2, N, = Xt + X2, p/ = p% + p°, and ¢ = ¢ + ¢° for the absolutely continuous functionals
A e (Lo°(Q, W), Xa € (L®°(L, R))* p* € (L=(Q, X1))*, and ¢* € (L>®(Q, X1))* x (L°(2, X2))*, correspond-
ing to A, € LY(Q, W), A; € L1, R*) p € LM, X7), and ¢ € (LY(Q, X7) x L'(, X3)), respectively. Finally,
the accumulation point (2,\,\°, p,p°,1,&,b,¢°) satisfies the following conditions: 7 € 8Jy(31), € € No(i1),
0 € OR[J2(2)], ((w) € Dy(&1, do(w);w) a.s., and:

A+E[p] + 65 +en, A + 5, (#)A) + € =0, (4.17a
b5 + %Ag +iE (2)AS =0, (4.17b
P1(w) + €5, (W) Ae(w) + 3, (21, F2(w); w)Ai (w) — p(w) = 0, (4.17c

B2(w) + €f, (W) Ae(w) + i3, (F1, F2 (w); w) Ai(w) =
1 €C, e(Z1,22(w);w) =

i(31, 22(w)iw) <k 0, Ni(w) € K¥, (Ni(w),i(d1, d2(w); )>R*,R=0
X €KP, (A5,i(2)) (L= (0, r)) 1 (.R) = 0, (4.17g

_— —
I =~
: =
=3 =
— [oN
S~— S— S— S— S— S—

with pointwise conditions holding for almost all w € Q.

Proof. Characterization of accumulation points and topologies. By Proposition 4.12, for every r > 0, the
path C. is bounded in X, in particular for r = 0. Thus Cy is weakly* compact and hence there exists
a subnet (z7,A7,p7,n7,£7,¢7),es C Co such that (after identifying absolutely continuous terms), we have
(Y, A0 p1e Y £ pTa) —* (i:,)\’,p’,ﬁ,é, ¢'). Note that the decomposition of accumulation points, i.e.,
M= A+ A9, A, = S\f + 5\;’7 ol = p* + p°, and ¢ = ¢ + ¢° follows from Theorem 2.4.

One can prove j(z7) — j(&) for the subnet (27),c; exactly as in Proposition 4.8; see in particular (4.10).
Together with Assumption 4.6(iii), we obtain ||z]|x, — ||[Z1]|x, as ¥ — oo and thus #]—#; in X;. From the
formula (4.6) we have

esssuprz( ) = #2(w)]lx, = esssuplle;, H(w)ea, (W) (@] = 21)]|x,,
weN weN

and hence x3—&9 in L>=(Q, X5). We obtain 27 — & in X.
Verification of (4.17¢). From (4.12b), we have for all p € L>=(Q, X;) and all

0= (&7 +e5, (DAL() +ig, (27,29 (); )N () = P75 ) L1 (2, x7), Lo (2,X1)-
Notice that
o (b1, 1) rra,xy),L=(0,x1) = (D1 1) (L= (@, x0) Lo (2,%1) —F (D1 1) (L= (9,X1))*, L (0,x,) by weak™ conver-

gence of ¢] in (L*(9, X1))*.
e Using the identity for absolutely continuous functionals (2.1) combined with Lemma 2.6 we have

<€;1('))‘Z(')vN>L1(Q,X1*),L°°(Q,X1) = <>‘z76371(')M(')>L1(Q,W)),L°°(Q,W)
= <>‘z’aaex1('),U'('»(LOO(Q,W))*,LOC(Q,W)

= (Nes €z (D)) (Lo (1)) Lo (1) = (€5, Ay ) (Low (9,X1))7 Lo (2,X1 )

by weak* convergence of \)'® in (L°(£2, W))*.
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¢ From strong convergence of (z7),c; and weak* convergence of \]** in (L°°(€2, R))* we have
(iz, (@1, 23 () )N () v @,x ). @xy) = A ()t (@7, 23 () )p()) .0 L (@.R)

=\ g, (2], 23 (); ')M(')>(Lo°(sz,R))*,Lo°(Q,R)

= (Niy iz, (@1, 22(1); )1 (-)) (Lo (2, R))* Lo (,R) = (i, (B1, B2(2); )i, 1) (Loo (2,%1))* Lo (2,X1)

where we used the continuity of the partial derivative afforded by Assumption 4.6(ii).

o (07 1) pr(Q,x7) Lo @,x1) = (P ) (Lo (,X1))7 Lo (@,x1) > (07 ) (L (9,X1))*,L=(2,x,) Dy weak™® conver-
gence of p™® in (L%°(Q, X1))*.

Thus
0= (¢ +ep, A+ i, (TN, — 05 1) (Lo (2, X1))* Lo (2, X1)

The sets A; and S; denote the sets of absolutely continuous functionals and singular functionals, respectively,
defined on L*>° (2, X;). By Lemma 2.6, it follows that

(07 + €5, A + i3, (2)AF = 2°) + (1 + €3 A + i3, (2)A] = p%) = 0.

€851 €A ML (Q,XT)

The spaces A; and S; are complementary spaces, so A; NS; = {0}. This implies
O7 + en A + i, (R)X] — p° =0, (4.18)
G+ el AL ik (#)AF — po = 0. (4.19)

The expression (4.19) immediately implies that (4.17c) is satisfied.
Verification of (4.17b) and (4.17d). Analogously to the prior step, we have from (4.12¢) for all v € L>°(£, X5)
and all ~

0= (d3 + ey, (DN () +ip, (27,23 (); I (), V) L1, x5), Lo (2. X2)-
Hence
0= (¢ + ez, Ac + 15, (B)N, V) (L= (9,X2))* L= (2, Xa)
Grouping by singular and absolutely continuous terms, we obtain (4.17b) and (4.17d).

Verification of (4.17a) and (4.17e). The expression (4.17e) follows from Corollary 2.7 and the fact that C is
closed. From (4.12a), we have for all p € X

0=(Elp"]+n"+& m)x:x,
= (7" 1) (L= @.x0))- (20 + 07+ 87 1) XX,

After plugging in (4.18), the accumulation point therefore satisfies

0= (5 + 5°, W) (L= (2, X 1)) L= (2, x1) + (7 + & 1) x5,
= (E[p] + ¢ + ez, Ac + 5, (B)A] + 1+ & 1) xp x,

for all u € X1, which is equivalent to (4.17a).
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Verification of (4.17f) and (4.17g). We proved (%1, Z2(w); w) <f 0 in Proposition 4.8. For all v, A} (w) € K§,.
It follows for all » € L>°(£2, R) satisfying r(w) € Ky N R = K that

0 < E[(N],m)u] =E[N],r)r.r] = (X", 7) (1 (0,R)* . L= (2, R)-
Therefore
0 < (AF + A8, 7) (oo (@.R))* L= (.7)-
Since 5\;‘ and ;\ZO belong to complementary subspaces, we conclude
Ailw) e K® as. and A2 € K©. (4.20)

By weak* convergence of A}, strong convergence of 7, and continuity of « — i(x1,z2();-), we have

B[N, —i(a] 2} () )] = A", —i(a] )
' .

z3(); )>(Loc(§z R))*,L°° (S, R)
= (\j, —i(&1, 22(-); )

)7

) (Lo (2,R))*,L>(,R) = 0.

Notice that for all -,

E[(A], —i(2"))n] = 2E[(i(z") + 7, (—i(27)), —i(27)) ]
= = E[[i(@") 7] + VE[(7x, (—i(27)) — 7x, (0), —i(27)) ]
< —E[li@) 1]+ Ellmk, (=i(@7) = e (0)]|alli(27) ] 1]
< —Elli(7)IF] +~Ellli(@)IIF] = o,

where we used monotonicity of the expectation operator, nonexpansivity of the projection operator, as well as
0 € Kp. This combined with (4.21) yields

(\i(w),i(#1,22(w);w))r-r =0, and (A3, i(2)) (Lo (,r) L= (0,R) = 0.

Sequential statements. We note that X; and L*°(Q, X3) are metrizable spaces. Note that X; is reflexive.
From the subnet (z7,17,£7) e, it is therefore possible to extract a subsequence 7, — oo such that 27 — Z,
Y =, and 7 = €.

Convergence of elements from subdifferentials. Strong convergence of 7 and weak convergence of {7 €
Ne(27m) imply € € Ne(#1). By the same reasoning, 7 € 9.J;(i1). We now reveal the structure of ¢ = 77,
where 97" € OR[Jy(x7)] and (7" (w) € 8Jy(x]", 23" (w);w) a.s. Clearly, ¥ is bounded in L? (Q) due to the
boundedness of 27", hence on a subsequence (we use the same labeling) there exists a 0e Lp/(Q) such that
Yn —* 9. Therefore, strong convergence of 27 to & implies 9 € OR[J2(&)]. Moreover, for almost every w, the
sequence (" (w) is bounded in X7 x X3 due to the boundedness of 27~ hence there exists a subsequence {n} and
a limit point ¢(w) such that ¢ (w) — (w). From the convergence 27" — &, we have on a further subsequence
(with the same labeling) the pointwise convergence 7« (w) — #(w) a.s. and hence ((w) € 8.J5 (&1, £2(w);w) a.s.
The fact that ¢ € LP(Q, X¥) x LP(Q, X3) follows by Remark 3.11. O

The system (4.17) in Theorem 4.13 is not necessary and sufficient for optimality since it is not generally
guaranteed that the sequence given by ¢ = 97 (7 has a limit of the form I¢ as required by (4.11c)—(4.11d).
Moreover, the system (4.17) contains the singular terms (ﬁo. However, there are two relevant cases in which it
is possible to show the stronger result.
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Qorollary 4.14. With the same assumptions as in Theorem 4.13, assume additionally that R = E. Then qg = é,
@° =0, and the system (4.17) is necessary and sufficient for optimality.

Proof. In the case where R = I, we have 97 = 9 = 1 for all v > 0. Hence from ((w) € 8.J5(#1, &2(w);w) a.s. and
@™ = (" (after identification) belongs to OE[J2(27")], which using strong convergence of z7 implies that
¢ € OE[J(2)]. From Lemma 2.5, we obtain that ¢° = 0. By Lemma 4.9, the conditions posed by (4.17) are now
necessary and sufficient. O

Corollary 4.15. With the same assumptions as in Theorem /.13, assume additionally that Jo(-,-;w) is contin-
uously Fréchet differentiable on X7 x Xo with derivative DJs(+,-;w) for almost every w; for every r > 0 there
exists a’. € LP(Q) such that DJy(x1, z2;w) < al(w) a.s. for ||z1]|x, + |lz2llx, < 7. Then ¢ =9C, ¢° =0, and
the system (4.17) is necessary and sufficient for optimality.

Proof. Fréchet differentiability of J, implies the subdifferential is a singleton, i.e., dJa(z1,22;w) =
{DJ2(x1,z2;w)}. From strong convergence x"™ — % in X one has (potentially on a subsequence, where we
use the same labeling) (z]", 23" (w)) — (&1, #2(w)) a.s. In particular it follows by continuity of the derivative
that

(" (w) = DJa(a]™, 29" (w);w) = DJa(@1, Z2(w);w) = f(w) in X7 x X3 a.s.

Together with the growth condition and Lebesgue’s Dominated Convergence theorem, we have strong conver-
gence (" — ( in LP(Q, X7) x LP(Q, X3). We now prove that ¢’ — ¢ = 9¢ € Y := L1 (Q, X7) x L}(Q, X3).
Naturally, we have

(0, @) y=y = (V, (™ = )y y + (v, 97 ()y-y Vv eV (4.22)

Notice that

(0,97 (¢ = O)y=» < olly= ([0 (7" = C)llpro,xn) + 197" = &)llLr@.xy))

= (
and for ¢ =1, 2,

197 (& = €l sy = /Q 197 (@)™ () — & (@) L x dP(w)
= [ 19 @G ) = G aP)

< N9 (o @ 16 = Gill e, x7)

where we used Hélder’s inequality in the last step. Combining this with strong convergence (" — CA and
boundedness of ¥, the first term on the right hand side of (4.22) disappears in the limit. For the second term
on the right hand side of (4.22), we have

0078y = 3 [ (06097 @D, x:dP)

Z;/an(w)m(w),é(w)>XI7X;dP(w).
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Notice that (v;(-), CA()>XX1 € LP(Q) by the regularity of ¢. Hence 97 —* 9 gives (v, 97"()ye y — (0,9 y-,
for all v € Y*. Returning to (4.22), we obtain (v, ")y« y — (v,9¢)y- y for all v € Y*. Since QAS ey, the
singular term ¢° vanishes, and the system (4.17) is necessary and sufficient for optimality. O

To close this section, we discuss the situation where the adjoint variable AY is more regular than our strict
framework would suggest. The choice of W and R clearly need to be compatible with the interior point condition
(3.5) for the original problem. However, for Problem (P7), the condition (3.5) is trivially fulfilled as long as e,
is surjective. Without the restrictions on W, it is possible to gain additional regularity in the adjoint variable
A7 if we view the state ¥ in a less regular space, a fact that can be exploited in computations. In the following
lemma, we make this idea more precise.

Lemma 4.16. Under the same conditions as Lemma 4.10, suppose further that Xo and W are continuously
embedded in Xo and W, respectively. Suppose e(-,;w) € L(X1 X Xo, W) and eq,(w) € L(Xa, W) is a linear
isomorphism for almost every w €  with 6’1 € L>®(Q,L(W,X5)). Additionally, suppose i(-,-;w) is contin-

uously Fréchet differentiable on X; x X, for almost every w with partial derivative satisfying iy, (v1,z2;-) €
L*(Q, L(X2, R)). Then A} belongs to L* (2, W*).

Proof. From (4.12¢) we immediately obtain

Al(w) = =€, (W)(G (W) (W) + i, (2], w3 (w); w) A (w)) € W
The fact that A7 € L'(Q, W*) follows by the assumptions. O

5. CONCLUSION AND DISCUSSION

In this paper, we presented optimality conditions for a large class of potentially risk-averse convex stochastic
optimization problems. The applications in mind involve optimal control problems, where the control belongs to
a Banach space and is coupled to a state, which is a vector-valued random variable. Reference [21] already pre-
sented optimality conditions under the assumption of relatively complete recourse, which — while not satisfiable
for nontrivial problems with additional state constraints — is satisfied for a sequence of regularized problems.
In this paper, we strengthened the [21] results by presenting optimality conditions without this assumption,
resulting in optimality conditions having singular Lagrange multipliers. Additionally, we formulated optimality
conditions general enough to handle problems having risk measures in the objective.

As the second main contribution, we showed that regularized problems using a Moreau—Yosida regularization
for the conical constraints are consistent with the original problem as the penalization parameter is taken to
infinity. While [21] already showed consistency with respect to the primal variables for a specific example, we
generalize these results further and show consistency with respect to dual variables.

The results presented here provide the framework for constructing algorithms via a penalization approach.
For algorithms, it is preferred to work with sequential statements as opposed to nets. This is possible on sets of
vanishingly small measure using the following result.

Lemma 5.1 ([6]). Suppose X is a reflexive Banach space and {fn} C L'(Q,X) is a bounded sequence.
Then there exists f € L'(Q,X) and a subsequence {f,,} and nonincreasing sequence of sets Ey € F with
limg_, 00 P(Ey) = 0 such that

fu; = f in LY (Q\Ey, X)

for every fixed k.

A drawback of Lemma 5.1 is that one does not know the sets Ej. Closing this gap will be the subject of
future study. Additionally, it is planned to carry over our theory to the setting of generalized Nash equilibrium
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problems, where players’ strategy sets are coupled, e.g., over a PDE and additionally physical requirements lead
to a constraint on the state.

APPENDIX A. ESSENTIALLY BOUNDED AND STRONGLY MEASURABLE
LINEAR OPERATORS

Proof of Lemma 2.6. (i) First, notice that for any y € L*°(,Y), we have

[AC)YOllze,z) < Al @,cv,2) 1Yl L (@,v) < 0.

Since the product of strongly measurable functions is again strongly measurable, A(-)y(-): @ — Z is strongly
measurable, meaning A;: L*(Q,Y) — L*(Q,2),y(-) — A()y(-) is well-defined and bounded. Hence the
adjoint operator Af: (L*°(Q, Z))* — (L*>(Q,Y))* is bounded. Now, let w® € (L>*(Q2, Z))* be a singular func-
tional, i.e., by Definition 2.3 there exists a sequence {F,} C F with F,,;1 C F, such that P(F,,) — 0 and
(W®, 2) (Lo (0,2))*,1(Q,z) = 0 for all z € L>(Q, Z) satisfying z(w) = 0 for all w € F;, (for some n). For this same
sequence {F}, }, let y be an arbitrary element of L>°(,Y) satisfying y = 0 on F,,. Then linearity of A(w) implies
A(w)y(w) = 0 for all w € F,, and so with A1y = A(-)y(-) we have

(ATw®, y) (L= (,y) L= (@,y) = (W, AC)Y()) (L= (9,2))+ .12 (9,2) = 0.
Since y is arbitrary, Ajw® is a singular element of (L>°(£,Y))*. Finally, if 2* € L1(, Z*), we have
A% 2" Ol @,y < NA e @,ceze v nyll2" L, z+),

meaning A¥: L'(Q, Z*) — L' (Q,Y*), 2*(-) = A*(-)2*(-) is bounded.

(ii) The second part of the proof follows using analogous arguments to the above. O
Proof of Corollary 2.7. (i) Let {y,} be a sequence in L*>(Q,Y) with y,, —* §. We need to show that A}y, —*

9. We have for all z* € L}(Q, Z*) and all n
<Z*aAlyn>L1(Q,Z*),L°°(Q,Z) = EKZ*(')’A(')%('»Z*,Z]
= E[<A*()Z*()yyn()>YY] = <-ATZ*7yn)Ll(Q,Y*),LO@(Q,Y)

Hence as n — oo,

(%, Aryn) L1 .27y, 1(9.2) — (ATZ5 D) i@y ) L y) = (27 A1) 11(Q,.2+) .1 (9, 2)- (A1)

Therefore Ay : L®(,Y) — L>®(Q, Z) is weakly-to-weakly* continuous. If y, belongs to the set E := {y €
L>*(Q,Y) : A(w)y(w) = b(w) a.s.} for all n, then (A.1) gives E[(z*(-), A(-)7(-)) z=,z] = E[(2*(-),b(+)) z= 7] for all
2* € LY(Q, Z*). Thus A(w)j(w) = b(w) a.s, meaning ¢ belongs to the set F, making E weakly* closed.

(ii) The second claim follows using similar arguments after noting that Y is reflexive and taking y,, — . O

APPENDIX B. EXISTENCE OF SADDLE POINTS

In this section, we adapt proofs from [21] to include an objective containing the term R[J3(z)] instead of
E[J2(z)]. Additionally, we omit the abstract constraint zs(w) € Cs a.s.
We define the dual problem

maximize {g()\) = zlg; L(m,)\)}. (D)
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By basic duality, the question of the existence of saddle points is the same as identifying those (Z, A) for which
the minimum of Problem (P) and maximum of Problem (D) is attained, i.e.,

inf P = inf sup L(z,\) = sup inf L(x,\) =supD.
"EEX)\GR (@3 )\GRIEX (@A) P

Let ¢(z,u) = j(z) if © € Faqu, and ¢(z,u) = oo otherwise. This function is related to the Lagrangian by
the relationship ¢(z,u) = supyep{L(x, A) — (u, A\)v,a }. Additionally, it is related to the value function through
v(u) = infyex ¢(z,u). Obviously, v(0) = inf P.

We proceed by first proving weak™ lower semicontinuity of (.

Lemma B.1. Let Assumption 3.1 be satisfied. Then the function ¢: X x U — R U {0} is weakly* lower
Semicontinuous.

Proof. Let X’ = X7 x L*(, X3}), which can be paired with X. Let Y := X x U and denote the pairing on
Z := X' x A by

<y, Z>Y,Z = <JJ,$/>X7X/ + <U, /\>U,A~ (B.l)

Since Y = Z*, the topology induced by the pairing (B.1) coincides with the weak* topology on Y. We define
p1(z) = j(x) + dc(x1) and

0, if e(w1,T2;w) = ue,i(21, 725 w) <k Uy,

902($1,$2,U;w) :{

00, otherwise.

Obviously, p(x,u) = ¢1(x) + E[pa(x1, 2(-), u(-))]. Let (-, -)y~,z denote the pairing of Y’ := X7 x X3 x (W x R)
with Z" := X7 x X3 x (W* x R*); then the conjugate integrand to s is given by

#a(#5w) = sup (', )y — ea(ys )}
Yy

Defining h(y’;w) = 0 for ' = (x1, 22, u) we have h(y';w) < pa(y';w) a.s. The function A is trivially a normal
convex integrand that is integrable on X x U. Thus with the conjugate integrand h*, I, and Iy« are conjugate
to each other by Lemma 2.1, meaning that I« # oc.

Since h < 2 we have h* > 3, and hence there exists a point z € Z such that I,;(2) < oo. Since there clearly
exists a point such that I, is finite, it follows that I, and I,; are conjugate to one another and are weakly*
lower semicontinuous; see Remark 2.2.

Notice that J; + d¢ is weakly™ lower semicontinuous, since it is weakly lower semicontinuous with respect
to the natural pairing on the reflexive space X;. Hence, together with Proposition 3.4, we have weak™® lower
semicontinuity of ¢ . O

Theorem B.2. Let Assumption 3.1 and Assumption 3.5(i) be satisfied. Then
—oo < minP =supD,

meaning that the primal problem (P) attains its minimum, and the minimal value coincides with the supremum
of the dual problem (D), which need not be attained.

Proof. If Faq,, is bounded for all v in a neighborhood of zero, then there exist closed, convex, and bounded sets
Cy C X7 and Cy C X such that if € Fuq,, then 1 € C; and z2(w) € Cy a.s. Then the statement follows by
Theorem 3.4 of [21]. Otherwise if j is radially unbounded, then the statement follows by Corollary 3.5 of [21].
In both cases, we take advantage of the weak® lower semicontinuity of ¢ as proven in Lemma B.1. O
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We now define the extended dual problem by

oz, {gw )= Jof LA >} : (D)

Clearly, g(\,0) = g(\) and thus sup D < sup D. Additionally, sup D < inf P, since by (3.11), we have

sup g\ A°) = sup  inf {L(2,A) + L°(2,\°)}
(AMAC)EAX A (A A0)eAx A0 TEX

< inf sup  {L(z,\) + L°(x,X°)}.

z€X (AAC)EAXA®
Theorem B.3. Let Assumption 3.1 and Assumption 3.5(ii) be satisfied. Then
inf P = maxD < oo, (B.2)

meaning that the dual problem (D) attains its mazimum and the mazimum value coincides with the infimum of
the primal problem (P), which needs not be attained.

Proof. Assumption 3.5(ii) guarantees that v is bounded above on a neighborhood of zero, so (B.2) follows by,
e.g., Theorem 17 of [37]. O

Theorem B.4. Let Assumption 3.1, Assumption 3.5(ii), and Assumption 3.6 be satisfied. Then
inf P =maxD < oo,

meaning that the dual problem (D) attains its mazimum and the mazimum value coincides with the infimum of
the primal problem (P), which needs not be attained.
Proof. This proof follows exactly with the same arguments used in Theorem 3.8 of [21]. We repeat them here
to keep the paper self-contained. Assumption 3.6 implies

G A%) < g(A) V(AN A) € Ag x Ag. (B.3)
Then in combination with Theorem B.3, this implies

maxD < supD < maxD,

and the proof is done since a solution (A, A°) of (D) gives a solution A of (D).
To show (B.3), let (A, A°) € Ag X A{ be arbitrary. We skip the trivial case g(\, A\°) = —oo and obtain by
Lemma 3.8 that

TN =

inf {L(z, ) + (a1, X°)}. (B.4)

We now define

inf L(z,)\), ifx €C,
h(z1) = { ©2€L=(2.X2)

00 else

)
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and

k‘(a:l) = —é(l‘h /\O).
Notice that g(A, A\°) = inf,, ex, {h(x1) — k(x1)}. Additionally, h # oo is convex and k > —oo is concave. In fact,
since g is finite, £ cannot be identical to oo and h must be proper. Therefore by Fenchel’s duality theorem
(¢f. [5], Thm. 6.5.6), with h*(v) = supm1€X1{<v,:c1>X1*7X1 —h(z1)} and k*(v) = inleexl{@,iﬂl)X;,Xl —k(x1)},

we have

90X = i (k° () — B (). (B.5)

rieX

Let x7 denote the maximizer of (B.5), meaning g(A, A°) = k*(2}) — h*(z7). Then by definition of h*, we have
for all z; € X7 that

h(z1) = (@1, 21) x7.x, 2 9N A7) — K7 (27). (B.6)
Likewise by definition of k£ and k*, we get
U1, A°) + (27, m1) x7.x, = K" (27).

It is straightforward to see that ¢(z1,A°) <0 for all z; € C. Indeed, x; € C implies that there exists a x5 €
L> (8, X») satisfying e(z1, z2(w),w) = 0 and i(z1, z2(w),w) <x 0 a.s. In particular L°(z, \°) < 0 and we get

(@1, 1) xp %, 2 K (1)
for all z; € C' > C. From (B.6) we thus have for all z; € C that h(z;) > g(\, A°) holds, and hence
L(xz,\) > h(z1) > (A, \°)

for all z € X and all (A, A°) € A x A°. It follows that g(A\) > inf ex, L(z, A) > g(A, A°) and we have shown (B.3)
finishing the proof. O

APPENDIX C. ADDITIONAL PROOFS
Proof of Lemma 4.1. By K-convexity of f, there exists k € K such that for all A € [0,1] and all y,g € YV

—fQy+ 1 =Ng) =k =Af(y) = (1 =X f(H).

Therefore
g(=fAy+ (1 =N)7)) = gk = Af(y) — (1 = A) f(9))
< g(k) + g(=Af(y) = (L= f(®))
< Ag(=f () + (1= Ng(=f(3)),
where we used convexity of g for both inequalities. O

Lemma C.1. Let Y be a Banach space and suppose f:Y — R is lower semicontinuous, convex, and Lipschitz
continuous relative to every bounded subset of Y. Then Of maps every bounded subset of Y to a bounded set in
Y*.



OPTIMALITY CONDITIONS AND MOREAU-YOSIDA REGULARIZATION FOR ALMOST SURE STATE CONSTRAINTS 35

Proof. We follow the arguments from Proposition 16.17 of [7] to generalize to the Banach space Y. Let B, (x)
denote the closed ball of radius 7 centered at x. We show that the subgradients of f are uniformly bounded on
every open ball centered at zero. Let p > 0 and A, be the Lipschitz constant of f relative to intB,(0). Take any
y € intB,(0) and let o > 0 be such that B,(y) C intB,(0). Now, take y* € 0f(y). Then for all z € B;(0), we
have

(" az)y-y < fly+az) = f(y) < Mllazlly < Apa.

Now, applying the supremum over z € B1(0), we get ally*|ly+~ < A, from which we deduce |y*||y- < A,.
Therefore, sup,cine s, (0) 0 (y) < Ap. O
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