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HIGHER DIFFERENTIABILITY RESULTS IN THE SCALE OF
BESOV SPACES TO A CLASS OF DOUBLE-PHASE OBSTACLE
PROBLEMS

ANTONIO GIUSEPPE GRIMALDI!® AND ERICA ITPOCOANAZ*

Abstract. We study the higher fractional differentiability properties of the gradient of the solutions
to variational obstacle problems of the form

min{/ F(z,w,Dw)dz : we€ K¢(Q)}7
Q
with F' double phase functional of the form

F(z,w,z) = b(z,w)(|z|” + a(z)|z]"),

where € is a bounded open subset of R™, ¢ € WP (Q) is a fixed function called obstacle and Ky (Q) =
{w € WHP(Q) : w > 1 a.e. in Q} is the class of admissible functions. Assuming that the gradient of
the obstacle belongs to a suitable Besov space, we are able to prove that the gradient of the solution
preserves some fractional differentiability property.
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1. INTRODUCTION

In this paper we study the higher fractional differentiability properties of the gradient of the solutions
u € WHP(Q) to variational obstacle problems of the form

min{/QF(x,w,Dw)dx : wEICw(Q)}, (1.1)
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2 A.G. GRIMALDI AND E. IPOCOANA
where the energy density F': 2 x R x R®™ — R is defined by
F(z,w,z) =blx,w)H (z,z), (1.2)
being
H(z,z) = |z” + a(z)|z|%, (1.3)
where 2 < p < q.
Here Q is a bounded open set of R, n > 2, the function ¢ : Q — [—00, +00), called obstacle, belongs to the
Sobolev class W1P(Q) and the class K (€2) is defined as follows
Ky(Q) = {w e WHP(Q) : w > a.e. in Q}.

Note that the set [0y (£2) is not empty since ¢ € Iy (£2).
We assume that the coeflicients a(x) and b(z, w) satisfy the following assumptions:

Assumption 1.1. (i) a: Q — [0,+00) is a bounded and measurable function such that

la(z) — a(y)| < wa(lz —yl),
for all z,y € Q, where w, : Rt — [0, 1] is defined by w,(p) = min{p®, 1}, for some a € (0,1);
(i) the function b: Q x R — (0,400) is a bounded Carathéodory function, i.e. there exist 0 < v < L such
that

0<v<bz,w) <L<oo.

Assumption 1.2. (i) there exists a function wy, : R* — [0,1] defined by wy(p) = min{p?, 1}, for some B €
(0,1), such that

[b(z,u) = by, v)| < wp(jz =yl + [u— o)),

for all z,y € Q and every u,v € R.

The energy density given by (1.2) is a model case of functions F satisfying the following set of conditions

n|z|P < F(z,w, z) < Li(1+|2]9) (F1)
va|z[P2 AP < (Do F(z,w, 2)A, A) < La(1 4 [2]77%) A2 (F2)
|[F'(21, w1, 2) — F(z2, w2, 2)| < lhiws(|z1 — 22| + [w1 — wa|)(1 + [2]7) (F3)

for all x,x1,22 € Q, w,wy,ws € R and every z, A € R™, where 0 < 1y, < L1, 0 < vy < Lo, I3 > 1 are fixed
constants and ws : R — [0,1] is a function defined by ws(p) = min{p?, 1}, for some § € (0,1) depending on «
and f introduced in Assumption 1.1 and 1.2 respectively. We point out that the choice of stating Assumption 1.1
and 1.2 separately is due to the fact that they are needed independently.

The obstacle problem appeared in the mathematical literature in the work of Stampacchia [29] in the special
case ¢ = xg and related to the capacity of a subset E € 2; in an earlier independent work, Fichera [15] solved
the first unilateral problem, the so-called Signorini problem in elastostatics.
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It is usually observed that the regularity of solutions to the obstacle problems is influenced by the one of the
obstacle; for example, for linear obstacle problems, obstacle and solutions have the same regularity [3, 4, 25].
This does not apply in the nonlinear setting, hence along the years, there have been intense research activities
for the regularity of the obstacle problem in this direction. The regularity theory for obstacle problems driven
by quasilinear operators of the p-Laplacian type started with the contributions of Duzaar and Fuchs [11],
Duzaar [10], Choe and Lewis [5] and Fuchs [17]. In the case of standard growth conditions, Eleuteri and
Passarelli di Napoli [13] proved that an extra differentiability of integer or fractional order of the gradient of the
obstacle transfers to the gradient of the solutions, provided the partial map = — DEF(:L', &) possesses a suitable
differentiability property, where F is a general integrand independent of the w—variable.

Recently, it was proved in [18, 19] that the weak differentiability of integer order of the partial map x —
Dgﬁ‘(x,f) is a sufficient condition to prove that an extra differentiability of integer order of the gradient of
the obstacle transfers to the gradient of the solutions to obstacle problems with p, g-growth conditions. This
property was generalized also for fractional differentiability, connected to Besov spaces in [22].

It is worth noticing that double phase functionals are a useful tool to study the behaviour of strongly
anisotropic materials whose hardening properties are strongly dependent on the point and connected to the
exponent ruling the growth of the gradient variable. The coefficient a(-) regulates the mixture between two
different materials, with p and ¢ hardening, respectively (see, for instance, [31, 32]). The regularity properties of
local minimizers to such functionals recently have been investigated for unconstrained problems. In particular,
we quote the work [6] by Colombo and Mingione where the functional H(x, Du) has been considered (see (1.3)),
[2] by Baroni, Colombo and Mingione who studied the integrand defined in (1.2) and [7] by Coscia, who dealt
with the functional defined by

F(w, Q) := ; b(x, w)[|Dw|P + a(z)|Dw|Plog(e + | Dw|)]dx.

Furthermore, a higher fractional differentiability [30] and a Lipschitz continuity result [9] have been proved for
solutions to double phase elliptic obstacle problems. We also recall that when referring to p, g-growth conditions,
in order to ensure the regularity of minima, a smallness condition on the gap ¢/p > 1 is necessary (see, for
instance, the counterexamples in [16, 20, 27]).

The main difficulty of this work is the dependence of our double phase functional both on the x—variable
and the w—variable, where the map w +— b(x, w)H (x, z) is non-differentiable. In order to deal with this issue,
we follow the strategy proposed in [26] and later used in [14]. Namely, we introduce the so-called “freezed”
functional defined in (3.1) and the solution to the corresponding obstacle problem (see (3.2)) for which we
prove a higher differentiability result in the scale of Besov spaces following the argument in [22]. The idea is
to compare the solution u to the original obstacle problem (1.1) and the solution v to the “freezed” one (3.2).
More precisely, we estimate the fractional difference quotients of u and v, in an integral sense, gaining a Besov
regularity for u. In order to do so, we also have to derive some ad hoc higher integrability results, both at the
interior and up to boundary, that is for the solution u of the original obstacle problem (1.1) and the solution v
to the freezed one (3.2) respectively. The first one is obtained adapting the argument in [12], while the second
one generalizes the result by Cupini, Fusco and Petti in [8]. Eventually, we use a boot-strapping argument to
get the maximal higher fractional differentiability.

The main result of the paper is the following.

Theorem 1.3. Let u € WHP(Q) be the solution to the obstacle problem (1.1), with F defined by (1.2), under
Assumptions 1 and 2, for exponents 2 < p < . p < q verifying
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4 A.G. GRIMALDI AND E. IPOCOANA

If Dy € B;q—p,m,loc(Q)’ for 0 < a <y <1, then there exists & := 6(p,q,n,«, B) € (0,1) s.t.

Vo(Du), /a()Vy(Du) € B} o 1:(), Yt € (0,5).

The paper is organized as follows. After recalling some notation and preliminary results in Section 2, we focus
on deriving the intermediate steps that will put us in the position to prove our main result, Theorem 1.3. In
particular, in Section 3, we show that the solution to the freezed obstacle problem (3.2) satisfies a variational
inequality and moreover we present interior and up to the boundary higher integrability properties, which will
be crucial for the comparison argument, as already mentioned. In Section 4, we prove the higher fractional
differentiability of the solution to the freezed obstacle problem (3.2). We remark that the procedure used in
order to do so requires the assumption p > 2. The comparison argument is presented in Section 5. Finally, in
Section 6, we show that a suitable fractional differentiability property on the gradient of the obstacle transfers
to a higher fractional differentiability for the gradient of the minimizer, so that we are eventually able to prove
Theorem 1.3.

We point out that, in order to prove the higher integrability of the solution to the original obstacle problem
(see Thm. 3.2) and the higher differentiability of the solution to the freezed obstacle problem in Section 4,
Assumption 1.1 (4¢) is the only one needed on the function b(x,w). On the other hand, in order to prove the
comparison lemma (see Lem. 5.3), we require Assumption 1.2 on the coefficient b(z, w).

2. NOTATIONS AND PRELIMINARY RESULTS

In what follows, B(x,r) = B,(x) = {y € R" : |y — x| < r} will denote the ball centered at = of radius r. We
shall omit the dependence on the center and on the radius when no confusion arises. For a function u € L(B),
the symbol

up = ]iu(x)dx = |;ﬂ/Bu(x)dx

will denote the integral mean of the function u over the set B.
It is convenient to introduce an auxiliary function

d—2
Va(€) = €] =7¢
defined for all £ € R™. One can easily check that

€17 = [Va(e)*. (2.1)

For the auxiliary function Vg, we recall the following estimate (see the proof of [21], Lem. 8.3):
Lemma 2.1. Let 1 < d < +oo. There exists a constant ¢ = ¢(n,d) > 0 such that

V(&) — Va(n)|?

e < c(€? + )=

cLER + )7 <
for any &n € R, € £ .

Now we state a well-known iteration lemma (see [21], Lem. 6.1 for the proof).

Lemma 2.2. Let @ : [g,R] — R be a bounded nonnegative function, where R > 0. Assume that for all g <
r < s < R it holds
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where § € (0,1), A, B, C >0 and v > 0 are constants. Then there exists a constant ¢ = c¢(6,v) such that
R B C

Let v : R™ — R be a function. As in Section 2.5.12 of [23], given 0 < o < 1 and 1 < p, g < oo, we say that v
belongs to the Besov space By (R") if v € LP(R") and

2.1. Besov-Lipschitz spaces

||UHB;,’,4(R") = [[v]lLe@n) + [U]Bg,q(R") < 00,

[U]Bg,q(Rﬂ) = (/n (/n |v(m+|};)|a;v(m)|pdx)g|?ﬁl>; < oo0.

Equivalently, we could simply say that v € LP(R™) and ‘Tfi’lg e LY (%; LP(R™)). As usual, if one simply integrates

for h € B(0, ) for a fixed § > 0 then an equivalent norm is obtained, because

v(z+h) —v(z)l? 7 dh s
(f ([ el ) ) < oo )l
{Ih|=6} \JR™ A A

Similarly, we say that v € By (R") if v € LP(R") and

_ PN\
[U]Bgm(w) = sup (/ [v(@ +h) = v(z)] dx) < o0.

heR™ |h|ap

where

Again, one can simply take supremum over || < ¢ and obtain an equivalent norm. By construction, By ,(R") C
LP(R™). One also has the following version of Sobolev embeddings (a proof can be found at [23], Prop. 7.12).

Lemma 2.3. Suppose that 0 < o < 1.
(a) If1 <p <7 and 1< q<pi = =5, then there is a continuous embedding By ,(R") C LF(R").

(b) If p= 7 and 1 < q < oo, then there is a continuous embedding By (R") C BMO(R"),
where BMO denotes the space of functions with bounded mean oscillations [21], Chap. 2.

For further needs, we recall the following inclusions ([23], Prop. 7.10 and Formula (7.35)).

Lemma 2.4. Suppose that 0 < 8 < a < 1.

(a) If1<p<ooandl<q<r<oo, then By (R") C By .(R").
(b)) Ifl<p<ooandl < q,r < oo, ti;en B¢ (R™) C BS (R™).
(¢) If 1 < q < oo, then BY ,(R") C BY ,(R").

Combining Lemmas 2.3 and 2.4, we get the following Sobolev type embedding theorem for Besov spaces
B (R™).
;00

Lemma 2.5. Suppose that 0 < a <1 and 1 <p < . There is a continuous embedding By . ,(R") C LP5 (R™),
for every 0 < B < a. Moreover, the following local estimate

||F|\Lnﬁ’,§p (B) <c(R— 0)75(||F||LP(BR) + [F]Bg’q(BR)) (2.2)

holds for every ball B, C Bg, with ¢ = c(n,p,q, o, ) and § = 6(n,p,q).
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Given a domain €2 C R, we say that v belongs to the local Besov space By .. if ¢ v € By (R") whenever
p € C (). It is worth noticing that one can prove suitable version of Lemmas 2.3 and 2.4, by using local Besov
spaces.

The following Lemma and its proof can be found in [1].
Lemma 2.6. A function v € LY _(Q) belongs to the local Besov space By 4 10c U, and only if,

loc

ThU

7|h|0‘ < 0

Lo (rtfsLr(5)

for any ball B C 2B C Q with radius rg. Here the measure % is restricted to the ball B(0,75) on the h-space.

It is known that Besov-Lipschitz spaces of fractional order «« € (0,1) can be characterized in pointwise terms.
Given a measurable function v : R™ — R, a fractional a-Hajlasz gradient for v is a sequence { g }. of measurable,
non-negative functions gi : R™ — R, together with a null set N C R™, such that the inequality

lo(z) —v(y)| < (gr(2) + gr(y))lz — y|*

holds whenever k € Z and x,y € R™\ N are such that 27% < |z —y| < 275+, We say that {gx }» € 19(Z; LP(R"))
if

q

Hohelinan = (X lonl ey ) < o6

kEZ

The following result was proved in [24].

Theorem 2.7. Let 0 <a <1,1<p<ooand1<q<oo. Letve LP(R"). One has v € By (R") if, and only
if, there exists a fractional a-Hajlasz gradient {gi }r € 19(Z; LP(R™)) for v. Moreover,

[vlls , ey 2 inf [[{gktelliare),

where the infimum runs over all possible fractional a-Hajlasz gradients for v.

2.2. Difference quotient

We recall some properties of the finite difference quotient operator that will be needed in the sequel. Let us
recall that, for every function F : R™ — R the finite difference operator is defined by

Tsn F'(x) = F(x + hes) — F(x)

where h € R", e, is the unit vector in the xs direction and s € {1,...,n}.
We start with the description of some elementary properties that can be found, for example, in [21].

Proposition 2.8. Let F' and G be two functions such that F,G € WYP(Q), with p > 1, and let us consider the
set

Y = {z € Q: dist(x,0Q) > |h|}.

Then
(Z) EF € Wl’p(Qm‘) and

Di(th F') = Th(D;i F').

(ii) If at least one of the functions F' or G has support contained in Qy), then

/FTthz:/GT_hFdx.
Q Q
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(1i3) We have
h(FG)(z) = F(x + h)mG(x) + G(z)m F ().

The next result about finite difference operator is a kind of integral version of Lagrange Theorem.

Lemma 2.9. If0< p <R, |h| < B52, 1 < p < +oo and F, DF € L?(Bg), then

/ |7h F'(z)[Pdz < c(n,p)|h|p/B |DF(z)[Pdz.

P

Moreover,

[ Fenpars [ Fepa

P Br

3. HIGHER INTEGRABILITY

The results contained in this section will be crucial for the comparison argument presented in Section 5.
Let u be a solution to the obstacle problem (1.1) and fix a ball B = Bg (x9) € Q, for a given radius R > 0
and g € Q. Let us consider the so-called “freezed” functional

/ F(x, Dw)dz = / b(xo,up)H (x, Dw)dz, (3.1)
B B
where H was defined in (1.3), and let v € u + W, ?(B) be the solution to
min{/ F(z,Dw)dz : w € Ky(R), w=uon GB}. (3.2)
B

Now, we show that a local minimizer of functional (3.1) satisfies a variational inequality. More precisely, we
have

Proposition 3.1. A function v € u + Wol’p(B) is a solution to (3.2) if and only if it satisfies the following
variational inequality

/B<DzH($,Dv), D(p —v))dz >0, (3.3)

for every ¢ € u+ Wy P(B) N Ky () such that H(x, Dp) € LY(B).
Proof. We set g = v +¢e(¢p —v) for € € (0,1), which belongs to the obstacle class, indeed

g=v+e(lp—v)=cp+ (1—¢e)v>1.
We first notice that H(x, D(v +e(p —v))) € L. Moreover,
/ H(z, Dv)dx < / H(xz,Dv+eD(p —v))dz,
B B
which leads to

/ H(z,Dv+eD(p —v))dx — / H(z,Dv)dx > 0.
B B
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From Lagrange’s theorem, for 6 € (0, 1) it holds

/ (D,H(x,Dv+e0D(p —v)),eD(p —v))dx > 0.
B

Since € > 0,

/ (D,H(x,Dv+eD(p —v)), D(p — v))dz > 0. (3.4)
B
According to Lemma 2.2 of [7], it holds

(D=H(z,2),\)| < C(H(z,2) + H(z,A)) .

Therefore,

[(D,H(x, Dv + 0D (p — v)), D(p — v))|
<C(H(z,Dv+¢ebD(p —v)) + H(z,D(p — v)))
<C (H(z,Dv) + H(x,e0D(p —v)) + H(z, D) + H(z, Dv))
<C (H(z,Dv) + (¢0)?H (x, D) + (¢0)’ H(x, Dv) + H(z, Dy)) , (3.5)
where in the last passage we also used the direct property H(z,e6z) < (¢6)PH(x,z). For ¢ — 0, the sec-
ond and the third term on the right hand side of (3.5) go to zero. Hence, the right hand side tends to

C (H(x, Dv) + H(x, Dp)) in L'. Then, we can pass to the limit for ¢ — 0 in (3.4) applying the Dominated
convergence theorem, which concludes the proof. O

If w is a solution to (1.1), then we are able to establish for u a higher integrability result.
Theorem 3.2. Let u be a solution to the obstacle problem (1.1) where the integrand satisfies Assumption 1.1,

for exponents 2 < p < q verifying

<1+

SHES
3|e

If the function  is s.t. H(z, D) € L2 (2), for some my > 1, then there exist an exponent mi > mo > 1 and
a positive constant C' s.t. it holds

1
mo

][ (H(z,Du))™*dx <C
Br

H(z, Du)dx + (]iR(H(x, Dz/J))mldx> m] .

Br
for all balls B% C Br € Q.

R
Proof. Let 3 <t<s<R<1andlet n € C§(Br) be a cut-off function s.t. 0 < n < 1,np=1on By,n =

0 outside Bs,|Dn| < % We set ¢ = n(z)(u(z) — up,) — n(x)(Y(x) — ¥B,) and g = u — ¢ € Kyu(Q). We

observe that g = u on 0B and g = ¢ — ¢, + up, on By, therefore Dg = D1 on B;. Using Assumption 1.1
(ii) and the fact that w is a local minimizer, we have

H(z, Du(x))dz
By
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<C | F(z,u(x), Du(x))dx
By
<C [ Flagla), Dyta)ds
B

<c / Dg(@)]? + a(x)| Dg() |z

< C/ [[Dn(z —¥pg) +0(x)|DY(x)| + | Dn(2)|(w(z) — upy) + (1 —n(x))|Du(z)[]”
z) [|Dn(2)|(v(x) = ¥pg) +n(2)| D) + [Dn(z)|(w(z) — up,) + (1 —n(z))|[Du(z)[]* dz
< c/ (1 = n(2))” (|Dul” + a(z)| Dul?) de
+c/ {Mzt + a(x) 710(]2:?“ }dx

e /B (ID()P + a@)| Du(a) 1) de

<C H(z, Du(x))dx
B,\B;

s _Ct|p /BR ful@) = upn["dz + |s ft|q /Ra(x”“(x) —upg|'dz
¢ c
Tls—ap /B (@) = valfde + g / a(@)(x) = Ypa|*da

+C H(z,Dy(x))dx
Br

Adding the quantity Cth H(z, Du(x))dz to both sides of the previous estimate, by Lemma 2.2 we get

H(x,Du(m))deC[ ) sl g [ a@lute) -l
Br

/ [0(w) ~ b, + o / o)) — Yy |7de

+ | H(z, Dv(z))d m] .

Br

Setting H(x,u(z)) := |u(x)[? + a(z)|u(x)|? and H(z,¥(z)) := [¢(x)[P + a(z)|1h(x)|9, we can write the previous
inequality as

< 7{91? i <x W) dz + 7{91? i <x W) dat f, iz Dy (3.6)
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According to Theorem 2.13 of [28] and Holder’s inequality, it holds

fotgem o (£, (o5 )
: (7; (H (2, Du(z)))*™ dx> = : (3.7)

where ds < 1 < dy depend on n, p, g, «. Analogously,

]st H (a:, W) dzr < (éR (ﬁ (x, W))dl dx) 5
= (]in (H (2, D(x)))" dx) g . (3.8)

Inserting (3.7) and (3.8) in (3.6) and exploiting Holder’s inequality, we infer

Br

H(z,Du(x))dx < C [(7[ (H(x, Du(x)))d2) " + H(x, Dw(x))dx] . (3.9)
By Br

Since H(x, Dy(x)) € L™, for my > 1, from Gehring’s lemma proved in [21] it follows that there exists my >
mg > 1 s.t. H(x, Du(z)) € L™2. Then, holding to dy < 1, we might write

]i . (H(x, Du(z)))"*dz < C [( H(z, Du(x))dx) " +]i (H(z, Dib(x)))™ dx}

Br R

m

( . H(m,Du(m))dx) " (]é R(H(x,Dw(x))de> "

<C

—_

Hence,

1

(H(z, Du(z)))"*dx <C [

/

H(z, Du(x))dx + (7{3 (H(m,Dw(x))mldx>m11] .

R

vl

Br

O

The higher integrability of the minimizer u stated in Theorem 3.2 allows us to prove the following higher
integrability up to the boundary result for the solution to the freezed obstacle problem (3.2).

Theorem 3.3. Letv € u+ Wol’p(Bg) be a solution to the obstacle problem (3.2) where the integrand F' satisfies
Assumption 1.1, for exponents 2 < p < q verifying

hSRES
INA
—_
4
S o)
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If the function is s.t. H(x, D) € LT (2), for somemy > 1, then H(x, Du) € L7"?(QY), for somemy > ma > 1,

loc loc

and there exist a constant C and an exponent ms, with m; > mg > msz > 1, s.t. H(x, Dv) € L]"*(Q) and

1
m3

][ (H(z, Dv))™ dz <C
=

(f, e o) ™ o (£, e o) ]

Proof. We start setting

v(x) if v € Br,

w(z) = { u(x) ifx € Bg\ Br (3.10)
We first consider B,(z1) C B B In this case the Caccioppoli inequality (3.9) holds, namely

1

da
H(z,Dv)dx < C (7[ (H(z, Dv))dzdx> + 4+ H(x,Dy)dx| . (3.11)

Bp B, B,
2

Let us now focus on the case Bp(arl) C Bpg, with z; € 8B%. Fix % <t < s < pand a cut-off function n between
2

Bgs(x1) and By(x1), with |Dn| < T Let us set g(x) := (1 — n(z))v + n(z)u(z). It is straightforward that
— 5

g € u+Wy"? and g(z) > 4(x). Since v is a minimizer, according to the definition of H and Assumption 1.1 (ii),
we have

/ H(z,Dv)dz < C F(z, Dv)dx
BtﬂB% BtﬂB%

<C F(z,Dg)dzx.
BSOBE
2

Therefore, from the definitions of g and 7, we get

/ H(xz, Dv)dx
BtﬁBg

1 1
<C / <u—vp+am u—vq>dx
B.NB g (t_s)p‘ | ( )(t_s)q| |

+ / H(z,Dv)dx
(Bs\Bt)mB%

+/BS H(x,Du)dx] .

As before, adding the quantity CmeBR H(z, Dv)dx to both sides of the previous inequality, by Lemma 2.2
2

we get

f H(z,Dv)dx
B% QB%
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1 1
<C ][ <|u—1}|p—|—a(a:)|u—vq) dz
B,NBy pr p?
+][ H(x,Du)dx] . (3.12)
BP

We set

~ — 1 1
H<x,u U) = —|u—vP 4+ a(z)—|u—v|%.
P PP pe

Adapting the argument in Remark 2 of [6] and Theorem 2.13 of [28] and exploiting Holder’s inequality, we have

— - — di
f I:I(x,u v) dz < ][ <H <x,u v>) dzx
B,NBg p ByNBg P

< ][ (H(z, Du— Dv)=dz | | (3.13)
BpﬁBg

1
dy

2
N"‘

where dy < 1 < dy depend on n,p, ¢, «. Inserting (3.13) in (3.12), it yields

][ H(z,Dv)dx <C (7[
B%ﬁBg B

+ ][ (H(x, Dv))™ dz
BpﬂBg

1

(H(z, Du(z))™® dx) 2

P

1
da

+ H(x, Du(x))dm]
BP

1
da

da
<C ]{39031; (H(x, Dv))" dz + ]ép H(xz, Du(zx))dx

Therefore, from the definition of w in (3.10), we infer

P

dso %
g H(z, Dw(z))dz gCK]é (H(z, Dw(x))) dm) +]ép H(z, Du(z))dz

+ H(z, Dw(x))dx] . (3.14)
B,

Hence, by (3.11) it follows that (3.14) holds not only if B,(x1) C By or B,(xz1) N Br # (b, but also when
B,(z1) C Bg and z; € OBxr.
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We now take care of the case B,(z1) N 8B§ # 0 and By, C Bg. We fix x3 € By(z1) N 83%.

]{9 H(z, Dw)dz

(z1

S

(H(z, Dw))d2dx> : + ][ H(z, Du)dzx + ][ H(z, Dy)dx
BSP(IQ)

B3p(5172)

t
<c (é

Since this estimate holds for every Bg such that By, C Bg, by a covering argument it follows that inequality
(3.14) holds for every B such that B C Bg. Now, since H(x, Dy) € L™, my > 1, Theorem 3.2 yields that
there exists mg, with 1 < mo < mq, s.t. H(x, Du) € L™2. Therefore, according to Gehring’s lemma, there exists
mg, with 1 < mg < mg < mq, such that,

3p(z2)

< 3Nf H(z, Dw)dz
7p

1 7

(H(:E,Dw))d2dx> i +][ H(z, Du)dz +][ H(z, Dy)dx
Byy(z1)

4p(er) Bap(z1)

(7[ (H(z, Dw))™® d:v) -
Bg(z1)

<C

][ H(x, Dw(x))dx
Bp(w1)

1

. <pr(w1)(H(x’ Du<x))>m2d$> " (/Bp(wl)(H(x’ Dzb(x)))”%dx)

In particular, for p = R and x; = xg, recalling the definition of w we have

1

m3

7{9 (G Do) e

<C . H(z,Dv)dx + fBR\BR H(z, Du(z))dz
+ (ﬁR(H(x,Du(x)))mde> w + (éR(H(x,Dw(x)))’mdx) 121
<C g H(z, Dv)dx
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Since v is a minimizer and recalling that mo > 1, it holds

i.e. the conclusion. O

Remark 3.4. We point out that Theorems 3.2 and 3.3 hold true also under the more general hypothesis
q > p > 1. However, they are stated for ¢ > p > 2 for later purpose in Section 6.

4. HIGHER DIFFERENTIABILITY FOR COMPARISON MAPS

The higher differentiability of the solution v to (3.2) has been already established in [22] under more general
assumptions on the coefficients. The strategy relied on the combination of approximation results and a priori
estimates. Here, we only give the proof of the a priori bounds, in order to establish precise estimates on the
difference quotient that will be crucial for the comparison argument. On the other hand, the approximation
procedure is achieved using the same arguments in [22], therefore it will not be presented.

_ Before stating the result, it is worth noticing that Assumption 1.1 implies that there exist positive constants
[,, L such that the following conditions are satisfied:

|DeF(z,€)] < I(IEP~ + a(2)lg[r") (A1)

(DeF(2,€) = DeF(w,m), & —n) > B(1€ =02 (1E + 02T + a(@)lg = nP(EP + )*=)  (A2)
|DeF(2,€) = DeF(,m)| < L(l€ = nl(1EP + )™= + a(@)l¢ = nl(€[* + [n[*)*=) (A3)
|DeF(x,€) = DeF(y, )| < |a — y|*[€]"* (A4)

for every x,y € 2 and every £,n € R™.
The following lemma holds:

Lemma 4.1. Let v € u+ W, ?(B) be the solution to (3.2) under Assumption 1.1, for exponents 2 < p < =,
p < q satisfying

<1l+-—. (4.1)

TR
Q

If

Dy € B),__ _(B),

2g—p,00
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forO<a<~vy <1, then
VZD(D’U) € Bél,oo,loc(B>

and the following estimate

/B (7 Vo (D0) 2 + ale + B V(D) ) de
r/4

1 _ " -
<cinp{ ([ @i+ isproas) + oo b (12)
holds for all balls B,;, C B, € B, for some pu < a, with C := C(TMP’CI,M’HaHoo’HD?/JHB;qum)a D=
p(n,p,q,p) > 1 and k := k(n, p, q, 1) <p.
Proof. We a priori assume that Dv € L’ *" (B), for all i <m<a.
In the sequel we will profusely use the following inequality:
np
2g —p < 4.3
U T (4.3)

for pu € ;955 a). Indeed,

2g—p< —L o1 TH
n—2u P n—2u
and
o n—p an
1+-< & u > .
+n_nf2u 'u_n+2a

Fix 0 < § <p<s<t<t <} suchthat B, € B and a cut-off function n € Cj(B;) such that 0 <n <1,n=1
on B, |D7I\ < %
Now, for |h| < %, we consider functions

wi(z) = 1°(@)[(v = ) (x + h) = (v - ¥)(2)]

and

wa(z) = n*(z — h)[(v = ¥)(z — h) — (v - ¥)(2)].

Then

p1(x) = v(z) + tw (z), (4.4)

wa(x) = v(z) + tws () (4.5)
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are admissible test functions for all ¢ € [0, 1).

Arguing analogously as in the proof of Theorem 4.1 in [22], we obtain the following estimate

0> / (D¢H(z + h, Dv(xz + h)) — DeH(x + h, Dv(z)),n* Drpv)dz
Q

- /Q<D5H(x + h, Dv(z + h)) — D¢H (2 + h, Dv(z)), > D1pap)dz

+ /Q(DgH(x + h,Dv(z+ h)) — DeH(z + h, Dv(x)),2nDnmi(v — 9))dx

+ / (De¢H(x + h, Du(x)) — DeH(x, Dv(x)), n* Drypov)de
Q
- /Q<D§H(x + h, Dv(z)) — DeH (z, Dv(x)),n* Dryab)da

+ /Q<D§H(x + h,Dv(z)) — DeH(x, Dv(x)), 2nDnr (v — 9))dx

=L+ 1+ I3+ 14+ 15+ I,
that yields
I <|Le| + |I3| + L] + |I5] + |16

The ellipticity assumption (A2) and the properties of a(z) imply

I ZD/ 12 |mDv|2(|Dv(z + 1) 2 + |Do(x)[2) "= da
Q
+ﬂ/ n?a(z + h) |7 Dv|2(|Dv(z + h)|? + [Du(z)|?) = d
Q

27 [ (VDo) + ala + W) Vo (D))
Q
From the growth condition (A3), the boundedness of a(x) and Young’s inequality, we get

D] gi/ﬂn2|ThDv\(|Dv(x+h)\2 + | Du(@)2) 22 [ Deblda
+£/Qn2a(x + )| Dol(|Du( + )2 + |Do(@)[2) 2 [ Dbl da
<L / 0 Dl(IDv(@ + h)[* + [Dv(@)?) = |7 Deplda
+ i||a||°°/9772‘7hDU|(\DU($ +h)? + |Do(@)?) = |, Dyl dar

<z [ P mDeP(Do(a + W + [Do@)) 5 da
Q

29g—p—2
2

+C:(L, IIaIIOO)/QUQITthIQ(IJr |Dv(z + h)* + [Dv()[)

dx.

(4.6)

(4.8)
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The calculations performed in Theorem 4.1 of [22] and Lemma 2.1 lead us to the following estimate for the

integral Iy

| I Sa/ n? |7 Vp(Dv)|*dz
Q
~ 2 —
+ Ce(Lop. g lalloo) IR DU ()

+C(Lpr g, alloo) ]2 / (1+ | Dv|)21—Pdz. (4.9)

&/

Now, we consider the integral I5. From assumption (A3), hypothesis |Dn| < % and Young’s inequality, we get

1| <2k / \Dllm Dol(| Do + 1) 2 + (Do) 2) 22 | (0 — o) da
Q
+2E|afn / Dyl Dol(1+ [ Doz + B + [ Do) ?) = (v — )| de
Q
< / 2 Do 2(1Du( + B + [Do(2)[2) "7 da
Q

2g—p—2

Ce(L ) 2
+ g [ D0 R Do)

where we also used the boundedness of function a(x).
Arguing analogously as in the proof of Theorem 4.1 in [22], we can estimate the integral I3 as follows

|15 §€/ n2|Tth(Dv)|2d:17
Q

€ _ZJ, ) ) b o0 —
4 C( n,p,q ||a‘|| )|h|2/ |D¢|2q P

(t—s)? B,
L
I Ce(Lyn,p, ¢ [|all) |h|2/ (1+ |Du|)2q_pdx. (4.10)
(t—s)2 By,

In order to estimate the integral Iy, we use assumption (A4), Young’s inequality and Lemma 2.1 as follows

L] g/ 2|7 Dol || Dv 1 da
Q
SS/ |7 Do|>(|Dv(@ + )| + [Do(x)]?) "% de
Q
+C’E|h|2“/ | Dv|?Pdz
By
< / 07V (Dv) 2
Q

+C|hfe / | D=7, (4.11)
By
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We now take care of Is. Similarly as above, exploiting assumption (A4) and Holder’s inequality, we infer

551 < [ D7 Dot da
Q

2g—p—1

o 20— 2‘11_P (a—1)(29—p) 2a-p
<|h| |70, D% Pda / |Dv| " 2a»-T dzx
B By

Now, we observe

(¢ —1)(2¢ —p)
ACLTASL I AP Y . 4.12
g _p_ 1 “MpeP<dg (4.12)
Hence

g—1

Sa—p
|Is| <[PI*T[DY]gy (B, (/ |DU24—de) =
, B,

<C@ITDYE s

Lo ( / |Dv|2”dx) - (4.13)
By

From assumption (A4), hypothesis |Dn| < % and Holder’s inequality, we infer the following estimate for I;.

C _
ol < hl" [ fml|Defrtde
S B,
C

+ 7|h|a/ |Tp||Dv|9  da
t—s B

2g—p—1

1
C 2a-p (a=1)(2q=p) 2a-p
S ([, o) ([ e
t—s B, B,

1 2g—p—1
C 2a-p (a=1)(2q—p) Za—p
+——1n|® (/ |Thv|2q_pdx) (/ | Do St daz)
t—s B, B

Using Lemma 2.9, (4.12) and Hélder’s and Young’s inequality, we have

2g—p—1

1
C e q—1)(2g—p 2q—
o] <SP s (/ |Dw|2q-pdx> ([ possan)
- S By By

%7 o 2g-pl
i C(n,pv Q>|h|a+1 / ‘DU|2q7pdaj (/ |DU|((12‘11)(§1)d:C)
t—s Bt' By
1 q—1
C Sa—p 2q—p
S (napa q) |h|oc+1 (/ |D¢|2Q—de> a—p (/ |D’U|2q_pd1’) q—p
t—s B, By

7
+ C(n,pv Q) |h|o¢+1 (/ DU|2quI>
t—s B

+
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<C’(n7p, Q)|h|a+1 (/B |D¢|2q_de) a—p

- t—s

4 C(n,p7 q)|h|a+1 (/
t—s B

Inserting estimates (4.8), (4.9), (4.10), (4.11), (4.13) and (4.14) in (4.7), we infer

2q—p
Dv|2q_pdx> .

¢

v [ R (mV(DO) + ala+ WImVi(Do))da
<se [ PinVi(Do) Pz

+CelLop.a Nl )WDY (s,

+Ce(Lopia, ||a||oo)lh|2”/ (1+ |Dv])? Pdz

By

Cs(f/7 napv q7 Ha’”OO)

h? / DY dx

o) r
Ce(L,n,p,q,|lal|ls) 2/ 9o

h 1+ |Dv|)2a7d

# bt folodype [ jofyeras

t

+Cg|h\2a/ | Duf2a-Pd
By

FO@I DU, |+ Clb (|

PR
2q9—p
+ C(nvpa Q) |h|a+1 (/ |D’l/}|2qul'>
t—s B,

+ C’(n,p’ Q) |h|a+1 (/
t—s B

We now introduce the following interpolation inequality

t

T

&/

2q—p
|Dv2q_pdx> .

1Dwll2g—p < [|Dwllp | Dwl| 1=

Dy
n—2p

where 0 < § < 1 is defined through the condition

which implies

q
29—p
D’U|2qu56)

19

(4.14)

(4.15)

(4.16)

(4.17)
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Hence we get the following inequalities

/ (1+ |Dv|)?Pdz < (/
B, B
(f )<

B, B

q (n—2p)ap’
q—p

|Dv|pdx) " (/ |Dv| 755 d;v) ’ ) (4.19)
By
where p’ = TR

Inserting (4.18) and (4.19) in (4.15), and exploiting the bounds

3(29—p) (n—2p)(g—p)
np

</B (1+ Du|)n"’5udx> , (4.18)

+/

(1+ |Dv|)pdx)

¢/

>

+/

ma-p) _y mla-p) (4.20)

B 1p(2q — p)

which hold by assumption (4.1) and for p € (w, a), from Young’s inequality, we infer

v / (Vi (D0) + alz + )|V, (Do) 2)de

§3€/ 172|Tth(Dv)|2dx
Q

~ 20—
+ CE(Lap7 q7 ||a||00)|h|2’y[D,¢}]Bq;qu oo(BT)
3(29—=p)P

- Coo(nsp s lalloo) A2 ( [ a+ |Dv|>pdsc)

+ 0|h|* (/
By

CE(E7n7p7q?Ha”OO) 2/ 29—
D q—p
=) |l BT| YIFPdz

n—2u -
L " 5 Lv y 2y Yy o
+9|h2(/ (1+|Dv)n_2udx> 4 Geollin,p. g, Jla] )|h|2</ (1+|Dv|)pdm)
B r

" (t—s)%

pé(2g—p) n—2u
+ Celh|*® (/ |Dv|pdx)
B,

+ 6|h|> (/ | Dv| 7= dx> '
By
p*éq

+ Col@) MDYy (5, + Colnpa)|h*F < / IDUIPd:v>

r

n

(1+ |Do|)7=2= dx)

p3(2¢—p)

n—2pu

+ o[t (/ |Dvn"’éudx) "
By

C g
+ Q(TL,]% q)|h|o(+1 (/ |Dw2q_pdx> a—p
t—s B,

b 5a n—2p

hjoct! (/ |Dvpdx> T gt (/ |Dv|nf’%udx> . (4.21)
B, B

00(77‘7177 q)

sy

+/

x #p(2g—p)
— pp(2q—p)—n(g—p)a’

for some constant 6 € (0, 1), where we set p = Hp_ﬁfq_p), P
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For a better readability we now define

3(29—p)p

A=CLpau DV, )+ CoaEonpanlal) ([ 14 1Dulras

B,

P8(29—p)

+Cep (/ Dv|pdx>
B,

p*dq
ol D0l |y + Calnpa® ([ Do)
q—p,o0 Br
By =Co(L,m.p.q, llall) / Dy aPde,
B’V‘
P (29—p)
By =Ceg(Lon,pa, ||a||oo>( [ =+ ipopras ,
B,
29—p
B3 :Cg('fl,p, Q) (/ |D1/)|2qu1'> 5
B,
p*dq
B4 :Cg(n,p, q) (/ |Dv|pdx) )
so that we can rewrite the previous estimate as
v [ PO + ol + W), (Do) )
Q
§35/ 0|71 V(Do) da
Q
n—2p
+ 0(|h[> + |n]*) (/ (1+ |Dv|)nngudx)
B
t n—2p
+ 0(|h|> + |h|?Y 4 |h|*Th) (/ 1+ Du|)n’i€udx>
By
B B
h|2Y 4 |B2Y 4 |h]OT) A 4 B2 —20 h2—22
+ (|A[Z7 + [A[** + [R|*T7) A + |A] e + |h| T 5%
B B
S ) (o S NS -
(t—s)P (t—s)P

Choosing € = £, we can reabsorb the first integral in the right hand side of the previous estimate by the left

hand side, thus getting

/Q (Vo (DV)? + ae + 1) [V (Do)[?)de

<30|h|> (/ (1—|—|Dv)"ngudx> + 30| | (/ (1+|Dv)n"gudx>
Bt Bt’
B B B B
QaA 2 1 2 2 _ 2a 3 2« 4 4.99
+ [R[** A+ |h] (t_s)2+\hl 7(t_s)2p+lh\ T, Tl = (4.22)
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where we used the fact that a < 7.

Since the right hand side of (4.22) depends on the integrability of Dv, in order to exploit inequality (4.2),
we need to derive an a priori estimate for the gradient of the minimzer v. First, we bound (4.22) from below as
follows

/ 7V, (Do) Pda

s

< / (7 V(D)2 + alz + b7, Va(Do)P)da

§|h|2“{2e </B/(1+|Dv 130 (/B

n—2u
n

—2u

)"ngudx) (1+ |Dv)nngudx>

+/

Bl B2 B3 B4
A - 4.23
+ +(t—s)2+(t—s)2p+t—s+(t—s)P*}’ (4.23)
where we also used that 7 =1 on B,. Then, Lemma 2.5 and equality (2.1) imply
n—2u n—2u nfnzu
(/ |Dv|nf’§u dx) <260 (/ (1 + |Dv|)n}gu dx) + 360 / (1 + ‘D,UD#T;“ dz

B, B, B,/

B B B B
tA+ o o (4.24)

(t—s5)2 (t—s)2 t—s (t—s)P"’

for all p € (n(qT_p),a).
Now, applaying the iteration Lemma 2.2 twice, we obtain

(1, »
B7‘/4

thus, using Lemma 2.5, from inequalities (4.25) and (4.23), we deduce the a priori estimate

2q—p,o0

wo O\ 1 " _
de) §C|h|2a{r2ﬁ(/3 (1+|Dvp+|Dw2‘1_p)dx> + [Dy]3 P (BT,)}, (4.25)

/B (Vo (DV) + alz + 1)[m V(Do) ) de
r/4

1 " -
<cp{ ([ @i+ ipupras) + oo b (1.20

2q—p,00

for some p < a, where C' := C(n,p, q, i1, |la||o) and & := w < p. O

According to the previous result, we state the following remarks, which will be crucial for the proof of
Theorem 6.1.

Remark 4.2. From Proposition 2.8 (ii%), it follows that
(v a(2)Ve(Dv)* < Calz + h)|m Vy(Dv)* + C|Vy(Dv) ?|ma()]. (4.27)

Combining (4.26) and (4.27), we obtain

| m(Va@vyDo)Pas
B,./a
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<[ (VDO + fru(Vala)Vy (Do) e
B4

e, / (mVp (D)2 + alz + B Vi(Dv) 2 + V(Do) P mnala))da
r/4

« 1 — «
<cinf{ S ([ @+ iDop+ Do)+ DT ORI
« 1 — "
<c{ 5 ([ Do +1DUPI )z )+ 1Dl + DU} (429)

which is finite by Theorem 4.1. Therefore,

Va(z)Vy(Dv) € Bf _,,.(B).

Lemma (2.5) yields

a(z)|Dv|? € LT (B), v5<%.

Remark 4.3. Choosing 1 < a s.t. ¢ = estimates (4.25) and (4.28) yield

n— 2#’

/ (7 V(Do) 2 + 7 (V/a(@) V(Do) Pda

B4

a
P

<Clh|*

([, aiper i) ciou? |

2q p,00

E
&

< (1+ |Dv|? + |D¢|2qp)dx> + [D?/)]qu; By + 1}, (4.29)

where 24 = p; > 1,
respectively.

>

= k1 < p1 and (2'1’%”)(1 = q1 < p1, with p and s introduced in (4.21) and (4.26)

5. COMPARISON

In this section we prove a comparison Lemma (see Lem. 5.3), where we estimate the distance between the
solution w to the problem (1.1) and the solution v to the problem (3.2). In order to do so, we first need the
following lemma.

Lemma 5.1. Let F': Q x R" — R be the function defined in (3.1) under Assumption 1.1. Then there exists a
positive constant ¢ = c(r,n,v) such that the following inequality holds for every x € Q and every z1,z2 € R™

c(|Vp(z1) = Vp(z2)[* + a()[Vy(21) = Vi(22)[?)
< F(x,21) — F(x, 20) — (DeF(x, 22), 21 — 22). (5.1)

Proof. We start proving that for every r > 2 there exists a constant ¢ = ¢(r,n) such that

C(Ta n)|vr(zl) - V;"(ZQ)F < gr(zl) - gr(z2) - <D£gr(22)a 21— 22>ﬂ (52)

where we denote g,.(z) :=|z|".
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Let us consider the function G, : [0,1] — R defined by G,.(t) := g,(tz1 + (1 — t)22). Since G, € C%([0,1]), by
using Taylor’s formula with integral remainder, we obtain

Gr(1) = G (0) + GL.(0) + /O (1— $)G"(s)ds. (5.3)

Since

G;(t) <D§gr(t2’1 + (1 — t)ZQ), zZ1 — ZQ>,
G (t) =(Deegr(tz1 + (1 — t)22) (21 — 22), 21 — 22),

from (5.3) we get

gr(zl) - gr(ZQ) - <D5g,«(z2), Z21 — 22>

:/0 (1 = 8)(Deegr(sz1 + (1 — s)22)(21 — 22), 21 — 22)ds
1
>c(r)|z — 22|2/0 (1 —s)|sz1 + (1 — s)z|"2ds. (5.4)

Now, we want to estimate from below [sz1 + (1 — 8)z2|"72. If |21| < |22| and s € [3/4,1], then —1/4 < s—1<0
and

521+ (1= 5)2a] 2 slaal + (s = D=2l > 311l = glea] > (1211 +[ea))
while, if |zo| > |22| and s € [0,1/4], then 3/4 <1 —s <1 and
521+ (1= 8)z2] > —slz1] + (1 = 5)lzal = —leal + Slza] > F(1z1] + |2a]).
Therefore
|sz1 4+ (1 — 8)212|T_2 > 42_T(|21| + |22\)T_2 (5.5)
holds on a suitable subinterval of [0, 1]. Eventually, inserting (5.5) in (5.4) we obtain

gr(21) = gr(22) = (Degr(22), 21 — 22) Ze(r)(|z1] + [22])" 2|21 — 22
>c(r,n)|Vi(21) — Vi(22)]?,

where in the last inequality we used Lemma 2.1.
At this point, using the bound from below on b in Assumption 1.1 and estimate (5.1) we deduce

F(w, 21) — 1:"(x7 22)—<D5ﬁ'(a@,22), 21 — 29)
=b(z0,uB)[gp(21) — gp(22) — (Degp(22), 21 — 22)
+ a(2)(gq(21) — gq(22) — (Degq(22), 21 — 22))]
>c(r,n,v)([Vp(21) = Vp(22)]? + a(@)|Vy(21) = Vo(22)]?).
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Remark 5.2. In the proof of Lemma 5.3 we will take advantage of the higher integrability results established
in Section 3, in particular in the case % <1+
n(2q—p)

Indeed, the assumption Dy € B;qu,oo,loc“_z) and Lemma 2.5 imply that Dy € L»=nCa=p) | for every 0 < p < 7.
Therefore, H(x, Dv) belong to some L™, with m > 1.

Lemma 5.3. Let u be a solution to (1.1) and v € u+ Wy P(B) be the solution to (3.2), under Assumptions 1
and 2, for exponents 2 < p < q verifying

4149
p n
If
D’l/) € B;q—p,oo,loc(Q)7

forO<a<~vy<1, then
/B V(D) = V(Do) + () V(D) — Vy(Dv)|2da
< OR /2 (U (H(. Du)" + (H(z. DY)")d. (5.6)

with o = min{B, m — 1}, where § is the exponent appearing in the Assumption 1.2 and where m is the minimum
of the two higher integrability exponents of Theorems 3.2 and 3.3.

Proof. Assumption 1.1, the definition of F' and the minimality of v imply
/ H(z,Dv)dx < C’/ F(x, Dv)dz < / F(x, Du)dz < C/ H(z, Du)dz, (5.7)
B B B B
on the other hand, Theorem 3.3 yields

/B(H(x, Dv))™dz < /B[(H(x, Du))™ + (H(z, Dy))™]dz, (5.8)
for some m > 1. From inequality (5.1) we get
| 1VD) = Vo DO + a(@)|Vy (D) = V(Do)
< C/B F(x, Du) — F(z, Dv) — (D¢ F(x, Dv), Du — Dv)da,
moreover, recalling inequality (3.3), i.e.
/B(DgH(aU7 Dv), Du — Dv)dz > 0, (5.9)

and that b(xg,up) > v > 0, we deduce

/ IV, (Du) — Vi (D0)[? + a(@)|V,(Du) — V,(Dv)[2dz < C / Pz, Du) — F(z, Dv)da.
B B
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Hence, we can write the previous estimate as follows
| 1VaDu) = V(DO + a(@) Vi (D) = Vy(Do)d
<C /B F(x, Du) — F(z, Dv)ds
_c /B b0, us) H(z, Du) — b(xo, up)H(z, Dv)]dz
:C’/B[b(xo,uB)H(o:,Du) —b(z,up)H (z, Du)|dx
+ C’/B[b(x, up)H (x, Du) — b(x,u)H (z, Du)]dz
+C /B[b(x, u)H (z, Du) — b(x,v)H (x, Dv)]dx
+C /B[b(x, v)H(xz, Dv) — b(x,vp)H (z, Dv)|dz
+C /B[b(x, vp)H (z, Dv) — b(z,up)H (x, Dv)]dx

+ C/B[b(x,uB)H(:r,Dv) — b(zg,up)H (z, Dv)|dz

:C[Il+12+[3+14+15+16]. (510)

We proceed estimating the various pieces arising up from (5.10).
By Assumption 1.2 and estimate (5.7), we get

L+1 < /B wp(|x — 20|)H (z, Du)dz + /Bwb(|x — xo|)H (x, Dv)dz
< /B & — wo|? (H(x, Du) + H(z, Dv))dz
<CR’ /B H(x, Du)dx
<CR? /3[1 + (H(z, Du))™|da. (5.11)
Now, we take care of the integral I5. From Assumption 1.2, Young’s and Poincaré’s inequalities, we infer

I g/ wp(|u —up|)H (x, Du)dx
B

1 .
=/ R wp(|u —up|)R™7 H(x, Du)dx
B 1+0o
)H-iﬂ

1
gc/ enllu — upl) "5 + R (H(z, D)) o de
B

ag 1 (e ag
<CR /BRH‘UW_UB'H + (H(z, Du))* ™7 dz

§C’RG/ |Du|'™ + (H(z, Du))**7dz
B
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SCR”/ (1 + | DulPI*)) 4+ (H(x, Du)) T dx
B

<CR° /B[l + (H(xz, Du))™]dz, (5.12)

where o := min{8,m — 1}.
The minimality of u yields that

I3 < 0. (5.13)

Arguing analogously as for the integral I5, we obtain

Iy g/ wp(lv —vp|)H(xz, Dv)dx
B

<CR° /B sl = sl o (H(z, D)) o
<CR° /B |Dv|* + (H(x, Dv)) todx

<CR° /B [+ (H(z, Dv))™|da

<CR° /B 1+ (H(z, Du))™ + (H(x, Dy))™]dz, (5.14)

where in the last inequality we used (5.8).
Since u = v on 9B, using Poicaré inequality for the function u — v, we infer the following estimate for I5.

I S/ wp(lup —vp|)H(x, Dv)dz
B
- 1 Ito o
<CR /BWWI,UUB—UBD e + (H(z,Du)) " da
o 1 1+o0 1+o
<CR /BWW—M + (H(x, Dv)) Tdz
gCR”/ \Dul™* + [Do['*7 + (H(z, Do)+ de
B
gC’RU/ [l + (H(z, Du))™ + (H(x, Dv))™|dz
B

<CR° /B [+ (H(z, Du))™ + (H(x, Dib))™]dz, (5.15)

where in the inequality we used estimate (5.7). Finally, inserting estimates (5.11)—(5.15) in (5.10), we get the
desired estimate. O

6. MAIN RESULT

In order to prove Theorem 1.3 we follow the strategy first proposed in [26].
Before proving our main result, in Section 6.1, we fix some further notation and derive a preliminary regularity
theorem for solutions to (1.1).
For a ball B € Q of radius R, we will denote by Q1 = Q1(B) and Qy = Qa(B) the largest and the smallest cubes,
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concentric to B and with sides parallel to the coordinate axes, contained in B and containing B respectively. It
is easy to verify that |B| ~ |Q;1| = |Q2| ~ R™. We also denote the enlarged ball by B = 483. We set

Q1= Qi(B) Q= (B)
so that we have the following chain of inclusions
Q,cBe2Be Q(B)cBc s
In what follows, we shall always take B such that Qy(B) € €.

Our next result shows that a fractional differentiability property on the gradient of the obstacle transfers to
a higher fractional differentiability for the gradient of the minimizer.

Theorem 6.1. Let u be a solution to (1.1) under Assumptions 1 and 2, for exponents2 <p < 2, p < q verifying

<1+

hSAES

(0%
n

Then the following implication

Dy € B} (Q) = V,(Du), /a(x)V,(Du) € BJ=_, ()

2q—p,00,loc 2,00,loc

holds provided 0 < a < v < 1, with 0, = 04(p,q,n,a, B, m), where B is the exponent appearing in the
Assumption 1.2 and where m is the minimum of the two higher integrability exponents of Theorems 3.2 and 3.5.

Proof. Let us fix arbitrary open subsets ' € Q7 € Q and choose xg € Q. We recall the definition of p; from
(4.29). Let 6 € (0

on the dimension n, the parameter § and the distance between Q" and the boundary of Q" such that Q, € .
Furthermore, let v € u 4+ W, ?(B) be the solution to (3.2) with B = B.
We estimate the difference quotient for V,(Du) and /a(z)V,(Du) as follows

[ D + fr(al@)Vi(Dw) s
= [ 1Vo(Dute + 1) = V(D) P
+/ IVa(z + h)Vy(Du(x + h)) — /a(z)V,(Du(x))|*dz

<C/ [V, (Du(z + h)) — V,(Dv(z + h))|*dx

s 287 ) be chosen later and consider the ball B = B(xg, |h|?) with |h| sufficiently small, depending

+C [ W(Do(e + 1) = Vy(D(o)) P

+C [ 1V(Du(a) = Vy(Dufa) Paz

+C [ 1Vale = WVy(Du(e -+ ) = Vala = 1)V (Dela + W) Pda

+C [ |Vala = RV, (Dula + 1) = V/ale)Vi(Do(a) Pa

+C/|Fv Du(z)) — v/a(z)Vy(Du(x))|*dz. (6.1)



HIGHER DIFFERENTIABILITY RESULTS IN THE SCALE OF BESOV SPACES

Notice that if 2 € B, then 2 + h € B, for |h| < 1. Thus, we get
/B IV, (Du(z + b)) — Vy(Do(x + h))Pda
+ [ Vale+ RV (Duta + 1) = Vale + BV, (Due + 1) P
< [ 1V(Dw) = V(Do) + a(w)] V(D) = Vi(Dv) P
Inserting inequality (6.2) in (6.1), we obtain
[ P DwP + In(alaVy (D) P
<C [ WD) = V(DO + a(@)] V(D) = V(Do) e

+C /3 V(D)2 + [ (v/a(@)Vy(Dv)) Pda
=:J1 + Jo.

From estimate (5.6) applied over the ball B, we infer

Jp < C|h"5/Q (1+ (H(z, Du))™ + (H(z, D1))™)dz,

29

(6.3)

(6.4)

where we used that the radius of B is proportional to |h|?. Now estimate (4.29) (see Rem. 4.3) applied over the

ball B yields

q—p,

K1
g2 < e ([ 14 Do 4 DU DU,
8 _
recalling that the radius of B is |h|°. Inserting (6.4) and (6.5) in (6.3), we get

/B V(D)2 + [71(/a(@)Vy(Du)) Pda

<Clh|* / (1+ (H(z, Du))™ + (H(x, Dis))™)dz

2

K1
+C|h|“‘25p1(/l§(1+|Dv|p+Dw|2q‘p)dx) +CIPI DYl g + ClRL

<C|h|°? / (1 + (H(z, Du))™ + (H(z, Dp))™)dx
Qs
o ([ s o) s chDay, o)

+ C|p|o-26m (/ Dw|2qux) +Clh,
Qo

«

(6.5)

(6.6)
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where in the last inequality we used (5.7).

Now we choose § in order to minimize the right hand side of the previous estimate. It is easy to check that
the best possible estimate is given by the choice

(0% «
(S: = E 0,7,‘, .
o+ 2p ( 2p1>

With such a choice of § estimate (6.6) becomes

/B V(D) ? + [74(/a(2) V(D)) Pl
scmp%{/@ (1+ (H(z, Du))™ + (H(z, DY)z + [D¥l s, +1} } (6.7)

where ko 1= Kka(n,p, q, 1), for some p < a.

At this point, arguing as in Lemma 4.5 of [26], a covering argument allows us to replace the cubes Q; and
Q, with the fixed open subsets ' and €, respectively. Indeed for each |h| € R™ sufficiently small we can find
balls By = By(z1, |h]?),...,Bx = Bx(zk, |h|?), being K = K(h) € N, such that the corresponding inner cubes
Q1(B1),...,91(Bk) are disjoint and satisfy

K
O\ J Qi(Bi)| =0.

k=1

By our assumption we have that QQ(Bk) c Q, for every k < K and each of the dilated outer cubes Qs (Bk)
intersects at most (16y/n) of the other cubes Qa(B;), with j # k. Hence, after summing up (6.7) over the inner
cubes Q; € {Q1(B1),..., Q1(Bk)}, and enlarging the constant by a fixed factor only depending on n and p (in
particular independent of h), we arrive at

[ 1 VD + [ (ValVy (D) P
§C|h|w+“é’m{/”(1 + (H(z, Du))™ + (H(x, D¥))™)dz + [ Dl g (o + 1} b (6.8)

Since the right hand side of the previous estimate is finite by our assumptions, it follows by arbitrariness of
Q' that

Vp(Du), /a(x)Vy(Du) € By ™" () locally.
Setting

oo
"~ 2(0+2p1)’

it follows the conclusion. O
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6.1. Proof of Theorem 1.3

We are now able to give the proof of the main result of this work.

Let us consider the function

B ao o+ 2p — \/(0—1—2]'51)2 —drjac
At) = PG D o]’ Vvt € (0, e =: (0,5), (6.10)

where p1, k1 are defined in (4.29), o is defined in Lemma 5.3 and « is the exponent appearing in Assumption 1.
It is easy to see that ¢ — A(t) is increasing and that

t<A(t) <o, (6.11)
A(G) =o. (6.12)
It is worth noticing that
oo
5 (6.13)

where o, was introduced in (6.9). Indeed, owing to (6.9), the first part of inequality (6.13) holds if, and only if,

(o +2p1)V/ (0 +2p1)? — k100 < (0 +2p1)? — 2k100.
The last inequality is satisfied if, and only if,
(0 +2p1)* — dario(o +2p1)? < (0 +2p1)* + 4ria’0? — dkiao(o + 2p1)?,
that is equivalent to
0 < 4k30’0?.

On the other hand, the second part of inequality (6.13) is valid if, and only if,

p1(o+2p1) — 2100 < Py \/(a +2p1)? — 4dk1a0,
or, equivalently,
(0 4 2p1)% + 4r2020® — Ap1kiao(o + 2p1) < pi(o + 2p1)? — 4prkiao.
The previous inequality can be written as

~ ~2
Kiao —pio < py,

that holds true since 1 < k1 < p1 and o, 0 € (0,1).
Let us now fix

(670
Ope |0, ———
0 ( 2<a+2p1>>
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and denote

9]‘ = A(Hj,l), VieN, j>1.
Hence, the sequence (6;); is increasing and

limb; = é. (6.14)
J

Now we define the sequence (¢;); inductively as follows:

, —@—F ao < oo

72 V4o +2p1) 200 +2p1)
0+ A1)

L]‘ —f

Using the fact that A is increasing and (6.11), (6.12), we obtain
0; < <0, Vj eN, (6.15)
and therefore, from (6.14), it follows that
li;n Ly =0. (6.16)
Arguing by induction, we shall prove that
Du), \/a(x)Vy(Du) € By 1,.(Q) Vj€eN.
The case j = 0 follows from Theorem 6.1 and our choice of ¢y. Now, let us prove the implication

u), va(z)Vy(Du) EB;";OI)IOC(Q ) = Vp(Du), va(z)Vy(Du) 63200106((2) (6.17)

By virtue of Lemma 2.5, the assumptions V,,(Du), \/a(x)V,(Du) € By ,,.(Q) imply

2,00,loc
Du), \/a(x)Vy(Du) € L7 (Qy),
for every 0 < A < ¢j_1 and so, recalling equality (2.1), we have that
|Dul?, a(z)|Dul? € L7 (Qs).
In particular, it follows
H(z, Du) € L7 (Qs),

for every 0 < A < ¢j_1. Moreover, the assumption Dy € B
n(2q—p)

Ln==(a-p) (Qg) for every 0 < m < . Therefore, using Hélder’s inequality in estimate (6.6) we infer

/B V(D) + [rs(/a(@)Vy(Du)) P

29— p.oo, 1oc(£2) and Lemma 2.5 imply that Dy €
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<C|h|"5/Q (1+ (H(z, Du))™ + (H(x, Dib))™)dz
(n—22)my

o ([ e @ooya) T openil o)
QQ 2q p,00 2

(n—m(29—p))ry

+ O[5+ a—p)imir (/ |D¢|%dx) Rl
Qo2

<CJh|7 / (1+ (H(z, Du))™ + (H(z, D))™)dz

(n—2X\)rq
n

+C|h|a‘2‘551+25“1*(/ (1+H(x7Du))nn2kd:c) + C|n|* (D], o
Qz 2q7p,oo( 2)

(n=m(2g—p))ry

n(2g-p) ™
nqumdx) +Clh|*, (6.18)

+ CIh'a—26;51+26m)\ (/A |Dw
Qo

for some 7w > %, where we used the fact that the radius of the cube Qs is proportional to |h|°. Therefore,
choosing ¢ in order to maximize the right hand side of (6.18), namely

- «
o+ 2(}51 — kl)\),

we have
/B V(D)2 + [71(/a(@)Vy(Du)) Pda

<C|h TG R {/ (1+ (H(xz, Du))™ + (H(x, Dv¥))™)dx

*

+/Q (1+ H(x, Du))"2dz + HDi/’HB;q,p,oc(Qa) + 1} , (6.19)
2
where k* := k*(n,p, ¢, u, \). Thus, again through a covering argument, we deduce that

. \a(@)V,(Du) € BIZ T (0) = BAN) () A <.

2,00,loc 2,00,loc

We have just proved the following implication

Du), va(z)V,(Du) € B;{;JOC(Q = Vo (Du), Va(z)Ve(Du) € Bj o, 15.(2), (6.20)
for all t < A(j-1).

Since A is increasing, it follows from (6.15) that 6; < A(¢;—1). Moreover, the definition of ¢; implies ¢; <
A(tj—1). Therefore, (6.17) follows from (6.20). Besides, from (6.15) and (6.16), we infer

Du), /a{@)Vy(Du) € By . 10c(2), Ve € (0,5).

It is worth noting that the exponent & defined in (6.10) is bigger than o,. Therefore, Theorem 1.3 improves
the higher fractional differentiability result established in Theorem 6.1.
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