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MATHEMATICAL ANALYSIS OF A COUPLING METHOD FOR THE

PRACTICAL COMPUTATION OF HOMOGENIZED COEFFICIENTS

Olga Gorynina, Claude Le Bris and Frédéric Legoll*

Abstract. We present the mathematical study of a computational approach originally introduced
by R. Cottereau [Int. J. Numer. Meth. Eng. 95 (2013) 71–90]. The approach aims at evaluating the
effective (a.k.a. homogenized) coefficient of a medium with some fine-scale structure. It combines,
using the Arlequin coupling method, the original fine-scale description of the medium with an effective
description and optimizes upon the coefficient of the effective medium to best fit the response of an
equivalent purely homogeneous medium. We prove here that the approach is mathematically well-posed
and that it provides, under suitable assumptions, the actual value of the homogenized coefficient of
the original medium in the limit of asymptotically infinitely fine structures. The theory presented here
therefore usefully complements our numerical developments of Gorynina et al. [SIAM J. Sci. Comput.
43 (2021) A1273–A1304].
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1. Introduction

The work [9] has introduced a domain decomposition approach for the specific purpose of approximating the
homogenized coefficient of a heterogeneous medium. In short, the approach consists in dividing the computa-
tional domain in two overlapping subdomains (see Fig. 1). The first, inner subdomain explicitly accounts for
the fine-scale structure. In the second, outer subdomain, an effective medium is considered. The two subdo-
mains overlap, typically over an annular layer, where both models, the fine-scale model and the effective model,
coexist. Suitable boundary conditions are imposed on the outer boundary of the domain. The bottom line of
the approach then consists in optimizing upon the coefficient of the effective medium in order to best fit the
response that would be obtained if the effective coefficient employed were the actual homogenized coefficient
corresponding to the fine scale structure. The approach thus provides a computational strategy to approximate
the homogenized coefficient which is an alternative to standard homogenization techniques. In particular, and in
the same vein as some other approaches previously proposed in the literature [7, 11, 15, 16], it does not require
computing the usual ingredients of homogenization such as corrector functions before providing an approxi-
mation of the homogenized coefficient. We refer to the companion article [13] for more details motivating the
approach of [9].
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Let us at once say that, in short, the conclusion of the mathematical study conducted herein is that the
method introduced in [9] from a purely computational perspective is mathematically sound.

In some more details, our study follows the following pattern. We work, as in [9, 13], on the simple, linear,
in divergence form diffusion equation

� div pkε∇uεq � f, (1.1)

which is posed in Ω, a bounded domain of Rd. We assume for simplicity of exposition that d � 2, but our
mathematical study carries over to a higher dimensional setting in a straightforward way. The practically
relevant case is of course d � 3, but we wish to spare the reader the required adjustments of our arguments.
In (1.1), the coefficient kε models the fine-scale structure of the actual medium (typically a complex material)
considered, the effective coefficient of which we aim at approaching. The parameter ε ¡ 0, presumably small,
encodes the size of the fine-scale structure, supposedly tiny: ε ! 1. The coefficient kε may be scalar-valued,
or matrix-valued. Our study is actually insensitive to this distinction, and we hence assume throughout our
article that kε is matrix-valued. Furthermore, we assume that kε is a symmetric matrix. This assumption
will be strongly used hereafter, e.g. to write the Euler-Lagrange equations of the optimization problem (2.3)
in the form of (2.6), and when writing the estimate (3.36). It might be possible to extend the approach to
non-symmetric settings, but this goes beyond the scope of this article.

In addition, we assume the following classical boundedness and coercivity conditions:

@ξ P R2, kεpxqξ � ξ ¥ c1|ξ|
2 and |kεpxqξ| ¤ c2|ξ| a.e. on Ω, (1.2)

for two constants c1 ¡ 0, c2 ¡ 0 independent from ε.
The computational approach introduced in [9] and briefly outlined above can then be put in action for any

such coefficient and any value of the parameter ε. In theory though, the existence of a homogenized coefficient
k�, and, foremost, the existence of a coefficient k� amenable to practical computations, so that equation (1.1)
converges in the limit of asymptotically small parameters ε to a homogenized equation of the type

� div pk�∇u�q � f, (1.3)

for some homogenized coefficient k�, requires more stringent assumptions on kε. In our study, we will assume
kε is of the form

kεpxq � kperpx{εq, (1.4)

for some fixed coefficient kper, which we further assume periodic, as a prototypical case of a large class of
adequate structures for which quantitative homogenization holds. For instance, the theoretical setting and
the computational approach (see [9, 13]) carry over to the case of a random stationary coefficient kε. The
homogenized coefficient k�, which in the case (1.4) of a periodic coefficient is constant, may be, like the coefficient
kε, scalar-valued or matrix-valued, the latter case being even possible despite the fact that kε is scalar-valued. In
the most part of our mathematical study below, we assume for simplicity that k� is scalar-valued. In Appendix A,
we make precise how our arguments should be modified to, for the most part, carry over to the case of a
matrix-valued homogenized coefficient.

The approach of [9] considers, to begin with, a coupling of the two equations (1.1) for the actual fine-scale
coefficient kε, and

� div
�
k∇u

�
� f, (1.5)

which corresponds to the homogenized equation (1.3) for a tentative value k of the, beforehand unknown,
coefficient k�. As said above, the equations are respectively posed in an inner and an outer subdomain that



MATHEMATICAL ANALYSIS OF A COUPLING METHOD 3

surrounds the former (see Fig. 1). The coupling is performed in an overlapping region, and encodes the fact
that the solution uε to (1.1) agrees “on average” (the meaning of that term is made precise in (2.5)–(2.10))
with the solution u to (1.5) within the overlapping region. More specifically, the computational implementation
of this coupling is performed using the now classical Arlequin method, a popular approach in computational
mechanics, which has been introduced in [3, 5, 10, 20] and which we recall in Section 2.1 below. Suitable boundary
conditions are imposed on the outer boundary of the domain. These boundary conditions are typically linear
Dirichlet boundary conditions. The solution to the coupled system is consequently computed, using an adequate
finite element type discretization. The necessary details are presented in Section 2.2.

A cost function is then evaluated. It measures to which extent the solution obtained differs from the solu-
tion obtained for an entirely homogeneous medium. The tentative value of k is updated correspondingly (by
minimizing this cost function, see (3.1)–(3.2)) and the above process is repeated until consistency is obtained,
within the desired degree of accuracy.

Placing the computational approach described above on a sound mathematical grounding requires to
successively establish the following properties:

(i) for a fixed value of ε, there exists an optimized value of k, denoted by k
opt

ε , where the cost function attains
its minimum.

(ii) as εÑ 0, the optimal value k
opt

ε converges to the homogenized coefficient k�.

In addition, the uniqueness of the optimal value k
opt

ε in (i) may be studied.
After presenting the computational approach in Section 2, we turn in Section 3 to the analysis of the scalar

case. We study each of the two above properties, respectively in Section 3.3 and Section 3.4 below, under
suitable, somehow classical and relatively mild assumptions. And we indeed establish they both hold true, in
Theorems 3.6 and 3.8 respectively. We next establish, in Section 3.5, the uniqueness of the optimal coefficient

k
opt

ε for sufficiently small values of ε (see Thm. 3.12).
Consequently, the approach does provide, for each size of the fine-scale structure fixed, an optimal effective

coefficient. In the limit of a vanishing size of the fine-scale structure, this optimal coefficient is unique and allows
one to identify the actual homogenized coefficient of the medium considered.

We next turn in Appendix A to the matrix-valued case, where our main results (existence of at least one

optimal coefficient k
opt

ε and convergence of that coefficient to k�) are Theorems A.4 and A.5. We refer to
Remarks 3.1 and A.2 below for a discussion on the fact that a single coupled problem is enough to identify the
homogenized coefficient k� in the scalar case, but that d such coupled problems are needed in the matrix-valued
case.

We conclude this introductory section by mentioning that, despite the fact that the mathematical study
presented here is restricted to the two-dimensional periodic setting, we believe that the arguments introduced
(most of which are variational in nature) are likely to carry over to a large variety of settings: random stationary
coefficients, nonlinear monotone equations, non constant slowly varying homogenized coefficients, etc. However,
we have not pursued in those many directions, and definite conclusions are yet to be obtained.

2. Presentation of the computational approach

The purpose of this section is to present in full details our mathematical framework. We start with a coupling
strategy of an oscillating model with an effective one and briefly recall the basics of the Arlequin approach in
Section 2.1. We next turn to its discretized finite element formulation in Section 2.2.

We assume that the sequence of oscillatory functions kε is uniformly coercive and bounded (see (1.2)). For
technical reasons in the mathematical arguments below, we also assume that

kper is Hölder continuous. (2.1)
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We use this assumption to have some regularity on the correctors and on some related quantities, see the
discussion below (3.11). It might be possible to relax this assumption, using e.g. the arguments of [18] for
discontinuous, piecewise constant (periodic) coefficients, at the price of additional technical arguments in some
of the proofs below. We will not pursue in that direction in this article.

2.1. Mathematical setting and formal description of the coupling method at the
continuous level

Throughout this article, we assume that the computational domain is the two-dimensional square Ω �
p�L,Lq2 for some L ¡ 0 (see Fig. 1).

To begin with, we choose Lc and Lf such that 0   Lf   Lc   L and introduce three disjoint subdomains D,
Dc and Df of the computational domain Ω such that Ω � DYDcYDf . The inner subdomain Df � p�Lf , Lf q

2

explicitly accounts for the fine-scale structure (modelled by an oscillatory coefficient kε). This first subdomain
is surrounded by a second subdomain Dc � p�Lc, Lcq

2zr�Lf , Lf s
2, where both models are simultaneously

considered: the fine-scale structure, and the effective medium (modelled by a coefficient k chosen to be constant,
since the homogenized coefficient k� is constant in view of (1.4)). In that second subdomain, the two models are
coupled so that, in a sense made precise below, they are consistent with one another. The second subdomain is
surrounded by a third subdomain D, where only the effective medium is considered. We denote Γ the exterior
boundary of D (see Fig. 1), on which we impose (non-homogeneous) Dirichlet boundary conditions, see (2.3).
We also introduce the boundaries Γf � BDf and Γc � BpDc YDf q.

We note that, for the sake of simplicity, we work with square domains Df , Dc Y Df and D Y Dc Y Df .
However, one could consider more general cases with polygonal domains. In the same spirit, Df does not need
to lie exactly in the center of Dc, and Dc does not need to lie exactly in the center of D, nor be exactly equally
thick on each side of Df , . . .

In what follows, we assume that the boundary Γf (resp. Γc) is the union of Nf straight edges (resp. Nc
straight edges), where the number Nf (resp. Nc) of edges is independent of ε:

Γf �
¤

1¤j¤Nf

rej , Γc �
¤

Nf�1¤j¤Nf�Nc

rej . (2.2)

This assumption is of course satisfied for any polygonal domains Dc and Df , including the specific case we
consider for simplicity of exposition in this article, where Df and Dc YDf are square domains.

If it were to be formulated at the continuous level, the Arlequin method applied to (1.1) and (1.5) would
consist in considering the following minimization problem:

inf

"
Epu, quεq, u P H1pD YDcq, upxq � x1 on Γ,quε P H1pDc YDf q, Cpu� quε, φq � 0 for any φ P H1pDcq

*
, (2.3)

where the constraint function C and the energy E are defined as follows. The energy E is the sum of the
contributions of each of the three subdomains:

Epu, quεq � 1

2

»
D

k∇upxq �∇upxq � 1

2

»
Df

kεpxq∇quεpxq �∇quεpxq
�

1

2

»
Dc

�1

2
k∇upxq �∇upxq � 1

2
kεpxq∇quεpxq �∇quεpxq	. (2.4)

The last term in E accounts for the energy in the domain Dc, where the two models co-exist and are equally
weighted (thus the factor 1{2 in the integrand). Other choices of weights are possible (and likewise other types
of coupling, besides the Arlequin volumic coupling considered here, can be envisioned), as discussed in [13]. We
will not consider them hereafter.
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Figure 1. Decomposition of the computational domain into three disjoint subdomains: a sub-
domain D where only the effective model is defined, a subdomain Df where only the fine model
is defined and a subdomain Dc where both models are defined and over which they are coupled
(the subscripts f and c obviously stand for “fine” and “coupled”). Dirichlet boundary condi-
tions are imposed on the exterior boundary of D, which is denoted Γ and which is represented
by black thick lines.

In (2.3), the constraint function C is defined by

@u P H1pDcq, @φ P H1pDcq, Cpu, φq �
»
Dc

∇u �∇φ� uφ. (2.5)

We hence see that the constraint amounts to u � quε on Dc (and that the precise expression of C does not
matter).

However, the Arlequin approach (in this context, as well as in more general contexts) is to be put in action
at the discretized level, as we will see in Section 2.2. In the latter context, the constraint in (2.3) is transformed
in a milder constraint that only imposes that u and quε agree on average (see (2.10) below).

Remark 2.1. Alternative choices for the boundary conditions on Γ in (2.3) could be made (see Rem. 3.1 below
for instance).

Remark 2.2. In (2.3) and throughout this article, the notation H1pD Y Dcq actually stands for the space
H1pD YDc Y Γcq (where we recall that Γc � BpDc YDf q), so that the trace on Γc of a function of that space
has the same value on both sides of Γc. Likewise, the notation H1pDcYDf q stands for the space H1pDcYDf q �
H1pDc YDf Y Γf q (where we recall that Γf � BDf ).

It is easy to show (upon considering minimizing sequences and using the strong convexity of E) that, for any
positive definite symmetric matrix k, problem (2.3) has a unique minimizer.

Solving the minimization problem (2.3) is equivalent to solving the following variational formulation: find
u P H1pD YDcq with upxq � x1 on Γ, quε P H1pDc YDf q and ψ P H1pDcq such that

$''&''%
@v P V 0, Akpu, vq � Cpv, ψq � 0,

@qv P H1pDc YDf q, qAkεpquε, qvq � Cpqv, ψq � 0,

@φ P H1pDcq, Cpu� quε, φq � 0,

(2.6)

where

V 0 �
 
v P H1pD YDcq, vpxq � 0 on Γ

(
,
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and where the bilinear forms Ak and qAkε are respectively defined by

Akpu, vq �

»
D

k∇upxq �∇vpxq � 1

2

»
Dc

k∇upxq �∇vpxq, (2.7)

qAkεpqu, qvq � 1

2

»
Dc

kεpxq∇qupxq �∇qvpxq � »
Df

kεpxq∇qupxq �∇qvpxq. (2.8)

Of course, the three components u, quε and ψ of the solution to (2.6) all depend on ε. To keep the notation
light, we have made this dependency explicit only for quε to recall that this function oscillates at the scale ε
(in contrast to u and ψ, which are meant to be coarse-scale functions, and that will be discretized on a coarse
mesh, see Sect. 2.2 below).

Although we will not specifically use this form, it is illustrative to write the strong form of the optimality
system (2.6): $''''''''&''''''''%

�div
�
k∇u

�
� 0 in D,

�
1

2
div

�
k∇u

�
�∆ψ � ψ � 0 in Dc,

�
1

2
div pkε∇quεq �∆ψ � ψ � 0 in Dc,

�div pkε∇quεq � 0 in Df ,

u � quε in Dc,

with the boundary conditions$''''''''''''''&''''''''''''''%

�
1

2
k p∇uq

��
Dc

� p∇ψq
��
Dc



� nΓc

�
�
k p∇uq

��
D

�
� nΓc

on Γc,�
1

2
kε p∇quεq ��Dc

� p∇ψq
��
Dc



� nΓc � 0 on Γc,�

1

2
k p∇uq

��
Dc

� p∇ψq
��
Dc



� nΓf

� 0 on Γf ,�
1

2
kε p∇quεq ��Dc

� p∇ψq
��
Dc



� nΓf

�
�
kε p∇quεq ��Df

	
� nΓf

on Γf ,

upxq � x1 on Γ.

Here we have denoted by nΓc
(resp. nΓf

) the unit normal vector outward to Dc on the boundary Γc (resp. Γf ).

We have also denoted by p∇quεq ��Df
�nΓf

the normal trace on the boundary Γf of ∇quε seen as a function defined

in the domain Df .
We now turn to the discretization of the above problem. We will work throughout this article with the

discretized form, which is the practically relevant version of the problem. We emphasize that, in the absence
of any discretization, the approach of [9] does not yield the value of the homogenized coefficient, as shown
in Section 2.2 of [13]. If we couple the heterogeneous and the homogeneous models as in (2.3) and next optimize
upon k as explained in Section 3.1 below, we indeed obtain a value which is different from the homogenized
coefficient k� we seek, even after passing to the limit εÑ 0.

2.2. Discretization

We introduce a coarse mesh TH (of mesh size H ¡ 0) in the subdomains D and Dc and a fine mesh Th (of
mesh size h ¡ 0) in the subdomains Dc and Df (see Fig. 2). We assume that the coarse meshes of D and Dc are
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Figure 2. A coarse (resp. fine) mesh is used in D YDc (resp. Dc YDf ).

consistent with one another on Γc, namely that they match on the interface (and likewise for the fine meshes
of Dc and Df on the interface Γf ). We also assume that, in Dc, the fine mesh is a submesh of the coarse mesh.
We next introduce the corresponding finite element spaces:

VH �
 
uH P H1pD YDcq, uH is piecewise affine on the coarse mesh TH

(
,

Vh �
 
uh P H1pDc YDf q, uh is piecewise affine on the fine mesh Th

(
,

WH �
 
φH P H1pDcq, φH is piecewise affine on the coarse mesh TH

(
.

For simplicity of the exposition, we work with P1 finite elements. Other choices of finite element spaces are
however possible mutatis mutandis for our arguments below.

The fine mesh size h is assumed to be adjusted so that the discretization in h accurately captures the
oscillations of kε (a typical choice is h � ε{10). The corresponding discrete problem is therefore expensive to
solve. In contrast, the coarse mesh size H can be chosen independent of ε, and therefore satisfies H " h. The
corresponding cost of the macro problem can thus be neglected.

The minimization problem (2.3) is then approximated by

inf

"
EpuH , quhε q, uH P VH , uHpxq � x1 on Γ,quhε P Vh, CpuH � quhε , φHq � 0 for any φH PWH

*
, (2.9)

where the energy E and the constraint function C are defined by (2.4) and (2.5). Similarly to (2.3), problem (2.9)
has a unique minimizer.

In sharp contrast to our observation on (2.3) above, we now observe that the constraint

CpuH � quhε , φHq � 0 for any φH PWH (2.10)

encodes that, on Dc, u
H is the projection (in the sense of the scalar product of H1pDcq, in view of the expression

of C) of quhε (itself a piecewise affine function on the fine mesh Th) on piecewise affine functions on the coarse
mesh TH . In that sense, on Dc, u

H and quhε agree with one another on average.

Remark 2.3. Of course, if the constraint in (2.9) is enforced for any φh P Wh, namely any piecewise affine
function on the fine mesh Th, then the constraint implies uH � quhε in Dc. We recover a strong (and harmful)
constraint as if we were to consider the continuous Arlequin problem (2.3).
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We refer to Section 5.1 of [4] and Section 4.1 of [5] for a discussion and numerical results showing that

writing the constraint using a L2pDcq scalar product, i.e.

»
Dc

�
uH � quhε � φH � 0 for any φH PWH (rather than

a H1pDcq scalar product as in (2.10)), leads to inconsistent results.

Solving the minimization problem (2.9) is equivalent to solving the following variational formulation: find
uH P V DirBC

H , quhε P Vh and ψH PWH such that$''&''%
@vH P V 0

H , Akpu
H , vHq � CpvH , ψHq � 0,

@qvh P Vh, qAkεpquhε , qvhq � Cpqvh, ψHq � 0,

@φH PWH , CpuH � quhε , φHq � 0,

(2.11)

where the bilinear forms Ak and qAkε are respectively defined by (2.7) and (2.8) and where

V DirBC
H � tv P VH , vpxq � x1 on Γu ,

V 0
H � tv P VH , v � 0 on Γu .

In general, the solution puH , quhε , ψHq to (2.11) is not analytically known. In the limit h Ñ 0, ε Ñ 0 and
H Ñ 0, however, and if we temporarily assume that k� is a scalar and k � k�, then the Lagrange multiplier
may be explicitly determined (see [13], Sect. 3.1). It is given by ψ � k� ψ0 where ψ0 is the solution to$&%�∆ψ0 � ψ0 � 0 in Dc,

∇ψ0 � nΓc �
1

2
e1 � nΓc on Γc, ∇ψ0 � nΓf

� �
1

2
e1 � nΓf

on Γf .
(2.12)

Following [13] and our detailed comments therein regarding consistency of the computational approach, we
enrich the classical finite element space WH and consider

W enrich
H �WH � Span ψ0 (2.13)

instead of WH . In practice, ψ0 is of course not analytically known for general domains and we therefore use
an accurate finite element approximation of ψ0. More precisely, the solution ψ0 P H

1pDcq to (2.12) satisfies the
following variational formulation:

@φ P H1pDcq, Cpψ0, φq �
1

2

»
Γc

pe1 � nΓc
qφ�

1

2

»
Γf

pe1 � nΓf
qφ. (2.14)

We introduce the finite element space

Wh �
 
φh P H1pDcq, φh is piecewise affine on the fine mesh Th

(
,

and define ψh0 PWh as the solution to the following variational formulation:

@φh PWh, Cpψh0 , φhq �
1

2

»
Γc

pe1 � nΓc
qφh �

1

2

»
Γf

pe1 � nΓf
qφh. (2.15)

For technical reasons that will be apparent below (see (3.46)), it is convenient to manipulate an approximation
of ψ0 which is a piecewise affine function on the fine mesh Th used to discretize quε. This motivates the choice



MATHEMATICAL ANALYSIS OF A COUPLING METHOD 9

of approximating ψ0 in Wh, and not in another finite dimensional space. Of course, standard finite element
arguments show that ψh0 converges in H1pDcq to ψ0 when hÑ 0. Note also that the computation of ψh0 has only
to be performed once, independently of the number of iterations to solve the minimization problem described in
Section 3.1 below. The additional cost can thus be neglected. In what follows, we therefore consider the enriched
space

W enrich
H,h �WH � Span ψh0

instead of W enrich
H .

As shown in Section 3.1 of [13], the enrichment of the Lagrange multiplier space turns out to be very beneficial
from the computational point of view. From the theoretical point of view, and as mentioned above, the enriched
approach is now consistent, in the sense that we are enlarging the discretization space so that the exact solution
(at convergence εÑ 0) of the problem belongs to that space (see also Rem. 3.5). Moreover, we underline that
our analysis below (see in particular Lem. 3.4 and Sect. 3.4) critically uses the fact that we work with the
enriched space W enrich

H,h (or W enrich
H if we set h � 0). Our current arguments do not go through if we were to

work with WH .
Thus, instead of discretizating (2.3) in the form of (2.9), we consider hereafter the following enriched

minimization problem:

inf

#
EpuH , quhε q, uH P VH , uHpxq � x1 on Γ,quhε P Vh, CpuH � quhε , φHq � 0 for any φH PW enrich

H,h

+
, (2.16)

where the energy E and the constraint function C are defined by (2.4) and (2.5). The corresponding variational
formulation reads as: find uH P V DirBC

H , quhε P Vh and ψH PW enrich
H,h such that

$''&''%
@vH P V 0

H , Akpu
H , vHq � CpvH , ψHq � 0,

@qvh P Vh, qAkεpquhε , qvhq � Cpqvh, ψHq � 0,

@φH PW enrich
H,h , CpuH � quhε , φHq � 0.

(2.17)

We keep denoting the Lagrange multiplier by ψH (and not ψH,h) since it is meant to be a coarse-scale function.
Similarly to (2.11), system (2.17) has a unique solution for any positive definite symmetric matrix k.

3. Case of scalar-valued coefficients k� and k

In this section, we address the case where the homogenized coefficient k� and the tentative coefficient k
upon which we optimize are scalar quantities. The periodic checkerboard (see e.g. [2]) is a well-known and
illustrative example for which k� is indeed scalar (note although, strictly speaking, that it does not entirely fall
within the setting of this article because the technical assumption (2.1) on Hölder regularity is not satisfied).
The study of the general case (when k� is matrix-valued) is postponed until Appendix A. We recall that, for
the well-posedness of the mathematical problem (1.1) (and similarly of (2.16)), the sequence of oscillatory
(matrix-valued) functions kε is assumed to be bounded and bounded away from zero uniformly in ε (see (1.2)).

This section is organized as follows. We first recall in Section 3.1 the optimization strategy (see (3.1) below)
introduced in [9] and which aims at computing an approximation of the homogenized coefficient k� associated
to the highly oscillatory coefficient kε. Second, in Section 3.2, we state some important technical properties of
the coupling system (2.16) that are required for our analysis. Third, we study the optimization problem (3.1):

– we first establish the existence of an optimal coefficient k
opt

ε for a fixed value of ε ¡ 0 (see our first result,
Thm. 3.6 in Sect. 3.3).
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– we then consider the limit ε Ñ 0 and show that any optimal coefficient k
opt

ε indeed converges to the
homogenized coefficient k� (see our second result, Thm. 3.8 in Sect. 3.4).

– we eventually show that the minimizer to (3.1) is unique when ε is sufficiently small (see our third result,
Thm. 3.12 in Sect. 3.5).

These results prove, at least in this scalar setting, that the approach is certified theoretically.

3.1. Optimization upon the coefficient k

We first recall the optimization strategy introduced in [9]. Formally, the heterogeneous coefficient kε in (2.16)
can be replaced by its homogenized limit k�, which is a constant coefficient in view of the periodicity assump-
tion (1.4). It is then clear that, if k � k�, then the response of the material is linear (i.e. uHpxq � x1 in DYDc),
because the whole domain is modelled by a constant coefficient and because of the particular boundary con-
ditions considered in (2.16). As shown in Lemma 2.1 of [13] (in the absence of any spatial discretization) and
in Lemma 3.4 below (when taking into account mesh discretization), the converse is also true: if the response
of the material is linear (i.e. if uHpxq � x1 in D YDc), then the material is homogeneous and k � k�. This
motivates the idea to compare the solution uH to (2.16) with the reference solution uref defined by urefpxq � x1.
Optimizing upon the coefficient k in order to best fit a linear field urefpxq � x1 is thus a way to enforce that
k � k�.

We may achieve that by considering the minimization problem

Iε,H,h � inf
 
Jε,H,hpkq, k P p0,8q

(
, (3.1)

with

Jε,H,hpkq �

»
DYDc

��∇uH
k,kε

�∇uref

��2 � »
DYDc

��∇uH
k,kε

� e1

��2. (3.2)

Here e1 is the first canonical vector and puH
k,kε

, quh
ε,k,kε

, ψH
k,kε

q is the solution to (2.17) where we have made

explicit the dependency of the solution with respect to the tentative coefficient k and the oscillating coefficient
kε. Of course, uH

k,kε
depends on ε and on the mesh sizes H and h used in (2.17), thus the subscripts in the

notation Jε,H,h.

Remark 3.1. The reference solution uref that we consider in (3.2) depends on the boundary conditions imposed
in the Arlequin problem. For instance, another possibility is to consider the following minimization problem,
analogous to (2.16):

inf

#
EpuH , quhε q, uH P VH , uHpxq � x2 on Γ,quhε P Vh, CpuH � quhε , φHq � 0 for any φH PW enrich

H,h

+
, (3.3)

where we recall that Γ is the external boundary of D, see Figure 1. Of course, in this case, we should compare
the solution uH to (3.3) with the reference solution urefpxq � x2 and thus modify the objective function in (3.1)
as

Jε,H,hpkq �

»
DYDc

��∇uH
k,kε

� e2

��2.
We also note that, for the case of a matrix-valued coefficient k� P R2�2, in order to recover all the components
of k�, we have to consider both problems (2.16) and (3.3) (see Rem. A.2).
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Note that, in (3.1), we impose neither that k is bounded from above nor that k is bounded away from zero.
Our proof of existence of a minimizer actually shows that we do not need to impose such bounds, provided two
conditions (namely (3.50) and (3.59)) are satisfied. These conditions can be checked using minimizing sequences
of (3.1), and we show below that they in particular hold whenever h and ε are sufficiently small.

It is also possible to enforce on k in (3.1) the bounds (1.2) satisfied by kε and proceed with the mathematical
study (see Rem. 3.7). A corresponding algorithm can be designed. We refer to Remark A.1 below for a discussion
of this variant and do not proceed in this direction in the current scalar case.

3.2. Two useful technical results

We collect here two technical results that are useful for our analysis below.

3.2.1. Auxiliary homogenization result

We temporarily assume that h � 0 and consider the following system for some fixed k P p0,8q: find uH
k,kε

P

V DirBC
H , quε,k,kε P H1pDc YDf q and ψH

k,kε
PW enrich

H such that

$'''&'''%
@vH P V 0

H , Akpu
H
k,kε

, vHq � CpvH , ψH
k,kε

q � 0,

@qv P H1pDc YDf q, qAkεpquε,k,kε , qvq � Cpqv, ψH
k,kε

q � 0,

@φH PW enrich
H , CpuH

k,kε
� quε,k,kε , φHq � 0,

(3.4)

where we recall that W enrich
H is defined by (2.13). The system (3.4) corresponds to (2.17) where we have omitted

the fine mesh discretization (and thus formally set h � 0). On purpose, we have made explicit the dependency
of the solution to (3.4) with respect to the constant coefficient k and the oscillatory coefficient kε. Our aim is to

pass to the limit εÑ 0 in (3.4). To that aim, we introduce the bilinear form qAk� (compare with (2.8)) defined
by

qAk�pqu, qvq � 1

2

»
Dc

k�∇qupxq �∇qvpxq � »
Df

k�∇qupxq �∇qvpxq.
Lemma 3.2. Let k P p0,8q and kε be given by (1.4) for some fixed periodic coefficient kper that satisfies the
classical boundedness and coercivity conditions (1.2). We make the regularity assumption (2.1) and the geometric
assumption (2.2).

Consider the solution puH
k,kε

, quε,k,kε , ψHk,kεq to (3.4) and assume that there exists uH0 P V DirBC
H , qu0 P H

1pDc Y

Df q and ψH0 PW enrich
H such that uH

k,kε
Ñ uH0 strongly in H1pDYDcq, quε,k,kε á qu0 weakly in H1pDc YDf q and

ψH
k,kε

Ñ ψH0 strongly in H1pDcq when εÑ 0.

Then puH0 , qu0, ψ
H
0 q is actually equal to puH

k,k�
, quk,k� , ψHk,k�q, that is the solution to the following system:

$'''&'''%
@vH P V 0

H , Akpu
H
k,k�

, vHq � CpvH , ψH
k,k�

q � 0,

@qv P H1pDc YDf q, qAk�pquk,k� , qvq � Cpqv, ψH
k,k�

q � 0,

@φH PW enrich
H , CpuH

k,k�
� quk,k� , φHq � 0.

(3.5)

Note that we have assumed that the Lagrange multiplier ψH
k,kε

strongly converges in H1pDcq. This is a critical

assumption. We indeed face a difficulty if we only assume that it weakly converges in H1pDcq (because we use
a test function qv which itself depends on ε, see (3.7) below, and only weakly converges in H1pDcq; passing to
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the limit in the last two terms of (3.6) would then be difficult under the only assumption of weak convergence
of ψH

k,kε
).

Corollary 3.3. We make the same assumptions as in Lemma 3.2, except that we now consider a sequence kε
of constant coefficients (instead of a constant coefficient k independent of ε), with kε P p0,8q for any ε and
such that kε converges to some k0 P r0,8q when ε Ñ 0. Then the conclusion of Lemma 3.2 still holds, with k
replaced by k0 in (3.5). In the case k0 � 0, puH

k0,k�
, quk0,k� , ψHk0,k�q is simply a solution (rather than the solution)

to (3.5).

The proof of Corollary 3.3 can be performed using exactly the same arguments as in the proof of Lemma 3.2.
We therefore skip it.

Proof of Lemma 3.2. The second line of (3.4) explicitly reads as

@qv P H1pDc YDf q,
1

2

»
Dc

kε∇quε,k,kε �∇qv � »
Df

kε∇quε,k,kε �∇qv � »
Dc

∇ψH
k,kε

�∇qv � »
Dc

ψH
k,kε

qv � 0. (3.6)

It is not straightforward to pass to the limit εÑ 0 in the first two terms of (3.6), because both kε and ∇quε,k,kε
only weakly converge. This is a classical homogenization issue (we refer e.g. to [6, 8, 14, 22] and Chapter 1
of [1] for classical textbooks on homogenization). To address this difficulty, we are going to use the oscillating
test function method. To simplify the notation, we temporarily denote quε,k,kε by quε. We start by choosing an
appropriate test function qv in (3.6), namely

qvpxq � ϕpxq � ε
2̧

i�1

Biϕpxqwipx{εq, (3.7)

where ϕ P C8pDc YDf q is arbitrary and wi is the periodic corrector function associated to the i-th coordinate
vector ei, namely the solution (unique up to the addition of a constant) to

� div
�
kperpei �∇wiq

�
� 0 in R2, wi is periodic. (3.8)

With this particular test function (3.7) and using integrations by parts, the first term in (3.6) writes

»
Dc

kε∇quε �∇qv � »
Dc

kε∇quε �∇ϕ� 2̧

i�1

»
Dc

Biϕkε∇quε �∇wip�{εq � ε
2̧

i�1

»
Dc

wip�{εq kε∇quε � Bi∇ϕ
� �

2̧

i�1

»
Dc

quε Biϕdiv rkε pei �∇wip�{εqqs �
2̧

i�1

»
Dc

quε kε pei �∇wip�{εqq � Bi∇ϕ

�
2̧

i�1

»
Γf

quε Biϕ rkε pei �∇wip�{εqqs � nΓf
�

2̧

i�1

»
Γc

quε Biϕ rkε pei �∇wip�{εqqs � nΓc

� ε
2̧

i�1

»
Dc

wip�{εq kε∇quε � Bi∇ϕ. (3.9)

We now successively pass to the limit in each term of the right-hand side of (3.9). The first term vanishes
because of (1.4) and the corrector equation (3.8). The limit of the second term is identified using the fact that
the weak convergence of quε in H1pDc YDf q implies, up to the extraction of a subsequence (that we do not
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make explicit in the notation), its strong convergence in L2pDc YDf q. We thus obtain

lim
εÑ0

2̧

i�1

»
Dc

quε kε pei �∇wip�{εqq � Bi∇ϕ �
2̧

i�1

»
Dc

qu0 k
�ei � Bi∇ϕ, (3.10)

where the homogenized coefficient k� reads as

k� ei �

»
p0,1q2

kper pei �∇wiq , i � 1, 2.

The last term of the right-hand side of (3.9) converges to zero, using the Cauchy-Schwarz inequality and the
fact that ∇quε is bounded in L2pDcq, kε is bounded in L8pDcq in view of assumption (1.2) and wi P L

2pp0, 1q2q
is periodic.

There now remains to show that we can pass to the limit in the two boundary integrals of the right-hand
side of (3.9). For this purpose, we introduce the two vector fields

Gi � kper pei �∇wiq � k�ei, i � 1, 2,

which are periodic, divergence-free and of zero mean. In the two-dimensional setting, there hence exist (see
e.g. [14], p. 6) two periodic functions αi of zero mean such that

Gi �

�
Bx2

αi
�Bx1

αi



, i � 1, 2. (3.11)

In view of the Hölder continuity (2.1) we have assumed on the coefficient kper, we know from (3.8) and elliptic
regularity theory that ∇wi is Hölder continuous (see [12]), thus Gi is also Hölder continuous and we have that
αi P C

1pR2q, a property that we will use in (3.17) below.

Under the assumption (2.2) that the boundaries Γf and Γc are unions of straight edges, namely Γf �
¤

1¤j¤Nf

rej
and Γc �

¤
Nf�1¤j¤Nf�Nc

rej , we may consider, without loss of generality, the third and fourth terms of the

right-hand side of (3.9) as a boundary integral on an edge re P treju1¤j¤Nf�Nc
. We then write»

re

quε Biϕ rkε pei �∇wip�{εqqs � nre �
»
re

pquε � qu0q Biϕ rkε pei �∇wip�{εqqs � nre

�

»
re

qu0 Biϕ rkε pei �∇wip�{εqqs � nre, (3.12)

where n
re is a unit vector orthogonal to the edge re. We now use the fact that the trace operator is linear and

continuous from H1pDc YDf q to H1{2preq and that the injection H1{2preq � L2preq is compact to obtain that quε
strongly converges to qu0 in L2preq. Since kper pei �∇wiq is continuous and bounded in R2, we obtain that the
first term of the right-hand side of (3.12) goes to 0 when εÑ 0.

Using (3.11), we recast the second term of the right-hand side of (3.12) as»
re

qu0 Biϕ rkε pei �∇wip�{εqqs � nre �
»
re

qu0 Biϕk
� ei � nre �

»
re

qu0 Biϕ

�
Bx2

αip�{εq
�Bx1αip�{εq



� n

re

�

»
re

qu0 Biϕk
� ei � nre �

»
re

qu0 Biϕ Bτ
re
αip�{εq, (3.13)
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where Bτ
re
αi is the tangential derivative (in the direction of the edge re) of the function αi.

We now claim that the last term in the right-hand side of (3.13) goes to 0 when εÑ 0, that is

lim
εÑ0

»
re

qu0 Biϕ Bτ
re
αip�{εq � 0. (3.14)

We prove this result using an interpolation argument similar to the one used in the proof of Lemma 4.6 in [17].
Suppose momentarily that qu0 P H

1preq. Using an integration by parts, we have»
re

qu0 Biϕ Bτ
re
αip�{εq � ε rqu0 Biϕαip�{εqs

��
Bre
� ε

»
re

αip�{εq Bτ
re
pqu0 Biϕq ,

and therefore, using that αi P C
1pR2q is a periodic function (and thus bounded) and that the injection H1preq �

C0
�re� is continuous, we obtain����»

re

qu0 Biϕ Bτ
re
αip�{εq

���� ¤ ε }αi}C0pR2q

�
2 }qu0}C0preq}Biϕ}C0preq � 2 }qu0}H1preq}Biϕ}H1preq

�
¤ C ε }αi}C0pR2q}qu0}H1preq}Biϕ}H1preq, (3.15)

for some constant C independent of ε. On the other hand, using simply that qu0 P L
2preq, we have����»

re

qu0 Biϕ Bτ
re
αip�{εq

���� ¤ }∇αi}C0pR2q}qu0}L2preq}Biϕ}L2preq. (3.16)

In the statement of Lemma 3.2, we have assumed that qu0 P H
1pDc YDf q, which implies that qu0 P H

1{2preq. By
interpolation between (3.15) and (3.16), we thus obtain����»

re

qu0 Biϕ Bτ
re
αip�{εq

���� ¤ C ε1{2 }αi}C1pR2q}qu0}H1{2preq}Biϕ}H1{2preq, (3.17)

which of course implies (3.14).
Collecting (3.9), (3.10), (3.12), (3.13) and (3.14), we infer that

lim
εÑ0

»
Dc

kε∇quε �∇qv � �
2̧

i�1

»
Dc

qu0 k
� ei � Bi∇ϕ�

2̧

i�1

»
Γf

qu0 Biϕk
� ei � nΓf

�
2̧

i�1

»
Γc

qu0 Biϕk
� ei � nΓc

�

»
Dc

k�∇qu0 �∇ϕ,

where we again have used an integration by parts to deduce the last equality.
We have thus identified the limit when εÑ 0 of the first term of (3.6). Proceeding similarly for the second

term, we have »
Df

kε∇quε �∇qv ÝÝÝÑ
εÑ0

»
Df

k�∇qu0 �∇ϕ,

for qv given by (3.7). The last two terms of (3.6) are easy to handle since ψH
k,kε

is assumed to converge (in the

finite dimensional space W enrich
H ) to some ψH0 and the test function qv (which depends on ε) weakly converges



MATHEMATICAL ANALYSIS OF A COUPLING METHOD 15

in H1pDcq to ϕ. Thus, passing to the limit in (3.6) with the test function (3.7) (and reinstating our original
notation) yields

@ϕ P C8pDc YDf q,
1

2

»
Dc

k�∇qu0 �∇ϕ�
»
Df

k�∇qu0 �∇ϕ�
»
Dc

∇ψH0 �∇ϕ�
»
Dc

ψH0 ϕ � 0.

We finally use the density of C8pDc YDf q in H1pDc YDf q to extend this equality for any ϕ P H1pDc YDf q.
Passing to the limit εÑ 0 in the first and third lines of (3.4) is straightforward. We deduce that puH0 , qu0, ψ

H
0 q

is a solution to (3.5). We conclude the proof of Lemma 3.2 by noting that (3.5) has a unique solution.

The above proof is obviously written in a two-dimensional context. However, the arguments carry over to
higher-dimensional settings. For instance, (3.11) can be generalized as follows, using again [14], p. 6: in dimension

d, the periodic, zero mean, divergence-free vector field Gi can be represented as
�
Gi

�
k
�

ḑ

m�1

Bm
�
J i
�
mk

where J i

is a skew-symmetric matrix-valued periodic field. Since J i is skew-symmetric, only tangential derivatives appear
in (3.13), which allow us to perform an integration by parts on the facet re. The boundary term stemming from
this integration by parts can be bounded using appropriate norms on qu0.

3.2.2. The specific case of homogeneous materials

We have pointed out in Section 3.1 that, if the material in D YDc YDf is homogeneous, then the response
is linear, and that the converse statement also holds true. We now make this assertion precise by studying
the following system (note that we again assume, similarly to Section 3.2.1, that h � 0): for any constant,
scalar-valued coefficients ka and kb, find uH

ka,kb
P V DirBC

H , quka,kb P H1pDc YDf q and ψH
ka,kb

PW enrich
H such that

$'''&'''%
@vH P V 0

H , Akapu
H
ka,kb

, vHq � CpvH , ψH
ka,kb

q � 0,

@qv P H1pDc YDf q, qAkbpquka,kb , qvq � Cpqv, ψH
ka,kb

q � 0,

@φH PW enrich
H , CpuH

ka,kb
� quka,kb , φHq � 0.

(3.18)

On purpose, we have made explicit the dependency of the solution to (3.18) with respect to ka and kb.

Lemma 3.4. We consider (3.18) for some constant coefficients ka P r0,8q and kb P p0,8q.
If ka � kb, then the solution to (3.18) is uH

ka,kb
pxq � x1 in D YDc, quka,kbpxq � x1 in Dc YDf and ψH

ka,kb
�

ka ψ0 in Dc, where ψ0 is the Lagrange multiplier function defined by (2.12).
Conversely, if puH

ka,kb
, quka,kb , ψHka,kbq is a solution to (3.18) with uH

ka,kb
pxq � x1 in DYDc, then quka,kbpxq � x1

in Dc YDf , ψH
ka,kb

� ka ψ0 in Dc and ka � kb.

This result is the analogue of Lemma 2.1 in [13] when taking into account the discretization on the coarse
mesh TH . Note also that the fact that we work in the enriched space W enrich

H rather than WH is pivotal for this
lemma.

Remark 3.5. We note that the approach using W enrich
H,h (or W enrich

H ) as the Lagrange multiplier approximation
space is consistent in the following sense. Lemma 3.2 means that, in the limit εÑ 0, the problem (3.4) is well
approximated by its homogenized limit (3.5).

Considering the choice k � k�, we wish the function uHk�,k�pxq � x1 to be a solution of that system, which

ensures that k � k� is a minimizer of the optimization problem (3.1). When working with the enriched space
W enrich
H , this is indeed the case: in view of the first assertion of Lemma 3.4, the unique solution to (3.5) with
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k � k� is puHk�,k� , quk�,k� , ψHk�,k�q � px1, x1, k
�ψ0q. And conversely, if uH

k,k�
pxq � x1, that is if we reach a minimum

in (3.1), then k � k� and we have correctly recovered the homogenized coefficient.

Proof of Lemma 3.4. We start by the first assertion and assume ka � kb ¡ 0. We immediately get the result,
recalling that the system (3.18) has a unique solution and noticing that

�
uH
ka,kb

pxq, quka,kbpxq, ψHka,kbpxq� �
px1, x1, ka ψ0pxqq, where ψ0 is defined by (2.12), is a solution to (3.18).

We now turn to the second assertion and hence assume that uH
ka,kb

pxq � x1 in DYDc. The first line of (3.18)

reads as

@vH P V 0
H , Akapx1, v

Hq � CpvH , ψH
ka,kb

q � 0. (3.19)

Since ψH
ka,kb

PW enrich
H �WH � Span ψ0, we can represent it as

ψH
ka,kb

� τ ψ0 � rψH , (3.20)

for some τ P R and some rψH PWH . We infer from (3.19) and (3.20) that

@vH P V 0
H , CpvH , rψHq � �τ CpvH , ψ0q �Akapx1, v

Hq,

that provides us with an expression of rψH in terms of τ and ka, using the linearity of the problem and the fact
that ka is a scalar:

rψH � �τ rψH1 � ka rψH2 , (3.21)

with rψH1 PWH and rψH2 PWH uniquely defined by

@vH P V 0
H , CpvH , rψH1 q � CpvH , ψ0q,

@vH P V 0
H , CpvH , rψH2 q � �A1px1, v

Hq,
(3.22)

where the bilinear form A1 is defined by

A1pu, vq �

»
D

∇upxq �∇vpxq � 1

2

»
Dc

∇upxq �∇vpxq. (3.23)

Let us introduce the H1-orthogonal projection operators to the coarse finite element spaces ΠH : H1pDcq Ñ
WH and Πenrich

H : H1pDcq ÑW enrich
H defined as follows: for any v P H1pDcq, ΠHpvq PWH is such that

@ϕH PWH ,
�
ΠHpvq, ϕ

H
�
H1pDcq

�
�
v, ϕH

�
H1pDcq

, (3.24)

and Πenrich
H pvq PW enrich

H is such that

@ϕH PW enrich
H ,

�
Πenrich
H pvq, ϕH

�
H1pDcq

�
�
v, ϕH

�
H1pDcq

, (3.25)

where p�, �qH1pDcq
is the H1 scalar product in Dc.
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We observe that the Lagrange multiplier ψ0 defined by (2.12) (the variational formulation of which is (2.14))
satisfies

@v P H1pD YDcq with v � 0 on Γ, A1px1, vq � �Cpv, ψ0q. (3.26)

In view of the first line of (3.22) and of the definition of ΠH , we have that rψH1 � ΠHpψ0q. In view of (3.26) and

the second line of (3.22), we see that rψH2 satisfies the same equation as rψH1 . We thus have rψH2 � rψH1 � ΠHpψ0q.

Inserting this relation in (3.21), we deduce that rψH � pka � τqΠHpψ0q, and thus

ψH
ka,kb

� τ ψ0 � pka � τqΠHpψ0q, (3.27)

where the constant τ will be determined later.

We now turn to the second line of (3.18). Let us introduce qu1 and qu2 in H1pDc YDf q such that

»
Dc

qu1 �»
Dc

qu2 � 0 and

@qv P H1pDc YDf q, qA1pqu1, qvq � Cpqv, ψ0q,

@qv P H1pDc YDf q, qA1pqu2, qvq � Cpqv,ΠHpψ0qq,
(3.28)

where the bilinear form qA1 is defined by

qA1pqu, qvq � 1

2

»
Dc

∇qupxq �∇qvpxq � »
Df

∇qupxq �∇qvpxq.
Using the definition (2.12) of the Lagrange multiplier ψ0, we obtain from the first line of (3.28) that qu1pxq � x1

in Dc YDf .
Inserting the expression (3.27) for ψH

ka,kb
in the second line of (3.18), we obtain

quka,kb � λ�
τ

kb
qu1 �

ka � τ

kb
qu2, (3.29)

where λ P R is an arbitrary constant.
To identify the constants λ and τ , we use the third line of (3.18), that reads as

@φH PW enrich
H , C

�
λ�

τ � kb

kb
qu1 �

ka � τ

kb
qu2, φ

H



� 0, (3.30)

where we have used that uH
ka,kb

pxq � x1 � qu1pxq in Dc. Taking φH � 1 and using that the mean over Dc of qu1

and qu2 vanishes, we get λ � 0.
We claim that qu1 and Πenrich

H pqu2q are linearly independent functions on Dc, a fact that will be useful below.
In order to prove this claim, we argue by contradiction. Since qu1 does not identically vanish on Dc, we assume
that there exists α P R such that

Πenrich
H pqu2q � α qu1. (3.31)
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For any qv P H1pDc YDf q, we compute, using (3.28), that

qA1pqu2 � α qu1, qvq � qA1pqu2, qvq � α qA1pqu1, qvq � Cpqv,ΠHpψ0qq � α Cpqv, ψ0q � Cpqv,ΠHpψ0q � αψ0q.

Taking qv � qu2 � α qu1 in the equation above, we obtain that

qA1 pqu2 � α qu1, qu2 � α qu1q � Cpqu2 � α qu1,ΠHpψ0q � αψ0q � CpΠenrich
H pqu2 � α qu1q ,ΠHpψ0q � αψ0q, (3.32)

where the last equality stems from the definition of the projection operator Πenrich
H . We next observe that

Πenrich
H pqu2 � α qu1q � 0, because of (3.31) and the fact that Πenrich

H pqu1q � qu1 (recall that qu1pxq � x1 in Dc YDf

and thus qu1 PW
enrich
H ). The right-hand side of (3.32) thus vanishes. By definition of the bilinear form qA1, this

implies that qu2 � α qu1 � pλ on Dc YDf for some constant pλ. Since qu2 and qu1 are functions the average over Dc

of which vanishes, we obtain pλ � 0 and thus qu2 � α qu1.
We thus infer from (3.28) that, for any qv P H1pDc YDf q,

Cpqv,ΠHpψ0qq � qA1pqu2, qvq � α qA1pqu1, qvq � α Cpqv, ψ0q.

This yields ΠHpψ0q � αψ0. If α � 0, this implies that ψ0 P WH , a fact that is obviously wrong. We then get
α � 0, hence ΠHpψ0q � 0, and thus, for any ϕH PWH ,

0 �
�
ΠHpψ0q, ϕ

H
�
H1pDcq

�
�
ψ0, ϕ

H
�
H1pDcq

� Cpψ0, ϕ
Hq �

1

2

»
Γc

pe1 � nΓc
qϕH �

1

2

»
Γf

pe1 � nΓf
qϕH ,

where we have used (2.14) in the last equality. Since the value of ϕH can be chosen independently on Γc and

Γf , this implies that

»
Γc

ϕH e1 � nΓc
� 0 �

»
Γf

ϕH e1 � nΓf
, which leads to a contradiction. This concludes the

proof of our claim.
We now return to (3.30), recall that λ � 0 and take

φH � Πenrich
H

�
τ � kb

kb
qu1 �

ka � τ

kb
qu2



.

We hence obtain that

Πenrich
H

�
τ � kb

kb
qu1 �

ka � τ

kb
qu2



� 0,

which reads as

τ � kb

kb
qu1 �

ka � τ

kb
Πenrich
H pqu2q � 0.

Using the linear independence of qu1 and Πenrich
H pqu2q, we obtain kb � τ � ka. This concludes the proof of

Lemma 3.4.

3.3. Well-posedness of the optimization problem upon k for a fixed value of ε

In this section, we investigate the existence of a minimizer to the optimization problem (3.1)–(3.2). More
precisely, we show the following theorem, which is our first main result.



MATHEMATICAL ANALYSIS OF A COUPLING METHOD 19

Theorem 3.6. Let kε be given by (1.4) for some fixed periodic coefficient kper that satisfies the classi-
cal boundedness and coercivity conditions (1.2). We make the regularity assumption (2.1) and the geometric
assumption (2.2).

For any fixed ε ¡ 0, H ¡ 0 and h ¡ 0, the optimization problem (3.1) has at least one solution k
opt

ε pH,hq,
provided the two variational conditions made precise in (3.50) and (3.59) below are satisfied. These conditions
in particular hold true in the limit phÑ 0, εÑ 0q.

The uniqueness of the minimizer to (3.1) is investigated in Section 3.5 below, for ε sufficiently small.

Remark 3.7. If we impose that k is bounded from above (resp. bounded away from zero) by some finite
positive constant in the minimization problem (3.1), then Theorem 3.6 holds true without the additional
assumption (3.50) (resp. (3.59)).

The remainder of this Section 3.3 is devoted to the proof of Theorem 3.6. To that aim, we consider a
minimizing sequence tk

n
unPN of the optimization problem (3.1), that is a sequence that satisfies the inequality

Iε,H,h ¤ Jε,H,hpk
n
q �

»
DYDc

��∇uH
k
n
,kε

� e1

��2 ¤ Iε,H,h �
1

n
, (3.33)

where puH
k
n
,kε
, quh
ε,k

n
,kε
, ψH

k
n
,kε
q P V DirBC

H � Vh �W enrich
H,h is the solution to (2.17) for the tentative constant

coefficient k � k
n
, namely $'''&'''%

@vH P V 0
H , Aknpu

H
k
n
,kε
, vHq � CpvH , ψH

k
n
,kε
q � 0,

@qvh P Vh, qAkεpquhε,kn,kε , qvhq � Cpqvh, ψH
k
n
,kε
q � 0,

@φH PW enrich
H,h , CpuH

k
n
,kε

� quh
ε,k

n
,kε
, φHq � 0.

(3.34)

The proof of Theorem 3.6 falls in three steps:

– we first show a priori bounds on puH
k
n
,kε
, quh
ε,k

n
,kε
, ψH

k
n
,kε
q in Section 3.3.1.

– we next show that, up to a subsequence extraction, k
n

converges to some limit k
8
  8 in Section 3.3.2,

under assumption (3.50).

– we then show that k
8
¡ 0 (under assumption (3.59)) in Section 3.3.3. Since the function k ÞÑ Jε,H,hpkq is

continuous on p0,8q, this shows that k
8

is a minimizer of (3.1).

3.3.1. Bounds on uH
k
n
,kε

, quh
ε,k

n
,kε

and ψH
k
n
,kε

Bound on uH
k
n
,kε

. The optimization problem (3.1) has been designed so that the homogenized coefficient k�

is an admissible test coefficient in (3.1). Hence, by definition of Iε,H,h, we have in particular

Iε,H,h ¤ Jε,H,hpk
�q �

»
DYDc

���∇uHk�,kε � e1

���2, (3.35)

where
�
uHk�,kε , quhε,k�,kε , ψHk�,kε	 is the solution to (2.17) with the constant coefficient k � k�. Since we know that�

uHk�,kε , quhε,k�,kε	 is the minimizer of (2.16) with k � k�, we can compare its energy with that of the particular

choice
�
uHpxq � x1, quhε pxq � x1

�
. Writing that

E
�
uHk�,kε , quhε,k�,kε� ¤ E

�
uHpxq � x1, quhε pxq � x1

�
,
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we obtain»
D

k�
��∇uHk�,kε ��2 � 1

2

»
Dc

�
k�

��∇uHk�,kε ��2 � kε∇quhε,k�,kε �∇quhε,k�,kε	
�

»
Df

kε∇quhε,k�,kε �∇quhε,k�,kε ¤ k� |D| �
k�

2
|Dc| �

1

2

»
Dc

kεe1 � e1 �

»
Df

kεe1 � e1. (3.36)

Using that kε is uniformly bounded and coercive, we obtain»
D

|∇uHk�,kε |
2 �

1

2

»
Dc

|∇uHk�,kε |
2 ¤ C, (3.37)

for some constant C independent of ε, H and h (this independence with respect to h and ε is important since
we will later on use this bound and the subsequent ones in the regime h, εÑ 0).

Collecting (3.33), (3.35) and (3.37) and using the boundary conditions on Γ for uH
k
n
,kε

, we immediately obtain

that the sequence uH
k
n
,kε

is bounded in H1pD YDcq: there exists some constant C independent of n, ε, H and

h such that

}uH
k
n
,kε
}H1pDYDcq ¤ C. (3.38)

Since uH
k
n
,kε

belongs to the finite dimensional space V DirBC
H , we deduce that there exists a subsequence, which

we still denote by uH
k
n
,kε

, that converges in VH (when nÑ8) to some uH8,kε P V
DirBC
H .

Bound on quh
ε,k

n
,kε

. To bound this function, we first extend the function uH
k
n
,kε

(which is defined in D YDc)

inside the domainDf , in order to build an appropriate test function for the second line of (3.34). There are several
ways to perform this extension and we have chosen to proceed as follows. We first build a function uH

f,k
n P H1pDf q

that satisfies
�
uH
f,k

n

	 ��
Df

�
�
uH
k
n
,kε

	 ��
Dc

on the boundary Γf and }uH
f,k

n}H1pDf q ¤ C }uH
k
n
,kε
}H1{2pΓf q for some

C independent of n, ε, H and h. For instance, we can define uH
f,k

n as the harmonic extension of uH
k
n
,kε

��
Γf

in Df .

We now pass from uH
f,k

n to a piecewise affine function ruH
k
n belonging to the space

rVh �  
uh P H1pDf q, uh is piecewise affine on the fine mesh Th

(
(3.39)

using a Scott-Zhang type interpolation, which has the advantage of being defined for functions that are not
necessarily continuous (in contrast to nodal interpolation) and of preserving boundary conditions (in contrast
to Clément interpolation). More precisely, using [21] (see also [19], Thm. 3.4), we know that there exists a linear

and continuous operator ISZ : H1pDf q Ñ rVh such that, if v P H1pDf q is continuous and piecewise affine on
BDf , then ISZv � v on BDf . We hence set

ruH
k
n � ISZ uH

f,k
n , (3.40)

which satisfies ruH
k
n P rVh, ruH

k
n � uH

f,k
n on Γf and }ruH

k
n}H1pDf q ¤ C }uH

f,k
n}H1pDf q for some C independent of n,

ε, H and h (it actually only depends on Df ).

We hence have built some ruH
k
n P rVh satisfying ruH

k
n � uH

k
n
,kε

on Γf and such that

}ruH
k
n}H1pDf q ¤ C }uH

f,k
n}H1pDf q ¤ C }uH

k
n
,kε
}H1{2pΓf q ¤ C }uH

k
n
,kε
}H1pDcq, (3.41)
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for some C independent of n, ε, H and h. We next introduce the extension of the function uH
k
n
,kε

inside the

domain Df defined by

ruh
k
n �

$&%u
H
k
n
,kε

in Dc,ruH
k
n in Df .

Note that ruh
k
n P Vh, since the fine mesh Th is assumed to be a submesh of the coarse mesh TH in Dc. In addition,

using (3.41) and (3.38), we observe that

}ruh
k
n}H1pDcYDf q ¤ C, (3.42)

for some C independent of n, ε, H and h.
We are now in position to bound the sequence quh

ε,k
n
,kε

. Taking qvh � quh
ε,k

n
,kε
� ruh

k
n in the second line of (3.34)

(which is a possible choice since both quh
ε,k

n
,kε

and ruh
k
n belong to Vh), we have

1

2

»
Dc

kε∇quh
ε,k

n
,kε

�∇
�quh

ε,k
n
,kε

� ruh
k
n

	
�

»
Df

kε∇quh
ε,k

n
,kε

�∇
�quh

ε,k
n
,kε

� ruh
k
n

	
�

»
Dc

∇ψH
k
n
,kε

�∇
�quh

ε,k
n
,kε

� ruh
k
n

	
�

»
Dc

ψH
k
n
,kε

�quh
ε,k

n
,kε

� ruh
k
n

	
� 0. (3.43)

Using the third line of (3.34) with φH � ψH
k
n
,kε

and recalling that ruh
k
n � uH

k
n
,kε

in Dc, we see that the sum of

the last two terms in (3.43) vanishes. We next use the Cauchy-Schwarz inequality and obtain

1

2

»
Dc

kε∇quh
ε,k

n
,kε

�∇quh
ε,k

n
,kε

�

»
Df

kε∇quh
ε,k

n
,kε

�∇quh
ε,k

n
,kε

�
1

2

»
Dc

kε∇quh
ε,k

n
,kε

�∇ruh
k
n �

»
Df

kε∇quh
ε,k

n
,kε

�∇ruh
k
n

¤
1

2
}kε}L8pDcq}∇quh

ε,k
n
,kε
}L2pDcq}∇ruh

k
n}L2pDcq � }kε}L8pDf q}∇quh

ε,k
n
,kε
}L2pDf q}∇ruh

k
n}L2pDf q.

Using that the oscillating coefficient kε is bounded and bounded away from zero (see (1.2)) and that ruh
k
n is

bounded in H1pDc YDf q (see (3.42)), we obtain that there exists a constant C independent of n, ε, H and h
such that

@n P N, }∇quh
ε,k

n
,kε
}L2pDcYDf q ¤ C. (3.44)

Testing the third line of (3.34) with φH � 1 (which indeed belongs to W enrich
H,h ), we obtain that»

Dc

quh
ε,k

n
,kε

�

»
Dc

uH
k
n
,kε
,

and hence, using (3.38), we obtain that

»
Dc

quh
ε,k

n
,kε

is bounded. Thus, by the Poincaré-Wirtinger inequality,

we deduce from (3.44) that the sequence quh
ε,k

n
,kε

is bounded in H1pDc YDf q, independently of n, ε, H and h.

Since quh
ε,k

n
,kε

belongs to the finite dimensional space Vh, we deduce that there exists a subsequence, which we
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still denote by quh
ε,k

n
,kε

, that converges in Vh (when nÑ 8) to some quhε,8,kε P Vh (in the particular case when

h � 0, the convergence is strong in L2pDc YDf q and weak in H1pDc YDf q).

Bound on ψH
k
n
,kε

. We are now left with showing that the sequence of Lagrange multipliers is also bounded.

To that aim, we proceed as above and first extend ψH
k
n
,kε

(which is defined in Dc) inside the domain Df , in order

to again build an appropriate test function for the second line of (3.34). This extension is built following the

same steps as above (see (3.40) and (3.41)), which thus allow to introduce some rψH
k
n P rVh (where rVh � H1pDf q

is defined by (3.39)) satisfying rψH
k
n � ψH

k
n
,kε

on Γf and such that

} rψH
k
n}H1pDf q ¤ C }ψH

k
n
,kε
}H1pDcq, (3.45)

for some C independent of n, ε, H and h.
We next extend ψH

k
n
,kε

inside the domain Df by introducing

rψh
k
n �

$&%ψ
H
k
n
,kε

in Dc,rψH
k
n in Df .

(3.46)

We note that rψh
k
n P H1pDc YDf q. In addition, both ψH

k
n
,kε

and rψH
k
n are piecewise affine functions on the fine

mesh Th (for ψH
k
n
,kε

, this is a consequence of the fact that the fine mesh Th is assumed to be a submesh of the

coarse mesh TH in Dc and of the specific approximation ψh0 , defined by (2.15), of the Lagrange multiplier ψ0).

We hence deduce that rψh
k
n P Vh.

Considering the test function qvh � rψh
k
n in the second line of (3.34), we obtain

1

2

»
Dc

kε∇quh
ε,k

n
,kε

�∇ rψh
k
n �

»
Df

kε∇quh
ε,k

n
,kε

�∇ rψh
k
n �

»
Dc

∇ψH
k
n
,kε

�∇ rψh
k
n �

»
Dc

ψH
k
n
,kε

rψh
k
n � 0.

Since rψh
k
n � ψH

k
n
,kε

in Dc, we deduce that

}ψH
k
n
,kε
}2H1pDcq

¤
1

2
}kε}L8pDcq}∇quh

ε,k
n
,kε
}L2pDcq}∇ψ

H
k
n
,kε
}L2pDcq

� }kε}L8pDf q}∇quh
ε,k

n
,kε
}L2pDf q}∇ rψH

k
n}L2pDf q. (3.47)

Using that kε is uniformly bounded and the bounds (3.45) and (3.44), we infer from (3.47) that there exists a
constant C independent of n, ε, H and h such that

@n P N, }ψH
k
n
,kε
}H1pDcq ¤ C.

Since ψH
k
n
,kε

belongs to the finite dimensional space W enrich
H,h , we deduce that there exists a subsequence, which

we still denote by ψH
k
n
,kε

, that converges in W enrich
H,h (when nÑ8) to some ψ

H

8,kε PW
enrich
H,h .
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3.3.2. Convergence of the minimizing sequence k
n

We now show that the minimizing sequence k
n

converges to some limit k
8

. We introduce ruH0 P V DirBC
H such

that

@vH P V 0
H ,

»
D

∇ruH0 �∇vH �
1

2

»
Dc

∇ruH0 �∇vH � 0. (3.48)

Taking vH � uH
k
n
,kε

� ruH0 P V 0
H in the first line of (3.34), we have

»
D

k
n∇uH

k
n
,kε

�∇
�
uH
k
n
,kε

� ruH0 	
�

1

2

»
Dc

k
n∇uH

k
n
,kε

�∇
�
uH
k
n
,kε

� ruH0 	
�

»
Dc

∇ψH
k
n
,kε

�∇
�
uH
k
n
,kε

� ruH0 	
�

»
Dc

ψH
k
n
,kε

�
uH
k
n
,kε

� ruH0 	
� 0.

Thus, from the definition of ruH0 and the fact that k
n

is a scalar, we obtain

k
n
���∇�

uH
k
n
,kε

� ruH0 	���2

L2pDq
�

1

2
k
n
���∇�

uH
k
n
,kε

� ruH0 	���2

L2pDcq

�

»
Dc

∇ψH
k
n
,kε

�∇
�
uH
k
n
,kε

� ruH0 	
�

»
Dc

ψH
k
n
,kε

�
uH
k
n
,kε

� ruH0 	
� 0. (3.49)

All the terms in (3.49) converge when n Ñ 8, except possibly k
n
. The only case when we cannot deduce

from (3.49) that k
n

converges is that when the limit uH8,kε of uH
k
n
,kε

identically satisfies ∇uH8,kε � ∇ruH0 in

D YDc. Since uH8,kεpxq � ruH0 pxq � x1 on Γ, this would imply that uH8,kε � ruH0 in D YDc. Passing to the limit
nÑ8 in (3.33) yields

Iε,H,h �

»
DYDc

��∇uH8,kε � e1

��2 .
We are left with showing the condition

Iε,H,h  

»
DYDc

��∇ruH0 � e1

��2 , (3.50)

if we want to rule out this case and conclude that k
n

converges up to an extraction (to some coefficient that we

denote k
8

). We recall that ruH0 P V DirBC
H in (3.50) is defined by (3.48).

We note that the right-hand side of (3.50) is positive (and of course independent of ε and h by construction).

Indeed, if

»
DYDc

��∇ruH0 � e1

��2 were vanishing, we would have ruH0 pxq � x1 on D YDc (recall ruH0 pxq � x1 on Γ),

which however does not satisfy (3.48).
Investigating whether (3.50) holds in full generality is delicate, and this is why we have assumed this condition

in Theorem 3.6. It can be investigated numerically. There are also a few situations where (3.50) can be established
mathematically. One such case is when we suppose that the fine mesh parameter h and the oscillating parameter
ε are sufficiently small. We indeed claim that

lim
εÑ0

lim
hÑ0

Jε,H,hpk
�q � 0, (3.51)
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where Jε,H,h is defined by (3.2), which obviously implies

lim
εÑ0

lim
hÑ0

Iε,H,h � 0, (3.52)

and thus (3.50) (in the regime h ! ε ! 1) since we have pointed out above that the right-hand side of (3.50) is
positive and independent of ε and h.

In order to prove (3.51), we consider (2.17) with k � k�, the solution of which is denoted

puH,hk�,kε
, quhε,k�,kε , ψH,hk�,kε

q (where we have on purpose made explicit the dependency of the three components of
the solution with respect to h). Using standard finite element arguments, we can pass to the limit h Ñ 0.

We thus have that puH,hk�,kε
, quhε,k�,kε , ψH,hk�,kε

q converges, when h Ñ 0, to puHk�,kε , quε,k�,kε , ψHk�,kεq strongly in

H1pD Y Dcq � H1pDc Y Df q � H1pDcq, where puHk�,kε , quε,k�,kε , ψHk�,kεq is the solution to (3.4) with k � k�.

Furthermore, puHk�,kε , quε,k�,kε , ψHk�,kεq is bounded in H1pD YDcq �H1pDc YDf q �H1pDcq by a constant inde-

pendent of ε and H. This bound on uHk�,kε has indeed been shown above (see (3.37)), and it implies a bound onquε,k�,kε and ψHk�,kε using the same arguments as those used in Section 3.3.1.

We now refer to Lemma 3.2 for k � k� (the bounds that we have just discussed obviously implying the conver-
gences stated as assumptions in that lemma) and obtain that, when εÑ 0, the solution puHk�,kε , quε,k�,kε , ψHk�,kεq
to (3.4) converges to puHk�,k� , quk�,k� , ψHk�,k�q, solution to (3.5) with k � k�. We eventually note (as stated in

the first assertion of Lemma 3.4) that the unique solution to the system (3.5) with k � k� is uHk�,k�pxq � x1,quk�,k�pxq � x1 and ψHk�,k� � k� ψ0.

We have therefore shown that uH,hk�,kε
converges (when h Ñ 0 and ε Ñ 0) to uHk�,k�pxq � x1, strongly in

H1pD YDcq since uH,hk�,kε
belongs to the finite dimensional space V DirBC

H . We have therefore obtained that

lim
εÑ0

lim
hÑ0

Jε,H,hpk
�q �

»
DYDc

��∇uHk�,k� � e1

��2 � 0,

that is exactly (3.51).

3.3.3. Existence of an optimal coefficient

We have shown above that, under assumption (3.50), the minimizing sequence k
n
P p0,8q converges (up to

a subsequence extraction) to some k
8
P r0,8q. We now show that k

8
� 0, provided we impose an additional

condition (see (3.59) below) to the problem.
To state that additional condition, we consider (2.17) and we formally set k � 0. We hence look for uH0,kε P

V DirBC
H , quhε,0,kε P Vh and ψH0,kε PW

enrich
H,h such that

$''&''%
@vH P V 0

H , CpvH , ψH0,kεq � 0,

@qvh P Vh, qAkεpquhε,0,kε , qvhq � Cpqvh, ψH0,kεq � 0,

@φH PW enrich
H,h , CpuH0,kε � quhε,0,kε , φHq � 0,

(3.53)

which is equivalent to solving the minimization problem

inf

#
E0pquhε q, uH P VH , uHpxq � x1 on Γ,quhε P Vh, CpuH � quhε , φHq � 0 for any φH PW enrich

H,h

+
, (3.54)
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where the constraint function C is defined by (2.5) and where the energy E0 is obtained from the energy E
defined in (2.4) by formally setting k � 0:

E0pquεq � 1

2

»
Df

kεpxq∇quεpxq �∇quεpxq � 1

4

»
Dc

kεpxq∇quεpxq �∇quεpxq. (3.55)

Note that E0 does not depend on uH .
The minimizers of (3.54) are simple to characterize: they satisfy quhε,0,kε � λ in Dc YDf for some constant

λ (which indeed minimizes the energy (3.55)) and uH0,kε � λ in Dc (which is obtained by considering φH �

puH0,kε � λq
��
Dc

in the constraint). The value of uH0,kε in D is free, besides the fact that it should satisfy the

boundary condition uH0,kεpxq � x1 on Γ and the trace condition uH0,kε � λ on Γc.
It is next easy to see that, for any solution to (3.53), we have»

DYDc

��∇uH0,kε � e1

��2 � »
D

��∇uH0,kε � e1

��2 � »
Dc

��∇uH0,kε � e1

��2 � »
D

��∇uH0,kε � e1

��2 � |Dc|.

We are now going to compute the minimum of the above quantity over all solutions to (3.53).
Let us introduce the unique function ruH0,a P V DirBC

H satisfying ruH0,a � 0 in Dc and

@vH P rVH , »
D

�
∇ruH0,a � e1

�
�∇vH � 0, (3.56)

where

rVH �
 
v P V 0

H , v � 0 on Dc

(
.

Let us also introduce the unique function ruH0,b P V 0
H satisfying ruH0,b � 1 in Dc and

@vH P rVH , »
D

�
∇ruH0,b � e1

�
�∇vH � 0. (3.57)

We then have

inf
solutions to (3.53)

which are equal to λ on Dc

»
D

��∇uH0,kε � e1

��2 �

»
D

��∇ruH0,a � λ∇ruH0,b � e1

��2 .
Next, by minimizing with respect to λ, we obtain

inf
solutions to (3.53)

»
DYDc

��∇uH0,kε � e1

��2 � rI0,H , (3.58)

where rI0,H is defined in terms of the solution ruH0,a to (3.56) and ruH0,b to (3.57) by

rI0,H � |Dc| �

»
D

��∇ruH0,a � e1

��2 �
�³
D
∇ruH0,b � �∇ruH0,a � e1

�	2

³
D

���∇ruH0,b���2 .
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Note that the sum of the last two terms of rI0,H is non-negative, in view of the Cauchy-Schwarz inequality, and

hence rI0,H ¥ |Dc| ¡ 0.
We now assume that

Iε,H,h   rI0,H . (3.59)

Under that assumption, we claim that the limit k
8

of the minimizing sequence satisfies k
8
� 0. We argue

by contradiction and assume that k
8
� 0. Taking the limit n Ñ 8 in (3.34), we thus have that the limit

puH8,kε , quhε,8,kε , ψH8,kεq of puH
k
n
,kε
, quh
ε,k

n
,kε
, ψH

k
n
,kε
q is a solution to (3.53). Passing to the limit n Ñ 8 in (3.33)

yields

Iε,H,h �

»
DYDc

��∇uH8,kε � e1

��2 ,
which is in contradiction with (3.58) and (3.59). This proves that k

8
¡ 0.

One of the ways to establish (3.59) mathematically is to assume that the parameters h and ε are sufficiently
small. We indeed recall that, in that regime, the left-hand side of (3.59) converges to 0 (see (3.52)). In contrast,
the right-hand side of (3.59) is independent of h and ε and is positive.

We have thus shown that, under assumptions (3.50) and (3.59), the minimizing sequence k
n

converges (up

to a subsequence extraction) to some k
8
P p0,8q, which is thus finite and (strictly) positive. Since the function

k ÞÑ Jε,H,hpkq is continuous on p0,8q, this shows that k
8

is a minimizer of (3.1). We denote by k
opt

ε such an
optimal coefficient, to emphasize its dependency with respect to ε. This concludes the proof of Theorem 3.6.

3.4. Homogenized limit

For each ε ¡ 0, and under assumptions (3.50) and (3.59), we know from Theorem 3.6 that there exists at least

one optimal constant coefficient k
opt

ε minimizing (3.1) with a corresponding solution puH
k
opt
ε ,kε

, quh
ε,k

opt
ε ,kε

, ψH
k
opt
ε ,kε

q

to the system (2.17) for k � k
opt

ε . We now aim at studying the limit of k
opt

ε when εÑ 0. We recall that, in that
limit, assumptions (3.50) and (3.59) are satisfied.

We have assumed in (1.4) that the sequence kε is such that kε � kperp�{εq for some fixed periodic function
kper. This periodicity assumption implies that the homogenized coefficient k� exists and is constant (a fact that
we have already used above, see e.g. the first arguments of Sect. 3.3.1). Our aim in this section is to show

that the optimal coefficient k
opt

ε converges to the homogenized coefficient k� when ε goes to 0, as stated in the
following theorem, which is our second main result. Although we perform our analysis in the periodic setting,
we believe that it actually carries over to more general cases (random stationary setting, . . . ).

Theorem 3.8. Let kε be given by (1.4) for some fixed periodic coefficient kper that satisfies the classi-
cal boundedness and coercivity conditions (1.2). We make the regularity assumption (2.1) and the geometric
assumption (2.2).

Then, any optimal coefficient k
opt

ε pH,hq (the existence of which is provided by Thm. 3.6) converges to the
homogenized coefficient k� when h and ε go to 0: for any H ¡ 0, we have

lim
εÑ0

lim
hÑ0

k
opt

ε pH,hq � k�. (3.60)

We discuss in Remark 3.9 below the fact that H is kept fixed in (3.60). We do not need to finally take the limit
H Ñ 0 to recover k�. This is a clear advantage from the computational viewpoint, since this property allows to
work with values of H that are not asymptotically small (see [13], Sect. 3.1 for some numerical results).
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Before proceeding, we note that considering the regime εÑ 0 implies that we also have hÑ 0 (since h has
to be chosen much smaller than ε). For simplicity and brevity of exposition, we therefore fix h � 0, and point
out that Theorem 3.6 still holds true. Taking the limit h Ñ 0 is just an additional, technical ingredient. We
spare the reader with this unnecessary technicality.

We thus consider the following “partially” discretized system (which is (3.4) with k � k
opt

ε ): find uH
k
opt
ε ,kε

P

V DirBC
H , qu

ε,k
opt
ε ,kε

P H1pDc YDf q and ψH
k
opt
ε ,kε

PW enrich
H such that

$'''&'''%
@vH P V 0

H , A
k
opt
ε
puH
k
opt
ε ,kε

, vHq � CpvH , ψH
k
opt
ε ,kε

q � 0,

@qv P H1pDc YDf q, qAkεpquε,koptε ,kε
, qvq � Cpqv, ψH

k
opt
ε ,kε

q � 0,

@φH PW enrich
H , CpuH

k
opt
ε ,kε

� qu
ε,k

opt
ε ,kε

, φHq � 0.

(3.61)

In the above system and in the proof below, we do not make explicit in the notation the fact that the optimal

coefficient k
opt

ε depends on H (in particular because H is kept fixed and we do not need to take the limit H Ñ 0
to recover k�).

The proof of Theorem 3.8 falls in two steps:

– as in Section 3.3.1, we first establish some bounds independent of ε on the solution
puH
k
opt
ε ,kε

, qu
ε,k

opt
ε ,kε

, ψH
k
opt
ε ,kε

) to (3.61) (see Sect. 3.4.1).

– we next pass to the limit εÑ 0 in (3.61) (see Sect. 3.4.2).

3.4.1. Bounds on uH
k
opt

ε ,kε

, qu
ε,k

opt

ε ,kε
and ψH

k
opt

ε ,kε

We pass to the limit nÑ8 in (3.38) (where we recall that the constant C is in particular independent of n,

h and ε), using that k
n
ÝÝÝÑ
nÑ8

k
opt

ε (which implies that uH
k
n
,kε

ÝÝÝÑ
nÑ8

uH
k
opt
ε ,kε

), and immediately obtain that the

sequence uH
k
opt
ε ,kε

P V DirBC
H is bounded in H1pD YDcq, independently of ε.

We next simply repeat the steps of Section 3.3.1 and obtain that the sequence qu
ε,k

opt
ε ,kε

(resp. the sequence

ψH
k
opt
ε ,kε

PW enrich
H ) is bounded in H1pDc YDf q (resp. in H1pDcq), independently of ε.

We thus deduce that there exist uH� P V DirBC
H , qu� P H1pDc Y Df q and ψH� P W enrich

H such that, up to the
extraction of a subsequence, uH

k
opt
ε ,kε

converges to uH� in H1pD Y Dcq, qu
ε,k

opt
ε ,kε

weakly converges to qu� in

H1pDc YDf q and ψH
k
opt
ε ,kε

converges to ψH� in H1pDcq when εÑ 0.

3.4.2. Limit system with k
opt
ε

Passing to the limit εÑ 0 in the first line of (3.61) is not straightforward since, unfortunately, we have little

information on k
opt

ε so far. Since we do not seem to have an obvious bound independent of ε on the coefficient

k
opt

ε , we circumvent this difficulty as follows.
We have

lim
hÑ0

Iε,H,h �

»
DYDc

���∇uH
k
opt
ε ,kε

� e1

���2 ,



28 O. GORYNINA ET AL.

where puH
k
opt
ε ,kε

, qu
ε,k

opt
ε ,kε

, ψH
k
opt
ε ,kε

q is the solution to (3.61). Passing to the limit ε Ñ 0 and using (3.52), we

deduce that

0 � lim
εÑ0

lim
hÑ0

Iε,H,h �

»
DYDc

��∇uH� � e1

��2
where uH� P V DirBC

H is the limit of uH
k
opt
ε ,kε

. This implies that

uH� pxq � x1 in D YDc. (3.62)

We are now in position to show that the sequence k
opt

ε converges to some limit k
opt

0 when εÑ 0. Repeating
the steps from the beginning of Section 3.3.2, we take vH � uH

k
opt
ε ,kε

� ruH0 P V 0
H in the first line of (3.61), where

ruH0 P V DirBC
H is defined by (3.48). Using that k

opt

ε is a scalar, we thus obtain

k
opt

ε

���∇�
uH
k
opt
ε ,kε

� ruH0 	���2

L2pDq
�

1

2
k

opt

ε

���∇�
uH
k
opt
ε ,kε

� ruH0 	���2

L2pDcq

�

»
Dc

∇ψH
k
opt
ε ,kε

�∇
�
uH
k
opt
ε ,kε

� ruH0 	
�

»
Dc

ψH
k
opt
ε ,kε

�
uH
k
opt
ε ,kε

� ruH0 	
� 0. (3.63)

All the terms in (3.63) converge when ε Ñ 0, except possibly k
opt

ε . The only case when we cannot deduce

from (3.63) that k
opt

ε converges is that when the limit uH� of uH
k
opt
ε ,kε

satisfies ∇uH� � ∇ruH0 in DYDc. Since uH�

and ruH0 satisfy the same boundary condition on Γ, this would imply that uH� � ruH0 in DYDc, and thus, in view
of (3.62), that ruH0 pxq � x1 in DYDc. We have already pointed out in Section 3.3.2 that ruH0 is not equal to the

function x1 in D YDc. We have thus obtained a contradiction, which shows that the sequence k
opt

ε converges

(up to a subsequence extraction) to some coefficient k
opt

0 P r0,8q when ε Ñ 0. It remains to prove that this

coefficient k
opt

0 is equal to the homogenized coefficient k�. This will prove that the optimization problem (3.1)

indeed provides an approximation of the homogenized coefficient, and additionally that the whole sequence k
opt

ε

(and not only a subsequence) converges.

To show that k
opt

0 � k�, we pass to the limit εÑ 0 in (3.61). Using Corollary 3.3 (as established in Sect. 3.4.1,
the sequence puH

k
opt
ε ,kε

, qu
ε,k

opt
ε ,kε

, ψH
k
opt
ε ,kε

q indeed satisfies the appropriate convergence properties stated as

assumptions in that corollary), we observe that the limit puH� , qu�, ψH� q of puH
k
opt
ε ,kε

, qu
ε,k

opt
ε ,kε

, ψH
k
opt
ε ,kε

q is actually

the solution (or a solution, if k
opt

0 � 0) to the following system: find uH
k
opt
0 ,k�

P V DirBC
H , qu

k
opt
0 ,k�

P H1pDc YDf q

and ψH
k
opt
0 ,k�

PW enrich
H such that

$'''&'''%
@vH P V 0

H , A
k
opt
0
puH
k
opt
0 ,k�

, vHq � CpvH , ψH
k
opt
0 ,k�

q � 0,

@qv P H1pDc YDf q, qAk�pqukopt0 ,k�
, qvq � Cpqv, ψH

k
opt
0 ,k�

q � 0,

@φH PW enrich
H , CpuH

k
opt
0 ,k�

� qu
k
opt
0 ,k�

, φHq � 0.

(3.64)

In addition, we know from (3.62) that uH
k
opt
0 ,k�

pxq � uH� pxq � x1 in D YDc.

We now use the second assertion of Lemma 3.4 and obtain that k
opt

0 � k� and ψH
k
opt
0 ,k�

� k� ψ0, which

concludes the proof of Theorem 3.8.
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Remark 3.9. We note that, in Theorem 3.8, the parameter H is fixed and that it does not affect the value of

the limit of k
opt

ε . This is directly related to the consistency of the approach as discussed in Remark 3.5: for any
H ¡ 0, the identity uH

k,k�
pxq � x1 on D YDc implies that k � k�.

3.5. Uniqueness of the optimal coefficient for sufficiently small ε

Now that we have shown that any minimizer k
opt

ε pH,hq converges to k� when h and ε go to 0 (in the sense
of Thm. 3.8), we are in position to show the uniqueness of the optimal coefficient when ε is sufficiently small.
As in Section 3.4, we hereafter fix h � 0, and thus consider Jε,H defined (compare with (3.2) and (2.17)) by

Jε,Hpkq �

»
DYDc

��∇uH
k,kε

�∇uref

��2 � »
DYDc

��∇uH
k,kε

� e1

��2, (3.65)

where puH
k,kε

, quε,k,kε , ψHk,kεq is the solution to (3.4). In the sequel, we thus consider k
opt

ε pHq, solution to the

minimization problem

inf
 
Jε,Hpkq, k P p0,8q

(
. (3.66)

Our proof is based on the following two results.

Lemma 3.10 (uniform convergence). Let H ¡ 0 be fixed. The minimizers k
opt

ε pHq of (3.66) converge uniformly
to k�, in the following sense: for any η ¡ 0, there exists some ε0pη,Hq such that, for any ε ¤ ε0pη,Hq, any

minimizer k
opt

ε pHq of (3.66) satisfies |k
opt

ε pHq � k�| ¤ η.

Proof. Since k
opt

ε is a minimizer of Jε,H , we have, using that k� is an admissible test coefficient in (3.1), that»
DYDc

��∇uH
k
opt
ε ,kε

�∇uref

��2 � Jε,Hpk
opt

ε q ¤ Jε,Hpk
�q.

Using that uH
k
opt
ε ,kε

� uref vanishes on Γ, we deduce that

}uH
k
opt
ε ,kε

� uref}
2
H1pDYDcq

¤ C Jε,Hpk
�q, (3.67)

where C only depends on DYDc. Recalling that lim
εÑ0

Jε,Hpk
�q � 0 (see (3.51)), we deduce that uH

k
opt
ε ,kε

converges

to uref in a uniform (with respect to the choice of the minimizer k
opt

ε ) manner.

We are now going to show, and this is the main part of the proof, that ∇uH
k
opt
ε ,kε

{k
opt

ε converges to ∇uref{k
�

uniformly with respect to the choice of the minimizer k
opt

ε . Turning first to the Lagrange multiplier, and recalling

that k
opt

ε ¡ 0, we can introduce

θH
k
opt
ε ,kε

�
ψH
k
opt
ε ,kε

k
opt

ε

,

and, after dividing by k
opt

ε , we rewrite the first line of (3.61) in the form

@vH P V 0
H , A1pu

H

k
opt
ε ,kε

, vHq � CpvH , θH
k
opt
ε ,kε

q � 0, (3.68)
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where we recall that the bilinear form A1 is defined by (3.23). Since θH
k
opt
ε ,kε

PW enrich
H , we can represent it as

θH
k
opt
ε ,kε

� τε
�
ψ0 �ΠHpψ0q

�
� rθHε , (3.69)

for some τε P R (we keep implicit the dependency of τε with respect to H) and some rθHε P WH (which both

depend on the choice of the minimizer k
opt

ε ), where we recall that the projection operator ΠH is defined by (3.24).
We have shown at the end of Section 3.4.2 that θH

k
opt
ε ,kε

converges to ψ0. We thus expect τε to converge to 1 andrθHε to converge to ΠHpψ0q. This is indeed the case since (3.69) implies that

C
�
θH
k
opt
ε ,kε

, ψ0 �ΠHpψ0q
�
� τε }ΠHpψ0q � ψ0}

2
H1pDcq

,

and thus, passing to the limit εÑ 0, we obtain

lim
εÑ0

τε �
C
�
ψ0, ψ0 �ΠHpψ0q

�
}ΠHpψ0q � ψ0}2H1pDcq

� 1.

We now establish a bound on rθHε . Inserting (3.69) in (3.68) and using the orthogonality of any vH P V 0
H with

ψ0 �ΠHpψ0q, we obtain, for any vH P V 0
H , that

CpvH , rθHε q � �A1pu
H

k
opt
ε ,kε

, vHq � A1puref � uH
k
opt
ε ,kε

, vHq � CpvH , ψ0q,

where we have used the variational formulation (3.26) satisfied by ψ0. We thus deduce that

@vH P V 0
H , C

�
vH , rθHε �ΠHpψ0q

�
� A1puref � uH

k
opt
ε ,kε

, vHq. (3.70)

Using arguments similar to those used in Section 3.3.1, we can extend the function rθHε � ΠHpψ0q, which is
only defined in Dc, over the domain D, and thus introduce some rvHε defined in D YDc, satisfying rvHε P V 0

H ,rvHε � rθHε �ΠHpψ0q in Dc and }rvHε }H1pDYDcq ¤ C}rθHε �ΠHpψ0q}H1pDcq for some constant C independent of H

and ε (and of the choice of the minimizer). Taking vH � rvHε in (3.70), we thus infer that

}rθHε �ΠHpψ0q}
2
H1pDcq

� C
�rvHε , rθHε �ΠHpψ0q

�
� A1puref � uH

k
opt
ε ,kε

, rvHε q
¤ }uref � uH

k
opt
ε ,kε

}H1pDYDcq }rvHε }H1pDYDcq,

and hence, using (3.67),

}rθHε �ΠHpψ0q}H1pDcq ¤ C}uref � uH
k
opt
ε ,kε

}H1pDYDcq ¤ C
b
Jε,Hpk�q, (3.71)

for some C independent of ε and of the choice of the minimizer k
opt

ε .

We now write the second line of (3.61). After dividing by k
opt

ε , it reads

@qv P H1pDc YDf q, qAkε
�qu

ε,k
opt
ε ,kε

k
opt

ε

, qv� � Cpqv, θH
k
opt
ε ,kε

q � τε C
�qv, ψ0 �ΠHpψ0q

�
� Cpqv, rθHε q.
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We thus introduce quε,1 and quε,2, the unique solutions (with vanishing mean in Dc) in H1pDc Y Df q to the
problems

@qv P H1pDc YDf q, qAkεpquε,1, qvq � C
�qv, ψ0 �ΠHpψ0q

�
, (3.72)

@qv P H1pDc YDf q, qAkεpquε,2, qvq � Cpqv, rθHε q, (3.73)

and of course have

qu
ε,k

opt
ε ,kε

k
opt

ε

� λε � τε quε,1 � quε,2 (3.74)

for some constant λε.
To study quε,2, we introduce the unique solution quε,3 (with vanishing mean in Dc) in H1pDc YDf q to

@qv P H1pDc YDf q, qAkεpquε,3, qvq � C
�qv,ΠHpψ0q

�
. (3.75)

Subtracting (3.75) from (3.73), we have

@qv P H1pDc YDf q, qAkεpquε,2 � quε,3, qvq � C
�qv, rθHε �ΠHpψ0q

�
.

Taking qv � quε,2 � quε,3 in the above equation and using that kε is bounded from below uniformly in ε, a
Poincaré-Wirtinger inequality in H1pDc YDf q and (3.71), we obtain that

}quε,2 � quε,3}H1pDcYDf q ¤ C}rθHε �ΠHpψ0q}H1pDcq ¤ C
b
Jε,Hpk�q, (3.76)

for some C independent of ε and of the choice of the minimizer k
opt

ε .

We now turn to the third line of (3.61). After dividing by k
opt

ε and using (3.74), we have that, for any
φH PW enrich

H ,

C

��uH
k
opt
ε ,kε

k
opt

ε

� rλε � τε quε,1 � quε,2s , φH
�
� 0,

and hence

C

��uH
k
opt
ε ,kε

k
opt

ε

�
uref

k�
� λε � pτε � 1q quε,1, φH

�
� C
�quε,1 � quε,2 � uref

k�
, φH

	
� C

�quε,1 � quε,3 � uref

k�
, φH

	
� C

�quε,2 � quε,3, φH� .
Using the projection operator Πenrich

H defined by (3.25), we obtain that, for any φH PW enrich
H ,

C

��uH
k
opt
ε ,kε

k
opt

ε

�
uref

k�
� λε � pτε � 1qΠenrich

H pquε,1q, φH
�
� C

�
Πenrich
H pquε,4q � uref

k�
, φH

	
� C

�quε,2 � quε,3, φH� ,
(3.77)

where we have introduced quε,4 � quε,1 � quε,3.
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Let us now bound the right-hand side of (3.77). The second term can be bounded using (3.76). For the first
term, we note that quε,4 is the unique solution (with vanishing mean in Dc) in H1pDc YDf q to

@qv P H1pDc YDf q, qAkεpquε,4, qvq � Cpqv, ψ0q. (3.78)

The function quε,4 is therefore independent from the choice of the minimizer k
opt

ε . In addition, the homogenized
limit of the Neumann problem (3.78) reads as follows: when ε Ñ 0, quε,4 converges (strongly in L2pDc YDf q
and weakly in H1pDc YDf q) to qu�,4, the unique solution (with vanishing mean in Dc) in H1pDc YDf q to

@qv P H1pDc YDf q, qAk�pqu�,4, qvq � Cpqv, ψ0q. (3.79)

We hence deduce that Πenrich
H pquε,4q converges (strongly in H1pDc YDf q, since Πenrich

H pquε,4q belongs to the finite
dimensional space W enrich

H ) to Πenrich
H pqu�,4q. We next observe that, by definition of ψ0, we can solve (3.79) and

we know that qu�,4pxq � urefpxq{k
� � x1{k

�. We hence have that Πenrich
H pqu�,4q � qu�,4 � uref{k

�. We thus have
shown that

rε,H �
���Πenrich

H pquε,4q � uref

k�

���
H1pDcYDf q

Ñ
εÑ0

0, (3.80)

with a rate of convergence (with respect to ε) independent of the choice of the minimizer k
opt

ε .
To manipulate the left-hand side of (3.77), we write that

Πenrich
H pquε,1q � αε

�
ψ0 �ΠHpψ0q

�
� puHε,1, (3.81)

for some αε P R (again, we keep implicit the dependency of αε with respect to H) and some puHε,1 P WH .
Using (3.72), we observe that

αε}ΠHpψ0q � ψ0}
2
H1pDcq

� C
�
Πenrich
H pquε,1q, ψ0 �ΠHpψ0q

�
� C

�quε,1, ψ0 �ΠHpψ0q
�
� qAkεpquε,1, quε,1q. (3.82)

We now write (3.77) with φH � ψ0 �ΠHpψ0q. Observing that
uH
k
opt
ε ,kε

k
opt

ε

�
uref

k�
� λε PWH , we deduce that

C
�
p1� τεqΠenrich

H pquε,1q, ψ0 �ΠHpψ0q
	
� C

�
Πenrich
H pquε,4q � uref

k�
, ψ0 �ΠHpψ0q

	
� C

�quε,2 � quε,3, ψ0 �ΠHpψ0q
�
.

Using (3.81) in the left-hand side and (3.80) and (3.76) in the right-hand side, we obtain

|1� τε| |αε| }ΠHpψ0q � ψ0}
2
H1pDcq

¤

�
rε,H � C

b
Jε,Hpk�q



}ΠHpψ0q � ψ0}H1pDcq,

and hence, using (3.82),

|1� τε| ¤

�
rε,H � C

b
Jε,Hpk�q



}ΠHpψ0q � ψ0}H1pDcqqAkεpquε,1, quε,1q . (3.83)

We note that qAkεpquε,1, quε,1q � 0. Indeed, if this quantity vanishes, then quε,1 is a constant, which implies,
using (3.72), that C

�qv, ψ0 �ΠHpψ0q
�
� 0 for any qv P H1pDc YDf q, and hence ψ0 � ΠHpψ0q, which is not true.
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We eventually note that, in view of its definition (3.72), quε,1 does not depend on the choice of the minimizer

k
opt

ε . When εÑ 0, the quantity qAkεpquε,1, quε,1q converges (with a rate independent of the choice of the minimizer

k
opt

ε ) to its homogenized limit qAk�pqu�,1, qu�,1q � 0. In addition, rε,H and Jε,Hpk
�q both converge to zero with

rates independent of the choice of the minimizer k
opt

ε . We thus deduce from (3.83) that

lim
εÑ0

τε � 1 uniformly with respect to the choice of the minimizer k
opt

ε .

Taking now φH �
uH
k
opt
ε ,kε

k
opt

ε

�
uref

k�
� λε � pτε � 1qΠenrich

H pquε,1q in (3.77) and using (3.80) and (3.76) to bound

the right-hand side, we obtain������
uH
k
opt
ε ,kε

k
opt

ε

�
uref

k�
� λε � pτε � 1qΠenrich

H pquε,1q
������
H1pDcq

¤ rε,H � C
b
Jε,Hpk�q,

and hence ������∇
��uH

k
opt
ε ,kε

k
opt

ε

�
uref

k�

�
������
L2pDcq

¤ rε,H � C
b
Jε,Hpk�q � |τε � 1|

��Πenrich
H pquε,1q��H1pDcq

,

which implies that
∇uH

k
opt
ε ,kε

k
opt

ε

converges to
∇uref

k�
uniformly with respect to the choice of the minimizer k

opt

ε . We

thus have a similar uniform convergence of
}∇uH

k
opt
ε ,kε

}L2pDcq

k
opt

ε

to
}∇uref}L2pDcq

k�
. In view of (3.67), we also have

a uniform convergence of }∇uH
k
opt
ε ,kε

}L2pDcq to }∇uref}L2pDcq. These two properties imply a uniform convergence

of k
opt

ε to k�. This concludes the proof of Lemma 3.10.

Lemma 3.11. Consider Jε,H defined by (3.65), and consider some neighborhood K � pc�, c�q of k� with c� ¡ 0.
Then, for any derivation order m ¥ 0, there exists Cm such that, for any ε, any H ¡ 0 and any k P K,����BmJε,HBk

m pkq

���� ¤ Cm. (3.84)

Proof. We first show (3.84) for m � 0, i.e. on the function Jε,H itself. We recall that (3.4) is the Euler-Lagrange
equation of the following minimization problem (which is exactly (2.16) with h � 0):

inf

"
EpuH , quεq, uH P VH , uHpxq � x1 on Γ,quε P H1pDc YDf q, CpuH � quε, φHq � 0 for any φH PW enrich

H

*
,

where the energy E and the constraint function C are defined by (2.4) and (2.5). Making the choice uHpxq � x1

in D YDc and quεpxq � x1 in Dc YDf , we obtain

EpuH
k,kε

, quε,k,kεq ¤ E
�
uHpxq � x1, quεpxq � x1

�
,
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and therefore»
D

k
���∇uH

k,kε

���2 � 1

2

»
Dc

�
k
���∇uH

k,kε

���2 � kε∇quε,k,kε �∇quε,k,kε	
�

»
Df

kε∇quε,k,kε �∇quε,k,kε ¤ k |D| �
k

2
|Dc| �

1

2

»
Dc

kεe1 � e1 �

»
Df

kεe1 � e1.

Using that kε is uniformly bounded and coercive and that we have chosen k P K, we obtain»
DYDc

|∇uH
k,kε

|2 ¤ C0, (3.85)

for some constant C0 independent of ε, H and k P K. This directly implies (3.84) for m � 0.
We next show (3.84) for m � 1. We begin by writing that

BJε,H

Bk
pkq � 2

»
DYDc

�
∇uH

k,kε
� e1

�
�∇uH,1

k,kε
(3.86)

with uH,1
k,kε

�
BuH

k,kε

Bk
. To compute this derivative, we recall that puH

k,kε
, quε,k,kε , ψHk,kεq P V DirBC

H �H1pDcYDf q �

W enrich
H is the unique solution to the variational formulation (3.4). Introducing qu1

ε,k,kε
�
Bquε,k,kε
Bk

and ψH,1
k,kε

�

BψH
k,kε

Bk
and differentiating (3.4) with respect to k, we obtain that uH,1

k,kε
P V 0

H , qu1
ε,k,kε

P H1pDc Y Df q and

ψH,1
k,kε

PW enrich
H are such that

$'''&'''%
@vH P V 0

H , Akpu
H,1

k,kε
, vHq � CpvH , ψH,1

k,kε
q � �A1pu

H
k,kε

, vHq,

@qv P H1pDc YDf q, qAkεpqu1
ε,k,kε

, qvq � Cpqv, ψH,1
k,kε

q � 0,

@φH PW enrich
H , CpuH,1

k,kε
� qu1

ε,k,kε
, φHq � 0,

(3.87)

where the bilinear form A1, defined by (3.23), reads

A1pu, vq �

»
D

∇upxq �∇vpxq � 1

2

»
Dc

∇upxq �∇vpxq.

Taking vH � uH,1
k,kε

and qv � qu1
ε,k,kε

in (3.87), adding the first two lines and using the third line with φH � ψH,1
k,kε

,

we get

Akpu
H,1

k,kε
, uH,1
k,kε

q � qAkεpqu1
ε,k,kε

, qu1
ε,k,kε

q � �A1pu
H
k,kε

, uH,1
k,kε

q,

and hence

k

2
}∇uH,1

k,kε
}2L2pDYDcq

¤ }∇uH
k,kε

}L2pDYDcq }∇u
H,1

k,kε
}L2pDYDcq,
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which implies

}∇uH,1
k,kε

}L2pDYDcq ¤
2

k
}∇uH

k,kε
}L2pDYDcq. (3.88)

Collecting this bound with (3.85), we deduce that

}∇uH,1
k,kε

}L2pDYDcq ¤ C1, (3.89)

for some constant C1 independent of ε, H and k P K. Collecting (3.86), (3.85) and (3.89), we infer (3.84) for
m � 1.

To proceed with higher-order derivatives, we again differentiate (3.87) with respect to k. We observe that

uH,2
k,kε

�
B2uH

k,kε

Bk
2 P V 0

H , qu2
ε,k,kε

�
B2quε,k,kε
Bk

2 P H1pDc YDf q and ψH,2
k,kε

�
B2ψH

k,kε

Bk
2 PW enrich

H are such that

$'''&'''%
@vH P V 0

H , Akpu
H,2

k,kε
, vHq � CpvH , ψH,2

k,kε
q � �2A1pu

H,1

k,kε
, vHq,

@qv P H1pDc YDf q, qAkεpqu2
ε,k,kε

, qvq � Cpqv, ψH,2
k,kε

q � 0,

@φH PW enrich
H , CpuH,2

k,kε
� qu2

ε,k,kε
, φHq � 0.

In a similar fashion as (3.88), we deduce that

}∇uH,2
k,kε

}L2pDYDcq ¤
4

k
}∇uH,1

k,kε
}L2pDYDcq,

and thus, in view of (3.89), that

}∇uH,2
k,kε

}L2pDYDcq ¤ C2, (3.90)

for some constant C2 independent of ε, H and k P K. Diffentiating (3.86) yields

B2Jε,H

Bk
2 pkq � 2

»
DYDc

�
∇uH

k,kε
� e1

�
�∇uH,2

k,kε
� 2

»
DYDc

��∇uH,1
k,kε

��2. (3.91)

Inserting (3.85), (3.89) and (3.90), we deduce (3.84) for m � 2. We can of course proceed likewise for larger
values of m. This concludes the proof of Lemma 3.11.

For each ε ¡ 0, and under assumptions (3.50) and (3.59), we know from Theorem 3.6 that there exists at

least one optimal constant coefficient k
opt

ε minimizing (3.1). In the limit εÑ 0, assumptions (3.50) and (3.59)
are satisfied, and we have shown in Theorem 3.8 that this optimal coefficient converges to k�. We now show
a uniqueness result for small enough ε. As above, we directly take the limit h Ñ 0 and consider minimizers

k
opt

ε pHq of (3.66).

Theorem 3.12. Let kε be given by (1.4) for some fixed periodic coefficient kper that satisfies the classi-
cal boundedness and coercivity conditions (1.2). We make the regularity assumption (2.1) and the geometric
assumption (2.2), and again formally set h � 0.

Then, for any H ¡ 0, there exists some ε0pHq ¡ 0 such that, for any ε ¤ ε0pHq, there exists a unique optimal

coefficient k
opt

ε pHq to the optimization problem (3.66).
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Proof. We start by choosing some neighborhood K � pc�, c�q of k� with c� ¡ 0 (say K � pk�{2, 2 k�q) and we
know, in view of Lemma 3.10, that there exists some ε0pHq ¡ 0 such that, for any ε ¤ ε0pHq, all the optimal

coefficients k
opt

ε pHq (the existence of at least one of those has been shown in Thm. 3.6) belong to K. To make

notations lighter, we keep the dependency of k
opt

ε pHq with respect to H implicit, and thus denote these optimal

coefficients by k
opt

ε . The proof falls in three steps.
Step 1. In view of (3.91), we have

B2Jε,H

Bk
2 pk

opt

ε q � 2

»
DYDc

�
∇uH

k
opt
ε ,kε

� e1

�
�∇uH,2

k
opt
ε ,kε

� 2

»
DYDc

��∇uH,1
k
opt
ε ,kε

��2. (3.92)

We are going to pass to the limit εÑ 0 in that equation.
We have shown in Section 3.4.2 that uH

k
opt
ε ,kε

converges (strongly in H1pD YDcq) to uH� with uH� pxq � x1.

We now study the limit of uH,1
k
opt
ε ,kε

when ε Ñ 0. In view of (3.89) and the fact that uH,1
k
opt
ε ,kε

pxq � 0 on Γ,

we see that uH,1
k
opt
ε ,kε

is bounded in H1pD YDcq. In view of (3.87) (written for k � k
opt

ε ) and proceeding as in

Section 3.3.1, we show that the sequence qu1

ε,k
opt
ε ,kε

(resp. the sequence ψH,1
k
opt
ε ,kε

) is bounded in H1pDc Y Df q

(resp. in H1pDcq), independently of ε. We are then in position to use Corollary 3.3 and obtain that the limit

puH,1� , qu1
�, ψ

H,1
� q of the solution puH,1

k
opt
ε ,kε

, qu1

ε,k
opt
ε ,kε

, ψH,1
k
opt
ε ,kε

q to (3.87) is actually the solution to the following

system: find uH,1k�,k� P V
0
H , qu1

k�,k� P H
1pDc YDf q and ψH,1k�,k� PW

enrich
H such that

$''&''%
@vH P V 0

H , Ak�pu
H,1
k�,k� , v

Hq � CpvH , ψH,1k�,k�q � �A1pu
H
� , v

Hq,

@qv P H1pDc YDf q, qAk�pqu1
k�,k� , qvq � Cpqv, ψH,1k�,k�q � 0,

@φH PW enrich
H , CpuH,1k�,k� � qu1

k�,k� , φ
Hq � 0.

(3.93)

This result will be useful for Step 2 below.
Turning next to uH,2

k
opt
ε ,kε

, we infer from (3.90) and the fact that uH,2
k
opt
ε ,kε

pxq � 0 on Γ that uH,2
k
opt
ε ,kε

is bounded

in H1pD YDcq. Since it belongs to the finite dimensional space V 0
H , it converges to some uH,2� .

We are then in position to pass to the limit εÑ 0 in (3.92), and obtain that

lim
εÑ0

B2Jε,H

Bk
2 pk

opt

ε q � 2

»
DYDc

�
∇uH� � e1

�
�∇uH,2� � 2

»
DYDc

��∇uH,1k�,k�

��2 � 2

»
DYDc

��∇uH,1k�,k�

��2, (3.94)

where we have used that uH� pxq � x1.

Step 2. We now show by contradiction that ∇uH,1k�,k� does not identically vanish in D YDc. If this is the case,

using that uH,1k�,k� vanishes on Γ, we obtain that uH,1k�,k� � 0 in D YDc. We also infer from the first line of (3.93)
that

@vH P V 0
H , A1px1, v

Hq � CpvH , ψH,1k�,k�q � 0.

Arguing as in the proof of Lemma 3.4 (see (3.19) and (3.27)), we get that

ψH,1k�,k� � τ ψ0 � p1� τqΠHpψ0q,
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where we recall that the projection ΠH is defined by (3.24) and where the constant τ will be determined later.
The second line of (3.93) yields (compare with (3.29)) that

qu1
k�,k� � λ�

τ

k�
qu1 �

1� τ

k�
qu2,

where λ P R is an arbitrary constant and where we recall that qu1 and qu2 are defined by (3.28).

Using φH � 1 in the third line of (3.93) and that uH,1k�,k� � 0 implies that λ � 0. More generally, the third
line of (3.93) implies that

@φH PW enrich
H , C

�
τ

k�
qu1 �

1� τ

k�
qu2, φ

H



� 0,

and thus

Πenrich
H

�
τ

k�
qu1 �

1� τ

k�
qu2

�
� 0.

Recalling that qu1pxq � x1 and thus that qu1 PW
enrich
H , we deduce that

τ

k�
qu1 �

1� τ

k�
Πenrich
H pqu2q � 0.

We have shown in the proof of Lemma 3.4 that qu1 and Πenrich
H pqu2q are linearly independent. This implies that

τ

k�
�

1� τ

k�
� 0, which leads to a contradiction.

Step 3. Writing the Taylor expansion of Jε,H around one particular minimizer, that we denote k
opt,1

ε (and

which belongs to K, see the beginning of the proof), we obtain that, for any k P K, there exists some rk P K such
that

Jε,Hpkq � Jε,Hpk
opt,1

ε q �
pk � k

opt,1

ε q2

2

B2Jε,H

Bk
2 pk

opt,1

ε q �
pk � k

opt,1

ε q3

6

B3Jε,H

Bk
3 prkq, (3.95)

where we have used the fact that
BJε,H

Bk
pk

opt,1

ε q � 0 since k
opt,1

ε is a minimizer of Jε,H in the open set p0,8q.

Using Lemma 3.11, we know that there exists C3 such that

����B3Jε,H

Bk
3 pkq

���� ¤ C3 for any ε and any k P K. In view

of (3.94) and of the fact that ∇uH,1k�,k� does not identically vanish in DYDc, and up to choosing a smaller value
for ε0pHq (that we initially chose, we recall, at the beginning of the proof), we know that, for any ε ¤ ε0pHq,
we have

B2Jε,H

Bk
2 pk

opt,1

ε q ¥

»
DYDc

��∇uH,1k�,k�

��2 ¡ 0.

We now choose some η ¡ 0 such that pk� � η, k� � ηq � K and such that

1

2

»
DYDc

��∇uH,1k�,k�

��2 � η

3
C3 ¡ 0. (3.96)
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Using again Lemma 3.10, we obtain that, upon choosing a smaller value for ε0pHq, all the minimizers of Jε,H

(and thus in particular k
opt,1

ε ) belong to pk� � η, k� � ηq for any ε ¤ ε0pHq. Using (3.95), we see that, for any
k P pk� � η, k� � ηq,

Jε,Hpkq � Jε,Hpk
opt,1

ε q � pk � k
opt,1

ε q2

�
1

2

B2Jε,H

Bk
2 pk

opt,1

ε q �
k � k

opt,1

ε

6

B3Jε,H

Bk
3 prkq�

¥ pk � k
opt,1

ε q2
�

1

2

»
DYDc

��∇uH,1k�,k�

��2 � 2η

6
C3



,

where we have used that |k � k
opt,1

ε | ¤ |k � k�| � |k� � k
opt,1

ε | ¤ 2η. In view of our choice (3.96) of η, we obtain

that the unique minimizer of Jε,H in pk� � η, k� � ηq is k
opt,1

ε . We have also pointed out above that all the
minimizers of Jε,H belong to pk� � η, k� � ηq. This shows that Jε,H has a unique minimizer when ε ¤ ε0pHq.
This concludes the proof of Theorem 3.12.

Appendix A. Matrix-valued coefficients

We now consider the case when the homogenized coefficient k�, and therefore the constant coefficient k upon

which we optimize, is matrix-valued and symmetric: k �

�
k11 k12

k21 k22

�
with k12 � k21. Similarly to the scalar

case, we are going to show that the corresponding minimization problem (analogous to (3.1), and that we
introduce below, see (A.5)) based on the solution to the problem coupling the heterogeneous coefficient kε with

the constant coefficient k yields an optimal value k
opt

ε which itself converges (in some sense made precise below)
to k� when εÑ 0.

This appendix is organized as follows. We first revisit below (and adjust) the definition of the enriched
Lagrange multiplier space, in the current matrix-valued case. Next, in Section A.1, we also revisit and adjust
the optimization strategy aiming at computing an approximation of the homogenized coefficient k� associated to
the highly oscillatory coefficient kε. The main difference with the scalar case is that we enforce in the optimization
problem some a priori lower and upper bounds on k, for reasons discussed below. In the following Section A.2,
we establish a result for homogeneous materials which is the equivalent of Lemma 3.4 for the matrix-valued case
(see Lem. A.3). This result is critical to prove that the method indeed converges to the homogenized coefficient.

The existence of a minimizer k
opt

ε to the optimization problem (A.5) (for a fixed value of ε) is investigated in
Section A.3 (see Thm. A.4). We eventually consider the limit ε Ñ 0 and show that some components of the

optimal matrix k
opt

ε indeed converge to the corresponding components of the homogenized matrix k�: this is
our main result in the matrix-valued case, Theorem A.5 in Section A.4. The homogenized matrix k� can then
be completely determined by considering several optimization problems, as explained in Remark A.2.

We begin this appendix by first highlighting that the enriched space for the Lagrange multiplier should be
appropriately defined in this matrix case. To that aim, we proceed as in the scalar case and consider again the
solution puH , quhε , ψHq to (2.11), assume that k � k�, and take the limit h Ñ 0, ε Ñ 0 and H Ñ 0. Then the
Lagrange multiplier may be explicitly determined (see [13], Sect. 3.1): it is the solution to

$&%�∆ψ � ψ � 0 in Dc,

∇ψ � nΓc
�

1

2
pk�e1q � nΓc

on Γc, ∇ψ � nΓf
� �

1

2
pk�e1q � nΓf

on Γf .
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We of course wish to enrich the Lagrange multiplier space by functions independent of k�. Using the linearity
of the above problem, we introduce the solutions ψ0,j , j � 1, 2, to$&%�∆ψ0,j � ψ0,j � 0 in Dc,

∇ψ0,j � nΓc
�

1

2
ej � nΓc

on Γc, ∇ψ0,j � nΓf
� �

1

2
ej � nΓf

on Γf ,
(A.1)

and we get that ψ � peT1 k
�e1qψ0,1 � peT2 k

�e1qψ0,2. Note that the function ψ0,1 is identical to the enrichment
defined by (2.12).

In the spirit of (2.13), we therefore enrich the classical finite element space WH and consider

W enrich
H �WH � Span ψ0,1 � Span ψ0,2 (A.2)

instead of WH . In practice, and similarly to the scalar case, we use accurate finite element approximations of
ψ0,j , j � 1, 2. We again introduce the finite element space

Wh �
 
φh P H1pDcq, φh is piecewise affine on the fine mesh Th

(
,

and define ψh0,j PWh as the solution to the following variational formulation (compare with (2.15)):

@φh PWh, Cpψh0,j , φhq �
1

2

»
Γc

pej � nΓc
qφh �

1

2

»
Γf

pej � nΓf
qφh.

In what follows, we therefore consider the enriched space

W enrich
H,h �WH � Span ψh0,1 � Span ψh0,2 (A.3)

instead of W enrich
H . We again discretize the coupled problem (2.3) by (2.16) (which corresponds to the variational

formulation (2.17)), where W enrich
H,h is now given by (A.3). As when k is scalar-valued, the system (2.17) has a

unique solution for any positive definite symmetric matrix k.

A.1 Optimization upon the coefficient k

We start again from the optimality system (2.17) of the minimization problem (2.16): find uH P V DirBC
H ,quhε P Vh and ψH PW enrich

H,h such that$''&''%
@vH P V 0

H , Akpu
H , vHq � CpvH , ψHq � 0,

@qvh P Vh, qAkεpquhε , qvhq � Cpqvh, ψHq � 0,

@φH PW enrich
H,h , CpuH � quhε , φHq � 0.

(A.4)

Instead of (3.1), we consider, for some positive constants c� and c� fixed throughout this appendix (with
0   c�   c�), the minimization problem

Iε,H,h � inf
 
Jε,H,hpkq, k PMpc�, c�q

(
, (A.5)

with

Mpc�, c�q �
 
symmetric 2� 2 matrix k such that c� ¤ k ¤ c�

(
(A.6)
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and where Jε,H,hpkq is defined by (3.2) (as for the scalar-valued case) from the solution to (A.4).

Remark A.1. In the minimization set for (A.5), and in sharp contrast to the scalar case addressed in Section 3,
we prescribe some explicit minimal and maximal ellipticity constants. If we remove this constraint from (A.5),

it is unclear to us how to prove the existence of an optimal coefficient k
opt

ε for a fixed value of ε ¡ 0. Stated
otherwise, it is unclear to us how to extend the arguments of Sections 3.3.2 and 3.3.3 to the matrix-valued case.

Of course, since kε satisfies the uniform bounds (1.2), it is well-known that k� also satisfies the same bounds.
But there are (at least) two reasons to prefer the situation where we do not impose bounds in the minimization
set for k. First, it is an interesting theoretical result to know whether the optimization procedure spontaneously
leads to an optimal coefficient which is bounded and bounded away from zero, or whether some bounds have to
be imposed to ensure this fact. One of our conclusions in the scalar case is that the optimization procedure (3.1)–
(3.2) by itself identifies optimal coefficients which are bounded from above and bounded away from zero. The
second reason comes from the following argument. As explained in the companion numerical article [13], one of
the advantage of the approach is that, to put it in action, we do not need to have an explicit formula for kε. We
only need, essentially, to be able to compute uε solution to �div kε∇uε � f for any loading f . The knowledge
of this map f ÞÑ uε may come from running a legacy code (think e.g. of an industrial code), or may even come
from actual mechanical experiments, and does not a priori provide us with some explicit bounds on kε. However,
if we consider an optimization procedure with bounds inserted in the minimization set, then we would have to
choose some specific values for these bounds to put the approach in action, thus a practical difficulty in the
cases we have just mentioned.

Remark A.2. Note that, in sharp contrast to the case when k is scalar-valued, we can at best hope to identify
the vector k� e1 in the limit ε Ñ 0, and not the entire matrix k�. Indeed, momentarily replacing kε by its
homogenized limit k� and assuming that k e1 � k� e1 (and ignoring any space discretization), we find that the
solution to (A.4) satisfies upxq � x1 in D YDc, and hence Jpkq � 0 in that case, thus reaching the minimum
in (A.5).

In the case of matrix-valued coefficients k, we therefore need to consider both (A.4) (that is (2.16)) and (3.3)
in order to recover all the components of the matrix k�. In this Appendix A, we focus on (A.4) and thus on
recovering k� e1.

A.2 A useful technical result: the specific case of homogeneous materials

As in the scalar case, we begin our analysis by a useful auxiliary result. We first point out that the homog-
enization results stated in Lemma 3.2 (and also in Corollary 3.3, assuming there that k0 is symmetric positive
definite) still hold in the matrix case. We have never used in their proof the fact that k� or k was scalar-valued.
We now turn to extending Lemma 3.4 to the matrix case.

To that purpose, we study the following system (where, as in (3.18), we have set h � 0): for any ka and kb
in Mpc�, c�q, find uH

ka,kb
P V DirBC

H , quka,kb P H1pDc YDf q and ψH
ka,kb

PW enrich
H such that

$'''&'''%
@vH P V 0

H , Akapu
H
ka,kb

, vHq � CpvH , ψH
ka,kb

q � 0,

@qv P H1pDc YDf q, qAkbpquka,kb , qvq � Cpqv, ψH
ka,kb

q � 0,

@φH PW enrich
H , CpuH

ka,kb
� quka,kb , φHq � 0.

(A.7)

Lemma A.3. We consider (A.7) for some constant matrices ka and kb in Mpc�, c�q.
If ka e1 � kb e1, then the solution to (A.7) is uH

ka,kb
pxq � x1 in D Y Dc, quka,kbpxq � x1 in Dc Y Df and

ψH
ka,kb

�
2̧

j�1

peTj kae1qψ0,j in Dc, where ψ0,j are the Lagrange multiplier functions defined by (A.1).
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Conversely, if puH
ka,kb

, quka,kb , ψHka,kbq is a solution to (A.7) with uH
ka,kb

pxq � x1 in DYDc, then quka,kbpxq � x1

in Dc YDf , ψH
ka,kb

�
2̧

j�1

peTj kae1qψ0,j in Dc and ka e1 � kb e1.

Proof. We start by the first assertion and assume ka e1 � kb e1. We immediately get the result, recall-

ing that the system (A.7) has a unique solution and noticing that
�
uH
ka,kb

pxq, quka,kbpxq, ψHka,kbpxq	 ��
x1, x1,

2̧

j�1

peTj kae1qψ0,jpxq

�
, where ψ0,j are defined by (A.1), is a solution to (A.7).

We now turn to the second assertion and hence assume that uH
ka,kb

pxq � x1 in DYDc. The first line of (A.7)

reads as

@vH P V 0
H , Akapx1, v

Hq � CpvH , ψH
ka,kb

q � 0. (A.8)

Since ψH
ka,kb

PW enrich
H �WH � Span ψ0,1 � Span ψ0,2, we can represent it as

ψH
ka,kb

� rψH �
2̧

j�1

τj ψ0,j , (A.9)

for some τj P R and some rψH PWH .
We infer from (A.8) and (A.9) that

@vH P V 0
H , CpvH , rψHq � �Akapx1, v

Hq �
2̧

j�1

τj CpvH , ψ0,jq,

which provides us with an expression of rψH in terms of the τj and the entries of ka, using the linearity of the
problem:

rψH �
2̧

j�1

peTj kae1q rψH2,j � 2̧

j�1

τj rψH1,j , (A.10)

with rψH1,j PWH and rψH2,j PWH uniquely defined by

@vH P V 0
H , CpvH , rψH1,jq � CpvH , ψ0,jq,

@vH P V 0
H , CpvH , rψH2,jq � �Aej pv

Hq,
(A.11)

where the linear form Aej is defined by

Aej pvq �

»
D

ej �∇vpxq �
1

2

»
Dc

ej �∇vpxq.

In the sequel, we again use the H1-orthogonal projection operators to the coarse finite element spaces ΠH :
H1pDcq Ñ WH and Πenrich

H : H1pDcq Ñ W enrich
H defined by (3.24) and (3.25), where W enrich

H is now of course
defined by (A.2).
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In view of the first line of (A.11) and of the definition of ΠH , we have that rψH1,j � ΠHpψ0,jq. We next observe
that the Lagrange multipliers ψ0,j defined by (A.1) satisfy

@v P H1pD YDcq with v � 0 on Γ, Aej pvq � �Cpv, ψ0,jq.

Gathering this relation with the second line of (A.11), we see that rψH2,j satisfies the same equation as rψH1,j . We thus

have rψH2,j � rψH1,j � ΠHpψ0,jq. Inserting this relation in (A.10), we deduce that rψH �
2̧

j�1

peTj kae1 � τjqΠHpψ0,jq,

and thus

ψH
ka,kb

�
2̧

j�1

τj ψ0,j �
2̧

j�1

peTj kae1 � τjqΠHpψ0,jq, (A.12)

where the coefficients τj will be determined later.
We now turn to the second line of (A.7). Let us introduce qu1,jpkbq and qu2,jpkbq in H1pDc YDf q such that»

Dc

qu1,jpkbq �

»
Dc

qu2,jpkbq � 0 and

@qv P H1pDc YDf q, qAkb�qu1,jpkbq, qv� � Cpqv, ψ0,jq,

@qv P H1pDc YDf q, qAkb�qu2,jpkbq, qv� � C
�qv,ΠHpψ0,jq

�
.

(A.13)

In contrast to the case when kb is scalar, the functions qu2,jpkbq depend on kb in a complex manner. On the
other hand, an explicit expression for qu1,jpkbq can be easily determined. Indeed, we observe that,

@qv P H1pDc YDf q, Cpqv, ψ0,jq �
1

2

»
Dc

ej �∇qvpxq � »
Df

ej �∇qvpxq.
The functions qu1,jpkbq defined by qu1,jpkbqpxq � rpkbq

�1 ejs � x on Dc YDf have a vanishing mean over Dc and
are such that kb∇qu1,jpkbq � ej . They are hence the unique solution to the first line of (A.13).

Inserting the expression (A.12) for ψH
ka,kb

in the second line of (A.7), we obtain

quka,kb � λ�
2̧

j�1

τj qu1,jpkbq �
2̧

j�1

peTj kae1 � τjq qu2,jpkbq,

where λ P R is an arbitrary constant.
To identify the constants λ and τj , we use the third line of (A.7), that reads as: for any φH PW enrich

H ,

C

�
λ�

2̧

j�1

τj qu1,jpkbq �
2̧

j�1

peTj kae1 � τjq qu2,jpkbq � uH
ka,kb

, φH

�
� 0.

Taking φH � 1 and using that the mean over Dc of uH
ka,kb

, qu1,j and qu2,j vanishes, we get λ � 0. Now taking

φH � Πenrich
H

�
2̧

j�1

τj qu1,jpkbq �
2̧

j�1

peTj kae1 � τjq qu2,jpkbq � uH
ka,kb

�
,
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we obtain that

Πenrich
H

�
2̧

j�1

τj qu1,jpkbq �
2̧

j�1

peTj kae1 � τjq qu2,jpkbq � uH
ka,kb

�
� 0,

which reads, since qu1,jpkbq and uH
ka,kb

belong to W enrich
H , as

2̧

j�1

τj qu1,jpkbq �
2̧

j�1

peTj kae1 � τjqΠenrich
H

�qu2,jpkbq
�
� uH

ka,kb
� 0 in Dc.

Using the explicit expression of qu1,jpkbq and uH
ka,kb

, we next observe that, taking β P R2 such that pkbq
�1 β � e1,

we have uH
ka,kb

�
2̧

j�1

βj qu1,jpkbq in Dc. The above relation hence implies that

2̧

j�1

pτj � βjq qu1,jpkbq �
2̧

j�1

peTj kae1 � τjqΠenrich
H

�qu2,jpkbq
�
� 0 in Dc. (A.14)

We now claim that the four functions qu1,jpkbq and Πenrich
H pqu2,jpkbqq, j � 1, 2, are linearly independent on Dc.

In order to prove this claim, we argue by contradiction and assume that there exist real numbers γ1,j and γ2,j

such that

2̧

j�1

γ1,j qu1,jpkbq �
2̧

j�1

γ2,j Πenrich
H

�qu2,jpkbq
�
� 0 in Dc. (A.15)

Let us introduce

qw �
2̧

j�1

γ1,j qu1,jpkbq �
2̧

j�1

γ2,j qu2,jpkbq.

For any qv P H1pDc YDf q, we compute, using (A.13), that

qAkbp qw, qvq � 2̧

j�1

γ1,j
qAkbpqu1,jpkbq, qvq � 2̧

j�1

γ2,j
qAkbpqu2,jpkbq, qvq

�
2̧

j�1

γ1,j Cpqv, ψ0,jq �
2̧

j�1

γ2,j Cpqv,ΠHpψ0,jqq

� C

�qv, 2̧

j�1

γ1,j ψ0,j �
2̧

j�1

γ2,j ΠHpψ0,jq

�
.

Taking qv � qw in the equation above, we obtain that

qAkbp qw, qwq � C

�qw, 2̧

j�1

γ1,j ψ0,j �
2̧

j�1

γ2,j ΠHpψ0,jq

�

� C

�
Πenrich
H p qwq, 2̧

j�1

γ1,j ψ0,j �
2̧

j�1

γ2,j ΠHpψ0,jq

�
, (A.16)
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where the last equality stems from the definition of the projection operator Πenrich
H . We next observe that

Πenrich
H p qwq � 0, because of (A.15) and the fact that Πenrich

H pqu1,jpkbqq � qu1,jpkbq (recall that qu1,jpkbq is a linear
function on Dc YDf and thus belongs to W enrich

H ). The right-hand side of (A.16) thus vanishes. By definition

of the bilinear form qAkb , this implies that qw � pλ on Dc YDf for some constant pλ. Since the average of qw over

Dc vanishes, we obtain pλ � 0 and thus qw � 0.
We thus infer from (A.13) that, for any qv P H1pDc YDf q,

C

�qv, 2̧

j�1

γ1,j ψ0,j �
2̧

j�1

γ2,j ΠHpψ0,jq

�
� qAkbp qw, qvq � 0.

This yields
2̧

j�1

γ1,j ψ0,j�
2̧

j�1

γ2,j ΠHpψ0,jq � 0, and thus that
2̧

j�1

γ1,j ψ0,j PWH . The functions ψ0,j are solutions

to (A.1) and thus cannot be, in general, equal to finite element functions. We hence obtain that
2̧

j�1

γ1,j ψ0,j � 0,

and thus γ1,j � 0 for j � 1, 2. We then get ΠH

�
2̧

j�1

γ2,j ψ0,j

�
� 0, and thus, for any ϕH PWH ,

0 �

�
ΠH

�
2̧

j�1

γ2,j ψ0,j

�
, ϕH

�
H1pDcq

�

�
2̧

j�1

γ2,j ψ0,j , ϕ
H

�
H1pDcq

�
2̧

j�1

γ2,j Cpψ0,j , ϕ
Hq �

1

2

»
Γc

pe � nΓc
qϕH �

1

2

»
Γf

pe � nΓf
qϕH ,

where e �
2̧

j�1

γ2,j ej and where we have used the variational formulation satisfied by ψ0,j in the last equality.

Since the value of ϕH can be chosen independently on Γc and Γf , this implies that, for any ϕH PWH , we have»
Γc

ϕH e � nΓc
� 0 �

»
Γf

ϕH e � nΓf
. If e � 0, then e � nΓc

does not identically vanishes on Γc, and we obtain a

contradiction. We thus have e � 0, and thus γ2,j � 0 for j � 1, 2.
We hence have shown that γ1,j � γ2,j � 0 for j � 1, 2, which concludes the proof of our claim that the

functions qu1,jpkbq and Πenrich
H pqu2,jpkbqq are linearly independent on Dc.

We now return to (A.14) and deduce that, for j � 1, 2, we have βj � τj � eTj kae1. Recalling that β � kbe1,

we hence have shown that kbe1 � kae1. This concludes the proof of Lemma A.3.

A.3 Well-posedness of the optimization problem upon k at fixed ε

As in Section 3.3, we aim at showing the existence of a minimizer k
opt

ε of (A.5) for a fixed value of ε ¡ 0.
For that purpose, we again consider a minimizing sequence tk

n
unPN of the optimization problem (A.5), that is

a sequence k
n
PMpc�, c�q that satisfies the inequality

Iε,H,h ¤ Jε,H,hpk
n
q �

»
DYDc

��∇uH
k
n
,kε

� e1

��2 ¤ Iε,H,h �
1

n
,

where puH
k
n
,kε
, quh
ε,k

n
,kε
, ψH

k
n
,kε
q P V DirBC

H � Vh � W enrich
H,h is the solution to (A.4) for the tentative constant

coefficient k � k
n
.
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In contrast to the scalar case, the set Mpc�, c�q in which we look for the constant matrix k is compact. We

thus immediately obtain that, up to the extraction of a subsequence, k
n

converges to some k
opt

ε P Mpc�, c�q.
Moreover, since k

n
remains isolated from 0 and 8 (in the sense of symmetric matrices), the map k

n
ÞÑ uH

k
n
,kε

is continuous from Mpc�, c�q to H1pD YDcq, and thus Jε,H,hpk
n
q converges to Jε,H,hpk

opt

ε q. This shows that

k
opt

ε is a minimizer of (A.5). We hence have shown the following result.

Theorem A.4. Let kε be a symmetric matrix that satisfies the classical boundedness and coercivity condi-
tions (1.2).

For any fixed ε ¡ 0, H ¡ 0 and h ¡ 0, and for any positive constants c� ¡ c� ¡ 0, the optimization

problem (A.5) has at least one minimizer k
opt

ε pH,hq PMpc�, c�q.

A.4 Homogenized limit

We are now going to pass to the limit ε Ñ 0. Since h has to be chosen much smaller than ε, this implies
that we also have hÑ 0. For simplicity, and as in Section 3.4, we hereafter fix h � 0. For each ε ¡ 0, we know
from Theorem A.4 (which also holds true if we set h � 0) that there exists at least one optimal constant matrix

k
opt

ε (which minimizes (A.5)) with the corresponding solution puH
k
opt
ε ,kε

, quh
ε,k

opt
ε ,kε

, ψH
k
opt
ε ,kε

q P V DirBC
H �H1pDc Y

Df q �W enrich
H to the system (3.61) (where of course W enrich

H is defined in (3.61) by (A.2)).
We have assumed in (1.4) that the sequence kε is such that kε � kperp�{εq for some fixed periodic function

kper. This periodicity assumption implies that the homogenized coefficient k� exists and is constant, a fact that
we are going to use below. Similarly to the scalar case, we perform our analysis in the periodic setting but
believe that it actually carries over to more general cases (random stationary setting, . . . ).

Theorem A.5. Let kε be given by (1.4) for some fixed periodic coefficient kper that satisfies the classical
boundedness and coercivity conditions (1.2). We make the regularity assumption (2.1) and the geometric assump-
tion (2.2). We furthermore assume that the constants c� ¡ c� ¡ 0 have been chosen in (A.6) so that the
homogenized coefficient k� belongs to Mpc�, c�q.

Let k
opt

ε pH,hq be an optimal coefficient (the existence of which is provided by Thm. A.4). Then the vector

k
opt

ε pH,hq e1 converges to k� e1 when h and ε go to 0: for any H ¡ 0, we have

lim
εÑ0

lim
hÑ0

k
opt

ε pH,hq e1 � k� e1. (A.17)

We have assumed that kε � kperp�{εq where kper satisfies the boundedness and coercivity conditions (1.2).
This implies that c1 ¤ k� ¤ c2 in the sense of symmetric matrices. We can hence choose c� � c2 and c� � c1
in (A.6) and we then indeed obtain that k� PMpc�, c�q.

In the proof below, we do not make explicit in the notation the fact that the optimal coefficient k
opt

ε depends
on H.

Proof. Since k
opt

ε belongs to the compact set Mpc�, c�q, we know that, up to the extraction of a subsequence,

k
opt

ε converges to some k
opt

0 PMpc�, c�q when εÑ 0.
The constants c� and c� have been chosen so that the homogenized coefficient k� is an admissible test

coefficient in (A.5). Hence, by definition of Iε,H (which is Iε,H,h where we have formally set h � 0), we have in
particular

»
DYDc

���∇uH
k
opt
ε ,kε

� e1

���2 � Jε,Hpk
opt

ε q � Iε,H ¤ Jε,Hpk
�q �

»
DYDc

���∇uHk�,kε � e1

���2, (A.18)
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where
�
uHk�,kε , quε,k�,kε , ψHk�,kε	 is the solution to (3.4) with the constant coefficient k � k�. Since we know that�

uHk�,kε , quε,k�,kε� is the minimizer of (2.16) (with h � 0) with k � k�, we can compare its energy with that of

the particular choice
�
uHpxq � x1, quεpxq � x1

�
. Writing that

E
�
uHk�,kε , quε,k�,kε� ¤ E

�
uHpxq � x1, quεpxq � x1

�
,

we obtain, similarly as in (3.37), that ∇uHk�,kε is bounded in L2pD YDcq uniformly in H and ε. We then infer

from (A.18) that uH
k
opt
ε ,kε

is bounded in H1pD YDcq uniformly in H and ε. Proceeding as in Section 3.3.1, we

deduce that qu
ε,k

opt
ε ,kε

(resp. ψH
k
opt
ε ,kε

) is bounded in H1pDc YDf q (resp. W enrich
H ) uniformly in H and ε.

We thus know that, up to the extraction of a subsequence, uH
k
opt
ε ,kε

converges strongly in H1pDYDcq to some

uH� when εÑ 0, that qu
ε,k

opt
ε ,kε

converges weakly in H1pDcYDf q to some qu� and that ψH
k
opt
ε ,kε

converges strongly

in H1pDcq to some ψH� . We are thus in position to use Corollary 3.3, which shows that the limit puH� , qu�, ψH� q
is actually the solution puH

k
opt
0 ,k�

, qu
k
opt
0 ,k�

, ψH
k
opt
0 ,k�

q to (3.64).

We now claim that the limit uH� of uH
k
opt
ε ,kε

satisfies

uH� pxq � x1 in D YDc. (A.19)

Consider, as above, the solution
�
uHk�,kε , quε,k�,kε , ψHk�,kε	 to (3.4) with the constant coefficient k � k�. We have

shown that uHk�,kε is bounded in H1pD YDcq uniformly in H and ε, and thus converges (when εÑ 0) to some

uHk�,�. Proceeding again as in Section 3.3.1, we deduce that quε,k�,kε (resp. ψHk�,kε) is bounded in H1pDc YDf q

(resp. W enrich
H ) uniformly in H and ε. We are thus in position to use Lemma 3.2, which shows that the limit

when εÑ 0 of
�
uHk�,kε , quε,k�,kε , ψHk�,kε	 satisfies (3.5) with k � k�. In view of the first statement of Lemma A.3,

we deduce that uHk�,�pxq � x1 in D YDc. Passing to the limit εÑ 0 in (A.18), we get»
DYDc

���∇uH� � e1

���2 � lim
εÑ0

»
DYDc

���∇uH
k
opt
ε ,kε

� e1

���2 ¤ lim
εÑ0

»
DYDc

���∇uHk�,kε � e1

���2 � »
DYDc

���∇uHk�,� � e1

���2 � 0,

hence (A.19).

We hence have obtained that the constant matrix k
opt

0 is such that the solution puH
k
opt
0 ,k�

, qu
k
opt
0 ,k�

, ψH
k
opt
0 ,k�

q

to (3.64) satisfies uH
k
opt
0 ,k�

pxq � x1 in D Y Dc. Using the second statement of Lemma A.3, we deduce that

k
opt

0 e1 � k� e1, which is exactly (A.17). This concludes the proof of Theorem A.5.
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