ESAIM: COCV 28 (2022) 65 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051 /cocv /2022061 WWW.esaim-cocv.org

OPTIMAL CONTROL OF HYPERBOLIC TYPE DISCRETE AND
DIFFERENTIAL INCLUSIONS DESCRIBED BY THE LAPLACE
OPERATOR

ELIMHAN N. MAHMUDOV!2*

Abstract. The paper is devoted to the optimization of a first mixed initial-boundary value problem
for hyperbolic differential inclusions (DFIs) with Laplace operator. For this, an auxiliary problem
with a hyperbolic discrete inclusion is defined and, using locally conjugate mappings, necessary and
sufficient optimality conditions for hyperbolic discrete inclusions are proved. Then, using the method of
discretization of hyperbolic DFIs and the already obtained optimality conditions for discrete inclusions,
the optimality conditions for the discrete approximate problem are formulated in the form of the Euler-
Lagrange type inclusion. Thus, using specially proved equivalence theorems, which are the only tool for
constructing Euler-Lagrangian inclusions, we establish sufficient optimality conditions for hyperbolic
DFIs. Further, the way of extending the obtained results to the multidimensional case is indicated. To
demonstrate the above approach, some linear problems and polyhedral optimization with hyperbolic
DFIs are investigated.
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1. INTRODUCTION

Over the past decades, great progress has been made in various areas of optimal control problems described
by ordinary [1, 2, 4, 7, 9, 10, 14, 19, 21, 23, 25, 30, 31, 33, 34, 37, 40] and partial differential equations/inclusions
[3, 5, 11-13, 16, 18, 20, 22, 29, 32, 36, 39, 41]. The work [6] investigates boundary value problems for systems of
Hamilton-Jacobi-Bellman first-order partial differential equations and variational inequalities, the solutions of
which obey the viability constraints. In the paper [17], stabilization in a finite time of homogeneous quasilinear
hyperbolic systems with one side controls and with a nonlinear boundary condition on the other hand is
considered. Time-independent feedbacks are presented leading to stabilization in a finite time at any time,
larger than the optimal time for null controllability of the linearized system if the initial condition is small
enough. The paper [38] studies the behavior of solutions of a one-dimensional hyperbolic relaxation system
at large times, which can be written in the form of a nonlinear equation of a damped wave. First, the global
existence of a unique solution and its decay properties are proved for sufficiently small initial data. In [8],
a general uniqueness theorem for nonlinear hyperbolic systems of partial differential equations in one-space
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dimension is established. The paper [35] considers optimal control problems for hyperbolic equations with
controls in the Neumann boundary conditions with pointwise constraints on the control and state functions.
New necessary optimality conditions are derived in the form of Pontryagin’s pointwise maximum principle for the
problem under consideration with state constraints. The approach is based on modern methods of variational
analysis. In papers [11, 12, 19, 37, 40] various problems with ordinary differential equations/inclusions are
considered. In [11], a strengthened version of Pontryagin’s maximum principle is derived for general nonlinear
optimal control problems on time scales in a finite-dimensional space. The finite time can be fixed or not,
and in the case of general boundary conditions, the corresponding transversality conditions are derived, the
proof of which is based on the Ekland’s variational principle. The paper [40] develops the theory of tubes
for solving differential inclusions within a given set of sets. The concept is defined as the minimum invariant
tube with values in the collection. Under certain requirements on the set, the existence and Lipschitz property
of “solution tubes” is proved. The paper [19] investigates infinite-dimensional differential inclusions. Sufficient
conditions for nonemptiness of the viability kernels of such systems are obtained. In the paper [37], problems
of optimal control of dynamical systems controlled by functional differential inclusions of neutral type with
constraints are considered. Therein, to develop the method of discrete approximations and use advanced tools
of generalized differentiation, a variational analysis of neutral functional-differential inclusions was carried out
and new necessary optimality conditions were obtained, both of the Euler-Lagrange and Hamiltonian types.
n [10], by using the Baire category method, an existence result is proven under Carath’eodory assumptions
for boundary value problem of Dirichlet type with nonconvex ordinary differential inclusions. In [24] on the
basis of the diffusion properties of weak solutions of stochastic partial DFIs, some existence theorems and
some properties of solutions are given. In [15], an optimal control problem given by hyperbolic type DFIs with
boundary conditions and endpoint constraints is studied.

The present paper is dedicated to one of the difficult and interesting fields, where the main goal is to derive
sufficient optimality conditions for problems with hyperbolic DFIs in twospatial dimension. Here we obtain the
results in the same spirit as in [33], where the Mayer problem with higher order evolution differential inclusions
and functional constraints of optimal control theory is studied. Recall that in [33] the obtained transversality
and complementary slackness conditions for second-order ordinary differential inclusions play an essential role
in further studies, where the results are generalized to a problem with an arbitrary higher-order differential
inclusion.

Hyperbolic partial differential equations arise in many physics problems such as string vibration, acoustic
modelling, and supersonic fluid flow used in high-speed applications such as rocket motion and supersonic
jets. One of the most important hyperbolic equations is the wave equation, which is widely used in modelling
electromagnetic waves, seismic waves and shock waves, earthquake engineering, ocean wave propagation and
many others. In the mathematical model of hyperbolic partial differential equations, waves propagate at a finite
speed, in contrast to parabolic partial differential equations, where the initial value immediately affects the
solution at all other points in space. The paper is organized in the following order.

In Section 2, the needed concepts and results, such as, Hamiltonian function Hp and argmaximum sets of
a set-valued mapping F, the locally adjoint mappings (LAMSs), etc., from the book of Mahmudov [28], are
given and the problem with discrete and continuous hyperbolic inclusions are stated. Moreover, some “non-
degeneracy condition”, that is, the standard condition for convex analysis about the existence of an interior
point is formulated.

In Section 3, for a problem with discrete inclusions of hyperbolic type, we prove a theorem on necessary and
sufficient conditions for optimality. It is shown that under non-degeneracy condition the necessary conditions
are also sufficient for the optimality. In the proof of this theorem, the main role is played by the reduction of
the problem posed to the problem of mathematical programming and, as a consequence, the application of its
methods.

In Section 4 we introduce difference operators defined on three-point models, and using difference approxima-
tions of the Laplace operator and grid functions on a uniform grid, we approximate the problem with hyperbolic
DFIs. In what follows, with a skillful definition of an auxiliary set-valued mapping G(-, z, y, t) : R = R™ involv-
ing the original set-valued mapping F (-, z,y,t) : R® = R" we reduce this problem to a problem with a discrete



OPTIMAL CONTROL OF HYPERBOLIC TYPE DISCRETE AND DIFFERENTIAL INCLUSIONS 3

inclusion and apply the results obtained in Section 3 and obtain a necessary and sufficient optimality condition
for a discrete approximate problem. But, in turn, the latter is possible due to the LAM equivalence theorems
that provide the transition from LAM G* to LAM F*, which, in our opinion, are the only tool for constructing
Euler-Lagrangian inclusions for problem (PC) with hyperbolic DFIs. For this, auxiliary results are obtained on
the equivalence of the cone of tangent directions and the argmaximum sets.

In Section 5, we use the results of Section 4 to obtain sufficient optimality conditions for hyperbolic DFIs with
Laplace operator. The formulation of sufficient conditions is realized by going over to the formal limit in the
discrete-approximate problem, as discrete steps tend to zero. Further, for the generalized initial-boundary value
problem, by analogy, we indicate the ways of extending Theorem 5.1 to the multidimensional case. Moreover,
in the proof of the optimality condition, the Green’s formula is used in the multidimensional case. At the end
of section some linear problem with hyperbolic DFIs is considered. Our methodology with a transition to a
discrete, and then a discrete-approximate problem guarantees to construct step by step the hyperbolic type
Euler-Lagrange adjoint DFIs and the “endpoint” and boundary conditions for the problem with hyperbolic
DFlIs.

Section 6 is devoted to the problem with hyperbolic polyhedral DFIs. Here, the integrand of the Lagrange
functional is also a polyhedral function. The Euler-Lagrange type inclusion is constructed, and necessary and
sufficient optimality condition for problem with hyperbolic polyhedral DFIs involving Laplace operator are
proved.

2. NECESSARY FACTS AND AND PROBLEM STATEMENTS

Although all the necessary definitions and concepts can be found in the book [28], for the convenience of
readers, they are given in this section. Let (u,v) and (u,v) be a pair and inner product of elements u,v in
n-dimensional Euclidean space R"™, respectively. A set-valued mapping F' : R™ = R™ is convex if its graph
gph F = {(u,v) : v € F(u)} is convex in R?" F is convex valued if F(u) is a convex set for each u € domF =
{u: F(u) # @}. For a set-valued mapping, we introduce the Hamiltonian function and the notation of the
argmaximum set:

Hp (u,v") :sgp{@,v*) v e Fu)}l,v" eR" Fa(uv*) ={ve Fu): (v,v*) = Hp (u,v")}.

For a convex set-valued F we let Hp (u,v*) = o0, if F(u) = 2.
The cone of tangent directions at the point (u,v) € gphF will be denoted by Kr(u,v) = Kgpnr(u,v) and for
a convex set-valued mapping F it is defined at a point (u,v) € gph F as follows

Kgpnr(u,v) = {cone(gph ' — (u,v))} = {(4,0) : & = p(t — u),v = (0 —v), > 0, (4, 0) € gph F'}.
The cone K z(u,v) of tangent directions of nonconvex set A C R?" at (u,v) € A is defined as the set of (u,v)
for which there exists a function ¢ : (0, +00) — R?" with ¢(y) — 0 as v | 0 such that (u,v) + (4,v) + p(y) € A

for sufficiently small ~.
Recall that a set-valued mapping F*(+; (u,v)) : R™ = R™ defined by

F* (0% (uy0) = {u” : (", —v*) € K (u,0)}
is called the locally adjoint mapping (LAM) to F' at a point (u,v) where K7 (u,v) = K}, p(u,v) is the cone dual
to the cone K p(u,v). In what follows, we mainly use the equivalent definition of LAM in terms of the Hamiltonian

function A set-valued mapping is called the LAM to “nonconvex” mapping F' at a point (u,v) € gph F:

F* (v*; (u,v)) :=={u* : Hp (4,v") — Hp (u,v*) < (u*, 0 —u) ,Va € R"} v € Fa (u;0").
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Since for a convex set-valued mapping Hp (-,v*) is concave function, by Theorem 2.1 [28, p. 62] the following
assertion holds F* (v*; (u,v)) = 0Hp (u,v*),v € Fy (u,v*), where 0Hp (u,v*) = =0 [—Hp (u,v*)]. In fact, the
given in the paper notion LAM is closely related to the coderivative concept of Mordukhovich [37], which is
essentially different for nonconvex mappings. The notion of coderivative has been introduced for set-valued
mappings in terms of the basic normal cone to their graphs and is defined as D*F(z,v) (v*) = {a* : (z*, —v*)
€ N((z,v);gph F)}, where N((x,v);gph F') is a normal cone at (z,v) € gph F'. In the most interesting settings
for the theory and applications, coderivatives are nonconvex-valued and hence are not tangentially/derivatively
generated. This is the case of the first coderivative for general finite dimensional set-valued mappings for the
purpose of applications to optimal control. The main advantage of the definition of LAM is its simplicity.

The cone K 4(z) of tangent directions of the set A at a point z = (u,v) € A C R?*" is called a local tent [28,
p. 120] if for each z € ri K 4(z) there exists a convex cone K C K4(z) and a continuous mapping ¢ (z) defined
in a neighborhood of the origin such that (1) z € ri K, Lin K = Lin K 4(z), where Lin K is the linear span of
K, (2)y(z) =z+r(2), ||z 'r(z) = 0,as 2 = 0,(3)z + ¢(2) € A, z € KNS.(0) for some £ > 0, where S.(0)
is the ball of radius € and with center the origin.

A function g is said to be proper if it does not take the value —oo and is not identically equal to +o0.

First, consider the following optimization problem with a discrete analogue of the so-called first mixed
hyperbolic DFIs, labelled by (PD):

minimize Z g (U yt, T, Y, ), (2.1)
(ZL’,y,t)GL()XSoXTO
(z,y)#(0,0),(L,S)
(PD) Ug41,y,t € Q (ux—l,y,tauac,y—l,hUx,y,taux,y+1,ta Ug,y,t+15 Uz, y,t—1, x,y,t) s (myyvt) € Ly x 5 x 1T, (22)

_ 1 _ 2 _ _ _ _
Ug,y,0 = aajyﬂ Ug,y,1 = aajy7 Ug,0,t = ﬂtha Ug, St = /BZL’St7 Uo,y,t = Yoyt, UL,y,t = YLyt

where L,S,T are fixed natural numbers, L; = {i,...,L —i};S; = {i,...,S — i, T; = {3,...,T —
i} (i = 0,1) and g(-,x,y,t) : R* — RY U {+00},Q(,x,9,t) : R = R™ is a set-valued mapping,
Oy, Brot, Best, Yoyt, YLyt arve fixed vectors, for all z,y,t, respectively. A set of vectors {ug,:} =
{tg,yt: (z,y,t) € Lo x Sy x T, (x,y) # (0,0), (L,S)}, is called a feasible solution for the problem (2.1)—(2.3)
if it satisfies the inclusion (2.2) and initial and boundary conditions (2.3). The problem consists in finding a
solution {@, ¢} of a hyperbolic discrete inclusions (2.2) that minimizes (2.1).

Section 4 of the present paper is devoted to the study of a first mixed boundary value problem for hyperbolic
DFIs in a two-spatial dimension, containing Laplace operator in a bounded rectangular parallelepiped that is
sometimes referred to simply as a cuboid:

minimize J[u(-,-, )] = /0 ! / /D g(ulz, g, 1), 2.y, ) dadydt (2.4)

(PC) % — Au(z,y,t) € F(u(z,y,t),z,y,t), (x,y,t) € D x[0,T], (2.5)
u(e,,0) = o (,0), 228D 0, y), (e, 0,1) = ol ), u, 5,1
= Bs(x,t),u(0,y,t) = v0(y, 1), u(L,y,t) = v2(y,t), D = [0, L] x [0, 5] (2.6)

where F(-,z,y,t) : R® = R" is a convex set-valued mapping, ¢(-,z,y,t) is proper convex function, A is
Laplace’s operator: A = 8‘9—; + 6‘9—:2 and aq,as and By, Bs,Y0,7yL are given continuous functions, oy, s : D —
R™, By, Bs : [0, L] x [0,T)] = R™ 79,7z : [0,5] x [0,T] = R™; L, S, T are real positive numbers. Since hyper-
bolic inclusion (2.5) is second order in time, values of u(x,y,t) and its partial derivative on ¢ must be specified
along the initial time. On the other hand, since equation (2.5) is the second order in space, the values of
u(x,y,t) must be specified along boundaries of the region D x [0,T]. In fact, D x [0,7T] is a rectangular
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parallelepiped that is sometimes referred to simply as a cuboid. We label this problem (PC). The problem
consists in finding a solution @(z,y,t) of a first mixed initial-boundary value problem (PC) that minimizes
(2.4). For convenience, we assume throughout the context that feasible solutions are classical solutions; let
Pr =D x (0,7),I'r = {(z,y) € 0D,0 < t < T}, 9D is the boundary of D, Dy = {(z,y) € D,t = 0}. Then a
function u(x,y,t) € C% (Pr)n C! (PT ur,u Bo) ul'ru DO) satisfying the inclusion (2.5), the initial condition
u(z,y,0) = ar(z,y), us(x,y,0) = as(z,y) on Dy, and the boundary conditions in I'r is called the classical solu-
tion of the initial-boundary value problem (2.4)-(2.6). Here C? (Pr) is the space of continuous functions having
in Pr all continuous partial derivatives of the first and second order. It should be noted that the definition
of a solution in one sense or another (classical, generalized, almost everywhere, etc.) in no way hinders the
implementation of this method for the class of problems under consideration.

With respect to ([28], p.122) h(u,u) is called a CUA of the function g : R* — R! U {#co} at a point u €
domyg = {u:|g(u)| < +oo} if h(@,u) > Q(a,u) for all @ # 0 and h(-,u) is a convex closed positive homogeneous
function, where

-1

Q(u, u) = sup limsup(l/a)[g(u + au + r(a)) — g(u)],a” r(a) = 0.

r(-) al0

Here the exterior supremum is taken on all r(a) such that a=1r(a) — 0 as a } 0. In addition, let the function g(u)
admit CUA h(@,u) at point u that are continuous with respect to @. The latter means that the subdifferentials
0g(u) := 0h(0,u) is defined.

For the functions g(-, x, y,t), (z,y,t) € D x[0,T] and the set-valued mapping Q(-, z, y, t) we impose the follow-
ing condition. It should only be noted that, since a non-smooth and nonconvex function cannot be approximated
in a neighbourhood of a point of non-smoothness with positively homogeneous functions, we use the concept of
CUAs.

Condition N Let in problem (PD) the mapping Q(-,x,y,t) be such that the cone of tangent directions
Kq(zy,t) (Ug—1,y,t Uz y—1,¢5 Wa,y > Uz y+1,¢5 Yy 141, Uz y t—1; Uzt1,9,¢) 1 & local tent. In addition, let the functions
g(-,z,y,t) admit CUA hg 4 (G, Uz y+) at points u, , ¢ that are continuous with respect to 4. The latter means
that the subdifferentials 0g (ug,y,¢, %, y,t) := Ohg y+ (0,uzy+) are defined. The problem (2.1)-(2.3) is called
convex, if the mapping Q(-,z,y,t) is convex and the functions ¢(-,z,y,t),, (z,y,t) € Ly x So x Ty, (z,y) #
(0,0), (L, S) are proper convex functions. The following condition guarantees for the problem (PD) the existence
of a standard interior point of convex analysis. As usual, ri A be the relative interior of a set A.

Definition 2.1. The convex problem (PD) satisfies the nondegeneracy condition if for some feasible solution

{ug,y,c} we have either (a) or (b):

(a) (ux—l,y,ta Ug,y—1,t, U,y ty Uz, y+1,t) Uz, y,t+1; Uz, y,t—1, Ua:+1,y,t) € rigph Q(, z,, t), (JU, Y, t) € L x 5 x T,
Ugyt € ridomg(~, z,Y, t)a

(b) (szl,y,t» Ug,y—1,t) Uz,y,t) Uz,y+1,ts U,y t4+1, Uz, y,t—1, uerl,y,t) € intgph Q(? z,Y, t)? (‘Tv Y, t) € Ly x 8 x 1,

(x,y,t) # (z0,Y0,t0), where (zo,yo,10) is the fixed triple and g¢(-, z,y,t) are continuous at the point ug ¢

3. OPTIMIZATION OF FIRST MIXED INITIAL-BOUNDARY VALUE PROBLEM
FOR HYPERBOLIC TYPE DISCRETE INCLUSIONS

We first consider the convex problem (PD). In order to use convex programming results, we form the
m = n(L+1)(S+ 1)(T + 1) dimensional vector w = (ug, u1,...,ur) € R™, where uy = (uzo, U1, ...,Uzs) €
R(S+DT+D) and Ugy = (Ugy,0, Uz,y,1s- - s Ug,y,T) € R™T+1) | Let us consider the following convex sets defined
in the space R™ :

M:v,y,t = {’LU = (u07 ULy 7'U/L) : (umfl,y,ta Ug,y—1,t) Uz,y,t) Uz, y+1,t) Uz, y,t+1, Yz, y,t—1, um+1,y,t) € gth(a z,y, t)} )
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(.’E,y,t) € Ll X Sl X Tla

Ho ={w = (uo,u1,...,ur) : Uy yo = aiy, (z,y) € Lo x So, (z,y) # (0,0),(L,S)},
Hao ={w = (uo,u1,...,up) : Ugy1 = Iy,( y) € Lo x So, (z,y) # (0,0), (L, 9)},
Hgo = {w = (uo,u1,...,ur) : Ug0.t = Baot, (x,t) € Lo X Tp, (z,t) # (0,0), (L, T)},
Hgs = {w = (up,u1,...,ur) : Uz 5 = Bust, (x,t) € Ly x T, (x,t) # (0,0), (L, T)},
Hoyo = {w = (uo,ur,...,ur) s toye =Yoyt, (y,t) € So x To, (y,) # (0,0), (S, T)},
Hyp ={w = (uo,u1,...,ur) : uryr = Yy, (¥, t) € So x To, (y,t) # (0,0), (S,T)}.

Now setting

g(w) = Z g (um,y,tux7y7t)
(m,y,t)GLoXS(XTO
(,t)#(0,0),(L,S)

we reduce the convex problem (PD) to the following convex minimization problem in the space R™ :

minimize g(w) subject to w € N = ﬂ Mgyt | "Hot N Hao M Hgo N Hgs N Hyg N Hyr. (3.1)
(z,y,t)Elesl x Ty

We apply Theorem 3.4 ([28], p. 99) to the convex minimization problem (3.1). For this, it is necessary to
calculate the dual cones K3, (w), Ky (w), K, (w), Kj, (w), Kj, (w), K (w), Ky (w),w € N.

Lemma 3.1. The dual cone K}, (w) to the cone of tangent directions K, , (w) has a form:

KMI v t( {W* = (ug,uy,...,up): (u*;fl,y,t? u;,yfl,h u;,y,h u:,y+1,t7 u;,y,t+17 u;,y,tfh u;Jrl,y,t)
€ Kgth (uzfl,y,ty Ug,y—1,t) Uz,y,t) Uz,y+1,t) Uz, y,t+1; qurl,y,t) 7UZ,j,k = Oa (iujv k) 7& (‘T - 17 Y, t)
(z,y — L), (z,y,1), (z,y + 1,t), (z,y,t + 1), (z,y,t — 1), (x + 1, ,), (x,y,t) € L1 x S1 x T1 }

Proof. Let w € Ky, ,,(w), w € N. This means that w + pw € M, ,; for sufficiently small x> 0, which is the
same as

(ux—l,y,t + PUg—1 1yt Uz y—1,¢ + PUz y—1t, Yz yt + Uz gty Uz y+1,¢ T HUz 41t (32)

Ug,y,t+1 + Maw,y,t+1a Ug gy, t—1 + ,U/a:p,y,tfla Ug41,y,t + /J/U/QJJrl,yJ) € gph Q(7 x,Y, t)

On the other hand, w* € K}, (w) is equivalent to the condition

(W, w*) = Z (gt uyy ) > 0,0 € Ky, (w),w e N,
(z,y,t)eLl xSy xTy

where the components @ , + of thee vector w(see (3.2)) are arbitrary. Therefore, the last relation is valid only for

u;j’k = 07 (iajv k) 75 (.’E - 17yat)v (xay - ]-7t)7 (%y,t), (x,y + 1at)v (xayvt + 1)7 (xayat - 1)7 (.’E + 17yat)v (x,y,t) €
L1 x Sy x Ty. This ends the proof of the lemma.

Based on Lemma 3.1 and the idea of the proof of Theorem 3.1 [3] and Proposition 3.2 [32], it is easy to
establish the validity of the following theorem, the proof of which is omitted.
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Theorem 3.2. Suppose that Q(-, x,y,t), (x,y,t) € L1 X S1 X T} are convex set-valued mappings, and g(-, x,y,t)
are convexr proper functions at the points of some feasible solution {ug,.}. Then for the {Uy,+} to be an
optimal solution of the problem (PD) it is necessary that there exist a number X\ € {0,1} and siz vectors

* * * * * * .
{g[}z’y’mfxyyvt,uz’t,nm,y’t, Oyt nyy,t}, not all equal to zero, such that:

(i) (w;,y,tvgz,y,mu;—l,y,tan;,y,ta@;,y,tvC;,y,t)
eqQ” (U;,y,t; (Uz—1,y,t> Uz,y—1,t5 U, y,t> Uz,y+1,t> U,y t4+1 Uz,y,t—15 Yot 1,y,t) , Ty Y5 t)
+ {0} x {0} x {w;Jrl,y,t &yt T Moy—1t T Coytr T Pryi—1 — A9 (lhzy,t, 2y, 1) } x {0} x {0} x {0},
(z,y,t) € Ly x 81 x Ty;

(ZZ) u;,y,t = 07 W;,O,t = Oa&;,s,t = 07 /lz[}z,y,t = 07 C;,y,T = 0? ()0;3;,7"—1 =0.

Moreover, under the nondegeneracy condition A = 1 and therefore, these conditions are also sufficient for the
optimality of {Uq ¢ }-

Remark 3.3. It should be noted that, if in the problem (2.1)—(2.3) the functions and mappings are polyhedral,
then, according to Lemma 1.22 ([28], p. 23) and Theorem 3.4 ([28], p. 99), the nondegeneracy condition in
Theorem 3.2 is superfluous.

Theorem 3.4. Suppose that conditions N are satisfied for the non-convex problem (PD). Then, for the opti-
mality of the solution {Ty.y,+} in the nonconvex problem with a hyperbolic discrete inclusions, it is necessary that
there exist a number A € {0,1} and siz of vectors {w;,y7t,§;7y7t,u;,t, Moyt P yts ;‘7%,&}, not all zero, satisfying
the conditions (i) and (ii) of Theorem 3.2.

Proof. Here condition N guarantees the fulfillment of the conditions of Theorem 3.24 (28], p. 133). Therefore,
in view of this theorem, we have a necessary condition (may be insufficient), as in Theorem 3.2, written out for
a non-convex problem. O

4. OPTIMIZATION OF FIRST MIXED PROBLEM FOR HYPERBOLIC TYPE
DISCRETE-APPROXIMATE INCLUSIONS

Here, to obtain optimality conditions for the problem (PC), as an intermediate stage, we use the difference
derivatives to approximate the problem (PC) and, using Theorem 3.2, we formulate a necessary and sufficient
condition for it. We choose steps 4,0 and h on the x,y-and t-axis, respectively, using the grid function us ¢ =
uson(2,y,t) on a uniform grid on D x [0,T]. We introduce the following difference operators, defined on the
three-point models ([29], p. 319), [28], A1s = A and Ay, = A,

U(IE + 63 y7t) — 2’LL(£E, Y, t) + 'LL(.’E - 57 Y, t)

Alu(xvyat) - (52
w(x,y + o,t) — 2u(x,y,t) + ulr,y — o,t
A, y,t) = (z,y ) (Uzy ) +ulz,y )
u(z,y,t+ h) —2u(z,y,t) + u(x,y,t — h
Butopt) )= 2 ) o )

r=0,....,.L—6;y=0,...,.8—0;t=0,h,..., T — h.

Therefore, we establish the following difference first mixed hyperbolic type initial-boundary value problem
(PDA):

minimize Z dohg(u(z,y,t),x,y,t), (4.1)
(z,y,t)€ELoXxSoxTo
(w,y)#(0,0),(L,S)
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(PDA) BU($,y,t) - Alu(m?y7t) - A2u($?y7t) € F(U(l‘,y,t), x»y7t)a (42)
U(%yao) = al(xvy)7u(x7yvh) = al(xay) + haz(x,y),u(:r,O,t) = ﬁ(](xvt)v
U(.T,S,t) :BS(xat)7u(anat) :’YO(Qat>7 uL,y,t :/YL(yat)v (‘T>yat) GNXZva

N={...,L-90},0={o,....8S—0c}; R ={0,h,..., T — h}.

Recall that (4.1) is the Riemann sum [29] of the triple integral of a continuous function of three variables g over
a bounded rectangular parallelepiped in three-dimensional space.

Introducing a new mapping, we reduce the problem (4.1) and (4.2) to a problem of the form (PD). To do
this, rewrite discrete-approximate inclusion (4.2) in the equivalent form, where

u(x + 6) yvt) € —U(l‘ - 6) yvt) - HQU(I',y -0, t) +2 (1 + 92 - p2) u(xaya t)
) )
—0%u(z,y + o,t) + p*u(x,y,t + h) + p*u(z,y,t — h) — 8?F(u(z,t),z,t),0 = —,p = 7
o
Now let us denote

G(U((E - 57y7t)7u(x7y — 0, t)a u(xvyvt)a U(.’E, Yy + g, t)au(m7yat + h)vu(xvyat - h)vxa yat)
= —U(l’ - 67yat) - 02U(1’,y — 0, t) + 2 (1 + 92 - p2) u(z7y7t)
—0%*u(z,y + o,t) + p*ul(z,y,t + h) + p*u(x,y,t — h) — *F(u(z,y,t), 2, y,1)

or more abbreviated
G (ula U2, U, U3, U4, U5, T, Y, t) = Ui — 9211,2 +2 (]' + 92 - p2) U — 92”3 + p2U4 + p2u5 - 52F(u7 z,Y, t) (43)

and rewrite the problem (PDA) as follows:

minimize Z dohg(u(z,y,t),z,y,t)
(z,y,t)ELoxSoxTo
(z,y)#(0,0),(L,S)

u(x +0,y,t) € Glu(z — d,y,t),u(z,y — o,t),u(z,y,t),
u(z,y + o, t),u(x,y,t + h),u(z,y,t —h),z,y,t), (4.4)
u(z,y,0) = ar(z,y), u(z,y, h) = a1 (x,y) + has(z, y), u(x,0,t) = Bo(z,t),
w(z, S, t) = Bs(x,t),u(0,y,t) = vo(y,t), u(L,y,t) = vL(y,t), (x,y,t) e NxT xR

According to Theorem 3.2 for optimality of the trajectory {@(z,y,t)}, in problem (4.4) it is necessary that,
there exists a six of vectors {z@*(x,y,t),é*(x,y,t),ﬁ*(x,y,t),ﬁ*(x,y,t), gb*(x,y,t),é*(x,y,t)} and a number
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A = Asno € {0,1} not all zero, such that

(1[)*(7:73/’075 (33 yat)v (x—5 Y, )7 ( ) (m,y,t),f*(x,y,t))
t); (W(z = 6,y,1), a(x,y — 0,t),u(z,y, 1), u(z,y + 0,t), u(x, y,t + h),

€ G (W (z,y, s
(x4 6,y,t)),z,y,t) + {0} x {0} x {w*(w+5,y, t)+ & (x,y +o,t) + 0" (z,y — 0,1) “5)
+é(x,y,t+ h) + ¢*(z,y,t — h) — AMdohdg(u(z, y,t),x,y,t)} x {0} x {0} x {0};
@*(0,y,t) =0, 7" (w,0,) = é(xSt) 0,9*(L,y,t) = 0, (46)
(2,9, T) =0, ¢*(z,y,T —h) = (r,9y,t) e N x T x R. ’

Obviously, to form an optimality condition for the discrete-approximate problem (PDA), one must be able to
transform from LAM G* to LAM F* in (4.5).
For this we need the following auxiliary results.

Theorem 4.1. Let G(-,z,y,t) : R = R" be a set-valued mapping, defined as follows

G(ulau27ua U3,U4,U5,£L’,y,t) = —u1 — 02“2 +2 (]- + 92 - p2) u
— 0%us + p*uy + p*us — 62 F(u,x,y,t),0 =6 /o, p = & /h.

Moreover, let G(-,x,y,t) be a set-valued mapping such that the cone of tangent directions
K eyt (U1, u2,u, uz, ug, us,v) , (U1, uz, u, u3, ug, us,v) € gph G(-, z,y,t) is a local tent. Then

1 1 1 Uy U2 us Uy us v

is a local tent to gph F (-, z,y,t) and the following inclusions are equivalent:
(1) ('U,l,’l,LQ,’LL Uz, Ug, Us, U ) € KG( x,y,t) (’Lbl,’LLQ,’LL U3, Uq, U5,V ):

(2)(u72(52 012*}32)’&*%7%7 +Z %762)
R (5 e e e~ ) - )

Proof. First let us prove the implication (1) = (2). By the definition of a local tent there exist functions
ri(2),i = 0,1,...,6 and r(2),z = (uy, Ua, U, U3, Ua, U5, V) such that r;(2)|z||"* = 0, r(2)||z]|7* = 0asz =0
and

v+ 04 10(2) € — (ur 4+ a1 +71(2)) — 07 (us + s +12(2)) +2 (1 + 6% — p?) (u+u+r(2))
—07 (u + U3 +13(2)) + p* (ua + da +14(2)) + p* (us + U5 +75(2)) — 6 F(u+ a+7(2),2,y,1)

for sufficiently small z € K, where K C ri Kg(. 5.4 (2) is a convex cone.
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Transforming this inclusion, we get

11 1 1 1 1 1 1 v

2?*7*ﬁ1“ﬁmfﬁwffw+mw+m T

1 11 1 1@

+2 PR 02 — ;US + 52 —Us + — h2 5

1 _ 1 _ 1 _ 1 _

+2 ( — h2> () - ;W(z) - ET?)(Z) + ﬁm(Z)
h2<>5z<me+mJ@w@w

Recall that, by the definition of a set-valued mapping G, the inclusion v € G (uy, ug, u, us, U4, us , x,y,t) implies

11llllllv
gt )i g gt mh gttt g € Fluey b,

Therefore, from this relation it is clear that

_ 1 1 1\ _ 1 1 1 1 1 U
B2 T T e) T Rt T T gl T et —

(4.7)
1 1 1 1 1 1 1 1 v
€ KF(,,x,y,t) u, 2 ﬁ + ; — ﬁ u — 57’[141 — ;Ug — ﬁu‘g + U4 + — h2 57 .
By going in the reverse direction, it is also not hard to see from (4.7) that (u1, U2, 4, us, U4, Us, V)
€ K (,z,y.t) (u1,u2,u,u3,us, us,v). This completes the proof of the theorem. O

Proposition 4.2. Let a convex-valued mapping G(-,x,y,t) be defined as in Theorem 3.1. Then
G a (u1,us,u, us, ug, us, v*, z,y,t) = Fa (v, —v*, z,y,t) and the following statements for argmazimum sets are
equivalent

(1) LS GA (UhU27Uau37u4vu57v*7$7yat) ;

1 1 1 1 1 1 1 1
(2)2((52+U2h2)u(52u102u202u3+h2u4+h2 5 € Fa (u; —v*,z,y,t).

Proof. First of all, we will find the connection between the Hamilton functions Hg and Hp.

HG (Ul,’LLQ,’LL, u37u47u57v*) = sup{(v,v*> Ve G(Ul,UQ,U,Ug,’ll,4,’ll,5,$,y,t)}
= <2 (1 +6% — p2) u—uy — 0%us — 0%us + pPug + p2u5,v*> + 6% sup {{vy, —v*) 1 vy € F(u,z,y,t)}
=21+ 6% — p2) u—uy — 6%uy — 0%us + pPug + p2u5,v*> + 62 Hp (u, —v*).

Therefore, keeping in mind this formula for Hs and Hr we get the proof of proposition immediately as follows

G a (w1, u2,u, uz, ug, us; v*, ,y,t) = {v € G (u1, uz, u, us, ug, us, T, y,t) :
(v,v") = Hg (u1, u2, u, u3, us, us,v*)} = {v € G (uy,uz, u, us, ug, us, T, y,t) :

(v,0") = <2 (1 +6%— p2) u—uy — 0%uy — 0%us + pPug + p2u57v*> + 6%Hp (u, —v*)}

1 1 1 1 1 1 1 v
=<2 ﬁﬁ-;—ﬁ “_ﬁu1_§u2_§u3+h2u4+h2 5—2€F(u,w,y,t):
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111 1 1 1 1 1 v,
Pt )i g e gttt ats — e Y
= Hp (u,—v")} = Fa (u; —v*,2,y,t) . The needed proof is ended.
O]

Theorem 4.3. Suppose that a mapping G (uy, us, u, us, ug, us, , y,t) is such that the cones of tangent directions
Ka(,z.y.t) (U1, u2,u,u3,us, us,v) determine a local tent. Then the following inclusions are equivalent under the

conditions that uj = —v*,uj = uj = — (6%/0?) v*, u} = ui = (0%/h?) v*:
(1) (ui,u3, u”,uz,uy,uz) € G* (v*5 (w1, u2, u, ug, usa, us, v) , 2, y, ),

v E GA (Ul,UQ,U,U3,U4,U5;U*,I’,y,t) 7U* € Rna
u* 11 1\,
(”y‘4p+ﬂ‘m%
a 11 1 1 1 1 1 1 v
€FT | —v7 | u,2 572+§7ﬁ U*§U1*§U2fﬁu3+ﬁu4+ﬁu5*§ LYt
1 1 1 1 1 1 1 1 v "
2 6—24-?—? u—ﬁul—ﬁw—gus—kﬁm—i—ﬁ%—é—zEFA(u;—U,a:,y,t).

Proof. Suppose that the condition (1) of theorem is fulfilled. By the definition of LAM, this means that in the
case of (1) we have

(@, u7) + (U2, uz) + (@, u®) + (us, uz) + (s, ug) + (Us, us) — (v,07) >0,

T (4.8)
(U17U27U,U3,’U,4,U5,U) S KG(,,x,y,t) (Ul,Ug,U,Ug,U4,U5,U) .

Using the equivalence of the inclusions (1) and (2) for cones K. z.y.+) and Kp( 5.y.+), We rewrite this inequality
in a convenient form as follows

_ 1 1 1\ _ 1w U2 Us Uy us U
““W(4y+ﬂ‘m%“p‘ﬁ‘ﬂ*W*W‘ﬂW%”

/1 1 1\ _ @y Gy U3 Uy Uy T
@ﬂ@ﬁa2hﬁuwﬁﬁ+m+mp) (49)

1 1 1 up Uz Uz  ug U5 U
Krtann (w2 (55 5 )0 B g

where w and 1 are to be determined. Carrying out the necessary transformations in (4.9), we get

(g, ¥) + (ug,0%9) + (4, 0°w — 2 (1 4+ 6 — p*) )

~ B B _ (4.10)
+ <U3, 92w> + <U4, _p2¢> - <u57 P21/}> - <Ua _’(/}> 2 0.
Then comparing (4.8), (4.10) it is not hard to see that we obtain the following formulas for w and ¥ :

* 1 1 1 52 52
* * * * * * * * * *
(7—2<§2+2—}L2)U,U1——U7U2—U3——2'U,’U/4—U5—h2'l],’l)[}——v.

Thus (4.9) means that
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. . 1 1 1 1 1 1 1 1
eF" | —v" | u,2 5—2—&—?—? u_ﬁu1_§u2_§u3+h2u4+h2 52 T, Y, t ).

Then from Theorem 3.2 we obtain condition (2), i.e., (1) = (2). By analogy, it can be shown that (2) = (1). As
for the conditions concerning the argmaximum sets G4 and Fy4, then by Theorem 2.1 ([28], p.62), they simply
guarantee the non-emptiness of the LAMs G* and F*. The proof of the theorem is completed. O

Remark 4.4. It should be recalled that for the transition from a problem with a discrete approximate inclusion
to a continuous one, it is very important to express G* in terms of F*, which is apparently the only trick for
constructing an Euler-Lagrangian inclusion, for hyperbolic problems (PC). Therefore, a slightly different way
of constructing the EulerLagrange inclusion is also important. It consists in the fact that we can calculate
OHg( z,y,0) (U1, u2,u, u3, us, us,v*) and express it in terms of dHp( 4y +) (u,v*) and, then, using Theorem 2.1
([28], p.62), calculate F*.

So, let us return to the Euler-Lagrange-type condition (4.5) and transform it into a more convenient form in
what follows. Using conditions, u} = —v*,uj = uj = — (6%/0?) v*, u} = uf = (6%/h?) v*, the condition (1) of
Theorem 3.4, and the Euler - Lagrange type inclusion (4.5), it is easy to see that

QL*("anvt) = —ﬂ*(x y,t),é*(x Y, ) (33 Y, ) (52/0 ) (.13 y7t)’ (411)
<,27*(x7y,t) = é*(w,y, ) (62/}1‘2)’& ( y7t)'

Therefore, introducing these expressions for 1&*(3:, Yy t), & (x,y,t), 7" (z,y,t), o* (z,y, 1), g:*(x, y,t) into the Euler-
Lagrange type inclusion (4.5) we have

(52 62 2
<—U (x,y,t),—;u (x7y7t)au ('/L'_67y?t)?_§u (.’13 y7t)7 12 (SC y7t)7
2

h2 (.’L‘ Y, )) € G*(A*(x yvt)7( (J"_é Y, ),a(l',y—U,t),ﬂ(l‘,:lJ,t),ﬂ(l‘,y—]—0-)1;),

52
a(z,y,t +h),a(x+9,y,t)),z,y,t) + {0} x {0} x {—ﬂ*(w+5vy,t) - W@y +ot)
52 5% . 6% .
_72@*(]:73/_0'775)_'_ (.13 y7t+h) (33 yat h‘)
o h? h2

—Adohdg(u(z,y,t),z,y,t)} x {0} x {0} x {0}, (x,y,t) e Nx T xR

or in a more convenient form

) 52 ) N X
<u*(m,y,t), fgu*(:c,y,t),u*(x —4,y,t)+u"(x+0,y,t) + gu*(x,y +o,t)

52 52 5 52 52
+ ;u (1’,:1,/—0’7?5) h2 (.’E y,t"’_h) - ﬁu (1'7y,t— h)a_ﬁu (xvyv ) h2 (l’ Y, )7

2 (4.12)
P i) ) € G (0 (o0 0 = 0.0, = 0,0) i o)y 0,)

a(z,y,t +h),a(x +94,y,1)),2,y,t) + {0} x {0} x {=Adchdg(u(z,y,t),x,y,t)}
x {0} x {0} x {0}, (z,y,t) e Nx J x R.
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In order to pass from G* to F™* here, we apply the second condition (2) of Theorem 4.3. By this condition using
the difference operators Ay, A2 and B from (4.12) we derive that

1 ~ % ~ % 62 A%k 52 A%
ﬁ U (x—(ly,t)—i—u (x+5vyvt)+§u (xvy"_o—at)—’_?u (x,y—a,t)

6 62 11 1Y\ .,
— 73l (a@y,t—i—h)—ﬁu (x,y,t—h)] —2(524—02—h2)u (x,y,t)

S (—’ll*(l‘,t); (ﬁ($7t)a B&(m,y,t) - Ala(xayat) - AQQ(xayat)) y Ly Y, t)
—Xoohdg(u(x,y,t),z,y,t), (z,y,t) € N x T x R.

Now, it is easy to verify that the left hand side of this inclusion has the following very important representation

52 52
) ﬂ*(l‘ - 5ayat) +12*(.T +67yat) + ﬁa*(xvy_’_avt) + 72ﬂ*($,y - O',t)
) o o
52 5, 1 1 1\ .,
—75l (z,y,t+h) — 720 (z,y,t — h)} -2 (52 + pi h2) " (z,y,t) @19)
(v +6,y,t) = 24" (z,y,t) + 4" (x — b,y,t) | W (z,y+o,t) — 20" (2, y,t) — 0" (x,y — 0,1
- 52 + o2
u*(x,y,t + h) — 20" (x,y,t) — 0" (z,y,t — h oy oy oy
- ( ) (h2 ) ( ) = Alu (.’E,y,t) +A2’LL (.’E,y,t) — Bu (iﬁ,y,t).

Finally, based on (4.13) for the difference boundary value problem (PDA) the required Euler-Lagrange inclusion
consists of the following

A" (z,y,t) + AW (2, y, t) — BU* (z,y,t)
€F* (—ﬂ*(l‘7t), (ﬂ’(z7t)a Bﬂ(x7yvt) - Alﬂ(x7yat) - Agﬂ(l‘7y’t)) 7I,y,t) (414)
- /\60'}189(1](.%', Y, t)7 z,Y, t)

Recall that the LAM F* is a positive homogeneous mapping with respect to the first argument. Thus, dividing
the left and right sides of (4.14) by doh and then denoting —@*(x,y,t)/dch = u*(x,y,t), we finally obtain for
the problem (PDA) the following Euler-Lagrange type adjoint inclusion

Bu*(z,y,t) — Ayu™(z,y,t) — Asu™(z, y, t)
€F (u*(x, y,t); (ft(x, y,t), Bﬂ(l’,y,t) - Alﬂ(xayat) - AQﬂ(Iayat)) ,Qj,y,t) (415)
- A8‘9(1’1(a:‘7y7 t)7x7y7 t)’ ($7 y’ t) e N >< j x m'

On the other hand, taking into account (4.11) the initial-boundary conditions will be rewritten as follows
@*(0,y,t) = 0,4*(x,0,t) = 0,4*(x, S,t) = 0,a*(L,y,t) = 0,0*(x,y,T) = 0,4*(x,y,T — h) = 0 and as a result
we finally get

1
u*(z,y,T) =0, 7 (u(z,y,T) —u"(z,y, T —h) =0, u"(z,0,t) =u*(z,5,t) =u"(0,y,t) = u"(L,y,t) = 0.
(4.16)
Let us state the result obtained.

Theorem 4.5. Let F(-,x,y,t) be a convex set-valued mapping, and (-, z,y,t) be a proper conver function. Then
for the optimality of the solution {u(x,y,t)} in the discrete-approximate problem (PDA) it is necessary that
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there exist a number X € {0,1} and vectors {u*(x,y,t)}, not all zero, satisfying (4.15) and (4.16). In addition,
under conditions of nondegeneracy, (4.15) and (4.16) are also sufficient for the optimality of {u(x,y,t)}.

Remark 4.6. If we consider the nonconvex problem (2.1)—(2.3) for a first mixed hyperbolic discrete inclusions,
then it is easy to see that, under the condition N, the Euler-Lagrange type inclusion (4.15) and the initial-
boundary values (4.16) may not be sufficient optimality conditions. This is explained by the fact that when
forming the optimality condition in the nonconvex case, instead of Theorem 3.2 [28, p. 98], we use Theorems
3.24 [28, p. 133], where the equality A = 1 is optional.

5. SUFFICIENT CONDITIONS OF OPTIMALITY FOR THE HYPERBOLIC DFIs

In this section, based on the results obtained in Section 3, we formulate a sufficient optimality condition for

the continuous problem (PC). To do this, recall that the limits of Ajv(x,y,t), Asv(z,y,t) and Bv(x,y,t), are
_ ozt
- 83:-2 b

lim,_0 Asv(z,y,t) = 82”8(7;5’23’@ and limy,_,0 Bv(z,y,t) = %. Thus, setting A = 1 in (4.6), (4.7) and passing
to the formal limit, as the discrete steps d,0 and h tend to 0 , in term of Laplace operator we find that:
2u* (z * * ~ 24 z,y, ~
(1) W —Au (xvyat) € Fx (u (Z‘,y,t), (U(337y7t)a %ﬁyo - Au(xvyat)) 7$7y7t)
—0g(u(z,y,t),z,y,t), (x,y,t) € D x [0,T]
(ii) w*(2,y, T) = 0, 22@0D) — 0 4y*(2,0,1) = u* (2, S, 1) = u*(0,y,t) = u* (L, y,t) = 0.

second order partial derivatives with respect to x,y and ¢, respectively, i.e., lims_,0 Ajv(z,y, t)

In fact, the following condition ensures that the LAM F* is nonempty [Thm. 2.1 ([28], p. 62)] that:
2
(iii) % — Adi(z,y,t) € Fa (u(z,y,t);u*(z,y,t), 2,y,t).
Here we assume that feasible solutions u*(x,y,t) are classical solutions satisfying an adjoint hyperbolic
inclusion of the Euler-Lagrange type (¢) and homogeneous end-point and boundary conditions (ii).
As expected, in the next theorem we prove that conditions (i)—(iii) are sufficient conditions of optimality in
the first mixed problem (PC) with hyperbolic DFIs in a two spatial dimension.

Theorem 5.1. Suppose that g(-,x,y,t) is a continuous convex proper function and F(-,z,y,t) : R" = R" is a
convex set-valued mapping. Then for the optimality of the solution G(x,y,t) in the first mized problem (PC') with
hyperbolic DFIs and Laplace operator it is sufficient that there exists a classical solutions u*(x,y,t), satisfying
the conditions (i)-(iii).

Proof. By virtue of the definition of LAM and the definition of the Hamiltonian function H g, the Euler-Lagrange
type () gains the form

HF (u(x7y,t),u*(x7y,t)) - HF (ﬂ(x,y,t);u*(a:,y,t))
2, %
< (2D At (o), ula, g, t) — e, )
ot?
+g(u(x,y,t),x,y,t) *g(ﬂ(l’,y,t),’l},y,t).

Then under the condition (iii) we get

82U(I,y7t) * a2ﬂ($7y’t) iU *
<[~)t2 — Au(x,y,t),u (xay7t)> - <8t2 - AU(JI,y,t),U (‘T7y7t)>
82U* z,y,t * ~
S <8(t2y)A’LL (x,y,t),u(x,y,t)u(x,y,t)>

+g(u(x,y,t), ‘T7y7t) - g(ﬁ(m,y,t),x,y,t)
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or
g(’LL(.’E, y,t),.’b, yvt) - g(ﬁ(iﬂ,y,t),:&y,t)

> (LG 2 IR0 a0 - iy, ), i)

O%u*(z,y,t . N
- <8(t2y) —Au (Ivyat)7u(x7yat) - U($,y,t)>

We rewrite this inequality in the following form

g(u(w,yﬂf), (E,y,t) - g(ﬂ(x,y,t),x,y,t)

. <8 (u(a:,y,ta)t; a(x’y’t)),u*(x,y,t)> _ <W’u(x’y’ﬂ _ ﬂ(x7y’t)> (5.1)

+ <Au*($’yat)vu(x’yat) - ﬂ(x,y,t)) - <A(U(I7y7t) - ﬂ(x,y,t)),u*(x,y,t)> .

Notice that it is easy to check the following formulas

<82(u(a:,y,t) ; d(ay,t))’u*(x’y’ t)> _ <82“(xyt) u(x,y,t) — ﬂ(a:,y,t)>

ot ot?

- % [<a<u<x,y7t)8; ﬂ(fv,y,t))7u*<x’y7t>> - <W,u(x,y,t) - a(x,y,t)ﬂ )

<AU*($,y,t),’U,($,y,t) - a(l‘,y,t» - <A(u(m,y,t) - ﬂ(m,y,t)),u*(x,y,t»

) OPut(m,y,t) | 9Pt (w,y,t) .
- < 2 + 8y2 ,u(m,y,t) —u($,y,t)>

ox? Oy?

8% (u(z,y, 1) — a(x,y, t)) . O (u(z,y,t) — a(z,y,1)) u*(x,y,t)>

2% (1 2(u(x —u(z 53
— (P o)~ ategt)) — (PG IR, o) o
0

T Oz

0

0x?

K (g 8) — (o, 9), au*(;:;y,t)> - <8(u(m,y,t)8; ﬁ(x,y7t))’u*(x,y7t)>]

67/ [< oy t) — iy, 1), 8u*((;;y7y’t)> 3 <8(u(a:,y,t)ay a(x’y’t)),u*(x,y,t)ﬂ

8

Then in view of (5.2) and (5.3) integrating the inequality (5.1) over the region D x [0,T], we have

/// u(z,y,t),2,y,t) — g(a(z,y,t),z,y,t)]drydt
/0 // o K e y’t)az UL YD) 2,8 > <8u D80 ey, 1) —a(x,y,t)>dzdydt
w(w,y, ) — e, y, 1), 2D Outw,yt) —a(@ 5, ) e )] duayar
) (e ) - (&
o/

[ o[ (et - o, “/> (e (xy,t»’u*(x’y’t»dmdydt_(%)
(5.4)
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For brevity of notation, denoting first, second and third integrals on the right hand-side of (5.4) by Ji, Jo and
Js, respectively, we deduce

J = / // o K CA fb(:c,y,t))’u*(x,y,t)>—<W’u(x’y,t)_ﬂ(x’y7t)>dxdydt
// K . T) - ﬂ(x,y,T)),u*(x,y,T)> - <W,U(M7T) —ﬂ(m,y,T)>dq:dy
// 9 [< u(z, y,O)a; ﬁ(w,y,O))7u*(x,y,t)> — <‘9“*(;;y70)7u(x’y,0) —ﬂ(x,y,0)>dxdy.

Here since u(zx,y,t), u(x,y,t) are feasible, by the initial conditions u(z,y,0) = a(x,y,0) = a1 (x, y), us(z,y,0) =
Ut (z,y,0) = as(z,y) and by endpoint conditions u*(x,y,T) = 0, uj (z,y,T) = 0( see (ii)) it follows that J; = 0.
Let us evaluate the integral Js.

Jo = ///aaxK xy,)—ﬂ(x,y,t),au ikl > <8 (2.9,1) — il y, )),u*(x7y,t)>dxdydt
T

[< Lyy,t (L,y,t),au(Ly’)> <a (Ly’) (L Y )),u*(L,y,t)>dydt (5.5)

ox

/0/ K (0,5.1) ﬂ(07y7t),8u*((;):;y,t)>_<8(U(0,y,t)axﬂ(O,y,t))’u*(07y7t)>] .

Hence, by analogy, since u(0,y,t) = u(0,y,t) = yo(y,t),w(L,y,t) = @(L,y,t) = vr(y,t) and by condition
(#)u*(0,y,t) = u*(L,y,t) = 0, from equality (5.5) we obtain Jo = 0.
It can be shown in exactly the same way that J3 = 0. Indeed

J3 = / / K u(z, S, t) (m,S,t)’W> _ <8(“(33v S, t)a; a(%S’t))’u*(x’S’t)ﬂ dodt
/ / K u(z, 0, 1) (x,O,t),w>_<8(u(xvo’tg; ﬂ(%O,t))’u*(%O’tN -

Therefore, since u(x,0,t) = @(x,0,t) = Bo(x,t),u(z, S, t) = @(zx, S,t) = Bs(x,t) and u*(z,0,t) = u*(x,S,t) =0
from equality (5.6) we obtain Js = 0.

Finally, from inequality (5.4) we have fo JIplo(u(z,y.t), z,y,t) — g(a(z,y,t),z,y,t)|dxydt > 0 or
Ju(-;,)] = Ja(, -, ), for all feasible u(-,, ). The theorem is proved. O

(5.6)

Remark 5.2. It is well known [34] that in the problem with ordinary polynomial linear differential opera-
tors Az =Y ;_, pr(t)D*x of the s-th order with variable coefficients py, : [0,7] — R! and with the operator
of derivatives D*(k = 1,...,s) of the k-th order, the EulerLagrange inclusion includes the adjoint operator
A*z*(t) = Yi_(—1)*D* [py(t)x*(t)], where the sign of the corresponding term does not change for even k.
The Euler-Lagrange inclusion (i) shows that the same property holds for the second-order hyperbolic operator.

Remark 5.3. The stated problem (2.4)—(2.6) can be generalized for hyperbolical differential inclusions second
order; let D be some bounded convex closed region of R" and Qr C R"*! is a bounded cylinder Qr = {x €
D,0 <t < T} with height T > 0 and base D. Let I'r be the lateral surface of the cylinder Qr, i.e. I'r = {z €
0D,0 < t < T}, where 9D is a piecewisesmooth boundary of D and Dy = {x € D,t = 0} be lower base of Q7.
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Then we can state the remineded first mixed problem as follows

minimize / / , &, t)dadt

0%u(x,t)
ot? P

u(x,O) = ga(x),ut(ac,()) = 1/)(55)793 € D;u(x7t) = X(xvt)a (l‘,t) elr,

" 0%u(x,t)

(PGC) o~

— Au(z,t) € F(u(z,t),z,t), (x,t) € Qr,Au(z,t) =

where F(-,z,t) : R* = R” is a convex set-valued mapping, g(-,z,t) is proper convex function, ¢, and y are
continuous functions. Then a function u(x,t) € C? (Q7)N C* (Qr UT, U Dy) satisfying the above DFIs and
the initial-boundary conditions is called the classical solution of this initial-boundary value problem. For this
generalized problem (PGC) in the same spirit can be proved the Theorem 5.1 by analogy, where the condition
(i) has a form u*(z,T) = 0,u; (x,T) = 0,z € D;u*(x,t) = 0,(x,t) € 'y and in the proof is used the Green’s
formula in the multidimensional case:

/D [(u(z,t) — a(z,t), Au*(z,t)) — (A(u(z,t) — a(z, 1)), u*(x,t))] de = 0.

Now using Theorem 5.1, consider the following linear problem as an example:

minimize J[u . / // u(x,y,t),x,y, t)dedydt

0u(x,y,t) _

g~ Au(z,y,t) = Au(z,y,t) + Bw(z,u,t), w(z,y,t) € U, (5.7)
ou(z,y,0

U(l’,y,O) = al(ir?y)v u(xaty ) = ag(m,y),u(x70,t) = ﬁo(fE,t),u(.’E,S, t)

= Bs(.%',t) (0 Y, ) =7 ( 7t)7u(L=y>t) = 'YL(yvt)7D = [07L] X [Ou S],

where A and B are n x n and n X r matrices, respectively, U C R" is a convex closed set, and g is continuously
differentiable function of w. It is required to find a control parameter w(z,y,t) € U, (x,y,t) € D x [0,T] that
minimizes J[u(-,,)), . Here F(u) = Au+ BU. It is easy to see that

A*v*, —B xv* € [cone(U — w)]*,
F* (v*, (u,v)) = z, —B xv* ¢ [cone(U — w)|*, (5.8)
v = Au+ Buw.

Therefore, using (5.8), and Theorem 5.1, we get

2, %
W *AU*(I',y,t) :A*u*(x,y, ) gu( (:L' Y, ) xayat)v (59)
* T
w (. 0) =0, 200D _ o0 0.0 =t 50) = w0y ) = Ly =0, (610

Next, we have

(w—w(x,y,t),B*u*(as,y,t» SO, w e U7
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which implies the Pontryagin maximum principle [39, p.112]:

(Bu(z,y,t),u™(2,y,1)) = max (Bw, u"(z,y,1)) . (5.11)

Thus, we have obtained the following result.

Theorem 5.4. The solution u(x,y,t) of hyperbolic type linear problem (5.7) corresponding to the control func-
tion w(x,y,t) minimizes J[u(-, )], if there exists a solution u*(z,y,t) of adjoint equation (5.9), satisfying (5.10),
(5.11).

Corollary 5.5. Suppose that we have an initial-boundary value problem (2.4)-(2.6), where F(u,xz,t) = U is a
constant mapping, U C R™ is a convexr compact set, g(-,x,y,t) is a continuously differentiable function. Then
the control function w(x,y,t) € U minimizes Ju(-,-)], if the solution u*(x,y,t) of the adjoint equation

ou*(z,y,t) -
67?; + Au* (1[,’, Y, t) = g;(u(x, Y, t)? z,Y, t)»
with homogeneous end-point and boundary conditions (ii) of Theorem 5.1, satisfies the maximum principle

<IZ)((£, Y, t)a u* (x7 Y, t)> = glggf <U), u* (l‘, y7t)> .

Proof. Tt is obvious that gph F' = R™ x U and so Kr(u,v) = R™ x cone(U — v), whence
Kp # (u,v) = {0} x [cone(U — v)]*.
Therefore, we find that

0, if v* € [cone(U — v)]*

B (0" (u,0)) = {@’ if v* ¢ [cone(U — v)]|*

Then, using Theorem 5.1, we obtain the required result:

62u* (x7 y7 t) * ~ -~ *

T —Au (xayvt) = —g;(u(x,y,t),x,y,t),<w—w(x,y,t),u (xvyat)> Soa weU.
Note that the same result can be obtained from (5.9) and (5.11), assuming that A is a zero matrix, B is n x n
unit matrix and U C R™. O

Remark 5.6. In particular, if n = 1,U = [—1,+1] and g(u, x,t) = u, then by WeierstrassPontryagin maximum
condition w(x,y,t) - u*(x,y,t) = max_i1<y<1 w-u*(z,y,t), whence @(z,y,t) = sgnu*(x,y, t), that is 0 (z, y,t) =
1, if u*(z,y,t) > 0 and w(z,y,t) = —1, if u*(x,y,t) < 0. Therefore, since ¢/, (u(x,y,t),z,y,t) = 1 the solution
@(xz,y,t) corresponding to the control function w(z,y,t) = £1 minimizes J[u(;, )], if u*(z,y,t) is a solution of

2, %
_ 9%ut(my,t) - 1.

the adjoint equation Au*(z,y,t) Te
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6. MODEL OF HYPERBOLIC PROBLEMS WITH POLYHEDRAL SET-VALUED
MAPPING

Now consider the following problem with the so-called hyperbolic polyhedral DFT:

T
minimize J[u(-,-,-)] = /0 //D glu(z,y,t), z,y,t)dedydt,
0u(z,y,t)
ot?
U(I7y70) = al(xvy)vut(xayv O) = a2(x»y>7u(x7 Ovt) = 5U(xat)7u(x7 S, t)
= Bs(x,1),u(0,y,t) = y0(y, 1), u(L,y,t) = v(y,t), D =[0,L] x[0,5],

(PPC) A < — Au(x,y,t)) — Bu(z,y,t) <d,(x,y,t) € D x [0,T],

where A, B are s X n dimensional matrices, d is a s-dimensional column-vector, g(-,z,y,t) is a polyhedral
function. Here F(u) = {v : Au — Bv < d}. Now we will use Theorem 5.1 for problem (PPC). By analogy
formula (2.51) [28, p. 84] we derive that

F* (v*; (@,0)) ={-A%q:v" = =B"q,q > 0,(Aa — Bb — d,q) = 0} .

Then applying Theorem 5.1 we get

* a2u* z,y,t * ~ * *
Au (fE,yﬂf) - % -A q(x7y7t) € ag(u(xvyvt)axvyvt)au (xvyvt) =-B q(x,yvt)v
2~
otot) 20, (4 (F ) - Niton)) - B0 - datwnt) ) =0, O

u(z,y,T) = 0,u; (x,y,T) = 0,u"(z,0,t) = u*(x,S5,t) =u*(0,y,t) = u*(L,y,t) = 0.

Differentiating u*(x,y,t) = —B*q(x,y,t) and substituting it into the first relation (6.1), we obtain

o (P (. y,t \ \ i
B (qa(tzy) - Aq (l’,yﬂf)) —-A q(%,y,t) € ag(u(l‘7yat)7$7yat)7
0%u(x,y,t) (6.2)
<A <8t72y’ - Aﬂ’(x7y7t)> - B’l](l‘,y,t) - d,q(m,y,t)> = 07
B q"(z,y,T) =0, Bxq;(x,y,T) =0,B"¢"(,0,1) (63)

= B*¢"(z,5,t) = B*¢"(0,y,t) = B"¢"(L,y,t) = 0.
Thus, we obtain the following theorem

Theorem 6.1. Let g(-,z,t) : R® — R! be a polyhedral function and that F : R™ = R™ be a polyhedral set-
valued mapping. Then for the optimality of the solution u(x,y,t), (z,y,t) € D x [0,T] in problem (PPC) with
hyperbolic polyhedral DF1Is, it is sufficient that there exists a nonnegative function q(x,y,t) >0, (x,y,t) € D X

[0,T] satisfying the hyperbolic partial DFI of the Euler-Lagrange type (6.2) and the conjugate initial-boundary
condition (6.3).
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