ESAIM: COCV 28 (2022) 63 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv /2022057 WWW.esaim-cocv.org

CONTROLLABILITY OF A STOKES SYSTEM WITH A DIFFUSIVE
BOUNDARY CONDITION

REMI BUFFE AND TAKEO TAKAHASHI

Abstract. We are interested by the controllability of a fluid-structure interaction system where the
fluid is viscous and incompressible and where the structure is elastic and located on a part of the
boundary of the fluid domain. In this article, we simplify this system by considering a linearization
and by replacing the wave/plate equation for the structure by a heat equation. We show that the
corresponding system coupling the Stokes equations with a heat equation at its boundary is null-
controllable. The proof is based on Carleman estimates and interpolation inequalities. One of the
Carleman estimates corresponds to the case of Ventcel boundary conditions. This work can be seen as
a first step to handle the real system where the structure is modeled by the wave or the plate equation.
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1. INTRODUCTION

Fluid-structure interaction systems are important systems for many applications such as aerodynamics,
medicine (for instance the study of the motion of the blood in veins or in arteries), biology (animal loco-
motion in a fluid), civil engineering (design of bridges), naval architecture (design of boats and submarines),
etc. Moreover, their mathematical studies can be very challenging due to several difficulties: in particular, the
complexity of fluid equations such as the Navier-Stokes system, the strong coupling between the fluid system
and the structure system and the free-boundary corresponding to the structure displacement.

In this article we consider a simplified fluid—structure interaction system. The corresponding system without
simplification has been proposed in [50] as a model for the blood flow in a vessel. It writes as follows: we denote
by Z the torus (in order to consider periodic boundary conditions):

7 :=R/(27Z),
and for any deformation ¢ : Z — (—1,00), we consider the corresponding fluid domain

Oy ={(x1,22) ETXR; 29 € (0,14 £(x1))}. (1.1)
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Then the equations of motion are

Ow+ (w-V)w —divT(w,7) =0 t>0, € Qyy,
divw =0 >0, z € Qy,
w(t,x1, 14+ L(t,x1)) = (0:0)(t,x1)es t >0, x1 €T, (1.2)
w=0 t>0, xe€ly,
Oyl + 10 € — 0902 0 — 80,02 0 = —Hy(w,m) t>0, 21 €T,

where

FO ZIX{O}7 Fl :IX{l}

In the above system, we have used the following notations: (ey,es) is the canonical basis of R? and

T(w, ) = 2D(w) — 7, D(w) = % (Vo + (V)" (1.3)

]ﬁlg(w,w)(t,xl) = [(1 + |(9961€|2)1/2 [T(w,m)n] (t, 21,1+ £(t,z1)) - ea] . (1.4)

The two first lines of (1.2) correspond to the Navier-Stokes system for the fluid velocity w and the pressure
m. The last line of (1.2) is a beam equation satisfied by the deformation ¢. We have used the standard no-
slip boundary conditions (third and forth equations). To simplify, we assume that the viscosity of the fluid is
constant and equal to 1. The vector fields n corresponds to the unit exterior normal to ).

This system has been studied by many authors: [16] (existence of weak solutions), [7, 24, 39, 42] (existence of
strong solutions), [52] (stabilization of strong solutions), [4] (stabilization of weak solutions around a stationary
state). There are also some works in the case § = 0, that is without damping on the beam equation: the existence
of weak solutions is proved in [23] and in [46] (see also [15]). In [25], the existence of local strong solutions is
obtained for a structure described by either a wave equation (a; = § = 0 and as > 0) or a beam equation with
inertia of rotation (a3 > 0, az = § = 0 and with an additional term —0ss¢). In [5, 6], the authors show the
existence and uniqueness of strong solutions in the case a; > 0, as > 0 and § = 0. Using similar techniques
they also analyze the case of the wave equation (o; = 6 = 0 and ag > 0) in [1] showing in particular that
the semigroup of the linearized system is analytic. Let us mention also some results for more complex models:
[37, 38] (linear elastic Koiter shell), [47] (dynamic pressure boundary conditions), [48, 49] (3D cylindrical domain
with nonlinear elastic cylindrical Koiter shell), [58, 59] (nonlinear elastic and thermoelastic plate equations),
[41, 43] (compressible fluids), etc.

The advantage of the damping in the beam equation is that the term —3§9,0? £ is a structural damping so
that the corresponding beam equation becomes a parabolic equation (see, for instance, [18]). In this work, we
consider a simplified model associated with (1.2). We neglect the deformation of the fluid domain due to the
elastic déformation and we also linearized the Navier-Stokes system by only considering the Stokes system.
Moreover, we replace the damped beam equation by a heat equation. By setting

Q=7x(0,1)
(see Fig. 1), we are thus considering the following system

ow—Aw+Vr=1,f in (0,T)
divw =0 1in (0,7) x Q,
w=0 on
w = (ea oON
O¢ — gy, = —T(w,m)n-ea in (0,T) x Z,
w(0,)=w’ inQ, ((t0)=¢" inZ.

(1.5)
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Iy (“beam”)

0 F() 2

FIGURE 1. Our geometry.

In the above system, ¢ corresponds to the displacement velocity 9¢¢ in (1.2) and we do not consider anymore
the displacement position ¢. We have added a control f localized in the fluid domain, in an arbitrary small
nonempty open set w of ). Our goal is to show the null-controllability of this simplified system and to do this,
as it is standard (see, for instance, [60], Thm. 11.2.1, p. 357), we prove an observability inequality on the adjoint
system:

Ou—Au+Vp=0 in (0,T) x Q,
divu=0 in (0,7) x Q,
u=0 on (0,7) x Iy, (1.6)
u=mney on (0,T)xTy, ’
0N — Opyoyn = —T(u,p)nyr, -e2 in (0,7) x Z,
u(0,)=u’ inQ, n0,)=n" inZ.
We set
27
B@={rer@;: [ s an o}
0
and we define the space
H={[u,n) € L*(Q) x LYZ) ; us=00nTy, up=nonTy, divu=0inQ}. (1.7)

Remark 1.1. Using the particular geometry considered here, we can simplify the adjoint system. First on I'y,
n = ey and using (1.3), we deduce

— T(u,p)n - ea = —20,,u0 + p = 20,,u1 +p = p, (1.8)

since u(z1,1) =0 for z; € Z.
Moreover, using the incompressibility of the fluid and the boundary conditions, we deduce that

0= divudx:/ndxl.
Q I
Using this condition on the heat equation on the boundary and (1.8) yields

/p(scl, 1) dzy = 0. (1.9)
z

In particular, in contrast with the standard Stokes system, the pressure is not determined up to a constant.

Our main result states as follows:
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Theorem 1.2. Let v > 1 and let w be a nonempty open set of 2. Then, there exists Cy > 0 such that for any
T € (0,1) and for any [uo,no} € H, the solution [u,n] of (1.6) satisfies

C
I, )T < Coeso (£2) [ ata.
(0, T)xw

In particular, for any [wo,(jo} € H and for any T > 0, there exists a control f € LQ((O,T) X w) such that the
solution [w, ] of (1.5) satisfies

Remark 1.3. In comparison to the Stokes system with the Dirichlet boundary condition, one should expect
that the above result remains true for v =1 (see [17]). However, our method is based on a spectral inequality
and on a general result to pass from such a spectral inequality to an observability inequality. In this general
result, stated in Theorem 1.8, we have the same restriction on ~. Note that the approach used here was already
considered in [35, 36] where the same restriction on v also appears.

Remark 1.4. As explained above, Theorem 1.2 can be seen as a first control result on a simplified model.
We expect to extend some of the tools developed here to handle the control properties of the system (1.2) in
future works. The controllability properties of fluid-structure interaction systems have been tackled mainly in
the case where the structure is a rigid body (see, [10, 11, 19-21, 26, 40, 51, 54], etc.). In [45], the author shows an
observability inequality for the adjoint of a linearized and simplified fluid-structure interaction system in the case
of a compressible viscous fluid and of a damped beam. Note that the corresponding control problem involves two
controls, one for the fluid and one for the structure. For the stabilization of fluid-structure interaction systems,
one can quote some results: [4, 52] (for the case of a damped beam), [2, 3, 55, 57] (for the case of a rigid body).

Remark 1.5. The method proposed here to control a system involving the Stokes equations is quite different
from the method used in a large part of the literature for the controllability of fluid systems. In general, the
method is based on “global Carleman inequalities” (see, for instance [22, 27]). Here, we follow another strategy
as in [17, 36]. Such a method is based on local Carleman inequalities for an “augmented” elliptic operator, from
which one deduces a spectral inequality, in the spirit of [28, 36]. We then use an adaptation of the original
strategy of [35, 36] in our context. This type of spectral inequality has already been used in the context of
fluids in [14]. Controllability for coupled parabolic systems through the derivation of Carleman estimates using
microlocal analysis near boundaries and interfaces has been widely studied, one can cite for instance [29, 34]
(see also [8, 9, 32, 33] and the recent books [30, 31] for elliptic counterparts).

Remark 1.6. In a large part of the works devoted to the controllability of fluid systems, a first step consists
in removing the pressure by taking the rotational operator of the Stokes system (or another operator). As
observed in [17], the unique continuation property does not hold for the augmented operator in the direction of
the additional variable, due to the pressure. Here, due to the presence of the pressure in the structure equation,
we choose, as in [22] to obtain a Carleman estimate of the fluid velocity by considering the pressure as a source
term. Then, we obtain a Carleman estimate for the pressure by using that it is an harmonic function. However,
due to the lack of boundary condition for the pressure, such an estimate contains boundary terms and one can
see that we only need the high frequencies of the boundary value of the pressure. In order to estimate these high
frequency terms, we derive a priori estimates of the system. Note that in this part, we use another important
feature of our work which consists in considering two different weight functions to separate the characteristic
manifolds of the concerned operators and perform proper elliptic estimates.

Remark 1.7. Let us point out that one can use Theorem 1.2 to handle nonlinear controllability issues by
applying the general method proposed in [40]. For instance, one could replace in (1.5) the Stokes system by
the Navier-Stokes system and by using a fixed-point argument, we would obtain the null-controllability of the
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corresponding system for small initial conditions
[w°,¢°] e HN (H'(Q) x H'(T)).

An important ingredient in the proof of Theorem 1.2 is a general result showing that one can deduce the
final-state observability (and thus the null-controllability) of a parabolic system from a spectral inequality.
Similar results can be found in [35, 36] but here, the main differences is that we assume that our operator is
self-adjoint and that we do not assume the Weyl asymptotic formula that are needed in the previous references.
The proof is similar to the proofs in [35, 36], but for sake of completeness, we state below the result and prove
it in the next section.

Let us consider a general Hilbert space H (not necessarily defined by (1.7)) and a nonnegative self-adjoint
operator A : D(A) — H with compact resolvents. We denote by (A;) the nondecreasing sequence of eigenvalues
and by (w;) an orthonormal basis of # composed by eigenvectors of A: Aw; = A\jw; for j > 1. We also consider
a control operator B € L(U,H).

Theorem 1.8. Assume the above hypotheses. Assume moreover the existence of Sg > 0, C > 0 and Kk €
C°(0,S0) such that that for any A > 0, and for any (a;); € CV,

2

So )
Z la;|” < Cec\m/ K2 (s) Z a; cosh(sVA;))B*wW |  ds. (1.10)
A <A 0 PYRI u

Then for all v > 1, there exists Cy > 0 such that for any T € (0,1) and for any 2° € H,

C T
le=™420|%, < Coexp <T3>/O |Bre 4202 dt. (L11)

We recall that relation (1.11) implies the null-controllability of the system

de
aJrAG:Bg in (0,7), (1.12)
0(0) = 0° € H.

The outline of the article is as follows: in Section 2, we prove Theorem 1.8 stated above. Then using this
general result, we are reduced to show a spectral inequality that we state in Section 3 along with the functional
framework. The spectral inequality is itself the consequence of an interpolation inequality that we obtain in
Section 5. One of the main difficulties to obtain such an inequality comes from the fact that we need to estimate
the pressure. Section 4 is devoted to such an estimate which is one of the main parts of this article. The proof
of the spectral inequality and thus of Theorem 1.2 is obtained at the end of Section 5. In the appendix, we
show an interpolation estimate for the Ventcel boundary condition that is mainly a consequence of a Carleman
estimate obtained in [13].

Notation 1.9. In the whole paper, we use C as a generic positive constant that does not depend on the other
terms of the inequality. The value of the constant C' may change from one appearance to another. We also use
the notation X <Y if there exists a constant C > 0 such that we have the inequality X < CY . In what follows,
norms in the interior and at the boundary are denoted respectively by || - || and |- |.

2. FROM A SPECTRAL INEQUALITY TO THE NULL-CONTROLLABILITY

This section is devoted to the proof of Theorem 1.8. The proof follows closely the proof in [35, 36].
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2.1. Controllability of the first modes
We define

Ha =span{w;, \; <A}, IIx:H — Ha the orthogonal projection.

We are interested here by the control problem

de .
E+A6‘:HABg in (0,7), (2.1)
0(0) = 0° € Hp,

for some T > 0. We first prove an observability inequality associated with the above control problem, with an
estimate of the cost of the control with respect to 7 and A:

Proposition 2.1. Let vy > 1. There exists C; > 0 such that for all 7 > 0 and for all A > 1
1 T
HHAe_TAZOHi < Chexp (C’l (7 + VA + (AT)V/(Q'Y_U)> / HB*HAe_tAzOHZ dt (2.2)
T 0

for all zg € Hy.

Proof. We follow [35, 36]: the proof is based on the use of a Gramian matrix G, that we conjugate with
an adequate matrix. Using the Paley-Wiener theorem, we construct and estimate a control for (2.1) so that
0(r) =0.

Let us define the linear operator

So
Gy = / K2 (s) COSh(S\/Z)HABB* cosh(S\/Z)HA ds.
0

From (1.10), Gx € L(H,) is symmetric, positive and invertible with

163 ] cgaeay < CEV™

We set

1
o:=2--¢(1,2).
gl

From Lemma A.1 of [35], there exists e € C°°(R) such that for some constants c;

supp e = [0, 1], (2.3)
le(2)] < cre—e2l=V7 i Im(z) <0, (2.4)
6(2)| > ese= =" if 2 € iR~ (2.5)

From (2.5), we have that e(—iTA) € L(H,) is invertible and

1 Ve
—eea(An)7 (2.6)

~ . 1
|e(—iTA) HL(HA) < -
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Then we define
1
ha(s) = —51432(3)3* cosh(sVA)G'e(—itA)"Le ™0 (s € R).

We have that hy € C§°(R,U) with supp ha C (0, Sp) and

1l e gy < CeCVRFAOD 90| (2.7)

Thus, hy € Hol(C;U) and

HEA(Z)HL{ < CeCVAFes(An)'/7 SolIm(z)] HQOHH' (2.8)

As in [56], we introduce Qa € Hol(C; ) such that

~ ~

Qa(—iz?) = ha(iz) + ha(—iz) (2 € C).
We deduce from the above relation and (2.8) that
[Qa(2)lly < CeCVREsn SV 0, (29)
We define gy € Hol(C;U) b
ga(2) == €(72)Qa(2)-
From (2.3), (2.4) and (2.9), we have
loa (=)l < CeOYRFesn SV Eerlin el 0], (2 € ©) (2.10)
and
lga(2)lly, < CeCVATean7 gSov/elg—ear 717 90| if Im 2 < 0. (2.11)

Since 0 < 2, we can use a Paley-Wiener type theorem (see [35], Prop. A.3) and deduce the existence of gp €
C5°((0,7);U) such that

In particular, from (2.11) and the Laplace method, for all ¢ € (0,7),

CVA+cs (AT 7+ ——E—
lga ()l < llgallpr ey < CeTY AT =y 10| (2.12)

Now, for any j such that A; <A
([[e a6 -0 ate) = EaEn.w),
H

= (@=ir B (haliv/X) + ha(=iy/3y) ) s )
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So
= <€(—iTA)B/ ha(s)2cosh(sy/A;) ds,wj) = _ (efTAQO,wj)H

0 H

so that the solution € of (2.1) with the control g(t) = ga (7 — t) satisfies 6(r) = 0.
By a duality argument and (2.12), this implies that (2.2).

2.2. Proof of Theorem 1.8

We are now in a position to prove Theorem 1.8, adapting the method of [44]. The proof is based on
Theorem 2.1 and on the exponential decay of the semigroup associated with A for high frequencies. This allows

us to obtain an observability estimate between two times and then we apply this estimate between T/

T/2F, k> 0.

Proof of Theorem 1.8. We set

Assume

From (2.2)

2
s (), <
H

We set

so that for

(2.13) becomes

with

2(t) = e7t420,

TW >0, 7>0, and T3 =70 47

T(2)
Oy exp (cl (1 +\7A+(Aer)”/ml)>) [, sl a

(e7)”

T®)—er

1
A= ——
(em) ™
e €(0,1),

9 72
() [z (@) [ < [ Il a

Then from (2.15), we deduce

2

o= (r)]

H

(2)

H H

2k+1

and

(2.13)

(2.14)

(2.15)

(2.16)

T 2 2
< / ||B*z(t)\|i{ dt+C Hz (T(l)) H eTe A=) 4 (1) Hz (T(l)) H e 2T (2.17)
TR —er
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For € > 0 small enough, the above relation yields

p(T)Hz (T(z))H2 < /T(z) 1B 2(6)|%, dt+p(T/2)Hz (T“))Hi (2.18)

H (1)

Assume
T e (0,1).

Then for all k£ > 0, (2.18) implies

T T\ |? T T T \|?
o (o) |- ()| < [ 1=t ae o (i) [ (50 219)
H 2k+1 H
and thus
T 2 L 2
p(3) 1@< [ 1B at (220)
Thus for some constant Co > 0,
2 Co L 2
=Dl < Coexn (2] [ 15201 at. (2.21)
O

3. FUNCTIONAL FRAMEWORK AND SPECTRAL INEQUALITY

In order to prove Theorem 1.2, we are going to apply Theorem 1.8. In this section, we first give the functional
framework associated with (1.6). Then we write the spectral inequality that will be proven in the remaining
part of the article.

3.1. Functional framework

We recall that #H is defined by (1.7). We also define
Vi={[u,n] € (HY(Q) x H(Z))NH ; uy =0 on 60} .

We denote by Py the orthogonal projection from L?*(Q) x LZ(Z) onto H. We now define the linear operator
Ap : D(Ap) CH — H by

D(Ag) ==V N [H?(Q) x H?(z)], (3.1)

and for [u,n] € D(Ap), we set
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Then one can check that (1.6) writes

dz .
pri Aoz in (0,T),
2(0) = 2°,

with z = [u, 7], 2° = [u°,7°]. In the next proposition, we show in particular that Ay is the infinitesimal generator
of a semigroup so that z(t) = e*2% for ¢t > 0.

Proposition 3.1. The operator Ag defined by (3.1)—(3.2) has compact resolvents, and is self-adjoint negative
on H. For all k > 1, there exists a constant C such that

02t 7 g2 2y w 120 2y < C | AT m]| 5, - (3-3)

Proof. By definition of Ag, we have for any [u, )], [v,(] € D(Ap),

<A {u} [v}> = Au-vdx—l—/%(ﬁz )¢ day = — VU'Vvdx—/zw(a ) (0z,¢) dx
0 n|’ < H Q 0 =l ' Q . 0 R b

Thus Ap is symmetric and negative (by using the Poincaré inequalities).
In order to show that Ay is self-adjoint it is sufficient to show that it is onto. Assume [f, g] € H and let us
solve the equation

~ o |1] = 1701 (3.4

Multiplying the above equation by [v,(] € V leads to the weak formulation

2 2
-/QVU : Vo dz —|—/0 (0ym) (0,¢) daq = /Qf v dx—l—/o gCdzy  ([v,¢] €V). (3.5)

Using the Poincaré inequalities, we see that we can apply the Riesz theorem and deduce the existence and
uniqueness of [u,n] € V solution of (3.5). Then if v € C°(Q) with dive = 0 and ¢ = 0 in (3.5), we obtain that

/VU:VU dx:/f-vdx (v e Cr(9), dive =0). (3.6)
Q Q
Using the De Rham theorem, we deduce the existence of p such that

—Au+Vp=f inQ,
divu=0 1in €,

3.7
u=0 only (3:7)

u=mney onl}j.

Using the elliptic regularity of the Stokes system, we deduce that (u,p) € H*?(Q) x HY2(Q). Multiplying the
first above equation by v, with [v,¢] € V, we deduce that for any ¢ € H*(Z) N L3(Z),

2 2
/ @wN%@dm:—mmo+/ o¢ dar. (3.8)
0 0
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Since pr, = ([pls — Vu]n)p, € H™Y%(T), we deduce that n € H*?(Z) and from (3.7) that (u,p) € H?(Q) x
H'(Q). Thus pyr, € HY2(T), and from (3.8), we deduce that n € H?(Z). We conclude that [u,7] € D(Aq) and
satisfies (3.4). We also obtain relation (3.3) for k = 1 and with a similar argument we can also obtain relation
(3.3) for any k > 1.

The fact that Ay has compact resolvents is coming from the compact embedding of H? into L? for bounded
domains. 0

In particular, the eigenvalues A; > 0 of —Ag satisfy A\; — oo and there exists

M)
<[ (j)]> orthonormal basis of H (3.9)
17
composed by eigenvectors of Ag:
(49) )
u u
— Ao [nu)} = A [nm} : (3.10)

The above system can be written as

—AuU —i—Vp(J) :)\ju(j) in Q,

dive? =0 in Q,
u) =0 on Iy (3.11)
u =pWe, only

_R ) —pD — A9 iz

and more precisely as

Al (@2 + 02 ) 10,0 =0 inQ,
—)\ u;> (@2, + 2 )y +0,,p9 = in Q,
5‘m1u( D4 ELEZUU) = in €,
(J) =0 on 0f) (3.12)
(]) =0 on I'y
—)\jugj) — 02 us (J) =p¥ onTj.

Note that, as explained in Theorem 1.1, for all j > 1, the pressure p’ satisfies the relation /p(j)(xl, 1)dz; =0
z

and in particular, p’ is uniquely determined. This differs from the standard Stokes system where the pressure
is determined up to constant.

3.2. Spectral inequality

We are now in a position to state the spectral inequality for the operator Ay defined in the previous section.

Theorem 3.2. Let wy be a nonempty open subset of Q and Sy > 0. There exist C > 0 and k € C;°(0, Sp) such
that for any A > 0, and for any (a;); € CV,

2

Z la; 1> < CeC‘F/ (s) Z a; cosh(sV;)ul?) ds. (3.13)

A <A A <A L2(w)
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In order to prove Theorem 3.2, we define for s € (0,5;) and x € Q,

U(s,x) := Z a; cosh(VA;s)u?) (z), P(s,x) := Z a; cosh(VA;s)p\9 (z) 4 cp(s)

Aj<A Aj <A

and the domains

Z = (O,So) XQ:(O,So)XIX(O,l), Jz = (O,So) XFi:(O,So)XIX{i} (220,1)

From (3.12), we deduce that

—02U, — (02, + 02 ))U1 + 0, P =0 in Z,
—03Us — (02, 4 02 ))Uz + 0,,P =0 in Z,
8$1U1 + 812U2 =0 in Z,

U1 =0 on Jo U J1

U2 =0 on J()7

—02Us — 82Uy = P —mz(P) on J.

In the above system, we write

1

T o

mI(P) : /0 ﬂ-P(Il, 1) dl‘l

(3.14)

(3.15)

(3.16)

and by using this notation in the last equation of (3.16), we can replace the pressure that should satisfies a
relation of the form (1.9) by the pressure P defined up to a function cp of s. In that way, we can, in what
follows, impose another condition on P (typically that its mean on an open set is zero).

To show Theorem 3.2, we first truncate U and P in a neighborhood of {s = s}, with

_ %

S0 - 5

We thus consider x € C§°((0, Sp)), satisfying 0 < x < 1 and

1 if |S—So| S S()/S7
X(S)Z{ >

0 if|5750 So/6

We work with the following localized solutions

that satisfy

u(s,x1,22) := x(s)U(s,21,72), p(s,x1,22) := x(5)P(s, 21, 72)

—02u1 — (02, + 02 ))u1 + Opp=f1 inZ
—92us — (02, + 02 )uz + Opyp=fo in Z
&Clul + 8352’11,2 =0 inZ

Uy = 0 on Jo U Jl

Ug = 0 on JO

—0%uy — 92 up = fs+p—mz(p) onJy,

(3.17)

(3.18)

(3.19)
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where
fii=—X"U1 = 20Uy, fai=—xX"Us — 2x/' 05U, fs = =X"(U2),, — 2X'(9:U2),, - (3.20)
We also have that

1 2
u=0 and p=0 ifs¢ {350,350]. (3.21)

As usual, we can use the three first equations to obtain the following equation for the pressure:
—Ap=—(02, +02,)p=0p, f1 + Oup f2 = 0. (3.22)

4. A GLOBAL OBSERVABILITY ESTIMATE ON THE PRESSURE

In this section, we prove a global estimate on the pressure. We first introduce our weight and the corresponding
conjugated operators. We then state our main result, that is Theorem 4.1. Then we show a first estimate on the
pressure involving high frequency pressure terms at the boundary. Such terms are then estimated by showing
some a priori estimates and this allows us to prove Theorem 4.1.

4.1. Choice of the weight and conjugated operators

Let us consider a nonempty open set wg such that wy C w. Let
A>0,7>0.
Then we consider {/; € C*(Q;R™), such that
Y(z1,23) = 1 — 25 in a neighborhood of {z5 = 1}, and 1(z1, z2) = x5 in a neighborhood of {zy =0} (4.1)
and such that all its critical points belong to wy:
Vi(z) =0 = = € wo. (4.2)
We set
o(s,x) = eW(w)*(S*SOP, wo(s) = e (5=50), (4.3)
Note that with our above choices,

wd$:¢®»®=wwun=g%ﬂ&@.

We recall that we define (u,p) from (U, P) by (3.18) (truncation in s) and that the source f; are defined by
(3.20). We then define

vi=e"%u, q:=¢€e"p, gi:=%f; (ie{l,...,3}). (4.4)
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In order to take into account the dependence in s, we write
.
z=(s,2) = (s,x1,03) € Z, V.= |0u |, A,=0? —&—851 + 0?2

x2)
Oz,
and their tangential counterparts

vs,zl = |:§)S:| 5 As,rl = 33 + 331

We keep our previous notation

Vo [3”]’ A=02, + %,

The equations satisfied by v and ¢ can be written with the introduction of the following conjugated operators:

Qso = —e"PA e =—-A,+27V,p -V, — 7'2|VZ50‘2 + T(AZQO)’ (4.5)
D, = —€"PAe™™? = —A + 27 (V) - V — 72|Vi|2 + 7(Agp),
Sgo = —6T¢0A37x1 e TP = _As,w1 + 27—(8S<)00)88 - 7—2(85@0)2 + T(8§¢0)~

Then we deduce from (3.19) and (3.22) the following conjugated system:
Qeui + €0, p=g1 in Z,

Quv2 + €70, p=9g2 in Z,
D,qg=0 in Z,

v = 0 on Jo @] Jl, <48)
vo =0 on Jy,
Sev2 = g3 +q—mz(q) on Ji.
We define h; by
h;:=¢e"?f, (1=1,2,3). (4.9)

The main result of this section is the following result.

Theorem 4.1. There exist \g = )\0(1;, So) >0 and 19 = To(’tz, So) > 0 such that for any A = Ao and T > 19,
there exists C = C(A, 9, S0) > 0 such that for any A > 0 and for any (a;); € CY, the function q defined by
(3.14), (3.18) and (4.4) satisfies

2 2
TBHQHQH(Z) +T||VQ||%2(Z) +7 g - mz(@)|20s,) + 71V L2(0,50)x00)

<C (7'3||Q||%2((0,50)Xw0) +7[Vall72((0,50)xwo) + T (Haxlhlnzp(z) + ||a:c1h2|‘i2(z) + |ax1h3|%2(J1))> . (4.10)

We recall that we use || - || for norms in the interior and | - | for norms at the boundary (see Notation 1.9). We
prove this theorem in the remainder of this section.
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4.2. A first estimate on the pressure

In order to prove Theorem 4.1, we exploit that ¢ satisfies the third equation of (4.8), where D, is defined
by (4.6). Since we do not have any boundary condition, we need to split the boundary value of ¢ into high and
low frequencies. More precisely, for Q € H? (©2), we introduce the Fourier coefficients of the trace of Q :

1 21 )
by Q(ml,O)e_”“l dzq
ar(Q) :== 1” 0o (k €7Z). (4.11)

— Q(x1, l)eﬂ'k”g1 dz;
27T 0

We then define the sets of low tangential frequencies and high tangential frequencies:
2 72
LF, :={ke€Z k*< 5 inf |0,,0|%}, HF,:={kcZ, k*> ?inf 102,01}

In the above definition, the infimum of d,,¢ is taken for z € 9 and s € [0, Sy).
Due to (4.1) and (4.3), we have

inf |0y, 0| = Ae 5.

Proposition 4.2. Thgre exist \g = )\O(J, So) >0 and 19 = To(lz, So) > 0 such that for any A > Ao and 7 = 19,
there exists C = C(\, 1, So) > 0 such that for any s € [0,So], and any Q € H?*(Q),

Q72 () + TNVl Z20) + 7102, QLT 2 (50) + Z (7 + K)ax (Q)
kELF,

<C (IIDlelizm)+T3IIQII%2(WO)+T|VQII%z<w0)+ > 7(72+k2)lak(Q)l2>~ (4.12)

keHF,

Proof. We can decompose the operator D, (see (4.6)) as follows D, =S + A+ R, where
S=-A-13Vp]?, A=21Vyp-V+27(Ap), R=-1(Ay).
Then, after some standard computation, we can obtain that
[ (594 =+ [ (2936(VO.VQ)+ AIVOP)da 7 [ (2V2e(Vi, Vo) - [VePAg) [ QP
Q Q Q

—T/(A2¢)|Q\2dx+8, (4.13)
Q

where

0%
2 0 _
Ve = <8xiaxj>i,j

and where B corresponds to the boundary terms:

B=—2r [ 9,0V VO + 7 / (On)|VQPAT — 27 / (Ag)(0,Q)QdT
o0 oN onN

+T/ (8nA<p)Q2dF—T3/ |Vo|?(0,0)Q%dT.
o0 o0
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Using (4.1), we have that 9, < 0 and we can simplify the above quantity:

B=r / D00 (90, Q)7 dT — 7 / 100a] (02, Q)2 dT — 27 / (02,0)(n - €2)(1, Q) QAT
o0 o o0

+r / (82,0)(n - €2) Q2T + 13 / Baol® Q2T
o0 o0

Combining the above relation with (4.3), there exists 7 = 71 (Sp) > 0 such that for any 7 > 71, we have

1
B> 77')\900/ (3x2Q)2dF—T)\<p0/ (8$1Q)2df+§73)\3g08/ Q2dr
2 00 00 4 80

1
> §TA¢0/ (02,Q)°dT + 27720 Y (37%2@3 — k2> lap(Q))?. (4.14)
o0

kEZ

Using (4.3) and (4.2), there exist C; = C1(¢), Co = Ca(v¢), 72 = 72(50, %) and Ay = A1(¢)) such that for A > Ay
and 7 > 79,

T/ (2V2<p(VQ,VQ)+A¢\VQ\2)dx+T3/ (2V2p(Ve, Vo) — |[Ve|*Ap) \ledx—T/(AQgp)lQIde
Q Q Q

> cl/ (m% IVOP + 38 |Q\2> da — 02/ (T)\ng IVOP + 3ty |Q|2> de. (4.15)
Q w

0

Finally, combining (4.13), (4.14) and 5

(4.1 we deduce the existence of \g > 0 and 79 > 0 such that for any
A= X and 7 = 79, there exist C3 = C3(A, ¢,

)s
So) > 0 and Cy = Cy(A, ¢, Sy) > 0 such that

(S +A)Q||%2(Q) - ”RQ”%Z(Q) 2 Re(8Q,AQ)12(q) — ||RQH%2(0,1)

N | =

||D<PQ||2L2(Q) >

2 3 2 2 2 2 2
> Cs (/Q (rIVQ]? +7%1QP?) dx+7/@0(8z29) Al +7 Y (7 +k )I%(Q)I)

keLF .

-Gy (/ (rIVQP? +7°|1QF) dz+7 > k2|ak(Q)|2>.

ke€HF,

Applying the above result to Q = ¢ solution of (4.8) and integrating into (0, Sp), we deduce that

T al7e(z) + TVl Z2(2) + 710220172 (0,50 x000) T Z 7(7* 4+ k)| ar(9)]72(0,50)
keLF .

gc(Tg”q'%“‘o’s"“““””Vq”?«ovsww+ > T<72+k2>|ak<q>%a(o,so>>' (1.16)
kcHF,

We recall that ¢(s, ) = 0if |s — so| = So/6 due to the support of x (see (3.17)). Next, we will estimate the high
tangential frequencies of the pressure.



CONTROLLABILITY OF A STOKES SYSTEM WITH A DIFFUSIVE BOUNDARY CONDITION 17

4.3. Estimates in the high frequency regime
We define

Y = (0,50) % (0,1), I, :=(0,S0) x {i}, i =0,1.

We recall that (u,p) is defined by (3.18) and (fi, f2, f3) is defined by (3.20). We define (u®, p¥, fF, f¥, f¥) the
Fourier coefficients of (u, p, f1, f2, f3) in the z direction. For instance

1

k _
u®(s,xq) : 5

27
/ u(s,xl,mg)e_ikxl dzy  ((s,z2) €Y).
0

Finally, with 7 > 0 and ¢q defined by (4.3), we set
wh = eTPouR gk = eTeopk pk =m0 fF o (1=1,2,3). (4.17)

Note that h¥ are the Fourier coefficients of the functions h; defined by (4.9). Since o only depends on s, and
using (4.3), (4.4), we have

ar(q) = |:E7rk)10:| : (4.18)

Let us define the following conjugated operators:
Qupy = €790 (0% = 8, 4 )0 = 3 — 02, + I+ 2l — 7 (l)? el
Shpo 1= €790(=05 + k%)e ™ = =07 + k* + 27005 — T ()" + (.

Then, for k € Z*, (3.19) transforms into

Qr.powt +ikn® = bk inY,
Qk,@o“’é + 6I27Tk = hg inY,
divyw® =0 inY,

4.1
’LUiC:O on I()UIl7 ( 9)
wé =0 on I,
Sk.pwh =hE + 7% on I,
where
]
divy, =ik f1 + Op, f2-
f2
The relation (3.21) yields
k b . 1 2
w'=0 and 7" =0 ifs¢ §SO’ 550 . (4.20)

Proposition 4.3. If the solution of (4.19) satisfies (4.20), then there exist A3 = A3(Sp) > 0 and C(Sp) > 0
such that for any A > A\s and k € HF

k

C
17* 22 (rour) < i <Hh1HL2(Y) RS vy + |h§\m(h)) :
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Proof. The proof is based on energy estimates on (4.19). We first obtain H 2 estimates on w® by using the
high-frequency hypothesis to control the lower order terms. The estimate on 7" follows then from (4.19). We
multiply the first line (4.19) by w}, the second line (4.19) by wh, and the last line (4.19) by w5. Integrating by
parts and summing up yield

/ 00b P dy + / 1yt ? dy + K2 / b2 dy — 7 / ()2 dy
Y Y Y Y

+ |0swh|? ds + k2 | |wh|? ds — 72/ (¢h)*wh|? ds
I I I

:Re/ hEwk dy+Re/ hEwk dy+Re/ hEwh ds.  (4.21)
Y Y I

Now, since k € HF., we have

2 2
k2 > % inf |0,, 02 = %)\26_253.

On the other hand,

sup |5 < So.
[O’SO]

From the two previous relations, we deduce the existence of A3 = A3(Sp) > 0 such that for A > A3 and for
k € HF,

1
B = 2l > S+ 1),

Combining the above relation and (4.21) yields
2 2 2
+ (77 + k%) HwkHL2(Y) +(r? + k) |65w§|L2(11) +(r + k%) |w§|L2(11)

N thin?(y) + Hh’SHiz(y) + |hl§‘iz(h) . (4.22)

(2 4+ 8 [[[0*, D] [y

Now, we write (4.19) under the form

(=02 — 92, + k) wi +ikr* = HY inY,
(—02 — 92, + k) wh + Oy, 7" = HY inY,
divyw®* =0 inY,

w’f:O OI’lI(]UIl,

wh =0 on Iy,
(—8S2+k2)w§:H§+ﬂ'k on I,

(4.23)

where
HY = —2rgpdaw + 7°(p)) wi — regwy + hY,
Hy := 210wl + 7°(0)) wh — Togwh + hs,
HY == —27000,wh + 72(ph)?wh — Tolwh + +-hE.
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From (4.22), we deduce
T | oy + I N oy + 15 | oy S 10 oy + 102 oy + 15 o, - (4.24)

We multiply the first line (4.23) by —92w?¥, the second line (4.23) by —0?w5, and the last line (4.23) by —9%w5.
Integrating by parts, summing up and using (4.24) yield

2 2 2 2 2
HE)SkaHLz(Y) + Hasazzwkup(y) + K Haswka(y) + |6§w§|L2(11) + K |65w]2€|L2(11)

2 2 2
5 Hh]f||L2(Y)+Hh’5HL2(Y)+|hI§|L2(Il) (425)
Next, we write (4.23) under the form

(=02, + K*) wi + ikr* = HY i,
(=07, + k%) w§ + O, = HY in Y,
divpw® =0 in,

’ 4.26
whf =0 onlhUI, (4.26)
w§ =0 on Iy,
K*wh = HY + 7% on Iy,

where
ﬁf = Hf + é?szwlf, ng = H§ —l—@fwlg, ﬁglf = H?]f +8§wlf.

From (4.24) and (4.25), we deduce

I I O L P L P ey (421)
The first two lines of (4.26) can be written as
. . ok ,
V (e*mipk) = ethor |20 4 A (e wh) (4.28)
Hy
and thus
|9 ()| e B9 (el (4.29
H=1(Q) = HY L2(9)
H=1(2)

and using that k& # 0, we deduce from the above estimate that

eikail [gf‘|
k
H2

Combining (4.29) and (4.30) with the Necas inequality (see, for instance, [12], p. 231, Thm. IV.1.1), we deduce
that

et ]l - + [V (e 0) | oy - (4.30)

H=1(9Q)

HQ) =

ﬁg’

k HeikxlwkHLZ(Q) N Hflﬂ

: + k HV (eik’“wk) HLQ(Q) (4.31)

L2(0,1) H L2(0,1
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and thus, with (4.27) and (4.22),

k ||7TkHL2(Y) S Hh]me(y) + thHw(y) + |h§|L2(11) :

(4.32)

On the other hand, differentiating the divergence equation of system (4.26) with respect to xz2 and using

(4.22), (4.27) yield
||8§2w§||L2(Y) + ||3w27rkHL2(Y) S ||h]1€HL2(Y) + HhIQCHLZ(Y) + {hgle(h) '
Then, combining the above relation with (4.32) and with a trace inequality, we deduce
1
k k k k
17| 22 (roum) S L1/2 (thHm(y) + ||h2||L2(Y) + |h3|L2(11)> '

Using that k € HF,, we deduce the result.

4.4. Proof of Theorem 4.1
From Theorem 4.3 and from (4.18), for k € HF,

2 2 2 2
(7% + k%) |ak(Q)‘L2(o,so) Sk (HhIfHLz(Y) + HhIQCHLZ(Y) + {h§]L2(11)>

and thus, with the Parseval formula,

Z (72 + k) ar(@)[72(0,50) S ||3x1h1||2L2(z) + Haamhz”?ﬂ(z) + |8331h3‘2L2(J1) )

keHF ;

where we have used (4.17) and (4.9).
Combining this estimate with (4.16) we finally obtain the sought result.

5. PROOF OF THE SPECTRAL INEQUALITY

The proof of the spectral inequality, that is (3.13) is based on interpolation estimates. More precisely, it will
be a consequence of Theorem 5.3 stated below. In order to show such a result, we first recall some interpolation
inequalities available in the literature and then we combine them with the global pressure estimates, that is
Theorem 4.1 to show Theorem 5.3. The last part of this section is devoted to the proof of the spectral inequality

from the interpolation inequality.
First, we need the following notation for this section:

Oy := (so—%},so—&—%) X wg, O:= (so—SO,so—FSO) X W,

= S S ~ S S
7 = (80—18,80+18)XQ, J12: <80—18,80+18>XF1,

~ S S = S S
A <80—90780+90)><Q, Jl = (50—9(),80+90>XF1.

(5.1)

(5.2)
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Note that Z C Z and J; C J;.

5.1. Estimates on the velocity

The two components of the velocity satisty different boundary conditions (see (3.16)). We start by an estimate
on the first component U; that satisfies homogeneous Dirichlet boundary conditions. For the proof of this result,
we refer to relation (1) in Section 3 of [36].

Theorem 5.1. There exist C; > 0 and py € (0,1) such that for all w € H*(Z) such that w0, =0,

— 1 M1
el (z) < s ol (18:0la(z) + ol o) (5.4)

Note that Theorem 5.1 is stated with an H' observation in [36], but we can transform it into an L? observation
as in (5.4) by using a cut-off function and integrations by parts.

For the estimate of Us, we note that it satisfies a Ventcel boundary condition on J; and the Dirichlet boundary
condition on Jy. Hence, we use the following result, which is basically a consequence of a Carleman estimate
obtained in [13]. However for the sake of completeness, we prove the next result in Appendix A.

Theorem 5.2. There exist Co > 0 and po € (0,1) such that

||wHH1(Z) + |w‘H1(i) <0y (HwHHl(Z) + |w|H1(j1))L;Lz

H2
o+l ) - (55)

< (18le(z) + @), = oo, |

for all w € H*(Z) such that wy, =0 and w), € H2(Jy).

Note that both Theorem 5.1 and Theorem 5.2 hold for u3 € (0,1) such that uz < g1 and pg < po (with a
modification of the constants Cy and C3). Thus, with p3 = min(uq, g2) and an adequate constant Cs, we can
apply Theorem 5.1 with w = Uy and Theorem 5.2 with w = Us, where U satisfies (3.16) and we deduce

1UlLs 2+ 0ol (72 < G (10ln(2) + el (7))
% (IVPla(z) + [Py = mz(P)] o) + WUlac0p) - (5:6)
We have used here the fact that on Jq,
03,Us = —0,,U; = 0.
We are going now to combine the above estimate with the estimates of the pressure terms obtained in Section 4.

5.2. Patching the estimates together

Combining the previous estimates, we can now prove the following result.

Theorem 5.3. There exist C > 0 and p € (0,1) such that for any A > 0 and for any (a;); € CV, the function
U defined by (3.14) satisfies

1—p
10101 (2) + Ualins () <€ (W) + Wliagoy) 10MMiaco0) -
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Proof. We start with the estimate (4.10), where we recall that ¢ is given by (3.18), (4.4) and h;, i = 1,2,3 by
(4.9):

T XPT2 2y + TN EXV Pl T2z + 727X (P —mz(P)) |32,y +71€7 X0, P72 s,y +7]€79° X0, Pl72( 1,y
T T T 2
< C(T?’H@ PP 200 + TNET* VP 7200) + Tl1€790 0z, fill12(2)
€000, foll2a ) + 71700, folags ) (5T
Note that f1, fo (respectively f3) are supported in
Zg = (suppx’) x Z x (0,1) (respectively in Jg := (supp x’) x Z x {1}),

and since supp X' C [sg — S0/6, so + So/6]

S2
Sup @o = sup o < e 3. (5.8)
Js Zs
Hence, from (3.20)
58
||€T“’°(r“)m1f1||L2(Z) + ||67“’°am1f2||L2(Z) + |€Twoax1f3‘L2(J1) <Cem ™ (HU||H2(Z) + |U2|H2(J1)) : (5.9)
InZ (respectively in ,71), x(s) =1, and
58
inf o = inf @y =infpg = e~ 3. (5.10)
Z Z T

Combining (5.7), (5.9) and (5.10), there exist 74,1, ca > 0 such that for all 7 > 74, we have
T 2 —C2T
IVPIZ, 5 + 1P = mz(P)az,) < €7 (1PI2a(0 + IV PIRaon) + €7 (I0l202) + [Valn) - (5:10)

L2(Jy)

On the other hand, we deduce from (5.6) and a Young inequality that

__Hk3c2
U g1z + U2l 7,y < Cae™ 700 (U1 2 + 102l 7,
(2) (7) () (1)

+ %7 (IVPlla(z) + [P = mz(P)] oz + 1Vl 2o

and combining this relation with (5.11), we deduce the existence of ¢z, cs > 0 such that for all 7 > 74

—c3T caT 2 2
Ul i (z) + U2l (7)) S e <HU||H2(Z) + |U2|H2(J1)) +e™ (HPHm(oo) + VP 12004 + ||U||L2((90)>

Now, we can use cp in (3.14) so that for all s € [0, So],

/ P(s,z) dz =0
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and using the Poincaré-Wirtinger inequality, we deduce that
I1PII7 SIVPI; S AU
LZ(OD) ~ LQ(OO) ~ E LQ(OO) °

We deduce that for some constants cs, cg > 0, for all 7 > 74,

10Nl 2y + 102l 5,y S €7 (0N m2z) + 102lmz00,) ) + €7 10Ul 20,) -
(2) (1) ( (

Optimizing this inequality with respect to 7 > 74 (see, for instance, [53], [13], Lem. 8.4) allows us to conclude
the proof of Theorem 5.3. O
5.3. From the interpolation inequality to the spectral inequality

Using Theorem 5.3, we are now in a position to prove Theorem 3.2. This inequality combined with
Theorem 1.8 yields the main result of the article (Thm. 1.2).

Proof of Theorem 3.2. From (3.9) and (3.1), we deduce that

So-‘r%)
2 2 2 2
1O (z) + 102l (7) 2 U2 (z) + 1020125, 2/ D laglPeosh(Vs)* ds 2 ) o
50—T0 X, .
0 A <A A <A

and

2 2
U r2(z) + [U2lp2gy) S CVA Z | ?
A <A

Combining Theorem 5.3 with the previous relations, we deduce that

2
37 a2 S VMU0 - (5.12)
A <A

Let us introduce a cut-off function ¥ € C5°(O) such that 0 < ¥ < 1 and ¥ = 1 in Op. By integration by parts,
we obtain

0oy < S [ dloonozufdsdes S 0500005 oy Ul - (5.13)

2
agtar a2 o aptart+az<4

On the other hand, using the elliptic regularity of (3.3), the definition (3.14) of U and the orthogonality of the

(4)
v ]) in H, we have
J

eigenfunctions <[ )
n

o 0200205z U | oy S AR Y 0| (5.14)

aptartaz<d A <A

Combining (5.12), (5.13) and (5.14), we deduce

2
37 Jai? < eCVMU G20 -
<A
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Thus Theorem 3.2 follows. ]

APPENDIX A. PROOF OF THEOREM 5.2

A.1 A Carleman estimate

The proof of Theorem 5.2 is mainly based on a Carleman estimate obtained in [13] that we recall here. We
recall that Z, Jy, Jy are defined by (3.15) whereas Z and J; are defined by (5.2). In what follows, we consider
2% € Jy, an open neighborhood V of 2% in Z and a weight function ¢ € C°°(V). For any ¢ € R, we define

Poo(2,6,7) = 6] = T |Vap(2)* — 0® + 2i78 - Voip(2), (2 €V, R, TER).
It is the principal symbol of the conjugated operator associated with —A, — o2, that is, of the operator
Ppo=—€"% (Az + 02) e = =N, + 21V V. — T V.0? + 7(ALp) — 0”.

We assume the following hypotheses on ¢: sub-ellipticity on V, that is the existence of 75 > 0 such that for any
2€V,6€R? |o| >1and 7 > 1|0,

1
pap,a(zagv’r) =0 = Z {ptp,avptp,cr} (2,5,’7') > 0. (Al)
and the two following conditions to handle Ventcel boundary conditions (see [13], conditions (23) and (24)):

V.p#0 inV, and sup Vs a0l < voinf |0y, 0], (A.2)
vni 14

for vg > 0 small enough. We recall that the Poisson bracket is defined by

{p(l) p(Q)} _ 23: apH ap2) - ap® apM)
’ = (95] az]- (95] aZj

where we set here z1 = s, zo = z1 and z3 = z2 to simplify.
Then we have the following result proved in [13]:

Theorem A.l. Assume 2° € J; and V is an open neighborhood of 2° in Z. Assume also that ¢ € C*(V)
satisfies the conditions (A.1) and (A.2) for vy small enough. Then, there exist 19 > 0 and C > 0 such that for
all |o| = 1, for all T = 1plo| and for all w € C§°(V),

2 2 2 2
T3 HeﬂpwHL%V) +7 ”eﬂpVZw”LQ(V) + 7—3 ‘eTSOwUl ‘L2(ij1) +7 ’e‘rtpvs’xlwul |L2(Vﬁjl)
2 2 2
+7 ‘67¢6$2w|J1|L2(VOf1) <C (Hew(_Az - UZ)WHL?(V) +7 e (O wig, — ASaI1w|J1‘L2(Vﬁj1)) :
First to precise the above statement, by w € C5°(V') we mean that w is the restriction of a C'* function with

compact support in Vo where Vj is an open set of R x Z x R such that VN Z = V. Second, we use the above
result in the case o = 1, so that by taking 7y large enough, we obtain that for all 7 > 74 and for all w € C3°(V),

2 2 2 2
T €Wl o) + T Vawlpaiy + 70 7w L yrgy + T Vsw i Ly

+7 ’eﬂpamwl'h ’2L2<Vﬂjl) <C (HeﬂpAsziz(V) +7 |€ﬂp (azzwlh - As,mwl-h) ’2L2<anl)) : (A?’)
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A.2 Interpolation estimates for the Ventcel boundary condition

Using the Carleman inequality of the previous section, one can deduce, in a classical way, an interpolation
inequality. First let us define the weight function that we are going to use.
We consider the following norms on R x Z x R:

2 2 1/2
’(s,xl,xg)h:: (;—i—i;—&-x%) .

We consider z° = (s*,z7,1) € jh
Vi=(s"—0,8"4+0) x (a] —d,27 + ) x (1 =46,1],

with ¢ € (0,1) small enough such that

S S
(s" =9, +9) C (80—90,304—90)

(see (5.3)). We also define z* = (s*,27,0). Then we define

b= |z, p=e

Lemma A.2. There exists Ao > 0 such that for any A > Ao, the weight function ¢ satisfies (A.1) and (A.2)
on V for some 19 = ().

Proof. We assume that A > 1 in all what follows. First, since V1 # 0 in V, we deduce the first point of (A.2).
For the second point of (A.2), we first notice that

252 1/2

nf =1, supy= (A n 1) <2 (A1)
VnJ, Vv

We thus deduce

1-6 1/2
sup |Vez, ¢ < sup ¢ =e > and  inf|0,,p| > )\Te_(252+A2) .
7, 7, v

Vﬂ]l VﬁJl

Consequently there exists A1 such that the second point of (A.2) holds for A > ;.
For (A.1), we compute the Poisson bracket:

p%oapg),a} =7° (V§§0) V.o Voo + (Vg(ﬂ) §-¢
= 726" (M0l = N (T20) (Vo) - (V) + 9 (N(Vath - €% = A (VEw) € -€)
> M3 V)t — 72038 V29| [V — A |V2y €[

1
Brit

Now, if py o (2,&,7) = 0, then [¢]* = 72A%p?|V,4(2)|* + 02 so that

1
5 Peopen} 2 TN Vel = 20 X0 (V2] |90 — Mg [V 0.
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From (A.4), there exist positive constants independent of A such that
Cr < |V < Co,  |V2| < Cs.

In particular there exist C' > 0 and Ay > A1, such that for A > A,

1
@{p%mp%o} > 07—2/\4903 —Ap |V§¢| o’

and there exists 79 = 79(\) such that for 7 > 7o|o],

— o Poot = =T > 0.
87_2.{1041:, Poo} T AY

From now on, the value of A\ shall be kept fixed. We define, for g > 0,
Zg:={z € Z; dist(z, 1) > B}.
Lemma A.3. Assume z° € J,. There exist an open neighborhood 1% of 2% in Z, p, B € (0,1) and C > 0 such
that for any v € H*(Z) with v, € H2(Jy),
1—p
1ol @) + [0 [ (9r7) < € <||U||H1(2) + |U|J1\H1(Jq))

n
% (182012 2+ [0eati, = Beartin gy + 0l (z,)) - (A5)

Proof. Standard computation shows the existence of rs > 1 such that

5 ) 6 )
|z —=2",=r3 z=(s,z1,1)eJ1 = (s,21)€ |s"— 5, 8"+ | x|a]—5,27+5 .
2 2 2 2
We consider r2 € (1,73). We can also check the existence of 1 € (0,6) such that
{z=(s,z1,20) €Z; 1-r1 <22<1, |z—2"|,<r3}C W

We consider two cut-off functions xg, x1 € C*(R x Z x R) such that

() = 0 if 0<aa<1l—rg () = 0 if [z—2%|, >3
XOVIZU 1 if 1=m/2<m<1, Y701 0 z—2%, <r

Let us consider v € C*°(Z) and let us apply the Carleman estimate (A.3) to w = xox1v € C5°(V). In the
right-hand side of this estimate, we have

A (xox1v) = (xox1) Azv + 2V, (xox1) - Vzv +vA, (xox1)

Note that in supp xox1, ¢ < Cs := e M=) The two last terms in the above relation are included in

VN(suppVxo) CVN{az €l —ry,1—1r/2]}
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and on this set, ¢ < C3 or in
VN(suppVxi) CVN{ry <lz—2%, <rs}
and on this set, ¢ < Oy := e "2, Therefore,
”eﬂpAszLz(V) S e HAz’UHLZ(V) +e%T ”’U”Hl(Vﬂ{xQE[l—rl,l—rl/Q]}) + AT ||’UHH1(V) (A.6)

and similarly,

ClT

C,
‘67'89 (amzlel — As_’zl’wL]l) ’LQ(Vﬂjl) 5 e~3T |8I2U|Jl — As,zlv‘Jl |L2(Vﬂj1) +e "U‘Jl |H1(Vﬂj1) . (A7)

There exists r4 > 0 such that
{zeRXIxR; ‘z—zol<r4}C{z:(s,x1,x2)€RxIxR; 1—%1<a:2, \z—z*|)\<r2}.

Then on the set

V::{ZEZ; ’zfzo|<r4}CV

we have xox1 = 1 and ¢ > Cy := e A7 ¥ with Cy € (Cy,C3). Combining this with (A.3), (A.6) and (A.7),
we deduce that for all 7 > 79,

10117y + o1 | (7072
C3—Cao)T
S el@m) (||AZUHL2(V) + |8acz”|J1 AV |L2(Vm71) + HU”Hl(Vﬁ{wze[l—rl:l_rl/Q]}))

+ =@ (ol gy + [ | vngy) - (A9)

Optimizing this inequality with respect to 7 yields the interpolation inequality for v smooth. A density argument
permits to conclude the proof of Theorem A.3. O

Proof of Theorem 5.2. By a compactness argument, one can deduce from Lemma A.3 an interpolation result
on a neighborhood of J;. Then we combine this with classical interpolation estimates (see [36]) in the interior
and at the boundary Jy where Dirichlet boundary condition hold to conclude. A similar proof is done in [13]
(see Lem. 8.3). O
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