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FREE BOUNDARY MONGE-AMPERE EQUATIONS

MARC SEDJRO"

Abstract. In this paper, we consider a class of Monge-Ampere equations in a free boundary domain
of R? where the value of the unknown function is prescribed on the free boundary. From a variational
point of view, these equations describe an optimal transport problem from an a priori undetermined
source domain to a prescribed target domain. We prove the existence and uniqueness of a variational
solution to these Monge-Ampere equations under a singularity condition on the density function on
the source domain. Furthermore, we provide regularity results under some conditions on the prescribed
domain.

Mathematics Subject Classification. 49, 35

Received June 24, 2021. Accepted July 4, 2022.

1. INTRODUCTION

Let Q be a bounded subset of R? and A = [0,1] x [0,1). Let P : R* — R U {+o00} and b : [0,1] — [0,1).
We consider the following Monge-Ampeére equations where the unknown (P, b) is such that P is convex and
(P, b) satisfies

o(VP)det(V?P)=FE
VP(Ap) = (1.1)
P(b(z),z) = f(b(2),z) on {b>0}.

Here, 0, E and f are prescribed. The function E : A — R is positive and ¢ : R2 — R non negative such that
o vanishes outside Q. In addition, ¢ and E satisfy the compatibility condition

/ o(y)dy = E(z)dz (1.2)
Q Ab

with Ay, a subset of A, defined by

Ab = {JZ = (331,]32) 0< < b(l‘g),l‘g S [O, 1]}
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2 M. SEDJRO

Monge-Ampere equations of the type (1.1) include equations that arise in the study of axisymmetric flows
[5, 13]. These flows appear in Meteorology and model the dynamics of tropical cyclones [4, 6, 9]. In the context
of axisymmetric flows, P represents the pressure of the flow in a set of transformed variables while b determines
the free boundary domain in which the system is considered. Typically, f(z1,22) =~ 1/(1 — 1) describes the
density of the fluid in a set of transformed variables and E = f2.

The compatibility condition (1.2) allows for a simple interpretation of (1.1) in the context of the theory of
optimal transport. Indeed, Brenier has developed a framework where weak solutions for such Monge-Ampere
equations with a second boundary condition are studied. In that framework, the system of equations (1.1)
expresses the fact that the map VP transports the density function Ex,, onto o, and P is prescribed on the
a priori undetermined boundary given by the graph of b.

A simple case of the problem in (1.1) is considered in [12]. There, f and E = f?, while defined on R?, depends
only on their second variable with a singularity point. Under the assumption that f is smooth and one-sided
Lipschitz continuous, the existence of a weak solution to (1.1) was obtained.

The system (1.1) shares some similarity with the Monge-Ampere double obstacle problems considered by
L. Caffarelli and R. McCann in [3] in that the free boundary domains are in fact determined by the potential
P. However, the two problems appear not to be of the same class. In [3], the obstacles are set on both the
source and target domains. Moreover, the densities functions both on the source domain and target domain are
assumed to be in L!(R?). The Monge-Ampere double obstacle problem has been shown to be intimately linked
to the partial optimal transfer problem. Here, the problem considered is different. While the target domain is
fixed with a density function in L*(R?), the density function on the a priori undetermined source domain is not
a L'(R?) function.

To obtain a solution to (1.1), we consider the following variational problem:

jz/?

5 E(x)dz, (1.3)

where %, is the set of Borel functions b : [0,1] — [0,1) such that (1.2) holds. We impose, among other things,
the following key singularity condition on F:

1

inf E(xl,xg) dz1 = +o0. (1.4)
x2€[0,1]

In the context of tropical cyclones, (1.4), written in an appropriate coordinates system, indicates that at each
height level, the total mass of air is infinite. Moreover, the smoothness of E as later assumed in the paper, arises
from the smoothness of the coordinates system (see [5]).

In (1.3), we assume that the function f satisfies the following estimate:

E%(x1,x2) < f(z1,22) < aE*(x1,22) + B(21) 0<a<l, a>1 (1.5)

for all (z1,22) € A with B € C*([0,1]). Under conditions (1.4) and (1.5), we show that (1.3) has a dual
formulation given by

b(LQ)
sup —/ U (y)o( dy+1nf/ / f(z1,22) — P(21,22)) E(z1, x2)dz1d2s (1.6)
(Pw)ey  JRr2 beB
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where V consists of (P, ¥) € C(R?) x C(2) such that P(z) + ¥(y) > (z,y) for all z € A and y € Q. In fact, the
set of admissible functions in (1.6) can be reduced to Vy consisting of (P, ¥) such that

P(z) = sup(z,y) — U(y) for all z € R? and U(y) = sup{x,y) — P(x) for all y € O (1.7)
yeN z€EA

In this work, we show that if by solves the variational problem (1.3), and (P, ¥¢) satisfies (1.7) and solves
the variational problem (1.6), then (Fy,bo) solves (1.1) in a weak sense, that is, VP pushes-forward Exa,,
onto o and P(bg(z2),x2) = f(bo(xs), z2) whenever bg(zs) > 0.

We point out that the condition (1.4) is used to guarantee the existence of the minimizer by. However, the
uniqueness of the minimizer by is crucial to determine the free boundary of Ap,. For this purpose, we impose
a Lipschitz bound on f on a subset of A and require that

spt(o) C [0, R1] X [Ro, R1] with Ry large enough (1.8)
and that F and f satisfy the following estimates
0 < 0, E(x1,20) < ko B ™% (1, 29), 0<axl (1.9)
and
0 < 0y, flzr,22) < k1 (1.10)

for some 0 < kg < 1/R;. We point out that in the theory of optimal transport, in general, regularity is not
assumed on the transported density in order to ensure existence of an optimal map. Here, due to the presence
of a free boundary, stronger conditions appear to be in order. The conditions (1.4) (1.8), (1.9) and (1.10) ensure
existence and uniqueness of the weak solution in (1.1). Furthermore, we investigate the regularity of the weak
solution to (1.1) in the sense of Brenier. Exploiting bounds on ¢ and its support, we show that the boundary of
the domain Ay, is piecewise Lipschitz continuous and obtain better regularity for P, thanks to standard results
established by Caffarelli [2] and more recently by Figalli (7, 8].

This work is organized in the following way: In Section 2, we introduce notation, definitions and some standard
results. In Section 3, we study the variational problem (1.6) by focusing on the second term in the functional
involved. In Section 4, we establish and exploit the duality between (1.3) and (1.6) to obtain the existence of a
unique minimizer in (1.3) and a unique maximizer in (1.6). Lastly, in Section 5, we show that the Monge-Ampere
equation has a solution and that the regularity theories developed by Caffarelli and Figalli apply.

2. NOTATION AND PRELIMINARIES

Throughout the paper, we use the following notation for z, y € R?:

= (21,22) and y = (y1,v2)-

For A C R?, we denote respectively by A and A the closure and the interior of A in R
b~ b))

x,yEA X—-Yy
e | |

If h: AC R?+— R is a Lipschitz continuous, then Lip(h) = denotes the Lipschitz

constant of h on A.
If A is a convex subset of R% and h : A — R is convex, then the subdifferential of h at o € A is given by

Oh(xg) = {y e RY: h(z) — h(zg) > (y,x — xo) for all z € A} .
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Given two Borel measures po and g1 of the same finite mass and a Borel function T : R — R?, we say that
T pushes pg onto pq if

p1(A) = po(T~1(A))

for any Borel set A C R? and we write T#po = pt1.

Given two measures fig and u in the space of Borel measures with fixed total mass, we denote by .7 (ug, 1)
the set of all Borel measures v on the product space R? x R? such that jg = m°#~ and pu; = 7' #v where 7°
and 7! denote respectively the first and second projection on R? x R¢.

Assume, in addition, that uo and pq have finite second moments. Then, the (2-th) Wasserstein distance
between measures g and pp is defined by

W3 (1o, p11) :inf{/ |z —y[Pdy:v € 9(,u0,u1)}. (2.1)
R? x R4

See [1, 14]. The infimum in (2.1) is attained and the set of minimizers in (2.1) is denoted by Fp (o, p1)-
Throughout this article, we assume that 2 is an open bounded subset of Ry x R and we set

A =1[0,1] x [0,1).

We denote by 2 the set of Borel functions b : [0,1] — [0,1) such that the graph of b is contained in A. To
any b € 4, we associate the set Ay, defined by

Ap = {(2z1,22) € A: 0 < 21 < b(x2), 22 €[0,1]}. (2.2)

If b € £ is a constant function with value by, then we write for simplicity Ay, for Ap.
We consider the following Monge-Ampeére equations

o(VP)det(V2P)=E  on Ay
VP(Ap) = Q (2.3)
P(b(zz),72) = f(b(zz2),72) on {b>0}

where o and E satisfy the compatibility condition
/a(y)dy = E(z)dx. (2.4)
Q Ay

We denote by % the set of b € £ for which (2.4) holds. We say that (P, b) is a weak solution to (2.3) in the
sense of Brenier if P is convex and

VP#Exp, =0
(2.5)
P(b(2),2) = f(b(:),2) on {b>0}.
We consider the functional
‘W20, E )2—|—/ f(z1,22) i+ E(z1, x9)dz1dx b € %
1 o _ 1T
F(b) = 2 ) X Ap A 1,22 B) 1, L2 1dx2 0 (2.6)
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where %, is the set of b € & such that Ex,, is a density of probability. To formulate a dual problem as
described in (1.6), we consider the functional

9(P,¥) = - / W(y)o(y)dy + inf / Hi(b(a2), 22)des (2.7)

R2

with Jp is defined by

b
c%/p(b, 1‘2) = A [f(l‘l,l‘g) — P(.Z’l,xg)] E(xl,xQ)dzl

for 0 <b < 1 and 0 < x5 < 1. The functional ¢ is defined on the set V consisting of (P, ¥) such that P(x) +
U(y) > (z,y) for all z € A and y € Q.

Assumptions:
Throughout this work, we assume that

QC [O,Rl] X [R(),Rﬂ (28)

for some 0 < Ry < R;. We make the following assumptions on F and f:
(al) E > 1 and satisfies the following singularity condition:

1
inf / E(x1,x9) dzq = +00. (2.9)
IzE[O,l] 0

(a2) a, a are fixed constants such that 0 < o < 1 and a > 1. We require that f € C1(A) Lipschitz on sets A,
for b € (0,1) and satisfies the estimate

E%(x1,22) < f(x1,22) < aE%(x1,22) + B(21) (2.10)

for all (x1,22) € A and B € C'([0,1]).
(a8) E and f are C*(A) N C(Ay) for any b € (0,1) and satisfies the following estimates

0 S 812E(1'1,£C2) S koEl_a(l'l,[L'g) (211)
and
0 < 0, fz1,22) < 1 (2.12)

for some 0 < kg <1/Ry, k1 >1land 0 < a < 1.

3. THE STUDY OF THE DUAL PROBLEM

In this section, we consider the functional defined in (2.7) and show the existence of a maximizer. We first
focus our attention on the second term of (2.7) and exploit (2.9) to obtain the existence of minimizer.
For any P : R? — R, we define

P*(y) = sug(sc, y) — P(xz) ye. (3.1)
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In a similar way, for any ¥ : Q@ — R, we define

U*(z) = Sug(x,y) —U(y) zeRL (3.2)

We recall that V consists of (P, ¥) such that
P(x) +¥(y) > (z,y) for all z € A and y € Q.
We denote by V, the set of functions (P, ¥) such that
P=3Y"on A ¥ = P*on .

3.1. Compactness of super level sets of ¥4

Here, we begin with establishing some useful estimates on the elements of Vy. The first lemma is
straightforward.

Lemma 3.1. Let (P, V) € V such that P = U*. Then, the following holds:
(i) P is convex and Lipschitz continuous such that OP(x) C conu(QY) for all x € A. Moreover,

—2R; < P(z) — P(0,0) < 2R, z €A (3.3)

(ii) Assume that U = P*. Then, ¥ is convez and Lipschitz continuous such that O¥(y) C conv(A) for y € Q.
Moreover,

— 2R, — P(0,0) < U(y) < 4R, — P(0,0)  y €. (3.4)

Proof. We note that P = ¥* implies that P is convex as supremum of a collection of linear functions with
gradients in Q and that OP(z) C conv(Q) for all © € A. Let x,Z € A and yo € 9P (z). Then, yo € conv(f2) such
that P(z) 4+ ¥ (yo) = (x, yo). We note that P(Z) > (Z,yo) — U(yo). It follows that

P(z) = P(z) < (yo,z — 7) < |yolle — 7| < V2Ru|x — 7). (3.5)
By exchanging x and Z in (3.5), we obtain that
|P(x) — P(Z)| < V2R:|x — 7. (3.6)

As x and T are arbitrary in A, (3.6) implies that P in Lipschitz continuous. Setting Z = 0 in (3.6) and taking
into account that |z| < /2 for all x € A, we obtain (3.3).

A similar reasoning as above leads to the fact that ¥ is convex Lipschitz continuous and that dW¥(y) C A for
y € Q. Let y € Q. There exists 2o € A such that ¥(y) = (zo,y) — P(zo). We note that

0 < (z0,y) < |zolly] < V2(V2R1) = 2R;. (3.7)

We combine (3.3) and (3.7) to obtain (3.4). O
The following lemma establishes the compactness of certain super level sets of &4 on V. We first observe that
b

b
/ E(xl,wg)d$1 2 inf E(l’l,i'g)dxl, (38)
0 z2€[0,1] Jo
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for all b € [0,1) and z2 € [0,1]. It follows that

b b
/ / E(x1,x9)dzdas > / inf E(xl,acg)dmldxg inf E(xl,xg)dxl (3.9)
0 T2€[0,1] 72€[0,1]

for all b € [0,1). In light of the condition (2.9), we choose in the sequel a constant by such that 0 < by < 1 and

1 bo
/ / E(Z1,$2)d$1d$2 > 2. (310)
0 0

Lemma 3.2. Let Cy > 0. There exist Ao, By > 0 such that for (P,¥) € Vy and —Cy < 4 (P, V) we have that
P and V¥ are convexr Lipschitz continuous with

Lip(P) < By, Lip(¥) < By (3.11)
P(0,0) < Ag, —Cp—4Ry < P(x) < Ap+2R, forallx € A (3.12)

and
— Ao —2R; <Y(y) <Cyo+6R; for all y € Q. (3.13)

Consequently, the set of (P, W) € Vo with —Cy < 9 (P, V) is compact with respect to the uniform topology on
C(A) x C(Q).

Proof. Let (P, V) € V. Set By = max(R;,v/2). By Lemma 3.1, P and ¥ are convex Lipschitz continuous with
OP(z) C conv(Q2) for all x € A and 0¥ (y) C conv(A) for all y € Q. It follows that (3.11) holds. We note that

1 ,b(z2
ut [ (@)~ P@) B < [ [ Gm - penm) Bainds (1)

beB

for all b € B. For (P, V) € V, such that —Cy < G(P, ¥), we have

—Cy < _/ U(y)o( dy—|—t1)2£3/ / f(@1, @) — P(z1,22)) E(z1, x2)dz1dws. (3.15)
R2
It follows that
1 b
—Cp < —/ \Il(y)o(y)dy+/ / (f(z1, m2) — P(1,22)) E(x1, x2)dzdws (3.16)
R2 0o Jo

for all constant functions b = b with 0 < b < 1. Setting b = 0 and using (3.4) we obtain that
—Cyo <2Ry + P(0,0) (317)

Using (3.4) again, together with (3.3), the equation (3.16) implies

1
- Co S 2R1 + P(0,0) +/ / (f(l‘l, SCQ) + 2R1 - P(0,0)) E(Il,mg)dxldl‘g. (318)
0



8 M. SEDJRO

For any w € L2 (A) and 0 < b < 1 we set

loc

1 b
R(u,b):/o /0 u(zy, x2)E(x1, z2)drdes. (3.19)

Clearly, if u > 0, then R(u,b) > 0. We rewrite (3.18) as

—Coy < 2Ry + P(0,0) + R(f,b) + (2R, — P(0,0)) R(1,b) (3.20)
By (3.10),
R(1,bg) > 2. (3.21)
Setting
it follows that Ap > 0 and
P(0,0) < A,. (3.23)

The equations (3.17) and (3.23) combined with (3.3) yields (3.12) while (3.17) and (3.23) together with (3.4)
yields (3.13).

In light of (3.11)-(3.13), we use the Arzela Ascoli theorem to conclude that the set of (P, ¥) € V, with
—Cy < ¥(P,¥) is compact with respect to the uniform topology on C(A) x C(Q). O
3.2. Existence and uniqueness of a minimizer for the J#p problem
Lemma 3.3. Assume (al) and (a2) hold. Let A > 0. Assume P is continuous such that P(0,0) +2R; > P(x)
for x € A. Then, there ezists a positive &g = Eo(P) < 1 such that

{p (-, 22) <0} C [0,&0] (3.24)
for any xo € [0,1]. If, in addition, P(0,0) < A, then there exists eg = £0(A) < 1 such that
{p (-, 22) <0} C [0,20] (3.25)

for any x € [0,1].

Remark 3.4. We recall that a sufficient condition for a convex Lipschitz function P to satisfy the inequality
P(0,0) + 2Ry > P(z) is given by 0P(z) C conu(QY) for all x € A. If (P, ¥) € Vy, then, by Lemma 3.1, P(0,0) +
2R; > P(z) for all z € A.

Proof. Let x4 € [0,1]. We note that

b b
</“i/p(b, .IQ) :/ f(a:l,xg)E(xl,xg)dxl —/ P(xl,l‘g)E(xl,Jfg)dl‘l
0 0 (3.26)

b b
Z/ Ea+1(131,.$2) dIl - (P(O, 0) + 2R1)/ E(.’,Ehl‘g) dSCl
0 0
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for all 0 < b < 1. We have used (2.10) to obtain the second equation in (3.26). Using the Jensen inequality, we
have that

a+1
1 b b
Hp(b, ) > o </ E(l‘hl?)dlj) — (P(0,0) + 2R1)/ E(z1,22) dzy
0 0

> </bE(a:1,x2) da:1> [(/bE(xl,@)dm) —(P(0,0) + 2R,)
0 0

(3.27)
b b «
> < inf / E(Il,i‘g) d$1> ( inf / E(Z‘l,l‘g)d$1> — (P(0,0) + 2R1)
izG[O,l] 0 fge[(),l] 0
:=F (b, P(0,0))
where
b b *
F(b,q) = < inf / E(x1,%2) dz1> ( inf / E(zl,ig)dm) —(q+2Ry)
#2€[0,1] Jo z2€[0,1] Jg
It follows that
{0<b<1:4p(ba)<0}Cc{0<b<1:F(bP(0,0))<0}. (3.28)
In light of (2.9), we choose by such that 0 < by < 1 and
bo
inf / E(x1,x9) dzqy > B (3.29)
z2€[0,1] /o
where
B (P(0,0) +2Ry)Y® if P(0,0) +2R; >0
B if  P(0,0)+2R; < 0.
It follows that
F (bo, P(0,0)) > 0.
Thus,
{0<b<1:F(b P(0,0) <0} C {0 <b<1:F(b, P0,0)<F (bO,P(O7O))} . (3.30)

As F(-,P(0,0)) is monotone increasing, (3.28) and (3.30) implies that (3.24) holds for the choice

g0 = by < 1. (3.31)
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Assume that P(0,0) < A. As F(b,-) is monotone decreasing, for 0 < b < 1 such that 0 > Zp(b, z2), we use
(3.27) to get

0> #p(b,xe) > F (b, P(0,0)) > F (b, A). (3.32)
We further choose by such that
bo
inf E(xy,29) dzy > (A4 2Ry)Ye. (3.33)
%26[0,1] 0

It follows that F'(bg, A) > 0 and that

{0<b<1:Hp(bx) <0} Cc{0<b<1:F(bA) < F(by,A)}. (3.34)
Again, as F(-, A) is monotone increasing, (3.34) implies that (3.25) holds for the choice
Eo:=bg < 1.
O

Proposition 3.5. Assume (al) and (a2) hold. Let A > 0. There exists a positive g = eo(A) < 1 such that for
any P convex Lipschitz such that OP(x) C conv(Q) with P(0,0) < A and any z2 € [0, 1], there exists b* € [0, &)
satisfying

Hp(b*,x9) < Hp(b, ) for allb €[0,1). (3.35)

If b* > 0, then
P(b",z2) = f(0", 22). (3.36)
Let {P,},°, be convex and uniformly Lipschitz such that OP,(x) C conv(Q) with P,(0,0) < A for alln >1

such that {P,},~_, converges uniformly on compact subsets of A to Py. Then there exists ho = ho(go) > 0 such
that

|#p, (b, 22)] < ho (3.37)

for all b € [0,e0] and x5 € [0,1] and n > 0. Moreover, if {b5},~, and {z3} 2, are non negative sequences
respectively of [0,e0] and [0,1] such that b}, satisfies (3.35) when P is replaced by P, and x4 is replaced by x4,
and {b%}>7 | converges to by* and {z"})_ | converges to x93, then

lim #p, (b5, 25) = Hp, (b*, x9) (3.38)

n—oo

and by* satisfies (3.35) when P is replaced by Py and x5 is replaced by x3. Furthermore, fix a* € [0,¢]. The set
of o € [0,1] such that (3.35) holds, when b* is replaced by a*, is compact.

Proof. (i) Let x5 € [0, 1]. Note that #p(0,z2) = 0. As P is Lipschitz #p is continuous. It follows that the set
Ko, = {p(-,x2) < Hp(0,22)} is closed. We next choose g9 > 0 as in Lemma 3.3. Then, K, C [0,0] so that
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K,, is compact. As J#p(-, z2) is continuous on K,,, Zp (-, x2) has a minimizer b* satisfying (3.35). If b* > 0,
then JZp (-, x2) is differentiable at b* and

Do Hp (b, w2) = (F(b",w2) — P(b", 22)) E(b", 2) = 0.

As E >0 on A.,, the last displayed equation yields (3.36). We consider now the sequence {P,} ;. One may
further choose €y independent of n in light of remark 3.4. We note that as {P,} -, converges uniformly on A,
we have || P, || (a,,) < €o, for some constant eg > 0. Furthermore, one may assume that

| (f(z1,22) = Palwr,22)) E(x1, 22)| < [ f (21, 20) E(x1, 29)| + | Po (21, 29) E(21, 22)]

<alBISty )+ Bl Bl + el Eliegay) (339
=my
for all z € A,. Thus,
€0
| Hp, (b, 22)| < / | (F(@1, ) — Pal(1, @2)) Eer, 22)ldas < como (3.40)
0

for any b € [0, 0] and x5 € [0, 1], which proves (3.37). Next, we observe that

by
| P, (b, %) = Hp, (b, a3)| < / |f (21, 23) = P21, 23)|[E(21, 25)dws | < molb;, — bp7|- (3.41)

*

As {b%}.°, converges to bi*, we use (3.41) have

limsup‘%pn(bz,xg) — Jp, (by" ,xz)‘ 0. (3.42)

n—oo

Using the continuity of E, f and P, and the Lebesgue dominated convergence theorem we also observe that

by*
hﬁ\m Hp, (b5 xy) = llm (f(z1,28) — Po(z1,2%)) E(zq, 2% )day
n oo n oo 0
o [ 0 0 0 (3.43)
= lim (f($17952) _Pn($1,$2)> E(z1,z5)dz
n— oo 0
= hﬁm Hp, by, 29) < oc.
In view of (3.43),
lim sup|#p, (by*, x5) — #p, (b§* 71'2)‘ 0. (3.44)
n—oQ

In light of (3.42) and (3.44), to obtain (3.38), it suffices to show that

hmsup’%p (by*, ) — Hp, (by* ,xQ)‘ =0. (3.45)

n— 00
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We obtain the following estimate

by*
A, (657 ) = Ao 057 x| =| [ (Palor,a) = Polon,a8)) (o )
0

€0
</
0

< 5O||E||L°°(AEO) Slip |Pn($) - P0($)| .

TCEAe,

(3.46)

Pn(sr:l,xg) — Py(x1, mg)‘ E(mhxg)dxl

The equation (3.46) yields the desired result. Let {23} 2, C [0,1] such that a* satisfies
Hp(a*,xh) < Hp(b,xy) for all b € [0, 1).

Assume that {25} | converges z3. As Jp is continuous, we obtain in the limit

Hp(a*,x3) < Hp(b,x3) for all b € [0, 1).

It follows that the set of z3 € [0,1] such that (3.35) holds, when b* is replaced by a*, is a closed subset of [0, 1]
and thus compact.

Proposition 3.6. Assume that (al), (a2) and (a3) hold. Set d = a + ||B|loo- Let Cop >0, A >0 and 6 > 0.
Let g :=e0(A) < 1 as provided in Lemma 3.3. Assume in addition that

d+ Cy
Ry

— Ro+ ki + +4<0. (3.47)

Let P convex Lipschitz such that P(0,0) < A and P(x) > —Co — 4Ry — 0. Assume OP(x) C conv(S2) for all
z € A. Let xo,To € [0,1], b*,b* € [0,&0] such that

Jp (b, x2) < Hp(b, x2) for allb e [0,1) (3.48)

and

Hp(b*,T9) < Hp(b,Ta) for allb €[0,1). (3.49)
For 6 = 0 or sufficiently small, the following holds: if x5 < Ty, then b* < b*.
Proof. We note that J#p (-, z3) differentiable on (0,1) and

%(b,xg) = (f(b,x2) — P(b,x2))E(b, z2) (3.50)

for b € (0,1) and x2 € [0,1]. The Lipschitz condition on P ensures that .#p has a mixed partial derivative
almost everywhere and

?Ap

W(b’ x2) = (=04, P)E(b,22) + (04, f(b,22))E(b, x2) + (f(b,22) — P(b,22))0s, E (3.51)
T2
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for a.e. (b,x2) € Ac,. As OP(x) C conv(Q) for all © € A, we have that 9,, P > Ry a.e. This, together with (2.11)
and P(z) > —Cy — 4Ry — 0, implies that

O?Ap
3b8w2

(b, 1‘2) < —R()E(b, .TQ) + k‘lE(b, xg) + k:o(an‘(b, l‘g) + B(xl) +Co+4R; + (S)El_a(b, 1‘2) (352)

a.e. on A.,. In view of the conditions F > 1 and 0 < a < 1, (3.52) implies that

O?Hp
81)31’2

(b, 3?2) < —R()E(b, 162) + klE(b, .%'2) + kan(b, 33‘2) + kO(HBHoo + Co + 4R + 6)E(b, LUQ). (353)

As 0 < ko < 1/Ry, we obtain that

0’ Hp

1
m(mth) < <_RO + k1 + E(d+ Co+4R1 + 5)) E(x17x2). (354)

For 6 = 0 or sufficiently small, we note that the condition (3.47) guarantees that

0’ Hp

e <0. .
81}16:62 ($1, 1'2) <~ 0 (3 55)

Let @2, %9 € [0, 1], b*,b* € [0, 0] such that (3.48) and (3.49) hold. As P is Lipschitz, we have

z b* a2

_ _ 2 927

0< (;zfp(b*,:zg) - xfp(b*,fg)) + (xp(b*,xg) - %p(b*,:@)) - —/ dz 6m182 (z1,2)dz1.  (3.56)
T2 b*

In light of (3.55) and (3.56), we conclude that if x5 < Zo, then b* < b*. O

3.3. Monotonicity and estimate for minimizer in the J#p functional

In this section, we establish the monotonicity of the minimizer in the second term of 4. We further derive
an estimate that is useful in the study of the regularity of the domain source domain.

Proposition 3.7. Assume that (al), (a2) and (a3) hold. Let Co > 0 and A > 0. Let €9 1= 9(A) < 1 as
provided in Lemma 8.3. Assume in addition that (3.47) holds. Let P convex Lipschitz such that P(0,0) < A
and P(z) > —Cy — 4Ry — §. Assume OP(z) C conv(Q) for all z € A. Let b : [0,1] — [0,1) such that for any
z2 € [0,1], b(xs) € [0,e0] and

Hp(b(xe),x2) < Hp(b,x2) for all b €0,1) (3.57)

as provided by Proposition 3.5. Then, for 6 = 0 or sufficiently small the following hold:

(i) b is monotone increasing. B
(i) Ifb:[0,1] — [0,1) is such that for any 2 € [0, 1], b(z2) € [0, o] satisfies (3.57) and z € (0,1) is a point
of continuity of b, then b(z) = b(z). Consequently, b =b outside a countable subset of [0, 1].

Moreover, assume that {Pn}zozo is a sequence of convex Lipschitz functions such that for each n > 0, P,(0,0) <
A and P,(z) > —Cy — 4Ry — §. Assume OP,(z) C conv(Y) for all z € A and that {P,} —_, converges uniformly
to Py on compact subsets of A. Let {by,} _, such that for any x5 € [0,1], b, (z2) € [0, o] and

Jp, (bp(x2),x2) < Hp, (b, x2) for allb €[0,1). (3.58)
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Then, for 6 =0 or sufficiently small, {b,} —_, converges pointwise to by at point of continuity of by and

nh_)rr;O Hp, (bp(x2),22) = Hp,(bo(z2), x2) for almost every x4 € [0, 1]. (3.59)
Proof. By Proposition 3.6, it is straightforward that b is monotone increasing. It follows that b is continuous
everywhere on [0, 1] except for a countable number of points.

Let b be such that for any 2 € [0, 1], b(z2) € [0, 0] and satisfies (3.57). Let z € (0,1) be a point of continuity
for b and let x > 0. By Proposition 3.6, b(z) < b(z + x) and b(z — k) < b(z) for s small enough. In light of
the continuity of b at z, as k goes to 0, we have that b(z) = b(z), which proves (ii).

Fix z3 € [0,1]. As by (22) € [0,0], there exists a subsequence of {by(z2)} _, that we denote again by
{bn(xg)}zozl such that {bn(xg)}zozl converges to po(z2) € [0, &o].

We observe that

Hp, (bn(x2), x2) — Hp, (Po(2), 22) = (Hp, (by(x2), 12) — Hp, (b (22), 22))

+ (A, (bn(2), 22) — Hp, (Po(22), 22)) . (3.60)
Thus,
| P, (bn(w2), 22) — Hp, (Po(w2), 22)| <|Hp, (bn(22), 32) — Hp, (b (22), 2)|
+| A, (by(w2), w2) — K, (Po(2), 72)]
b, (z2)
< / | Py, 22) = Po(w1, m2)| E(x1, 22)dxy (3.61)
0

po(z2)
+/ |f(z1,22) — Po(1,22)| E(w1, 32)dwy |
b

n(x2)

It follows that

| e, (bn(2), 22) — Hp, (Po(2), 22)| < 20[| Bl (ac) [P0 — PollLos(a.,) + molbn(a2) — po(a2)].  (3.62)

mo = a||EHz:C,1(AEO) + [Bllool[EllLe(a.,) + €ollEllLoo(a.,)- As {P,},°_, converges uniformly to Py on A, and

{bn(xg)}zo_l converges to po(z2) we have that {Jf/pn (bn(l'g),IQ)}ZO:

_ converges to J£p, (po(z2),x2) on Ag,.
Thus, in the limit (3.58) yields

1

Hp, (Po(x2), 22) < Hp, (b, x2) for all b € [0,1). (3.63)

By (i), po is monotone increasing. If xo is a point of continuity for bg, then we have that po(x2) = bo(z2)
by (ii). And so, as the limit po(z2) is independent of the subsequence of {bn(Iz)}Zozl, we have that {b,} ~,
converges pointwise to by at points of continuity of by. O
Proposition 3.8. Assume that (al), (a2) and (a3) hold. Let Cy > 0, Ag > 0 and 6 > 0. Let g9 := g¢(A4p) < 1
as provided in Lemma 3.3. Assume in addition that (3.47) holds. Let Py convex Lipschitz such that Py(0,0) < Ag
and Py(z) > —Co — 4Ry for all x € A. Assume OPy(x) C cono(Q) for all x € A. Let by : [0,1] — [0,1) such
that for any xo € [0,1], bo(z2) € [0, €0(Ao)] and

Hp(bo(xa),x2) < Hp(b, x2) for allb € [0,1) (3.64)

as provided by Proposition 3.5. Let {P,},~ | be a sequence of convex Lipschitz functions such that 0P, (z) C
conv(Q) for all x € A and that {P,}.., converges uniformly to Py on compact subsets of A. Then, there ezists
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no € N such that
Pn(07 0) <Ap+6 and Pn(l') >—-Cy—4R; -6 (365)

forn>ng and x € A. Let {b,}~ ~ such that for any 3 € [0,1], b, (x2) € [0, e9(Ao + )] and

n

Hp, (bp(2),22) < Hp, (b, 2) for allb e [0,1) (3.66)

as provided by Proposition 3.5. Then, {bn}ff:l converges pointwise to by at point of continuity of by.

Proof. Note that as {P,},~, converges uniformly to Py, there exists ny such that for n > ng we have —§ <
P, (z) — Py(0,0) < ¢ for all z € A. It follows that P,,(0,0) < Ag+d and P,(x) > —Cy — 4Ry — 6 for n > ny.
Since Py(0,0) < Ay, Py(z) > —Cy — 4Ry and § > 0 we have also Py(0,0) < Ag+ § and Py(z) > —Cy — 4Ry —
. In addition, we note that we have for any x5 € [0,1], bo(x2) € [0, 9(Ao + ¢)] and by satisfies (3.64) by
Proposition 3.5. Using Proposition 3.7, we obtain that {b,,}, -, converges pointwise to by at point of continuity
of bg.

O

The following lemmas establish estimates useful for the Lipschitz regularity of the boundary of the domain
Ay, solution to problem (2.3).

Lemma 3.9. Assume that (al), (a2) and (a3) hold. Let Cy > 0 and Ay > 0 as provided by Lemma 3.2. Let
g0 = e0(Ao) < 1 as provided in Lemma 3.3. Assume in addition that (3.47) holds. Let P be Lipschitz such that
P(0,0) < Ag and P(x) > —Cy — 4Ry. Assume OP(xz) C conv(QY) for all x € A. Let A be the set of all x5 € [0,1]
such that

Hp(0,22) < Hp(b,x2) for allb € [0,1). (3.67)

If A is non-empty, then A is a closed interval.

Proof. Assume that A is non-empty. By Proposition 3.5, A is a compact subset of [0, 1]. Let us denote by m
the maximal element of A so that A C [0,m]. Let a € [0,m] and b* > 0 such that

Hp(b*,a) < Hp(b,a) for all b € [0,1) (3.68)

In light of the monotonicity result in Proposition 3.6, as a < m we have that b* = 0. It follows that a € A. We
thus conclude that [0,m] C A so that A = [0, m]. O

Proposition 3.10. Assume that (al), (a2) and (a3) hold. Let Co > 0 and Ag > 0 as provided by Lemma 3.2.
Let 9 := e0(Ap) < 1 as provided in Lemma 3.3. Assume that (3.47) holds. Assme additionally that f is
k1—Lipschitz on A.,. Let P be a convex Lipschitz continuous function such that P(0,0) < Ay and P(z) >
—Co — 4Ry. Assume OP(x) C conv(Q) for all x € A. Let A be as defined in Lemma 3.9. Let m denotes the
maximal element of A when A is non-empty and set m = 0 when A is empty. Let xo,To € [m, 1] such that
T3 < Tz and b*,b* € [0,1) such that

Hp(b*, x2) < Hp(b,x2) for allb e [0,1) (3.69)
and

Hp(b*,75) < Hp(b,72)  for allb e [0,1). (3.70)
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Then, there exists a constant co = (Ro — k1)/k1 such that if x2, T2 € [m, 1], then
b* — B* 2 C(](iEQ - .’fg). (371)

Proof. Assume zo,T3 € (m, 1] such that zo < 5. Then, Lemma 3.9 ensures that b*,b* > 0. As b*,b* satisfy
respectively (3.69) and (3.70), we have that

f(b*, 1'2) — P(b*, 56‘2) = f(b", i‘g) - P(b*, jg) =0, (372)
in light of (3.36). We note that P is convex Lipschitz with OP(z) C cono () for all x € A. In view of (2.8)
0<0,,P<R and Ry < 0.,P< Ry a.e. (3.73)

We use (3.72), the first equation of (3.73) and the bound of the derivatives of f to obtain that

f(b*, 332) (b 1‘2) = b 1‘2) (b 1‘2) [f(b*, 1‘2) — P(b*, xg)]
/ Ou [f(u, 2) — P(u,z2)] du (3.74)
< k(" —b*).
In a similar way, we use (3.72), the second equation of (3.73) and the bound of the derivatives of f to obtain
FO* @) = P(0",w2) = f(b",22) — P(b", a2) — [f(b",T2) — P(b", 72)]
_ / 8, (F(5*,v) — P(5*,v)) dv (3.75)
> (Ro — k1)(Z2 — x2).

We combine (3.74) and (3.75) to prove that

RO -
ki

(" —b*) > i (Zo — a2) (3.76)

which proves (3.71). We note that the inequality (3.71) can be extended by continuity to [m, 1] in light of the
Proposition 3.5. L]

Remark 3.11. If b denotes a function defined in such a way that for each x5 € [m, 1] we have that b(zs)
satisfies (3.69) and ¢q is positive, then the inequality (3.71) implies that b is strictly monotone increasing on
[0, m]. Furthermore, (3.71) implies that the generalized inverse of b is Lipschitz continuous so that the boundary
of domain Ay, is piecewise Lipschitz continuous up to a change of coordinates. This result can be found in [5].

3.4. Existence of a maximizer for the functional ¢4

Proposition 3.12. Assume that (al), (a2) and (a3) hold. Set d = a + |Bl|o and Cy = 5Ry. Let Ag > 0 as
provided by Lemma 3.2. Let eg := €9(Ap) < 1 as provided in Lemma 3.3. Assume, in addition, that Ry satisfies

2Ry > k1 4+ 9+ v/ (k1 +9)? + 4d. (3.77)
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The functional & defined by

b(IZ
g(P, ‘I’) = —/ dy + mf / / .’131, $2) P(SL‘l,.TQ)) E(.’El, J?Q)dl‘ldaig (378)
R2

has a mazimizer over V in the set (P,¥) € V, such that —Cy < 4(P, V).

Proof. Let {(Pn, v )}ZO C V be a maximizing sequence for 4. By the standard double convexification argu-

ment (see [14]), we assume that {(P,, ¥ )} L € Vo - It follows that, by virtue of Lemma 3.2, {P,},~, are
(uniformly) Lipschitz such that 0P, (z) C conv(Q) and P,(0,0) < Ag. We observe that

sup (z,y) < |z|ly| <4Ry =Co— Ry.
zEN,YEN

Set
Pu(z) =0 zeAN and V,.(y)=Co—R; ye.

Then, a simple computation shows that & (P, U.) = Ry — Cp. As {(Pn, v )} _, Is a maximizing sequence, we
assume without loss of generality that —Cy < 4(P,,, ¥,,) for n > 1. In light of Lemma 3.2 again, P,(z) > —Cy —
4Ry for n > 1 and {(P,, \I/n)}:o:1 is compact with respect to the uniform topology on C(A) x C(£2). It follows
that there exists a subsequence of {(Pn,\I!n)}ZO:1 still denoted by {(Pn,\I/n)}n: such that {(P,, ¥, )}
converges uniformly to some (Py, Vo) € Vy. As o is a density of a probability measure,

n=1

lim [ Wy (y)o(y)dy = / Po(y)o(y)dy. (3.79)
Note that as Ry < Ry,
d+ C d
—Ro+ ki + 0 4 4<—Ro+ki+— +9.
1 Ry
Since Ry satisfies (3.77), we have
d+ C
~Ro + k1 + ’ta<o.

1

In light of Proposition 3.7, let {b,,}.—, a sequence of functions defined on [0, 1] such that by, (z2) € [0, 0] for
all z3 € [0, 1] and

Hp, (bn(x2),x2) < #p, (b, x2) for all b € [0,1), n > 0. (3.80)

n

Then,

inf / / - (f(z1,22) = Py(w1,22)) E(x1, 22)dzydzs = Hp, (bp(22), 22).

beZ J

As {P,}.°, converges uniformly to Py, in light of Proposition 3.7, {b,} -, converges almost everywhere to by
and

lim #p, (b,(x2),z2) = H#p,(bo(x2), x2) for almost every z2 € [0, 1]. (3.81)

n—oo
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Moreover, we use (3.37) to obtain
[P, (bn(22), z2)|| < ho (3.82)

for some hg > 0 and all n > 1. Using the Lebesgue dominated convergence theorem, it follows from (3.81) and
(3.82) that

1 1
lim Jffpn (bn(ZQ),.TQ)dl'Q = / Jffpo (bo(ZQ),.ZQ)dZL’Q. (383)
0

n—oo 0
We combine (3.79) and (3.83) to obtain that

lim G(P,,V,) = G(Pp, V). (3.84)

n—oo

is a maximizing sequence, (3.84) implies that (P, ¥) is a maximizer for the function G over

=1
O

As {(P,,0,,)}
V.

4. STUDY OF PRIMAL PROBLEM

In this section, we study first the duality problem between the functional .# and ¢ and derive a condition
of optimality. This condition is further exploited to obtain existence and uniquess both in the primal and dual

problems. To begin, we set
1
=3 / lyl* o (y)dy
Q

Proposition 4.1. We have the following:
G(P,¥)+ M(o) < F(b)
for all (P,¥) €V and b € By. Moreover, F(b) = G(P,¥) + M(o) if and only if VP#Exu, = 0 and
Hp(b(x2),x2) < Hp(b,x2) for a.e x4 € [0,1] and for all b € [0, 1). (4.1)

Proof. 1) Let (P,¥) € V. We recall that

Q(P, \I/) = 7/]]@2 \IJ( ) dy+ inf / / ) IEl,SCQ) P(I’l,l'g)) E(xl,xg)dxlde. (42)

bec%

Then, for any b € %y and v € T’ (U, EXAb)7 we have

1 ,b(zs
—/R2 U(y)o(y) dy+/0 /0 (f(z1,22) — P(z1,32)) E(z1, x2)dw das

/ (P(x) + U () dy( ) + / J(r,w2) B, s)darydey (4.3)
R2 xR? Ay

G(P,T)

IN

< / —(z,y) dy(z,y) + f(w1,22) E(xy, w2)d21das.
R2 X R2 Ap
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It follows that

1 2 af + a3 lyl?
G(P,Y) < 3 | — y|*dy + flxy,22) — 5 E(x1,z9)dz1dze — TJ(y)dy. (4.4)
R2 xR? Ay R2
By taking the infinitum over such 7’s, we thus obtain
G(P,¥) + M(o) < F(b). (4.5)

In light of (4.3), the equality in (4.5) holds for some (P, ¥p) € Vy and by € % if and only if Py(z) + Uo(y) =
(x,y) a.e. — yo for some 79 € T (a, EXA,, ) and bo(z2) minimizes J#p(-,x2) for almost every xz. The first
condition means that VPy#EX4,,, = o, and the second condition is equivalent to (4.1). O

In the next proposition we show the existence and uniqueness of the minimizer of % and provide a
characterization of the minimizer.

Proposition 4.2. Assume that (al), (a2) and (a3) hold. Let Cy = 5Ry and Ao > 0 as provided by Lemma 3.2.
Let g :=€9(Ao) < 1 as provided in Lemma 3.3. Assume that Ry satisfies (3.77). The functional F has a unique
minimizer bg (up to a set of zero Lebesgue measure) over 9By that is monotone. If (Po, Ug) € Vy is a mazimizer
of G over V as obtained in Proposition 3.12, then

VP()#EXAbO =0 and P()(bo(l'g), ZL’Q) = f(bo(l'g), ZL’Q) (46)

Jor all x5 € [0,1] such that by(z2) > 0. Moreover, for any other mazimizer (Py, ¥o) of G over V, we have that
PO = PO on Abo-

Proof. We divide the proof into several parts.

1) Assume (P, ¥p) € Vy is a maximizer of ¢ as obtained in Proposition 3.12. Then, Py convex Lipschitz
such that Py(0,0) < Ag and Py(x) > —Cy — 4Ry for all x € A. Moreover, dPy(z) C conv(Q2) for all € A. Let
bg : [0,1] — [0, 1) such that for any x2 € [0, 1], bo(x2) € [0, €0(Ao)] and

Ji/po(bo(.%‘g),.%‘g) < e%/po (b, 1‘2) for all b € [0, 1) (47)
as provided by Proposition 3.5. Let ¢ € C.(R?) and 7 a real number such that || < 1. Set

U, (y) = ¥o(y) +né(y) and  Py(z) = sugm y) — o(y) — né(y). (4.8)

We note that P, is convex and Lipschitz continuous with 9P, (z) C conv(2). We then obtain that (cfr [10], [11])

125 = Poll poe (1) < 0] 11€]lo (4.9)
and
%13% P”(”U);H’(x) = —¢(VPy(z)) (4.10)

for all point of differentiability of = of Py. In light of the first equation in (4.9), {Pn } 0< | <—1 Converges uniformly
to Py. Let 6 > 0. Then, for |n| small enough, P,(0,0) < Ag+d and P,(z) > —Cy —4R; — S for all z € A. In
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light of Proposition 3.7, let b, with 0 < |n| < 1 such that b,, € [0, €o(A + )] and

Hp, (by(w2),v2) < Hp, (b, 22) for all b € [0, 1). (4.11)

n

Let {n,}.—, be such that 0 < |,| < 1 and {n,},., converges to 0. Then, for § small enough, it follows from
Proposition 3.8 that {b,," }Zozl converges pointwise to by at points of continuity of bg. As {n,} ., is arbitrary,
{b,,}?7 converges pointwise to by at points of continuity of by as n goes to 0.

Note that

/1 Ji/Pn (bn($2),$2) — Xp, (bn( d;p2 / / K P — E(z1, 22)de12s (4.12)

0 n

for 0 < |n| < 1. We observe that F is continuous and thus bounded on A,. As {b"}n converges almost every-

where to by and b,, € [0,¢¢], we use (4.9), (4.10), (4.12) and invoke the Lebesgue dominated convergence theorem
to obtain that

L e (b ,x2) — Kp (b ) " P, =Py
lim P"( n(2),22) 7o (by(@2), 72) day = — hm/ / E(x1, 20)d21dxy
n—0 Jo n n—0 (4 13)
bo !
:/ E(VPO)E(xl,xg)dxldxg.
o Jo
Using the minimizing property of by we obtain
Hp, (by(x2), x2) — Hp, (by(22), x2) < Hp, (by(22), T2) — Hp, (bo(22), 22). (4.14)
It follows from (4.13) and (4.14) that
1 ,bo 1 % (b — X*p. (b
/ §(VPy)E(x1,22)dz1dzy = lim inf P"( n(22), 22) G T'(m)’b)dxg
o Jo n—=0 Jo n (4.15)
L #p (b — #p, (b :
Slimiglf/ P, (by(22), 22) — Hp,( 0(302)7332)@2.
777;0 0 n
Similarly, we note that
L 2y (b Hp, (b bo —
/ P"( O(-’I/'Q) ) PO( 0(372 -'172 / / P xl,xg)dxlde (416)
0 n

for 0 < |n| < 1. We use again (4.9), (4.10), (4.16) and invoke the Lebesgue dominated convergence theorem to
obtain that

L #p (b — #p, (b bo —
lim P, (bo(@2), 22) Py (bo(@2), 2) dzs = —hm/ / L E(xy,x2)dx1drs
bo

0 0
=0 Jo " " (4.17)

= / E(VPO)E(xl,xg)dwldxg.
o Jo
Using the minimizing property of b, for 0 < |n| < 1, we obtain

fp (bn(xg),$2) — %Po (bo($2),$2) S %pﬂ (bo(l‘g),l‘g) — %pu (bo(l‘g),l‘g). (418)

n
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Tt follows from (4.17) and (4.18) that

1 %pﬂ (bo(.’L‘Q),JTQ) — %PO(bO(J’Q)va)
n

L #p (b — #p, (b
limsup/ P"( n(72),22) Gl O(Iz)’@)dxg < limsup/ dzo
0 0

n—0 n n—0

n>0

1 bg
_ / / €(VPy)E(21, w9)dzrdzs.
0 0

(4.19)
We combine (4.15) and (4.19) to get that
L #p, (b ,x2) — Jp,(b ) Lo
lim Pn( 77(1;2) xz) PO( 0(362) xz)sz :/ / f(vpo)E(Il,SCQ)dIEle'Q. (420)
n20Jo ] 0o Jo
n>0
Exploiting (4.14) and (4.18) again, one can establish in a similar manner as above that
L #p, (b ,x2) — Ap,(b ) L rbo
lim [ 2P (Pa(@2), @) = A (bolwa) 22) y / / E(VPy) 1, 22)dzydas. (4.21)
n—>0.Jo ] o Jo
n<0
We note that
G (P,,V,) —Y (P, ¥ L #p (by(x), x2) — #p, (bo(z2),
P Ra) =T R0) [ eiotoyin+ [ rulte).20) T Rolteh )y,
n R? 0 n
As (Py, ¥p) is a maximizer for ¢, we have that
G(P,,W,) —94(Py, U L rbo
0=ty AR ZIET0) [ oy + [ [T 6P B, (1.23)
n—0 n R2 0o Jo
Since (4.23) holds for all ¢ € C,(R?), we conclude that
VP, pushes-forward Exa, onto o. (4.24)

2) It follows from (4.24) that, as o is a probability measure, EX,, is a probability measure which implies
that by € %y. Also, we note that VPy#EXA,, =0 combined with (4.11), when n = 0, yields that G(Py, ¥y) =
M(o) + F(bg) in light of the equivalence result established in Proposition 4.1. It follows that by is a minimizer
of F. Assume that bg is another minimizer of F over %,. Then,

G(Py, ¥g) + M(0) = F(bg) = F(by).

Using again the equivalence result obtained in Proposition 4.1, the last equation displayed implies that VP
pushes forward EXABO onto ¢ and

Ji/po (Bo($2)7$2) < l/po (b, LL'Q) for all b € [0, b)7 (425)

and for a.e. x5 € [0,1] fixed. In light of Proposition 3.7, We combine (4.25) and the definition of by in (4.11)
to obtain that by = by a.e. As a result, F has a unique minimizer over %;. The monotonicity of the unique
minimizer is guaranteed again by Proposition 3.7. Furthermore, by (3.36), we have

Po(bo(l‘g),l‘g) = f(bo(l‘g),l‘g) for all ) such that bo(Ig) > 0. (426)
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3) Assume that G admits another maximizer (P, ¥y). Then, using the result obtained in part 1) we have that
VPO#EXAbO = VI#EXA,, = 0.

As Py and P, are convex, it follows that VP = V Py on Ay, a.e. by the Brenier theorem. Since Ay, is connected,
(4.26) implies that Py = Py on Ap,. O

5. MONGE-AMPERE PROBLEM AND REGULARITY RESULTS

In this section, we reconsider the Monge-Ampere equation (2.3). We collect previous results leading to the
existence and uniqueness of a solution (FPp,bg) into the next theorem. We investigate the regularity of the
solution P, and bg.

The key ingredient toward regularity is the assumption obtained by Caffarelli that the target domain € is
convex. We also explore a weaker result by Figalli in the absence of convexity of the domains.

Theorem 5.1. Assume that (a1), («2) and (a3) hold. Let 0 < Ry < Ry and Cy = 5Ry. Assume that Ry satisfies
(3.77). Let Q be an open set such that (2.8) holds. Let Ag > 0 as provided by Lemma 3.2. Let e := e0(Ap) < 1
as provided in Lemma 3.3. Assume that \g < o < /\—10 on Q for some Ao > 0. Then, there exists Py : R2 — R
Lipschitz convex and by : [0,1] — [0,e0] monotone increasing such that (Py,bg) uniquely solves (2.3) in the
sense of Brenier. Furthermore the following hold:

(i) The boundary of domain Ay, is piecewise Lipschitz continuous.
(i1) Assume that Q is convex. Then, there exists o € (0,1) such that Py is Cllo’f (Apy ).
(iii) There exists two open sets ' C Q and A’ C Ap, with £L* (Q\ Q') = L2 (A\ Ap,) = 0 such that Py €
che (A’), Py 1is strictly convez inside A'. Moreover, V Py is a bi-Holder homeomorphism between A’ and

Q.

Proof. We note that existence and uniqueness of the solution (P, bg) to (2.3) is guaranteed by Proposition 4.2.
(i) follows from (3.77) and Remark 3.11. We note that by assumption E is continuous and positive on A, for
b€ (0,1). It follows that E is bounded away from zero and infinity on Ap,. As a result, by Theorem 4.23 in [7]
we obtain (ii) and by Theorem 3.1 in [8] we obtain (iii). O
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