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SUB-RIEMANNIAN GEODESICS ON SL(2,R)

DOMENICO D’ALESSANDROY* AND GUNHEE CHO?

Abstract. We explicitly describe the length minimizing geodesics for a sub-Riemannian structure of
the elliptic type defined on SL(2,R). Our method uses a symmetry reduction which translates the prob-
lem into a Riemannian problem on a two dimensional quotient space, on which projections of geodesics
can be easily visualized. As a byproduct, we obtain an alternative derivation of the characterization
of the cut-locus. We use classification results for three dimensional right invariant sub-Riemannian
structures on Lie groups to identify exactly automorphic structures on which our results apply.
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1. INTRODUCTION

A sub-Riemannian structure is a triple (M, A, g), where M is a connected smooth manifold, A is a
constant rank distribution' and g a smooth metric defined on A. The distribution A is usually described locally
as the span of a set of vector fields {f1,..., fm} (a frame), that is, A = span{fi,..., fin} and it is assumed to
be nonintegrable, that is, [A, A] € A. The vector fields {fi,..., fn} are also assumed to be orthonormal with
respect to the (sub-Riemannian) metric g, defined on A, i.e., g,(f;(p), fx(p)) = ;5. If A = T'M nonintegrability
is clearly not possible and one recovers the case of a Riemannian manifold. A horizontal curvey : [a, 0] C R — M
is a Lipschitz continuous curve satisfying, a.e., ¥(t) € A, ;) and minimizing geodesics are horizontal curves which
minimize the sub-Riemannian distance between two points p and ¢ in M (also called the Carnot-Caratheodory
distance) where such a distance is defined by (with v(0) = p, v(T) = q)

d.0) = min | \for (GO 50 (1.1

with the minimum taken over all the horizontal curves 7 joining p and gq. The existence of such a minimum for
any two points p and ¢ depends on the problem under consideration. In general, one defines the sub-Riemannian
distance as in (1.1) with an inf replacing the min. The classical Chow-Reschevski (see Chap. 3 of [2], Chap. 1 and
Appendix D of [24]) assumes that the frame {f1,..., fi,} is bracket generating, i.e., the Lie algebra generated
by these vector fields has full dimension, and guarantees that (M, d) is a metric space whose induced topology
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is equivalent to the topology of the manifold M, so that the function d is continuous. Since therefore d is in
particular finite, for every two points p and g there exists a horizontal curve joining them. In this setting, one
can prove (see Cor. 3.45 in [2], Thm. D.8 in [24]) that the minimum exists for p and ¢ sufficiently close. Global
existence, for any two points p and ¢, can be proved under a completeness assumption (see Cor. 3.49 in [2] and
Thm. D.9 in [24]) as for example if the manifold M is compact. For the sub-Riemannian structure we shall
consider in this paper on M = SL(2), the manifold M is not compact, but completeness and therefore global
existence can be established using the absence of abnormal length minimizers as in Corollary 11.39 of [2] (cf.
).

The problem of finding sub-Riemannian geodesics is equivalent (in that it has the same solution) to problems
in control theory, where one considers the system

B=Y u(t)f),
i=1

and wants to find control functions {u;} in order to drive the state « from z(0) = p to z(T') = ¢, in minimum
time subject to a L., bound on the norm of the control or, equivalently, with fixed time 7', and minimizing an
energy type of functional fOT > u3(t)dt (see, e.g., [5]). In particular, sub-Riemannian geodesics y parametrized
by arclength (||¥]| = 1, a.e.) coincide with minimum time trajectories when the norm of the control is bounded
by 1 [2] and, in fact, the minimum time can be taken as the sub-Riemannian distance. In view of this fact, in the
following discussion, we shall use the words minimum time and distance interchangeably. Methods of geometric
control theory [3], such as the Pontryaging Mazimum Principle are used to solve sub-Riemannian problems.

Of special importance for the methods we shall use in this paper is the concept of isometry. A (global)
isometry between two sub-Riemannian structures (M, A, g) and (M A g') is a diffecomorphism ¢ : M — M
which preserves both the distributions A, A" and the metrics g, ¢, that is, ¢, A = A" and g =¢*g . It follows
from the definition that isometries map minimizing geodesics to minimizing geodesics. An important special
case is when the isometry ¢ maps a sub-Riemannian structure to itself. In this case, the set of all such isometries
form a group Iso(M, A, g). Families of geodesics that can be mapped one to the other by elements of such group
can be identified as representing a curve in M/Iso(M, A, g), the quotient space of M under the action of the
transformation group Iso(M, A, g), and, in fact, the problem of finding the geodesics can be treated on the
quotient space M/Iso(M,A,g). This is the essence of the method of symmetry reduction [5] which will be used
in this paper. For a comprehensive introduction to sub-Riemannian geometry we refer to [2].

This paper deals with a sub-Riemannian structure on SL(2) = SL(2,R), the Lie group of area preserving
transformations on R?. For this structure, we shall give a complete and explicit description of the optimal
synthesis, i.e., the description of all the geodesics. For Lie groups, the frame of vector fields {f1,..., fm}
defining the distribution A is usually taken to be made of right (or left) invariant vector fields, i.e., for every
a € M, Roifj(2) = fj(Rax) (Laxfj(x) = fj(Lax)), for every x € M and j = 1,...,m, where R, (L,) denotes
the right (left) translation on the group M by a. This way the distribution A is described by a set of elements
in the tangent space at the identity 1, T3 M, identified with the Lie algebra of the Lie group. We shall focus here
on right invariant structures but similar things can be said for left invariant ones. The metric g is also assumed
to be right invariant, that is, for X,,Y, € T,M and a € M, gg, ) (RasXp, RaxYp) = gp(Xp, Y}). Therefore the
metric can be defined by giving an inner product on the portion of the Lie algebra T7 M corresponding to
the distribution A at 1 and it is then extended by right invariance at any point p € M. For right invariant
structures the right multiplication by a, R, is an isometry R, : (M, A, g) — (M, A, g) and, in particular, it
maps minimizing geodesics to minimizing geodesics. Therefore, there is no loss of generality in studying only
the geodesics starting from the identity 1, because, in general, the geodesic minimizing the length between p
and ¢ is obtained as R, o vy, where v is the length minimizing geodesic from 1 to gp~'. In view of this fact, in
the sequel we shall only consider geodesics with the initial point given by the identity. In applying symmetry
reduction, one considers therefore the subgroup of Iso(M, A, g), of isometries ¢ : (M, A, g) — (M, A, g) which
leave the identity of the group M unchanged i.e., ¢(1) = 1. This subgroup will be denoted by Iso; (M, A, g).
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If Iso1 (M, A, g) is a continuous group, the quotient space M/Iso1(M, A, g) will have dimension strictly less
than the dimension of M. In particular, if Iso1(M,A,g) is a compact connected Lie group, it follows from
the theory of Lie transformation groups (see, e.g.,Bredon) that M/Iso1(M,A,g) is a stratified space with one
particular stratum, corresponding to points with minimal isotropy type, which is a connected (open and dense)
manifold. This is called the regular part of M/Iso1(M, A, g) and, if the minimal isotropy group is discrete, it has
dimension equal to dim(M) —dim (I'so1 (M, A, g)). The remaining part of M/Iso1(M, A, g) is called the singular
part. In applying symmetry reduction, the regular part of the quotient space M/Iso;1(M, A, g) may be given
a Riemannnian metric so that Riemannian geodesics in M/Iso1(M,A,g) are projections of sub-Riemannian
geodesics in M with the same length [15] [25]. This is the approach we will follow in this paper to describe all
the sub-Riemannian geodesics, i.e., the complete optimal synthesis on SL(2).

In physics, SL(2) is referred to as 2+1 dimensional anti-de Sitter space, since it is regarded as a three
dimensional hypersurface sitting inside a four dimensional space, with a natural Lorentzian metric of signature
(2,1). In general, it is a difficult problem to connect two arbitrary points by Lorentzian (semi- Riemannian)
geodesics, (see, e.g., [14]). In sub-Riemannian geometry, the anti-de Sitter fibrations and the Hopf fibrations
viewed as sub-Riemannian manifolds have been studied steadily. In particular, by applying the free action from
the totally geodesic fiber of these two fibrations, the radial part of the sub-Laplacian can be calculated explicitly
(e.g., [11, 12]). Sub-Riemannian structures with metric of mixed signature were also studied in [19, 20].

The paper is organized as follows. We start by describing the rank 2 sub-Riemannian structure (M, A, g) on
SL(2) we want to study (Sect. 2) and in Section 3 we pick SO(2) as a Lie subgroup of I'so1 (M, A, g) which we
plan to use to carry out symmetry reduction.? The quotient space SL(2)/SO(2) is described in Section 4. It is
given by the part of the R? plane outside a disk of radius one and including the circle of radius one. The regular
part corresponds to the part strictly outside the disk. Our goal is to arrive at a complete description of all the
sub-Riemannian geodesics in terms of certain Riemannian geodesics in the regular part of SL(2)/SO(2). These
are the images under the natural projection 7 : SL(2) — SL(2)/SO(2) of sub-Riemannian geodesics. In order
to achieve this, we have to define a Riemannian metric on the regular part of SL(2)/S0O(2) so that the natural
projection 7 preserves the lengths. In Section 5 we describe the tangent vector in T'SL(2)/SO(2) obtained
by projecting the tangent vectors defining the sub-Riemannian structure on SL(2) at any point. By imposing
that these tangent vectors are orthonormal we obtain the appropriate Riemannian metric in Section 6, which
leads to writing down the geodesic equations in Section 7. The geodesics in the quotient space are obtained in
Section 8 by projecting the sub-Riemannian geodesics which were obtained in [6]. These curves in fact satisfy
the geodesic equations as verified in Appendix A. Visualizing the geodesics in the (two dimensional) plane is
the key ingredient of the method presented in this paper which allows us to easily select the geodesic joining the
identity to any desired final point. This is the main contribution of this work which is described in Sections 9
and 10. In these sections, we give the complete optimal synthesis, that is, the description of all the geodesics
and show how to solve the length minimization problem between any two points in practice. As a byproduct,
we obtain an alternative proof of the characterization of the cut-locus which was first obtained in [6].

The results of [6] are the most related to the ones presented in this paper. As compared to their char-
acterization of the geodesics, the description given here is more explicit and constructive. It gives an easily
implementable algorithm to calculate the geodesic between any two points which requires almost no numerical
work. Related papers are also [7] [8] where the properties of the geodesics in SL(2) were studied, via an analysis
of the distance function, as an implicit function. Some of the calculations in these papers are similar to the ones
in Sections 9.1, 9.2 and Appendix 77, although they are not presented in a geometric context of a reduction to
a two-dimensional Riemannian manifold, which is our main contribution here.

Since the symmetry reduction technique was also used for the solution of a sub-Riemannian problem on SU(2)
([4]), and the Lie algebras sl(2) and su(2) are both real forms of the same complex Lie algebra si(2,C), it is

natural to ask about the relation between the two problems. We consider this in Section 11. On any Lie group

2The full Iso1 group in this case is O(2) according to the results of [10] but we will take only the connected component containing
the identity in order to keep in line with the standard theory of Lie transformation groups [13]. This results in an extra symmetry
in the plot of the optimal synthesis in Figure 1 (symmetry about the z axis) which however does not complicates or invalidate our
analysis.
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M we can define many sub-Riemannian structures even if we require right invariance. Structures (M, A, g)
and (M, A/,g/) which are related by an automorphism ¢ of the Lie group M, i.e., A = A" g = ¢*g , are
seen as equivalent, and sub-Riemannian geodesics in one structure are mapped to sub-Riemannian geodesics in
the other structure. With the help of the classification of right invariant sub-Riemannian structures on three
dimensional Lie groups [1, 10, 21], we identify in Section 12 the structures on SL(2) which are equivalent via
automorphism to the one we have treated which leaves as an open problem to characterize the optimal synthesis
on the remaining sub-Riemannian structures on the Lie group SL(2).

2. SUB-RIEMANNIAN STRUCTURE ON SL(2)

On SL(2) we consider the three right invariant vector fields corresponding to the elements of the Lie algebra
sl(2), {Ao, A1, A2}, defined by

1/0 —1 1/0 1 1/1 0
AO'_2(1 0)’ Al'_2<1 0)’ Az'_Q(O 1)’ (21)

and satisfying the commutation relations
[AOa Al] = _A21 [AOa AQ] = Ala [A17 AQ] = AO' (22)

The basis {Ag, A1, Az} gives a Cartan decomposition (see, e.g., [22]) of sl(2) in that by setting K = span{Ap},
P = span{A;, A2}, we have from (2.2)

K, K] CK, K, P] CP, [P,P]C K. (2.3)

We shall denote by, fo, fi, f2, the right invariant vector fields corresponding respectively to Ag, A1, and Ao,
and by fo.12(X) their values at X € SL(2). These vector fields are orthonormal at every point X € SL(2) with
the right invariant metric given by (the definition on the Lie algebra si(2))3

9(B,C) == 2Tr(BC). (2.4)

The sub-Riemannian structure A on SL(2) we shall study is given by the sub-bundle of the tangent bundle
determined by {A1, A2} with the sub-Riemannian metric given by the restriction of the metric g in (2.4) to
A(X) C TxSL(2). We want to describe sub-Riemannian minimizing geodesics connecting any two points in
SL(2). Because of the right invariance of the distribution, it is enough to study geodesics starting from the
identity.

3. SYMMETRY REDUCTION

The group SO(2) acting on SL(2) by conjugation (X € SL(2), K € SO(2), X - KXK7) is a group of isome-
tries for the above sub-Riemannian structure which leaves the identity fixed, that is, SO(2) C Iso1(SL(2), A, g),
since K (span{A;, A2}) KT = span{4;, A2}. In particular, it preserves the sub-Riemannian length of curves
starting from the identity and if v = v(¢) is a sub-Riemannian geodesic connecting 1 to Xy € SL(2),
KyKT = K~y(t)KT is a sub-Riemannian geodesic connecting 1 to KX;KT € SL(2), with the same sub-
Riemannian length. The idea of symmetry reduction is therefore to consider the quotient space under such

an action, SL(2)/SO(2), with a Riemannian metric such that the Riemannian distance between two points in

3Up to a proportionality factor, this inner product coincides with the Killing metric defined on the Lie algebra sl(2) by
Kill(B,C) = Tr(adpadc) where ad is the adjoint representation of A which, calculated on span{Ag, A1, A2} (c¢f. (D.2)), is
negative definite on span{Ag} and positive definite on span{A;, A2}. A study of sub-Riemannian structures on 3-dimensional Lie
groups with invariant metrics different from the Killing form is given in [9]. In Section 12 we discuss the classification of all the
possible invariant structures on SL(2) up to equivalence.
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SL(2)/S0(2) is equal to the sub-Riemannian distance between two corresponding points in SL(2). In particular,
minimizing Riemannian geodesics in SL(2)/SO(2) will correspond to minimizing sub-Riemannian geodesics in
SL(2) ([5, 15, 25]). We denote by 7 the natural projection

71 SL(2) — SL(2)/SO(2). (3.1)

In the next section we describe the quotient space SL(2)/SO(2). The space SL(2)/SO(2) is not a manifold
but it is a stratified space which contains a subset (a stratum) which is connected and open and dense in
SL(2)/S0O(2), called the regular part of the quotient SL(2)/SO(2), and which can be given the structure of a
manifold. It is on this regular part that we will define a Riemannian metric. According to standard results in
Lie transformation groups [13], the regular part is the image under the natural projection 7 of the set of points
in SL(2) which has minimal isotropy group.*

4. DESCRIPTION OF SL(2)/SO(2)
The equivalence relation ~ defining SL(2)/S0O(2) is such that, given

(a1 b  f(az by
X, = <c1 d1>’ Xy = <C2 d2>,

the two quantities

a+d b—c

T =, Y=

(4.2)

are invariant under the action of K € SO(2), x because it is % the trace of X, and y because, we can write

b+c 0
e )50
'5 d -y 0

bie 0 a  k+
KXK' =k (,* 2z |kKT A Fy
(bgc d) +<—y 0 k—y d )’

where the invariance is due to % ((fc + y) — (% — y)) = y. Viceversa assume that two matrices X7 and X5

in SL(2) have the same values of = and y. Then we have to show that there exists K € SL(2) such that

and

Tn general, for a Lie transformation group G on a manifold M, one considers an equivalence relation between subgroups Hj
and Hy of G saying that Hi is equivalent to Hs if there exists a k € G such that kH1k~1 = Hs. Denote the equivalence class
containing H by (H). Some of these equivalence classes contain subgroups which are isotropy groups of some elements of M. These
are called isotropy types. On isotropy types, one can consider a partial ordering by saying that (Hi) < (H2) if H; is conjugate
(via an element of G) to a subgroup of Ha. According to a basic result in the theory of Lie transformation groups, there exists a
minimal isotropy type in this ordering which corresponds to a stratum in M /G which is a connected, open and dense manifold in
M/G. This is called the regular part of the quotient space M /G the remaining part is the singular part. A more detailed discussion
can be found in [5] and a complete treatment in [13].
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Xy = KX KT, Write

x Yy mi,2 k12
X9 = ’ ’ , 4.3
12 (y 33) + <k1,2 m1,2> (4.3)

and notice that, from the condition det(X;) = det(X3) = 1, we obtain
m?+ kI =md+ k3 =2+ -1 (4.4)

Thus the points (m1, k1) and (mg, k2) are on the same circle with radius 22 + y? — 1. Now choose 6 such that

() = (om e (). »

With this choice, a direct calculation shows that using

([ cos(#) sin(h)
K= ( sin(6) cos(@)) ’ (4.6)

we have
KX KT = X,.

The above argument and equation (4.4) show that the points (z,y) of the x — y plane such that 22 +y2 > 1
are in one to one correspondence with the points of the quotient space SL(2)/SO(2) which can be identified
therefore with the portion of the plane outside the open disc of radius 1, together with the boundary of the unit
disc itself. Points on the boundary of the disc correspond to points in SL(2) whose isotropy group (see, e.g. [13])
is the full SO(2) group. This is the singular part of the quotient space, and the corresponding (singular) part
on SL(2) correspond to matrices such that 22 + y? = 1, that is for (4.1), using 22 + y? = % + % =1,
together with ad — be = 1, we have (a — d)? + (b — ¢)? = 0, so that, the matrices in the singular part have the

form
_ (T Y
X = (—y x) , (4.7)

with 22 4+ y? = 1 The rest of the plane outside the disk is the regular (open, dense and connected) part of the
quotient space, which we denote by (SL(2)/50(2)),.,- If we use the representation (4.3) of a matrix X € SL(2),
X = (_xy Z) + (TZ _k;n>, matrices corresponding to points in this region have m? 4+ k2 = 22 + 92 —1 > 0.
If K € SO(2) in (4.6) is in the isotropy group of this element, then using KXK”? = X and specializing (4.5),

we obtain
(1) = (colm o= (7).

Taking the inner product with (T]Z) gives cos(20)(m? + k?) = (m? + k?), that is, @ = km. Thus the isotropy
group of this type of elements is made of only +1. This is the (discrete) minimal isotropy type. This regular



SUB-RIEMANNIAN GEODESICS ON SL(2,R) 7

part of the orbit space will be given the structure of a Riemannian manifold in the next section. The orbit at
each point (z,y) is a circle with square radius z2 + y? — 1.°
The x axis (y = 0) represents the matrices X in SL(2) which are in the same class as their inverse. These are

the matrices in SL(2) of the form X = (a b). Their inverse X 1 = ( d

b\ . .
b od b 4 ) is in the same class because

(_01 é) X <(1) 01> = X!, Conversely, if X and X! are in the same class, they must have the same y.

However the y of X and X ! are opposite to each other (while the 2’s are the same) which implies y = 0 and

therefore the (1,2) and the (2,1) element of the matrix are the same, as in X = (Z 2)

5. PROJECTIONS OF TANGENT VECTORS

Consider a point X belonging to SL(2) and the values at this point of the vector fields defining the given dis-
tribution A, i.e., f1(X) and f2(X). We now calculate, for every point 7(X) in the regular part of SL(2)/SO(2),
7« f1(X) and 7, fo(X). We do this in the basis corresponding to the coordinates « and y defined in the previous

section, i.e., {a%, 8%}' We have

m A1) = (1.£1(X02) -+ (A (X0w) 5

Using (4.1), (4.2), and (2.1) we get

1 0 0 0 0

Therefore

m A (X = HX)(wom = A0 (151) = e+ o),

and analogously,

Therefore we have

1 0 0
An analogous calculation leads to
1 0 0

5We notice, in particular, the similarity with the SU(2) case which was treated in [4] where the quotient space under the action
of SO(2) is the interior of the unit disk. The relation with the SU(2) case is discussed in Section 11.
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The expressions (5.1) and (5.2) show that when 2% + 32 > 1, that is, in the regular part 7., is an isomorphism
T+ A(X) = Tr(x)SL(2)/50(2).° In the following section we define a Riemannian metric on the regular part
of SL(2)/SO(2) to make m, an isometry between the sub-Riemannian manifold SL(2) and the Riemannian
manifold SL(2)/S0O(2).

6. RIEMANNIAN METRIC ON SL(2)/SO(2)

Consider the (diagonal) metric gg on the regular part of the quotient space given in the (z,y) coordinates
by (at the point (z,v)) ,

0 0N_ (0 oy 6
90\ oz 0z ) ~ 99 oy’ dy)  x2+y2—-1’ '

o 0 g 0
9Q (035’ c’?y) =9Q <6y’ 8:5) =0. (6'2)

A direct verification using (5.1) and (5.2) shows that

gQ(ﬂ'*fj,W*fk) =05 k- (63)

This means that, since f; and fo are orthonormal in the original sub-Riemannian metric (2.4), 7, is an isometry
from the sub-Riemannian manifold (SL(2), A, g) to the Riemannian manifold (SL(2)/S0(2)),.. with the metric

reg
gg- As an example of verifying (6.3), we have, using ad — be =1,

1
4(z? +y? - 1)

1

[(a —d)? + (b-l—c)z} = PTEe—

9Q (T f2, T f2) = [az +d®+v* 4+ -2+ 2(ad — be) — 2] =1,
using (4.2).

On the regular part of the quotient space SL(2)/SO(2), the Gaussian curvature K (z,y) can be computed
by using well-known classical formula of Gaussian curvature via (6.1) and (6.2):

1

K(r,y) = m

In particular, this metric is an Einstein metric since it is proportional to the Ricci curvature which, in the case
of surfaces, coincides with the Gaussian curvature.

7. GEODESIC EQUATIONS ON SL(2)/S0(2)

To compute the geodesic equations associated with the given metric (6.1) and (6.2) in (SL(2)/50(2)), .,
we first compute the Christoffel symbols for the Levi-Civita connection associated to the given metric with the
classical formulas given for example in [18] (formula (10) Chap. 2). The result is

T
22 +y2— 1 = 7F£7x = anj,y = 7F§7y = 7F5,x7
2 + y2 -1 T,y y,x T T x,m Y,y°

6The map is non singular iff (a — d)? + (b + ¢)? > 0, which is true if and only if a? + d? + b? + ¢ > 0 which is true (adding
2(ad — bc) = 2 on both sides) if and only if (a + d)2 + (b — ¢)* > 4, which is true, recalling the definitions of = and y (4.2).
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The geodesic equations are given in formula (1) of Chapter 3 of [18]. They are in our case:

dz @ dr\® () (2 \dedy 1)
dez2 22492 -1 dt dt 22492 —1) dt dt '

d?y _ y dy 2 _ dz\ 2 n 2x dz dy
a2 22 +2 -1 dt dt 224+ y2—1) dt dt’
8. GEODESICS IN SL(2)/SO(2)

The sub-Riemannian geodesics on SL(2) are such that, when projected onto the quotient space SL(2)/SO(2),
(locally) minimize the distance with respect to the metric described in the previous section. Therefore the
projections of the sub-Riemannian geodesics have to be geodesics for the metric we have defined in Section 6.
They have to satisfy equations (7.1).

The sub-Riemannian geodesics in SL(2) were calculated in [6] (Sect. 3.3.1) using general results on sub-
Riemannian manifold having a K — P structure, that is, whose defining distribution corresponds to the P part
of a Cartan decomposition as defined in (2.3). The sub-Riemannian geodesics (parametrized by arclength) are
of the form (cf. (2.1))

X(t) — e(cAoJrP)techot, (81)
where P is a linear combination of A; and As with unit norm, and ¢ a real parameter. Since we are interested
in the projection of these trajectories onto the quotient space, we can, without loss of generality, consider,
instead of X (¢), KX (t)K7 for an arbitrary K € SO(2). In particular we can take P = A;. Furthermore assume

X 1= elcAotPIte=cAot Then

X;l — ecAOte—(cA0+P)t — e(—CAQ-‘,-eCAotPeiCAOt)tecAot. (82)

From 7(Xy) = (z,y) <> 7(Xy) = (2, —y) and (8.2) we see that the projection of the sub-Riemannian geodesic
(8.1) m(X(t)) is equal to the one for X 1(t), m (X!(¢)) reflected about the z axis and 7(X) and m(X 1)
correspond to values of ¢ which are opposite of each other. Therefore we can restrict ourselves to ¢ > 0 in (8.1)
and consider only projections of sub-Riemannian geodesics in the upper half plane. Using (8.2) and the explicit
expression of (8.1) calculated in [6], we obtain 7(X(t)) = (x(t),y(t)) with, setting s := 5,7

x = x(t) = k1(s) cos(cs) + ka(s) sin(cs), (8.3)

y = y(t) = k1(s) sin(cs) — ka(s) cos(cs), (8.4)

where for ¢ > 0, the functions k1 = k1(s) and ko = ko(s) are defined as:

For ¢ # 1,
ey — ems?f\/@s
()\/17025_?7\/17625 (8'5)
ko = c& S .

To simplify the notations, our definitions slightly differ from the ones in [6]. In particular our k2 corresponds to their cks.
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In particular,

For |c| < 1,
k1 = cosh(v/1 — ¢2s) (8.6)
k2 = 74 sinh(V1 — ¢%s) ’
For |c| > 1
k1 = cos(vc? — 1s) (8.7)
ky = == sin(vc? — 1s) ’
For |c| =1

k=1
o . (8.8)
ko = sign(c)s
Notice that for ¢ = 0 the trajectory is along the x axis, in agreement with the above recalled symmetry.
A direct but tedious calculation verifies that the trajectories in (8.3)—(8.8) satisfy the geodesic equations
(7.1). For completeness, we present this calculation in Appendix A.

9. GEOMETRIC DESCRIPTION OF THE OPTIMAL SYNTHESIS

The word optimal synthesis refers to a qualitative and graphical description of the optimal geodesics (from
the identity) to any point. Because of symmetry reduction the projections of such geodesics can be plotted in the
quotient space, SL(2)/SO(2). Such geodesics are plotted from the initial point (1,0), which corresponds to the
identity in SL(2), to the point where they cease to be optimal. The locus where sub-Riemannian geodesics cease
to be optimal is the inverse image under the natural projection of the corresponding locus in the quotient space
[5]. We shall call this locus the critical locus. Another locus of importance is the cut locus, the locus of points
that are reached simultaneously by two sub-Riemannian geodesics..® Such a locus for SL(2) was described in
[6]. In the following, we denote by R —CR (SR —CR) the ‘Riemannian’ (‘sub-Riemannian’) critical locus where
the Riemannian geodesics (8.3), (8.4) (the sub-Riemannian geodesics (8.1)) lose their optimality. We have, with
the natural projection 7 (cf. [5])

SR—-CR =7n"'(R-CR). (9.1)

As a direct application of a result proved in [5] (¢f. Cor. 3.6 in that paper), we have the following;:

Proposition 9.1. A sub-Riemannian geodesic on the manifold SL(2) which crosses the regular part touches
the singular part in a point p and then returns to the regular part loses optimality at p.

We shall use this and the reduction to the quotient space to give a complete description of the optimal
synthesis in this section. This is summarized in Figure 1. We shall discuss in the next section how to find the
geodesics in practice, for any desired final condition. We remark that symmetry reduction is crucial in this
treatment as it allows easy visualization of the geodesics in a plane. Our ‘graphical’ method to find geodesics
for any point, is somehow non standard in sub-Riemannian geometry in that it dos not involves the preliminary
computation of the conjugate locus, as instead it is the case for model structures (see Chap. 13 of [2]).

8 We notice that this terminology is not standard in the sub-Riemannian geometry literature. In Riemannian geometry the cut

locus refers to points where geodesics lose optimality. We adopt our terminology to be consistent with the one in [5] from which we
take some results.
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FIGURE 1. Riemannian geodesics on SL(2)/SO(2) which are projections of sub-Riemannian
geodesics in SL(2). All geodesics start from the point (1,0) which is the projection of the iden-
tity. The geodesic corresponding to ¢ = 0 follows the x axis in the positive direction. Geodesics
corresponding to |¢| < 1 are in green. They intersect the z axis at a point whose |z| value
increases and goes to infinity as |c¢| — 0. Geodesics corresponding to |c| = 1 are in black. The
geodesics corresponding to 1 < |¢| < % are in blue, except for the ones corresponding to

le| = % which are in red. The geodesics corresponding to ¢ = :I:% are the ones that simul-

taneously reach the point (—1,0). The geodesics corresponding to |c| > % are in purple. They
are the ones that ‘land’ on the unit circle, the singular part of the quotient space.

As anticipated, the geodesics plotted in Figure 1 are symmetric with respect to the z-axis, that is, if (z.,y.) =
(zc(8),yc(s)) is the geodesic corresponding to ¢, then (z_.,y—.) = (z:(s), —yc(s)). This follows from the fact
that k; (ko) is an even (odd) function of c.” Accordingly the geodesics corresponding to ¢ = 0, starts from the
point (1,0) and moves rightwards along the z-axis. We have also that, for every ¢,

ra(s) = wi(s) +y2(s) = ki(s) + k3 (s) (9-2)

9.1. Geodesics for |c| < 1
For |c¢| < 1, formula (9.2) gives

sinh?(v/1 — ¢2s)

r2(s) =1+ o

(9.3)

For any c, this is an increasing function of s. So the geodesics are spirals with increasing distance from
the origin. In particular they never self intersect. The geodesic corresponding to ¢ and the one correspond-
ing to —c intersect when they cross the z-axis, with the same value of time s. In particular, notice that
if yc(s) = ki1,c(s)sin(cs) — ka,ccos(es) = 0, that is, k1..(s)sin(es) = kac(s) cos(cs), then ki _.(s)sin(—cs) =

9Recall that, as discussed above, 7(X) = (z,y) < m(X 1) = (z, —y), that is, reflection about the z-axis in the quotient space
corresponds to matrix inversion in SL(2).
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—k1,c(s)sin(es) = —kac(s)cos(es) = ko, _.(s)cos(—cs). Therefore y_.(s) = 0 and, by the above recalled
symmetry about the x axis, x_.(s) = x.(s).

Furthermore the intersections at the z-axis of the geodesics corresponding to ¢ and —c are the only ones
where optimal geodesics with different ¢’s intersect. To see this assume that the geodesic corresponding to ¢y
and ¢y intersect. Because of (time) optimality they have to intersect at the same value of s since s has to be
minimum. Using (9.3), we have

sinh(y/1 — ¢?s) sinh(y/1 — ¢3s)
s =5 .
1—c?s V1—c3s

s strictly increasing with € (0, 00). Therefore, we must have \/1 — c¢3s =

However the function f(x) = m};ﬁJ i

/1 — c4s which implies c¢s = +¢;.
To find the point of crossing of the x axis and study how it varies with ¢, let us fix 0 < ¢ < 1, and consider
the function for y = y(s) given in (8.4) and (8.6), whose derivative is

dy 1 . 3
PPy sinh(v/1 — ¢2s) sin(cs).

This derivative shows that y grows until s = % where it reaches its positive local maximum of yyar =

\/1“_7 sinh (\/1 - 62%) and then decreases for = < s < 2777 to reach at s = %’T its local minimum at
Ymin = *\/127 sinh (\/1 — 0227”). The first intersection with the z axis occurs for 7 < s < %—Z since y(g—’;) =
— cosh (\/1 — 022—:) < 0. The function st := Sint(c), giving the time where the intersection occurs, is defined

implicitly by y(sint) = 0 for T < 5 = s;ns < g—“ that is,

c?

tanh(v/1 — ¢2s). (9.4)

tan(cs) =

c
V1—¢?

A detailed analysis based on the implicit function theorem given in Appendix B shows that s;,+ = sin(c) is a

differentiable decreasing function of ¢, for ¢ € (0, 1) with lim.—g $;nt(c) = 00 and lim.,; s;¢(c) = §, where 5 is
the unique solution in (m, 3X) of tans = s, which is, § &~ 4.49341. The coordinate z of the (first) intersection,

Zint, 18 negative and |z;n¢| can be obtained from (9.3), and it is

inh2(+/ 2.
|int(c)| = \/1 o ( 11 02 oinil)),
—c
This is, see Appendix B, a decreasing function of ¢, for ¢ € (0,1) and, using the above limits for s;,; = sint(c), we
have limg—,0 |Zint(c)| = 0o and lime_y1 |2ine(c)| = V1 + 32, where 5 &~ 4.49341 was described above. This gives
lime_ |2ine(c)| ~ 4.60333.

Figure 1 shows in green two optimal geodesics corresponding to 0 < ¢ < 1 and their corresponding mirror
image corresponding to —c. The geodesics on the left correspond to ¢ = +0.9. The ones on the right correspond
to ¢ = £0.95. The geodesics for |¢| — 1 converge to the ones for ¢ = +1 which are given in (8.3), (8.4), (8.8)
and plotted in black in the Figure 1.

9.2. Geodesics for |c| > 1
For |¢| > 1, formula (9.2) gives
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ra(s) =1+

5 L 1 sin?(v/¢2 — 1s). (9.5)

For a fixed ¢, 72 is equal to 1 for the first time (after s = 0) at s = \/% After this point the geodesic cannot
be optimal anymore according to Proposition 9.1, because it touches the singular part of the quotient space.

As it was done for the case |¢| < 1, we study the intersection (if any) of the geodesics (that are still symmetric
with respect to the x axis) with the = axis. Because of symmetry, we consider only the case ¢ > 0. Similarly to
what was done in the previous subsection, calculation of the derivative d 2 gives

d 1
e - sin(v/¢? — 1s) sin(cs),

ds 2 -1

277r

which shows that, as long as s < ", y is an increasing function until s = % and then decreasing until s =
us

The time s = 7 always comes before the time s = \/;“7 of intersection Wlth the unit circle. However the
g

time 27” comes before s =

2
. \/c27— if and only if ¢ > f The geodesic corresponding to ¢ = 7 is such that
s s

at s = 5= = T Te = 1 and x = —1. This gives a pair of geodesics in blue in Figure 1 reaching the point

Bat) it — 2n i i
(=1,0). For 1 < ¢ < f the time s of intersection with the z axis, Sint = Sint(c) is at a value of s which

is implicitly defined as a function of ¢ by setting y = 0 in (8.4), (8.7). This function (which gives the sub-
Riemannian distance of the points on the x axis'®) is decreasing with ¢, for 1 < ¢ < 2%/5 and then increasing

with ¢, for W <c< \Qf We have continuity of s;,¢(c) and lim,_,;+ s;,:(¢) = 5, and limcﬁ%f Sint(€) = /3.

The point of intersection |z;n:| = |zint(c)| is decreasing as a function of ¢, with lim,_, 1+ |2 (¢)| = V1 + §2 and
lim__, 2 |Zint(c)| = 1. Detailed calculations justifying such statements are given in Appendix B. The geodesic
corresponding to ¢ = iﬁ is particularly interesting. It is plotted in red in Figure 1. Such geodesic intersect

the z-axis orthogonally at s = s;,; = mv/2, and a direct verification shows that for ¢ = :t% and for every T,
0<T <2,

(Te, Ye) (ﬁw—T) (T—e,yc) (\ﬂwT)

Geodesics corresponding to ¢ > 2%/5 curve inward and have an acute intersection angle. The figure reports in
blue the geodesic corresponding to ¢ = + \2[, which includes the point (—1,0). Also in blue are reported (on the
left of the geodesic in red) the geodesic corresponding to ¢ = £1.03 which is such that 1 < |¢] < % and (on
the right of the geodesic in red) the geodesic corresponding to ¢ = £1.12 which is such that % <le| < %
The geodesics corresponding to |c| > % are the ones that lose optimality by ‘landing’ on the unit circle
according to Proposition 9.1. The time of landing, which is the length of the sub-Riemannian geodesic s;,; , is
given by the condition, obtained from (9.5), V2 — 1sjp; = . Two such geodesics corresponding to ¢ = 41.2
and ¢ = £1.5 are depicted in purple in the figure. The more the geodesics correspond to higher values of |¢| the
shorter they are and the more their terminal point corresponds to a point on the circle with polar angle closer to
zero. To see this, notice that for t = \/% the point (on the unit circle) is (z¢, y.), with z. = — cos (\/%ﬂ'),

Yo = —sin (\/%w) As ¢ varies between % and oo, \/% decreases monotonically from 2 to 1, and =z,

increases monotonically from —1 to 1.

T0This is identified with the minimum time in a time optimal control with bounded control.
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9.3. Cut locus and critical locus

The geodesics do not intersect before reaching the z-axis or the unit circle. More specifically, we have the
following fact (¢f. Appendix C).

Proposition 9.2. Denote by s;n:(c) the points where the geodesic corresponding to the value c intersect the x-
azis or the unit circle. Consider two optimal geodesics Yo, = e, (8) defined for 0 < s < sipi(c1) and Ve, = Yeo (8)
defined for 0 < s < sini(c2). They can only intersect when co = —c1 and at the x azis with $ini(c1) = Sint(c2) =
Smt(—Cl)-

Geodesics that reach the unit circle lose optimality on the unit circle according to Proposition 9.1. Geodesics
also lose optimality when intersecting the z-axis in points (z,0) with —co < < —1. In fact if the geodesic 7.
did not lose optimality at the z-axis, the curve given by ~_. until the z-axis and ~. for an e-interval would still
be optimal, contradicting smoothness. Lifting back to sub-Riemannian geodesics according to (9.1), we have the
following proposition.

Proposition 9.3. The points where sub-Riemannian geodesics lose optimality in SL(2) are in the inverse image
under the natural projection of the union of the unit circle and the infinite interval (—oo, —1] on the x-axis.

This is the set of the matrices in SL(2) of the form (4.7) together with the matrices of the form (cf. the last
paragraph of Sect. 4)

a b . _a+d
X'(b d)’ with = 5 < -1 (9.6)

For the sub-Riemannian problem a smoothness argument (see, e.g., [5]) shows that the sub-Riemannian cut
locus (SR — CL) is included in the sub-Riemannian critical locus. Therefore from (9.1) we have

SR-CLCm ' (R-CR).

Matrices of the form (9.6) definitely belong to the cut locus since they are such that for the minimum ¢,
they satisfy, using (8.1),

T (e(CAOJFPl)tvnine_CAOtm,'in) =x (e(—CAo-‘er)tmm eCAOtm'in> ,

for matrices P; and P, in span{A;, A3}. Therefore, there exists K € SO(2) such that

e(—cA0tP2)tmin ocAotmin — [ o(cAotP1)tmin g—cAotmin [T e(CA0+KP1KT)tmin —cAotmin

€

Therefore the two different sub-Riemannian geodesics {e(¢A0+KEPE )te—cAot | ¢ € [0, ¢,.:,]} and {e( Ao P2)tgedot
|t € [0, tmin]} are both optimal and lead to the same point which therefore belongs to the sub-Riemannian cut
locus.!!

Matrices of the form (4.7) also belong to the sub-Riemannian cut locus because these matrices are obtained

at the terminal time ¢, := 28, = \/022”7_ for the trajectories (8.1). In particular, a direct verification shows

1
that the first factor in (8.1) at ¢, is equal to —1, independently of the matrix P as long as ||P|| = 1 (recall

that P has unit norm in (8.1)). Therefore for % < |e| < oo the matrices

2
21
)

7CA0
—€

TINotice that no reference has been done to the specific form (9.6) and the same argument would show more in general that the

inverse image of the Riemannian cut locus belongs to the sub-Riemannian cut locus.
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can all be obtained for an infinite number of geodesics each corresponding to a matrix P in the span of A; and
As and with [|P]| = 1.
In conclusion, we have

Proposition 9.4. For the sub-Riemannian structure of SL(2) the critical locus and the cut locus coincide and
are given by the inverse image under natural projection w of the union of the unit disc and the semi-infinite
segment y =0, —oo < & < —1. These are the matrices described in (4.7), (9.6).

This result gives an alternative description of the cut locus which is equivalent to the one given in [6] (Thm. 5),
with a different proof.?

10. FINDING THE SUB-RIEMANNIAN GEODESICS: AN EXAMPLE

From a practical perspective, the main advantage of the characterization of geodesics described in the previous
section is that it makes it easy to explicitly determine the sub-Riemannian geodesic between any two points in
SL(2), that is, the parameter ¢ the matrix P and the optimal final time ¢ in (8.1). The fact that the problem
was reduced to a two dimensional problem wia symmetry reduction allows for a direct graphical solution. The
procedure, which is adapted from what described in [5], can be summarized as follow: Given the desired initial
and final conditions X; and Xy in SL(2), because of right invariance, the sub-Riemannian geodesic from X; to
X is 7X; where ~ is the sub-Riemannian geodesic from the identity to X; := X;X; '. Therefore the problem
is to determine 7. The algorithm is as follows:

1. Determine the equivalence class of X ¢ ad therefore the final point Py in the plane of Figure 1.
2. Determine the rough range of the parameter |c| according to the desired final point, i.e., whether |c| = 1,0
or 0<|e]<1l,orl<|e| < %, or |c| > % In the various cases, the geodesic will be, respectively, from

Figure 1, plotted in black, following the z axis outwards starting from the point (1,0), plotted in green,

plotted in blue except for the geodesics corresponding to |c| = % which is plotted in red, plotted in

purple.

3. With a procedure of trial and error by considering geodesics corresponding to various values of ¢ in the
given range (possibly with a bisection algorithm, see example below) find the value of ¢ which identifies
the Riemannian geodesic crossing the point Py.

4. From the Riemannian geodesic, determine the final optimal value ¢; where the point P is reached. This
is the sub-Riemannian distance.

5. With formula (8.1) and the found values of ¢ and t ¢ using (for instance) P = A, find a given final condition,
Y. This is such that 7(Yy) = w(Xj).

6. Choose K € SO(2) so that KY; KT = X;. Then the correct P is P = KAy KT,

Example

0 -1

1 0 > € SL(2) to the

Assume we want to find the optimal sub-Riemannian geodesic from the point X; = <

point Xy = (i i) € SL(2). Using (8.1), the geodesic has the form

X(t) — e(cA0+P)te—cA0tXi, te [0’ tf],

T2The matrices K}‘zlc in [6] correspond to the matrices (4.7) while the matrices K74 correspond to (9.6). The proof that
symmetric matrices in SL(2) with trace < 0 (as in [6]) correspond to symmetric matrices with trace < —2 (as in (9.6)) boils down
to showing that, for positive a and d, ad > 1 implies a + d > 2. In fact since (a —1)2 > 0, a + % > 2 and since from ad > 1, d > %

we havea+d>a+%22.
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and the problem is to find the minimum final time ¢;, the optimal parameters ¢ and P € span{A;, A2}, with
| P|| = 1 such that e(cAo+P)tre=cdots — X X' In this case, we have

(-1 2
XpXi —<_1 1>, (10.1)

which belongs to the class in SL(2)/SO(2) corresponding to the point (z,y) = (0, 2). By locating this point on

the diagram of Figure 1, we find that the corresponding value of ¢ has to be positive and such that % < ¢ < oo.

To find the correct value of ¢ we plot different geodesics in the interval (%, oo) looking for the one crossing

the y axis at the point with y = % In this case, we can in fact restrict the range of values of ¢ by excluding
the geodesics which reach the unit circle (where they lose optimality) before crossing the y axis. In particular
using (9.5) we know that a geodesic (8.3), (8.4), (8.7), reaches the unit circle for the first time at s = —S—.

c2—

i

m
Vr2—4
integer m. The only suitable odd integer which gives a value of ¢ bigger than % is m = 3 which gives ¢ =

for an odd

3
ﬁ.
Therefore we consider the (Riemannian) geodesic from the point (1,0) to the point (0, 1), and the sought after
geodesic must be between this one and the one corresponding to ¢ = % which is the one reaching the point

(=1,0). These two geodesics are in black in Figure 2 and the value of ¢ must be such that % <c< %

Imposing that this happens when x = 0 (using (8.3) and (8.7)) gives that ¢ must satisfy ¢ =

Following step 3 of the above algorithm we first plot the Riemannian geodesic for ¢ = % (% + %

1.248171, which gives the geodesic in red in Figure 2. Since this curve crosses the y axis above the point

R

the next value of ¢ is chosen (bisection) as % (1.248171 + \%) ~ 1.294906 which gives the geodesic in green

in the figure. The next approximation will be a curve between the red curve and green curve in the figure
corresponding to a value of ¢, 1.248171 < ¢ < 1.294906. Proceeding this way we converge to the desired value
of ¢ which is ¢ = 1.257558 := ¢, which is the curve in blue in Figure 2.

The optimal value of ¢ (or t5) can be found by setting s = & and using (9.5) with ¢ = ¢y and setting r? = (%)2
This gives for s the value so & 2.78115. With these values we calculate (8.1) with ¢ = 2sg and ¢ = ¢p, and P = Ay

(point 5 of the algorithm) which gives

e(CO AOJrP)QSo 6726140 S0

[
[u

1] / ]
3— sin(y/§ = 1s0) + cos(y/e§ — 1so) B CC%— iy - o) ( cos(coso) sin(coso))

o : 2 1 . 2 2 —sin(cgsg) cos(cgso
% s1n(\/c07—150) ~Ja sin(4/cg — 1so) 4 cos(4/c§ — 1so) ( ) ( )

. (0.59540692401 —1.40601714179 —0.93732364113 —0.34846002895
~\1.40601714179 —1.64070010186 0.34846002895  —0.93732364113

o (104802976 1.11041756) _
~\ —1.8896115 1.04792621) "~ ' f

This matrix is in the same equivalence class as (10.1) but not exactly equal to it (although very close). According
to step 6 of the algorithm, we need to find a matrix K € SO(2) such that

r_ (-1 2
KY;K _(1 )
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FIGURE 2. Riemannian geodesics for the example.
This gives
K=

0.9170700563  0.39872611144
—0.39872611144  0.9170700563 /

Therefore the correct matrix P is
1 0.682034976 —0.73131955488
_ T o
P=KAK ~ 2 (—0.73131955488 —0.682034976 )

11. RELATION WITH THE SUB-RIEMANNIAN PROBLEM ON SU(2)

In [4] the sub-Riemannian K — P problem for the Lie group SU(2) was solved using the technique of symmetry
reduction advocated here. It is interesting to compare the results. The Lie algebras su(2) and si(2) are related
in that they are both real forms of the complex Lie algebra sl(2,C).'® The Lie algebra su(2) also has a K — P
Cartan decomposition, su(2) = K @ P with K = span{Ay} and P := span{iA;,iAs} (¢f. (2.1)). The metric for
the sub-Riemannian problem is defined as in (2.4) with transposition 7 replaced by transpose conjugatef. In
both cases the action of the Lie group SO(2) can be taken as the symmetry. The invariants (parametrizing the
quotient space) under the (conjugation) action X — KXK7T (K € SO(2)) are defined in the same way as in

(4.1) and (4.2), z := Tréx), y = X122X21 14 which are in this case constrained inside the unit disc (unit circle

T3Recall that for a complex Lie algebra £, we can consider £ as a Lie algebra over the reals which has twice the (complex)
dimension as £ and we denote it by £F. The real Lie algebra £ has a complex structure J, that is, an endomorphism £E — £
such that J? = —Id, with Id denoting the identity, given by multiplication by the imaginary unit i. A real form of £ is a real Lie
algebra L£g such that L% = Lo @ JLo. Both si(2) and su(2) play this role for si(2, C).

w z

4 Notice that every matrix in SU(2) can be written as X = . w*)’ therefore both x and y are real.
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included) in the z — y plane [4]. The quotient map 7 has the same form as 7 in (3.1) but now it acts on SU(2).
The sub-Riemannian geodesics have the form (8.1) but with P replaced by —iP. Therefore, the sub-Riemannian
geodesics in the SU(2) case can be obtained from (8.1) by the substitution ¢ — iw, t — —is and are therefore
given by XY (s) := e(Ao—iP)sg=wAos which are parametrized by a parameter w. Since the projection 7 takes the
same form, Riemannian geodesics in the SU(2) case!® can be obtained by doing the same substitution ¢ — iw,
t — —is in the Riemannian geodesic for the SL(2) case. To this purpose, we notice that formulas (8.3) and (8.4)
with the choices (8.6) and (8.7) are both defined when ¢ = iw independently of the absolute value of |¢| = |w|
and give the same expressions for the Riemannian geodesics in the SU(2) case. So, for example, we can use the
expression of the Riemannian geodesic for |¢| > 1 in the SL(2) case (obtained from (8.3), (8.4), (8.7) replacing
the variable s with ¢, with some abuse of notation)

x = cos(vc? — 1t) cos(ct) + —== sin(v/¢? — 1t) sin(ct
e (VT Th)cos(t) + = sn(V22 = ) sin(er) -
y = cos(Ve? — 1t) sin(ct) — == sin(Ve? — 1t) cos(ct)
and we obtain the Riemannian geodesic in the SU(2) case,
U x = cos(v1 + w?s) cos(ws) + S sin(vw? + 1s) sin(ws) 119
T = y = cos(V1 + w?s) sin(ws) — —=5= sin(Vw? + Ls) cos(ws) (11.2)

for all values of w. For a fixed value of w the Riemannian geodesic in the SU(2) case starts at the (1,0) point
and ends, losing optimality, on the unit circle, which, similarly to the SL(2) case, is the singular part of the
quotient space. A plot of the Riemannian geodesics in the SU(2) case in Figure 3, reveals that there is a one to
one correspondence between geodesics and values of w and all values of w are possible with a symmetry w <> —w
about the z-axis. The geodesic corresponding to w = 0 connects going leftwards the point (1,0) with the point
(—1,0), while the others, as |w| increases, land on a point of the unit circle whose polar coordinate angle is
closer to zero, losing optimality.

It is possible to obtain all the SU(2) Riemannian geodesics (all possible values of w) as corresponding to
SL(2) Riemannian geodesics with a range of values of ¢ different from (—o0, 00). Furthermore, we can establish
a correspondence between SU(2) and SL(2) Riemannian geodesics so that the corresponding geodesics land on
the same point on the unit circle. In order to do this, assume first w > 0. Then the corresponding value of ¢ is
chosen as

S5w? +4 — dwvw? +1 (113)
c=— . .
4w? 4+ 3 — dwvw? + 1
This is a monotonically decreasing finction of w from ¢ = —% for w =0 to —oo for w — co. Formula (11.3)
after squaring both terms and direct manipulations gives
A (w—2vVw?+1)?
2—-1 w2+1 ’
which gives
cm W
—_— = 2T —Y—. 11.4
-1 w?+1 (11.4)

T5From the analysis in [15] for the SU(2) case the regular part in SU(2)/SO(2) corresponds to the interior of the unit disc in
the plane.
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FIGURE 3. Riemannian geodesics in the SU(2) case which are in blue. In red are depicted the
boundaries of the reachable sets for various values of the time s. These are obtained by keeping
s fixed and varying w in an appropriate range. We refer to [5, 25] for a discussion of the role of
reachable set in optimal control problems in the context of symmetry reduction.

The point where the SU(2) geodesic (11.2) reaches the unit circle is the point

W . W
r=—cos| —— |, y=—sin| ——|.
( w2+1) ( w2+1>

The point where the SL(2) geodesic (11.1) reaches the unit circle is the point

< cm ) . ( e )
T =—cos | ——— |, y=—sin| ——— | .
c?2—1 c2—1

Because of (11.4) the correspondence (11.3) guarantees that these two points coincide. An analogous calculation
for w < 0 shows that the choice

(w4 2vVw? +1)2
c= ,
4w? + 3 4+ dwvw? +1

which is a monotonically decreasing function (as w goes from 0 to —oco, ¢ goes from % to +00) ensures that
the two geodesics corresponding to w and ¢ end (and lose optimality) at the same point of the unit disc.
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12. AUTOMORPHIC STRUCTURES ON SL(2)

As we have mentioned, sub-Riemannian structures (M, A,g), (M, A/,g/)), with M a Lie group, can be
considered as equivalent if there exists an automorphism ¢ of M, with ¢, A = A" and o* g' = g. In this case, the
structures can be identified and geodesics of one structure can be mapped to geodesics in the other structure via
the automorphism ¢. It is therefore of interest to identify the structures which are related by an automorphism
to the one we have studied in the previous sections, since for these structures as well we will have found the
complete optimal synthesis.

The study of the automorphisms of Lie groups is an important chapter of the theory of Lie groups (see,
e.g.,Helgason, and [16] for a recent expository paper). The group of automorphisms on M, Aut(M), can itself
be given the structure of a Lie group. A subgroup of Aut(M) is given by the group of inner automorphisms,
Inn(M). These are automorphisms ¢; such that there exists an m € M so that ¢7(z) = mam™! for every
x € M. The subgroup Inn(M) is a normal subgroup of Aut(M), and the quotient Aut(M)/Inn(M) is called
the group of outer automorphisms. For a connected and simple Lie group, such as SL(2), the group Inn(M) is
the connected component of Aut(M) containing the identity. The map ¢ — ¢., applied at the identity in M,
maps an automorphism ¢ € Aut(M) to a Lie algebra automorphism ¢... The group of Lie algebra automorphisms
aut (M), with M the Lie algebra of M, is the group of all invertible linear maps M — M that preserve the Lie
bracket, i.e., a € aut (M) + a ([A, B]) = [a(A), a(B)]. The map ¢ — ¢, from Aut(M) to aut (M) is injective
but not necessarily surjective. It is surjective if M is simply connected and it is also surjective, we will see, in
the SL(2) case, although SL(2) is not simply connected. The automorphisms of all classical Lie groups have
been described in detail in standard references [17]. Here we present, for the SL(2) case, an elementary and
explicit derivation based on the above map ¢ — .. In particular, we first describe the group aut (sl(2)) using
the argument in [21] and then we find Aut (SL(2)) by displaying for every « € aut (sl(2)) a ¢ € Aut (SL(2))
such that ¢, = a.

In describing aut (sl(2)), we consider the coordinates of si(2) in the basis {Ag, A1, A2}. With this basis,
the sub-Riemannian structure we have treated above is identified by the pair of vectors {é,é3} in R3. The
automorphism group aut (sl(2)) is identified with a subgroup of the linear group on R3. We have the following.

Lemma 12.1.
aut (sl(2)) = SOy(1,2)

The Lie group SO(1,2) is the group of 3 x 3 matrices X preserving the quadratic form identified by the

-1 0 O
matrix [1o:=| 0 1 0], d.e, XTI 2X = I 5. This Lie group (and its extension SO(1,3)) is also known
0 0 1

as the Lorentz group and has applications in relativity. SO(1,2) has two connected components (Lem. X.2.4 in
[22]) given by matrices with determinant equal to 4+1 or —1, respectively. The component SOq(1,2) corresponds
the matrices with determinant equal to 1. This is the component which contains the identity.

Lemma 12.1 was proven in [21] and we will give the proof with some extra details in Appendix D.

We now give a concrete parametrization of matrices in SOg(1,2) (¢f. also, Sect. X.2.3 in [22]).

Lemma 12.2. Every matriz X in SOy(1,2) can be written as
A= 000" H(2)0(6), (12.1)

for three real parameters 01,0,z and one of three choices 0,1,2, where,

1 0 0 cosh(z) 0 sinh(z)
O@):=10 cos(d) sind) |, H(z)= 0 1 0 ) (12.2)
0 —sin(f) cos(0) sinh(z) 0 cosh(z)
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and I° is the 3 x 3 identity, I' := diag(—1,—1,1), I? := diag(—1,1,—1).

Notice that the definition of 1%%2 is somehow redundant, since I? = O (%) I'o (—g), but it was set this way
to simplify the exposition in the proof below.

Proof. Given a matrix A € SOg(1,2) choose 0; so that O(f;)A has the (2,1) entry equal to zero and then choose
02 so that O(01)AO(602) has the (1,2) entry equal to zero (notice this does not affect (1,2) entry). Therefore we

have
. . hii 0 hig R
0(91)140(92) = 0 hgg hgg =H. (123)
h31  hza hasz

Since all the matrices on the left hand side of (12.3) are in SOy (1,2), so is the matrix H, which therefore satisfies
HTILQH = I ». From this and (12.3), we obtain the relations

—h3, +h2 =1 (12.4)
h3ihz2 =0 (12.5)

—hi1hiz + hgihgs =0 (12.6)
h3, + h2, =1 (12.7)

hashag + haahss =0 (12.8)

—hi3 + 3z + hiy = 1.

From (12.5) we know that at least one between hz; and hgzo is zero. If hg; = 0, from (12.6) and (12.4), we have
that hig = 0. In that case, H has the form I%'O(f3) for some real parameter f3. If hp = 0, (12.8) and (12.7)
give hog = 0, and hoo = £1. Thus, the matrix H reduces to

X hir 0 hig
A=[o0o +1 o],
hs1 0  hs3
with
—hi +h3, = -1, hsihss = hithiz, h3s — his = 1. (12.9)

Squaring the second equation of (12.9) and replacing the first and the third, we obtain h%, = h%,; which also
gives h3, = h3;. Let us first consider the case hy3 = 0 and therefore h3; = 0. We have hy; = +1 and hgz = £1.
Taking into account that det(H) = 1, there are only four possibilities for H: (1) H = diag(1,1,1), that is,

the identity; (2) H = diag(—1,—1,1), that is I'; (3) H = diag(1,—1,—1), that is, the matrix O(r), with the
definition (12.2); (4) H = diag(—1,1,—1), that is, H = I2.

If hy3 # 0, setting hy3 = sinh(z), for some real z, we consider two possibilities hy; > 0 and hy; < 0. If hyy > 0,
from the first one of (12.9) and h3; = h?; we can write h1; = cosh(z) and h3z = + cosh(z), h3; = £ sinh(z). From
the second one of (12.9) it follows that the same sign has to be used in hs; and hss. The condition det(H) =1
imposes that if the chosen sign is + then hos = 1 and H has exactly the form of H in (12.2). If we choose the sign
—, then, the condition det(H) = 1 imposes that hgy = —1 and again H = O(n)H where O and H were defined
in (12.2). In the case, hy; < 0, we write h;; = —cosh(z), and again hzz = £ cosh(z), hg; = +sinh(z). With
these definitions, the second formula of (12.9) gives that the opposite signs have to be chosen. By choosing — for
the cosh and + for the sinh, the condition on the determinant gives that hyy = +1 and therefore H = I2H(—z).
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By choosing + for the cosh and — for the sinh we have that hos = —1 and H= I'*H(—~z). In all cases considered
above for H, from formula (12.3) we have that A has the factorization (12.1) (with 62 = —0; 2). O

The following proposition describes the group of automorphisms on SL(2), that is, Aut (SL(2)).

Proposition 12.3. The group of automorphisms on SL(2), Aut (SL(2)), is given by all the maps ¢(X) =
KXK~' with K belonging to SL*(2), the Lie group of 2 x 2 real matrices with determinant equal to %1.

Notice that Aut (SL(2)) is different from Inn (SL(2)) and the group of outer automorphisms, that is,
Aut (SL(2))/Inn (SL(2)), is a cyclic group of order two with two classes given by the class containing
the identity (and corresponding to the inner automorphisms) and the class containing the transformation

¢ (X)=K_ XK' where K_ := (g (1)) € SL™(2).

Proof. The map ¢ — ¢, from Aut(SL(2)) to aut(sl(2)) is an injective homomorphism and thus one can naturally
consider Aut(SL(2)) as a subgroup of aut(sl(2)) (see, e.g., Dani). The group G defined in the statement of the
theorem is a subgroup of Aut(SL(2)). Thus the proposition is proved if we prove that for every « € aut(sl(2))
there exists a ¢ € G such that ¢. = . We notice that the automorphisms ¢ in G on SL(2) have formally the
same (conjugacy) expression if we consider the corresponding a ¢, on sl(2), that is A — KAK ~!. Therefore,
the proposition is proved, using Lemma 12.1, if we show that for every element in SO¢(1,2) ~ aut (sl(2)), there
exists a K € SL*(2) which realizes the same transformation via A — KAK~! A € sl(2). In fact, it is enough
to show this for the three types of factors which appear in (12.1), O(6), H(z) and I%2] since, according to
Lemma 12.2, they generate SOg(1,2). We do not need to check this for I° which is just the identity and for I'*
that can be obtained from I? and O(6) as O (3) I?0 (—%).

2
The automorphisms in aut(sl(2)) of the type O(f) are obtained as A — KAK™ ! with K =

(fgfn(%)g) ig; ((%% , since, with this choice, direct calculation shows KAgK ! = Ay, KA K~! = cos(0)A; +
sin(H)Ag? KAQK_21 = —sin(f)A; + cos(8) Ay which, in coordinates, is the transformation O(0) € SOqy(1,2). The
(1) (1)> since we have, with this choice,
KA)K ! = —Ap, KA1 K1 = Ay, KA; K~! = — A,. Finally, the automorphism H(z) in (12.2) is obtained using

= (Z?;E éé; Z;I;E E%%), as a similar direct verification shows.

automorphisms in aut(sl(2)) of the type I' are obtained with K = (

O

In the SL(2) case, the group Isoy(SL(2),4A,g) is a subgroup of Aut(SL(2))[10].}® The group
Iso1 (SL(2),A, g) can be obtained from the representation (12.1) and consists of all the matrices in SOg(1,2)
of the form I%10(#) for free real 6.

The structures on which our results in the previous sections apply can be identified by two elements in
sl(2) {B1, B2} and their associated right invariant vector fields. The metric is implicitly defined by imposing
that these two matrices are orthonormal. Our results apply to all structures {Bj, Bo} automorphic to the
structure {A;, Ao}, that is, such that there exists a K € SL*(2) with KA;K~! = By and KA, K~ ! = Bs.
Equivalently, these are structures whose coordinates in the {Ag, A1, A3} basis are given by the last two columns
of a matrix in SOq(1,2). For example, choosing a matrix of the form H(z) in (12.2), we might have B; = 4,
By = sinh(2)Ag + cosh(z)A,, for some real z. Let {d;,ds} ({bl, bo}) be the coordinate vectors correspondlng
to {A1, A2} ({B1,Ba}). We have @ a; T 2G), = §;, and since b] g = Xad;, with X € SO(1,2) lel Qbk = 0 k-
In particular the inner product <U W) = o1 I 210 is positive definite on any pair of vectors representing a
sub-Riemannian structure automorphic to the one we have treated. Structures where such inner product is
positive definite are called elliptic, and therefore the structures considered in this paper are a special case of

‘Ei. . . . . . . . . . . .
Even if we restrict to right invariant sub-Riemannian structures on three dimensional Lie groups it is not always true that

Iso1 (M, A, g) is a subgroup of Aut(M). See the ‘exceptional case’ in [10].
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elliptic sub-Riemannian structures. In fact, the inner product (@, @) = 71 21 is the same as the Killing inner
product defined by (A4, B) = T'r(adaadp) (cf. (D.2)) which is equal, up to a scaling factor, to the inner product
defined in (2.4). Structures on SL(2) such that the Killing inner product is indefinite are called hyperbolic
[1]. Sub-Riemannian structures that have the same geodesics as described here (or mapped to them by an
automorphism) are also the ones corresponding to pairs of coordinate vectors {AXd;, AXds}, for some scaling
factor A > 0, since the scaling factor can be taken into account be rescaling the metric which corresponds to
a uniform scaling of the sub-Riemannian length on the whole manifold. The explicit description of geodesics
for sub-Riemannian structures (elliptic or hyperbolic) non automorphic to the one considered here is an open
problem, although important general properties have been proved [23].

DATA AVAILABILITY

The data that support the findings of this study are available from the corresponding author upon reasonable
request.

APPENDIX A. SOLUTIONS OF THE GEODESIC EQUATIONS

We verify here that the trajectories (8.3) and (8.4) solve the differential equations (7.1), i.e., the geodesic
equations in the regular part of the quotient space. Equivalently, we verify equations (7.1) multiplied by 22 +
y? —1 > 0. Using (8.3) and (8.4) we obtain

4y 1=K+ k2 -1 (A1)

We shall also need the derivatives of # = x(t) and y = y(t). Defining s := £, we have & = (1%1 + %) cos(cs) —

(/%2 - %) sin(cs). Using (8.5) and (8.8), it is straightforward to verify that in all cases ky — e — (. Therefore

we have
%= (kl + k?) cos(cs). (A.2)

Analogously, we find,
y= <k1 + k;C> sin(cs). (A.3)

As for the second derivatives, we get & = (kl + %) cos(cs) — (k1 + %) § sin(cs), and j = (kl + % s
(kl + %) 5 cos(cs). We can verify with the explicit expressions of k7 that k1 + % = ]1—1 and (kl + %) 5=

Therefore we have

k k
= Zl cos(cs) — ZZ sin(cs),

§= %cos(cs) + %Sin(cs).
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Let us now verify the first one of (7.1). The verification of the second one is analogous. Using (A.1) the left
hand side of (7.1) is

2 2
(LHS), = % (k1 cos(cs) — ke sin(cs)). (A.4)

Using (8.3), (8.4), (A.2), (A.3), the right hand side is

C o kye]?
(RHS), = {]ﬁ + ;C} [(k1 cos(cs) + ko sin(cs)) (cos®(cs) — sin®(cs)) + 2 (k1 sin(cs) — ks cos(cs)) cos(cs) sin(cs)]
(A.5)
. kQC 2 .
= |k1+ - [k1 cos(cs) — ko sin(cs)].
Therefore, comparing (A.5) with (A.4), equality (LHS), = (RHS), is proven if we prove [k;l + %] 2 %_
However, this is verified directly using the expressions of k1 and ko in (8.5) and (8.8).
APPENDIX B. ANALYSIS OF THE FUNCTIONS Sy AND [Ty
B.1Case0<c<1
We shall use the following fact:
FACT: tanh(w) —w < 0 for every w > 0.
Define k := ¥ 1562, which is equivalent to ¢ = \/ﬁ, and z:=cs (with 7 <z < %w), so that
dk 1 14 k%)%
de 21 = ¢? k
B.1.1 Function sint = Sint(c)
For simplicity we write s(c) instead of s;,+(c). We have
da ds  dzdk dz (1+k?)?
dv _  ds _dedk  dz(1+4%)2 B.2
& "% T AT T & (B-2)
The function = = x(k) is defined implicitly by
F(k,z) = ktan(z) — tanh(kz) = 0, (B.3)
form <z < %7‘(‘, which is obtained from (9.4). From the implicit function theorem, we have
oF _ oz
de _ g _ )" st (B.4)
ak ~ oK ; ;

oz cos2(z) ~ cosh?(kx)
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Replacing this into (B.2), multiplying it by ¢ and expressing everything in terms of k we obtain (after
multiplication by &?)

k2 ds  tan(r) — optms
1+k2de  —E_ _ k( ) (1+K) — K. (B.5)

cos?(x) cosh?(kz)

From standard trigonometric and hyperbolic identities we obtain that the denominator that appears in (B.5) is

1 1 9 (
— = tan“(x) + tanh' kz) > 0. B.6
cos?(x) cosh2(k:x) () ) (B-6)
Therefore the sign of % coincides with the sign of
T
1+ k2 (tan xT) — ) — K2z (tan®(x) + tanh?(kz)) . B.7
(148 (tan(e) = s ) = K (1 (@) + tank? (k) (8.7

Now, in (B.T7), replace m with 1 — tanh®(kz) = 1 — k2 tan?(z) because of (B.3) and tan?(z) + tanh?(kx)
with (1 + k?) tan?(z). The expression simplifies to (1 + k?)(tan(z) — x), which, again because of (B.3), has the
same sign as tanh(kx) — kz which is negative according to the FACT above recalled.

Therefore the function s = s(c) is monotone and it has a limit as ¢ — 0" and ¢ — 17. In particular since
s(c) > I, we have lim._,o+ s(c) = co. Furthermore, denoting by § the lim._,;- s(c) we have that 7 < § < 2
and from (9.4) § satisfies

tanh(y/1 — ¢28) = 3.

tan(§) = lim —
c—1— —C

B.1.2 Function Tipnt = xint(c)

We want to show that |x;,:(c)| is e decreasing function of c. Equivalently we can consider |z;y:| as a function

of k and show, using (B.1), that it is an increasing function of k. Therefore we consider the function % V:ZCQS)

written in terms of x = ¢s = x(k) and k, that is, the function,

g(k) = 17“62 sinh (kz (k)), (B.8)

and prove that % > 0. Using the chain rule, we have,

dg 1 V14 k2 dz
Y - sinh V2R cosh ary B.
% e sinh(kzx) + oS (kx) <x + kdk) (B.9)

The derivative §% was already computed in (B.4) and using (B.6) and (B.3) and replacing into (B.9), we get

dg 1 . 1+ k2 (tan(x) o coshg(k:r))
Y~ sinh(kz) + Y cosh(k -
I e (kx) + T cos (kx) | = 077 tan(x) )
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which, using 1 — tanh?(kx) and (B.3), becomes after simplifications,

1 _
cosh?(kz)

dg 1
dk  k2y/1 + k2 cosh(kz)

kx(1 + tan?(z)) — ktan(x)) .

tan?(z)

(— tanh(kz) +

The quantity in parenthesis, using (B.3), and standard trigonometric identities is

kx k ke <tan2(x) + 1) _ 1 (kz — ktan(z)) > 0,

—ktan(z) + - = tan(2)

sin?(z) tan(z)  sin®(z) sin?(z)

using (B.3) and the FACT recalled above. This completes the proof that % > 0.

B.2Case1<c<%
B.2.1 Function siny = Sint(c)

As before, we define & = ¢s, so that from = < s < 2% we have 7 < z < 27. Furthermore, we define k := 7”21,

with 0 < k < %, and s;,,; which for blmphmty we denote by s, is defined implicitly by (y = 0 in (8.4) and (8 7))
(cf. (B.3))

F(k,z) = k cos(kx) sin(z) — sin(kz) cos(z) = 0. (B.10)

1
c2y/c2-1"

ds_1fde N _ 1 dedk N 1 (de_ 1
de ¢\ de T2 \Udk de 2 \dkev/2 —1 .

Writing everything in terms of k, we obtain

Toa-m(BEHE ). (B.11)

Similarly to (B.2), we have, from x = ¢s, and using the chain rule and % =

The computation of dk is done using the implicit function theorem as in (B.4). We calculate

F
or _ (1 — k%) sin(kx) sin(z), (B.12)
Ox
and
OF . . :
T cos(kx) sin(x) — kxsin(kx) sin(z) —  cos(kz) cos(x). (B.13)
Replacing § z n (B.11), we obtain, after simplifications,

ds 1 — k2

= W s (hz) sn(z) (kx cos(kx) cos(z) — k cos(kx) sin(x)) ,
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which, using (B.10), becomes

ds _ i (kx cos(kx) — sin(kx)) cos(x) (B.14)
de  k2Zsin(kz) sin(z) ’ ’
Now since m < < 2mand 0 < k < =, and therefore 0 < kx < 7, the first factor in (B.14) is always negative and

the second term is always negative ab well Therefore, the sign of §¢ is negative (positive) when cos(z) is negative

(positive), that is, when 7 < z < 3T (38 < 2 < 2m). The mlmmum is obtained when z = cs = 3. Replacing

this in (B.10), we obtain that the minimum is obtained when k = g which gives ¢ = 2 7 and s = 7T\[.
Similarly to what was done for the case |c| < 1, the function s;,; is monotone (and bounded) for ¢ — 17 and

therefore it has a limit. If we denote the limit by §, from (8.4), (8.7), it has to satisty

t 2 15§
tan(3) = lim RVEZ19) o
c—1+ 2 -1

At the point ¢ = 3 f which is k = % the function is continuous according to the implicit function theorem and

the derivative (B.12).

B.2.2 Function Tint = Tint(c)

To show that the function |z = |zine|(c) is decreasing as a function of ¢, we show that it is decreasing
as a function of k := 7”2;_1 since k is increasing as a function of c¢. To do that, we show that the function

021 1 sin?(v/c2 — 1s;n4(c)) is decreasing as a function of k. Write such a function in terms of k and x = cs, as

1—

= sin®(kx(k)), and since 0 < kz < m, the sin is always positive and we can consider the function (cf. (B.8)),

g(k) = IT”“Qsm(/m(k)).
We have
dg | d [vVI—k? _ v1—-k*d . B 1 . 1-k%24d
= [dk (k‘)] sin(kx(k)) + % @ sin(kx(k)) = Wiy sin(kx) + @ sin(kx(k)).

(B.15)
The calculation of & sin(kz(k)) is done using the chain rule and the implicit function theorem (first equality
n (B.4)) with (B.12) and (B.13). We obtain

cos(kxz(k))
(1 — k?) sin(kz) sin(x)

d
I sin(kz(k)) =

[ sin(kx) sin(x) — k cos(kx) sin(x) + kx cos(kx) cos(z)] .
Replacing this in (B.15), we obtain

dg 1
dk k21— kZsin(kz) sin(xz)

[— sin?(kz) sin(z) + kz cos(kz) sin(kz) sin(z) — k? cos® (kz) sin(z) + k*z cos® (kzx) cos(z)] .

Using (B.10), this becomes

dg 1
dk k21— k2 sin(kz) sin(x)

[sin?(kz) + k? cos® (kz)] [z cos(z) — sin(z)] . (B.16)
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Since ™ < z < 27 and 0 < kx < 7 the first factor in (B.16) is negative while the second factor is clearly positive.
The third factor can be written, using (B.10), as

sin(x)
sin(kz)’

[kz cos(kxz) — sin(kx)]

which is positive since w cos(w) — sin(w) is negative for 0 < w < 7. Therefore |x;,¢| is a strictly decreas-
ing function of k and therefore of c¢. Using (9.5) and the limit for s;,; as ¢ — 17, one obtains the limit

lim._,1+ |zint(c)] = v/1 + 5, and using the limit ¢ — %_, of sint, one obtains that this limit for |z, is 1.

APPENDIX C. PROOF OF PROPOSITION 9.2

In the main text, we have described four types of geodesics according to the value of ¢. The ones for 0 < |c¢| < 1,
say Type 1, the ones for |c¢| = 1, say Type 2, the ones for 1 < |¢| < %, say Type 3, the ones for |c| > %, say
Type 4. Geodesics of type 3 and 4 are described by the same formula but are distinguished by the fact that the
ones of type 3 end on the x axis while the ones of type 4 end on the unit circle. For all types of geodesics let
us denote by %, = xint(c) the  coordinate of the terminal point, whether it belongs to the z-axis or the unit
circle (or both). The discussion in the main text and in Appendix B has demonstrated that x;,; is a strictly
increasing function of ¢, for 0 < ¢ < co. Therefore among the geodesics for ¢ > 0 there exists only one from the
point (1,0) to a given point on the z axis (with —oo < # < —1) or on the unit circle (with —1 <z < 1). Recall
that for points on the unit circle (including the initial point (1,0)) the metric is not defined and they do not
belong to the manifold we are considering which is the plane with the unit disk removed.

Now assume that two geodesics 7., and 7., with 0 < ¢; < ¢ (and therefore x;n:(c1) > Zint(c2)) intersect.
The intersection has to be transversal, that is, the tangent vectors at the intersection point cannot coincide
because this would contradict the uniqueness of the solution of differential equations since both geodesics satisfy
the geodesic (second order) equations. The computation (A.2) and (A.3) shows that the slope of the geodesic
Ve (near s = 0) is %(5) = tan(cs). Furthermore the slope varies as %%(s) = L tan(cs) = o (sy» Which gives ¢
at s = 0. Therefore the geodesic corresponding to ¢; is more ‘flat’ than the one corresponding to ¢y and ends at
a value of x;,; which is less than the value for cy. If there is a point of (transversal) intersection, there must be
at least two because otherwise we would have x;,:(c1) > @int(c2).

Consider then two such points P; and P» with P; occurring before P». We know that ., is a length minimizing
geodesics between Py and Z;,:(c2) (it is, in fact, length minimizing between each point 7., (o) and x;nt(c2),
for 0 < tg < sint(c2)) and 7., is length minimizing between P; and z;,+(c1). However, this implies that both
Ve, and 7., are length minimizing between P; and P,. This implies that the curve that goes from P; to P
following, say, ., and then switches to, say, 7., is length minimizing from P; to, say, Z;n:(c2). The only points
where two geodesics can and do intersect is on the x axis where the two geodesics corresponding to ¢ and —c¢
for 0 < || < % meet.

APPENDIX D. LIE ALGEBRA AUTOMORPHISMS OF sl(2) (PROOF OF
LEMMA 12.1)

Let a be a Lie algebra automorphism of sl(2) and [a] the corresponding matrix in the basis {Ag, A1, A2}.
The automorphism condition «([4, B]) = [a(A), a(B)] for every A, B € sl(2) can be written in terms of the
adjoint representation as

[a]ads = adq(a)lal. (D.1)
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From (2.2), we have

L [0 0 0 L [0 01 L [0 -1 0
ada, =5 {0 0 1), ady,=5{0 0 0), ady,=5(-1 0 0], (D.2)
0 -1 0 1 0 0 0 0 0

and writing

app apr  aop2
[a] == a0 a1 a2 ],
G20 G211 Aa22

we can write (D.1) as, for j =0,1,2

2
[alads, = Z a;rada, o]
k=0

From this, using the expressions (D.2), we obtain constraints on the entries a;j of [@] which are given by

Coo  —Co1 —Cop2
[@]=[-Cw Cun Cu2 |,
—Coy Co1 O

where (i, is the cofactor corresponding to aji. Let C' denote the matrix of cofactors. The above relations give
[OZ] = ILQCILQ. (D-?))

This implies det(C) = det ([a]). Furthermore, using the fact that [a]™! = mCT, we obtain det[a]) = 1.

Therefore [a]~! = CT and we have [a] = I1 2[a] T T; 2. Then we have
[O[}TILQ[CU] = (ILQ[O[]_IILQ) 11’2[04] = ILQ.

Therefore [a] € SO(1,2). Viceversa, if [a] € SOy(1,2) from [a]TT1 2[a] = I1 9, we get I1 2[a]T 12 = [a] 7t = CT
and therefore (D.3).

Acknowledgements. D. D’Alessandro’s research was supported by NSF under Grant EECS-1710558. G. Cho’s research
was supported in part by a Simons Travel Grant. The authors would like to thank the Referee for many insightful
comments and for pointing out references [7] and [8].

REFERENCES

[1] A. Agrachev and D. Barilari, Sub-Riemannian structures on 3D Lie groups. J. Dyn. Control Syst. 18 (2012) 21-44.

[2] A. Agrachev, D. Barilari and U. Boscain, A Comprehensive Introduction to sub-Riemannian Geometry. Cambridge University
Press (2019).

[3] A. Agrachev and Y. Sachkov, Control Theory from the Geometric Viewpoint. Encyclopaedia of Mathematical Sciences, 87.
Springer-Verlag Berlin-Heidelberg (2004).

[4] F. Albertini and D. D’Alessandro, Time optimal simultaneous control of two level quantum systems. Automatica 74 (2016)
55-62.

[5] F. Albertini and D. D’Alessandro, On symmetries in time optimal control, sub-Riemannian geometries and the K — P problem.
J. Dyn. Control Syst. 24 (2018) 13-38.

[6] U. Boscain and F. Rossi, Invariant Carnot-Caratheodory metric on S3, SO(3) and SL(2) and Lens Spaces. STAM J. Control
Optim. 47 (2008) 1851-1878.



30 D. D’ALESSANDRO AND G. CHO

[7] V.N. Berestovskii and I.A. Zubareva, Sub-Riemannian distance in the Lie groups SU(2) and SO(3), Siberian Adv. Math. 26
(2016) 77-89.

[8] V.N. Berestovskii and I.A. Zubareva, Sub-Riemannian distance on the Lie group SL(2). Sibirsk. Mat. Zh 58 (2017) 16-27.

[9] I Beschastnyi, Yu. Sachkov, Geodesics in the sub-Riemannian problem on the group SO(3). Sb. Math. 207 (2016) 915-941.

[10] R. Biggs, Isometries of Riemannian and sub-Riemannian structures on three-dimensional Lie groups. Commun. Math. 25
(2017) 99-135.

[11] F. Baudoin and G. Cho, The subelliptic heat kernel of the octonionic anti-de Sitter fibration. Symmetry Integrability Geom.
Methods Appl. 17 (2021).

[12] F. Baudoin and G. Cho, The subelliptic heat kernel of the octonionic Hopf fibration. Potential Anal. 55 (2021) 211-228.

[13] G.E. Bredon, Introduction to Compact Transformation Groups. Academic Press, New York, London (1972.)

[14] D.-C. Chang, I. Markina and A. Vasil’ev, Sub-Lorentzian geometry on anti-de Sitter space. J. Math. Pures Appl. 90 (2008)
82-110.

[15] D. D’Alessandro and B. Sheller, On K-P sub-Riemannian problems and their cut locus, in Proceedings European Control
Conference (2019).

[16] S.G. Dani, Actions of automorphism groups of Lie groups. Handbook of group actions. Vol. IV, 529-562, Adv. Lect. Math.
(ALM), 41, Int. Press, Somerville, MA (2018).

[17] J. Dieudonné, On the automorphisms of the classical groups. With a supplement by Loo-Keng Hua. Mem. Amer. Math. Soc.
2 (1951), vi+122 pp.

[18] M.P. Do Carmo, Riemannian Geometry, Mathematics: Theory and Applications, Birkhduser Boston (1992).

[19] M. Grochowski, Connections on bundles of horizontal frames associated with contact sub-pseudo-Riemannian manifolds. J.
Geom. Phys. 146 (2019) 103518.

[20] M. Grochowski and W. Kryniski, Invariants of contact sub-pseudo-Riemannian structures and Einstein-Weyl geometry. in
Variational Methods in Imaging and Geometric Control, Radon Ser. Comput. Appl. Math., 18, De Gruyter, Berlin (2017)
434-453.

[21] K.Y. Ha and J.B. Lee, Left invariant metrics and curvatures on simply connected three-dimensional Lie groups. Math. Nachr.
282 (2009) 868-898.

[22] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces. Academic Press, New York (1978).

[23] A.P. Mashtakov and Y.L. Sachkov, Integrability of left-invariant sub-Riemannian structures on the special linear group SLa(R).
Differ. Equ. 50 (2014) 1541-1547.

[24] R. Montgomery, A Tour of sub-Riemannian Geometry, their Geodesics and Applications. Mathematical Surveys and
Monographs, Vol. 91, American Mathematical Society (2002).

[25] B. Sheller, Symmetry Reduction in K — P Problems, Ph.D. Thesis, Department of Mathematics, Iowa State University (2019).

Subscribe to Open (S20)

A fair and sustainable open access model

This journal is currently published in open access under a Subscribe-to-Open model (S20). S20 is a transformative
model that aims to move subscription journals to open access. Open access is the free, immediate, online availability
of research articles combined with the rights to use these articles fully in the digital environment. We are thankful to
our subscribers and sponsors for making it possible to publish this journal in open access, free of charge for authors.

Please help to maintain this journal in open access!

Check that your library subscribes to the journal, or make a personal donation to the S20 programme, by contacting
subscribers@edpsciences.org

More information, including a list of sponsors and a financial transparency report, available at:
https://www.edpsciences.org/en/maths-s2o-programme



mailto:subscribers@edpsciences.org
https://www.edpsciences.org/en/maths-s2o-programme

	Sub-Riemannian geodesics on SL(2, R)
	1 Introduction
	2 Sub-Riemannian structure on SL(2)
	3 Symmetry reduction
	4 Description of SL(2)/SO(2)
	5 Projections of tangent vectors
	6 Riemannian metric on SL(2)/SO(2)
	7 Geodesic equations on SL(2)/SO(2)
	8 Geodesics in SL(2)/SO(2)
	9 Geometric description of the optimal synthesis
	9.1 Geodesics for |c|<1
	9.2 Geodesics for |c|> 1
	9.3 Cut locus and critical locus

	10 Finding the sub-Riemannian geodesics: an example
	11 Relation with the sub-Riemannian problem on SU(2)
	12 Automorphic structures on SL(2)
	Appendix A Solutions of the geodesic equations
	Appendix B Analysis of the functions sint and |xint| 
	B.1 Case 0<c<1
	B.1.1 Function sint=sint(c)
	B.1.2  Function xint=xint(c)

	B.2 Case 1<c<23
	B.2.1 Function sint=sint(c)
	B.2.2 Function xint=xint(c)


	Appendix C Proof of Proposition 9.2
	Appendix D Lie algebra automorphisms of sl(2) (Proof of Lemma 12.1)

	References

