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SECOND-ORDER ANALYSIS OF FOKKER-PLANCK ENSEMBLE
OPTIMAL CONTROL PROBLEMS*

JACOB KORNER™ AND ALFIO BORZI

Abstract. Ensemble optimal control problems governed by a Fokker—Planck equation with space-time
dependent controls are investigated. These problems require the minimisation of objective functionals
of probability type and aim at determining robust control mechanisms for the ensemble of trajectories
of the stochastic system defining the Fokker—Planck model. In this work, existence of optimal controls is
proved and a detailed analysis of their characterization by first- and second-order optimality conditions
is presented. For this purpose, the well-posedness of the Fokker—Planck equation, and new estimates
concerning an inhomogeneous Fokker—Planck model are discussed, which are essential to prove the
necessary regularity and compactness of the control-to-state ma p appearing in the first-and second-
order analysis.
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1. INTRODUCTION

This paper is devoted to the analysis of problems of optimal control of ensembles of trajectories of stochastic
drift-diffusion models from a statistical perspective. The notion of ensemble controls was proposed by R.W.
Brockett in [14-16], while considering different feedback control strategies and the corresponding trade-off in
implementation and performance. In this statistical approach, the Fokker—Planck (FP) equation, corresponding
to the given stochastic model, governs the evolution of the entire ensemble of trajectories of the model (with a
distribution of initial conditions), and an expected-value cost functional accommodates all possible stochastic
realizations, thus allowing the design of closed-loop control mechanisms.

Recently, Brockett’s research programme has received much impetus through novel theoretical and numerical
work focusing on deterministic models with random initial conditions and the corresponding Liouville equation
[5, 6], and in the case of a linear Boltzmann equation [7]. The modelling and simulation of FP ensemble optimal
control problems has been investigated in view of their large applicability [12, 34-36]. However, in comparison
to the amount of work on FP control problems with quadratic objectives [2, 11, 23], much less effort has been
put in the analysis of FP ensemble optimal control problems. On the other hand, in the former case, only very
recently a detailed investigation of second-order optimality conditions of FP problems with time-dependent
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controls has been presented by M.S. Aronna and F. Tréltzsch [4]. The motivation for this analysis is manifold,
as illustrated in, e.g., [19, 20], and essential for exploring, in particular, stability and approximation issues. For
this reason, we would like to contribute to the further advance of FP ensemble optimal control problems with
the second-order analysis presented in this paper.

Fokker—Planck ensemble optimal control problems represent a new framework for designing robust controls
of stochastic models that appear in different scientific disciplines. In the field of epidemic problems, stochastic
models are of great interest because they take into account the fact that biological actions and human behaviour
are subject to random fluctuations [25, 26, 42]. Stochastic systems also appear in the modelling and control
of collective motion in biological systems — such as the movement of groups of bacteria or herds of animals —
as well as in pedestrian motion and traffic flows [10, 34-36]. In these and many other works, the focus is on
drift-diffusion models as follows

dXt = B[’U/](t,Xt) dt + O'(t,Xt)th, X|t:0 = Xo, t> 0, (11)

where X; € R™ is a continuous-time stochastic process, dW; € R™ a Wiener process, and X, a given n-
dimensional random variable. With Blu] we denote the drift including a control mechanism, and ¢ represents
a variable dispersion matrix.

In the framework of stochastic control theory [9], the objective to be minimized subject to (1.1) is the
following expected-value functional

J(X,u)=E /OTR((t,Xt,u(z;Xt))dt+T(XT) : (1.2)

where Rlu] = R[u](t,z) is usually called the running cost, and 7 = T (x) is referred to as the terminal
observation.

We remark that the state of a stochastic process can be completely characterized by the shape of its statistical
distribution, which is represented by the corresponding probability density function (PDF) that we denote with
p = p(t,z). Further, we have a fundamental result in statistical mechanics showing that the evolution of the
PDF associated to X; is modelled by the following FP problem

n

Op + div (Blulp) — > 02, (ai;p) =0, (1.3)

F(t,z) - n(x) =0. (1.4)

In this problem, the FP equation (1.3) has an advection term that corresponds to the drift and the diffusion
matrix a = %UTO'. The initial data is given by the initial PDF py of Xg. Further, we assume that the process is
bounded and conserved in a bounded domain 2 C R™, which results in the flux-zero boundary conditions (1.4),
where the vector probability density flux F' has the components

Fj(t,z) = Za (ai;(t, ) p(t,x)) — (Blul;(t,2) p(t,2)),  j=1,...,n,

and 7 denotes the outward normal unit vector on 9€2. We can see that in passing from trajectories to PDF's,
the space of the state X has become the space of an independent variable x with the same dimension.
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Our analysis focuses on the following cost functional

T
J(p,u):/Q/O R[u](t,x)p(t,x)dtder/QT(:B)p(T,x)der%Huﬁp(gﬂ. (1.5)

Notice that the first two terms in J(p,u) correspond to (1.2) and define, for an appropriate choice of R[u], an
ensemble cost functional as discussed by Brockett. However, we have added an additional term corresponding
to a H'-cost of the control that is not subject to averaging. This additional term plays a crucial role in our
investigation, while in the last section of this paper, we consider variants of (1.5) with v = 0 that accommodate
different Brockett’s ensemble functionals.

Our FP ensemble optimal control problems are formulated as the minimisation of (1.5) subject to the
differential constraint given by (1.3)—(1.4), and space-time dependent controls with admissible values in convex
compact sets. While we do not investigate the case of additional constraints on the state p or the control u, for
these cases we refer to [38, 39] for a first-order analysis devoted to parabolic and hyperbolic models, and to [30]
for the case of a semilinear elliptic equation.

Our analysis of the Fokker—Planck ensemble optimal control problem follows the work in [4], where a detailed
first- and second-order analysis for time dependent n-dimensional L2-controls v = u(t) and quadratic objectives
is presented. However, in our ensemble setting, we introduce a different functional framework that allows to
accommodate space-time dependent controls and makes possible to perform second-order analysis. The main
difficulty of the analysis of the optimal control problem (1.3)—(1.5) is treating the flux term div (B[u](¢, z) p(¢, x))
due to its bilinear form and the control being subject to differentiation, which leads to results with lower
regularity for the control-to-state map.

The paper is organized as follows. The next section discusses existence and regularity of weak solutions to
our Fokker—Planck problem. We also point out the properties of these solutions as PDF functions. In Section 3,
in view of our first- and second-order analysis, we discuss a related inhomogeneous FP equation and present
L*°-estimates concerning its solution.

In Section 4, we define and investigate the FP control-to-state operator and show its continuity, Fréchet
differentiability and compactness on proper sets. In Section 5, we introduce the reduced cost functional and
prove existence of optimal controls in the given admissible control sets. In Section 6, we discuss the charac-
terization of these optimal controls by first-order optimality conditions. For this purpose, we introduce and
analyze a FP adjoint equation and discuss the Fréchet derivative of the reduced cost functional in order
to formulate the first-order necessary optimality conditions. Section 7 is devoted to the analysis of nec-
essary and sufficient second-order optimality conditions for our FP ensemble optimal control problems. In
Section 8, we discuss extension of our results to FP control problems with variants of Brockett’s ensemble
cost functional. These extension accommodate different settings that have appeared in the scientific literature,
including Brockett’s approach to minimal attention feedback control. A section of conclusion completes this
work.

Notation and general assumptions

Let n € N = N\{0} denote the dimension of z and let 2 C R™ be a bounded domain with a Lipschitz
boundary 9. For arbitrary but fixed T > 0, we define Qp :=]0,7[ X and denote for a normed space Y and
1 < p < oo the Bochner-spaces by LP(0,7;Y) and C([0,T];Y"). The norms of the Lebesgue spaces LP(0,T) and

LP(Q) are denoted, as usual, by || - || Lr(o,7) and || - || Lr (o) and we write || - ||, if the domain of integration is clear
from the context. Furthermore, we define the LP-norm of a vector valued function v € LP(Q)™ = LP(Q;R™)
for later conveniences as ||ul|rrrm) = |lull, = (X, [[wil2)Y? and |Julleo = i, [|tillco. As usual, H'(Q7r)

denotes the real Hilbert space of L?(Qr)-functions with weak derivatives in L?(€27) with the following scalar
product and norm for f,g € H(Qr)
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(fr9) 1 (0r) = /Q <f(t, x)g(t,x) + O f(t, x) Org(t, z) + Z Oz, f(t,x) Oz, 9g(t, x)) dt dz,

=1
1/2
£l @y = Il = (s £ Y20, = (IFIE+IDFIZ) >,

<u,’U>H1(QT) = Z<Ui7vi>H1(QT)7 u,v € Hl(QT)m.

i=1

In passing, we introduce for f defined on Q the derivatives with respect to t, x and (¢, )

. 0
8tf ::f:: afa vf = vmf: (6$1""a8:vn).f) Df = (a&:awun-aamn)f'

For m-dimensional vector valued functions u, we consider for later conveniences Vu or Du as mn or m(n + 1)
dimensional vector. If f is defined on 0,7 we emphasize this by writing % instead of 0; for the derivative. In
all cases it is clear from the context if the derivatives are meant to be in the classical, weak or distributional
sense. Furthermore, we denote by div f(z) := Y1 | 0, f(z) the divergence of f.

Integrals and the dependencies of functions can be abbreviated if the dependencies are clear from the context.
As an example, for f defined on Qr we write [, f(t,z)dtdz = [, fdtdx and [, f(t,2)dz = [, f(¢)dz and
so on. We also use the common notation with dots to emphasize the dependence of variables, for example the
notation f(t) = f(¢,-) interprets f : Qr — R as a function defined on 2 for some fixed ¢ €10, 7.

We choose the following affine linear structure on the the drift Blu|(t,z) = M (¢, z)u(t,x) + c(t, z) and the
running cost R[u](t, z) = a(t, z)u(t, z) + (¢, z). Furthermore, we assume

ai; € WS(Qr), a,ue L¥Qp)™, ce L¥(Q)", M e L¥(QGR™™), §e L¥(Q).

2. ANALYSIS OF THE FOKKER-PLANCK PROBLEM

This section is devoted to the analysis of solutions to our FP problem (1.3)—(1.4). The results presented in
this section are mainly extensions of well-known results for different FP problems [4, 11] and parabolic problems
[22] to our case given by (2.3)—(2.4).

We assume a dispersion o € W1 (Q7; R"™™") and require that o is full rank. Consequently, the diffusion
matrix (a;;) is coercive in the sense that there exists § > 0 such that

n

01E* < > it 2)6&;, EER™, fae (t,x) € Qr. (2.1)

4,j=1

We also assume that the drift Blu] : Qp — R™ is an affine linear function of the m-dimensional control u as
follows

Blu](t,x) := M (¢, z) u(t,z) + c(t,x), (t,x) € Qr, (2.2)

where ¢ € L>®(Q7)" and the matrix valued function M € L% (Q;R™*™) are given. This structure appears in,
e.g., [35] in the context of optimal control of crowd motion. In this case, Bu](t, ) = u(t, z) + ¢(t, ), where ¢ rep-
resents a given velocity field and u models a velocity deviation. The form (2.2) also appears in an epidemiological
context in modelling the rate of infections, where ¢ and M characterize the dynamics of the disease, and each
component of u takes the role of a mitigation measure, cf. [17, 18, 25]. In the epidemiological context, also a state
dependent diffusion is used to model uncertainty in the dynamics. Further, in [8] ecological reaction-diffusion
problems also coupled with FP equations are considered, and the following dispersion coefficient, among others,
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is discussed:

2
o(x) = A+ B cos (;\Tm) , with A> |B|, A eR.

Now, we suppose u € L>(Qr), and investigate a weak formulation of (1.3)—(1.4). For this purpose, notice
that the FP equation can be written in flux form as d;p = V - F.. Thus, applying Green’s formula and using the
boundary conditions (1.4) yields for a test function ¢y € H'(£2) the following

[owvaz=- [ Y o (@i vde+ [ pBl- Vo

7,7=1

+ /m D Oy (0 p) 7 dS(x) - /a _pBlu] -1 dS(a)

1,7=1
/,

This result gives rise to the following bilinear flux-operator

Z Oz, (aij(t,)p)0z, 80 —p Blu] - Vi | do = —/ F-Vydz, ae. on ]0,77].

ij=1 Q2

Fi: HY(Q) x HY(Q) - R fae. t€]0,T],

Fi(p, ) := Y O, (aij(t, 2)p(2)) 0s,90(x) — pla) Blul(t, 2) - Vi(a) | da. (2.3)
Q

i,j=1

The well-definedness of (2.3) is shown in Lemma 2.2 below. Consequently, given an initial state py = pj;—o on
Q, we have the following weak solution concept for (1.3)—(1.4).

Definition 2.1. We callp € W12(0, T; HY(Q))NL2(0,T; H*(Q)) a weak solution to the Fokker—Planck problem
with flux-zero boundary conditions and initial state py € L*(Q) if there exists some null set N C [0,7] such
that for all ¢» € H'(Q) and all ¢ € [0, T]\N:

(Bt), ) u + Fu(p(t),s)) =0,  p(0) =po ae. on Q. (2.4)
As usual, H'(Q)" denotes the dual space of H'(Q) with pivot space L?(Q),

HY Q) :={f:HY(Q) - R : (f,")g := f(-) is linear and continuous} (2.5)
and if f € L*(Q) then (f, ) = (f,")r2(0)-

In the following, we use the abbreviation W (0,7T) := W12(0,T; H'(Q)") N L2(0,T; H'(Q)) and for later
convenience, we define

lPllw .7y = Pl (0,7:22 @) + IPllL2(0, 7502 ) + 1Bl 2 (0,750 2))-
Furthermore, recall the continuous embedding W (0,T) C C([0,T]; L?(2)), which gives meaning to the expres-

sion p|i—q € L?(Q). We also remark that the first equation in (2.4) is equivalent to the Bochner-space formulation
that is used frequently throughout this paper

p+F(p,-)=0 in L*(0,T; H ()" (2.6)
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and the well-known distributional formulation
8t<p7w>H’ +]:(p7’(/}) =0 in D/(O7T)7 ¢ € HI(Q) (27)
In order to show existence of a unique weak solution, we need certain a priori bounds. Since the diffusion does

depend on z, we need to exploit the coercivity of the diffusion matrix and to this aim, we rewrite the bilinear
flux-operator as follows

F(p,v) = /Q Z a;j0z;p Oz, — pb- Vo | dz, p, Y € HY(Q) (2.8)
i,j=1
with  b;(t, ) == Blul;(t,x) = Y _ 0a,a55(t,7),  for (t,z) € Qp,i=1,...,n. (2.9)
j=1

Lemma 2.2. The fluz-operator F is bounded and weakly coercive, i.e. there exists a null set N C [0,T] and
C, 3,7 > 0 such that for all p,v» € HY(Q), t € [0, T]\N

Blplzn < Felp,p) +9llpll2  (weak coercivity),
[Fe(p, ) < Cllplla 1] (boundedness).

Proof. We use the ellipticity (2.1) of o with £ := Vp and obtain f.a.e. t € [0, T

[ op@Pac < [ 37 02000 01,00 a2 < Filp.p) + i) [ 9(a)|[Vo(e)] do.

1,7=1

Next, we use the e-Young’s inequality ac < ca? + ¢2/(4¢), which holds for a,c € R and ¢ > 0 arbitrary, and
choose a = |Vp|,c = |p| and € = 0/(2||b||c). Thus, we conclude

0
§/Q|Vp($)|2dx < Fe(p.p) + Ipl3lbllc/(de),  face. t €0, T]. (2.10)

Finally, adding 4 [, |p(z)|? dz to both sides of (2.10) yields the assertion with constants 3 := /2 and v :=
18112,/ (26) + 6/2.
In order to show boundedness, let p,1 € H!() and obtain

Fp) = [ 3 0t 2)0p(2) 9, 02) + pla) bt ) - Tib(a) ) e
Q

ij=1
< < > il + ||biL°°(QT)> ol |l -
ij=1 i=1

O

The two properties of the bilinear form F given in Lemma 2.2 yield existence of a unique solution to (2.4) in
the following way.
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Theorem 2.3. For every initial state py € L?(2) it holds:

a) There exists a weak solution p € WH2(0,T; HY(Q)") N L2(0,T; H' () of the Fokker—Planck problem with
fluz-zero boundary conditions and p(0) = pg in the sense of Definition 2.1.
b) There exists some C > 0 only depending on o,b and Qr such that

Il o= 0,7:22 () + Pl L200,7: 81 () + 1Bl 20,7351 (2)) < Clipol| L2

¢) p is unique in C([0,T]; L*(Q2)).

Proof. The existence of weak solutions can be shown with a standard Galerkin approach. For the convenience
of the reader, we prove the necessary a priori estimates, even though the results are well-known.

Let p denote a weak solution. Due to the regularity of p, there exists one representative in C([0,T; L*()),
which is fixed from now on. This yields the following well-known identities, which are used frequently throughout
this work, cf. [21],

p(t)=p(8)+/ p(r)dr and \Ip(t)H%:llp(S)H%Jr?/ (p(7),p(r)) g dr, 5,1 €[0,T]. (2.11)

For a.e. T € [0,T], we can choose p(7) € H({) as test function to obtain with (2.11), Definition 2.1 and the
weak coercivity of F;, the following estimate

t t
()2 = [lpoll? — 2 / Fo(p(r),p(r)) dr < [lpo3 +2 / Y lp(r)|2 dr.

Since ¢t — ||p(t)||12 is continuous, we have by Gronwall’s inequality

lp(®)113 < e llpoll3, ¢ € [0,T]. (2.12)
In order to verify the L?(0,T; H'(Q2))-bound we notice with Lemma 2.2, (2.11) and (2.12) that

T T
| Binar< [ (3118 = 0. pi00a)
! 2yt 2 1 2 oy 1 oyr 2 219
< ve="" |Ipoll3 dt — §(HP(T)H2 - HpO“Q) < 3¢ lpol|3-
0

For a H'(Q)'-bound, we only use (p(t), )y = —F;(p(t),) (f.a.e. t) and the boundedness of F; to obtain

1Pl 1)y = sup (@), ¥) |

< Cllp@) e, t€[0,TI\N. (2.14)
vermi)  ¥llm

Consequently, the L2(0,T; H'(2)')-bound follows from the L%(0,T; H!(2))-bound of p and the proof of b) is
complete.

In order to verify uniqueness, assume that p,p € C([0,T]; L?>(Q2)) are both weak solutions to the same initial
state pg. Once again with (2.11) and Lemma 2.2 we have

lp(t) = B(B)17> = —2/0 Fr(p(r) = B(7),p(1) = B(7)) dr < C/O lp(r) = B(7)lZ- dr.

Thus, applying Gronwall’s lemma gives the assertion and the proof is complete. O
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In Lemma 2.2 and Theorem 2.3, we have stated properties that are typical for many parabolic problems. How-
ever, in the following corollary, we underline the probabilistic nature of weak solutions to a specific formulation
of our Fokker—Planck problem.

Corollary 2.4. Let pg € L*(Q) be a probability distribution function, i.e.,

i) [opo(z)dz =1 and
it) po = 0 a.e. on

and let p be the unique weak solution in C([0,T]; L*(Q)). Then for all t € [0,T], p(t) € L*(Q) does also have
these properties, in particular,

/p(t,x)dx: 1, te][0,T].
Q

We say that the Fokker—Planck problem with flux-zero boundary conditions is conservative.

Proof. First notice that due to the flux zero boundary condition, the test function appears only as a gradient
in the bilinear form F. Hence, the conservation of the total probability follows from the definition of a weak
solution if we choose ¢ = 1 € H() as a test function

0= [ Fowar= [ @i = [ p0ae- [ podn 0<st<n

But since p(t) is only a H'(2)'-function and since the following argument appears multiple times in this paper
we carefully prove the last equal sign. First, recall the continuous embedding

C'([0,T]; H'(Q)) € W0, T; H'(Q)') N L2(0,T; H' (2)),

and the fundamental theorem of calculus for Banach space valued functions
t
o(t) —¢(s) = / o(r)dr, aeon ), forall 0 < s,t < T, ¢ € CH0,T); H(Q)). (2.16)

Hence, the last equal sign in (2.15) follows with a density argument: Let (pk)keN c CY([0,T]; HY(£2)) with
pr — pin WH2(0,T; HY(Q)") N L?(0,T; H'(2)). Now by (2.5), Fubini and (2.16) we have

/S e g dr = / (o), 1) e dr = /Q / () drde = /Q pi(t) de — /Q pi(s) da.

Taking the limit on both sides proves the conservation of the total probability.
In order to show the non-negativity of p, we consider its negative part

p_ :=min{p,0} € L*(0,T; H(0,T)) N L>(0,T; L*(2)).

Note that in general p_ does not belong to W2(0,T; H*(2)'), nevertheless an integration-by-parts formula
still holds and we refer to [40] for a proof. This implies

P= (), p- ) = (p(t),p— () v, and Fi(p(t), p- (1)) = Fi(p—(t),p- (1)), fae te€]0,T].



SECOND-ORDER ANALYSIS OF FOKKER-PLANCK ENSEMBLE OPTIMAL CONTROL PROBLEMS 9

This yields with p_(0) = 0 and the weak coercivity of F that for every t € [0,T]

3=l = [ 6@ p- @ ar == [ Fo-tr)p-m)ar <o [ -1 e

Now, Grénwall’s inequality implies that |[p_(¢)||3 < 0 which in turn provides p(t) > 0 a.e. on . O

Next, we investigate further regularity properties of weak solutions to (2.4). For this purpose, let us recall
some continuous Sobolev-embedings, cf. [1],

, ifn=1,
HY(Q) L"), nelloo ifn=2 (2.17)
L (Q), p"i=2% ifn>3.

Corollary 2.5. (Further reqularity of W(0,T)-functions)
Let n >3 (the dimension of Q) and p* := 2% €]2,6]. Then any function in W(0,T) is also in the following

L7(0,T; L"(2)) spaces and we have for all o €]0,1[ the compact embeddings

2 2p* 2n
W(0,T) € LT(0,T;L(Q), 1<7<=, 1<r< - ,
©.7) ©, @) TS " 20 —p*(a—1) n-— 2«
4 4
W(0,T) € L"(Qr), 1<n<4—1;:;+2.

If n € {1,2} we even have W(0,T) € L"(Q2r) for all 1 < n < 0.

Proof. The Rellich-Kondrachov compact embedding H'(Q2) € LP (Q) implies the compact embedding
L*(0,T; H'(Q)) € L?(0,T; LP" (Q)). Furthermore, for any bounded sequence (z;) C W(0,T), we have for a
subsequence

2w =z in L2(0,T;LP" () and |z, — 2| is uniformly bounded in L*(0,T; L?(12)).
With a standard interpolation estimate for Bochner-spaces, we obtain

2k = 2l < llzk = 2503112k = 21150 — 0,

T

where L = % + 5 and % = 1_70‘ + p%. Rearranging both equations to 7 and r yields the upper bounds in the
first line. The second embedding is the case 7 = r. O

3. AN INHOMOGENEOUS FOKKER-PLANCK PROBLEM

In this section, in preparation of our analysis of optimality conditions, we discuss an inhomogeneous FP
equation with a right-hand side belonging to the space L?(0,T; H'(2)"). The presence of a source term leads to
the fact that the FP solution is no longer a PDF and Corollary 2.4 does not hold in general.

The main result of this section is the L>°-estimate given in Theorem 3.2, which is essential for the upcoming
analysis of the FP ensemble optimal control problem. Although new, this result is known to be true for similar
parabolic equations and we were able to use the available techniques of the proof to our case; see [13, 41].

As in the previous section, we have the general assumptions

ai; € WH2(Qr), we L™®(Qr)™, ce L>®(Q)", M e L>®(Q;R"™™),

and Blu], F, b are given by (2.2), (2.8), (2.9).
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Corollary 3.1.
Let g € L*(0,T; HY(Q)') and po € L*(Q). Then there exists a unique weak solution p € W(0,T) of the inho-
mogeneous Fokker—Planck problem in the sense of Definition 2.1, such that there exists a null set N C [0,T]
with

<p<t)7w>H’+]:t(p(t)71/)> = <g(t>7w>H’7 te [O?T]\N7 ’(/JEHl(Q) (31)

with initial condition p(0) = py a.e. on Q. Additionally, there exists some C > 0 only depending on
Qr,0,¢, M, ||u||oo such that

HP||2LOO(0,T;L2(Q)) + ||P||%2(0,T;H1(Q)) + Hp||2L2(o,T;H1(Q)') < C(llpollZz + ”9”%2(0,T;H1(Q)’))' (3.2)

Proof. Due to the linearity of the Fokker—Planck equation, the proof can be easily deduced from the proof of
Theorem 2.3. 0

The following L>°-estimate is crucial for the second-order analysis and is shown with a De-Giorgi Iteration.

Theorem 3.2. (L% -estimates for the inhomogeneous Fokker—Planck problem)
Letn € N, pg € L>(Q) and let p € W(0,T)NC([0,T]; L2(2)) be the unique weak solution of the inhomogeneous
Fokker—Planck problem

<p7 '>H’ +]:(pa') = <gv'>H/7 in LZ(OaT;Hl(Q)I)

with flux-zero boundary conditions and p(0) = po a.e. on Q. Let the source term be of the form
<g(t)vw>H’ = /Q (gl(t,x) 7/1(5”) + gg(t,l') : V’l/)(l')) CL’E, te [OvT]v 1/) € Hl(ﬂ)a (33)

where g1, g2 € L1(Qr) with g > 4("+2 ifn >3 andq > 2 ifn € {1,2}. Then there exist some y,C > 0 depending
only on the initial state, the dzsperszon and the drift, such that

Ip(®)lloo < € lIPolloc + C (lg1llq + llgallg + Iplla), £ €[0,T]. (3-4)

Remark: If n = 3 we know that p € L"(Qr) with n < 3. On the other hand, ¢ > (;L:f) = 20 which is
smaller than 1 and hence in (3.4) ||p|l; < C||pol|2 for n € {1, ,3}.

Proof. We fix a pointwise defined representative of p € W(0,T) that is in C([0,77]; L*(2)) and for any v > 0,
A > ||polloo, We define the C([0,T]; L*(Q))-functions

ft,x) =ep(t,x),  falt,z) = max{f(t, ) — A, 0}.
Notice that f € W(0,T), fx is non-negative on Q1 and positive on the measurable set
My :={(t,z) € Qp : f(t,x) > A}
and an integration-by-parts formula holds, ¢f. [40]. We remark that the (n + 1)-dimensional volume of M)

does not depend on the choice of the pointwise defined representative of p. Furthermore, we can assume that
vol M > 0 for all A > ||po||oc, otherwise the assertion is already shown.
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STEP 1: For a.e. t € [0, 77, observe that

| &

(IA012) = @), () = G (1) (3.5)
= — /Q SO0 dz — Fi(F0), (1) + Gl (1)), (3.6)

N |
o,

t

since p solves (p, ) = —F;(p,-) in L2(0,T; HY(Q)') and fi(t) € H'(2). Due to (2.1), we find that a.e. on [0, 7]

FS = [ X awtsdn - 1090 ) de< -0 [ [VAPdss [ povhan @)

ij=1

In the first step, we use the fact that fy =0 on Qr\M), and Vf\ = V[ on M,.
Now since A > ||pol|eo, We have || f(0)]|2 = 0. Combining (3.5) and (3.7) and integrating with respect to ¢
yields

L 2=-_ t S, X S, X sAdTr — t S S S t S S
sIn0iE == [ [ feapndsae = [ 7o peas+ [ ane)a -

<) (‘”/Qh Az =I5 = OIVAIE+ [ (nfo+ (oot f0)- 1) dx) dt,

where we suppresse the arguments of the functions in the last step for the sake of clarity. We use the e-Young
inequality to obtain on M)y

SRS
NS

(g2 4 1b) - VIix < = (IF6P + |g21?) + 2eIVAIR,  g1fx < —gi +efX

Since —yA fQ fa(t, z) dz is non-positive, we obtain with (3.8) the following inequality

1 t
IR0 [ (=D I3 + =0 ITAEIE) ds
4
+ = (911132 + 922 arsy + IBIZ A2 ar,)) -

Next, the choice € = 6/4, v = 6/2 results in both (2e — 6) and (¢ — ) being negative; thus we arrive at

1A 2+ 1AM s < € (lgnl3aary) + I92l3zary) + 112y ) - (3.9)

STEP 2: Since fy € L>=(0,T; L2(Q))NL2(0,T; H*()), Corollary 2.5 yields fy € L"(Qr) with 1 <1 < 2+4/n
and we can bound

_ 1/2
1£xll < CUAIS SIS 0 < C (Ifall3e 2 + IS 0)

where we used Young’s inequality for the second estimate. If n = 1 or n = 2, this estimate holds even for all
1 < n < co. Next, we apply Holder’s inequality with the indicator function and exponent ' := ¢/2 with dual &
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to obtain for ¢ = 1,2

1/k
/ gi|2dtdx<(V01M,\)1/”</ |gi " dtdx) 7
M)\ M)\

1/’
/ |f2dtdx<(volM,\)1/”</ Fiks dtdx) .
My My

This implies with (3.9) and ¢ = 2«’ the estimate

1 £ally < C (vol M)V G, with G = (|gillacor) + l92llzar) + 1fllar)) - (3.10)

STEP 3: In this step, we bring the previous results together and consider the well-defined, non-increasing
function p(\) := vol My, defined for A € [ || folloo, 0] . Now let m > A > || fo||oo- Hence, M, C M, and on M,,,
m— A< f— A= fx. Thus, by (3.10) we obtain

emm == [ m-n< [ fatar <O 6!

and therefore p(m) < C (G/(m — \))" (gp()\))n/(%).
Lastly, we must verify that /(2x) > 1 such that we can apply a De-Giorgi Iteration, see Lemma 4.1.1 of [41].

The case n € {1,2} gives no upper bound on 1 and hence ¢ > 2. If n > 3, we recall that 2x = K,’il = q% and
1<n<2+ % and hence we obtain the condition W > 1, 1.e,q> 4(777_;12). In view of Lemma 4.1.1 in

[41], vol M,,, = 0 for m > || fol|eo + CG.
Analogously, we can show that the set M, := {(t,z) € Q7 : f(t,2) < —A} has measure zero for sufficiently
large A by considering f; := (f + A)_ instead of fy, which yields the desired lower bound of f. Combining both

results, we have shown that || fllec < [follso + C(llg1llq + lg2llq + 1£1l4)- O
Remark: The assumption ¢ > 4(:7412) for the case n > 3 can be weakened if g = 0 and if we find better

estimates for the gradient of p. For example, it is well-known hat one obtains the regularity p € L%(0,T; H*(Q))
with more assumptions on the Fokker—Planck problem. Since we do not need this for the second-order analysis,
we will not go into this any further.

Theorem 3.2 immediately gives L°°-solutions for the Fokker—Planck problem if we consider controls v and
initial data pg from L°°() with dimension n < 3. Even more far-reaching consequences are, as we show
in Lemma 4.2, that even the weak L2?-convergence of controls is enough to obtain the convergence of the
corresponding solutions in W (0,T).

4. THE FOKKER—PLANCK CONTROL-TO-STATE MAP

In this section, we analyse the mapping of a control u to its corresponding state p solving our Fokker—Planck
problem. For this analysis we follow [4] to show the well-definedness and differentiability. Moreover, we obtain
compactness of the FP control-to-state map for time and space dependent controls. This is done by using the
L*°-estimates given by Theorem 3.2.

In the following, we assume the given initial state pg € L>(2) to be a probability density function with state
dimension n < 3; see Corollary 2.4. Furthermore, let u™", 4™2% : Q7 — R™ be measurable and bounded such
that 0 # U,a, U, with

a

Uug = {u € L®(Qr)™ @ u™ Cuy < U™, ae.on Qp, i=1,... 7m} ,

UB .= U,an HY(Qr)™

a

(4.1)
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and define

U= (H'NnL>=Qr))",

ullr = llullar @) + l[ull e ()

In order to give meaning to Fréchet-differentiability on the admissible sets, we assume that the interior of Uyq
(and UX) with respect to || - ||« (and || - ||/) is non-empty. Moreover, we add the control vector u to the notation
of the bilinear flux and write Flu] instead of just F.

Definition 4.1.
There exists a unique, non-linear, continuous mapping

G:L>®Qp)™ = W(0,T), uw— G(u), (4.2)
such that G(u) represents the weak solution of the Fokker—Planck problem (1.3)—(1.4):

(0 (G(w)), ) mr + Flul(G(u), ) =0, in L*(0,T; H'(Q)"), (4.3)
G(u)(0,z) = po(x) fa.e x € Q. (4.4)

The operator G maps any admissible control to the associated state and is therefore referred to as the control-
to-state operator.

Existence and uniqueness of G follow directly from Theorem 2.3 and the expression G(u)(0) € L?(€) is well
defined. Next, we discuss further properties of the control-to-state map G, that is, Fréchet-differentiability,
Lipschitz-continuity and compactness.

We start with the Fréchet-differentiability on L™ (2p)™ and U. We follow [4] and consider the functional

H:W(0,T) x L=(Qp)™ — L*(0,T; HY(Q)') x L*(Q), (4.5)

First, we see that both components of H are arbitrarily often continuously Fréchet-differentiable on W (0,T) x
L (Qr)™. Now, observe that H was defined such that H(p,u) = (0,0) iff p is a solution of the Fokker-Planck
problem with drift u and initial PDF py. Hence, H(G(u),u) = (0,0) for all w € L (Qr)™. Next, we recall the
implicit function theorem on Banach spaces. In order to apply this theorem, we have to show that the mapping

W(0,T) 2 2+ D,yH(p,u)(2) = (¢ + F[u(z,-), 2(0)) € L*(0,T; H*()") x L*(Q) (4.7)

is an isomorphism. But this follows immediately from Corollary (3.1), specifically, the injectivity follows by the
uniqueness and the surjectivity by the existence result.

Hence, the implicit function theorem is applicable for any starting points (p,u) € W(0,T) x L>®(Qp)™ with
H(p,u) = (0,0). Finally, we can deduce that G is continuously Fréchet-differentiable in u € L*°(Qp)™, if we
apply this theorem in (G(u), ). This yields a continuously Fréchet-differentiable function G with H(G(u), u) =
(0,0) on a open neighbourhood u € Uc L>(Q7)™. By uniquness, G = G on U, and since u was chosen
arbitrarily, we obtain the differentiability of G on L (Q2r)™.

Furthermore, differentiating H(G(u), u) = 0 with respect to u gives an implicit formula for G’(u), namely

D, H(G(u),u)G" (u)(v) + D, H(G(u),u)(v) =0, wu,ve L>®(Qp)™. (4.8)

First, notice that G maps to W(0,7T) and hence for u,v € L (Qr)™ we have G'(u)v € W(0,T). Next, let us
calculate the Fréchet derivative of Hy at (p,u) in direction v € L (Q2r)™. For any test function ¢ € W(0,T),
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we have a.e. on [0, 7]

Dy Hi (p, u)(v) () = lim Flu+ av)(p, s2> — Flu)(p, ¢)

= /Qp(Mv) -Vpdz. (4.9)

Plugging (4.9) and (4.7) into (4.8) implies that z := G'(u)v solves the so-called linearized state equation at
(G(u),u) =: (p,u) in direction v € L>=(Qp)™

(2, + Flu)(z,-) = (fi[u,v], g, in L2(0,T; HY(Q)"), 2(0) =0 a.e. on €, (4.10)

where for ¢ € H(Q), t € [0,T]

(f ], ) g = *ZZ/QP(MS) Mji(t, )v; (t, ) O, (2) da.

i=1 j=1

We notice that all of the above can be done analogously if we replace L™ (Q7)™ with U.

For the upcoming first- and second-order analysis, it is essential that (4.10) is an inhomogeneous Fokker—
Planck problem and the source term f'"[u,v] takes the form above. Now, let us summarize our previous and
some further results with the following lemma:

Lemma 4.2. The control-to-state map G is of class C®(L>®(Qr)™). Furthermore, it has the following
properties:

a) Its derivative is the solution of the linearized state equation, i.e., z := G'(u)v € W(0,T) solves (4.10) for
u,v € L®(Qr)™ and it holds that

2o 0,7;22()) + 12l 220,750 () + 12l 20,1557 (2)) < Cllvl| L2 |G ()] oo () 5 (4.11)

where C' = C(Qr,0,¢, M, ||u]|s0)-
b) G is locally Lipschitz-continuous on L>(Qp)™ w.r.t the W(0,T)-norm, i.e.,

1G(w) = G(w)[[3y 0.7y < CING (W) 7 oyl = w][F 2005w w € LZ(Qp)™. (4.12)
¢) Foru € L™(Qr)™ and for any sequence (u¥) C Unq with u* — u in L?(Qr) it holds that G(uF) — G(u)
in W(0,T) for a subsequence.

Proof. In order to prove estimate (4.11), we recall that z is a solution of the Fokker—Planck problem with initial
state zero and right-hand side f"[u,v]. Thus, we can apply the estimate (3.2) from Corollary 3.1 and observe
for ¢ € H(Q)

17, @ o <[ [ IpCaot,n) - V@] < pllolelléln o) (4.13)
Q )

L2(0,

and hence (4.11) follows. Notice the following: if v = v(t) € L?(0,T)™ the problem becomes less difficult since
a bound of p in the L>°(0,T; L?(£2))-norm is sufficient.

The bound for the derivative of G yields the Lipschitz-continuity in the following way: Let u, w € L>(Qp)™
and define z := G(u) — G(w) € W(0,T). A straight forward calculation shows that in the sense of (3.1) from
Corollary (3.1), z is the weak solution of the Fokker—Planck problem with drift « and right-hand side f"[w,u —
w], and hence z = G’ (u)(w — ).
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Similarly, we show the last assertion and set zj, := G(u) — G(u*) = G’ (u)v*, v* := u—uF for k € N. According
o (4.11), z is uniformly bounded in W (0,7T) and therefore there exists some z € L%(0,T; H*(Q27)) and ¢ €
L?(0,T; H'(Q)") such that for a subsequence

2y — 2z in L*(0,T; H (Qr)), 2 — 2 in L*(Qr), s — ¢ in L2(0,T; HY(Q)").

For convenience, we prove that 2 = (: let ¢ € C°(]0,T[) and ¢ € H'(Q) and we interpret the L?(0,T; H'(£2))-
!/

function z as L?(0, T; H*(9)")-function. On the one hand, we have by the weak convergence in L?(0,T; H*()")
that (for a subsequence)
T
0
T .
/ o)z (t), Yy g dt — / H(t) Yy dt  as k — oo. (4.15)
0
On the other hand, we have for k € N
T
/ o) (2x(t), ) At = / o(t)z(t) dt ¢ / A(t) (2 (), ) v dt ; (4.16)
0

the fact that we can interchange the integral and the continuous function (-, 1) g+ can be shown straight forwardly
by an approximation with simple functions. Since 1) € H'(f2) was arbitrary, this implies with (4.14) and (4.15)
that

T T
/ H(t)¢(t)dt = —/ o(t)z(t)dt, in HY(Q). (4.17)
0 0

Finally, 2 = ¢ in L?(0,T; H(Q)") follows from the fact that (4.17) holds for every ¢ € C°(]0,T7).

Now, we can show that fin[uf v*] — 0 in L%(0,T; H'(Q)'), which yields z;, — 0 in W(0,T) according
to Corollary 3.1. Recall the fact that for any dual 1 < p,q < oo and reflexiv banach space X we have that
LP(0,T; X’) and L9(0,T; X)" are isometric isomorph. Hence, for ¢ € L?(0,T; H'(Q2)) we have (we omit the
(t,z) argument in the second line)

/ Pk ko) dt = [ Gt x) ok (t 3) - Volt, 2) dt de

Qr

< / |G(uF) — Gu)|v* - Ve dtdz + G(u)v* - Vo dtde.
Qr

Qr

The first term can be estimated against C(u™™, u™)||G(u*) — G(u)||2. 2(Qr) ||s0||L2(0 711 () and therefore con-

verges to zero as k tends to infinity (for a subsequence). On the other hand, we must exploit the fact that
G(u) € L (Qr) and hence the mapping

L*(Qp)™ > v G(u)(t,x)v(t,z) - Vo(t,z)dtdr € R
Qr

is linear and continuous. Consequently, due to the weak convergence of (v¥) in L2(€7)™, the second term also
tends to zero and we have shown that f1%[u* v*] — 0in L2(0,T; H(Q2))'. O
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5. A FP ENSEMBLE OPTIMAL CONTROL PROBLEM

In this section, we consider the following functional

J(p,u) := /QT (a(t, z) - u(t,z) + B(t, x))p(t,x) dtdz + /Q T(x)p(T, z) dx + %HuH%{l(QT), (5.1)

where v > 0, B € L®(Qr), a € L>®(Qr)™, T € L?(2) and R[u] := a - u +  on Q. If we assume v = 0 then J
shall be defined on W(0,T") x L>® (7)™, else on W(0,T) x U. In this section, both cases 7 =0 and v > 0 are
discussed, whereas we are restricted to the case v > 0 for the second-order analysis in Section 7.

Our FP ensemble optimal control problem requires to minimize (5.1) subject to the differential constraint
given by the FP problem (1.3)—(1.4). Thus, we introduce the reduced functional

L=®(Qr)™, ify=0

. (5.2)
U, if v >0

J(u) = J(G(u),u), wu€ {

and hence we consider two FP optimal control problems with control constraints given by (4.1) is reformulated
as the minimization problem

inf J(u) ify=0 and inf J(u) if v > 0. (5.3)

u€Uaa ueUH

Theorem 5.1.
Let J have the form (5.1) with v =0 in i) and v > 0 in ii). Then both optimal control problems

Do W
1) min J(u)

uEU:(Ii

admit at least one solution.

Proof. The proof is divided in three steps and we always start with the case v = 0.
STEP 1: First we need to make sure that J is bounded from below. On one hand, we can estimate G(u) in
W (0,T) with Theorem 2.3 for all u € L*>(Qp)™

|G ()| Lo 0,7:02()) + |G(W)| 20,70 (0)) + 10:G (W) 20,1311 (2)) < Clipoll L2, (5.4)

where C = C(Qr, 0, ¢, M, ||u]|s). On the other hand, u € U,q implies the boundedness of ||u|c < C/(u™in, y™ax)
and since oy, B € L= (Qr) and T € L?(Q) it follows that

I:= inf J(u)> —co. (5.5)

u€EUqaq

The case v > 0 is done analogously. R

STEP 2: Thus, there exists a minimizing sequences (uk)keN C Uaq such that J(u*) — I as k — oo. Now
observe that [|u* ||« is uniformly bounded by w™, 4™ and that U,q C L* N L>(Q7)™ is closed w.r.t ||« || 2(0,)-
This implies the existence of some u € U,q such that (for a subsequence) u* — u in L?(Q27). Hence, according
to Lemma 4.2 c) the sequence of corresponding states G(u*) converges to G(u) in W(0,T).
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If v > 0 the minimizing sequence is in Uyq N H 1(Q;p)m and bounded because for k£ € N
"y A
§||uk||?p(gﬂ < ([lllool[w*[loo + 1Blle) Il + 1 T ll2llp(T) 2 + J (u*) = C + 1, (5.6)

where C' = C(Qr,0,¢, M, a, 3,T,po)- R
In both cases v = 0 and v > 0, the weak lower semicontinuity of J, which is shown in Step 3, implies

I < J(G(u),u) < liminf J(G(u®),uF) =T (5.7)

k—o0

and the assertion is proven.
STEP 3: Recall that

J(uk) = /QT (a(t,x) P (t, x) + ﬁ(t,x))G(uk)(t,x) dtdz + 5 T ()G (u*) (T, z) dw + %Huk”?{l(QT)

and that u* — u in L?(Qr) already implies G(u*) — G(u) in W(0,T) for a subsequence. For the last term, we
can obviously use the weak lower semicontinuity of the H!-norm, since in the case v > 0, the estimate (5.6)
implies u* — u in H'(Q7) for a subsequence. Further, G(u*) — G(u) in C([0,T]; L2(Q)) and T € L2(Q) yield
the convergence for the second term. Concerning the difficult part of the first term, we add +a - u* G(u) to
obtain

/Q (o u" Gr) —a-uG(u) dtdz <[jal|sol[u”(|2 HG(uk) - G(u)”2

+/ o (u¥ —u) G(u)dtdz — 0
Qr

as k tends to infinity for a subsequence and the weak lower semicontinuity of J is proven. O

Once existence of optimal controls are established, we are interested in necessary and sufficient conditions
for local optimality. Furthermore, we introduce the corresponding optimality system.

6. OPTIMALITY SYSTEMS AND FIRST-ORDER CONDITIONS

We say that @ € Unq (or @ € UH) is a local minimum of J in the normed subspace Y C L(r)™ (or
Y C HY(Qr)™), if there exists some § > 0 such that

J(w) < J(+h), forall heY with ||h]y < 4. (6.1)

The differentiability of the reduced cost functional J allows us to introduce the following first-order necessary
optimality condition

J'(W)(u—1u)>0, uey. (6.2)
Now, we introduce the Lagrange functional

L(p,u,q) = J(u) + (Op = div F,q) 15 s
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and consider (formally) its stationary points. The first-order necessary conditions for u solution to (5.3) are
given by

op(t,x) =divF(t,z), (t,z)€ Qr,
p(0,2) = po(x), z €9, (6.3)
F-n=0, on 10,7 x99,

at‘](tax) + L*Q(tax) = 77?’[“](25’55)7 (t71‘) € QTv

q(T,z) = T(z), r €, (6.4)
Vq-n=0, on 10, T[ x99,
(@ =MVQ)pv—1)2iq,y >0, veLZQ)", ify=0, (6.5)
< (o — MVq) p,v— u>L2(QT) +y(u, v —u) gy =0, vel, ify>0. (6.6)

where the so-called adjoint operator is defined as follows

n n

(%%] (ta x)a;qu(tv x) + Z bi(ta x)axiQ(t7 ‘T)
=1

L*q(t,x) :=
i i=1

J

and ¢ is the solution to the adjoint problem (6.4).

Next, we analyze the optimality system (6.3), (6.4), (6.5) and (6.3), (6.4), (6.6). We prove existence of
sufficiently regular solutions to the adjoint problem (6.4) and show the well-definedness of (6.5) and (6.6).
Furthermore, we establish a criterion whether or not we have equality in (6.5), ¢f. Corollary 6.4 b).

Similar optimality systems are considered in [4, 34]. We derive the weak formulation of the adjoint problem
straight forwardly: Let ¢ be a solution to (6.4) and let ¢ € C*(£2). Integrating by parts for the diffusion term
combined with the Neumann-boundary conditions, we have formally for ¢ € [0, 7

/ (Lq(t,2))() dz = — / Va(t,z) - V() do + / B()b(t,x) - Valt,2) dz = —F[u] (0, a(2)).
Q Q Q

This leads to the following concept of weak solutions to the adjoint problem.

Definition 6.1. For any control v € L>®(Q2r)™ we say that ¢ € W(0,T) is the weak solution of the adjoint
system (6.4) if there exists some null set N C [0, 7] such that for all ¢ € [0, T]\N, v € H*(Q)

—(q(t), ¥)mr + Felul (¥, q(t)) = (RuJ(), ¥) L2(0), (6.7)
g(T)="T, ae. onf (6.8)

Theorem 6.2. For every T € L?(Q), u,a € L®(Q)™, B € L°°(Q7) there exists a unique solution ¢ € W(0,T)
of (6.7)—(6.8) and it satisfies the estimate

lallw o,z < CUIT 2+ llull2 + 1) (6.9)

with C = C(Qr,0,¢, M, ||u||, @, 5).
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Proof. This follows similarly to the first section after the time transformation ¢t — T — t; notice that

T
IRulllZ2 0,71 2 S/ lloc-u+ BlZ2 () dt < C (lallZllull3 + 181%) -
0

O

This result implies on the one hand the existence of weak solutions of (6.4) and on the other hand we have
for u,v € L®°(Qr)™ and p = G(u)

((a=MVg)p,v—u) oo < (lac + ldlllIVall2) [Plollv = ull2 < co.

Next, we show why the first-order condition (6.2) can be formulated as (6.5) or (6.6), respectively.
First, we derive an important connection between the linearized state equation and the adjoint system of the
Fokker—Planck problem. Recall that z := G'(u)v for u,v € L>(Qr)™ solves

s+ Flul(z,-) = f™u,v],  in L*(0,T; HY(Q)) (6.10)
z(0) =0, a.e. on €2, (6.11)

where the right-hand side of the linearized equation is on [0, T]
F [, 0](¢) = —/QG(U)(-J) (M(-,z)o(,2)) - Vp(z) de, ¢ € H'(Q).

Now, notice that

T .
Rlu)(t, z)z(t, x) dtdz+/ﬂ7‘(:c)z(T,x) dx:/ 0w, v)(q(t)) dt, (6.12)

Qr 0

which follows by testing the weak formulations of z and ¢, cf. (6.10) and (6.7), with the H'(Q)-functions q(t)
and z(t). We remark that, due to the regularity z,q € W(0,T), it holds that

[ tate)20)m at = = [ a0 20t + 2(@)alD).
0 0

This relation helps us rewriting the derivative of the reduced cost functional .J in (6.2). We have

Lemma 6.3. Foru € U oru € L™(Qp)™ we define the vector-valued function
Dlu] := (o — MVq)G(u), on Qr, (6.13)

where q 1is the corresponding weak solution of the adjoint problem (6.7), (6.8) with control u. Then the Fréchet-
derivative of J at u is given by

J'(u)v = / Olu] - vdtdr + y(u,v) g1y, veU ify>0, (6.14)
Qr

J'(w)v = /Q Ofu] - vdtde, ve L®Qr)™ ify=0. (6.15)
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Proof. First, recall that

J(u) = Rlu](t, )G (u)(t, ) dt dx + / T(2)G(u)(T, z)dx + %||u||§{1(QT)
Qr Q

and hence for v € U (if v > 0) or v € L>(Qr)™ (if v = 0) we obtain with (6.12) and z := G’ (u)v

J'(u)v = / a-vG(u)dtde + Rlu)z dt da + / T2(T)dx + y{u,v) g
Qr Q

Qr

T
= / a-vG(u)dtdx—l—/ T2, v) (q) dt + y(u, v) g :/ Q[u] - vdtdz + y(u,v) g1.
Qr 0 Qr

O
This gives an explicit first-order optimality condition:
Corollary 6.4.
a) Let v >0 and let u € U, be a local minimum ofj in U. Then
/ ] - (u— @) dt dz + (i, u— @ygs >0, uel. (6.16)
Qr
b) Let v =0 and let @ € Upg be a local minimum of J in L°°(Qp)™. Then
/ O] - (u—a)dtde >0, ue Lo(Qr)™ (6.17)
Qr

Furthermore, it holds for alli=1,...,m and a.e. (t,x) € Qr that

O,[a](t,z) >0 = u,(t, ) = uMn(t, z),
o;[ul(t,z) <0 = u;(t,z) = u"**(t, x)
uMN(t x) < Ut x) < ul(t, ) = ®;[u(t,r) = 0.

Proof. Equations (6.16) and (6.17) are immediately obtained by rewriting (6.2) with (6.14) and (6.15),

respectively. The other assertion in b) follows with a proof by contradiction by testing (6.17) with proper
u € L™ (QT)m. O

7. SECOND-ORDER ANALYSIS

We start our second-order analysis stating the following necessary optimality condition.

Corollary 7.1. (Necessary second-order optimality condition for v =10)
Let w € Uyg be a local minimum in'Y = L (Qr) in the sense of (6.1) for the v =0 case. Then

j"(ﬂ)v2 = O7 (NS Cﬁ
The cone of feasible directions and the critical cone at u € Uyq are defined as

Sz :={AMu—1) : A>0 and u € U,q},

Co=5." " A v e L2Qr)™ : J' (@) =0).
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Proof. This assertion follows from an application of Theorem 2.2 in [19]; the regularity condition

L*(Qr)

Ca={vesSy : J(uv=0}

can be shown with standard techniques, ¢f. Theorem 6.6 of [4]. O

Next, we prove a sufficient condition for a control u to be locally optimal, ¢f. Theorem 7.2. We only consider
the case v > 0 and controls in UZ.

Therefore, we exploit the following theorem by Casas and Troltzsch [19]; slightly adapted to our case. In
passing, let us introduce L£(H'(27)™) and B(H!(Q7)™), which denote the space of (bi)linear, continuous
functions from H!(Q7)™ or HY(Qr)™ x HY(Q7)™ to R.

Theorem 7.2. Let 4 € UX. Assume that the reduced cost functional J:U >R satisfies the following
assumptions:

(A1) J is of class C? in UM, Moreover, for every u € U there exist continuous extensions

J'(u) € L(HYQr)™), J"(u)€B(H(Qr)™). (A1)
(A2) There exists A > 0 such that for all (u¥) C UE and (v*) C U with u* — @ in HY(Qr) and v* — v in
Hl(QT).’
J'(w)v = lim J' (uF)oF, (A2.1)
k—o0
J"(@w? < lim inf J" (uF) (vF)2. (A2.2)
—00
and if v =0, then Aliminf|[v*||%, < liminf J” (u*)(v*)2. (A2.3)
k— o0 k—o0

(A3) u satisfies the first- and second-order necessary conditions

J(@)(u—1a)>0, uweU (A3.1)
J"(@)? > 0, v e C3\{0}. (A3.2)
The sets are defined as follows
Sai={Mu—1): A>0 anduc U2}, (cone of feasible directions)

Co=5." n {ve H (Qr)™ : J'(w)v =0}, (critical cone)
Dy :={ve S, : J(a)v =0},

g1
where SaH denotes the closure of Sy with respect to the norm || - || g1 (q,)-
Then we have local H'-optimality at 4 in the sense that there exists € > 0 and 6 > 0 such that

. 5 .
J(u) + §||a —ullfgny < J(u), we B(u; H (Qr)). (7.1)

Proof. We prove by contradiction and assume that (7.1) does not hold. Hence, we find a sequence (u*) Cc UX
with

1 - 1 R
O#||ﬂ—uk|\H1<% and J(ﬂ)+ﬂ|\ﬂ—uk||§{1>t}(uk), ke N.
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Moreover, we define v* := (u* — @) /||u* — || g1 for k € N and thus [|[v*|| g = 1. Consequently, there exists some

v € HY(Qr)™ such that, for a subsequence,

2(n+1)
n—1"

o ~ v, in HY(Qp)™, vP s, in LY(Qr)™, 1<¢<

Now if we can show with the help of (A1)-(A3) that v = 0, we would obtain the contradiction using assumption
(A2.3). To this end, we show that v € Cy and J”(u)v? = 0 which implies v = 0 due to (A3.2).

v € Cy: Since (v¥) is a subset of the convex set Sy, we invoke Mazur’s Lemma and find a convex combinations
1

—H —=H'
that converges strongly to v in H L(Qr)™. Thus, the closedness of S;  implies v € S; . In order to show
J'(@)v = 0, we exploit the necessary first-order condition (A3.1) in the first line and use the mean value theorem
with proper coefficients (0 )reny C [0,1] in the second line to obtain

a 1 a N
J/(U)'Uk = MJ/(U)(U’C - U) 2 0,

Pt et — ayt = 2= I@ et~

= — 0.
[[uf — | 2k

Now thanks to Assumption (A2.1), both terms on the left hand side converge to J'(@)v as k tends to infinity,
which proves the assertion J'(@)v = 0.

J"(@)v? = 0: Once again, we can find (6)) C [0,1] such that by a Taylor expansion in ,
J(ub) = J(@+u* —a) = J(@) + J'(a@)(u* - a) + %j”(a + Ok (uF — ) (u" —u)?
and hence after dividing by ||u¥ — ||%,, we obtain
J(uk) — J(a) J'(@)*

1. 1
—J" (@ + O (u* — @) (v")? = - < -
/O = = G R T Rl <R

Now, we apply the strong Assumptions (A2.2)

0 < J"(@)v? < liminf J” (7 + 0, (u — @) (v*)2 = 0

k— o0

in order to confirm v = 0, and finally (A2.3) gives the desired contradiction
0 < A = Aliminf |v*||%, < liminf J” (u*)(v%)? = 0.
k—o0 k—o0

O

Let us explain why we are restricted to v > 0 and controls from H!(Qr). On the one hand, we need some
L2-norm on the controls in J such that J” satisfies assumption (A2.3); notice that this is exactly the assumption
which gives the desired contradiction in the proof of Theorem 7.2. On the other hand, replacing H'(27) with
L?(Q7) leads to v* — v only in L? and we are - in general - no longer able to verify (A2.2). This is due to the
fact that v appears on the right hand side of the differential equations which implicitly yield the derivatives of
the control-to-state map and certain integrability of it is necessary for L>°-estimates, see Theorem 7.3.

Now, our aim is to show that our reduced cost functional J, given by (5.2) for the case v > 0, does fulfil the
assumptions of Theorem 7.2.
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We start by computing the second derivative of the control-to-state map G : U — W(0,T). Recall that
z = G'(u)v solves the linearised state equation (6.10)—(6.11). Thus, differentiating this equation with respect to
u gives the following implicit equation for the second derivative of G for u,vy,vo € U

¢ (G"(u)(v1,v2)) + Flu] (G (u)(v1,v2),) = —/Q (G’ (w)v1(Mug) + G’ (u)ve(Mwvy)) - V(+) dt dz. (7.2)

Hence, w := G"(u)(v1,v2) € W(0,T) with z; := G'(u)v; and z9 := G’(u)vy satisfies the inhomogeneous Fokker—
Planck problem

W+ Flu)(w, ) = famed in L2(0,T; HY(Q))’, (7.3)

(u,v1,v2)

w(0) =0, in L*(Q), (7.4)

where the right-hand side is defined as follows

favad ()= —/Q (z1Muvy + 2o Mwvy) - Ve dt du, ¢ € L*(0,T; HY(Q)).
T

(u,v1,v2)

If v = vy = vy, we simply write f9%24[y, v].

Theorem 7.3. Let uj,us € U;fi and vi,v2 € U and denote p; := G(u;), z; := G'(u;)vi, w; := G"(u;)v? for
i =1,2. Then z;,w; € L (1) and we have

[2illoo + lwillo < Cllvillg,
p1 — p2llo < OM||sollur — uzllgllp1lloc < Cllur — uzlg,
21 = 22llwor) < M|l ([[P1llecllor — vall2 + [[v2]l2llP1 — P2l + [[22]|collur — u2ll2)
< C([[vr = vall2 + [lvzll2]lur — u2llg + [[v1llgllur — u2ll2)
21 — 22|00 < O M|l (Ip1llscllvr = v2llq + [lv2llgllP1 — P2lloc + ll22]ls0llu1 — u2llq)
< O (lor = vallg + [lvzllgllur — u2llg + [lorllgllur — uzllq),
w1 — wallwo,7) < Cl[M|ls ([[21][ocllv1 — vall2 + [[v2llgllz1 — 22[[oc + [[w2llsol[ur — u2|l2)
w1 — w2l < O M|l (121 llsollvr — vallq + [[v2llgllz1 — 22/loo + [walloo lur — u2llq)
for some constant C = C(Qr, 0, ¢, M, ||po||so, ™™, u™*) > 0 and exponent q > 4(72:42) = 2 ifn=3and qg>?2

if n e {1,2}.
Notice that n < 3 implies || - || < C|| - || g1 (@, in Theorem 7.3.

Proof. The first assertion can be verified with Theorem 3.2 as follows: In view of (3.3), observe that the right-

hand sides f"[u,v] and f9%24[y, v] have the correct shape if we define g; = 0 and gy := —p; M v; for z; and
go := —22z; Mv; for w;. Hence, it holds for any ¢ > 4(7?7;2) ifn=3and ¢ >2if n € {1,2} that

1Zilloo < [lg2llg < 1M ||oollPllosllvillg < Cllvillg,

[willso < IM|losllzillollvilly < Cllvillg, i€ {1,2}.

With the L>°-estimate for z; at hand, we immediately obtain the estimate for |p; — p2|lc by choosing
v1 = uy — ug; recall that z1 = G'(u1)v1 = p1 — pa, ¢f. Lemma 4.2.

Next, we show the third estimate and define §z := z; — z5. Similarly to the proof of Lemma 4.2, we obtain
that 6z € W(0,T) solves again a Fokker—Planck problem with drift u; and some right-hand side fi® in
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L2(0,T; HY(Q)'). For any v € H(Q2) and a.e. on [0, T], we find that

(00(62), ) e + Flual(62,9) = —(20, )i — Flua] (22,9) + £ [ur, v1](4)
== a)0) + [ M =) Vet 1 1))
= f3" ().
According to Corollary 3.1, we need to bound fi in L2(0,T;H*(Q)) for the W(0,T)-estimate. Almost

everywhere on [0, 7] we obtain the following estimate

) < [ [oidor = paMos)- T0] dot [ oM = ) - Vo] do
Q Q
<M (1 llsclien = vallz + oz ll2llpr = palloe + llz2lloollur = uallz ) ol -

The L>-estimate is obtained with Theorem 3.2 if we bound the go term of the right-hand side, i.e. fi®(y) =
Ja, 92+ V¥, in the LI(Qr)-norm as follows

llg2llq = llprMve — p1rMuy + 20 M (uy — us2)|lq
<[ M| (IIP1llcollvr = vallg + [vallgllpr — P2lloo + ll22llcollur — uzflq) -

The same procedure can be done with dw := w; — ws € W(0,T) in order to obtain the Lipschitz estimates for
G". For any v € H'(Q2) and a.e. on [0, 7], we find that

(04 (6w), ¥) g +F[ur] (6w, ¥)

= ey ) () + /Q wsM (ur — ) - Vb + F1 g, 0] () =2 F2 (),

where f(?“ad € L*(0,T; H'(Q)") can be bound analogously to fi* from above. O

With the derivatives of the control-to-state map G at hand, we are ready to compute the second derivative
of the reduced cost functional J. Recall that

JA’(u)v:/Q oz-vpdtdaH—/Q R[u]zdtdx+/ﬂ7‘z(T)da:+7<u,v>H1(QT)

and hence for u,vy,v, € U

I ) (on,ez) = [

- (v12z2 +vozp) dtdx —|—/
Qr

R[u]wdtdx+/ Vw(T)dz + v|v||%: (7.5)
Qr Q

We summarize our results and extend the bilinear form J”(u) to U.

Lemma 7.4. Let u € U and v € U and denote by ¢ € W(0,T) the corresponding solution of the adjoint
equation. Furthermore, define p := G(u), z := G'(u)v and w := G"(u)v?. Then it holds

J'(u)v = /Q a-vpdtde + Rlu]zdt dx + /Q T2(T) dz + v(u, v) g1 ()

Qp

:/ Ou] - vdtdz + y{u, v) g,
Qr



SECOND-ORDER ANALYSIS OF FOKKER-PLANCK ENSEMBLE OPTIMAL CONTROL PROBLEMS 25

J" (u)? = /Q 20 - vzdtde + Ru]wdtdz + /Q Tw(T)dz + y||v]|3:
T

Qr

:/ 2a~vzdtdx—/ 2sz~qutdx+’Y||U||?{1~
QT QT

Proof. Both equations for the first derivative have already been proven in the previous sections. The second
formula for J” can be shown similarly: Let u € UX and vy, vy € U and w := G” (u)(v1, v2), 21 1= G’ (w)v1, 22 :=
G'(u)va. Now, we test the adjoint equation with w(t) and (7.3) with ¢(t) to obtain a.e. on [0,T]

— (¢, w)mr + Flu] (w,q) = A R[uwdx

and (w,q) g + Flu] (w,q) = —/ (z1Mvg + zoMuvy) - Vg da.
Q

Using the terminal condition of the adjoint equation 7 = ¢(T'), we arrive at

T
Rlujwdt dz + / Tw(T)dz = / fauadfy, v](g(t)) dt;  compare this to
Qr Q 0

Rlu]= dt dz + /Q TA(T) de = /0 P, ](q(t)) dt

Qr

and thus

3 w)(on,vz) = [

a - (V129 + vaz1) dt do — / (zaMv1 + z1 Muvg) - Vgdt da + 'y||vH%11. (7.6)
Qr

Qr

This immediately implies the boundedness for vy, vo € H*(27)™; recall that 21, 20 € L>(Qr) and Vg € L*(Qr).
O

The previous Lemma immediately implies that our reduced cost functional J fulfils assumption (A1) from
Theorem 7.2. Next, let us verify the second assumption (A2).

Lemma 7.5. The reduced cost functional fulfils assumption (A2).

Proof. Let u € UE, v e HY(Qr)™ and let (u*) C UE, (v*) C U such that u* — u and v* — v in H(Qr)™.

a a

Furthermore, let us define for £k € N
pr = GuF),  zp =G (WP, wy = G (WP (0F)?,
and p, z,w as usual. Now, Theorem 7.3 implies the convergences (for one subsequence)
Pk — D, 2k — 2, wg—w, inL®(Qr)and W(0,T); (7.7)

we only demonstrate the uniform convergence of (wy). First notice that the weak convergence of (v¥) implies
P — v in L9(Q7) for 1 < ¢ < (2(4:1;517)2 =4 if n =3 and for every 1 < ¢ < oo if n € {1,2}. Thus, Theorem 7.3
yields for ? <g<4

I21lloc + llwillse < Cllv*llg < Cllvllg, k€N
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with C = C(Qr, 0, ¢, M, ||po|lso, u™™, u™**) > 0 and as k tends to infinity we obtain
[w = wi[loo < Cl[M]|oo (llleoollv = 0¥llg + 0" llgllz = 2illoo + llwkllsollu - uqu) =0

as desired.
Next, we can prove the following limit

J (uF)or = /Q a-vPp dtde + R[u*]z, dt dz + /Q T 2(T) da + y(u, vk>H1(QT) — J (u)v

Qr

as k tends to infinity for a subsequence. The first term converges after inserting o - v*p and using the L>°(Q7)-
convergence of (py). We proceed similarly with the second term. Since 7 € L?(Q), the L?(f2)-convergence
2 (T) — 2(T) is sufficient for the third term and the fourth term is standard.

Similarly, we obtain the lower semicontinuity of the second derivative

J" (u)v? < liminf J” (u®) (v*)2 :/ 20 - ¥z, dt do +
Qr

k—o0

Ru* wy, dt da +/ka(T) da +[|v* [
Qr Q

The first three terms are dealt with analogously to the above and for the fourth term we use the weak lower
semicontinuity of the L2-norm ||v||z1 < liminfy_ o [[vF] 7. O

We can conclude this section with the following second-order necessary and sufficient optimality conditions
for the Fokker—Planck control problem.

Corollary 7.6. (Sufficient second-order optimality conditions) R
Let n € {1,2,3} and let assumption (A3) from Theorem 7.2 hold for u € UX,. Then @ is a local minimum of J
in HY(Qr)™ in the sense of (6.1).

Proof. This is a direct consequence of Theorem 7.2 where Lemma 7.4 and 7.5 guarantee that assumptions (A1)
and (A2) are fulfilled. O

8. EXTENSION TO BROCKETT’S ENSEMBLE CONTROL PROBLEMS

In this section, we discuss optimality conditions in the case v = 0 and averaged H'-costs of the control.
Furthermore, we analyze the case of approximate closed-loop controls. We remark that our results in this
section apply to the FP ensemble control problems considered in [10, 14-16, 34-36].

In Brockett’s framework, an ensemble cost functional includes expected values of the cost of the control. In
particular, we consider the following functional

Ji(p.u) = /QT (Rlul(t,2) + J-lu(t, 2)* + 5 [Dut, 2)|?) p(t, 2) dt da + /Q T(2)p(T,x)de,  (8.1)

for controls u € Ufj, and 71, v2 > 0.

Now, we show that our analysis for n < 3 applies to the corresponding FP ensemble optimal control problem
subject to the following assumption on the PDF solution:

Assumption: We assume that there exists some small § > 0 such that the solution of our FP problem
satisfies

inf p(t,z) >0 8.2
el >

for all u € Ua}{i.
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This assumption appears reasonable by considering an initial PDF pg > ¢ > 0 and a bounded b, such that
the drift acting on the stochastic process does not produce a region in {2 where the probability to find the state
is below a certain threshold. In this case, (8.2) is preserved in the sense that p(t) > §/ exp(t||b]|) a.e. on €.

With this uniform positivity of p at hand, we can bound the minimizing sequence (u*) C Uaﬁ similarly
to (5.6)

A2y < / (%mk(t,aj)‘? T %\Duk(t,x)|2> pe(t,z)dtdz < C + J(u"),
Q

T

where C = C(Qr,0,¢, M, a, 8, T, ||polloo)- The weak lower semicontinuity follows with an application of Egorov’s
theorem, see Lemma 3.5 in [19]. Therefore, it is necessary to have py — p in L*°(2r) and the non-negativity of
the PDF's pg, p. This proves the existence of an optimal control u € Ufi for the objective functional J;.

Next, we illustrate the first- and second-order analysis for the case J; with assumption (8.2). Clearly, all the
properties of the control-to-state map G remain unchanged. A straightforward calculation with the product rule
now shows that

j{(u)vz/ (a-v+yu-v+y2Du-Dv)pdtdx
Qr
+/ (R[u]+1|u\2+ﬁmu\2)zdtdx+/Tz(T)dx
Qr 2 2 Q

JU (u) 2:/9 2(a-v+'y|v|2+72|Dv|2)pdtdx+/g (a-v+yu-v+yDu-Dv)zdtdz
T

T

+/ (R[u] + 1|u\2 + E\Du\g> wdtdx +/ Tw(T)dz.
Or 2 2 Q

where p = G(u), z = G'(u)v and w = G"(u)v? for u € U.q,v € HY(Q7)™. Analogously to the previous section,
we can show that .J; fulfils the regularity conditions (A1), (A2.1) and (A2.2).

Of course, the critical condition is (A2.3) since we replaced the H'-norm of u with its expected-value.
However, since y1,v2 > 0 and (8.2), for v — 0 in H!(Q7)™, we obtain for the crucial term of J” (u¥)(v*)? that
we have for a subsequence

A8|[v* |2 </ (%|uk(t,x)|2+%Dv’f(t,x)ﬁ)pk(m)dtdx.
T

This proves the sufficient second-order condition (A2) and completes the first- and second-order analysis for the
expected-type cost functional J; with H'-controls in Ufé.

In [15, 16], it is proposed to construct an approximate feedback control mechanism that requires to determine
only time-dependent controls, whereas the dependence on x is chosen a priori. In particular, since many control
mechanisms for SDE models have a linear or bilinear structure, it is reasonable to focus on the following
controlled drift

Blu](t,x) := c(t,x) + u’(t) + z @ u'(t), (8.3)

where c¢ represents a given smooth vector field and ® denotes the Hadamard product. Notice that this structure
can also be motivated in the framework of first- and second-moment equations where it appears that u' enters
in the control of the variance of the process, whereas its mean results controlled by both u° and u!.
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We remark that the drift (8.3) has the form of (2.2) with n x 2n-matrix

10 ... 002z 0 ... O
0 1 0 0 =z ... 0
M(t,z) = S .
o0 ... 1 0 0 ... =z,

In this case, we aim to minimize the following functional
d
Ta(pu) = [ (R[u} (t.) + 5 [u(®) + 2 dtu(tn“’) ptoydtdes [ T@pTa)ds,  (5.)
Qr Q

for u(t) := (u°(t),ul(t)) € R™, m = 2n, from the admissible set

Ul = {u € H'(0, 7)™ : u™™ < uy < u™™ ae. on J0,T[,i=1,... ,m},
with given u™" y™a% : [0, 7] — R™ measurable and bounded such that UZ; # (. We remark that in (8.4), the
time derivative of the control is due to Brockett’s concept of minimum attention control aim at penalizing large
variation of the control, ¢f. [14].

For this setting, all the important properties of the control-to-state map corresponding to the drift (8.3) can
be shown analogously to the previous sections. In particular, existence of optimal controls follows immediately:
We pick a minimizing sequence (u*) C UZL}, show u* — u in H(0,T) and obtain J(u*, G(u*)) > —oo and
G(uF) — G(u) in W(0,T) for a subsequence. Proving weak lower semicontinuity is easier, since all py,p are
PDFs, and we have

/Q (SHu®)? + ZiDu(®)?) p(t,x) dtdz = / ' (D ut)? + ZiDu()l?) d. (8.5)

This proves the existence of an optimal control in Ua:g.

Our second-order analysis can be applied analogously with the L°°-convergences of the Fréchet-derivatives of
G(u*) and using the trick of (8.5) to verify assumptions (A1) and (A2) from Theorem 7.2. This implies H!-local
uniqueness; see Corollary 7.6.

9. CONCLUSION

This work was devoted to the investigation of ensemble optimal control problems governed by a Fokker—
Planck equation. These problems require the minimisation of objective functionals of probability type and aim
at determining robust space-time control mechanisms for the ensemble of trajectories of the stochastic system
defining the Fokker—Planck model. In this work, existence of optimal controls was proved and detailed analysis
of first- and second-order optimality conditions characterizing these controls was presented.
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