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BOUNDARY REGULARITY OF MINIMAL ORIENTED
HYPERSURFACES ON A MANIFOLD

SIMONE STEINBRUCHEL®

Abstract. In this article we prove that all boundary points of a minimal oriented hypersurface in
a Riemannian manifold are regular, that is, in a neighborhood of any boundary point, the minimal

surface is a C''1 submanifold with boundary.
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1. INTRODUCTION

Minimal surfaces have been studied in the last two centuries by various mathematicians. In the 1930’s, T.
Radé [20] and J. Douglas [13] proved the existence of 2-dimensional minimal surfaces in R? and for this work,
Douglas was awarded the Fields medal. Since then a lot of progress has been made and moreover, a new language
was invented in order to understand the higher dimensional case. The language that we use in this article is
the one of Geometric Measure Theory, where we see surfaces as currents supported in a Riemannian manifold
and area minimizing currents are those having least mass among all currents sharing the same boundary. The
existence of such minimizers has been proven by H. Federer and W. Fleming [15] in the 1960’s. However, such
a minimizing (integral) current is supported on a rectifiable set and thus a priori can have many singularities.

A posteriori singularities are rare. In his Ph.D. thesis [1], W. Allard proved that, in case the boundary is
contained in the boundary of a uniformly convex set and the ambient manifold is the euclidean space, then all
boundary points are regular. This means, in a neighborhood of a boundary point, the support of the current is a
regular manifold with boundary. Later, R. Hardt and L. Simon came to the same conclusion in [18] when having
replaced the assumption of the uniform convexity by the fact that the current is of codimension 1. However, as
the result of Hardt and Simon is stated and proved only in the euclidean space, in this paper, we provide an
adaptation of the arguments to the case of general Riemannian manifolds. We show the following

Theorem. Let U C R"** be open and T an n-dimensional locally rectifiable current in U that is area minimizing
in some smooth (n + 1)-manifold M and such that 9T is an oriented C? submanifold of U. Then for any point
a € spt(AT), there is a neighborhood V of a in U satisfying that V Nspt(7T) is an embedded €14 submanifold
with boundary.
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The theorem of Hardt and Simon is then a case of the one stated above, however we follow their strategy of
proof with a few modifications in order to deal with additional error terms coming from the ambient manifold in
the main estimates. The main difference to [18] is that the blow-up procedure depends on the ambient manifold.
On a technical level, even though the current has codimension 1 compared to the ambient manifold, we embed
both in some higher dimensional euclidean space, and thus every point has many more components which have
to be estimated (compared to the arguments in [18]).

Notice that the complete absence of singular points only happens at the boundary and only in codimension
1. Indeed, in 2018, C. De Lellis, G. De Philippis, J. Hirsch and A. Massaccesi showed in [12] that in the case of
higher codimension and on a general Riemannian manifold, there can be singular boundary points but anyway,
the set of regular ones is dense. Moreover, in the interior of an area minimizing current, we know thanks to the
works of E. Bombieri, E. De Giorgi, E. Giusti [5], W. Allard [2, 3] and J. Simons [22], that the set of singularities
of an n-dimensional current in an (n + 1)-dimensional manifold is of dimension at most n — 7. In the case of
higher codimension, the sharp dimension bound is n — 2 which was first proven in Almgren’s Big regularity
paper [4] and then revisited and shortened by De Lellis and Spadaro in [7-11].

1.1. Overview of the proof

We would like to measure how flat a current T is. Therefore we introduce its excess in a cylinder of radius r
and denote it by E¢(T, 7). It is the scaled version of the difference between the mass of the current in a cylinder
and the mass of its projection. The main ingredient to deduce the boundary regularity is the fact that this
excess scales (up to a small rotation) like r assuming that the curvature of both the boundary of the current
k7 and the ambient manifold A are small.

Theorem (Excess decay). Let M be a smooth manifold and let T be area minimizing in M such that

1
max{Ec(T,1), A, kr} < Yok Then there is a real number 7 such that for all 0 < » < R the following holds

Ec(v,xT,r) < Cr.

The precise statement can be found in 4.2. In order to prove it, we first analyze in Section 3 the current away
from the boundary. There we can use results from the interior regularity theory and to find that the current is
supported on a union of graphs of functions fulfilling the minimal surface equation. When zooming in (up to
rescaling), the boundary (and the ambient manifold) become more flat and therefore, we can find the interior
graphs closer to the boundary. The point is then to study what happens in the limit when the graphs on both
sides of the boundary grow together. This limiting rescaled functions we call the harmonic blow-ups and they
are introduced in Section 4.

After proving the uniform convergence of the harmonic blow-ups also at boundary points, we show in a
first step that in case the harmonic blow-ups are linear, they coincide on both sides of the boundary, see the
collapsing Lemma 5.4. Having proven some technical estimates on the excess (Thm. 6.3), the assumption of
linearity then is dropped in Theorem 7.2. This follows by blowing up the harmonic blow-ups a second time. To
do so we need to make some estimates on the harmonic blow-ups (Lem. 7.1) to guarantee the existence of this
second blow-up.

Then knowing that the harmonic blow-ups coincide and in fact merge together in a smooth way, we prove
the excess decay via a compactness argument: if the excess decay did not hold, there would be a sequence of
currents whose blow-ups cannot coincide. Then this decay leads to a C17-continuation up to the boundary of
the functions whose graphs describe the current (Cor. 4.3) assuming that the excess and the curvatures are
sufficiently small. In Section 9 we then collect everything together and deduce that either the current lies only
on one side of the boundary or both sides merge together smoothly. In case of a one-sided boundary, Allard’s
boundary regularity theory [3] covers the result.
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2. NOTATION AND PRELIMINARIES
2.1. Notation

In this paper, k, m and n denote fixed natural numbers with m > 1 and n,k > 2. C4,...,Cgy are positive
constants depending only on n, k and m.

2.1.1. Notation associated with R™
We define the following sets for y € R™, j € {1,...,n} and any real numbers »r >0 and 0 < o < 1

Bi(y) ={zeR": [z —y[ <1},
Bi(y) ={z eR": [z —y| <7},
wn = L"(B7(0)),
L={z=(x1,...,2,) € BT(0) : 2, = 0},
V={x=(x1,...,2,) € BY(0) : 2,, > 0},
W ={z = (x1,...,2,) € BY(0) : 2,, <0},
V, ={z e V:dist(z,0V) > o},
W, = {z € W : dist(z,0W) > o},
Y; :R" = R, Yj(y) = y;.

2.1.2. Notation associated with R™tE

We define the following sets for a € R"** j € {1,...,n + k} and any real numbers w and r > 0

B, = {z e R"™" : |z < 7},
B, = {z e R"" 2| <7},
C, = {x € R"™ : |p(x)| <7} where p : R"™" — R™ p(x1,...,Znsk) = (T1,...,Tn),
e; =(0,...,0,1,0,...,0) where the 1 is at the j-th component,
X; R 5 R, X (x) = 2,
X=X, ., Xotr),
For the following maps, we identify R”t* with R**! x RF-1,

To RV 5 R o (2,y) = (2,9) +a,
gt RYTE S RYE () = r(2,y),

~, RVTR SRR Ay (1) = (15, Tn—1, T coS(w) — Ty sin(w), Ty sin(w) + Tpq1 cos(w), y).

2.1.8. Notation associated with the current T € R, (R"T%)

For any real number r > 0, we define the cylindrical excess as
Ec(T,r)=r""M(TL.C,) —r "M(p4(TL C,))
and the spherical excess as

Es(T,r) = r"M(T|_B,) — w,0"(||T],0),
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T(B, . . .
whenever " (||T|[,0) = h?ol 1T, exists. Notice that this differs from
r W™
1 —
— [ [T —ern---Ney’d|T],
2rn B,

which is in the literature also called the spherical excess.

In Section 9, we will see that it suffices to consider only currents with compact support and whose boundary
lies on a (n — 1)-dimensional C2-graph going through the origin. Namely, we define 7 to be the collection of
pairs (T, M) where M is an embedded (n + 1)-manifold and T' € R,,(R"**) is an absolutely area minimizing
integer rectifiable current for which there exist a positive integer m, o, ¢¥r € 62({2’ eR": 2| < 2}) and a
smooth map ® ¢ : B} (0) — R¥~1, such that

o {z€C3:z€ M} ={(2,80()) : 2 € By (0)},
e ®,,(0) =0 and DP(0) =0,
e AL,
e spt(T) C B3N M,
o M(T) < 3"(1+ mwn),
e O"(|T,0) = m 15,
o pu(TL Co) =m(E"L {y € B3(0) : yn > o1 (y1,---,Yn—1)})
+(m = 1)(E"L{y € B3(0) : yu < 7(y1,-- - Yn-1)})
¢r(0) = 0 =17(0),
¢r(0) = 0 =17(0),
Dor(0) = 0= Dyr(0),
(A7) Az € R™™ 1 |(21,...,2pe1)| < 2, |zn| < 2} = (=) (Fr)x(E" 'L {z e R" ' 1 |2] < 2}),
kr <1,

where

A= D@ ullers,)

E’ = [R’ x {0}] € R;(R"™") for all j < n,
Fr(2) := (2,07(2),¥1(2), Pm(z, 07(2),¥r(2))),

k1 = |ID*(or, 7)o -

Notice that A and kp are comparable to the second fundamental forms of M and spt(97') respectively.

2.2. First variation and monotonicity

We start this paper with the following monotonicity estimates. The first two can be read in ([12], Thm. 3.2)
and the third one, we prove in Section 10.

Lemma 2.1 (Monotonicity Formula). For (T, M) € T and 0 < r < s < 2, the following holds

”T”(Ps) _ ”T”(ET) _/ ‘Xl|2|X|7n72dHT”
5" ™ B.\B,

S —
:/ p "t / Xl-HdHT||+/ X - ndH" | dp,
r B, spt(0T)NB,

—
where X+ denotes the component orthogonal to the tangent plane of T and H the curvature vector of M.




BOUNDARY REGULARITY OF MINIMAL ORIENTED HYPERSURFACES ON A MANIFOLD 5

—
Remark 2.2. There exists C; such that |[H| < C1A .
Lemma 2.3. There is a dimensional constant Co > 0 such that for (T, M) € T and 0 < r < 2, the map

I1(B:)

r>exp (Co (Ap + k) T) s

s monotonously increasing.

Corollary 2.4. For (T,M) €T and 0 <r < s < 2, the following holds

ITII(Bs) _ ITI(B,)

s™ rn

< C5(Am + Er)(s—7).

[ e

s s

Letting r | 0, we deduce also
Corollary 2.5. For (T, M) € T and 0 < r < 2, the following holds

\Esmr) = [ XX AT < Cu A+ o),
B,

3. INTERIOR SHEETING AND NONPARAMETRIC ESTIMATES

In this chapter we prove that the minimizing current is, away from the boundary, supported on graphs.
Definition 3.1. Let u: U C R™ — R. Then we define

graph(u, ®) := {(z,u(z), ®(z,u(z))) : x € U}. v T

Away from the boundary, the interior regularity theory gives us functions
whose graphs describe the current. Moreover they fulfill the Riemannian
minimal surface equation (see Def. 3.7) that is elliptic and therefore, we can
deduce estimates on the gradient of these functions. These estimates are b
crucial as they guarantee the existence of the harmonic blow-ups introduced

in Section 4.

Theorem 3.2. Let (T, M) € T and assume A < 1/4. Then there are constants Cs5 > 12, Cg > 1 such that if
Ec(T, 1)+ kr + A < (4C5) 7272

1/(2n+3) .

and we denote op := Cs5(Ec(T,1) + kp + A) , Vo=V, and Wp = W, then forie {1,...,m},

je{l,...,m—1} and k € {1,2,3} there are smooth functions v} : Vo — R and ij : Wp — R satisfying the
Riemannian minimal surface equation and such that

(i.) vl <ol <... <ol and wl <wl <. <wl |,

m m—1
(ii.) p~* (V) Nspt(T) = U graph (v!,®) and p *(Wy)Nspt(T) = U graph (w!, ®),
i=1 i=1

(iii.) |D*ol (y)| < Con/Ec(T,1) + kr + A dist(y,dV)*"Y2 for all y € Vo,

(iv.) |Dkij(y)| < CiEo(T, 1) + kp + Adist(y, W) ™*="=Y2 for all y € W,
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2 T 2
w |, (50 weraew s [, (aa ]|y(|y)> gL (y) < 2 B(T1) + Co( A + k)

o}
< 2" Eq (T, 1) + Co(A + k), where af(y) = % Df(y).

For the existence of these graphs, we need to split the current into pieces and show that each piece is supported
on a graph. Then, once we have these graphs, we show the estimates by using the regularity theory of elliptic
PDEs. This will be done in detail in Section 3.3.

3.1. Comparison between excess and height

To prove the estimate in Theorem 3.2(éii.), (iv.), we will deduce from the PDE theory an estimate on the
values of the functions v, (wf respectively). This can be translated into the height of the current in the
(n 4+ 1)-component. We wish to estimate the latter quantity with the excess of T and hence, we need the
following lemmata comparing the (cylindrical) excess with the height. The proofs are given in Section 10.
First notice that as in the original paper ([18], 1.4(1)), we infer that for 0 < r < s < 2, the following holds

Eo(T,r) < (;)" Ec(T, s) (3.1)
and
Es(T,r) < Ec(T,r) + mrerp. (3.2)

Lemma 3.3. There are positive constants Cio and Ci1 such that for all 0 < o < 1 and (T,M) € T, the
following holds

2
C—EC(T 1)—kr —A< X2, d|T|<Ci sup X2,
10 Cl+(7 Cl+dnspt(T)

Not only it is true, that the height bounds the excess, but also the other way around. The following estimates
rely on an area comparison lemma (Lem. 10.1). Its proof will give us a constant C}2 which we will use to prove
the following

Lemma 3.4. [f0 <o <1, A%< o/8 and A < (7Cy + Cia + 1)1 then there are positive constants Cy3 and
Ch4 > 2 such that for (T, M) € T, the following holds

(i. C— sup X721+1 < / X72L+1d||TH + KT
13 C1_oNspt(T) 1— 0/2
014

(ii.) / X247 <
Ci_s/2

In particular, we have

(EC(T 1)+kr+A).

C’136114

O-2n+1

sp X2, <

(Ec(T, 1) + KT + A)
C1_oNspt(T)

3.2. Splitting of the minimizing current T

Here we prove the fact, that if a current has no boundary, its excess is not too large and the projection has
multiplicity j, then it consists of j many layers whose projection are of multiplicity 1.
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Lemma 3.5. Let j € Ny, V C R" be open and consider the cylinder I' := {z € R"* : (z1,...,2,) € V} and
the modified version I' := {(z, ®(z)) e M : p(xz) € V}. If S € R, (I") satisfies

e 3S)L.T =0
e p,S=j(E"LV)
o M(S) — M(p,S) < H"(V),

then for all i € {1,...,j} there exists S; € R, () such that

L Nspt(AS;) = 0, puSi = E'LYV,

J
s=Ys, 1Sl =SS0l
i =1

i=1

Proof. Den(zte by p the projection to R"*! and ~considelr S = p#S. Then we have }X {s}
e (9S)LT = (54(05)) LT = p4((9S)_T) = 0
° p#Sj = p#S Zj(EnLV) gz\ - M,
o M($) - M(p,:S) < V() — M(p,.S) < H (V).
Therefore, we can argue as in the original paper ([18], Lem. 5.1) to y \‘\\
deduce a decomposition for S: There are S; € R, (R"*!) such that 51\ N /M1

I'n spt (852)

Il
=
T

*
o2

\

&=

r
=

< —
We conclude by putting S; := (id, ®)45;. O

In the situation of Theorem 3.2, each of these S; is area minimizing in M and so the smallness of the excess
implies that locally the function, whose graph describe spt(.S;), fulfills an elliptic equation. Thus, we can deduce
the following Schauder estimate:

Lemma 3.6. Let U be an open neighborhood of 0 € R™ and u : U — R such that u(0) = 0, Du(0) = 0 and
graph(u, ®) C M is a minimal surface in M. Then there is ro > 0 such that for all 0 < r < r¢ we have

rllDullcos, ) + ¥ 1D ulleos, o) + 7 [D] o)) < i (||u||c0(Br> + ||D2‘I’||Za<Br)> )
where

1f[¢a(q) = sup dist(z, 99)%|f(z)| + sup max {dist(z, 89),dist(y,6Q)}2+aM.
zeQ r,yfﬂ |z —y|*
Tty

Proof. We use the Euler-Lagrange equation in the form of Schoen-Simon in Section 1 of [21]. Then we use
Gilbarg-Trudinger ([16], Thm. 6.2) to deduce the estimate. Indeed, we define

F(z,v(2)) = \/det (id—vev)gm(id—rvev))
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= \/det (<€z + O;u, ej + E)ju>gM) = JgM (ian,u) ,

where ga = (idgn+1, ®)# gpntiin = (8;5 + (0:®,0;®));; is the pullback metric on M. Then

/ F(z,v(z))dH"(z) = / Jgr (idrn, u) = Vol(graph(u, ®))
graph(u)NC.

70

and we can apply [21] (in particular, [21], Rem. 1 describes our situation perfectly). The Euler-Lagrange equation
then reads

n

v (\/ﬂW) = Z aij(2)0iju(z) + b(z), (3.3)
ij=1

where

1n+1
a;j(z) = / Z 2k Ozppip, F(tz, —Du, 1)dt evaluated in z = (z,u(x)), p=(—Du,1),
0 k=1
n+1
b(z) = Z 0z pi F(2,0) evaluated in z = (z,u(z)), p=(—Du,1).
i=1

In order to use elliptic estimates, we define

4. 9+ |Duf?) — dudju
v (1+ [Duf?)3/2 — i

and notice that for 79 > 0 small enough, we have |Du| + max;; |a;;| < 1/12 in B, and therefore 1id < A < 2id
as a quadratic form. The only thing left to do is to notice that

Ibl|ze < Crel| D*® |z

Definition 3.7. We define (3.3) to be the Riemannian minimal surface equation.

3.3. Proof of Theorem 3.2

Proof of Theorem 3.2.

Let € > 0 be as in Theorem 5.3.14 of [14] with A, k, m, n replaced by 1, 1, Vr
n, n + 1 respectively and we choose the parametric integrand to be the one

associated to M:

T

T:R™ xR x A, (R"F) — R,

(01 ((pgie gy ) (rm)).

where h is the map from Lemma 3.6 and {vy,...,v,} are orthonormal and such that

¢

vl/\-~-/\vn:m.
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We require Cs to fulfil (4C5)~2"3 < £"(V7) implying that spt(97) N P (Vop3U W, /3) = 0, because
Kk < 97 "op. Indeed,

N

ar 3 or 9” aor
“T<C5> = gr eSS gu
Then, we have
p# (TLpil(VJT/ii)) = m(EnLVUT/3) and p# (TLpil(WoT/?))) = (m - 1)(EnLWUT/3)

and we can apply Lemma 3.5. We obtain for i € {1,...,m}, j € {1,...,m — 1} on M-area minimizing currents
S; and S; satisfying

m m—1
Z S; = TLpil(VOT/g) and Z S; = TLpil(WUT/S)v
i=1 J=1

puSi=E"'LV, 3 and puS;=E"LW, .

Denote again by p the projection to R"*!. Then DxS; and ﬁ#S’j are absolutely U-minimizing. Now, we cover
p_l(VUT/g) with cylinders C, . /3() for all # € Vg, /3N spt(p(Si)). In each of these cylinders, we want to use
([14], Cor. 5.3.15) replacing A, k, m, n,r, Sby 1,1, n,n+1, o0 /3, T_,4p4S; respectively. To do so, we must have
(4C5)72"=3 < (g/2)" L. As a result, we get in each cylinder C' a solution uc of the Riemannian minimal surface
equation whose graph forms spt(p4S;) N B, /3(x) and hence, graph(uc, ®) N By, 3(x) = spt(S;) N B, /3(x)
. These solutions yield a unique function v} whose graph on M is spt(S;) N p~*(Vag, /3)- As the integrand is
smooth in (z,y), so are the solutions. In p~}(W,,. /3) we argue analogously. By construction of the splitting
{S;}:, there is a numbering such that (i.) holds.

Now, we prove (#ii.). We want to use Lemma 3.6 and Lemma 3.4 with ¢ = 201/3. To do so, we notice that
as C5 > 12, we have

C 1/(2n+3) _op 1 (2
205 —L__(z ,
A< D (Ec(T,1)+I€T+A) D 3 or
Thus,
2 C13C14 3\*"" C13Chs
sup Xn+1 S W(EC(T7 1) + KT + A) S 5 n+3 op. (34)
(5) or Cs

Ci_257/3Nspt(T)

Let y € V. We differ between two cases. Either y is near the boundary having distance to OV which is
comparable with op, or y lies more in the inner of V, then o is much smaller than the distance, but on the
other hand, we can choose larger balls. More formally:

Case 1: op < dist(y,0V) < 207.

We define ¢ := dist(y, V3., /3). Notice that

=n 2 1 1
B; (y) C Va3 and 0 = dist(y,0V) — 30T > gdist(y, ov) > 30T
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Lemma 3.6, (3.4) and Lemma 3.4 (with o replaced by 207/3) then yield for k € {1, 2,3}

2kC15
DMl ()] < =5 ( sup ol | + [D?*®@[¢a )
a(y)
1 1 2 *
< 24045 sup | Xny1] + 5fk||D (|61 (y)
UT C1 204 /3Nspt(T)

C’13C’14 1 2 *
S 24015 (\/(2)2n+2k+1 0.2n+1 (EC(T, 1) + KT + A) + (573||D ‘1’HC1(BS)
3 T

C
dlst(y OV )ntk+1/2

\/Ec(T, 1)+ ke +A.

Case 2: dist(y,0V) > 207. B
We choose 6 := dist(y,0V)/2 > or. Notice that also in this case Bg(y) C Va5, /3. Indeed, the following holds

2 2
dist(y, 8V20T/3) = dlSt(y,aV) — gO’T > 20 — 55 > 4.

also B (y) C V. Therefore, Lemma 3.6 and Lemma 3.4 (with o replaced by &) imply

2k 015
DMl ()| < =5 ( sup ol | + [D?*®@[¢a )
Ba (y)
1 1 2 *
< 1605 sup [Xnt1l + 51D @ller 5,)
UT Ci_204/30spt(T)

IN

C’13014 1 2 *
16015 (\/(2)2n+2k+1 02n+1 (Ec(T, 1) + KT + A) + 5f3||D 'I’Hcl(Bs)
3 T

C

< Ec(T,1 A
B dist(y78V)n+k+1/2\/ C( , )+I€T+

This shows (4i.).
(iv.) is done as (7ii.).

For (v), we fix i € {1,...,m}, j € {1,. — 1} and abbreviate v := v}, w := w]. Additionally to the
conditions before, we now require for Cs5 to fulﬁl C2"+3 > 013014(22/ nt2) _ 1)~ I Then Lemma 3.4 implies
that

sup X2 2 C13Cha o (2% (D) _ ),

nt1 SO gy S
C1— oy Nspt(T) Cs

In the following, let y € Vr (thus |y| >y, > or) and § := dist(y, Vas,./3). Then we have

(g, 0(y), By, vW)))|* = |yl + v(1)? + [B(y, v(1))|> < (1 — 07)* + 02 + |DB|* < 1+ [D@|*.
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Denote by K := [|[D®||¢0,)- Then p Y(Vr)Nspt(T) C Biyk. (3.5)
Last, we let C5 also fulfil C§"+3 > 144 (%)%Jrl C%,C13C14. By Lemma 3.6, the following holds
+2 (n+2)/2
(. 0(y), @y, o))" = (Jy* +0(y)* + @y, v(y)*)™"
n (n+2)/2
< (ly1* + 22/ ™ — Dy ID@P(1 + [DuP)[yl)
< 2Ry, (3.6)

2 205\ T 5 2
|Du(y)|” < 5 (sup [of |+ [ D*®||¢1 ()
B (v)

< 80125 013014
= Il
(UTT)Q (%) e U%"H

3\ 150
§720125<<> C};n;;ﬂw%uca) <1 57)
5

8C? 2
(Ec(T,1) 4+ kr + A) + 515 (HDZ‘I’”cl(BJ))

2

Now, we compute

Ouly) _y (Duly) v\ _ yDuly) —o(y)
=i i 0s) = (35)
We notice that this is similar to the projection on span{(Dv(y), —1,0)}. Let {(y) := 7%“[)”@)‘2 (Dv(y),—1,0) €
R"+*. Then

(3, ), By, 0(w)). () = L 22U L) (3.9)

L+ [Do(y)]?

Moreover, the approximate tangent space of spt(T) at (y,v(y), ®(y,v(y))) is spanned by the vectors 9;G(y) for
i <nand G(y) = (y,v(y), ®(y,v(y))). As (Dv(y),—1,0) is normal to all of the §;G(y), we have that ((y) is
normal to the approximate tangent space of spt(T) at (y,v(y), ®(y,v(y))). In particular,

{(0(y). By, 0()). )| < |(v:0(y), By, v(y)) . (3.10)

where X denotes the component orthogonal to the approximate tangent space of T
Therefore, we deduce by using (3.8), (3.9), (3.7), (3.6), (3.10) and (3.5)

/VT <aa740|§}y))2 ly[2 AL (y)
1+ [Du(y)?

:/VT<(y’U(y)v(}(yav(y)))7<(y)>2 Wdcn(y)

< o(y), ®(y,v()) " | 22 V1T [Du(y)P dc”
< J, 1000 20n0t) [T T DU 4 )

< 2(n+5)/2/ |Xl‘2|X|—n—2d”T”
Biyxknp~ (V1)
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We argue in the same manner to extract

B xkNp~H(Wr)

6 2
/ (w(y)> |y|zfnd£n(y)§2<n+s>/2/ IXL121X) 2| 7).
W or |yl

By Corollary 2.5 and (3.2), we could conclude here the desired estimate but with radius of the excess being
1+ K instead of 1. However, we use (10.1) to see

L X CTP X T < AT (B \ By)
Bk \B1

1
<4 (043(1 + K)" — > < C17K < Ch7A.

43

In total, we deduce

iva(y) ? 2—n n gij(y) ’ 2—n n
L (o) weraca+ [ (ar |y| ) AL ()

< 202 (Bg(T, 1) + C4(A + rr) + Ci7A)
< 2 9)/2 (B (T, 1) + (Ca +m + Ci7)(A + kr)).

4. BLOW-UP SEQUENCE AND STATEMENT OF THE EXCESS DECAY

We now know that, away from the boundary, our minimizing current 7" is supported on graphs. We would
like to extend that fact up to the boundary. To do so, we use that the functions describing the current are
bounded by the square root of the excess such that we can introduce a blow-up procedure by rescaling by the
latter quantity. Notice that the domain of the functions converges to the half ball as the excess tends to zero.

We aim to extend the graphs up to the boundary of 7" and such that they are merging together smoothly.
To do so, we will show that the harmonic blow-ups on V (or W respectively) are all identical (see Thm. 7.2),
which will lead to an excess decay (Thm. 4.2) which will then lead to the extension of the graphs (Cor. 4.3).

First we describe the blow-up procedure.

Definition 4.1. For v e N, v > 1, i € {1,...,m}, j € {1,...,m — 1} and (T,,M,) € T, we define A, :=
A, g, = VEc(T),1), Ky := k1, UZ(V) = viT”]lVTV : V> R and w§”) = ij”]leV : W — R. We call
{(T,,, M) },>1 a blowup sequence with associated harmonic blow-ups f;, g; if the following holds as v — oo,

(i) e, — 0,
(ii.) &, %k, — 0,
(ifi.) A, — 0,
)
(iv.) . B fi uniformly on compact subsets of V|
max{e,, AL/*}
w!)
(v.) ——L——— — g, uniformly on compact subsets of W.

max{e,, All,/4}
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Notice that by the estimates of Theorem 3.2, the Riemannian minimal surface equation and ([14], 5.3.7), it
follows that f;, g; are harmonic. Furthermore, by Lemma 3.4, we have for 0 < p < 1

. 2 4C13C1y
sup |fil*+ sup |g;]® <limsup | —————— sup X7, | < —— . (4.1)
VAB” (0) WrB () vooo \ max{e,, AL/*}2 ¢, nspt(T,) (1—p)n+t

Notice that by the Arzela-Ascoli Theorem and Theorem 3.2, every sequence {(S,, M,)},>1 C T satisfying

. Ks, _
Vlggo (EC(SLM 1)+ Ec(S,.1) + Au> =0 (4.2)

contains a blow-up subsequence.
The main result of this section is the following excess decay: We define C1g, C19 and 6 later (in Rem. 7.3,
Rem. 8.1 and Thm. 8.1) and claim

0
Theorem 4.2. Let (T, M) € T and assume that max{Ec(T,1), A, Cigkr} < co Then there is a real number
19

/6
Inl <2Cis o such that for all 0 < r < 6/4 the following holds
19

afnfl
Cho

Ec(v,4T,r) < T,

A direct consequence of the Theorem 4.2 is the following

Corollary 4.3. Let T, M, n, C5 and 0 be as in Theorem 4.2 and Theorem 3.2. If we define the real numbers
B = g and 0 := 62(1+1) (4C5) ~(4nH+6) and the sets

Vi={y e Bj(0):yn > [y["""}  and  W:={ye€ Bj(0) 1y, < —[y["""},
then there are functions U; € Cl’%(§), w; € Cl’%(ﬁ) such that

G.) p~H (V)N spt(v,x1) = U graph(?;, v, o ®) and
i=1
m—1

pt(W)N spt(v,x1) = U graph(w;,~, o ®).
j=1
(ii.) 17i|(/, @j|V~V satisfy the Riemannian minimal surface equation.
(iii.) Dv;(0) =0 = Dw;(0).
(v.) 19 SV < <0y and w1 < W <0 < Wiy

In order to handle the rotations and scalings of T, we state the following computations that we will prove in
Section 10.

Remark 4.4. For Cy := C3+6"(1 4+ mw,,), (I, M) € T and r > 3 the following holds: if E¢(T,1) + kr + A <
A then
o

A K
(g T) B, p, (M) €T, Ay (m) < TM and  K(u,T) By < 7T
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Indeed, we apply Corollary 2.4 with r, s replaced by 3/r, 1:

NN By + [
3 B

e = 3
X PIX 2T < B + Ca (A ) (1 2)).
1\Bs/»

Therefore, we have

M ((p,4T) L-Bs) <r"M(T|_Bs,)
< 3" (ITl(B1) + Cs3 (A + k1))
<3 (Ec(T,1) + mw, + C3 (A + k7))
< 31+ mwy,).

The estimate on 1,,T) By follows from classical differential geometry.

Remark 4.5. Let (T, M) € T and |w| < 1/8 and assume that
1 -1
A < max g, (701 + Cio + 1)

Then, we have

(1) if Ec(T, 1) + KT + A < (01301442n+4)_1’ then sup ‘Xn+1| <
Cs/4Nspt(T)

(i) if Ec(T,1) + rr + A < min {Cyq', (C13C124>"T) ™'}, then

1
3

(RypYopyT) B3 = (v,xtt4T)L Bz € T.

(111) if 12 S r < 0o and w2 —I-Ec(T, 1) + KT + |.D‘I’|2 + |D2(I’| S 021_1, where 021 = 42n+4020010(1 + Cu)(l +
013)014, then (ur#’yw#T)LBg € T and

< fr
H(Hr#’Yw#T)LBs = 7

Proof of Corollary 4.3. We only show it for ¥;, the argument for %; goes analogously.
Let 0 < p < ¢ and define S, := (py/,46V,x 1) Bz, M, = py,,(M). By Remark 4.5 (S, M,) € T.
Moreover, notice that by Theorem 3.2, Theorem 4.2 and Remark 4.5 the following holds

1/(2n+3
os, = Cs(BEc(Sp 1) + kg, + A, ) /&Y

< Cs5(Ec(v,4T,p) + plhr + A

P 90 \ 1/(2n+3)
<C (9 -l 2 —)
° Cig pClQ

)) 1/(2n+3)

e—n—l ) 1/(2n+3)

. 3
= Csp!/in? (pl/zclg

4
< CSpﬂ (61/2%9—71—1

42n+5 ) 1/(2n+3)

2n+3
CroCs"

)1/(2n+3)

= C5P’B <



BOUNDARY REGULARITY OF MINIMAL ORIENTED HYPERSURFACES ON A MANIFOLD 15
3
<.
4

Now, we look for functions whose graph contain spt(+y,4T). For a fixed p, we apply Theorem 3.2 to (S,, M,)

and get vls” < 1)28” < ... < vpy whose ® p,-graph form the spt(S,). Using Theorem 3.2(éii.) (with T, M, k

replaced by S,, M,, 1 and 2) for all i € {1,...,m}

sup |Dv;”| < 07\/EC(Spa 1)+ ks, + Aprg, sup dist(y,0V) 112
1

V—pB yGV%plg

n+3/2
o)

< Cogp'/4,

s . L
sup |D?v;”| < 07\/EC(S/)’1) + ks, +Ap, sup dist(y,0V) 272
V%pﬁ yEV%pB

4 n+5/2
<on/a o ()

< Oap'/4,
Define py, := (%)k, k € Z, and look at the annuli
~ 1 2
Av=qy Vg <yl < 3o

These annuli are overlapping as % P < % pr+1 and moreover their union covers all of V. Notice that for y € Ag
the following holds

1+8 148 1 s
U Iyl ><pi) 2 Pes g
Pk Pk 2 pr 4 ok

Therefore, y/pi € Vs, and we can define for y € Ay

- s

vi(y) = prv; " (£>

Pk
Then
1/ o " ~
p (V) Nspt(y,xT) = U graph(@;, vy, o ®),
i=1

because S, := (pb1/,47,£1)L Bs. Moreover, all 9; fulfil the Riemannian minimal surface equation on V and

U1 < 0g < -+ < Uy, The only thing we still have to prove is the Cl’%—regularity. By using the bounds in (4.3),
we estimate for each y € V

|D;(y)| < Cazpy/* < 20|y|H/4, (4.4)

N 1 _
1D235,(y)| < ﬁ@zﬂ}cﬂ < Cosly| /4, (4.5)
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Let y, z € V be arbitrary. We want to deduce that |D#;(y) — Do;(2)| < 4Cas|y — z|'/*. We differ between the
following cases:
Case 1: max {[y,|z|} < 2]y — 2|
Then the following holds by (4.4)
|Doi(y) — Dvi(2)| < |Dvi(y)| + | Dvi ()]

< 2Cp|y|"* + 205, |2["/*

S 4022|y — Z|1/4.
Case 2: max {|yl,|2|} > 2|y — z|.

Wlog max {|y|, |z|} = |y|. We claim that also the path between these two points fulfils this inequality. Indeed,
for every ¢ € [0, 1] we have

ly+tly —2)| > [yl —tlz —yl| > 2ly — 2| = tly — 2| > |y — 2|
and
ly +tly — 2)| 73 < |y — 2| 734

We use this together with (4.5) to infer

1
|D#;(y) — Di;(2)] < Iy—Z\/ |D25;(y + t(y — 2))|dt < Caaly — 2["/*.
0

Thus the Hoélder regularity holds up to the boundary and by (4.4) we conclude (éii.).

5. GLUEING OF HARMONIC BLOW-UPS AND FIRST COLLAPSING LEMMA

We aim to prove that under certain conditions, the harmonic blow-ups agree in order to deduce later that
the graphs are equal on V and W respectively. The first step in this direction is to show that if we glue them
together, the result is weakly differentiable.

Lemma 5.1. Let {(T,,M,)},>1 C T be a blow-up sequence with associated harmonic blow-ups f;, g;. Define
hyp: By (0) — R by

Yo filx), ifreV
W) = { S g @), e W

0, ife el

and

(2) = min {|f1(2)],...,|fm(2)|}, fzeV
a 0, ifr€ WUL.

Then h and p are in W,-2(BY(0)).

loc

Remark 5.2. Consider the notion of trace as in Chapter 26 of [24]. The previous lemma implies that p|, has
zero trace on L.
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Proof of Leamm 5.1. Let {(T,,, M,)},>1 C T be a blow-up sequence with associated harmonic blow-ups f;, g;
and denote A,, €,, k, as in the Definition 4.1 and ®, := ®,,,. Observe that 1+t > 1+ %t — étQ for all
0 <t < 1. We use Theorem 3.2(7ii.) to estimate for any i € {1,...,m}

612, = M(TULcl) — M(p#(TuLcl))
>M(T,Lp~ ' (Vye)) —M(pu(T,Lp (V)
2 - "
(o)
>

1 1.
L (Gloer - i) ac
v \2 9

1 y 2 e
> 7/ |Du{"|? <1 —2CH2 + Ky + Ao, " 3/2) acr
Ve 9

=2
. 2
ik (1 - 505 3202, /2 ¥ ky + AV> acr.

_1/
=3/,

Hence, for v large enough, it follows that

Nem

/ IDu{”)PAL” < 362
Ve
Moreover, fix § > 0. For all v such that o, < §2 the following holds

D (V) 2 D (V) 2
v Vs

, max{e2, AY/?} €2

and by locally uniform convergence, we deduce
/ |Df;|?dL™ < 3.
Vs

As § was arbitrary, we can conclude the integrability of the weak derivative of f; in all of V and analogously
for g; in W. The fact that the trace is zero, we deduce in the same manner as in Lemma 6.2 of [18] (which is
based on [14], 5.3.7). Thus, we also conclude that h and p are in Wlif O

As a next step, we see that also around boundary points, we have local uniform convergence. In fact, the
proof of the original paper ([18], Lem. 6.3) carries over and thus, we omit the details here.

Lemma 5.3. Let 0 < 0 < 1/2, a € LN B} ,,(0), U := Bl(a), B := 90U, C C p~(U) compact and
{(T,, M) }v>1 C T a blowup sequence with associated harmonic blowups f; and g;. Denote €, := \/Ec(T,,1)
and m, := max{e,, AY*}. Then, the following holds

Xn+1

< max{ sup fm, sup gmflao}v
BNV  BOW

limsup sup
v—oo Crspt(T,) Mv

- . X o .
liminf inf 22> mln{ inf fi, inf gl,O} .
v—oo Cnspt(T,) M, BNV BNnw
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As a first step to the fact, that the harmonic blow-ups coincide, we prove it under the strong assumptions
that they are linear. This will be useful, as for the excess decay we will use a blow-up argument in which the
inequality of Theorem 3.2(v.) forces them to be linear. The argument for the equality of the blow-ups relies on
the fact, that in case they are not equal, we find a better competitor for the minimization problem.

Lemma 5.4 (Collapsing lemma). Let {(T,,M,)},>1 C T be a blowup sequence and

denote ¢, := \/Ec(T,,1) and m, := max{e,, AL/*}. Assume the
harmonic blowups are of the form

fi = Bl Yn' Vo g; = 7j YnlW’ gl‘z\ph(gg)

for some real numbers 1 < -+ < B, Y1 > -+ > Ym—1- Then

araph( f
the following holds graph(fa)

and for every 0 < p <1

graph(gp)

Rn—l

XnJrl . ﬂlX

v

lim sup =0.

V=00 ¢,nspt(T,)

Proof. Let ’UEV) and wj(-y) be as in Definition 4.1, define ¢ := max {|B1],|Bml, 1], [Ym-1]}, 6 :== min {{1} U

{ﬂi-ﬁ-l — ﬂl : Bi—i—l 7é ﬂl} U {’}/1 — Yi+1 : Vi # ’}/H_l}} and let 0 < o < mln{5/2, 1/16} By Theorem 32(211), (i’U.),
Definition 4.1(i.)-(v.) and the previous Lemma 5.3, we can choose N, > 0 such that for all v > N, the following
holds

(5.1)

o
%—ko GTV<Z, m,%<a7 nTy<a3m12,
2 .
9% f\ [ sup ’vz(y) — myﬁiYn‘ < U"+4m12, forall0<:<m (5.2)
Vo2

forall0<j<m-—1 (5.3)

| | up [0 Yo < o
v Wo 2
sup | Xnt1] < 2¢om, + om,. (5.4)

C3/a40Nspt(Tu)\P~H(V2,NW2,)

The grey area in the sketch stands for the set where the supremum in (5.4) is taken. We divide the proof
into several steps.
Step 1: For alli € {1,...,m}, j € {1,...,m — 1} the following holds

sup |D(UZ(U) - muﬁiYn)
Vo

%, sup |D(w§”) - m,,ijn){2 < Cazo’m?. (5.5)

Step 2: There is a Lipschitzian map FJ such that
M(FT ,T,) — M(T,) < Coa(1+ ¢)%om?2.

The maps FJ are constructed by performing the blowup process backwards: we multiply the harmonic
blowups with ¢, and move it by o to the origin. These compressed sheets then almost recreate the
original currents.



BOUNDARY REGULARITY OF MINIMAL ORIENTED HYPERSURFACES ON A MANIFOLD 19

Step 8: With the help of F7, we show that

14

B Yn(y), if y € By 5(0)

=n nv
:B;,,(0) = R, = — _
1+ Buz0) = R nly) {vmlyn(y), ify € B (0) W

is harmonic in BY/5(0). In particular, n is differentiable in 0 and hence, B,, = ¥p—1. We argue similarly to
deduce that also 51 = ;.

X,
Step 4: lim sup Lntl 51X,
V=00 ¢, Nspt(T)) m,
Proof of step 1:
Away from the boundary, we want to use Corollary 6.3 of [16] on the function u := o) —m, B;Y,,. Recall the

i

=0.

coefficients a;; and b of (3.3) and define al(.;), b®) accordingly. Then for

5k,l Dkvgy)Dlvgy)

— — agl.
J1+ Do (LD )32

Ap =

we have Z Ap 0w = Z Aklaklv§”) =" and for v large enough, Ay are elliptic in V, /3. Hence, we have
k=1 k=1

Cas

7 (O'zmz + mi)

2
o V3

o

sup | D (0! —m, 8:Y,)| < Cos (sup o) —m,, 8,V | + IIb(”)Hgl(vg/s)) <

< nga2m12,.
In the same manner we show that

sup ’D(wy') — ml,7an)’2 < ngUQm,zj.

o

Proof of step 2: Fix i € {1,...,m}, j € {1,...,m — 1} and define the following subsets of R™"":

H? .= {z e R"™ : |z,| < o},

)
I7 .= {x eR"™ :(zy,...,2,) € Vg and |2,41 — Biwn| < 20},

1)
J7 = {x e R (1,...,2n) € Wy and |Tp1 — 20| < 20}
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Notice that I7 NI7 = @ for all B; # B, and J7 N J7 = () for all v; #

v by the definition of §. Additionally, define the maps B, : R**! — Tnt1
R (z,y) = (21,. .., Tn, Tpy1) for 7 > 0. We define H? I3
m m—1 ']; I
GO = H"Uﬁmu<Ulf)Uﬁmy< U J;), \ / ’
i=1 J=1 o—1 —0, . ,;,’:"I o Jl—c
X\ Go — R T — ,
(z1,...,2n,0), ifx e H?
T (zl,...,xn,myﬂi(znfa)), 1f:17€ﬂm (I7)
(zl,...,xn,myvj(xn—o)), 1fx€,8m (J]")
LTn41 Tn+1
HC
p ) B‘nll(lg)
D)nh/(\']';> 2\ 3 ( ](7) Ag © 6m1/<[g)
/ [ TO v oL AN p
\ "4 d‘n“(jz ) . ’ _ )\Z © s{}nh/<]g>
o—1, —0, | 5T ,1—ax oc—1 g g 1—0o .
— e ] n n
AL(H)

Now, we want to construct a homotopy between \? and the identity map. For this we take a C! function
u: By (0) — [0,1] satisfying ﬂ|§?/2(0) =0, N|B§”(0)\B 5,0 = =1and sup |Dp| <5. Then, we define

B} (0)
— GZ U (Rn+1 \ 03/4) — Rn-H
: n+1
N x, lf reR \ 03/4
(1 - pop(@)A(2) + (nop(x))z, ifzeGy

and finally map everything to M, with

FZ: (Gg x RFY U (R C3/4) — M, C R™TF
(e,) > (A2 (2), ®,(AZ(2))).
We know that in p~1(V,), spt(7,) lives on the ®,-graphs of UEV). As vg'/)m,jl converges to 3;Y,,, for v big
enough, graph(v\”), ®,) C (id, ®,) o B, (I7). Therefore

p (V) Nspt(T, U graph(v,”, ®,) C (id, ®,)(G9).

Now, we compute the functions whose ®,-graph describes spt(F;,T,) N p (Vo)

u”) = (1= wm, Bi(Ys — o) + pol”)

= (1 - u)mvﬁiYn + N/Ug Y (1 - ,U)muﬂio'
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= M(Uz(u) - mV/BiYTL) + muBiYn - (1 - M)muﬂia-

Then the following holds

ut” — o = pw —m, BiY,) — (0 = myB;Yn) — (1 — p)m, Bio.

Recall ¢ := max {|B1], |Bm|, |71, |Ym—1]}. We bound by step 1 and (5.2)

sup D] < sup (|Dpllo = m Yo + D (0" = m, 5, |+ my 5] + 015Dl

< 5omy, + v/ Cozom, +m,( + 5m, (o
S 026ml/(1 + C)v

sup |Do”| < sup (1D —m,8,Y,)| + [ D(m, 5:Y,))
Vo Vo
< Caemy (1 +¢),
sup | Dul” — D] < sup (|Dpll = m, BiYa] + 1+ ul[ D" — m, B8:Y,)] +m,o8:Dpl )
Vo- Vc

< 50 + 24/ Cozom, + 5m, (o
< OQ@O’I“V(I + C)

With this we can estimate
M(FS#(Tprfl(VU))) - M(Tprfl(VU))

m
<> Vi+ |D<I>,,\2/ (\/1 + |Dul2 — \/1 + |Dv§”)2> acr
i=1 Vo

< 22/ (1+1Du P — 1 (D) ac” (5.6)
i=1/Ve

< Qi /V 1Du”) — Dol |(|Du”| + | Do) aL”
< C;(ll +Z‘>2m30-
In the same manner, we deduce
M(FJ (T, p " (W,))) = M(T, L p~ " (W,)) < Cor(1+¢)’mio. (5.7)
Outside of p~'(V, UW,) we notice that F is the identity in M, N ((H? x R*~1)\ Cj3,4) and hence
M(FD (T, ((HT x B¥ 1)\ Cyya)) = M(T, L ((H” x B*1)\ Cya)). (58)
In (H? x RF71) N Cs4, the following holds

Fl(z,y) = (1, Ty (@1, )T 1, B (@1, @, (@1, 20 Tig)) -
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Hence, we can use Lemma 10.1 (with A = (H? x R¥~1)n Cs/4, T =0, p=50) to bound

M(FJ (T (H? x R*"1))) = M(TL_(H" x R*™"))

5.8 o o — o -
D M(Fg (T (H” x RE1) N Cy)a))) = M(TL ((H x R¥1) 1 Cy.4))
<G (shv2 XEain s 2ra,
g (H29 xRF=1)NCs44 4
(5:4) Oy

< = (K7, +27A, + 2| T, | (H* x RF"1) N Cy440) (2Com, + om,)?) .

Further, we see that by the monotonicity property (3.1) and the projection property of currents in 7, the
following holds

1T, || (H? x RF1 N Cs/140)
4

<ée? + mo (3—|—0)n_1
Sé€) 1

= <i + 0) Ec(T,, 3. 0) + M (py (T, (H* x R¥") N Cs/410)))

S 028 g,

where we used (5.1) in the last inequality.

Therefore,
R % +o
M(FY (T (H* x R¥"1))) = M(TL (H?** x R*1))
C
< % (n%y +27A, 4 2Co50(2Com, + Jml,)2)
(5.1) -
< 029(1 + C) m,o.
—20 20
-1
Putting this toghether with (5.6) and (5.7) yields ] =
M(F] ,T,) — M(T,) < Cas(1+¢)*mio
for all v > N,.
=,

Proof of step 3: We define

—n B Yan(y), ifye B L0)NV
1:B15(0) = R,n(y) = ) oo )
Ym-1Yn(y), ify€ B1/2(O) N

To show that 7 is harmonic, we prove that it minimizes the Dirichlet integral. To do so, we take some arbitrary
Lipschitz function 6 : By ,(0) — R satisfying 9|a§711/2(0) = T7|6§f'/2(0)' Then we notice that [ |Dn|* — [|D6|?
is comparable to the difference of the Hausdorff measure of the graphs of  and 6. These graphs, we express
as currents and use the minimality of 7T}, to deduce that [ |Dn*> — [|D@|*> < 0. To make this precise, we
approximate both of these functions. Indeed, let {o}}r>1 be a monotonously decreasing null sequence with
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o1 < min{d/2,1/16}. For each k > 1, let vy, = N, ,

o B (Y (y) — on), ifye ?711/2(0) N Ve,
U Bl/Z(O) = Rmk(y) = § vm-1(Ya(y) +ox), ifye E1/2(0) NWo,
0, iy € B](0)\ (Vo UW,,),

. N .
and choose some C' function . : By /5(0) — R with 6’“|3§T'/2(0) = ”k‘aﬁ’;’/z(o)v
limsup sup |D6| < oo and lim |DO), — DO*dL™ = 0.
k—o00 E;"/Q(o) k—o0 E?/Q(O)
With this, we define two auxiliary currents associated to the ®,-graphs of m, 7, and m, 0 respectively:

Ry = ((idn, iy, Oy, @, (id,, myknk))#(E"Lﬁg‘m)) | Cyjs,

S 1= ( (i, w5, @y, (i, i, 00)) , (BB 5)) Lo

Notice that Ry, Sy are supported in M,, and moreover, in C; /, NGY the following holds FJ* = (id, ®,) o A7k =
(id, ®,) o A7¥ and hence,

M(Fy} (T, L C1)) = M(F}} (T, L C1) — Ri) + M(Ry). (5.9)
In addition, we define g(t,z) = (id, ®)(21,...,Zn—1,tTn, txns1) and Qu, := qx([0,1] x ((0T,,)_Cs))L C;.
This is the filling between E?_l x {0} and spt(07,) N C; mapped onto M,, . Then we consider Py := Q,, —
(FZF)#Qy, . Because ngk|acl = (id, ®)[5c, ; Qk‘aﬁf/g(O) = 77k|a§;L/2(o) and the homotopy formula ([14], 4.1.9),
the following holds

ORy, = 0Sy,

aPk = an/k - 8(F;;\k#QVk)

= (AT, ) C1 — (id, ®,, ) (B" " x {0}) L C1) — FZF , (0T, )L C1) + (id, B, )4 (B x {0}) L C1)
= (9T,,)C1 = FJ¥ (9T, Ch)

= 0(T,,,L_C1) — O(Fg (T, L_Cy)).

Moreover, the area minimality of T,, in M,, implies

M(T,,, L C1) < M(FJ! ,(Ty, |- C1) + Pu — Ry + Sk)

< M(FyF, (T, L C1) — Ry) + M(Py) + M(S).

Together with step 2 and (5.9), we deduce

M(Ry) — M(Sk) = M(FZ* (T, L_Cy)) — M(Fg* ,(T,,_C1) — Ri) — M(Sk)

Vi # Vi #
<M(F (T, |- C1)) = M(T,, L C1) + M(Py)

< M(Py) + Caa(1 +¢)*m, 0y, .
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Notice that again by the homotopy formula ([14], 4.1.9), M(Q,,) < C3o(x1,, + mfk). Then the condition (4i.)
in Definition 4.1 yields

M(P, M(Q,
lim sup (2 k) < limsup (1 + Lip(Fu"k’C)”) M =0.
k—o00 ml,k k— o0 ml,k
Thus,
M(Ry) — M(S
0> limsup w
k—o0 ka
14+m; |an|2 14+m] \D9k|2 D®
= limsup / ; / e rn_ C3l| 2Vk|
k—oo0 1/2(0) my, 1/2(0) m,. Vi
1+m? |Dnil?) — (1 +m? | DOy |?
zlimsup/ ( Vk| 77k| ) ( ‘ k‘ ) dcr
booe JBL20 w2 (1/1-+m2, D2 + /1 -+ m2, [Do[2)

1

== ﬂ |Dn|? — | DO*dL™.
2 /By,

As 0 was arbitrary, 7 minimizes the Dirichlet integral and hence, is a harmonic function. In particular, n is
differentiable in 0 and thus, £, = ¥m—_1. We argue similarly to deduce that also f; =
Step 4: Let 0 < p < 1 and assume 0 < o < (1 — p)/2. Then by Definition 4.1(44i.),(év.), it follows that

X
lim sup sup ntl 61X, =0
v—00  spt(T,)\H"/2 m,
and by Lemma 5.3
X X
lim sup sup ntl n| < limsup sup Ly |ﬂ1\7 < |B]e.
v—0o0 spt(T,)NH?/2NC, my v—0o  spt(T,)NH?/2NC, m,

Letting o | 0 concludes the proof.

6. COMPARISON BETWEEN SPHERICAL AND CYLINDRICAL EXCESS

In some situations it is more convenient to work with the spherical excess rather than with the cylindrical
one. However, in the context of blow-ups, we see that they are in fact comparable.

Lemma 6.1. There exist positive constants Csa, Cs3, Csq such that if (T, M) € T satisfies

1 Ec(T, 5
Ec(T,1)+kr+A<— and sup X7, < M,
Cs2 C1/40spt(T) Cs3

then

1
Ec(T, §) < Cay(Es(T,1) + kr + A).
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We will give the very technical proof for this in Section 10. It follows by computing the first variation of a
suitable vectorfield.

Instead of asking X2 241 to be small, we now only assume that T is optimal with respect to rotations. We will
argue by contradiction, finding a suitable blow-up sequence and then we will reduce it to the case when the
harmonic blow-ups are linear (in order to use Lem. 5.4). Here, we give a sufficient condition for this to happen.

Remark 6.2. Let h: V — R be a harmonic function such that for all y € V and 0 < p < 1 the following holds
h(py) = ph(y). Then it follows

(i.) If h > 0, then h has zero trace on L.
(ii.) If h has zero trace on L, then there is some € R satisfying h = 8 Y, |y

The proof of this fact can be read in the original paper ([18], Rem. 7.2).

Theorem 6.3. Let (T, M) € T and recall Cso and Csy from Lemma 6.1. Then there is a positive constant Css
such that if for all real numbers |n| < 1/8 the following holds

1
E-(T,1 A<
e Ec(T, 1)+ kr + _20321

].) KT
"3 Ec(T,3) ~ 035

1
i EC(T7 Z) < QEC(’Y’Q#T7 1)7

e Ec(T

then
1
Ec(T, 1) < Cs5(Es(T,1) + kr + A).

Proof. We argue by contradiction. Assume that no matter how large Cs5 is, there is a current satisfying the
four conditions but not the fifth one. This means, there is a sequence {(T,, M, )},>1 C T such that for every
v > 1 and |n| < 1/8 the following holds

Ec«(T,,1 A, <
( )+ Kkr, + 905,

1 1
EC(TI/7 Z) S 2EC('777#TV7 1)1 (61)

lim (EC(T,,, %) 7T > (6.2)

V—>00
Es(T,,1) +;<;T +A
Ec(T,

lim
v—00 s 4

We define S, := (p347,)Bs. By Remark 4.4 (S, u3(M,)) € T and moreover

1 1 1/4
=V EC(SIJ7 1) = \/ EC(TI/7 g)a Ky = HS,,S KT, and m, := max {51/7 (3Au> } .

Up to subsequence (which we do not relabel) is {(S,, pt5(M,))},>1 a blowup sequence (see (4.2)) with harmonic
blowups f; and g;. We want to show that they are of the form 3Y;,. Then we will be able to deduce that 3 # 0
which will make it impossible for Ec (7}, 1)e;,% to converge to zero. This then leads to a contradiction to (6.1).
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Notice that by Lemma 2.3, the following holds
¢ T AHT)Z T, [|(By/3) < eC2 At T)|T, |(By).

From this, it follows

1
ES(Sua 1) = ES (Tl/7 3>
n — 1
< 3"|T,|[(B1ss) — m—
§ 2C’2(A +KT,) ||T ” B1 ( >
< e3C2(A +I€TU)ES(TV71) ( 2Cy(Av+kT,) _ 1 ""’QTV) w, <m_ 1)

< ( C3/C3sa +2—== Co ) (ES(Tual) +I</Tz/)
Csa

and hence,

. Es(SV 1) A\" c Cy . Es(Ty 1) + KT
1 — <= 2/Cs2 1 9 72 ) — P v 6.4
im sup 5 =3 e + O 111/11> sip Eo (T, 4) , (6.4)

v—00 &y

where we used (6.3).
We can apply Theorem 3.2(v.) (with T replaced by S,) combined with Definition 4.1(iv.),(v.) (with T,
replaced by S,), (6.2) and (6.4) to infer

L (250 ypracr+ [ (229) yeracn)

Es(Sy,1) + Cs(Ay + k1)
2

< 2"+ lim sup
v—00 m

=0.
Hence, both terms must vanish and therefore the following holds for all 0 < p < 1

filpy) = pfily) foryeV and 9i(py) = pgj(y) for y € W.

This allows us to use Remark 6.2(i.) to the nonnegative functions f,, — f1, gm—1 — g1 having vanishing trace
on L. We notice that

|fil = (Ifil = min{| ful, - [fm]}) + min{|fi], -, | fnl}
< (fm = fr) +min{|f1], -, [fml}

and so, also each f; has zero trace on L by Lemma 5.1. Remark 6.2(ii.) gives that f; = ; Y}, |, for some 3; € R.
The analogues statement holds for g; because Lemma 5.1 implies that also Z;’;l g1 has zero trace on L and
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we can bound

m— m—1
(m —1|g]|—z —gz+Zgz, D(gm-1—91) + [ > a1l
=1 1=1
Then we can apply Lemma 5.4 to deduce
Br=-=Bm=m=""="7Um-1,
lim sup 2rtl g X, =o0. (6.5)
V=00 C7/8Nspt(Sy) m,

Next, we infer 81 # 0. Indeed, if this were not the case, then Lemma 6.1 would imply that

1
Es(7,,1 Ec-(T,, A, n
0 = lim sup (S(’)—H{T> > lim sup 0w B 3) — > 5 >0,
v—00 EC(Ty7 4) v—00 EC(TU, Z) 4"C34

where we used (6.3) for the last inequality.

Now, we rotate T, such that the new blowup sequence has a vanishing harmonic blowups. To do so, let
ny = arctan(Bim,) and consider R, := (447, 4+1,) Bs. From Remark 4.5(ii.), we know that (R, (p4 o
Vi )(M,)) € T for v large enough. We use again Lemma 3.3 (with 7', o replaced by R,, 1/6) and Lemma 5.3
to obtain

E T, % Ec(R,,1
lim sup M = lim sup M
v—00 ” v—00 m,
X2 A, 6.6
S lim sup 36010 011 sup n;—l + BT, J; ( )
v—00 Cq/6Nspt(Ry) My, m,
=0.
But by Lemma 3.4 (with T, o replaced by R,, 7/8)
Ec(T,, E T,,1
lim inf M = liminf %
V—00 m; v—00 m;
7\2ntl 1 X2 A,
> liminf (f) [ sup ”;1 _ i —z
v—oo \8 C13C14 Cy/sNspt(paypTy) My m,
72n+1 2
T (BY) o,
82n+1013014 8

For v large enough, together with (6.6), this contradicts (6.1).

7. COINCIDENCE OF THE HARMONIC SHEETS

As mentioned before, the excess decay will follow from the fact, that the harmonic blow-ups coincide on V
and W respectively. To see this, we want to blow-up the harmonic blow-ups in a homogeneous way. Thus, we
need to make sure that the limit exists, i.e. we prove that the harmonic blow-ups are C%! up to the boundary.
The proof uses suitable rotations of T, and the uniform convergence of the blow-up sequence at the boundary.
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Lemma 7.1. Let {(T,,M,)},>1 € T be a blow-up sequence with harmonic blow-ups f; and g;. Then for all
0<p<l,ie{l,....m}and j€{l,...,m— 1} the following holds

|fi(y)] lg; ()l

—— < 00 and sup ——— <00
VB, (0) ly| WNB, (0) [yl

Proof. For v € N with v > 1, we define ¢, := \/Ec(T},1) and &, := k1,. Let 0 < 0 <1/12 and w(v,0) € R
such that for all |n| <1/8

g

9. (7.1)

g
EC(A/W(”?”)#T”’ Z) < 2EC(777#TDa 4

Notice that by the monotonicity of the excess (3.1) and Definition 4.1(4.), it follows lim,_, o Ec(Ty,0) = 0. As
(7.1) also must hold for n = 0, it follows by Lemma 3.3 that also

ulggo w(v,o) = 0. (7.2)
This implies that
lim Ec(vw(u,a)#TV7a) =0. (73)

V—r00

In a first step, we show that there is a constant Csg such that for infinitely many v the following holds

sup | Xnt1] < Csemyo.
Co/5M8Pt (Yo (v, 0y L)

To do so, we first bound Ec(v,(,,0)4 1y, 7) by looking at two different cases:
Case 1: Bo (V0 pTv, §) < €5 for infintely many v.
We use the monotonicity of the excess (3.1) to deduce

o 4\" o A\" ,
EC(‘YW(I/,O‘)#T’/’ Z) < (3> Ec(ﬂyw(v,a)#TDa g) < (3> &y

for infinitely many v.

Case 2: Ec(Vyu,0pTv: §) > €5 for all v > N for some N large enough.

We define S, := (7w(l,’o)#p,%#Tl,)LB3 and M, := Yo (v,o) © ,u,é(./\/l,,). By Remark 4.5(iii.) is (S, M,) € T.
Recall the constants Cse and Css of Theorem 6.3. By (3.1), (10.28), (7.3), (7.1) and Definition 4.1, there is an
integer N, such that for all v > N, the following holds

o r, <el,
1
b EC(Sua 1) +Ks, + A]\:ju < EC((7w(u,U)#Tv)LBSaO—) + O—(HV + Au) < 20"
32
1 Iis
Ec(Sy,z)+ =——————— <3"E T,)_Bs, - < =
° C( 3) + EC(SI/7 %) C((’YW(V,U)# ) 3 U) + 0-5,% 035
1 1 1
o Ec(S,, 1) < 2Ec (7,250, 1) for all |n| < 3
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Therefore, we can apply Theorem 6.3 (with T replaced by S, for v > N, ) to deduce

o 1
EC(’YW(U70)#TI/7 Z) = EC(SZI7 Z) S 035 (ES(SV) 1) + KRS, + A]\;[y)

(7.4)
S 035 (ES(TV, O') + O'(Ii,/ + Al,))
Notice that by Lemma 2.3, the following holds
2 REm)o g ||(By) < €A tm)|T,||(B).
Therefore,
Y — 1
Es(Ty,0) = 07" |1, [|(Bo) — (m — 5)e(n)
_ 1 1
< BCZ(A”JFHV)(HT,,H(BO B (m B E)w”) + <eC2(A,/+nu) _ 1) (m — 5)(‘)”.
With this and (3.2), we can continue to estimate (7.4) with
Css (Es(Ty, O') + O'(Iil, + Ay)) < (35 (Ec(Tu, 1) + Ky + Ay) < C37m12,.
Hence, in both cases we have infinitely many v satisfying
g 2

EC(’YUJ(V,O')#TV’ Z) < C38m11'

For these v we apply Lemma 3.4 (with o, T replaced by 1/5, (Yo(y,0)4H4/041») - Bs) and infer
o
sup | Xny1| = sup Z|Xn+1|
Co/5M8Pt (Yo (v, 0y Tv) Cu/5M8Pt (Yoo (v, 0y Hajo e Tv)
o o o
<14¢CBCM5%+%E0ﬁbmw#ﬂ“4)+4(“”+AWW
< 0391111,0'.
Tn+1 207411%0
With this, we now prove the bound on f; and g;. - ’\,
To be able to jump between V and W, we define for y € R"” 5Pt (Voo T) il -
- w(v,o 7

the map y — ¥ := (y1,..-,Yn—1, —Yn). Denote by UZ(V) and o
w;l') the maps whose ®,-graphs form the spt(7,) as in Defi- /'/ In
nition 4.1. By the previous inequality and (7.2), we can bound <=l __ -
for infintely many v, arbitrary 0 < 7 < 1,4 € {1,...,m} and

je{l,...,m—1}

|UEV)(ZU) + w§u) (7)] < 2Csem,0 fory e Vo N E2/5(0)'

Consider now any 0 #y € VN E?/60 (0). Then let o := 5|y| < 1/12. The previous bounds imply that

() T
W) | 0 )
m, m,

< 20390 = 10C39y|




30 S. STEINBRUCHEL
for infintely many v. Hence, by local uniform convergence,
|fi(y) + 9;(7)] < 10Csy|  for y € VN By 50(0). (7.5)
Moreover, by (4.1), fory € VN (EZ(O) \E?/GO(O)), ie€{l,...,m}and j € {1,...,m— 1}, the following holds

FWP + 1@ < mwmym (7.6)

Now, we define the following auxiliary functions

Yy fily), foryeV
h:BT0) =R, h(y) =< X7 gi(y), forye W,
0, forye L

H:BY(0) = R, H(y) = h(y) — h(y).
By Lemma 5.1, these two functions have locally square integrable weak gradients. Moreover, H is odd in the

n-th variable and H |y, is harmonic. The weak version of the Schwarz reflection principle implies that H is
harmonic on all B} (0). Therefore, the following holds for all 0 < p < 1

sup A ()l < 00. (7.7)
B0 Yl
Notice that for y € V, we can write
i—1 m
L) =Hu) =Y (@) +a:@) = > () +96-1(9)),
k=1 k=it1

9;@) = (1lv) +9;(@)) — f1(v).

(7.5), (7.6) and (7.7) then imply the lemma.
O

Now, we are ready to prove that all harmonic blowups coincide even if they are not linear. The definition
of the homogeneous blow-up of the harmonic blow-ups and the estimate in Theorem 3.2(v.) will imply that
they are linear, and hence, coincide with each other. Then we will use the E.Hopf boundary point Lemma for
harmonic functions to deduce that also the harmonic blow-ups need to coincide themselves.

Theorem 7.2. Let {(T,, M,)},>1 C T be a blowup sequence with harmonic blowups f;, g;. Then

(i) fr=-=fmand gy ="+ =gm_1.
(i.) The functions

fily), foryeV

:VUL—=R, y—
f Y {O, forye L

a(y), forye W

g: WUL —-R, y—
0, forye L
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are C2.
(iti.) D f(0) = Dg(0).

Proof. We first blow f;, g; up and show the equality of these limiting functions. Then we deduce that also the
fi, g; coincide.
Leti e {1,...,m},j€{l,...,m—1},4 < p < oo and define the functions f* := pfi(5) and gJ(p) = pg;(5).

Then fi(p ) and gj(-p ) are harmonic and by Lemma 7.1 uniformly bounded.

Indeed, for all 4 < p < oo

< o0

y fily fily
sup|f{”| = psup fy()‘ =p sup [fi{< sup AWl W)
v v P VNBY,,(0) VNBY,,(0) | VNBY,,(0) |yl
Then Theorem 2.11 of [16] implies that, up to subsequence, they converge pointwise to a harmonic function.
This means, there exist a strictly increasing sequence p — oo as k — oo and harmonic functions f7,..., f on
V,gf,...,95,_1 on W such that for all i € {1,...,m}, j€{l,...,m—1}

klim fi(p’“)(y) = fX(y) and lim Dfi(p’“)(y) =Df’(y) fory €'V,
o0 k—o0

Jim 9y =giy)  and Jim D¢ (y) = Dgi(y) ~ forye W.

We want to deduce their equality by using Lemma 5.4. To do so, we first must show that f, g7 are of the form

BY,, for some § € R. A sufficient condition for this is the following identity ;f’| (T/) =0= aagi (Z|/)7
oy Ty

as we

have seen in the proof of Theorem 6.3. By Theorem 3.2(v.), we have

. 2 : 2
LAY e | (34 e o

and hence, Fatou’s Lemma implies that

2 1))’ 2 5\
L GEE) wiazw - [ (G5E) weacw
<hminf / gfi(pk)(y) 2| |2fnd£n( )Jr/ gg]('pk)(y) 2| |2—nd£n( )
Rl Y S Y Y P \or T ) Y Y

2 2
k—o0 VnBj,,, (0) or |yl wnBY,, (0) or |yl

=0.

Therefore, there exist real numbers f; < --- < B, 71 > -+ > Y1 such that f" = §; Ya |y, g7 = Yolw -

Now, we show that all these numbers coincide.

This must hold by Lemma 5.4, if we find a blowup sequence whose associated harmonic blowups are exactly
;> g;. For k€N, k>1, we define

Sk .= (m,,T,)L Bs.
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Then there is an N > 0 such that for v > N the following holds E¢(T),,1) + k, + A, < C%‘o and hence, by
Remark 4.4, (SF, p,, (M,)) € T. Moreover, by Definition 4.1(iv.), (v.) for all i € {1,...,m}, j € {1,...,m—1}
we have

h

lim —— = fi(p ») on compact subsets of V,
v—oo M,
k
w;"

lim —— = gj(.p ) on compact subsets of W.
v—oo M,

We choose now for every k an v, > max{N, k} satisfying the following three properties:

1.
. Xpa| 1
max{ sup [f"], sup [f0], sup [gf]. sup |gW[p < sup Bnial | -
VNB, 2 VNBy s WNB; ), WNB; ), CijonsptSk, Mok
2.
X, 1
sp - ntl gmax { sup | £/ sup | £/, sup [g{**/*)|, sup [g01V| } + T
Ca/2Nspt(SE, ) my, \% v w w
This is possible by Lemma 5.3, where {(T,, M,)},>1, a, o are replaced by
1 36T by, s3(Myy ) i1, 0, 1/2) and because
X X X
sup 7| nt1] = sup 37| nt1] =3 sup 7| "H‘.
Cjy/2Nspt(SE, ) My, C1/20spt (1 /34 5E, ) My Cu/20spt(py, /36T M
3. We define the (blowup) sequence {(S;, Mj)}r>1 by Sy := Sk, and Mj, := p, (M,,) and notice
. P
lim ot = fr and lim Y3 g; (7.8)
k—oc0 my, ¢ k—o0 my, 77 ’
If all f, gj vanish, then also 0 =8 = --- = 3, =71 =+ = 1. If not, we want to see whether {5} >t

is a blowup sequence to f;, g;- Hence, we aim for (7.8) with m,, replaced by mg:. Therefore, we shall compare
these two quantities. First, we notice that by Remark 4.4,

0< ks + A < Fn +A,,

= 2 =

5 —0 as k — oo.
ka pkml/k

Then by Lemmas 3.3 and 3.4 (with T, M, o replaced by S}, M} 1/2) and the conditions 1. and 2., it follows
that

. Ec (55,1 . C Ks* + A pg
lim sup % < limsup 4Cig % sup X721+1 + ——"
k— o0 m,, k—o0 m,,. Cs/2Nspt(Sy) My

< 36C10C11 max { sup(f7)?, sup(g;‘-k)2 : i,j},
2\ w
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E S*7 1 1 X2 Kg* + A g
lim inf % > liminf | ooe—— sup ntl Sk _ Mi
k—00 m; k—oo \ 22"T1C13C @, prsp(sy) M, m;

1 *\2 *\2 . o
> gmrioay, max {sup(f)% sup(g))* ¢4}
Hence,

~ max{Ec(S;,1), A%} max {Ec(S;, 1), AY)
0 < lim inf 5 E— < limsup 5 E— < oo,

koo m k—o0 m;,

Vi

and we can find a subsequence {(S},, Mj,)}i>1 which is a blowup sequence and whose associated harmonic
blowups are 7, vg; for some fixed v € R by (7.8). As they are of the form as in Lemma 5.4 it follows that
there is a 8 € R satisfying

fi=rr=fa=BYaly  and gi= =g =B Valw.

From this, we want to deduce that also f; =---= f,, and g1 = -+ - = gy,—1. Notice that f; — f,, and g1 — gm—1
are nonpositive and harmonic functions. By Lemma 5.1, f; and g; have zero trace on L. Hence,

Sup(fl - fm) =0= Sup(gl - gnz—l)-
v A%%

Moreover, the E. Hopf boundary point Lemma ([16], Lem. 3.4) implies that if yo € L is a strict maximum point,
then the outer normal derivative at yo (if it exists) must be positive. But at zero, the following holds

8(fl _fm)(o) = lim (fl _fm)(ov"'vovt)

ov tlo t

= (ff—f;)(o,...,o,l):o,

a(gl *gm—l) T (gl 7.gm—1)(07"'707 7t) _ * * _
T(O) _ltlﬁ)l t - (gl _g'rn—l)(ov"-707_1) =0.

Hence, 0 is not a strict maximum point and there must be a point in 'V (W respectively) reaching 0 (i.e.
the maximum) as well. Then ([16], Thm. 3.5) implies that f; — fi,, and g1 — gm—1 must be constant. In fact,
by the vanishing trace, fi — fin = 0 = g1 — gm—1. Therefore, (i.) must hold. Also by the vanishing trace and
weak version of the Schwarz reflection principle, there are harmonic functions f € C2(VNL), g € C3((WUL)
satisfying (¢i.) and (7d1.).

O

Remark 7.3. Let f, g denote harmonic blow-ups as in Theorem 7.2(ii.). Then there are constants Cy1, Cis
such that

@)lﬁ@):uwmﬂscumm{¢/
VNBY,
(ii.) For all y € E?/AL(O) the following holds

fPdcn, / gl2dLn b < Cis.
(0) WnB?,(0)

|f(y) —y-Df(0)| < 041|y|2\/ / |f2dLr < Crslyl*
VNBY ,(0)
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(iii.) For all y € By ,,(0) the following holds

l9(y) —y - Dg(0)| < C41|y|2\// lg)2dLm < Cuslyl®.
WmB;L/Q(O)

Proof. (i.) By the Schwarz reflection principle, we can extend f to an harmonic function f defined on B} /2(0).
Then by the interior estimates for harmonic functions ([16], Thm. 2.10), the mean value property and Holder’s
inequality, it follows that

. on . on \ 2
D) < snsup || <802 [ m&ww() [, \reace.
E?M Wn ET'/Q Wn E;1//2

Moreover, by Lemma 3.4(ii.) (with o replaced by 1/2) and Definition 4.1(444.), this integral is bounded by
2"+1C4,. The same holds for g.

(ii.) By the Taylor formula, |f(y) —y - Df(0)] < C|D?f(0)||y|?>. Also by Theorem 2.10 of [16], the following
holds

n2

|D?£(0)] < — sup |f].
16 =n
B1/4

The inequalities follow then as in (i.).
(#4¢.) Similar to (ii.). O

8. EXCESS DECAY

With the C? functions from Theorem 7.2, we prove the following inequalities of the excess. We will use them
to prove Theorem 4.2 by constructing inductively a sequence of currents which will show that the excess of the
(slightly rotated) original current decays at most proportional to the radius.

Theorem 8.1. Let (I, M) € T and define 6 := (Co1(1 + Clg))_2 (see Rems. 4.5(iii.) and 7.3). There is
a constant Crg > 1 such that if T fulfils max{Ec(T, 1), Ciorr,VA} < C%g, then there is a real number w

satisfying

lw|? < C% max{Ec(T, 1), \/Z} and  Ec(v,4T,0) < GmaX{Ec(T, 1), Cgkr, \/Z} .

Proof. We argue by contradiction. If the theorem did not hold, then there would be a sequence {(7,,, M, )},>1 C
T such that for all |w| < Cigm, the following holds

1
max{e2, /A, vk, } < =, (8.1)
v
Ec (Vo4 Ty, 0) > Omax{c2 /A, vk, }, (8.2)
where ¢, := \/Ec(T,,1), &, := k1, and A, := A, . Notice that by the monotonicity of the excess (3.1), the

condition (8.2) (with w = 0) implies

Sv
on

2
v

Ovk, < emaX{EC(TV) 1)7 \Y AVaV"‘?V} < EC'(TV’Q) <
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Hence, by (8.1), we can assume that

5 Ky 2 1
€V+§+Ay<;+w.

v

Therefore, we notice that as in (4.2), {(T,, M,)},>1 is, up to subsequence, a blowup sequence with associated
harmonic blowups f;, g;. Let f, g denote the C2-functions as in Theorem 7.2(ii.). As they vanish on L, for every

0 < o < 1 the functions E;l’l}i(y), 5;1w§u) converge uniformly on V,, W,. Thus, we derive from Lemma 5.3 that

X
lim sup sup ‘ ntl fo p‘ =0,
V=00 Cy Np~H(V)Nspt(T,) my
(8.3)
. XnJrl _
lim sup sup —— —gop|=0.
my,

v—=00  Cy/2Np~ 1 (W)Nspt(Ty)
From Remark 7.3 and the proof of Theorem 7.2, we deduce the existence of some f € [—Cis, Cy3s] satisfying
Df(0) = (0,...,0,8) = Dg(0).
Therefore, by applying Remark 7.3(éi.), (i4i.), it follows

‘f(x)_ﬁxn’ = |f($)—$Df(0)‘ §018|x‘2 f0r$€VﬁE?/4(0), (84)
|g(x) - an’ = |g(x) - ng(O)‘ < Clg|x\2 forx e W QE?M(O).
Then we rotate the currents such that the new differential vanishes. Indeed, let w, := arctan(fm, ). Then

|| < [Blmy, < Crsm,. (8.5)

Consider now Sy, := (K1 /g7, 1)L Bz and M, = K19/ M.). By (8.1), the assumptions of Remark 4.5(444.)
are fulfilled for v large enough, and hence, (S,, MV) € T and

ks, < 0k, A/\;l,, < 0A,. (8.6)

By (8.3), (8.4) and the Remark 7.3(i:.), (44i.), it follows

. X . X
limsup sup 2ntll < im sup sup ‘ni“ - 68X,
v—oo Canspt(S,) | Mv v—00 C3Nsptpty o Ty) ' v
1., X
< - limsup  sup ‘ ntl 68X,
v—00 Caenspt(T,) ! My

1
Sglirnsup sup |fop—pBY,|+ sup |gop—BY,]

v—00 C3oNV C39gN'W
Nspt(T,) Nspt(Ty)
1
< Lon (0 + 0p2)

0
= 18C1g0.
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Together with Lemma 3.3 (with ¢ 1 1 and T replaced by S,), (8.6) and Definition 4.1(7ii.), we yield

i EC(’YUJU#TV’ 9) . EC(SV7 1)
im sup ————3———— = limsup 5
v—00 v v—00 m,
C41sup X X2 kg + A
< limsup Cqp ( U CQﬂsgt(S") ntl | o 5 My
v—00 m, m,

X2 K+ A,
< Cio (Cn limsup sup ”+1 + 0lim sup +>

v—00  CaNspt(S,) mu v—00 mV
< (18)%C19C41 O3 0%
<.

As w, is bounded (see (8.5)), the latter inequality contradicts (8.2) for v large enough.

8.1. Proof of Theorem 4.2

Proof. We construct a sequence of currents {(7,,, M,)},en C T and real numbers {w,},>1 inductively. We
start with (T, M) := (T, M). Assume that for some fixed j € N, we already have (Tj, M;) € T and denote by

Aj;= Ay, and mj = max{/Ec(T}, 1),A}/4}. By Theorem 8.1, there is a real number |w;;1]| < Cigm; such
that if we define

Tj+1 = (ul/Q#ijJrl#Tj)LB?’ and Mj+1 = “1/0(Mj>
then (741, M;j41) € T and by Remark 4.5(ii1.)
max {EC(I}'J’»:{, 1), Aj+1, ClQKTj+1} S A max {EC(T}, 1)7 Aj, ClgliTj }

Using this inequality j times, we deduce

git+2

Cro

max {Ec(Tj+17 1)7 Aj7 ClgliTj+l} S 9j+1 max {Ec(T, 1), A7 ClgliT} S

Moreover, the following holds

Gi+1
lwisi] < Cisy [ 5~ (8.7)
19
gi+1
Ec(T},1) + k1, + Aj < 3max{Ec(T},1),Aj, k7, } <3 C (8.8)
19

Then we define n; := E wy and 7 := lim 7;. This is a valid choice for 1 as (8.7) and the fact that §/2 < 1/2
j—00
k=1
implies

8

Il <C i - Gis 07y Cis gipo
- 18k:1 Cl k: \/Cl 1—6v/2 — \/019 '
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Fix 0 < 7 < §/4 and choose an appropriate j € N such that §7+! < 4r < §7. Then we use the inequalities (8.7),
(8.8) together with (10.28) from the proof of Remark 4.5(i¢i.) (with T', M, w replaced by T, M, n —n;) and
the excess monotonicity (3.1) to derive

99

7)

9i\" 6’
Ec(yyuT,r) < (4r> Ec (7T, 4) < 07"Ec (74T,
= 9_"Ec(u4#7n#T ¢’ )
= 9_"Ec(’)’m#ﬂ4#7n w10’ )
= 9_"EC(}L(1/9 7#7171##4#'77, WJ#T 1>
=6 EC(#4#'Yn ny# L i 1)

nC'
<g = Wk +Ec(Tj,1)+/€Tj + A,
020 =
J+1
021 93+1
<46 Coo Z wk + 3
k=j+1
021 (Cls 9j+1 9J+1)
- CQO Cig1l— Cig
021 3 018 + 1 9j+1
Cyp  Cho
_.Cy 3(018 =+ 1)
<M= ——-—(4r
- Cy  Chg (4r)
e—n—l
< T.
— Cu

9. THE BOUNDARY REGULARITY THEOREM

Theorem 9.1. Let U C R™* be open and T an n-dimensional locally rectifiable current in U that is area
minimizing in some smooth (n + 1)-manifold M and such that OT is an oriented C* submanifold of U. Then

for any point a € spt(9T), there is a neighborhood V' of a in U satisfying that V Nspt(T') is an embedded cli
submanifold with boundary.

Hardt and Simon found out, that it is enough to consider currents whose tangent cones at boundary are in

fact a tangent planes. Once we have this tangent plane, we can parametrize the support of the current with
graphs over the plane.

Lemma 9.2. Let Q € RY¢(R™1) be an absolutely area minimizing cone with 9Q = E" ' x 8y x 8y. Then, the
support of Q is contained in a hyperplane.

Proof. This can be read in the original paper ([18], Thm. 11.1; Step II). O
Lemma 9.3. Let U, T and M be as in Theorem 9.1 and assume further that for every a € spt(9T), there is a

tangent cone C at a such that spt(C) is contained in a hyperplane. Then for any point a € spt(9T), there is a
neighborhood V' of a in U satisfying that V N spt(T) is an embedded chi submanifold with boundary.
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Proof. After some translation, reflection and rotation, we can assume wlog that a = 0 and the hyperplane is
{(y,0) : y € R"} C R™**. Hence, for m = ©"(|T||,0) + 3 € N,

(m(E"{y € R" g > 0)) + (m — 1)(E"L{y € B": 9, < 0})) x &

is an oriented tangent cone of T at 0 ([14], 4.1.31(2)). Therefore, we find a nullsequence {ry}r>1 C R4 such
that p; /., 4T converges in Rle¢(R™+F) to this cone as k — oo. Moreover, we assume that for every k we have
3ry, < dist(0,0U). Then it follows that

X
"t~ Jim sup Xy =0. (9.1)
Tk FOB spt(py 4 T)

lim sup
k—oow
° B, Nspt(T)

By ([14], 5.4.2), also the associated measures converge weakly and hence,

lim r,"M(TL_ (B3, NCy,)) = kli_)n;OM((ul/m#T)L(Bg NCy))

k—o0

=mL"(V)+ (m—1)L" (W) =(m — %)wn,

which implies that

T {re"M(py (7L (Byy, N Cy,)) — (m — %)wn
< lim ‘M(p#((u1/rk#T) (B3N Cy))) = M((1t1)y, T (Bz N Cl))’

:0’

where we also have used (9.1).
Thus, if we define Ty := (p1,,, 1) Bg and My, := py ,, (M), then for k large enough, we have (Tj, My) € T
and

i

max {Ec(Tk, 1), C’lgfiT,C , Ak} < 019 .

Then we can apply Theorem 4.2 (with T replaced by Tj) and notice that we can choose 1 to be zero, to find
the decay

e—n—l

Ec(T; <
C( k7’f') > Clg

r.

Now, we differ between two cases.

Case 1: m = 1. This is a corollary of Allard’s interior regularity theorem. However, a self-contained proof
could be given from the results of the previous sections. Observe first that, by Corollary 4.3, in a sufficiently
small neighborhood of x, the current T is supported in the ®-graph of v; and so we can assume, wlog, that
spt(T') \ spt(9T) is connected. By the Constancy Lemma, it follows that the density © is an an integer constant
k at every interior point of such neighborhood. So the current is actually &k times the one induced by the ®-graph
of 1. However, since the boundary of T is a current with multiplicity 1 we easily conclude that k is actually
1. The current T is thus the current induced by the ®-graph of the CL1 function ;. Notice that there is a
neighborhood U of 0 such that ©"(||T||,y) = 3 for all y € U Nspt(97T).
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Case 2: m > 1. We fix k and use Corollary 4.3 with ~,,T replaced by 7. Hence, we get functions v;, w,
whose ®-graphs around zero form spt(T%). Moreover, we know that D%;(0) = 0 = Dw;. Hence, similar to the
proof of Theorem 7.2, by the E. Hopf boundary point Lemma for quasilinear equations ([19], Thm. 2.7.1), we
deduce that v,, — 91 =0 = W,,_1 — Ww1. Therefore, they all coincide.

Notice that the regular points of

B, N (spt(T) \ spt(9T)) = pe,., (B1 N (spt(Tk) \ spt(9Tk))) 2 ., (graph(d1) U (graph(en))

consist of at least two connected components. Let G denote that component of the regular points containing
W, (graph(?1)) and consider

S— (Tl q).
m

Notice that by 4.1.31(2) of [14], the density ©(||T||, z) is constantly m for all z € G. We will show later that
on some open neighborhood V of 0 in U, we have that spt(T") = spt(T — S), T'— S has no boundary in W and
then, we apply interior regularity theory.

First notice that as T, S are area minimizing in M and ||T|| = ||S|| + |7 — S|| holds, is follows that 7' — S is
also area minimizing M.

Then, we denote W := B,, N Cys,,, where § is as in Corollary 4.3, and aim to show that

(0S)_W = (9T)_W. (9.2)
Notice that
spt(9S) C spt ((OT)L_G) Uspt(TL_ (9G))
and hence,
spt((0S)L-W) C spt((OT)L-W) Uspt(TL_(0GNW)) = spt((dT)_W).

Moreover, we can use the Constancy Theorem ([14], 4.1.7) to derive

p,((0S)_W) = (8(%p# (T (GnW)))) L p(W)

= (6(E"L{rky ep(W) :yn > o1, (Y1, - - . ,yn_l)}> L p(W)
= (0(px(TLW)))Lp(W)
=pyu((OT)W).

As the map p|Spt((0T)LW) is a C2-diffeomorphism, (9.2) must hold. Then T'— S has in W no boundary and

by (9.1), a tangent cone of T'— S at 0 is contained in X, (0). Therefore, we can apply ([14], Thm. 5.3.18) to
px(T — S) and deduce that there is an open neighborhood V' of 0 in U such that

VNnspt(T) =V Nnspt(T —S)

is a smooth embedded submanifold of M. O

Putting the previous two lemmas together, we deduce the boundary regularity theorem:
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Proof of Theorem 9.1. Let a € spt(9T'). Then by Theorem 3.6 of [6], T has an absolutely area minimizing
tangent cone Q € RY(T, M) at a. After some rotation, we can assume that 9Q = (—1)"E"~! x §y x ¢. By
Lemma 9.2, the cone is contained in some hyperplane and by Lemma 9.3, we conclude that T' is regular at
a. O

10. PROOF OF THE TECHNICAL STATEMENTS

10.1. Proof of Corollary 2.4
Proof. By Lemma 2.3, we have for 0 < r < 2

— T||(B:
IT1(B,) < e exp (Can (e + w7 (2~ 1)) LEI2) < goneiCpgypn
and
_ . T||(By) _
IT(Br) = r"w, hﬁ)l (eXp (Caz (Ap+ ) (85— 1)) ”S,Ts > wpe Cmr.

Hence, there is a constant Cy3 > 0 such that

1 _
L on 7B, < Cusrn. (10.1)
Cus3

—
Recall that Cy is such that |[H| < C1A . Then we use Lemma 2.1 to estimate

T ES T E,«) -n-
I7(Bs) [T _/\ | X2 X| 72| 7|

Sn T’I’L

"

< [0 (CpAMITIBY) + pnrans”) dp

S C3(Am +kr)(s—7).

10.2. Proof of Lemma 3.3

The proof of Lemma 3.3 is based on the rather technical area comparison lemma: if we change slightly the
(n + 1)-component of a current, then its new mass stays close to its original mass.
In the following, we will denote points in R™** by (z,y), where € R"*! and y € RF~L.

Lemma 10.1. Let 0 <7 <1, p >0 and A C Cy be a Borel set which is a cylinder (i.e. A= p~*(p(A))). Let
p:R™ —[0,1] be a Ct-function satisfying supp(a) | Dpl < p/7 and consider the map

F: Rn+k — Rn+ka F(Jﬁ,y) = (zla s 7x7L7/~‘L(‘T17 s 7$n)33n+17 Q(‘Tla s 7$7L7/~‘L(‘T17 s 7$n)$n+1))-

Then there is a constant Cyq > 0 only depending on n, k and m such that for any current T with (T,M) € T
the following holds

14 p? 2 K% P’
M(Fy(TLA)) = M(TLA) < Caa ( —5— [ X2d|T|+F + (2+ 5 ) 4).
A
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where A, := {x € R"*! : dist(x, A) < 7} is an enlargement of A by .
Proof. By Section 4.1.30 of [14], we infer that for any w € D"(R"*1)
—
(F#(TLA))(M)=A(F#T(x),w(F(xmdllTH-
We expand the tangent vector in the following basis for T{, & (.)) M
vj(z) == (e;,0;®(x)) forje{l,...,n+1}, (10.2)
where e; denotes the j-th standard basis vector in R"**. Then there are real numbers 7T} such that
n+1

.
T:Zijl/\---/\@/\---/\vnH. (10.3)
=1

We compute

—

FyT(,y) = Tr v1(F(@) A - Ava(F(a)

—

£ 37 (T = Tanrwnndp) o (F@) A+ Av(F@) A A v (F(@)

and therefore, we have

n n+1
- 2 ~
|F#T‘2 < Tr%-l—l—i_ E (Tj/},—Tn_i_an_,_lajM) E ‘1}1/\'~'/\Uj/\-"/\vn+1‘2
Jj=1 j=1

IN

Tr%-l-l +Z(TjM—Tn+1Xn+1aju)2 (1+C45|D@|2)

j=1

n 2
2 P
ST+ (Tjp—Th1 Xns1951)” + Cag| DRI <1 + TQ) )
j=1

We argue as in the original paper ([18], Lem. 3.1.1) to deduce
2 2
P P
M(Fg(TLA)) — M(TL_A) < 25 /A X2 d|T| + /A (1=T2,,)d|T| + CiA? (1 + 72) M(T).  (10.4)
In order to bound the second integral, we compute the first variation of 7" with respect the following vectorfield

ELREF SR (2,y) = (Tng — U7 (@, 2ae1)) A (@) Ends

where e, 41 denotes the (n + 1)-th basis vector of R"** and X : R**! — [0,1] is a C! cut-off function with
spt(A) C Ar, A, =1 and sup |DA| < Cy7/7. Notice that = vanishes on spt(9T) and therefore, by Theorem 3.2
of [12]

/div?E T = —/E Ho(z) d||T| (2), (10.5)
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o
where Hp is the mean curvature vector.
As spt(T) € M, we have div¥E = divpE — div, E where v € T(; ¢(;))M is the outer (?) normal vector to

5
T. We compute v by expanding everything in the basis in (10.2):

n+1
VvV = E l/j’l}j
j=1

— n+1

T=T1/\"~/\Tn with Ti:Zti,jUj-
j=1

—
As v is normal to T, we can use the expansion (10.3) to find the following equalities for all j € {1,...,n+ 1}
and ti = (ti,la . ti,n+1)T with 7 € {1, ‘e ,n}:

1"‘7 — det1:~-~7]a""n+1 (tl e tn) , (106)
V1
0= <V7 Tz’> = < : 9" ti>a (107)
Vn+1

where g = ((v;,v}),;) = idpy1 + ((0; @, 0;®); ;) =: idp41 + B is the metric.
From (10.7), we deduce that

vi=#((g-t) A Alg-ta)) = (—1)7det™ " (gt e gaty,)
We compute
n+k
div, 2 = Z(Dij)j = (DyEns1)ns1
j=1
o 2 14 v
= ((D ((l’n+1 —Yr(z,. .. 71’n—1))>\ (I)) ) |V>|l/|)n+1 (10.8)
1 n—1 n+1
=R N2 =N 10t + 2M(Xng1 — Y1) Y vnpav05A
j=1 j=1

On the other hand, we need to compute the divergence with respect to M. To do so, we compute the
projection on M: Let M be the matrix with column vectors vy, ...v,41 € R™**. Then we have

n+k

divpm= = Z(DMEj)j = (DMEn+1)n+1
J=1

=(M-g7" - M"- D ((zns1 —Yr(z1,. ., 201))N(2))), 1,
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T
gtt .. ghrtd 1 0 2AM(Xng1 — 1/)T)a A= N0y
= gl,n-{-l gn+1,7L+1 0 1 2)\( il — wT)an)\
* * * NP o Op @ 2A(Xpy1 — ¢T) On1 A — N2
n+1
gl,l . gl,nJrl
) ) 2A( X1 — wT)a A — A20;97
= 1,n+1 n+1,n+1
g . . g . 2A(Xnt1 = ¥7)0n A
2
2A(Xn+1 — Y1)Opp1A — A i
n—1 ] n+1 )
= N2ttt N2\ g9y + 20 (X — 7)Y g" T O,
Jj=1 j=1
This together with (10.8) yields
= 2 [ ntln+l Vot 2n—1 n+l,j  Ynt1lj
le?:‘:A g ? —W - A Z g J —W 8_]¢T
j=1
il o (10.9)
+ 2)\(Xn+1 _ wT) Z (gn-i-l,] _ T|L:|12-7) 8])\
Together with (10.5), we have
n—1
j— - n n Vn n Vp41V
7/:.HT 4|7 :/v (g +hntl _ ;I;) Z( thi |Z|2”>BJ¢T |||
=t (10.10)
n+1 ] Una1V;j
+2/)\( n+l — d]T) Z ( g l/|2j> 8j>\ d”T”
Jj=1
In order to regain the term 1 — 772, we first estimate vy, 41:
()" = At (g g t)
=det" " ((id + ((0:;®,0;®);;)) - (1 -+ tn))
n+1 n+1
= Z sgn(a) tl,g(l) + Zt17j<80(1)<§, ({9](1)> cee tmg(n) + Z tn,j@a(n){),aﬂ))
cES, J=1 J=1
= Z Sgn(a)tl,a(l) T tn,a’(n) + O(|D¢D
oeSy

=Try +O(ID®)).
Hence,

Vair T2y + Cus| DB, (10.11)
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Now, we compute the norm of v. We use that the Hodge star is norm-preserving and therefore, we have for
U= (V1. Vnt1)

|17|2 = det (<g . ti,g . tj>i,j) = det ((ti,gztj>i,j) = det ((<ti,tj> =+ 2<ti, Btj> + <ti, BQtj>)i,j)'

Notice that

(ti,ty) +2(ts, Bty) + (ti, B*t;) 2 (i, t5) — 2| Bllopltillt;| — 1BIZ,It:11t; ]
> (ti,t;) — (2Bl + |BII?) [tillt;]
) A (10.12)
> (ti t;) — (2Vn+ 1|D@* + (n+ 1)|[D®[*) |t;]]t,]
> <tia tj> - 2(” + 1)|D¢‘25
where we used in the last inequality the fact
n+1 2 n+1 2
|ti|2 = ‘Z ti’j(ej,an)’ - ‘Z tmﬁjfﬁ‘ S |Ti‘2 =1.
j=1 Jj=1
Therefore, we estimate
72 =" [Isen(0)lg - ti,g - toq)
cEP, i=1
n N " (10.13)
> Yy <H sgn(o)(ti tos)) — 2"(2(n + 1)) D<I’|2>
oceP, \i=1

> det (<ti, tj>i7j) — 22"71'(71 + 1)”|D@|2

Now, we use that 71,...7, are orthonormal to deduce that

n+1 n+1
Sij = (rimi) = O tinler, 0c®), > tis(er, 0®))
k=1 1=1
n+1 n+1 n+l ntl
= (> tiker, D tiger) + (O tinO®, Y 1,0,®)
k=1 =1 k=1 =1
n+1
= (tit;) + Y tintj (0@, 0P)
k=1

and hence,
16:.5 = (titj) < 2(n+ 1)| DD,
By a similar argument as in (10.13), it follows that

det ((ti t;)i;) > 1—2"nl(n+1)"|D®.
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Putting this into (10.13), we yield
n+1 n+1
vf? = ‘ZVJUJ‘ = +Vn+1 + ’Zl/ja ‘I" > |p[? > 1= 2" nl(n + 1)"| DS
Therefore,

1 1
< <14 Cy|DP?. 10.14
W2 S 1= 22 ni(n + 1)7| DB? = + Cao| DP| ( )

Now, we take care of g~!. By the geometric series and the fact g = id + ((0;®, 9;®); ;), we have

g7 =id - ((0:2,0;®): ;) + Y _(—1)'((0:®,0;®); ;)" (10.15)
1>2
and hence,
77| < 6ij — (0:®,0;®) + C12| DB|". (10.16)

Now, we are ready to estimate piece by piece the right hand side of (10.10)
e We use (10.11), (10.14) and (10.16) to deduce

: v2
/AQ <Q"+ m |VJ|;1> d|| T = /)\2 (1= |0p41®[* — Cr2| DB[" = T3,1 — C50| D®*) d||T|

/A2 (1—T2,,)d||T|| — C5:M(T)A>.

e We use (10.11), (10.14) and (10.16) to deduce

n—1
C Upg1V
/)\QZ (gn-i-l,J _ ‘;|1 J) J’l/JT d||T||
j=1

< /XZ (052|D<1>|2 + W) wr d||T|

|D|2 - V721+1
/ e AT + (T DB

< HT/A2\/1— 2 1 CoulD®J2 (14 Cio| DB|?) d|T| + CssM(T)A2

< Kr

< /{T/AQ\/l — T2, + Cs55|D®2d||T|| + C53M(T)A>.

e We use (10.11), (10.14), (10.16) and a similar argument as in (10.13) to deduce

n+1
C Upal
/QA(XnH —1r) Z (gnH’J |:|1 J) o\ d||T)|

j=1
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n n n n j v 1Y
- /2/\(|Xn+1| + k) (g ol _ | *|‘;> n+1A+Z( i TIL:PJ) A | |||

<2 [ AIDA( X1+ 1) (1 0w~ T2, + x| DBP + '(H)') a7

Cyr 7|2 —v2
<2— /A(|Xn+1| +rr) [ 1-T2, + T d||T| + Cs:M(T)A?

C47 2 2
< 2* A Xng1| + k) T7,, + \/1 T2, + Css|D®|? (14 Cuo|D®|?) | d||T|| + C5rM(T)A )

C.
< Qﬂ (/)\ | Xnt1| + K1) 2\/1 T7 1+ Cso| D®2|| T + CﬁoM(T)A2) :

Putting all this into (10.5) yields

/ X1 - T2, )T

C
/ kel T T2, + Coal DRPAIT] + 2 [ Xl [T T2, + CalDRPAT] (10,47

C
S [ hea 1= T2, + CoalDREAT) + [ 2+ HAT] + Carbh(1)A%,

Using three times the Cauchy inequality (2ab < a? + b?), we estimate

)\2
/HT)\z\/l— 2.+ Cs5|D®|2d||T| </A Z(1—T3H+C55\D<I>|2)01||TH+/ K22 d||T),

. A,

L C
4 /)\|Xn+1|\/1 — T2, | + Cso| D®2A||T ||

1 C
gﬁ/ N (=T34 + Cso| DRP) d|IT]| + 47/ X2, d|T|,
AT

[ pdy 1= T2, + Cro| DBRAT

1 C
< g [ X 0T Colper) i)+ O [ sair

Again putting this into (10.17) yields

1 Cyr
Joea-rtoamis g [ e -rhyams S [ x )

T

=. 2, 2, KT
+/ :Hd”TH-FC%gM(T) A +/€T+§

-
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and hence,

Ja-mars [ ea-1zar)

-

C 2
< 2&/ X72L+1 d||T|| + CesM(T) (K;QT + % + 2A) .

Using (10.4), we deduce the desired inequality
M(Fu(TL-A)) — M(TL_A)

1+ 2 2
< Ces p / 2 d||T| + CesM(T) §+065M(T)A <2+i2>.

Now we have all the tools to estimate the excess of T with its height.

Proof of Lemma 3.3. The second inequality holds true with C1; > 3™ (1 + mw,,) > M(T).

47

For the first inequality, we want to use Lemma 10.1 for A := C14,;\Cy, p = 3 and 7 = /2. Consider F as in

the lemma for some C!-function u : R™ — [0, 1] satisfying sup |Dpu| < p/7 and
p(A)

u(z)=0 if|z| <1
uwiz)>0 ifl<|z|<l+7
wz)=1 if |z| > 1+,

Moreover, we define for ¢t € R and (x,%) € R"** the homotopy

Hi(e,) = (p(2), (1 = )0 p(x) + i1, B(p(), (1 — o p() + )zns1))

Notice that F' is the identity on M \ C14, and F = (p,0, ®(p,0)) on C;.
Then for Rr := H4([0,1] x 0T) we have spt(Rr) C M and

I(TLCiyr — Fg(TL_Cyyr) — Rp) =0(T — FuT — Ry) = 0.
Hence, by the area minimality of T in M, we have
M(TL Ci4,) < M(Fg(TL Citr)) + M(Ry).
Moreover, by Remark 26.21(2) of [23], the following holds

M(Rr) < sup [0,H| sup |0,H|M((0T)L_Cs).
spt(0T) spt(0T)

Therefore, we compute

0:H|? < (Xnt1 — Xni1p0D)? + [DB (Xnp1 — Xnt1p0p)’
< (1+4[D®P) | Xpsa* (1 — pop)?
<7 (1+|D®),
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|0.H|* <n+ |Dul*X?,, +|D®* (n+ IDuan+1 + (Jul + 1) + D@ (|| + 1)°
6 2 2 6"5T
<nt () w5 +ID 4+ +4

2
§066(1+Hl) ,
o

M((OT)LCs) < wa12""\/n+ k3 + A2(1+ 3) < Cor(1+ nr).
Thus, we have
M(Rr) < 068%(1 +A).
Now, we argue as originally in Lemma 4.1 of [18] and use Lemma 10.1 to deduce

Ec(T,1) < M(Fy(TL A)) — (TLA)+068'%T(1+A)

C
= 7120 kT +/ X2 od|T)+A ).
g Ciio

10.3. Proof of Lemma 3.4

Proof. We call a function f T-subharmonic if
/<D?f, Do QOd|IT] <0 for all ¢ € CH(R"**; R>¢) with spt(¢) Nspt(dT) = 0.
The functions
hi iR SR (z,y) = (1) 201 + 25,4, for i € {1,2}
are T-subharmonic as
[ D0a1T) = [t Dhicw - DOAIT] = [ (Dhx - DalT]
= [{=1enss + 2Xorenia,m - DOAIT]
- / (div? (C((=1)' +2Xp11) €np1) — 2§7rn+17n+1>d||TH
= [ (0 + 2Xo) e B - 26975 ) g,
< [c(rc (0]~ 2 (1 (0,18 - CrolDR[!)) dIT]

< /c (7C1 |D*®| —2(1 — (14 C12)|D®|?)) d||T||
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<0

)

where 7(z) denotes the orthogonal projection to the tangent plane of T at  and we used (10.16), Theorem 3.2
of [12] and the fact (spt((e,41) Nspt(9T)) C (spt(¢) Nspt(0T)) = 0.
Consider the nonnegative, convex function

t—2liT, iftZZ%T
T R=R t— ¢ —t—2xrp, Ht<-2kr.

0, else

Notice that f((—1)"X,41 + X2 ;) vanishes on spt(0T). If f were additionally smooth, than by Lemma 7.5(3)
of [2] f((=1)"Xn41 + X2,,) would be T-subharmonic. Therefore, we take a smooth nonnegative mollifier 7
satisfying spt(n) C (=1,1) and [; n(z)dz = 1. Define nc(z) := in(z/e) and f. := f xn.. fe is smooth, convex
and converges uniformly to f when € | 0. Therefore f o ((—1)*X,,41 + X2, ) is T-subharmonic and by Theorem
7.5(6) of [2]

i 2
sup  f((=1) Xug1 + X7 41)
Ci_,Nspt(T)

i 2
= sup sip f((—1) X1 + X2 )
a€p~1(0) 7, (B1_o)Nspt(T)

) 2
= sup lm( s foo((-1) X+ X2,,))

acp=1(0) 0 N7 (B, _,)nspt(T) (10.18)

IA

. [ C i
sup lim —67?/ - (feo (1) Xny1 + Xﬁ+1))2d||TH
Ta(Bi_s/2)

aep~1(0) 40 \ O

C i
< ﬂ/ fz((—l) Xnt1 +X721+1>d”TH~
Ci_o/2

< on
We deduce further that in By the following holds

2
X211 — 4067 < (| Xpqa| + X2 4)" — 4067

2 .
_ {(Xn+1+xg+l) — 20Ky, if [ X1 + X2, | > 260

0, else
(10.19)

( - Xn+1 + X721+1>2 - QOKT, if |Xn+1 — X72L+1| Z 2/€T
0, else
< f2 (Xn-'rl + X721+1) + f2( - Xn+1 + X72L+1)

and

P2 (Knsr + X200) + £2(= Xoga + X241) <2 (Xng1 + X240) 4 (= Xowr + X2,)" + 863

IA A

4| Xpa| + X20)7 + 1652 (10.20)
36(X7 11 + A7)
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Putting (10.18), (10.19) and (10.20), we conclude

C
sup X2, < (£ (X1 + X200) + 2= Xy + X2,1)) d||T]| + 4087
Ci1_oNspt(T) o Ci_s)2
36C
< —fg/ (X2, + #2) d||T|| + 407
g Ci_o/2

Ci3
S </ Xoad|T|| + f%T) :
Ci_s/2

For (ii.), we specify C7 later and let
C = 12332 (7 4 2m + 204 + Cr) C13(1 + mwy,).

n+1
Case 1: Ec(T,1)+Kr+A > 3”+2(1 + mwn) Ué

In this case, as spt(7") C B3, we can bound

C
/XiﬂdHTH <32 (1 +mwy) < ot (Ec(T,1) + k7 + A).
Jn+1
Case 2: Ec(T,1)+ry +A < 3" (1+ mwn)ié (10.21).

Here, we aim to show that C_,/, Nspt(7) C B,. If this were true, the following would conclude the lemma.
Namely, recall the normal vector v from the proof of Lemma 10.1. Then, by Cauchy’s inequality, we can deduce

14
ﬁxmmm:[«x—>m%ﬂ Y2z
B B; |V| | |

§2/ XL 4 X2
B

SZ/ |XL|2|X|—7L—2+
B

Now, we recall that the cylindrical excess can also be expressed by

1
= [ Im=pipa.
C,

where 7(z) still denotes the orthogonal projection to the tangent plane of T at  We compute for (x,y) € By

€nt1 — |1/|

) 47| (10.22)

2
' )dTll

1
€n41 e;_,'_l - WU' 1%

(m—p) (z,y) = <M~91'MT(rc,y)T<( BT |V|) Z%eg

14 v

= B($,y) + Tn4+1€n41 — <($ y) | |>|I/|
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where
B(z,y) =M -g~ ' - M (z,9)T — (z,0)T.
Using (10.15) we estimate
|B(z,y)| < Cri|DP|.

Hence, by Corollary 2.5 and the inequality (3.2), we can continue the estimate of (10.22) in the following way:

[ xtaair <2 (B + oA+ wr+ [
B,

B,

2 (Ilx — plI? + 1B?) d||T||)

2E5(T, 1) + 2C4(A + k1) + 4Ec(T, 1) + C71 A? (10.23)

<
< (6 +2m + 204) (Ec(T, 1) + KT) + (204 + 070) A.

As (6 +2m +2Cy + Crp) < C < Co~""1, we are left with proving that

leg/g n Spt(T) C B;.

First, we notice that due to a similar reasoning as we did for (i.) and using (10.23), we have

67l
_sup X < 07013 </ X2 d|IT| + /‘JT)
Bl_a/gﬁspt(T) B;

6"Ci3

O-n

(2

< .
- 12

(7 + 2m + 2C4) (Be(T, 1) + k1) + (204 + Cro) A) < (10.24)

As a next step, we show that spt((f)T)LCl_g/;g) CBi_s/6- (10.25)
We argue by continuity: Assume by contradiction that this is not the case. Then we would find a z €
R such that (z,g@T(z),wT(z),@(z,@T(z),wT(z))) € Ci_,/3\B1_5/6, hence, |(z,07(2))] < 1—0/3 but
|(z,07(2), %7 (2), ®(2,907(2),%7(2)))| =1 —0/6. Then it must hold that

br(2)? + |8 (2, 0r(2), br(2))]* > (1 _ %)2 _ (1 o

5) =3 13 (10.26)

Consider now for ¢ € [0,1] the curve y(t) := (tz, or(tz), ¥r(tz), ®(tz, o7 (tz), Yr(tz))) € R"*. As~(0) = 0 and
(1) € B1_s/6, there is by the mean value Theorem a t € [0, 1] such that |y(t)| =1 — 0/6. Let § := min{t €
[0,1] : |[7(t)| =1 —¢/6} > 0. Then for all 0 < s < §, we have v(s) € B1_, /6 and by (10.24), ¢r(s2)? < o/12.
But then we get by (10.26)

) =26 > r(52) = ve52) = 1) = %o~ @G5z, or(2) oG~ [

2
2\/0_|Dq,2<1_0) Y ERC
4 3 12 24

where we used the assumption of the lemma in the last inequality. As 0 < s < § was arbitrary, this contradicts
the continuity of . Hence, (10.25) holds true.

And then spt(T)|_Cy_,/; stays in the unit ball: We denote by p to projection to R"*1. Then as T is
minimizing in M, pxT is minimizing a parametric integrand described Lemma 3.6. Then we can use ([17],
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Cor. 4.2) to deduce that spt(pyT) is contained in the convex hull of spt(9(p4T)). Hence, spt(p4T Ci_s/2) C
Bi_,/. Using the fact that T = (id, ®)4p4T and |D®| < ¢ /6, we conclude that spt(T)_C;_,/» C By. O

10.4. Proof of Remark 4.4

Proof.  (i.) we choose 0 = 1/4 in Lemma 3.4 and get that

1\2
sup  Xpoy <4CRCL(Eo(T 1) + vr 4+ A) < <8> :
Cs,4Nspt(T)

(ii.) We first check, whether we created additional boundary while taking the intersection with Bg. If this were
the case, then for |w| < %, there is a point

(U" U) € {Z‘ € ’Yw(M) : |(Z‘1, s axn—1)| < %7 |Z‘n‘ < %} m'Yw (X;—il-l ([_%7 %]) ma]33/4 ﬁ-/\/l)

with
o u=(T1,...,Tp_1, Ty CO8(W) — Tpp1 Sin(w), 2, sin(w) + Ty 41 cos(w))
o v=®(z1,...,Tp 1,2y c08(W) — Tpi1Sin(w), T, sin(w) + 41 cos(w))

1
L4 |xn+1| S g

9
o 2i+ 4 al  + |z, g = 6
1
R R
1
o |z, cos(w) — Ty sin(w)] < =.
This implies that 2 > & — [®(21,...,2n41)|? > 55 and hence,

1
= > |zp, cos(w) — Tptq sin(w)]

2
> \/gcos(w) + %(cos(w) — sin(w))

Y91 (1) (1) - (2))

>

DN | =

Hence, there is no such z and the intersection is trivial, thus we have

O((1ag Yo T)-Bs) = (0(pypYuT)) L Bs.

The remaining conditions for (p44v,4T)L_Bs to belong to T follow like in the original paper ([18],
Rem. 4.2).

(iii.) We write (p, Y1) Bs = (1, /4 apYwyxT) - Bs in order to use Remark 4.4. As in the original paper
([18], Rem. 4.2), we deduce

sup {xiﬂ NS spt((’yw#T)LCl/g)} < 4(w2 +  sup |Xn+1>.
Cgz/4Nspt(T)
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Hence, by using Lemma 3.3 (with ¢ 1 0 and Lemma 3.4, we have

A
Ec ((#447,4T) Bs,1) < Cio [ C1a sup X2+ rr
CoNspt(pypYwrT) 4
< Cip | 16C11 sup X721+1 + k7 + A
C1/2Nspt(v,4T)
< Cho <430 w?+4°C sup XP2 g+ K7+ A) (10.27)
C3/4Nspt(T)
C.
< Cz; (W + Ec(T,1) + k7 + A) (10.28)
1
< —.
Cao

Thus, we can use Remark 4.4 and conclude.

10.5. Proof of Lemma 6.1

Proof. The plan to prove this lemma is as follows: First, we bound the excess with [ X2 ,d||T|| by Lemma 3.3.
Then, we construct a vectorfield and compute the associated first variation. By minimality of T this can be
expressed by the mean curvature vector. Moreover, by the choice of the vectorfield, we can bound [ X7, ,d||T||
with [ |X+|?|X|72d||T||. By Corollary 2.5 this carries over to the spherical excess.

Let T be as in the lemma and C7g as in Lemma 3.3. Moreover, we define

C3z = 22"T2C13C14,
033 = 32n+8010(1 + mwn)

We apply Lemma 3.4 with ¢ = 1/2 to deduce

1
sup X7 <22 O30 (Eo(T, 1) +kr + A) < -
C1/2Nspt(T) 2
Hence, for all z = (z,7) € Cy/, Nspt(T) the following holds
2 ~\12 2, 2 401 1
2" < A+ 1D2@))(p@@)f +anp) <5 (7 +5) =1 (10.29)

For x = (Z,7) € R""* the projection to the tangent space of M at (Z, ®(Z)) is given by

B id\ . g g~ D®
P=P;:=Mg 1MT:(D‘I>)g 1(1d Dq)):<(g—1,D¢.)T D<I>T-g_1~D<I’ )

Therefore

n+1
trp1(P) =Y Py <n+1+ Cr|D®|? (10.30)

i=1
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and

‘(P —id) (g) ’ - ‘ (g;{;;;) ’ < Cys| DB (F)], (10.31)

where we used (10.15).
Denote by v the outer unit normal vector being tangent to M and normal to the approximate tangent space
of T. Asv = (v1,...,Vnyk) € span{(e;,0;®) : i <n + 1}, we have

n+1

Vniitj = Z v;0;®7 for all j < k — 1.
=1

Denote by o = (v1,...,Vk+1). Then the following holds
lv| < (14 |D®J)|p|. (10.32)

Moreover, define A := By \31/4 where By /4 = ﬁ?/zl x R¥=1. Denote k := K, € 1= 1 /Ec(T,1/3), 3 := 40;31/2
and for all z € R"** let

A(z) = max {07 Intl Be — /s} .

|z

Then in A we have

(X,0), D) < |((X,0), D <)T;(+|1>>’
- (.0, ((P-vew) (S5 - w0 )
Vntl o - Xntl, o ~\2 (10.33)
< 1x] (X,p) - XP (X,0)%| +8Cr3| DD
<2 <)|()1(V> +8C73|D®|.

Let k € N with k£ > 1 and choose a C! function py, : R — R such that for ¢ > 1/4 we have
i (t) = max{0,t™" — 1}1+/k,
Moreover, let hy : R*** — R"** be a C! vectorfield satisfying h’k|Bl/4ﬂspt(T) =0 and
hi(z) = N2 (2) i (12]) (2, 0) for x ¢ By 4.

Notice that for z € (spt(9T) NBy) C {& € R"™ : 1 < |Z|(Be + k)} we have A(z) = 0, and when [Z] > 1,
1k (|Z]) = 0. Hence, hy, vanishes on

spt(9T) U (By/a Nspt(T)) U {z € R™* - 1 < |Z[(Be + )}

—
and by Thereom 3.2 of [12], / div?hk d|T| = f/hk -Hp d||T|. (10.34)
B3
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We compute

n+1 /
. i
divhi = > ((P — v @) (2X, A DA + X\ \)él (X,0) + ejvuk)) |
Jj=1 J

(X,0)

|X| > + tI‘n+1(P v I/))\Q/,Lk.

= 2:u{(X,0), D A) + N p (X, 0), (P —v @ v)
Using (10.34), (10.30), (10.31), (10.32) and (10.33) we find

N
k—o00 A

< lim A4)\,uk <X)i(’|7> +)\2u§€<)~(,(id—ﬁ®1§)p~(‘>+n)\2ukd||TH+C74A

:/A4)\(|X|*”—1) <XX|”> + X2n|X |7 = A2 XX, D)2 4 (X - DT
+ CnA

-/ (4A<X|-"—1> <XX’|’ AP (Rl ,X>2—nA2> AT + CraA

and hence,

(X, %)
by

= N0 X7 p, X) >dIIT||+C75A

n /A X |7 < /A <4A<|X|“1>
< Cr </A>\ <X1D>
/V d||T||+ /‘ 54

X1

d|| T + A)

d||TH +A

We conclude

2
/ X d|T] < Crr D T + A
A

We argue in the same way to prove the same inequality for

- X,
A:—min{() +1+Bs+/<;}
| X
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As the spt(\) = {z € R"*F 1 2, 11 > |#[(Be + #)} and spt(\) = {z € R™* 1 2,11 < —|7|(Be + k) }, we see that
spt(\? + /\2 {z e R"* : |z, 11| > |2|(Be + k) } and hence

/ X2,,d|T < / |"+1d||

-/ (XX+| - (@) (*’T; + (82 1)) AT + (32 + WPITIC)

Xn—i—l
—— +(Be + k)
‘ | X|

n+1 .
(e n)

1 -
<5 [ (24R) AT+ 252 + T

Loz dlIT ] + (B2 + )T (A)

2
QT + A | +2(8% + )| T(A)

<O ([ CPIXI 2T + A ) 208 )T
A
Notice that by the assumption of the lemma

el ry (5, 0 = Bl

/B X2,,d|T| < BT (Byy0)< BTN (Byya).
1/4

We use Lemma 3.3 (with 7', o replaced by (u3,7)LBg, 1/2), (10.29) and Corollary 2.5 (with s = 1) to deduce
e? = Ec((n34T)Bs, 1)

<4Cyo (l‘é(%#T)LBg + /C X72L+1d||#3#T|| + AHg(M))
3/2
< 4-3"Cho <n +/ X247 + A)

<3”+2010<f<+/ Xn+1d||T+A>

<320, <C’77 (/ | X121 X |~ 2d||T)| + 2A> + 2M(T)(B%e* + m))
A

< 3"72C10 (Crr (Es(T,1) + Car + (2 + Co)A) + 2M(T) (5% + k)
3230 (1 +ma(n))16 ,  Csy
32+8(1 + ma(n)) Cho RN
g2 Cyu

5 + 5 (Bs(T, 1) +r+A).

(Es(T,1) + K+ A)

IN
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