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OPTIMAL SEMIGROUP REGULARITY FOR VELOCITY COUPLED
ELASTIC SYSTEMS: A DEGENERATE FRACTIONAL DAMPING
CASE

ZHAOBIN KUANG!, ZHUANGYT L1u?*® AND Louls TEBOU?

Abstract. In this note, we consider an abstract system of two damped elastic systems. The damping
involves the average velocity and a fractional power of the principal operator, with power 6 in [0, 1].
The damping matrix is degenerate, which makes the regularity analysis more delicate. First, using
a combination of the frequency domain method and multipliers technique, we prove the following
regularity for the underlying semigroup:

— The semigroup is of Gevrey class § for every § > 1/26, for each 6 in (0,1/2).
— The semigroup is analytic for § = 1/2.
— The semigroup is of Gevrey class § for every § > 1/2(1 — 0), for each 6 in (1/2,1).

Next, we analyze the point spectrum, and derive the optimality of our regularity results. We also prove
that the semigroup is not differentiable for § = 0 or § = 1. Those results strongly improve upon some
recent results presented in Ammari et al. [J. Evol. Equ. 21 (2021) 4973-5002].
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1. INTRODUCTION

Responding to two conjectures of Chen and Russell [7], Chen and Triggiani [8, 9] considered the following
abstract elastic system:

yit + Ay + By, = 0 in (0, 00)
where A and B are self-adjoint positive definite operators on some Hilbert space H with
da; > 0and as > 0: a3 A" < B < ap A*, for some constant p € (0, 1].
They proved that the underlying semigroup is
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1. analytic for % < pu < 1, but not analytic for 0 < p < 3, though differentiable, [3]
2. of Gevrey class § for all 6 > i for 0 < p < 1, [9]

In fact, [9] generalizes the work of Taylor [28] where the author discusses Gevrey semigroups, and illustrates his
work with several examples including the case B = 2pA* for some positive constant p.

Later on, Liu and Liu proposed a method for proving analyticity or Gevrey class regularity for semigroups
associated with elastic systems [21]; their method combines resolvent estimates using a contradiction argument
and mulptipliers technique. Other closely related works include e.g. [1, 10, 15-19, 22]; those works discuss either
regularity or stability issues, which are the main themes of the present contribution.

In a recent work [2], the authors consider a system of two damped abstract elastic systems in a Hilbert space,
(see System (2.1) below). The damping involves a fractional power 6 of the principal operator, and the average
velocity, so that it is degenerate (see below, just after System (2.1), a brief explanation of why we use the term
degenerate.) The power 6 lies in the interval [—1,1]. They prove the following regularity and stability results
for the associated semigroup:

— The semigroup is not analytic for every 6 in (0, 1].

— The semigroup is eventually differentiable for each 6 in (0,1).

— The semigroup is of Gevrey class § for every § > 1/26 for each 0 in (0,1/4].

— The semigroup is of Gevrey class ¢ for every ¢ > (26 + 1)/360 for each 6 in (1/4,1/2].

— The semigroup is exponentially stable for each 6 in [0, 1].

— The semigroup is polynomially stable of order O(t%), as t goes to infinity for each 6 in [—1,0).

— Further, the resolvent estimate for the Gevrey class regularity in the case where 6 in (0,1/4] is optimal,
and so is the polynomial stability for each 6 in [—1,0).

All of those results are established using resolvent estimates and multipliers technique, combined with semigroup
stability characterization results e.g. [4, 14, 27], or regularity results [26, 28].

One notes that, unlike the case of a single equation where analyticity holds for every 6 in [1/2,1], in [2] the
authors did not get analyticity for any value of . Though they were able to prove Gevrey class regularity for 6
in (0,1/2), one notices that they provide two different Gevrey classes depending on whether 6 lies in (0,1/4] or
in (1/4,1/2]; the Gevrey class for 8 lying in (0,1/4] is in agreement with the case of a single similarly damped
elastic system. However, the Gevrey class corresponding to 6 in (1/4,1/2] is off by (1 — 40)/66. A natural
question is then: why this discrepancy? Is this due to the degeneracy of the damping operator matrix, or to
some technical difficulties? Besides, is the differentiablity of the semigroup the best regularity that one should
expect for 6 in (1/2,1)?

The purpose of this note is to carefully examine those questions. The plan of the rest of our work is as
follows: in Section 2, we discuss new regularity results. Section 3 deals with the eigenvalue asymptotics and
the optimality of our regularity results. Details about eigenvalues computation and asymptotics are provided in
Section 4. In Section 5, we present some examples of application.

2. NEW REGULARITY RESULTS

Let H be a complex Hilbert space with the inner product (-,-) and the induced norm | - |. We consider the
following abstract system of coupled equations:

uy = —aAu — A% (uy + wy)
wyy = —bAw — yA® (ug + wy), (2.1)
u(0) =ug, u(0) =v9, w(0)=wo, w(0)= 2

where A is a self-adjoint, positive definite (unbounded) operator on a complex Hilbert space H, a,b,y > 0,
a#b,and 0 € [0,1].
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Notice that the matrix defining the damping is given by

=)
Yo
and it is a singular matrix; the associated quadratic form is degenerate, hence the terminology “degenerate
fractional damping”.
Set V = D(A?), and assume that V C H C V’ with compact injections, where V’ denotes the topological
dual of V. We also assume that for any =, s in R with r < s, the embedding D(A®) C D(A”") is compact.

Introduce the Hilbert space H =V x H x V x H, over the field C of complex numbers, equipped with the
norm

1Z]12 = alAZul® + [v]? + bJAZw|? + |22, VZ = (u,v,w,z) € H.

Throughout this note, we shall assume:

Jag > 0: |u| < aglAZul, VueV. (2.2)
Introduce the operator
0 I 0 0
A = _8‘4 _70A9 8 —7]149 (2.3)
0 —yA% —bA —yAY

with domain

1

D(A%77), aA> "u+yA2(v+z2) € D(A7"2)
D = V4' ue 3 ’ 3 1
(As) {(u,v,w,z) VS € D(A277), bA: Tw+ yA2 (v+2) € D(AT2) }7

where 7 = max{#, %} One easily checks that for every Z = (u,v,w, z) € D(Ay),
Re (AgZ, Z) = —|A? (v + 2)[*> < 0. (2.4)

so that the operator Ay is dissipative. Further, the operator Ay is densely defined. It is straight-forward to
show that Ay is bijective from D(Ay) to H. Therefore, the Lumer-Phillips Theorem shows that the operator Ay
generates a strongly continuous semigroup of contractions (Sp(t)):>o on the Hilbert space H. One also checks
that

iR C p(Ap) (2.5)

where p(Ag) denotes the resolvent set of Ag. This shows that the semigroup (Sg(t)):>0 is strongly stable on the
Hilbert space H, thanks to the strong stability criterion of e.g. Arendt and Batty [3].

Remark 2.1. We find it useful to give some helpful information about how the inclusion (2.5) is established.
First, notice that for each 6 € [0,1] we have D(Ag) contained in ((D(A) + D(A%~%)) x V)2; notice that when
0 lies is in [0,1/2], the sum D(A) + D(A2~?) reduces to D(A), while for  in (1/2,1], this sum simplifies to
D(A%_e). Thus, one readily deduces that for € in [0, 1), Ag has a compact resolvent. Therefore the spectrum
of Ay is discrete. Proving (2.5) reduces to showing that for any A in R, one has Ker(iAl — Ag) = {0y}, which



4 7Z. KUANG ET AL.

is fairly easy. When 6 = 1, the operator Ay no longer has a compact resolvent; in this case, to prove (2.5), not
only do we have to show that Ker(iAl — Ag) = {0} for any A in R, which is easy, but we also have to show
that for any A in R, the operator i\l — Ay is surjective; we rely on the Fredholm alternative and the closed
graph theorem to show the latter as follows: Set # = 1. Let X in R. Let F' = (f,g,h,¢) in H, we shall find
U = (u,v,w, z) in D(A;) such that (¢A] — A;)U = F, which reduces to

“A2u + aAu + iNyA(u +w) = g +i\f +yA(f + h)
—Nw + bAw + iMyA(u + w) = £+ idh + YA(f + h). (2.6)

Now, set
L(u,w) = (aAu + idxyA(u + w), bAw + iAxyA(u + w)).
One readily checks that L : V x V — V'’ x V' is an isomorphism. Furthermore, the operator L~ is compact

as L1 (V' x V') =V x V and the embedding V x V' C H x H is compact. Notice that the system (2.6) may
be rewritten

A2 (u,w) + L(u,w) = (g + i\f + YA(f + h), £+ i\h + YA(f + R)),
or
(u,w) — NL7Y(u,w) = L™ (g +i\f + yA(f + h), £+ i h + yA(f + h)). (2.7)
The Fredholm alternative, e.g. Theorem VL6, p. 92 of [5] shows that solving (2.7) amounts to proving that the
equation (u,w) — AL~ (u,w) = (0,0) has the unique solution (u,w) = (0,0), or equivalently that (0,0) is the

unique solution of the equation L(u,w) — A?(u,w) = (0,0). Taking the duality product between V' x V' and
V x V on both sides of the latter equation with (u,w), we derive

“X2(Jul? + |[w|?) + a|AZu)? 4+ b|ATw|? + idy|A2 (u+w)|? = 0. (2.8)
Taking the imaginary part in (2.8), one deduces u = —w. Therefore, we have on the one hand
Ny 4+ adu =0 (2.9)

and on the other hand —A\?w + bAw = 0, which is equivalent to
Ny — bAu = 0, (2.10)

since u = —w.

The combination of (2.9) and (2.10) yields (a — b)Au = 0, from which it readily follows u = 0, since a # b.
Therefore w = 0. Thus, for § = 1, combining the fact that i\l — A; is bijective and the closed graph theorem,
we derive that (2.5) holds.

Before stating our main result, we find it useful to recall the following definition, and result (adapted from
[28], Thm. 4, p. 153).

Definition 2.2. Let ¢ty > 0 be a real number. A strongly continuous semigroup T' = (T'(t))¢>0, defined on a
Banach space X, is of Gevrey class s > 1 for ¢t > tg, if T'(¢) is infinitely differentiable for ¢ > tg, and for every
compact set K C (t9,00) and each p > 0, there exists a constant C' = C(u, K) > 0 such that

T @)l < O (), for all t € K, 1= 0,1,2..
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Theorem 2.3. ([28]) Let T = (T'(t))i>0 be a strongly continuous and bounded semigroup on a Hilbert space
X. Suppose that the infinitesimal generator A of the semigroup T satisfies the following estimate, for some
O0<a<l1:

T A[IGAT = ) eox) < oo (2.11)
|A]—o0

Then T = (T(t))t>0 ts of Gevrey class & fort > 0, for every 6 > é

Our main result reads:

Theorem 2.4. The semigroup et is

1. analytic when 6§ = %,

2. of Gevrey class of order § fort >0, for each § > %, when 6 € (0, %),
3. of Gevrey class of order § fort >0, for each § > ﬁ, when 6 € (%, 1).
Proof. Suppose for some p € (0,1] and 6 € (0, 1) without having any specific relations among them, the following

is not true:

Im  [AP)(iX — Ag) Y| < .
AER, |A| =00

Then there exists a sequence {(A,,Uy) | n > 1} € R x D(Ag) with Uy, = (tn, vy, wn, 2,)7, and

Winsoo [2nl = 0 (2.12)
1UnllZ, = allAZun|® + on ]2 + bl AZw, | + [[za)? =1, n>1, '
such that
ILm [An]l7#|(EA, — Ag)Upnll3 = 0. (2.13)

Therefore, it follows

i)\;“ﬂAéun - )\T_L“A%vn =o(1),
iX P, 4+ A H (aAu, + A (v, + 2,)) = o(1),
i)\;“'HA%wn - )\;“A%zn =o(1),

iIN P 2+ AP (bAw, + yA? (v, + 2,)) = o(1)

Hereafter o(1), (respectively, O(1)) stands for a vector in H (or a quantity in R) which goes to zero (respectively,
is bounded) as n — co. Without losing generality, we have assumed A, > 0 for all n.
Adding (2.14) and (2.16), as well as (2.15) and (2.17), respectively, leads to

Z./\;L#JrlA%gn - AE“A%TM = o(1), (2.18)
iN T, 4 A (aAE, 4 by Aw, + 2vA%,) = o(1) (2.19)

where by =b—a, &, = u, +w, and n, = v, + 2.
It follows from the dissipativeness of Ay, (see (2.4)), Cauchy-Schwarz inequality, (2.12), and (2.13):

IAS#/2 A%, = o(1). (2.20)
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From now on, we proceed by cases, according to the interval of the parameter 6.

Case 1: = 20 for 6 € (0, 3. Notice that 4 =1 when § = 1/2.

Dividing (2.19) by A, #*1, we see that
1A (@ A&, + by Aw,, + 2vA%n,) || = O(1).
On the other hand, by (2.12) and 0 < %, we also have
laAZ€, +biA2w, +2yA% 3n, | = O(1).
By interpolation,

NI (@AY 58, + by AV 5w, + 27ATn,)||
< C|IN; (@A + by Aw, + 27 A%, |1M 0 @Az &, + b1 AT w, + 27A 20, ||°
= 0(1).

where, here and in the sequel, C' denotes a generic positive constant independent of n.
Next, we take inner product of (2.19) with A;;1*20p, to get

ilmal? + A0 (@A 36, 4 b1 AV Bw, + 29AZ ), AP ASn,) = o(1).

The inner product term in the above equality is o(1) due to (2.20) and (2.21). Therefore, we obtain

7| = o(1).
Furthermore, equation (2.22) can now be rewritten as

o(1) = a{AZ &, AT AZn,) + by AN B, ALOAZY,) 4 29(|A0 A%y, |12

n

= —ial| A&, |2 + o(1) + by (AP AY Sw,, AP ATy, + o(1)

where we have replaced A1 A2, by iA2&, + o(1) due to (2.18).
The inner product of (2.17) with \; 125, leads to

(2 1) + b TOAT B, AP AT, A AT |? = o(1).
Combining the last equality with (2.12), (2.20) and (2.23), we arrive at
A AT S, A9A%n,) = o(1).
Inserting (2.25) into (2.24) yields
1A &, ] = o(1).

To estimate the term || AZw, ||, we take the inner product of (2.19) with A; 1202, to get

WMy 2n) + a<A%§na /\;1A%Zn> + bl<A%wm /\ElA%ZTJ + 279(1n, A;1A63n> = o(1).

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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We replace the term A\;'Azz, in (2.27) by iAzw, + o(1) due to (2.16). Applying (2.23), (2.26) and the fact
0 < %, the above equality can be simplified to

J43 | = o(1). (2.28)
Finally, we take the inner product of (2.17) with A, 1+2%2, to get

o(1) = izl 4+ Db, X5 AR 5) 4 500 ATz,
= i[|z||* + o(1). 2.29)

Combining (2.23), (2.26), (2.28), and (2.29), we arrive at a contradiction with ||U, || = 1, thereby establishing
the claimed analyticity and Gevrey class regularity.

Case 2: p = 2(1—0) for 6 € (3,1)

Dividing (2.19) by A, #*1, we see that
1A, (@ A&, + b Awy, + 2yA%n,) | = O(1).
On the other hand, by (2.12) and % < 0, we also have
|aA=0¢, + by A Ow, + 2yn, | = O(1).
By interpolation,

I 2 (A3, + by AV 3w, +29A%n,)||
< C|IN; M (aAEy + by Aw,, + 27A%,)[|2 @A 06, + b1 A Ow, + 2y, |2
= 0(1). (2.30)

Next, we take the inner product of (2.19) with AL =25, to get
il mnll? + (A (@A 26, + b1 AV Bw, + 29A%n,), A, 07D A%y,) = o(1). (2.31)
The inner product term in the above equality is o(1) due to (2.20) and (2.30). Therefore, we obtain
7]l = o(1). (2.32)
Furthermore, (2.31) can now be rewritten as

o(1) = alA2&,, A7 AZn,) + by (A0 AT 2w, ATO-D A%y) 4 2y AL-20) A~ (1-0) 45, )2

n

= —ia A&, 12 + (1) + by (A, A 2wy, A 7D A%, +o(1) (2.33)

where we have replaced A; 1Az, by iA2€, + o(1) due to (2.18).
The inner product of (2.17) with AL~2%,, leads to

iz ) + bOACA " By, ATOTD AZ0,) AL 20N =D ATy, |12 = o(1).
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Combining the last equality with (2.20) and (2.32), we arrive at

‘]

APAY S, MO0 ATy ) = o(1). (2.34)
Inserting (2.34) into (2.33) yields
142, = o(1). (2.35)
To estimate the term || AZw,, |, we take the inner product of (2.19) with AL=20z, to get

0(1) = (N, zn) + aA2 &, Ay A% 20) + by (AZwy, AT A% 2,) + 2y(nn, Ay A%2)
= o(1) — iby || AZwy |2 + 2y(\; D A5, A0AZz,). (2.36)

Since
IA70 A% 2| < CIA AR 2]zl =7 = O(1),
then (2.36) implies that
| A% = o(1). (2.37)
Finally, we take the inner product of (2.17) with A, 12z, to get

0(1) = i||2n||? + b(AZw,, AT AZ2) + (A A%y, A0 47 2)
= i]|zn||* + o(1). (2.38)

Combining (2.32), (2.35), (2.37), and (2.38), we arrive at a contradiction with ||U,|l% = 1. O

Remark 2.5. In Theorem 1.1 of [2], the auhors prove that for every 6 € (1/2,1], and every r in (2(1 — 0), 1],
one has :

Tm (A" || (AT — Ag

| A= o0

) g0y = o (2.39)

That equality shows that our resolvent estimate leading to the claimed Gevrey regularity class for 6 in (1/2,1)
is optimal. Similarly, in Theorem 1.2 of [2] they prove: for every 6 € (0,1/2) and every r € (26, 1], one has:

Tm A" [|GAT — Ag

| A= o0

)71”5(7{) = 00, (2.40)

which shows the optimality of our resolvent estimate for 6 in (0,1/2) as well.

These optimality results prove that the analyticity of the semigroup occurs for the only value § = 1/2. Thus,
in the case of interacting elastic systems with degenerate damping as in this contribution, analyticity of the
underlying semigroup occurs only when the damping is structural; the degeneracy prevents analyticity for above
structural damping mechanisms.

A careful reader may have noticed that in Remark 2.5, we do not claim the optimality of the Gevrey class;
this is due to the fact that we are using a sufficient condition for Gevrey regularity, namely, Theorem 2.3. In
the next section, we shall discuss the eigenvalue problem, state asymptotic expressions for the eigenvalues, and
use those to show that our analyticity or Gevrey class regularity results are indeed optimal. We shall also prove
the nondifferentiability of the semigroup for the values § =0 and 6 = 1.
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3. EIGENVALUE ASYMPTOTICS AND OPTIMALITY OF REGULARITY RESULTS

Let U = in D(Agp). We have

SIS

0 1 0 0 U v
AU = —aA —yAY 0 A% |v| | —adu—yA% —yA%2

N O 0 0 I w| ~ z
0 —yA?  —bA A% |2 —y A% — bAw — A% 2.

Consequently, the eigenvalue system reads
Au—wv
0 0
(A — Ag)U = A”“A“;;V_AZ”HA 2l 2o, (3.1)

Az + bAw 4+ yA% + yA9 2
where a, b, and « are positive constants, and 6 € [—1,1]. From the first three equations,

v=Au

7A_9 (ad +~AA% + X)) u

w =

YA '
A7 (aA+yAA? + X)) u
Y

z =

Therefore, using the fourth equation, and denoting {u,} the sequence of eigenvalues of the operator A, we find

M4 BN + e A+ dn A+ e, =0, (3.2)

where

n

Bo =2y, o= (@ +D)pn,  dn = aypl™ + byt and e, = abps.

From now on, we assume

This assumption leads us to the simplified characteristic equation:

Ao+ 2000 + BunAn + 3p Ay + 27 = 0. (3.4)

Our main results for this section read
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Theorem 3.1. The solutions to the quartic characteristic equation (3.4) when 0 € [—1, %), 0= %, and @ € (%, 1]
are given by

—3ul (L4 0(1) + iVaui (L+0(1)), 0 € [-1.3),

At = Qi (1+0(1)) =3
)

)
)
=2k (14 0(1)) 0 € (3,1]
Qﬂn(1+0(1)) iVapE(1+0(1)), ¢ [-1,3),
An2 = Uy, 212 (14 0(1)), =3,
21+ o(1), 0 (3.1
—5uh (14 0(1)) 4+ ipd (1 + o(1)), 0€l-1,3),
Ang = ¥napd (14 0(1)), 0=1
Lpd=0(1+ (1)) +1176,¢é(1 +o(1), e (L]
_§,Un(1 +0(1)) —ipi (14 o(1)), 0el-1,3),
Ana = wn4ﬂn(1+0(1))a 0= %7
— (L4 o(1) — B (14 o(1)), € (4,1].

Here, Y51, ¥n,2, ¥n,3, and ¥, 4 are two pairs of complex conjugate numbers.

Theorem 3.2. Set

1, 6=1
mg = < 20, 0<9<% (3.5)
21-0), 3<6<1.

(i) For every 0 in (0,1), there exists a sequence (\,) of eigenvalues of Ay such that for every e > 0, one has

Re),

(ii) For 8 =0 or § = 1, there exists a sequence (\,) of eigenvalues of Ag such that

lim Re\, =/, li_>m [An| = o0, (3.7)

n— oo

for some real number £.

The proof of Theorem 3.1 is very technical and will be dealt with in the next section. The proof of Theorem 3.2
follows at once from Theorem 3.1.

In particular, thanks to Theorem 3.2 and the following two results, one derives the optimality of our regularity
results, as well as the nondifferentiability of the semigroup for # = 0 and 6 = 1.

Lemma 3.3. ([11, 23, 26, 28]) Let T = (T'(t))i>0 be a strongly continuous and bounded semigroup on a Hilbert
space X. Let A denote the infinitesimal generator A of the semigroup T.

(i) The semigroup T is analytic if and only if there exist real numbers a, b and C, with b > 0 and C > 0 such
that

p(A) DX, ={X € C;Rel > a—b|lImA|},
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and

- <<

. YA e X
RN b

(i) The semigroup T is of Gevrey class § > 1 if and only if for any positive real numbers b and 7, there are
real constants a and C' with C' > 0 depending on b, T and & such that

p(A) 2 54(8) = {\ € C; ReA > a — b|ImA|7 },
and
A=A < C(1+e TR v e 5,(9).

(#ii) The semigroup T is differentiable if and only if for any positive real number b, there are real constants
a and C with C > 0 depending on b such that

p(A) 2y = {X € C; ReX > a — blog [ImA|},
and
I[(A = A7 < ClIm)|, VX € X, with Rel < 0.

Lemma 3.4. [19, Corollary 2.2] Let T = (T (t))t>0 be a strongly continuous and bounded semigroup on a Hilbert
space X. Let A denote the infinitesimal generator A of the semigroup T .

(i) Suppose that the spectrum o(A) of A contains a sequence (\,) such that

lim ReX, =/¢, lim |\,| = oo,
n—oo n—o0

for some £ in R. Then the semigroup T is not differentiable.
(ii) Let 6 > 1. Suppose that there exists a sequence (Ay,) in o(A) such that

Re),

n—o00 |]’m)\n|g

Then the semigroup T is not of Gevrey class 9.

Remark 3.5. In Theorem 2.4, we prove regularity results for System (2.1). As noted above, the combination
of Theorem 3.2, Lemma 3.3 and Lemma 3.4 show that those regularity results are optimal. Accounting for the
stability results established in [2], we can summarize regularity and stability results for System (2.1) in the
following table (see next page).

4. POINT SPECTRUM ANALYSIS

In this section, our goal is to analyze the point spectrum by solving the quartic characteristic equation (3.4).
To this end, first, we describe how to compute the analytic solution to a general quartic equation. Then, we
describe how to solve (3.4).
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TABLE 1. Summary of Stability and Regularity results of the Semigroup e“¢*

Region Stability Regularity
6 € [-1,0) polynomially stable of order f% not differentiable
0=0 exponentially stable not differentiable
6 € (0, %) exponentially stable Gevrey class of order %
= % exponentially stable analytic
0 € (%, 1) exponentially stable Gevrey class of order 2_—129
=1 exponentially stable not differentiable
4.1. Solutions to a general quartic equation
We begin by describing how to solve a general quartic equation:
MEBA +eA? +dh+e=0 (4.1)
analytically. Our procedure follows that described in [6]. To this end, we define
m =8 —36% s=238"+16¢*+ 163d — 165%c — 64e, 42)
r=—B448c—8d, 1= —r° ’
According to [6], we have the following cubic resolvent associated with (4.1).
72+ mi2+sj+1=0. (4.3)
To solve (4.1), we first need to solve (4.3). For this purpose, we define
h=3s—m? g=2m3—9ms+27], P=h/3, Q=g/27. (4.4)
We further define the discriminant as:
P\ 3 0\2
A= =1 . 4.
(5) () @
We also need to define:
o, - - ya- 94 £3+ QY (4.6)
=T 2 2 3 2)" ’
where, for any & = |¢[e??, we consider £2 = |¢|Ze'S and £3 = [£|3¢'5. From (4.6), we have that
1 1 — 1 1 2VA
A=0L + 02 =— ;Q; 7, =01 -0l =— T 1 P (4.7)
P —0IDT 42 B3 4+ DIDI + 7

With (4.7) and m from (4.2), the solutions to the cubic resolvent can then be expressed via the Cardano’s
formula [24]:

m 1 \/§ m
o=A—— i+ =—A+i—Q — —. 4.
Jo 37 J+ 2 7 2 3 ( 8)
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1 1 1
Furthermore, let ko = jg5, k4 = j7, and k_ = j2, such that kokik_ = r, we can denote the four roots to (4.1)
according to [6] as:

)\1 :(—54‘[(70 + k+ + k‘,)/4
Ao =(=B+ko—ky —k_)/4
Az =(=B—ko+ky—k_)/4 (+9)
A =(=B—ko—ky+k-)/4

4.2. Compute the roots of the characteristic equation (3.4)

In this section, we describe how to solve (3.4) based on the analytic solutions to a general quartic equation
described in Section 4.1. To this end, for the sequence of eigenvalues of the operator A, {u,}, recall that

Bn = ZMZ, Cn = 3y, d,= 3urll+9, en =212, (4.10)

where f,,, ¢, dn, and e, are directly associated with 8, ¢, d, and e in (4.1), representing the coefficients of the
quartic characteristic equation associated with p,,. In particular, we use the subscript n to stress the dependency
of these coefficients on the sequence {p,,} and we shall use the same convention subsequently for the quantities
that are associated with {p,}. So, from (4.2) and (4.4), we have that

My = 2441y, — 12029 5, = 48u20 — 96,201 + 16,2,
rn = =88, 1y = —64p8P,  hy, = 288,201 — 5282 g, = 241923 — 190082012,
Py = 96171 = 176417, Qu = 89615, — 7044170+,

that are associated with {u,}. As a result, we also have A,, from (4.5), j,, from (4.3), ®,, + from (4.6), A,, and
Q,, from (4.7), jn,0 and j, + from (4.8), and kn.0, kn,+, A1, An,2, An3, and A, 4 from (4.9) that are associated

with {g, }.
With these definitions, we introduce Lemma 4.1 and Lemma 4.2, which are concerned with the expression of

A, and Q,.
Lemma 4.1. If —% =o(v/A,) as n — oo, then

VA
lim A, = lim —%, lim Q, = lim 0 Ly (4.11)
n—oo n—oo n n—oo n—oo n
If VA, = o(—%) asn — oo, then
n 2\/ An
lim A, = lim 36 ,  lim Q, = lim — . (4.12)
n—oo n— oo n n—oo n—o0 n
If VA, = O(—%) as n — 0o, then
lim A,,Q, = ((K;ml + Hn’z)% + (Kn1 — Fényg)%) e (14 o(1)), (4.13)
n— o0
where Ky 1, kn2, and T are quantities related to —% and VA, via
— On = mml,uff(l +o(1)), VA, = Iin72/_L%T(I + 0(1)). (4.14)

2
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In (4.14), 3z is the power of the leading term shared by —% and /A, because we consider /A, = O(—%).
We further assume that kyn1 %+ kn2 7 0. We omit the discussion when k1 £ Kk, 2 = 0 as it is not involved in
our problem.

Proof. We discuss our proof in three cases: f% =o(vAn), VA, =0 (f %"), and VA, = O(f%).

~ If —% = o(y/A,), then by (4.6), @, + = O(VA,) and lim, o @y 1 = limy, oo VA, = lim, o0 @y =
1 1 11
—limy, oo @p,— = limy 00 <I>;’;)+ = —lim, s @577. Recall that <I>731’+<I>,§’7 = —%. Therefore, we have
2
limg, o0 @, 4 = limy, o0 % Therefore, by (4.7), we can show that (4.11) holds.
1
I VA, =0 (—%), then by (4.6), ®, 1 = O(—%2) and limy, e s = limy, oo — L2 = lim,, oo @3, =
1 11 2
lim,, 0 <I>,'§ﬁ. By <I>;§’+q),3l’7 = —%7 we have that lim,, o <I>,3L’i = —lim,— o %. Therefore, by (4.7), we can
show that (4.12) holds.
— Finally, when VA, = O(— Qz ), without loss of generality, we can write:

—% = fnapin (L 0(1), VAL = ka2 (1+o(1)),

where we further assume that £, 1 & k,2 # 0. Then

1
Dy g = (Kng £ Kp2)d"(1+0(1)) = Qp L= (Kna E fin,z)%ﬂﬁ(l +o(1)).

Therefore, by (4.7), (4.13) also holds. O

While Lemma 4.1 provides a characterization of the leading term of A,,, later on, we will show that using
just the leading term of A,, does not suffice to estimate the leading terms of A, o and A, i+ as desired. This
motivates us to further characterize the lower order terms of A, yielding Lemma 4.2.

Lemma 4.2. Let A, = Z,, + w,, where Z, is the leading term of A,, as n — oo, and w, is the lower order
term. i.e. w, = o(Z,). Then

PoZy+Qn+ 723

A N NV (419
Proof. First, we define
1 3
eno = A ma = A 4iY3q,.
’ ’ 2 2
By Cardano’s formula, x,, 9, 2, + are solutions to 22 + Poxy, + Qn = 0. We further define
n 3 ) 3
Yn,0 = Wn, Yn+ = _% - §Zn + 'ngna (416)

where A,, = Z,, + wy, Z, is the leading term of A,,, and w,, = o(Z,,). Clearly,
Tn,0 = Zn + Yn,0, Tn+ = Zn + Yn,+-
Therefore, y,, 0 and y,, + are the three solutions for:

(yn+Zn)3+Pn(yn+Zn)+Qn:O:>92+3Znyv2l+(Pn+3Zr2L)yn+PnZn+Qn+ZZ:O-
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On the other hand, using (4.16), by Vieta’s formula with respect to y,,0, and yy, +,

3 9 3 3
Yn,0Yn,+ + Un.0Yn,— + Yn,+Yn,— 92 + 4Z2 Qann - zwi =P, +322, (4.17a)
3., 9., 3 1 s
Yo+ Ynot + Yo = 7 Qwn + 3 Zpwn + 2ann + 4wn =—(PuZn+Qn+2)). (4.17b)
If —% =o(vA,), by (4.11), Z, = 0(Q,,). From (4.17a) and (4.17b), as n — oo,
lim 92 = lim P, +3Z%, lim §inn = lim — (P,Z, 4+ Qn+22),
n—oo 4 n—00 n—oo 4 n—00
which indicates that (4.15) is true.
If VA, =0 (—%), by (4.12), Q,, = o(Z,). From (4.17a) and (4.17b), as n — oo,
.9, . 2 9 3
lim —Z; = lim P, +3Z,, hm an—hm—(PZ +Qn+Z)
n— oo n—oo n—00
which indicates that (4. 15) is also true in this case.
Finally, if VA, = O ( ) by (4.13), Z, = O(£2,,). From (4.17a) and (4.17b), as n — oo,
2, 90 2 L 302 9 0 . 3
lim Q + Z = lim P, +3Z;, lim -Qw,+ -Z;w,= lim — (PnZn +Qn+ Zn) ,
n— 00 n—00 n—oo 4 4 n—o0
which validates (4.15) in this case. O

With Section 4.1, Lemma 4.1 and Lemma 4.2, we are now ready to solve (3.4). From (4.5), the discriminant
is

4 2
A, = guiﬁﬂ 56320404 4 327688013 — 5 2776 8 us. (4.18)
We partition § € [—1, 1] into non-overlapping regions based on the leading terms of A,: 8 € [—1, %), 0= %, and

6 € (3,1]. The expression of A,, can be given as:

a1 +o(1)),  e[-1,3),
An = 2R (0 +o(1), 0=3,
3276815913 (1 + o(1)), 6 € (3,1].

We describe how the leading terms of quantity is determined. As an illustrative example, we show how to
determine the leading term of A, when 6 € [—1, 3). Using the formula for A, given in (4.18), there are four
exponential terms in total with u, as the base. Therefore, it suffices to identify the largest exponent among the
four exponential terms by solving the following optimization problem:

6= max {20+5,40+4,60+3,6}.
0e[-1,3)

Our next goal is to identify the solutions to the characteristic equation (3.4) across all the regions of 8 defined
as aforementioned. These solutions have been summarized in Theorem 3.1.



16 Z. KUANG ET AL.

TABLE 2. P,, Qn, and vA,,.

Region P, Qn A,  Relative Order
0el-1,5) —176p2(1+o(1)) 89645 (1 4 o(1)) mfwn(l +o(1)) VA, =0(-%)
6=1 —80p2 (1 + o(1)) 19243 (1 + o(1)) 32”7 B(1+0(1) VA, =0(-%)
fe(i,1]  96ui(1+0(1) —704u2"2(1+ 0(1)) 128fw (1 +o(l) -% =0/A,)
TABLE 3. A,,, Q,,, and m,,

Region A, Qn my,

bel-L3)  Su(l+o(l))  iu(l+o(l)) 24— 1207

=1 Tottn (1 + 0(1)) Tn—pin (1 + 0(1)) 1241,

fe(d1]  Zu,(1+0(1) 8v2un *(1+0(1) 1242 +24p,

The rest of this section is dedicated to prove Theorem 3.1. To this end, in Section 4.2.1, first, we will compute
a detailed expression for the roots of the cubic resolvent j, o and j, 4+ through the use of Cardano’s formula,
Lemma 4.1, and Lemma 4.2. Upon knowing j,,’s, we can compute \,,’s, through the use of (4.9) in Section 4.2.2.

4.2.1. Compute the roots of the cubic resolvent

In this section, we would like to compute the roots of the cubic resolvent (4.3). For this purpose, first, we
compute the leading terms of A, and 2, using Lemma 4.1. Then, we compute the lower order terms of A,,.
Upon having sufficient knowledge about the expression of A, and €,, we will compute the roots to the cubic
resolvent via the Cardano’s formula (4.8).

By Lemma 4.1, to compute the leading terms of A, and §,, we need to know about the leading terms P,
Qn, and /A,,. We would also need to know the relative order of v/A,, and —%z. These quantities are given in
Table 2.

With the quantities presented in Table 2, we can compute the leading terms of A,, and €2,,. The results are
summarized in Table 3. Note that in Table 3,

/25 257
Tn,4+ = \/ 96 —I— - \/ 96 — 732 3 , Tn4 ~T7.33697, T, _ ~ —T7.2688i.

For the convenience of applying the Cardano’s formula, we also report m,, in Table 3.

Now that we know A,, and Q,,, we would like to apply Cardano’s formula in (4.8) to compute j,’s. We discuss
the computation case by case according to the value of 8. We first discuss when 6 € [—1, %) In this case, using
(4.8) and Table 3, we notice that j, o = o). This motivates us to use Lemma 4.2 to acquire lower order terms
for A,,. From (4.15), Table 2, and Table 3, we have that

Ay = 8ty — 4p20 + 4p8°72(1 + 0(1)). (4.19)
Therefore, by (4.8), (4.19), and Table 3, we have that

Jn,0 = Bln — 4M?Lo + 4/"20_2(1 + 0(1)) (24Mn - 12M29) = 4U69 2(1 + O( ))7
gt = —(4£8V2)un(1+0(1)) — 5 - 24Mn(1 +o(1)) = —(12 £ 8v2)ua(1 + o(1)).
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We then discuss the case when 6 = 3. (4.8) and Table 3, we have that
1 .
—=Tn,+ + ZTTn’7 - 4) /,I;n(]. + 0(1)).

Jno = (Tn+ —Dpn(l+0(1)), Jn+= < 5

Finally, we discuss the case when 6 € (3,1]. From (4.8) and Table 3, it is obvious that

(1 0(1),  dns =43 (1+0(1)).

jn70 = 4/‘LTL
20 Then, z, is the solution to

We need to compute lower order terms of j,’s. To this end, consider z, = j, — 4u;
N+, =0

the cubic equation
n

(2n + 4#%9)3 + mn (2, + 4/1'%9)2 + 8n(2n + 4
= 23 424,22 + (16p2 + 96ul12%)z, + 642120 = 0.
Examining the expression of z,,’s in a similar fashion to that of j,’s, we have that

2 1
Zno = —pin(1+0(1)), zns = +idV6u2 T (1+ o(1)).

As a result,
(1+0(1), jus =42 +idv/6ui (1 + o(1).

. 2
In,0 = 4/1429 - g/’*n

We have finished the discussion of all three cases. To sum up, The roots to the cubic resolvent are

421+ o(1)), 0el-1,1),
Jn0 =9 (Tn,+ =4 pn(1+0(1)), 0= %a
428 = 2y, (14 0(1)), 6 (4,1
—4(2v2 £ 3)pn (1 + 0(1)), 6el-1,1), (4.20)
ne =4 (b £ 1m —4) (1 o(1), 0=4,
0 € (3,1

1
4020 £+ id/Bpo 7 (1 + o(1)),

4.2.2. Compute the roots of the characteristic equation given the roots to the cubic resolvent

Now that we know the roots of the cubic resolvent as given in (4.20), we are ready to proceed to compute
the roots of the characteristic equation (3.4). To this end, first, we compute k,,’s. Then, we compute the \,’s

—8u3%, we have that:

via (4.9).
From (4.20), the definition of k,’s, and using the fact that r,

2#%071(1 + 0(1))7 0 e [_15 %)a
1
kn,o = Xn,otn (14 0(1)), f=3
2uf — Ll =01+ 0(1)), e (1] (4.21)
9 S [_17 %)7 |



18 Z. KUANG ET AL.

Here, xn,0 is the square root of 7,  —4, and X, + are the square root of _%Tn’Jr + i?rn,, — 4 such that

Xn,0Xn,+Xn,— = Tn-
With (4.9) and (4.21), the roots to the characteristic equation are given as in Theorem 3.1.

5. SOME EXAMPLES OF APPLICATION

In this section, we provide a few concrete examples of application of our regularity results. To this end, let
Q be a bounded domain in RY with smooth enough boundary I'. These examples and the abstract system
investigated in this contribution are inspired by Haraux’ work [12] on the simultaneous stabilization of wave
equations with different speeds of propagation. The work of Haraux followed from discussions with J.L. Lions
about simultaneous control of uncoupled elastic systems [13].

5.1. Interacting plates I: hinged plates
Consider the system of coupled plate equations given by
Y + aA>y — yA(y, + 2 in Q x (0, 00),

)=0
2t + A%z — yA(y, + 2) = 0 in Q x (0, 00), (5.1)
y=0, Ay=0, z=0, Az=0onT x (0,00),

with initial conditions

y(CL’,O) = yo(x)7 yt(.%',O) = yl(x)7 Z(l‘,O) = Zo(x)7 Zt(‘r70) = Zl(x)7

where a, b and 7 are positive constants with a # b.
Let A be the operator defined on the Hilbert space L?(Q2) by: A = A% with

D(A)={uec HY(Q)NH}Q);u=0=AuonT}.

It is well-known that A2 = —A with D(A2) = H2(Q) N HZ(Q). Thus, the damping is structural in (5.1).
Theorem 2.4 shows that the semigroup corresponding to System (5.1) is analytic on the energy space H =

(H2(2) N H(Q)) x L2()))”.

5.2. Interacting plates II: clamped plates

Consider now the system of coupled plate equations given by

yer +al?y — Ay + 2) = 0 in Q x (0, 00),
2t + A%z — yA(y, + ) = 0in Q x (0, 0), (5.2)

y=0, %:0, z=0, %:OOHFX(QOQ),

with initial conditions

y(x,O) = yo(x)7 yt(ac,O) = yl(x)7 z(m,O) = Zo(x)v Zt(xvo) = Zl(m)v

where a, b and vy are positive constants with a # b.
Let the operator A be defined on the Hilbert space L?(2) now by: A = A? with D(A) = H*(Q) N HZ(Q).
As the work in [20] shows, we no longer have Az = —A, with D(A2) = H2(Q) N H} (). But the damping
here is of structural type, and the semigroup associated with (5.2) can be shown to be analytic on the energy
space H = (HZ(Q) x LQ(Q)))Q; the proof follows along the lines of the proof of Theorem 2.4.
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5.3. Interacting membranes

We consider the following system

Yy — aldy + 'y(fA)e(yt +2:)=01in Q x (0, 00),
2t — bAz + 7(7A)0(yt + Zt) =01in 2 x (Oa OO), (53)
y=0, z=0onT x(0,00),

with initial conditions

y(x,O) = y()(x), yt(xao) = yl(x)7 Z(.’E,O) = Zo(m)v Zt((E,O) = Zl(x)v

where a, b and v are positive constants with a # b.
Let A be the operator defined on the Hilbert space L?(Q2) by: A = —A with D(A) = H?(Q) N H}(Q).
Theorem 2.4 shows that the semigroup corresponding to System (5.3) is analytic for 6 = %, and of Gevrey class

§ for every 6 > 2, for § = 1/4 or 6 = 3/4, on the energy space H = (Hg(2) x L2(Q))2.
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