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CONTROLLABILITY PROBLEMS FOR THE HEAT EQUATION
WITH VARIABLE COEFFICIENTS ON A HALF-AXIS

LARISSA FARDIGOLAV?*® AND KATERYNA KHALINA'

Abstract. In the paper, the problems of controllability and approximate controllability are studied
for the heat equation w; = %(kwl)x +yw, z > 0, t € (0,T), controlled by the Dirichlet boundary
condition. Control is considered in L°°(0,7). It is proved that each initial state of this system is
approximately controllable to any its end state in a given time 7" > 0.
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1. INTRODUCTION

Controllability problems for the heat equation with constant and variable coefficients were studied in a
number of papers (see, e.g., [1-4, 9-12, 14, 18-22, 24, 25]). However, there are much fewer papers where these
problems were investigated for the heat equation with constant coefficients in unbounded domains (see, e.g.,
[2, 9, 10, 19, 20, 23]), and it seems there are no papers where these problems were investigated for the heat
equation with variable coefficients in unbounded domains.

In the paper, the controllability problems for the heat equation with variable coefficients on a half-axis
controlled by the Dirichlet boundary condition are studied.

Let T > 0 be a constant, p, k, v, and w® be functions of € [0, +00), and u be a function of ¢ € [0,7]. We
consider the following heat equation

1
we= (), + o, v € (0,+00), t € (0,7), (L.1)

controlled by the Dirichlet boundary condition

w(0,-) = u, te(0,7), (1.2)
under the initial condition

w(-,0) = w’, x € (0,+00). (1.3)
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2 L. FARDIGOLA AND K. KHALINA
Here p, k, 7y, and w? are given functions, u € L>(0,T) is a control, and w : [0, +00) x [0,T] — R is the state of
the system. We assume p, k € C1[0, +00) are positive on [0, +00), (pk) € C2[0, +00), (pk)’(0) = 0. Consider the

even extensions of p, k, v. Throughout the paper we will denote these extensions by the same symbols p, k, ~,
respectively. In addition, for

o) = / " VoEEEN e, @ e R, (1.4)

we assume

o(z) = 400 asx — +oo. (1.5)
Moreover, we assume
Qalp. k) =7 € L=(0, +00) () C'[0, +00) (1.6)
and
V& @ulo k) ) € 10, +20), (1.7)

where Qa(p, k) = \/k/p (Q1(p, k) + (Q1(p, k), (Q1(p, k) = v/K/p(kp)'/(4kp).

To formulate the main results of the paper, we need some notations.

Let Q = (0,400) or Q =R. Let D(Q) be the space of finite infinitely differentiable functions whose support
is finite and is contained in Q. For ¢ € L (2) we consider ¢’ € D'(Q). If p € L2 (), we define the derivative
D, by the rule

k
Dok = \/;ﬂ’ +Q1(p, k).

If, in addition, D rp € LE () and (D,rp) € LE (Q) (the derivative (-)’ is considered in D’(£2)), we can consider
D2, Then ¢” € D'(Q) and

1
D2 = ;(lw’)/ + Q2(p, k).

Obviously, D7 ¢ = o™ if p=k =1, m=0,1,2. Here and further we use the notation s = k, m for s € Z such
that k< s<mifk<mandforsc@ifk >m, k€ Z, mecZ.
Let

Ly(Q) = {f € Li,e() | Vpf € L*(Q)}

with the norm

1/2
1fllzz) = IVPfllL2@) = (/Qlf(fc)l%(x)dw) ., feLIQ).
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For p =0, 1,2, consider the space

HP = {p € L .(0,400) | (Ym =0,p D7y € Li(O,—i—oo)) and (Ym=0,p—1 (DZILCQD)(OJ'_) =0)}

with the norm

1/2
p 2 o
[e] p m
lol™ = (Z <m> (||Dpk<PHLg(Q)> ) , pelP,

m=0

and the dual space H™P = (Hp> with the norm associated with the strong topology of this space. Evidently,
H® = H~° = L2(0, +00). We have

]

<<]D)pkf7 (p»o = <<fa Dpk<p>>o 5 f € Himv p e H?Herlv m = 0, ]-7

[e] o
where ((g,1))° denotes the value of a distribution g € H™? on a test function ¢ € HP, p = 0,1, 2. In particular,
we have

oo

(9, 9)° = (9. %) L3(0c400) = / g(@)b(@)p(x)dz, g€ H, v € HO.

Thus, we can rewrite equation (1.1) in the form

wy = Dikw —quw, te(0,7), (1.8)
where (%)pw [0, T] = H=2P, p=0,1; w® € H;

q=Qa(p, k) — . (1.9)

Due to (1.6), ¢ € L*(0,+00) N C[0, +0). Note that g is defined on R and ¢ € C*(—o0, 0] U C[0, +0c0), but ¢’
may have a jump at x = 0.

A state w® € HO is said to be controllable to a state w' € H® in a given time T > 0 if there exists a control
u € L>=(0,T) such that there is a unique solution w to (1.1)-(1.3), and w(-,T) = wT.

[e] o
A state w® € HY is said to be approzimately controllable to a state w” € H° in a given time T > 0 if for each
€ > 0 there exists a control u, € L>°(0,T') such that there is a unique solution w, to (1.1)—(1.3) with u = u.
and [Jw.(-,T) — wTﬂoo <e.
Eventually, we can formulate the main results of the paper.

o
Theorem 1.1. If a state w® € H° is controllable to the state w' =0 in a time T > 0, then w® = 0.

Theorem 1.2. Each state w® € H° is approxzimately controllable to any state w” € H° in a given time T > 0.

In Section 2, these results are reformulated in Theorems 2.7 and 2.8 in terms more convenient for our
investigation.

In the case of constant coefficients (p = k = 1, = 0), the result of Theorem 1.1 (and 2.7) has been obtained
earlier in [9]. This result is similar to that of the paper [19].

In the case of constant coefficients (p = k = 1, = 0), the result of this Theorem 1.2 (and 2.8) has been also
obtained earlier in [9].
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To study control system (1.1)—(1.3), we use the transformation operator T and the modified Sobolev spaces
H* where standard derivatives (d/dx)™ are replaced by D7, m = 0, |s|, s = —2,2. The operator T:H 2 H2

together with the spaces I’PV]I9 s = —2,2, associated with the equation data (p, k,~) have been introduced and
studied in [5-8]. The definitions of T, H*, and H* are recalled below in Section 2.

The operator T is a continuous one—to -one mapping between the spaces H* and HS. Moreover, it is one-
to-one mapping between the set of the solutions to (1.1)—(1.3) with constant coefficients (p = k =1, v = 0)
where u = u!'? € L>°(0,T) and the set of the solutions to this problem with variable coefficients p, k,y where
u = uPk € L>(0,T) (see Thms. 3.3 and 3.6). The proofs of the main results of the paper are based on the
application of Theorems 3.3 and 3.6 proved in Section 3. The control system with variable coefficients p, k, vy
replicates the controllability properties of the control system with constant coefficients (p = k =1, v = 0) and
vice versa.

The last result also holds true for the wave equation on a half-axis [5-8]. However, the proofs are essentially

different because of entirely different nature of the heat and wave equations. Applying the operator T-1 to a
solution to the equation with variable coefficients p, k,y and a control u € L>°(0,T"), we obtain a solution to the
equation with the constant coefficients p =k =1, v = 0 and a control v € L*°(0,T) different from the control
u. To find and to estimate the control v we have to solve an integral equation of the form

/ Plt— u(€)de, e [0,T]. (1.10)

In the case of the wave equation, it was proved that f and P are bounded on [0, T] [5-8]. Therefore, the integral
operator in the right-hand side of (1.10) is of the Hilbert—Schmidt type. Hence, the Fredholm alternative together
with the generalised Gronwall theorem can be applied to solve (1.10) in L?(0,T) and estimate the solution v
in L>°(0,T) when we deal with the wave equation [5-8]. However, in the case of the heat equation, it is proved
that f and \/(-)P are bounded on [0,7] (hence, P(§) = O(1/y/€) as € — 0F). Here 1/(-) is the symbol of the
function ¢ — /€. That is why the integral operator in the right-hand side of (1.10) is not of the Hilbert—Schmidt
type, and the Fredholm alternative is not applicable in the general case. Trying to use the Banach fixed-point
theorem, we see that it is applicable only for a small interval, and it is not applicable for an arbitrary interval.
That is why we use the method of successive approximations to construct a solution to (1.10) on [0, T]. Then we
split the interval [0, T into appropriately small intervals and apply the Banach fixed-point theorem in L?-space
on each interval to prove the uniqueness of the solution (see Lem. 3.5).

Since the control system with variable coefficients p, k, v replicates the controllability properties of the control
system with constant coefficients (p = k = 1, v = 0), we obtain the controllability properties of the first control
system from the controllability properties of the second one by applying the operator 'f‘, i.e. we obtain Theorems
2.7 and 2.8 by applying Theorems 3.3 and 3.6, in Section 2.

The obtained results are illustrated by examples in Section 4.

2. NOTATIONS AND MAIN RESULTS

Let us give definitions of the spaces used in the paper.
For p =0, 1,2, consider the Sobolev spaces

H” = {p € L. (R) | Ym =0,p o™ € L*(R)}

with the norm

P 2\ 1/2
W=<Z () (]\¢<m>\L2(R))> per,
m=0
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and HP = (HP)" with the norm associated with the strong topology of this space. We have H° = L?(R) =
(HO)>k = H=Y (f, ) denotes the value of a distribution f € H~P on a test function p € H?, p=0,1,2.

Let H" be the subspace of all odd distributions in H", n = —2,2. One can see that H" is a closed subspace
of H", n = —2,2.
In [6-8], the following modified Sobolev spaces have been introduced and studied. For p = 0,1, 2, consider

HP = {¢ € L3(R) | Ym = 0,p D0 € L3(R)}
with the norm
) P » N o\ 172 :
I]CPI] - Z (m> (HDPk@HLg(R)) ) p e H )
m=0
and the dual space H? = (HP)" with the norm associated with the strong topology of this space. ((f, ¢)) denotes

the value of a distribution f € H™” on a test function ¢ € HP, p = 0,1, 2. Evidently, H* = H™0 = (H°)" = L2(R)
and

(f.0) = (o Pz = / " f@)e@)p@)ds, [eR, o e B,
Put

<<Dpkfa <,0>> = - <<fa Dpk‘ﬁ» ) f € H_pa p e Hp+1a b= 07 1.
For p = k =1, we have H™ = H™, m = —2,2. In [6], it has been proved that H™ C H" is dense continuous
embedding, —2 <n <m <2, and D C HP C H P C D’ are dense continuous embeddings, p = 0, 1,2, where
D = D(R). However, the relation between the Schwartz space 8§ and HP essentially depends on p and k. For
example, if p = k then
peHl & \/ppec HP, p=-2,2.

If p(x) = k(x) = coshz, z € R, then

S¢HP and H?¢8, p=0,1,2.
If p(x) = k(x) =1/ coshz, x € R, then

SCHP and HPcCS8, p=0,1,2.

Let H" be the subspace of all odd distributions in H", n = —2, 2.

Remark 2.1. The restriction of a function from HP to [0, +00) belongs to H? for p = 0, 1. However, there exist

~ o o
functions from the space H? whose restrictions do not belong to the space H? because each function from H?
and its derivative are equal to 0 at x = 0, but the derivative of an odd function may not equal 0 at z = 0. But

the odd extension of a function from HP belongs to HP, p = 0,1, 2 (see [6]).

The transformation operator T = ST, : H~2 — H~2 is used to investigate system (1.1)~(1.3). The operators
S and T, have been introduced and studied in [6, 7].
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Theorem 2.2 (see [6, 7]). The following assertions hold.

(i)  The operator T is an isomorphism of H™ and fﬁm, m=-2,—1,0.
() To' = /(pk)(0)D,6.
(iii) If g € H® and g(0%) € R, then ('ﬁ‘g) (07) € R and

(D%, - q) Tg — 2/ (k) (0) (Tg) (0" D6 = T (jgg - 2g<o+>6’) :

(iv) If f € H® and f(0") € R, then (']Nl"lf) (07) € R and

%T_lf -2 (Tr_lf) (07) =T ((D;Q)k —q) f—2vy (pk)(o)f(0+)Dpk6) :

Here 6 is the Dirac distribution.

2.1. Controllability results

Consider control system (1.1)—(1.3). From Remark 2.1, it follows that there exist distributions from H~2

~ o [e]
which cannot be extended to the space H™2. However, the derivative Dik f+ € H™2 of a function f, € H° can

be extended to the space H-2 according to the following theorem.

Theorem 2.3 ([7], Thm. 3.10). Let f € HY, p € H? and f be the odd extension of fi. If f(07) € R, then the
distribution ]D)ik + € H2 can be extended to the odd distribution F € H™2 and

(F, o) = (Do f,9)) +2v/ (k) (0).f(07) (Dyrep) (0).

Let us explain this theorem by a simple example. Let f, € C?[0,+cc), and let f be its odd extension. We
have f(x) = fi(z)H(x) — f+(—x)H(—z), z € R, where H is the Heaviside function (H(z) =1 if z € [0, 4+00)
and H(x) = 0 otherwise). The function f has a jump at z = 0. Then f”(x) = F(z) + 2f+(0%)d (z), where
F(z) = f!(z)H(z) — f(~2)H(~x), x € R. For any ¢ € H?, we have

(F,o)r2®y = (f", @) L2®) + 2+ (01)¢'(0).

This formula is generalised in Theorem 2.3.

Let w(-,t),w® € HY and let W(-,t), W° be their odd extensions with respect to z, respectively, ¢t € [0,T]. If
w is a solution to control system (1.1)—(1.3), then taking into account Theorem 2.3 and (1.8), we see that W is
a solution to the following system

Wy = D2 W — qW — 2/(pk)(0)u,16, on R x (0,7T),
W(-,0)=W° on R, (2.2)

where ¢ is defined by (1.9), (%)p W :[0,T] > H 2P, p=0,1, W € H°, § is the Dirac distribution with respect
to . Consider also the steering condition

W, T)=wT  onR, (2.3)
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where W7 € HP. _
Let W(-,t),W° € H and let w(-,t),w® be their restrictions to (0,4o00) with respect to z, respectively,
t €[0,T]. If W is a solution to control system (2.1), (2.2), then due to Corollary 3.4 (see below Section 3),

w(0,-) =W(O",) =u a.e. on (0,7) (2.4)

and w is a solution to control system (1.1)—(1.3).

Thus control systems (1.1)—(1.3) and (2.1), (2.2) are equivalent. Therefore, we will further consider control
system (2.1), (2.2) instead of original system (1.1)—(1.3).

Consider also the control system with the simplest heat operator (system (2.1)—(2.3) with p=k =1,y =0)

Zy = Z&f - 211,(;/, on R x (O,T),
Z(-,0) = 2°, on R,
Z(-,T) =27, on R, (2.7)

where u € L>(0,T) is a control, (%)pZ 0,T) - H™2, p=0,1, 29,27 € H°, § is the Dirac distribution
with respect to &.
This system was investigated in [9]. In particular, it has been proved therein that

Z(0%,) = u, a.e. on (0,7). (2.8)

Let T > 0 and W9 € HO. Let ﬁkav(WO) be the set of all states W7 € HO for which there exists a control
uPk7 € L°°(0,T) such that there exists a unique solution W to (2.1)~(2.3) with u = ur*7.

Definition 2.4. A state W € HO is said to be controllable to a state W7 € H with respect to system (2.1),
(2.2) in a given time T > 0 if W7 e REFY(WO).

In other words, a state W©° € HP is said to be controllable to a state W7 € HO with respect to system (2.1),
(2.2) in a given time T > 0 if there exists a control u”*¥ € L>°(0, T') such that there exists a unique solution W
to (2.1), (2.2) with u = u”*¥ and W(-,T) = WT.

Definition 2.5. A state W° € HO is said to be approximately controllable to a state W7 € H° with respect to
system (2.1), (2.2) in a given time T' > 0 if W7 € .;JVQPTM(WO), where the closure is considered in the space HP.

In other words, a state W0 e HO is said to be approximately controllable to a state W7 & H° with respect to
system (2.1), (2.2) in a given time 7 > 0 if for each & > 0, there exists u?%7 € L>(0,T) such that there exists
a unique solution W£* to (2.1), (2.2) with u = uf*" and [[WF*(-,T) — WTUO <e.

Theorems 3.3 and 3.6 (see below Sect. 3) imply

Theorem 2.6. Let T >0, WO € HO, 20 = T-'WP°. Then

W) R (w0) =T (R (29)).

(ii) A state Z° is controllable to a state ZT with respect to system (2.5), (2.6) in a time T iff a state WO is
controllable to a state WT with respect to system (2.1), (2.2) in this time T.

(iii) A state Z° is approzimately controllable to a state ZT with respect to system (2.5), (2.6) in a time T iff
a state WY is approximately controllable to a state W1 with respect to system (2.1), (2.2) in this time T.

Thus the control system (2.1), (2.2) with variable coefficients p, k,~ replicates the controllability properties
of the control system (2.5), (2.6) with constant coefficients (p = k =1, v = 0) and vice versa.
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Theorem 2.7. If a state W° € H° is controllable to the state WT = 0 with respect to system (2.1), (2.2) in a
time T > 0, then WO = 0.

In the case p = k = 1, v = 0 this theorem has been proved in [9]. By using Theorem 2.6, we get Theorem 2.7.

Theorem 2.8. Each state W° € HO is approzimately controllable to any target state W' € HO with respect to
system (2.1), (2.2) in a given time T > 0.

In the case p = k = 1, v = 0 this theorem has been proved in [9]. Applying Theorem 2.6, we get Theorem
2.8.

Using the algorithm given in Theorem 5.2 of [9], we can construct piecewise constant controls solving the
approximate controllability problem for system (2.5), (2.6). Thus, due to Theorem 3.3, we obtain controls solving
the approximate controllability problem for system (2.1), (2.2) (see below Sect. 3).

3. THE TRANSFORMATION OPERATOR T

In this section, we describe some properties of the operator T = ST, : H2 — H~2. Then we apply it to
control system (2.1), (2.2).
First, consider the operator S : H~2 — H~2 introduced and studied in [6, 7].

Theorem 3.1 (see [6, 7]). The following assertions hold.

(1) The operator S is an isometric isomorphism of H™ and H™, m = —2,2.
(i) DSt =S, € H™, m==1,2.

(iii) (f,¢) =(S71f,S7lp), fEH™, p e H™, m=0,2.
(

iv) Sd = ¥/ (pk)(0)d.

In particular, we have

Sy="yop, weH  and 57l = (Vklp)oo™!, p e,

where 1 o 0 = (0(z)), o is defined by (1.4). It follows from (1.4), (1.5) that o is an odd increasing invertible
function and o(z) — oo as x — £oo.
Now, consider the operator T, : H2 — H~2 for

r(\) = qoot = (Qa(p,k) — 7)o, (3.1)
Due to (1.6) and (1.7), we get
r € L*®(0,+00) N C0,+00) and Ar € L'(0, +o0). (3.2)

This operator has been introduced and studied in [6, 7]. In particular, we have

o0

(Tra) () =) +sgn | K (AL ate)de, NER, ge Il

(%:'7) (€ = 510+ senc [ 10l N5 CeR fe ',
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where, according to Chapter 3 of [17], the kernel K € C2(Q) is a unique solution to the system

Ky — Kypy, = r(yl)K on (2,
1 oo
K(y1,y1):§/ r(§)d¢, y1 >0,
Y1
y1+111/£n—>oo Kyl (y17y2) = yl—ﬁ-lgl/gnﬁoo Ky2(y17y2) =0 on Q7

Q= {(y1,y2) € R? | y2 > 31 > 0}, and the kernel L € C?(Q) is determined by the equation

Y2
L(ys, y2) + K (91, y2) + / L(y1,€)K (€, y2)dE = 0 on .

Y1

(3.3)

(3.4)

The operator 'T‘r is the extension to H~2 of the well-known transformation operator of the Sturm-Liouville

problem (see, e.g., [17], Chap. 3). First this extension was realised in [5] for

Ir(\)| < Ade”P A eR,

(3.5)

where A > 0 is a constant. Then some properties of this extension were studied in the general case in [15,
16]. Finally, the complete description of the extension and its application to the wave equation with variable

coefficients have been given in [6, 7].
Theorem 3.2 (see [6, 7]). The following assertions hold.

(i)  The operator T, is an automorphism of H™, m=—22.
(i) Ifge H° and g(0%) € R, then (’i‘,«g) (07) € R and

d2 - - - d?
((W - r) T,g—2 (Trg> (07)" =T, (d§29 - 29(0+)5’> :
(iii) If f € H° and f(0T) € R, then (’i‘;lf) (0%) € R and

d2 . . . d2
ST =2 (T 0 =10 (g5 - r) £ - 20000

(iv) T.0' =&

We also need the following estimates proved in Chapter 3 of [17]:

_|_
|K (y1,y2)| < Mooo <y12yz) on €,
1 + +
| Ky, (1, 92)] SZ T(yl 2y2)’+M100 (y12y2) on €,

where My > 0, My > 0 are constants, and

oo(o) = | Tl xso.
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Further we consider the application of the transformation operator T to a control system.

Theorem 3.3. Let Z be a solution to (2.5), (2.6) with u = u'", where u''" € L>°(0,T), Z° € HO. Let W(-,t) =
(TZ) (1), t € [0,T). Then W is a solution to (2.1), (2.2) with W = TZ° and with the control u = uf*?,

pky _é u = T T T
uPt(t) = — =50 ( 110(t)+/0 K(0,2)Z(x,t)d > t € (0,7, (3.9)

where K is a solution to (3.3), r is defined by (3.1). In addition, (2.4) is valid and

W 01° < CollZ(01° e o,T], (3.10)
0

||Upk’YHLoo(O’T) < Bo(T)HuHOHLm(O’T) + 4 HZO , (3.11)

where Cy > 0, C1 > 0 are constants independent of T,

1 T+2
Bo(T) = —= |1+ 2M0\/ 200(0)R 5
v (pk)(0) ( ™

My is the constant from (3.6), oq is defined by (3.8),
R= [ €. (3.12)

0

Proof. The proof of the first part of the theorem is similar to the proof of the first part of the corresponding
theorem in [6, 7] ([6], Thm. 4.1, [7], Thm. 6.1). Using Theorem 2.2 (iii), we get that W is a solution to (2.1),

(2.2) with W0 = TZ? and with the control given by (3.9).
Using (2.8) and (3.9), we obtain

W (0T, ¢) = (Trz) 0+, 1) = M (z<o+,t) + /OOO K(O,x)Z(:c,t)da:) = u*(t), telo,T).

Thus, (2.4) is valid.
Applying Theorem 2.2 (i), we conclude that there exists a constant Cy > 0 such that (3.10) holds.
Let us estimate u”*7. With regard to (3.6) and (3.9), we get

1
H’U,Pk’Y“Lw(O’T) < W (HU HLOO(() T) + Mo\/O'o ||Z ) s te [O,T] (313)
In [9], the following formula has been obtained

(F2)(o,t) = (F2°)( \/710/ —(t=8)0% 10(£) ¢, cc€R, te[0,T],

where F : H° — HO is the Fourier transform operator. From here, it follows that

0 2
I(F2))l° < ||F2°)" + 2\/;||u110|L°°(0,T)\/T +2, tel0,T]
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Therefore,

0 2
12, )11° < [|2°] "‘2\/;”“110”L°°(0,T)\/T+ 2, te[o,T] (3.14)

With regard to (3.13) and (3.14), we get

1
[ || oo 0,7) SW <||u )| L 0.7 + Mo/ (0)R (Hon +2\/>||u110|Lw(0T T + ))

The theorem is proved. O

Corollary 3.4. Let W be a solution to (2.1), (2.2) with u = uP*Y, where W° € H® and uw € L>(0,T). Then
W(Ot,:) =u a.e. on [0,T], i.e. (2.4) holds.

Proof. Put Z(-,t) = (TNI‘_lW> (-,t), t € [0,T]. Applying the operator T~ to equation (2.1) and taking into

account Theorem 2.2 (iv), we get

Zi(-11) = Zee (-, 1) — 22(07,1)8" + 24/ (pk) (0) (W (0T, 1) — u?*¥()) T™'Dpid, ¢t € [0, 7.

Using Theorem 2.2 (ii), we obtain

Zu(ot) = Zee () = 2 (207.8) = YR OW (0, 6) + /(pR) (0w (1)) &', ¢ € 0,7
Therefore, Z is a solution to system (2.5), (2.6) with Z9 = T~'W© and with the control u = u!!0,

ut0(t) = Z(0F,t) — ¥/ (pk)(O)W (07, 1) + ¥/ (pk)(0)uP* (1),  t€[0,T].
Taking into account (2.8), we conclude that W (0+,t) = u?*(¢), t € [0, T]. O

To prove Theorem 3.6, we need the following lemma.

Lemma 3.5. Let

‘f(t)| S NOa te [OvT]a (315)
uwns§%, Le(0,7), (3.16)

where No > 0 and N1 > 0 are constants. Then there exists a unique solution v € L>(0,T) to equation

mw:ﬂw+ﬂvewa—@&, te 0.1 (3.17)

and

T
[0l zee 0,7) < No (1 + 2N, 7T6N12T> . (3.18)
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Proof. For any v € L>(0,T), we have

¢ Ny [td¢ 2N,
/0 U(ﬁ)P(t—f)df‘ < ||v||Loo(o,T)ﬁ Vi < %\/EH’UHLOC(O,T)
Ny

< eyl lli=or, (0.7, (3.19)
(3)

according to (3.16).
Consider the operator A : L*°(0,T) — L*(0,T) acting by the rule

(Av)(t) = f(t) +/O v(§)P(t—&)ds,  te[0,T], D(A)=L>*(0,T). (3.20)

Then (3.17) takes the form

v =Awv. (3.21)
Set
vy = f, Uy = Avy_1, n € N. (3.22)
Let us prove that
|(vn — vn_1)(t)] < No%tg, neN, tel0,T). (3.23)
2

We prove (3.23) by induction. The base case follows from (3.15), (3.19), (3.22). The induction step:

n—1

Nln—l & t gT
L) Ve Jo VE=€

[(Vn, — 1) (t)] < /0 [(Vp—1—vn—2)(&)|P(t—&)d¢ < Ny d¢, neN, te0,T], (3.24)

according to the induction hypothesis and (3.16).
For n € N, we have

1 n+1
n n— 1 n 1 1 nr
df:tf/ T 21(1—7)_2d7—:t2B<n+ >:t2(2)
0

With regard to (3.24), for n € N, we get

NNt TCEYT() | NoNT
\(vn—vn,l)(t)|gr(%ﬂ)lf(%)t F(E2) _F(”Té)t ., telo,T], (3.25)

Thus, the proof of (3.23) is complete.
Due to (3.25), the series >~ (v, — v,—1) converges in L>(0,T). Therefore, there exists v € L>(0,T') such
that

v — vl Loe0,ry — 0 as n — oo, (3.26)



CONTROLLABILITY PROBLEMS FOR THE HEAT EQUATION WITH VARIABLE COEFFICIENTS 13

because
= vy + Z —wvp_1), neN. (3.27)

Moreover, taking into account (3.15), (3.25), and (3.27), we obtain

N2k+12k+1

e Nfb n N12k k 2k41
o]l L= 0.1) < No 1+ZF(L)T2 = No 1+Z —Lr fz 2k+1”T :

T T
< N, (1 L eMT 149N, eN12T> =N, (1 +2NM/) eNiT
Vs T

i.e. estimate (3.18) holds for v.
Now let us prove that v is a solution to (3.21). Taking into account (3.19) and (3.26), we get

t
[(v, — Av)(t)] < /O(vn,l—v)(f) df‘ T lvn—1 —v||geeor) — 0 asn — o0, t €[0,T].

Hence (3.21) holds, i.e. v is a solution to (3.20), therefore it is a solution to (3.17).
Finally, let us prove that the solution v to (3.20) is unique. To this aid, it is sufficient to prove that equation

y(t) = / Y(EP(t—&de,  te0.T], (3.28)

has only trivial solution in L*°(0,T"). Choose any n € N such that

N?
n>-——1_T (3.29)
r2(3)
and put T, = L k =0,n. Wehave 0 =Ty < Ty < To <+ < Ty <T, =T and Ty, — T-1 = L, k=1, n.
Let y € L°°(0,T) be a solution to (3.28). If ¢ € [Ty, T1] = [0, L], then

t
ot = [ wePE-9ae i) (3.30)

To

and

! N T
[ Pt =] < S VIl o) = gy Wl ¢l
2

To

according to (3.19). Due to (3.29), the integral operator on the right-hand side of (3.28) is a contraction mapping
in L*°(0,T). Due to the Banach fixed-point theorem, equation (3.28) has a unique solution in L*(Tp,T7).
Therefore, y = 0 on (Tp,T1). Repeating this reasoning for the intervals (71, T3], (1%, T3),..., (Tn—1,Tn] (one by
one) and equations

y(t) = / YEP(E— 6, te [Ty Tyl k=2m,
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we conclude that y = 0 on (0,7"). Thus, the solution v to (3.20) (and (3.17)) is unique in L>°(0,T).
The Lemma 3.5 is proved. O

Theorem 3.6. Let W be a solution to (2.1), (2.2) with u = uP*¥, where u?*¥ € L>=(0,T), W° € HO. Let
Z(-,t) = ('TF‘WV) (-,t), t € [0,T). Then Z is a solution to (2.5), (2.6) with Z° = T"W° and with the control

w=ulo

uttl(t) = (pk)(O)u"kV(t)+/oo L(0,z) (S~'W) (z,t)dz, t € (0,7, (3.31)

where L is determined by (3.4). In addition,

1ZC0)° < C W 0l,  te 0,7, (3.32)
[0 oo 0,7y < B1(T) (”upk’Y”LOO(O,T) +C3 HWOHO) , (3.33)

where Cy > 0, C3 > 0 are constants independent of T,

By(T) = ¥/(pk)(0)eMs (T (1 +2Mooo(0)\/z> ,

My is the constant from (3.6), og is defined by (3.8).

Proof. Applying Theorems 2.2 (i), 2.2 (iv) and Corollary 3.4, we obtain (3.31) and (3.32). Let us prove (3.33).
From (3.31), it follows that

ul0(t) = ¥/ (pk)(0)uP™ (t) + /000 L(0,z) (T‘,-Z) (z,t)dx
= /(pk)(0)ur*7 (1) + /OO L(0,z) <Z(x,t) + /OO K(x,ﬁ)Z({,t)d{) dz, t€[0,T].
0 T
With regard to (3.4), we get
ut0(t) = /(pk) (0)ur* (t) / K(0,2)Z(x,t)dx, te 0,7

(In fact, it is relation (3.9) from Thm. 3.3.)
In [9], it has been proved that

67?T e 4(f E)
Z(l’,t) _ * ZO \/7 / 110 é- t 5))3/2 g x € R, te [O,T]

Then we obtain

22
4t

ut0(t) = /(pk) (0)u* (t) / K(0,z <
Vit

_ /2 - )T tuuo 7e_ﬁ x
\/;/0 K0, )/0 T (3.34)

* Zo(ac)> dz
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Put

2

£ = V(PR 0w (¢) / K(0,z (; *Zo(x)> dz, te0,1], (3.35)

P(t) = —\/2(253/2 /000 K(O,x)xe_%dx, t € (0,77. (3.36)

Then (3.34) takes the form (3.17). Since

7

(?HU (m * Z%;))) (0)=e" (F2°) (0), o €R,tel0,T],

we have
e_% ’ 2 0 0
2| = ez < e = e 0.7]

As it is known ([17], Chap. 3), K(y1,y2) = 0 when y2 < y;. Therefore, taking into account (3.6) and (3.32), we
get

/ K(0,z) ( _4; x 7% (x ))dx

where R is defined by (3.12). Thus,

<\[HK(’.)HLQ(O’JFOO)HZoHogMOCQ\/UO(O)RHWOHO, tel0,7],

] < v/ (pk)(O)HUpk’Y”Loo(O’T) + MyCa+/00(0)R HWO |:|O7 te[0,T]. (3.37)
We also have
2 Myoo(0) /°° ] Moo (0)
Pt)| < ———=~ widy = ————~ te (0, T 3.38
| ()l— T (Qt)d/z o xe X \/H 9’ e( b }7 ( )

according to (3.6).
Taking into account (3.37) and (3.38) and applying Lemma 3.5, we conclude that there exists a unique
solution u!t? € L°°(0,T) to equation (3.17) (and, consequently, (3.34)). Moreover,

0 T o,
[0 Lo 0,1y < (4 (k) (0)][w* || L= 0,7y + MoCarn/ o0 (0)R [W°] ) (1 + 2Mo00(0)/ F) MibOT,

The theorem is proved. O

Thus, Theorems 3.3 and 3.6 allow us to conclude that system (2.1), (2.2) with variable coefficients p, k, v
replicates controllability properties of the system of this type with the constant coefficients p =k =1, 7v=0
and vice versa.

Using the algorithm given in [9] of Theorem 5.2, we can construct piecewise constant controls up'9, N,I € N,
solving the approximate controllability problem for system (2.5), (2.6). We can also find approximate states
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Z% 1, N,1 €N, such that |27 — Z[ |° = 0 as N — oo and | — oo in the form

£ 110
i T )
Z]j\;,l(g) 2\/ﬁ * ZO \/76 27_)3/2 dT, N7Z S N7 5 eR.

Thus, due to Theorem 3.3, we obtain controls solving the approximate controllability problem for system
(2.1), (2.2) in the form

1
u%f](t) = - ( 110 / K(0,8)Zn,(&, t)d§> N,leN, telo,T],
(pk)(0)
where
110
e~ 0(¢ _e2un(t—T)
Zna(§t) = PN *Z \[5 NCREEE dr, N,leN, (¢€R, te0,T).

0
Moreover, uN7 € L*>(0,T) according to Theorem 3.3. Besides, we get WNl = TZNZ and |:|WT - W}Glﬂ —0
as N — oo and | — oo.

4. EXAMPLES

Example 4.1. Consider system (1.1)—(1.3), where

9 |z 3 V4 + x?
= (4 + z2)2 =44 22 =4 =0 — R.
k(z) = (4+2%)° pla)=4+a% 7(2) = +3 e g €
Then
24 + 922 Vi + 22 — ||
Q2(p, k) = m and q(z) = Q2(p, k) —v(x) = -5 r €R.

According to (1.4), we have

] a?

a(x):sgnxln(g;—&— 1+4>, r€R, and o !'(\)=2sinh), A€ER.

Let us consider system (2.5)—(2.7) with

_ =l 2|lz|—-T

Z%x) =sgnze 2, ZT(x)=sgnze "t , z€eR.

It is easy to see that the state Z° is controllable to the state Z7 with respect to system (2.5), (2.6) in the time
T with the control

u'f(t) =i, teo,7],

)

and

2|z|—t

Z(x,t) =sgnze 4+ | zeR, te[0,T],
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is the unique solution to this system. ~
Now consider system (2.1)—(2.3) with given ¢. According to Theorem 2.6 (ii), the state W° = TZ" is con-

trollable to the state W7 = TZ7 with respect to system (2.1), (2.2) in the time 7. Moreover, due to Theorem
3.3, a control solving controllability problem for system (2.1)—(2.3) is defined by (3.9).
Let us find W% W7T and u?*7 explicitly. Due to (3.1), r(\) = goo~ ! = %e’/\, A > 0. The kernel of the

transformation operator ’i‘r was found in [5, 15] for this r. We get

_v1 ( _wn _v2
_witue I e 2 e 2 —e 2
e 2
)
4 \/yl(w ,Lz)
e~ 2 (eT2 —e 2

where I; is the modified Bessel function I,,(z) =i~ "J,(ix), n = 0,00, J; is the Bessel function. Therefore, due
to (3.9)

K(ylay2) =

Yz >y >0, (4.1)

k 1 L Xe s Il( 1_67%) _2m—t
u” 'Y(t):W et +/O 1 —= e T de |, t €10,T]. (4.2)

Replacing /1 — e~ % by y, we have

oo Il ( ]_ — 6_%) . 1
/ e r———ZLdr=cet / (1 — ), (y)dy, te 0,1
0 1 0

x
_675

Sl

1
—e
4

Integrating by parts and taking into account that I (y) = I} (y) and ylo(y) = (yI1(y))’, we obtain from here

e B(Vi=eE) t
—ei / e ——xr—"dr=e1(2[1(1) - 1), t €10,T]. (4.3)
4 0 1l—e2
Continuing (4.2), we get
L(1)
P (t) = e, tel0,7). 4.4
(0= 25 0.7 (4.9

According to the definition of the operator ﬁ‘, we have

N T, Z(-,t)) o o(z) (’TTZ(-,t)) sgnzln %—i— 1+
W(a,1) = (ST.2) (2.1) = ( : (pk;)>(a:) - ( (4+a:2g3/4 )>

zeR, tel0,T].

Due to the definition of the operator ’TT, we get

_ AL _ AL _z
~ ()
(T,«Z> (A t) =sgnXe” 1 +sgnA e” 7 dx, NeR, tel0,T].

a4 \/Ml(A ,g)
e~ 2 (e7 2 —e 2



18 L. FARDIGOLA AND K. KHALINA

IAl

Replacing \/6_2 (e‘T — e_%) by y in the integral, we obtain

1AL

2|A[—t 2| N[+t

e 2
(TTZ> (M t)=sgnde” 4 +sgnle 4 / (emN — 4211 (y)dy
0

_2A =t t 1Al I t I
=sgnie 1 +sgnlet (2[1(6 2)—6 2):2e4sgn)\ll<e 2>,A€R,t€[O,T].

Since sgn A = sgn x, we have

L TN AT
W(m,t):Lsgnxll (e s! (2+ 1+4>>

(44 22)3/4

t —-1/2
2e1 2
:(Zl_'_ewsgnxh <|z2|+\/1+z4> , xR, tel0,T].

Therefore,
2 o AN
T T
Wo(x) = m sganl <2 + 1 + 4> s T € R, (45)
2e% || x? 12
WT(Q:) = W sgnx]l (2 + 1 + 4> s T € R (46)

Thus, control (4.4) solves the controllability problem for system (2.1)—(2.3) in the time T' > 0, where the initial
and the steering conditions are defined by (4.5) and (4.6).

Example 4.2. Consider system (1.1)—(1.3), where

_ 442a?
EEERED

12 — |z
34 [2])3(4 + 22)*

k() pla) = (4 +a?)3+ lal), () = ¢ vER, u=ut

Let us analyse whether the state w® = 0 is approximately controllable to the state

4 22 (12462 6
wT(Jj) — 76%7 (|16"1f6) Sin M’ x € (O’ +OO)
27 (4 + x2) 2v2T
in the time T'= 1. One can easily obtain
12 — |23
Qalp. k) = o seR

B+ |2)3(4 +22)*

Hence, g(x) = 0. We have

1
o(x) = 5x(|x\ +6), x€R, and o '(\) =sgnA <\/2|)\| +9— 3) , AeR
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Consider system (2.1)—(2.3), where

4 1_22dz1402 | z(|z| + 6)
) =0, W%z)=0 WT(z)= ————e* BT sin ————, z€R. 4.7
q(x) (z) () T ) Wik (4.7)

Due to (3.1), » = 0 on R. Therefore, T, = Id, and the transformation operator T takes the form T = S. Denote
Z(-11) = (Tr—lw) ()= (ST W) (1), tel0T), Z2°=T'Wo=8"'W° z7=T'w’=s"'w’

Due to Theorem 3.6, Z is the solution to system (2.5)—(2.7), where

_ 110 _ 4 ky _ o pk 0f¢y — N S S
u=u"" =/ (pk)(0)u’™ =2, Z°(¢) =0, Z (5)—\/%6 sm\/ﬁ, £eR.

This system was considered in Example 8.3 in [9]. Controls solving the approximate controllability problem for
system (2.5)—(2.7) have been found in the form

N
110 _ N
Uy, = E Uy, NEN,
p=0

where Ué\fl € R is a constant, p = 0, N, [ depends on N, N € N. The end states have been found in the form

€2
e HT-7)

Z3 () = —x /T ————up(r)dr, £CR.
’ o (2T -7

2, 3, 4 5

OA 500, 500, 500, 500, 500 t

L l i d | | | | !

(L 10 10 0 ¢ h¥ - ---ebo oo o
q * ¢ —> I I
l l ! w w
| | ! I |
I I I
Q, G—— : | l |
I ! I I
| | |
: ! I |

|

CO-————————— === [ fo------- —

(A) N =2,1=10,
a ~ —25.76502227592589,
b & 66.49038006690556,
¢ &~ —53.1923040535244.

(B) N =4, 1 = 500,
d ~ —2085114770.47268,
e ~ 8449110930.700284,
f ~ —12841531823.85922,
g ~ 8676290996.825712,
h ~ —2198755954.593438.

FIGURE 1. The controls uf\f?
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0.04

1 — p—
1 2 — 2 —
0.02 i
0.8 0 .
\\\“_/ —~
06 -0.02
04 -0.04
-0.06
02
-0.08
0
-0.1
0 1 2 3 4 5 0 02 0.4 06 0.8 1 1.2 1.4

(A) @ The given function W7 (z); @ The function (B) The difference W7 — WY, in the cases: O N = 2,
ZT =T 'wT. 1=10;®O N =2,1=100;0 N =4, = 50:@ N = 4,
{ = 500.

FIGURE 2. The influence of the controls v = u’j\,’i 7 on the end state Wﬁ,l of the solution to
(2.1)—(2.3) with (4.7).

In addition, it has been proved that

Ve>03NeNIeN |27-25 <=

Applying Theorem 3.3, we conclude that controls u%“ = %u}\}? solve the approximate controllability problem

0
for the given system. Moreover, for £, N, and | mentioned above, we have HWT — Wﬁlﬂ < Cye, where

1 1
W]%;,l(l') = \/ﬁz}\;’l <2$(|.'L'| + 6)) y T € R,

and Cy > 0 is the constant from estimate (3.10). The graphs of uf\?? and WIEJ see in Figures 1, 2.
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