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MATHEMATICAL ANALYSIS OF A COUPLING METHOD FOR THE
PRACTICAL COMPUTATION OF HOMOGENIZED COEFFICIENTS

OLcA GORYNINA, CLAUDE LE BRIS AND FREDERIC LEGOLL"

Abstract. We present the mathematical study of a computational approach originally introduced
by R. Cottereau [Int. J. Numer. Meth. Eng. 95 (2013) 71-90]. The approach aims at evaluating the
effective (a.k.a. homogenized) coefficient of a medium with some fine-scale structure. It combines,
using the Arlequin coupling method, the original fine-scale description of the medium with an effective
description and optimizes upon the coefficient of the effective medium to best fit the response of an
equivalent purely homogeneous medium. We prove here that the approach is mathematically well-posed
and that it provides, under suitable assumptions, the actual value of the homogenized coefficient of
the original medium in the limit of asymptotically infinitely fine structures. The theory presented here
therefore usefully complements our numerical developments of Gorynina et al. [SIAM J. Sci. Comput.
43 (2021) A1273-A1304].
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1. INTRODUCTION

The work [9] has introduced a domain decomposition approach for the specific purpose of approximating the
homogenized coefficient of a heterogeneous medium. In short, the approach consists in dividing the computa-
tional domain in two overlapping subdomains (see Fig. 1). The first, inner subdomain explicitly accounts for
the fine-scale structure. In the second, outer subdomain, an effective medium is considered. The two subdo-
mains overlap, typically over an annular layer, where both models, the fine-scale model and the effective model,
coexist. Suitable boundary conditions are imposed on the outer boundary of the domain. The bottom line of
the approach then consists in optimizing upon the coefficient of the effective medium in order to best fit the
response that would be obtained if the effective coefficient employed were the actual homogenized coefficient
corresponding to the fine scale structure. The approach thus provides a computational strategy to approximate
the homogenized coefficient which is an alternative to standard homogenization techniques. In particular, and in
the same vein as some other approaches previously proposed in the literature [7, 11, 15, 16], it does not require
computing the usual ingredients of homogenization such as corrector functions before providing an approxi-
mation of the homogenized coefficient. We refer to the companion article [13] for more details motivating the
approach of [9].
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Let us at once say that, in short, the conclusion of the mathematical study conducted herein is that the
method introduced in [9] from a purely computational perspective is mathematically sound.

In some more details, our study follows the following pattern. We work, as in [9, 13], on the simple, linear,
in divergence form diffusion equation

— div (k. V) = f, (1.1)

which is posed in €, a bounded domain of R?. We assume for simplicity of exposition that d = 2, but our
mathematical study carries over to a higher dimensional setting in a straightforward way. The practically
relevant case is of course d = 3, but we wish to spare the reader the required adjustments of our arguments.
In (1.1), the coefficient k. models the fine-scale structure of the actual medium (typically a complex material)
considered, the effective coefficient of which we aim at approaching. The parameter £ > 0, presumably small,
encodes the size of the fine-scale structure, supposedly tiny: ¢ « 1. The coefficient k. may be scalar-valued,
or matrix-valued. Our study is actually insensitive to this distinction, and we hence assume throughout our
article that k. is matrix-valued. Furthermore, we assume that k. is a symmetric matrix. This assumption
will be strongly used hereafter, e.g. to write the Euler-Lagrange equations of the optimization problem (2.3)
in the form of (2.6), and when writing the estimate (3.36). It might be possible to extend the approach to
non-symmetric settings, but this goes beyond the scope of this article.
In addition, we assume the following classical boundedness and coercivity conditions:

VEER?, ko(x)¢-€=cif¢)? and |k(2)¢] < c2)é]  ae. on Q, (1.2)

for two constants ¢; > 0, co > 0 independent from e.

The computational approach introduced in [9] and briefly outlined above can then be put in action for any
such coefficient and any value of the parameter €. In theory though, the existence of a homogenized coefficient
k*, and, foremost, the existence of a coefficient k* amenable to practical computations, so that equation (1.1)
converges in the limit of asymptotically small parameters € to a homogenized equation of the type

—div (k*Vu*) = f, (1.3)

for some homogenized coefficient k*, requires more stringent assumptions on k.. In our study, we will assume
k. is of the form

ks(f) = kpcr($/€)7 (14)

for some fixed coefficient ke, which we further assume periodic, as a prototypical case of a large class of
adequate structures for which quantitative homogenization holds. For instance, the theoretical setting and
the computational approach (see [9, 13]) carry over to the case of a random stationary coefficient k.. The
homogenized coefficient k*, which in the case (1.4) of a periodic coefficient is constant, may be, like the coefficient
k., scalar-valued or matrix-valued, the latter case being even possible despite the fact that k. is scalar-valued. In
the most part of our mathematical study below, we assume for simplicity that k* is scalar-valued. In Appendix A,
we make precise how our arguments should be modified to, for the most part, carry over to the case of a
matrix-valued homogenized coefficient.

The approach of [9] considers, to begin with, a coupling of the two equations (1.1) for the actual fine-scale
coefficient k., and

—div (kVu) = f, (1.5)

which corresponds to the homogenized equation (1.3) for a tentative value k of the, beforehand unknown,
coefficient k*. As said above, the equations are respectively posed in an inner and an outer subdomain that
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surrounds the former (see Fig. 1). The coupling is performed in an overlapping region, and encodes the fact
that the solution wu. to (1.1) agrees “on average” (the meaning of that term is made precise in (2.5)—(2.10))
with the solution % to (1.5) within the overlapping region. More specifically, the computational implementation
of this coupling is performed using the now classical Arlequin method, a popular approach in computational
mechanics, which has been introduced in [3, 5, 10, 20] and which we recall in Section 2.1 below. Suitable boundary
conditions are imposed on the outer boundary of the domain. These boundary conditions are typically linear
Dirichlet boundary conditions. The solution to the coupled system is consequently computed, using an adequate
finite element type discretization. The necessary details are presented in Section 2.2.

A cost function is then evaluated. It measures to which extent the solution obtained differs from the solu-
tion obtained for an entirely homogeneous medium. The tentative value of k is updated correspondingly (by
minimizing this cost function, see (3.1)—(3.2)) and the above process is repeated until consistency is obtained,
within the desired degree of accuracy.

Placing the computational approach described above on a sound mathematical grounding requires to
successively establish the following properties:

(i) for a fixed value of ¢, there exists an optimized value of k, denoted by Ezpt, where the cost function attains
its minimum. .
.o . 70 . .
(ii) as € — 0, the optimal value ksp converges to the homogenized coefficient k*.

In addition, the uniqueness of the optimal value Ezpt in (i) may be studied.

After presenting the computational approach in Section 2, we turn in Section 3 to the analysis of the scalar
case. We study each of the two above properties, respectively in Section 3.3 and Section 3.4 below, under
suitable, somehow classical and relatively mild assumptions. And we indeed establish they both hold true, in
Theorems 3.6 and 3.8 respectively. We next establish, in Section 3.5, the uniqueness of the optimal coefficient
Ezpt for sufficiently small values of ¢ (see Thm. 3.12).

Consequently, the approach does provide, for each size of the fine-scale structure fixed, an optimal effective
coefficient. In the limit of a vanishing size of the fine-scale structure, this optimal coefficient is unique and allows
one to identify the actual homogenized coefficient of the medium considered.

We next turn in Appendix A to the matrix-valued case, where our main results (existence of at least one

optimal coefficient Ezpt and convergence of that coefficient to k*) are Theorems A.4 and A.5. We refer to
Remarks 3.1 and A.2 below for a discussion on the fact that a single coupled problem is enough to identify the
homogenized coefficient k* in the scalar case, but that d such coupled problems are needed in the matrix-valued
case.

We conclude this introductory section by mentioning that, despite the fact that the mathematical study
presented here is restricted to the two-dimensional periodic setting, we believe that the arguments introduced
(most of which are variational in nature) are likely to carry over to a large variety of settings: random stationary
coefficients, nonlinear monotone equations, non constant slowly varying homogenized coeflicients, etc. However,
we have not pursued in those many directions, and definite conclusions are yet to be obtained.

2. PRESENTATION OF THE COMPUTATIONAL APPROACH

The purpose of this section is to present in full details our mathematical framework. We start with a coupling
strategy of an oscillating model with an effective one and briefly recall the basics of the Arlequin approach in
Section 2.1. We next turn to its discretized finite element formulation in Section 2.2.

We assume that the sequence of oscillatory functions k. is uniformly coercive and bounded (see (1.2)). For
technical reasons in the mathematical arguments below, we also assume that

kper is Holder continuous. (2.1)
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We use this assumption to have some regularity on the correctors and on some related quantities, see the
discussion below (3.11). It might be possible to relax this assumption, using e.g. the arguments of [18] for
discontinuous, piecewise constant (periodic) coefficients, at the price of additional technical arguments in some
of the proofs below. We will not pursue in that direction in this article.

2.1. Mathematical setting and formal description of the coupling method at the
continuous level

Throughout this article, we assume that the computational domain is the two-dimensional square ) =
(=L, L)? for some L > 0 (see Fig. 1).

To begin with, we choose L. and Ly such that 0 < Ly < L. < L and introduce three disjoint subdomains D,
D, and Dy of the computational domain €2 such that = D U D. U Dy. The inner subdomain Dy = (—Ly, L¢)?
explicitly accounts for the fine-scale structure (modelled by an oscillatory coefficient k). This first subdomain
is surrounded by a second subdomain D. = (—L., L.)*\[-L¢, L¢]?, where both models are simultaneously
considered: the fine-scale structure, and the effective medium (modelled by a coefficient & chosen to be constant,
since the homogenized coeflicient k* is constant in view of (1.4)). In that second subdomain, the two models are
coupled so that, in a sense made precise below, they are consistent with one another. The second subdomain is
surrounded by a third subdomain D, where only the effective medium is considered. We denote I' the exterior
boundary of D (see Fig. 1), on which we impose (non-homogeneous) Dirichlet boundary conditions, see (2.3).
We also introduce the boundaries I'y = 0Dy and I'. = d(D. u Dy).

We note that, for the sake of simplicity, we work with square domains Dy, D, u D7f and D u D, U D7f
However, one could consider more general cases with polygonal domains. In the same spirit, Dy does not need
to lie exactly in the center of D., and D, does not need to lie exactly in the center of D, nor be exactly equally
thick on each side of Dy, ...

In what follows, we assume that the boundary I'y (resp. I';) is the union of Ny straight edges (resp. N,
straight edges), where the number N (resp. N.) of edges is independent of :

rr= U & .= U &j. (2.2)
1<j< Ny Ny+1<j<N;+N.

This assumption is of course satisfied for any polygonal domains D. and Dy, including the specific case we
consider for simplicity of exposition in this article, where Dy and D, u ﬁf are square domains.
If it were to be formulated at the continuous level, the Arlequin method applied to (1.1) and (1.5) would
consist in considering the following minimization problem:
nf E(,u.), ue H(DuD.), u(xr)=z;onT, 53
o { Wi.e H(D,uDy), Cla—ii.,¢) =0 for any ¢ € H'(D,) } (23)

where the constraint function C and the energy £ are defined as follows. The energy £ is the sum of the
contributions of each of the three subdomains:

E(u,u) = % JD kVu(z) - Vau(z) + % o, ke(x) Ve (z) - Vi (x)
1

The last term in £ accounts for the energy in the domain D., where the two models co-exist and are equally
weighted (thus the factor 1/2 in the integrand). Other choices of weights are possible (and likewise other types
of coupling, besides the Arlequin volumic coupling considered here, can be envisioned), as discussed in [13]. We
will not consider them hereafter.



MATHEMATICAL ANALYSIS OF A COUPLING METHOD 5

FIGURE 1. Decomposition of the computational domain into three disjoint subdomains: a sub-
domain D where only the effective model is defined, a subdomain Dy where only the fine model
is defined and a subdomain D, where both models are defined and over which they are coupled
(the subscripts f and ¢ obviously stand for “fine” and “coupled”). Dirichlet boundary condi-
tions are imposed on the exterior boundary of D, which is denoted I" and which is represented
by black thick lines.

In (2.3), the constraint function C is defined by
Vue HY(D,), Y¢e H'(D.), C(u,¢)= f Vu-Vo+ug. (2.5)
Dc

We hence see that the constraint amounts to @ = %. on D, (and that the precise expression of C does not
matter).

However, the Arlequin approach (in this context, as well as in more general contexts) is to be put in action
at the discretized level, as we will see in Section 2.2. In the latter context, the constraint in (2.3) is transformed
in a milder constraint that only imposes that @ and . agree on average (see (2.10) below).

Remark 2.1. Alternative choices for the boundary conditions on I' in (2.3) could be made (see Rem. 3.1 below
for instance).

Remark 2.2. In (2.3) and throughout this article, the notation H'(D u D,) actually stands for the space
HY(D vy D, uT,) (where we recall that T'. = d(D. U Dy)), so that the trace on I'. of a function of that space
has the same value on both sides of I'... Likewise, the notation H'(D. u D) stands for the space H'(D.u D) =
HY(D.u Dy uTy) (where we recall that 'y = dDy).

It is easy to show (upon considering minimizing sequences and using the strong convexity of £) that, for any
positive definite symmetric matrix %, problem (2.3) has a unique minimizer.

Solving the minimization problem (2.3) is equivalent to solving the following variational formulation: find
ue HY(D v D,.) with u(z) =z on T, %i. € H(D. u Dy) and ¢ € H'(D,) such that

Yoe VO, Ar(u,v) + C(v,9) = 0,
Ve HY(D, u Dy), Ay, (iic,7) —C(,¢) =0, (2.6)
V¢GH1(DC)ﬂ C(ﬂ_1\2€7¢) :07

where

Vl={veH(DuUD,), v(x)=0o0nTl},
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and where the bilinear forms ZE and A'ki are respectively defined by

Ar(u,v) = JDEVE(Z’) -Vo(z) + %J kVa(z) - Vo(x), (2.7)
A (1, 7) = ; fD ke () Vii(z) - Vi(z) + fD ke(z) Vii(z) - V(). (2.8)

Of course, the three components u, . and % of the solution to (2.6) all depend on e. To keep the notation
light, we have made this dependency explicit only for %. to recall that this function oscillates at the scale ¢
(in contrast to w and v, which are meant to be coarse-scale functions, and that will be discretized on a coarse
mesh, see Sect. 2.2 below).

Although we will not specifically use this form, it is illustrative to write the strong form of the optimality
system (2.6):

(—div (kVa) =0 in D,
~5div (V7)) =AY 44 =0 inD,,

1
—5div (k-Vie) + AY =9 =0 in D,

—div (k. Vi) = 0 in Dy,
(T = e in De,
with the boundary conditions
1— _
<2k (Vﬂ) |DC + (V,(/}) |Dc> ‘nr, = (k (Vﬂ) |D) *nr. on FC7
1 .
(st (Vi) |, — (V) |DC> np, =0 on T,
(1=
<2k(Vu)|DC +(V¢)|DC) ‘np, =0 onI'y,
1 o -
Ske (Vi) [, = (Vo) |, ) - e, = (k (Vii.) |Df) -np, onTy,
u(x) = o1 on T

Here we have denoted by nr_ (resp. nr,) the unit normal vector outward to D, on the boundary T, (resp. I'y).
We have also denoted by (V.

in the domain Dy.

We now turn to the discretization of the above problem. We will work throughout this article with the
discretized form, which is the practically relevant version of the problem. We emphasize that, in the absence
of any discretization, the approach of [9] does not yield the value of the homogenized coefficient, as shown
in Section 2.2 of [13]. If we couple the heterogeneous and the homogeneous models as in (2.3) and next optimize
upon k as explained in Section 3.1 below, we indeed obtain a value which is different from the homogenized
coefficient k* we seek, even after passing to the limit & — 0.

) | p, "y the normal trace on the boundary I'y of Vi, seen as a function defined

2.2. Discretization

We introduce a coarse mesh Ty (of mesh size H > 0) in the subdomains D and D, and a fine mesh 7j, (of
mesh size h > 0) in the subdomains D, and Dy (see Fig. 2). We assume that the coarse meshes of D and D, are
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FIGURE 2. A coarse (resp. fine) mesh is used in D u D, (resp. D, U Dy).

consistent with one another on T'., namely that they match on the interface (and likewise for the fine meshes
of D, and Dy on the interface I'y). We also assume that, in D,, the fine mesh is a submesh of the coarse mesh.
We next introduce the corresponding finite element spaces:

Vg = {uH € HI(D v D,), ufl is piecewise affine on the coarse mesh ’TH} ,
Vi, = {uh e HY(D. u Dy), u” is piecewise affine on the fine mesh ﬁ} ,
Wy = {¢H e HY(D,), ¢ is piecewise affine on the coarse mesh TH} .

For simplicity of the exposition, we work with Py finite elements. Other choices of finite element spaces are
however possible mutatis mutandis for our arguments below.

The fine mesh size h is assumed to be adjusted so that the discretization in h accurately captures the
oscillations of k. (a typical choice is h ~ £/10). The corresponding discrete problem is therefore expensive to
solve. In contrast, the coarse mesh size H can be chosen independent of ¢, and therefore satisfies H » h. The
corresponding cost of the macro problem can thus be neglected.

The minimization problem (2.3) is then approximated by

inf g(ﬂHafE?L ﬂH € VHa EH(x) = 1 on F; (2 9)
in , .
ul eV, c@? —ul, o) =0 for any ¢ € Wy
where the energy £ and the constraint function C are defined by (2.4) and (2.5). Similarly to (2.3), problem (2.9)
has a unique minimizer.
In sharp contrast to our observation on (2.3) above, we now observe that the constraint

C@ —al ¢y =0 for any ¢ € Wy (2.10)

encodes that, on D,, @ is the projection (in the sense of the scalar product of H'(D,), in view of the expression
of C) of u" (itself a piecewise affine function on the fine mesh 7},) on piecewise affine functions on the coarse
mesh 7z. In that sense, on D, u*’ and 62 agree with one another on average.

Remark 2.3. Of course, if the constraint in (2.9) is enforced for any ¢" € W), namely any piecewise affine
function on the fine mesh Ty, then the constraint implies @ = @ in D.. We recover a strong (and harmful)
constraint as if we were to consider the continuous Arlequin problem (2.3).
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We refer to Section 5.1 of [4] and Section 4.1 of [5] for a discussion and numerical results showing that

writing the constraint using a L?(D,) scalar product, i.e. J (ﬂH — 17?) ¢ = 0 for any ¢ € Wy (rather than

a HY(D,) scalar product as in (2.10)), leads to inconsistent results.

Solving the minimization problem (2.9) is equivalent to solving the following variational formulation: find
utl € VHD”BC, ﬂ? € Vj, and ¢ € Wy such that

vofl e Vi, Azt o) + c@?,¢H) =0,
Vﬁh € Vha A/ks (ﬂg’ijh) - C(ﬁh’wH) = 07 (211)

Vd)H EWH> C(EH _ﬁgad)H) =0,
where the bilinear forms Ay and Ay, are respectively defined by (2.7) and (2.8) and where

VRIBC — (v e Vi, w(z) =z on T},

Vi=1{veVyg, v=0onT}.

In general, the solution (@ ,u",yf) to (2.11) is not analytically known. In the limit 4 — 0, € — 0 and

H — 0, however, and if we temporarily assume that k* is a scalar and k = k*, then the Lagrange multiplier
may be explicitly determined (see [13], Sect. 3.1). It is given by 1 = k* 1)g where g is the solution to

—AyYg+ 1P =0 in D,

1 1 (2.12)
v1/)0'nr‘c=§61'nr‘c onI., V¢o-npf=—§el-npf on I'y.
Following [13] and our detailed comments therein regarding consistency of the computational approach, we
enrich the classical finite element space Wy and consider

WI(}nrich — WH + Span wo (213)

instead of Wy . In practice, ¥y is of course not analytically known for general domains and we therefore use
an accurate finite element approximation of 1)g. More precisely, the solution 1y € H'(D,) to (2.12) satisfies the
following variational formulation:

1 1
Ve HID),  Clnd) = | (rnr)o—j [ (erenr)o. (214)
2 Jp. 2 Jr,
We introduce the finite element space

Wy = {qSh e HY(D.), ¢" is piecewise affine on the fine mesh ’E} ,

and define 1/18 € W}, as the solution to the following variational formulation:

1 1

ot e Wi, C(vg,9") =3 f (er-nr,)¢" =5 L (e1 - nr,) 6" (2.15)
f

c

For technical reasons that will be apparent below (see (3.46)), it is convenient to manipulate an approximation
of ¢y which is a piecewise affine function on the fine mesh 7 used to discretize .. This motivates the choice
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of approximating ¥y in W}, and not in another finite dimensional space. Of course, standard finite element
arguments show that ¥ converges in H'(D,) to 1o when h — 0. Note also that the computation of ¥{ has only
to be performed once, independently of the number of iterations to solve the minimization problem described in
Section 3.1 below. The additional cost can thus be neglected. In what follows, we therefore consider the enriched
space

WEPHN = Wy + Span 1)

instead of Wgprich,

As shown in Section 3.1 of [13], the enrichment of the Lagrange multiplier space turns out to be very beneficial
from the computational point of view. From the theoretical point of view, and as mentioned above, the enriched
approach is now consistent, in the sense that we are enlarging the discretization space so that the exact solution
(at convergence ¢ — 0) of the problem belongs to that space (see also Rem. 3.5). Moreover, we underline that
our analysis below (see in particular Lem. 3.4 and Sect. 3.4) critically uses the fact that we work with the
enriched space Wl (or Wenrich if we set h = 0). Our current arguments do not go through if we were to
work with Wg. ’

Thus, instead of discretizating (2.3) in the form of (2.9), we consider hereafter the following enriched
minimization problem:

inf{ E@ al), u?eVy, u(x)=x,o0onT, } ’ (2.16)

'I\ig € Vh7 C(HH - ’1\227 ¢H) = O for any ¢H (=] Wgnzich

where the energy £ and the constraint function C are defined by (2.4) and (2.5). The corresponding variational
formulation reads as: find @l € VRBC ik e Vj, and o € Wﬁ,‘jﬁmh such that

voll e V), Az (@ o) + c@f ) = 0,
Vih € Vha A/ks (ﬂgaijh) - C(ﬁh’wl‘[) = 07 (217)
Vofl e wipih, (" —al, o) = 0.

We keep denoting the Lagrange multiplier by 1/ (and not ¢>") since it is meant to be a coarse-scale function.
Similarly to (2.11), system (2.17) has a unique solution for any positive definite symmetric matrix k.

3. CASE OF SCALAR-VALUED COEFFICIENTS k* AND k

In this section, we address the case where the homogenized coefficient k* and the tentative coefficient k
upon which we optimize are scalar quantities. The periodic checkerboard (see e.g. [2]) is a well-known and
illustrative example for which £* is indeed scalar (note although, strictly speaking, that it does not entirely fall
within the setting of this article because the technical assumption (2.1) on Holder regularity is not satisfied).
The study of the general case (when k* is matrix-valued) is postponed until Appendix A. We recall that, for
the well-posedness of the mathematical problem (1.1) (and similarly of (2.16)), the sequence of oscillatory
(matrix-valued) functions k. is assumed to be bounded and bounded away from zero uniformly in € (see (1.2)).

This section is organized as follows. We first recall in Section 3.1 the optimization strategy (see (3.1) below)
introduced in [9] and which aims at computing an approximation of the homogenized coefficient k* associated
to the highly oscillatory coefficient k.. Second, in Section 3.2, we state some important technical properties of
the coupling system (2.16) that are required for our analysis. Third, we study the optimization problem (3.1):

— we first establish the existence of an optimal coefficient E‘;pt for a fixed value of € > 0 (see our first result,
Thm. 3.6 in Sect. 3.3).
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— we then consider the limit ¢ — 0 and show that any optimal coefficient Ezpt indeed converges to the
homogenized coefficient k* (see our second result, Thm. 3.8 in Sect. 3.4).

— we eventually show that the minimizer to (3.1) is unique when ¢ is sufficiently small (see our third result,
Thm. 3.12 in Sect. 3.5).

These results prove, at least in this scalar setting, that the approach is certified theoretically.

3.1. Optimization upon the coefficient k

We first recall the optimization strategy introduced in [9]. Formally, the heterogeneous coefficient k. in (2.16)
can be replaced by its homogenized limit k£*, which is a constant coefficient in view of the periodicity assump-
tion (1.4). It is then clear that, if k¥ = k*, then the response of the material is linear (i.e. w’(z) = ; in D U D,.),
because the whole domain is modelled by a constant coefficient and because of the particular boundary con-
ditions considered in (2.16). As shown in Lemma 2.1 of [13] (in the absence of any spatial discretization) and
in Lemma 3.4 below (when taking into account mesh discretization), the converse is also true: if the response
of the material is linear (i.e. if w” () = x; in D U D,.), then the material is homogeneous and k = k*. This
motivates the idea to compare the solution @ to (2.16) with the reference solution s defined by tpef(x) = 7.
Optimizing upon the coefficient k in order to best fit a linear field uys(z) = 1 is thus a way to enforce that
k= k*.

We may achieve that by considering the minimization problem

Ie,H,h = inf {JE,H,h(E)7 EE (0,00)}7 (31)
with

Jemn(k) = JD . Val, = Vue|* = JD . vall, — e’ (3.2)

Here ey is the first canonical vector and (ﬂgk ,ﬂgz L
explicit the dependency of the solution with respect to the tentative coefficient k& and the oscillating coefficient

k.. Of course, ﬂgk depends on ¢ and on the mesh sizes H and h used in (2.17), thus the subscripts in the

,¢£k ) is the solution to (2.17) where we have made

notation Jg g j.

Remark 3.1. The reference solution u,.s that we consider in (3.2) depends on the boundary conditions imposed
in the Arlequin problem. For instance, another possibility is to consider the following minimization problem,
analogous to (2.16):

. 3.3
b eV, C@? —ul, ¢f) =0 for any ¢ € Wf;jzmh (3:3)

. { E(EH, ﬁ?)a e Vh, ﬁH(x) =z onl, }
inf ,
where we recall that I' is the external boundary of D, see Figure 1. Of course, in this case, we should compare
the solution @ to (3.3) with the reference solution uye(z) = 2 and thus modify the objective function in (3.1)

as

— _ 2

Jemn (k) = J |Var - e

DuD, e

We also note that, for the case of a matrix-valued coefficient k* € R?*2, in order to recover all the components
of k*, we have to consider both problems (2.16) and (3.3) (see Rem. A.2).
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Note that, in (3.1), we impose neither that & is bounded from above nor that k is bounded away from zero.
Our proof of existence of a minimizer actually shows that we do not need to impose such bounds, provided two
conditions (namely (3.50) and (3.59)) are satisfied. These conditions can be checked using minimizing sequences
of (3.1), and we show below that they in particular hold whenever h and ¢ are sufficiently small.

It is also possible to enforce on k in (3.1) the bounds (1.2) satisfied by k. and proceed with the mathematical
study (see Rem. 3.7). A corresponding algorithm can be designed. We refer to Remark A.1 below for a discussion
of this variant and do not proceed in this direction in the current scalar case.

3.2. Two useful technical results

We collect here two technical results that are useful for our analysis below.

3.2.1. Auxiliary homogenization result

We temporarily assume that h = 0 and consider the following system for some fixed k € (0, o0): find ﬂg r €
VEBC u_ k. € HY(D. v Dy) and wgk e Weprich guch that

Vol e V), Ap@Z, o) +c@ l ) =0,
Vi e H' (D, v Dy), Ay (t.7,,.9) —C@H v ) =0, (3.4)
Voll e Wiprich, Cus, —i g 0" =0,

where we recall that WErich is defined by (2.13). The system (3.4) corresponds to (2.17) where we have omitted
the fine mesh discretization (and thus formally set h = 0). On _purpose, we have made explicit the dependency
of the solution to (3.4) with respect to the constant coefficient & and the oscillatory coefficient k.. Our aim is to

pass to the limit & — 0 in (3.4). To that aim, we introduce the bilinear form Ay (compare with (2.8)) defined
by

A (5,9) = 5 f k* Vii(z) - Vi(z) + JD k* Vii(z) - Vi(z).

Lemma 3.2. Let k € (0,00) and k. be given by (1.4) for some fized periodic coefficient kpex that satisfies the
classical boundedness and coercivity conditions (1.2). We make the reqularity assumption (2.1) and the geometric
assumption (2.2).

Consider the solution (ﬂgks’ﬁsﬁka’d)gkg) to (3.4) and assume that there evists Ul € VRBC iy e HY(D. u
Dy) and ¢t € Wenrich guch that Hgks — @t strongly in H'(D U D,), U, %, — Uo weakly in HY(D.u Dy) and

Ufgk — &t strongly in HY(D,.) when ¢ — 0.

Then (g, ) is actually equal to (ﬂgkwﬂﬁk*ﬂ/’%{k*% that is the solution to the following system:

vt e vy, Ap@@d o) +C@ gl ) =0,
Ve HY(Do U Dy), A (lig 4, 0) — C(, ¢ ) =0, (3.5)
Vol e Weprich, Cuy,. =l 4, ™) = 0.

Note that we have assumed that the Lagrange multiplier zbg . strongly converges in H'(D,). This is a critical

assumption. We indeed face a difficulty if we only assume that it weakly converges in H*(D,) (because we use
a test function ¥ which itself depends on €, see (3.7) below, and only weakly converges in H'(D,); passing to
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the limit in the last two terms of (3.6) would then be difficult under the only assumption of weak convergence

of zbgka).

Corollary 3.3. We make the same assumptions as in Lemma 3.2, except that we now consider a sequence k.
of constant coefficients (instead of a constant coefficient k independent of €), with k. € (0,00) for any ¢ and
such that k. converges to some ko € [0, 0) when e — 0. Then the conclusion of Lemma 3.2 still holds, with k
replaced by ko in (3.5). In the case ko = 0, (@ U, k*,uko k*,z/)k k*) is simply a solution (rather than the solution)

o (3.5).

The proof of Corollary 3.3 can be performed using exactly the same arguments as in the proof of Lemma 3.2.
We therefore skip it.

Proof of Lemma 3.2. The second line of (3.4) explicitly reads as

1
Vi e H (D, u Dy), if keVii, 5 . -vmf keVil, 1 . -W—f Vi, -W—f v, T=0. (3.6)
D, Dy D, D.

Tt is not straightforward to pass to the limit € — 0 in the first two terms of (3.6), because both k. and Vﬁgﬁ k.
only weakly converge. This is a classical homogenization issue (we refer e.g. to [6, 8, 14, 22] and Chapter 1
of [1] for classical textbooks on homogenization). To address this difficulty, we are going to use the oscillating
test function method. To simplify the notation, we temporarily denote 1\25,%,,@5 by .. We start by choosing an
appropriate test function ¥ in (3.6), namely

v(x) ) +e Z Oip(x) wi(x/e), (3.7)

where ¢ € C*(D,. v Dy) is arbitrary and w; is the periodic corrector function associated to the i-th coordinate
vector e;, namely the solution (unique up to the addition of a constant) to

— div (kper(€; + Vw;)) =0 in R?, w; is periodic. (3.8)

With this particular test function (3.7) and using integrations by parts, the first term in (3.6) writes
2 2
f k. Vi, - V5 = f k.Vii. - Vi + 2 J Oip b Vit - Vun(-/e) + £ Z f wi(+/2) k. Vi, - iV
DC . .
:_ZJ Ue O;p div [k (e; + Vw;(-/€))] ZJ Ue ke (e; + Vw;(+/€)) - 0; Ve
i=1
+ZJ Ue O;p [ke (e; + Vw;(-/€))] - nr, +ZJ e Oip [ke (ei + Vwi(-/¢))] - nr,
+e Z f w;(-/¢) kViiz - 8;Vep. (3.9)

We now successively pass to the limit in each term of the right-hand side of (3.9). The first term vanishes
because of (1.4) and the corrector equation (3.8). The limit of the second term is identified using the fact that
the weak convergence of @i, in H'(D, u Dy) implies, up to the extraction of a subsequence (that we do not
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make explicit in the notation), its strong convergence in L?(D. u Dy). We thus obtain

e—0

lim Z f Ue ke (e; + Vw;(+/e)) - 0,V = Z J, g k*e; - 0;Vp, (3.10)
=1
where the homogenized coefficient £* reads as
k*ei = J kper (ei—i—Vwi), i=1,2.
(0,1)2

The last term of the right-hand side of (3.9) converges to zero, using the Cauchy-Schwarz inequality and the
fact that Vi, is bounded in L?(D,), k. is bounded in L*(D,) in view of assumption (1.2) and w; € L*((0,1)?)
is periodic.

There now remains to show that we can pass to the limit in the two boundary integrals of the right-hand
side of (3.9). For this purpose, we introduce the two vector fields

Gi = kper (ei + le) - k*ei, i = 1,2,

which are periodic, divergence-free and of zero mean. In the two-dimensional setting, there hence exist (see
e.g. [14], p. 6) two periodic functions «; of zero mean such that

Gi=< O s ) i=1,2. (3.11)

—6_%1 (673

In view of the Hélder continuity (2.1) we have assumed on the coefficient kper, we know from (3.8) and elliptic
regularity theory that Vw; is Holder continuous (see [12]), thus G; is also Holder continuous and we have that
a; € C1(R?), a property that we will use in (3.17) below.

Under the assumption (2.2) that the boundaries I'y and I, are unions of straight edges, namely I'y = U €;

1§jSNf
and I, = U €;, we may consider, without loss of generality, the third and fourth terms of the
Ny +1<j<N;+N,
right-hand side of (3.9) as a boundary integral on an edge € € {€;}1<j<n;+n,.. We then write
ﬁﬁg 0ip [k (e; + Vw;(-/e))] - ne = ﬁ(ﬂs — o) 03 [ke (€; + Vw;(-/e))] - ne
+ | o0 [k (es + Tun(/2))] - (3.12)
e

where ng is a unit vector orthogonal to the edge €. We now use the fact that the trace operator is linear and
continuous from H'(D. u Dy) to H'?(2) and that the injection H'/2(2) < L?(2) is compact to obtain that .
strongly converges to Uy in L?(€). Since kper (€; + Vw;) is continuous and bounded in R?, we obtain that the
first term of the right-hand side of (3.12) goes to 0 when € — 0.

Using (3.11), we recast the second term of the right-hand side of (3.12) as

L i i [z (e + Vwi(-/))] - ng = fu Oip k™ e i+ f” Ou ( —aéila 5#%2) ) e

= ﬁi\zo (%gpk* €; 'ng-i-ﬁao 6i¢67éai(-/e), (313)
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where 0, is the tangential derivative (in the direction of the edge €) of the function «;.
We now claim that the last term in the right-hand side of (3.13) goes to 0 when ¢ — 0, that is

hH(l]f 1\20 @w 675041-(-/5) = 0. (314)

We prove this result using an interpolation argument similar to the one used in the proof of Lemma 4.6 in [17].
Suppose momentarily that %y € H*(¢). Using an integration by parts, we have

ﬁ o 1p Orpcu(-/€) = [t dup i(-/2)] | — aﬁax-/s) -, (o 01p)

and therefore, using that «; € C1(R?) is a periodic function (and thus bounded) and that the injection H'(¢)
o (5) is continuous, we obtain

JN,I\ZO aiQD 6Téai(-/5)

< e lailloore) (2 G0l oz 10l 0o ) + 2 1Tl 1 @) 19spll 1 @)
< Celai|cows)llto] @) |0:¢] 1 () (3.15)

for some constant C' independent of €. On the other hand, using simply that %y € L?(€), we have

NT\ZO (%go 6Téai(-/e)

< [Vai|come)|[tol 2@ [0ip] L2 @)- (3.16)

In the statement of Lemma 3.2, we have assumed that @iy € H'(D, u Dy), which implies that i, € H'/?(2). By
interpolation between (3.15) and (3.16), we thus obtain

Luoasﬁare%(/f‘?)

< OV aillon ey o] vz ) 10l v o), (3.17)

which of course implies (3.14).
Collecting (3.9), (3.10), (3.12), (3.13) and (3.14), we infer that

e—0

lim kVus Vi = — ZJ Ug k™ e; - 6V¢+Zlf Ug Oip k* e; - an-FEJ Uo Osp k™ e; - nr,

= J k*vao . V(p,
D

c

where we again have used an integration by parts to deduce the last equality.
We have thus identified the limit when € — 0 of the first term of (3.6). Proceeding similarly for the second
term, we have

f k:Vie - VU — k*Vig - Vo,
Ds e—0 Dj

for ¥ given by (3.7). The last two terms of (3.6) are easy to handle since wf . 1s assumed to converge (in the

e

finite dimensional space Wrh) to some {! and the test function ¥ (which depends on ¢) weakly converges
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in H'(D,.) to ¢. Thus, passing to the limit in (3.6) with the test function (3.7) (and reinstating our original
notation) yields

U 1 . i
Yo e C*(D. v Dy), ifp E*Vig - Vo + k Vuo-Vgo—jD Vwé{-Vgp—JD Yo =0.

Dy

We finally use the density of C* (D, u Dy) in H'(D. u Dy) to extend this equality for any o € H'(D. u Dy).
Passing to the limit € — 0 in the first and third lines of (3.4) is straightforward. We deduce that (wf!, %, 1)
is a solution to (3.5). We conclude the proof of Lemma 3.2 by noting that (3.5) has a unique solution. O

The above proof is obviously written in a two-dimensional context. However, the arguments carry over to
higher-dimensional settings. For instance, (3.11) can be generalized as follows, using again [14], p. 6: in dimension

d
d, the periodic, zero mean, divergence-free vector field G; can be represented as [Gl] e = Z Om [J i]mk where J*
m=1
is a skew-symmetric matrix-valued periodic field. Since J* is skew-symmetric, only tangential derivatives appear
in (3.13), which allow us to perform an integration by parts on the facet €. The boundary term stemming from
this integration by parts can be bounded using appropriate norms on .

3.2.2. The specific case of homogeneous materials

We have pointed out in Section 3.1 that, if the material in D U D, U Dy is homogeneous, then the response
is linear, and that the converse statement also holds true. We now make this assertion precise by studying
the following system (note that we again assume, similarly to Section 3.2.1, that h = 0): for any constant,
scalar-valued coefficients k, and k, find Egl 7 € VuBC Eﬁa,ﬁb € H'(D. v Dy) and w%i % € Wenrich guch that

k
v e V], Az, (@ o o) +C@ e ) =0,
Voe H'(D. v Dy), Ag, (ig, 7,,9) —C(3, %i,zb) =0, (3.18)
Vol e Wiprich, Cay & — Tz, 7,,9") =0.

On purpose, we have made explicit the dependency of the solution to (3.18) with respect to k, and ky.

Lemma 3.4. We consider (3.18) for some constant coefficients k, € [0,00) and ky, € (0, 00).

If ko = ky, then the solution to (3.18) is ﬂg Eb (z) =21 in D v D, Uz, 7,(x) = 21 in D, v Dy and wg 5=

kq o in D, where 1)y is the Lagrange multiplier function defined by (2.12).

Conversely, if (H’i{“%b, U, o d)gaﬁb) is a solution to (3.18) with ﬂg F (z) =z11n DU D, then g, 7, (z) = 1

in D.u Dy, g T =ano in D, and k, = ky.

This result is the analogue of Lemma 2.1 in [13] when taking into account the discretization on the coarse
enrich

mesh 7p. Note also that the fact that we work in the enriched space W rather than Wy is pivotal for this
lemma.

Remark 3.5. We note that the approach using W}?}fﬁic}l (or Weprich) a5 the Lagrange multiplier approximation
space is consistent in the following sense. Lemma 3.2 means that, in the limit ¢ — 0, the problem (3.4) is well
approximated by its homogenized limit (3.5).

Considering the choice k = k*, we wish the function ﬂkH, &+ () = 1 to be a solution of that system, which
ensures that k = k* is a minimizer of the optimization problem (3.1). When working with the enriched space
Wenrich - this is indeed the case: in view of the first assertion of Lemma 3.4, the unique solution to (3.5) with
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k= Fk*is (Wl o, g g, L L) = (@1, 21, k*tg). And conversely, if Hgk* (z) = x1, that is if we reach a minimum

in (3.1), then k = k* and we have correctly recovered the homogenized coefficient.

Proof of Lemma 3.4. We start by the first assertion and assume k, = kj > 0. We immediately get the result,
recalling that the system (3.18) has a unique solution and noticing that (uZ - (z), %, 7, (;v)gﬁf T (z)) =

k?aykb
(71,21, kq ¥o(z)), where 1)y is defined by (2.12), is a solution to (3.18).

We now turn to the second assertion and hence assume that ﬂg Eb(x) =1 in D u D,. The first line of (3.18)

reads as
v e vy, Ag (e, 0") +c@ 0l L) =0 (3.19)

Since wf 5 € Wenrich — Wy + Span g, we can represent it as
as”b

oY G —" S (3.20)
for some 7 € R and some 1 € Wy. We infer from (3.19) and (3.20) that
VEH € V](—}v C(EHMZH) = _TC(EHawO) _Zﬁa(xlvﬁH)v

that provides us with an expression of @ZH in terms of 7 and k,, using the linearity of the problem and the fact
that k, is a scalar:

~

O = —r 9l +Eq 0 (3.21)
with QZ{{ € Wy and 1%{ € Wy uniquely defined by

voll e vy, c@,ff) =@, yy),

S o (3.22)
V@H € Vf[v C(Uvag{) = _Al(xlaﬁH)v
where the bilinear form A; is defined by
_ 1
Ay (T,v) = f Vu(z) - Vo(z) + ij Vu(z) - Vo(x). (3.23)
D D.

Let us introduce the H'-orthogonal projection operators to the coarse finite element spaces Iz : H'(D,) —
Wy and TIS¥ih © HY(D,) — Werrich defined as follows: for any v € H(D..), I (v) € Wy is such that

VSDH € Wm, (HH(v)a @H)Hl(DC) = (U7 ‘PH)Hl(DC) s (3'24)
and TSR (v) € Weprich i such that
VQDH c W](z,[nrich’ (H%lrich(v), SDH)Hl(DC) = (’U, (pH)Hl(DC) , (325)

where (-, ) g1 (p,) is the H' scalar product in D...
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We observe that the Lagrange multiplier ¢y defined by (2.12) (the variational formulation of which is (2.14))
satisfies

Voe H(DuD,.) witht=0o0nT, A(x1,7)=—C(T,p). (3.26)
In view of the first line of (3.22) and of the definition of IT;;, we have that 7 = Tl (14). In view of (3.26) and

the second line of (3.22), we see that ¢Z satisfies the same equation as ¢ . We thus have P& = ¢H = Tl (1h).
Inserting this relation in (3.21), we deduce that ¥ = (k, — 7) Iz (thy), and thus

U g, =T %0+ (ko — 7) Mz (Yo), (3.27)

where the constant 7 will be determined later.
We now turn to the second line of (3.18). Let us introduce %; and s in H'(D, u Dy) such that J Uy =

D.
J’ Uy = 0 and
D,

Vo e H'(D. u Dy), 121/1(111,5):C(Ea¢0)a
Ve H'(D.u Dy), A

(3.28)
where the bilinear form /vll is defined by

%) = ;JD Vi(e) Vi) + | Vi) Vi),

Using the definition (2.12) of the Lagrange multiplier vy, we obtain from the first line of (3.28) that % (z) = 1
in Dc () Df.
Inserting the expression (3.27) for z/%{ 5, 0 the second line of (3.18), we obtain

Uz, (3.29)

where A € R is an arbitrary constant.
To identify the constants A and 7, we use the third line of (3.18), that reads as

i k Ea - ~
Vol e weprieh ¢ (/\ + b + = T o, ¢>H> —0, (3.30)
b b

where we have used that ng%b (r) = 21 = U1 (x) in D,. Taking ¢ = 1 and using that the mean over D,. of
and s vanishes, we get A = 0.

We claim that % and H‘}}riCh(ﬂg) are linearly independent functions on D,, a fact that will be useful below.
In order to prove this claim, we argue by contradiction. Since %; does not identically vanish on D, we assume

that there exists « € R such that

Seh (779) = oy (3.31)
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For any U € H'(D. u D), we compute, using (3.28), that

~

Ay (i — ey, 0) = Ay (2, 5) — a Ay (@01, %) = C0, Mg (vo)) — aC(F, v0) = CB, e (o) — atho).

Taking U = 1 — a U in the equation above, we obtain that

~

Al (1\22 — a’l\l/q, ﬁg — Oéﬂl) = C(ﬂg — Oéﬂl,HH(’(bo) — Ck’(l)o) = C(H?riCh (ﬁg — Oéﬂl) ,HH(’(bo) — om/;o), (332)

where the last equality stems from the definition of the projection operator ITSih. We next observe that
TIgyrich (3, — i) = 0, because of (3.31) and the fact that TI$™M (%) = %, (recall that ¥ (z) = z; in Df v Dy
and thus %; € WEeh) The right-hand side of (3.32) thus vanishes. By definition of the bilinear form Aj, this
implies that @ = a@; + X on D, u Dy for some constant A. Since iy and i, are functions the average over D,

of which vanishes, we obtain ) = 0 and thus Uo = .
We thus infer from (3.28) that, for any ¥ € H*(D. u Dy),

C(%, g (1)) = Ay (s, ¥) = a Ay (1, B) = aC(T, ¥o).

This yields g (¢o) = athg. If a # 0, this implies that ¥ € Wg, a fact that is obviously wrong. We then get
a = 0, hence Iy (v) = 0, and thus, for any o7 € Wy,

1

0= (HH(wO)ﬂQOH)Hl(DF) = (’(/}07L)OH)H1(DC) = C(¢07@H) = §J (61 : nl"c) (JDH - §L (61 : nl“f) ()OHa
f

c

where we have used (2.14) in the last equality. Since the value of o can be chosen independently on T, and

I'f, this implies that J gaH e;-nr, =0= ng el nry, which leads to a contradiction. This concludes the
Te Ty
proof of our claim.

We now return to (3.30), recall that A = 0 and take

) -k _
¢H = H%I(lrwh <T T b U + QE T 172) .
b b

We hence obtain that

- —ky . ka—T.
Trgprich (T D+ Tu2> — 0,
Ky ke

which reads as

T — Eb - Ea — T ich /~
——— U + —— IS () = 0.
P P (tiz2)

Using the linear independence of %; and IIS%i°M(%,), we obtain ky = 7 = k,. This concludes the proof of
Lemma 3.4. O]

3.3. Well-posedness of the optimization problem upon k for a fixed value of ¢

In this section, we investigate the existence of a minimizer to the optimization problem (3.1)—(3.2). More
precisely, we show the following theorem, which is our first main result.
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Theorem 3.6. Let k. be given by (1.4) for some fized periodic coefficient kper that satisfies the classi-
cal boundedness and coercivity conditions (1.2). We make the regularity assumption (2.1) and the geometric
assumption (2.2).

For any fized e > 0, H > 0 and h > 0, the optimization problem (3.1) has at least one solution Ezpt(H, h),
provided the two variational conditions made precise in (3.50) and (3.59) below are satisfied. These conditions
in particular hold true in the limit (h — 0,e — 0).

The uniqueness of the minimizer to (3.1) is investigated in Section 3.5 below, for e sufficiently small.

Remark 3.7. If we impose that k is bounded from above (resp. bounded away from zero) by some finite
positive constant in the minimization problem (3.1), then Theorem 3.6 holds true without the additional
assumption (3.50) (resp. (3.59)).

The remainder of this Section 3.3 is devoted to the proof of Theorem 3.6. To that aim, we consider a
-—n
minimizing sequence {k },en of the optimization problem (3.1), that is a sequence that satisfies the inequality

—n _ 2 1
Lan<Jounlk')= J \Var,  —e| <ILogn+—, (3.33)
DuD e n
where (ﬂgn ke ,ng b ) e VPIBC x v, x WenrlCh is the solution to (2.17) for the tentative constant

coefficient k = &, namely

Vo'l e Vi, Age (g, 0T +CET L) =
Vi € Vi, A (@ T = (Vh,wkn W)= (3.34)
Vol e Wiyt C(agh , — e ¢%) =0.

The proof of Theorem 3.6 falls in three steps:

— we first show a priori bounds on (@ . 1/%{, ,.) in Section 3.3.1.

H ~

&k’ a,k ke’

— we next show that, up to a subsequence extraction, k" converges to some limit £~ < 00 in Section 3.3.2,
under assumption (3 50)

— we then show that k&~ > 0 (under assumptlon (3.59)) in Section 3.3.3. Since the function k — J. g (k) is
continuous on (0, ), this shows that k" is a minimizer of (3.1).

~h H
3.53.1. Bounds on ukn o U and Q,Z)En’ki

Bound on uf e The optimization problem (3.1) has been designed so that the homogenized coefficient k*

is an admissible test coefficient in (3.1). Hence, by definition of I. 5, we have in particular

* H 2
Lgn<Jemgnk™) = f ‘Vﬁk*7k€ —e1| , (3.35)
DuD,.

where (ﬂkH&kE , ﬂ?}k*’ka , 1/115,1@5) is the solution to (2.17) with the constant coefficient k = k*. Since we know that

HkH,’kE,ing*)kE) is the minimizer of (2.16) with k = k*, we can compare its energy with that of the particular

choice (@ (z) = x1, U (z) = 7). Writing that

E (W g Ul o i) < E (@ (@) = w1, 0l (2) = 21)
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we obtain

1 * — ~
f k* |V7 | 2J;; (k |V k| + ke vusk*k VU?kk)

c

o . . 1
+J eVl o . - VU 1 . < K |D) + |D |+ = J keey - e, +J keep-er. (3.36)
Df D, Df
Using that k. is uniformly bounded and coercive, we obtain
2, 1 2
|Vuk* PR 2, |Vuk* k" <C, (3.37)

for some constant C' independent of €, H and h (this independence with respect to h and € is important since
we will later on use this bound and the subsequent ones in the regime h,e — 0).

Collecting (3.33), (3.35) and (3.37) and using the boundary conditions on T" for ﬂgq ,._» We immediately obtain

that the sequence w2,  is bounded in H'(D u D,): there exists some constant C' independent of n, e, H and

Enaks
h such that

”ﬂg”J% HHl(DuDC) <C. (338)

Since ugL k. belongs to the finite dimensional space VD”BC

we still denote by ﬂfmw that converges in Vi (when n — o) to some ﬂg,ks € VRIBC,

we deduce that there exists a subsequence, which

Bound on U To bound this function, we first extend the function @, _ (which is defined in D U D)

~h

ek ke E" ke
inside the domain Dy, in order to build an appropriate test function for the second line of (3.34). There are several
ways to perform this extension and we have chosen to proceed as follows. We first build a function w_. € H'(Dy)

1.k
that satisfies (E?E) |Df = (ﬂfks) |Dc on the boundary I'y and ||ﬂH7n lzrpsy < C ||ﬂ5 HHl/z (r;) for some
C independent of n, ¢, H and h. For instance, we can define @' Fn a8 the harmonic extensmn of u n |r in Dy.
We now pass from EJI;IE to a piecewise affine function ﬂEn belonging to the space
Vi = {uh e H'(Dy), u" is piecewise affine on the fine mesh Tn} (3.39)

using a Scott-Zhang type interpolation, which has the advantage of being defined for functions that are not
necessarily continuous (in contrast to nodal interpolation) and of preserving boundary conditions (in contrast
to Clément interpolation). More precisely, using [21] (see also [19], Thm. 3.4), we know that there exists a linear
and continuous operator I5% : HY(Dy) — Vj, such that, if v € H'(Dy) is continuous and piecewise affine on
0Dy, then I5%y = v on 0Dy. We hence set

SH _ [SZoH
atl, = 157l (3.40)
which satisfies @ uEn € Vi, ugn = uf 7 on I'y and ||u7n Iz (pyy <C HH;{? Iz (p,y for some C' independent of n,

e, H and h (it actually only depends on Dy).

We hence have built some ﬂ% eV satisfying ﬂ% = ﬂgn .. on I'y and such that

[ o) < Clagze oy < Clag ey < Clag  lmo.), (8:41)
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for some C' independent of n, €, H and h. We next introduce the extension of the function ﬂg X inside the

e

domain Dj defined by

w, in D,,

~ k" k
U%n == e
ugl in Dy.

Note that ﬁ%n, € Vj,, since the fine mesh 7}, is assumed to be a submesh of the coarse mesh Ty in D.. In addition,
using (3.41) and (3.38), we observe that

~h
||’LLEn Hl(Dcqu) S C, (342)
for some C independent of n, £, H and h.
We are now in position to bound the sequence " En . Taking " = 4", T ke ﬂ%n in the second line of (3.34)
(which is a possible choice since both @ uE ok and uF belong to V), we have

1 ~h ~h ~h ~h ~h
5 f RVl -V (Wl — i) + f A (uEnk — )
D, Dy
h ~h —
f vyl (k B kn f WE, ks . En)_o. (3.43)

Using the third line of (3.34) with ¢l = g B and recalling that @ ufn = ukH " in D., we see that the sum of

the last two terms in (3.43) vanishes. We next use the Cauchy- Schwarz mequahty and obtain

1 “h “h
if k V Ek? e vué}%”,kg +J. k'g VUE,%V e V e, " e
Dy
~h ~h
J kvskk » Viign + kvskk » Viign
Dy
< §|V€5HL’J(DC)||v 5k L2000 toll2(p.) + kel Lo (o) VUL 7 I2 (o) IV |22 (D,)-

Using that the oscillating coefficient k. is bounded and bounded away from zero (see (1.2)) and that ﬂgn is
bounded in H'(D, u Dy) (see (3.42)), we obtain that there exists a constant C' independent of n, e, H and h
such that

¥neN, |Vilgn, [r2p.on,) < C. (3.44)

Testing the third line of (3.34) with ¢ = 1 (which indeed belongs to Wﬁlrjflmh), we obtain that

b | =z
e B ke U ke
DC DC

and hence, using (3.38), we obtain that J u"—.  is bounded. Thus, by the Poincaré-Wirtinger inequality,

e,k Lk
p, Sk ke
we deduce from (3.44) that the sequence ﬁ?En .. 1s bounded in HY(D. u Dy), independently of n, e, H and h.

Since E? T belongs to the finite dimensional space V},, we deduce that there exists a subsequence, which we
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still denote by ﬂ:’?,ka, that converges in V}, (when n — o) to some ﬂ?%kg € V}, (in the particular case when

h = 0, the convergence is strong in L?(D, u Dy) and weak in H*(D. u Dy)).

H
E" ke
To that aim, we proceed as above and first extend 1/15 X (which is defined in D,) inside the domain Dy, in order

Bound on We are now left with showing that the sequence of Lagrange multipliers is also bounded.

to again build an appropriate test function for the second line of (3.34). This extension is built following the
same steps as above (see (3.40) and (3.41)), which thus allow to introduce some 1%{” € Vi, (where V}, € H'(Dy)

is defined by (3.39)) satisfying 171%1 =l

g, O I'y and such that

[ Loy < C 162 Lo o.), (3.45)

for some C independent of n, e, H and h.

We next extend gl ... inside the domain Dy by introducing

N Y in D,

= . (3.46)
—n 111 f-
k

We note that Jg € HY(D. u Dy). In addition, both wﬁ,kg and Jg are piecewise affine functions on the fine
mesh 7, (for ngJCE, this is a consequence of the fact that the fine mesh 7, is assumed to be a submesh of the
coarse mesh Ty in D, and of the specific approximation Yl defined by (2.15), of the Lagrange multiplier v)g).
We hence deduce that 1/1%, e V.

Considering the test function 7" = Jgn in the second line of (3.34), we obtain

1 ~h 7h ~h 7h H 7h H Th
5 J‘ kEVUE’En)kE . v/l/}En + J ksvui_:’En,kE . vd)%n - vd}%”,k}g . v'l]Z)En - 'l)Z)EnJCE wzn =0.
D, Dy D, D.

Since Jg = wg L. 0 De, we deduce that

1 -
W2 B, < 5elmoo IV 5 200998, i,

+ kel L (o IVE 2, 120 VR L2y (3:47)

Using that k. is uniformly bounded and the bounds (3.45) and (3.44), we infer from (3.47) that there exists a
constant C independent of n, £, H and h such that

Vn e N, ||1/’§:k5 |1 (p.y < C.

Since gl . belongs to the finite dimensional space WI‘?I“,?Ch, we deduce that there exists a subsequence, which

H

. . - —H »
we still denote by ¢ |, that converges in Wipsieh (when n — o0) to some 1, ;€ Wepich,
sKe ) i b
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3.3.2. Convergence of the minimizing sequence k'

We now show that the minimizing sequence k" converges to some limit %" . We introduce & it e VPIBC such
that
1
voll e Vi, J vl - vofl + ff vl . vol = 0. (3.48)
D 2 Jp.
Taking v = Egn,ks — ! € V) in the first line of (3.34), we have

—n 1 .
—H —H ~H —H —H ~H
L k C uEnJ‘:E - C (uEn,kE —_ UO ) + 5 L k Vu%”,k?g . v ('U,En7k5 — UO )

+f N A —agf)+f vt (ath, —ulh) =o.
D, sfive yflve D, sfive yfive

Thus, from the definition of @4 and the fact that k' is a scalar, we obtain

—H ~H
UTn — U,
( K ke 70 )‘L2(D)

J vyl (uff —agf) +ch vl (ugk u{;’) = 0. (3.49)

2 2

1n
L2(D) §k

V(ﬂf’n _ugf))

All the terms in (3 49) converge when n — o0, except possibly En The only case when we cannot deduce

from (3.49) that k" converges is that when the limit u’! o k. Of uf ke identically satisfies Vﬂgkg = Vil in

D u D,. Since ﬂf}f’ks (z) = @l (x) = 21 on T, this would imply that u,,, =4t in D U D.. Passing to the limit
n — o0 in (3.33) yields

—H 2
Ic.gn = J |Vuoo7k6 —e
DuD,.

We are left with showing the condition
Iegn < f IVl — e, (3.50)
DuD.

if we want to rule out this case and conclude that & converges up to an extraction (to some coefficient that we
denote E‘L). We recall that 4k € VPBC in (3.50) is defined by (3.48).
We note that the right-hand side of (3.50) is positive (and of course independent of € and h by construction).
Indeed, if |Vﬂ£[ - 61|2 were vanishing, we would have %l (z) = z; on D U D, (recall @f!(z) = z; on I),
DuD,.
which however does not satisfy (3.48).

Investigating whether (3.50) holds in full generality is delicate, and this is why we have assumed this condition
in Theorem 3.6. It can be investigated numerically. There are also a few situations where (3.50) can be established
mathematically. One such case is when we suppose that the fine mesh parameter h and the oscillating parameter
¢ are sufficiently small. We indeed claim that

lim hm Jemn(k*) =0, (3.51)

e—>0h
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where J. g 5, is defined by (3.2), which obviously implies

lim hm I wp =0, (3.52)

e—>0h

and thus (3.50) (in the regime h « € « 1) since we have pointed out above that the right-hand side of (3.50) is
positive and independent of € and h. 7
In order to prove (3.51), we consider (2.17) with k = k*, the solution of which is denoted

~

(ﬂkH*ZE,u? k*,ksvwlﬁfzs) (where we have on purpose made explicit the dependency of the three components of
the solution with respect to h) Ubing standard finite element arguments, we can pass to the limit h — 0.
We thus have that (ﬂkH*},L€ , ek* k. ,wk* E) converges, when h — 0, to (ﬂg,ksaﬂs,k*,ksa%ﬁ{,ks) strongly in
HY(D v D.) x HY(D. v Dy) x H'(D..), where (ﬂgﬁks,ﬁa’k«,kﬂw,ﬁ’ke) is the solution to (3.4) with k = k*.
Furthermore, (%H*,kgvﬁs,k*,kmﬁi{,ks) is bounded in H'(D u D.) x HY(D. v D¢) x H'(D,) by a constant inde-
pendent of € and H. This bound on ﬂkH* ». has indeed been shown above (see (3.37)), and it implies a bound on
Ue k. and 1/1,’;{7k5 using the same arguments as those used in Section 3.3.1.

We now refer to Lemma 3.2 for k = k* (the bounds that we have just discussed obviously implying the conver-
gences stated as assumptions in that lemma) and obtain that, when ¢ — 0, the solution (ﬂanksvﬁs,k*,k@%ﬁ, k)

to (3.4) converges to (ﬂg’k*,ﬁk*,k*,wg7k*), solution to (3.5) with k = k*. We eventually note (as stated in
the first assertion of Lemma 3.4) that the unique solution to the system (3.5) with k = k* is UkH*yk, (x) = 21,
Upe e+ (€) = 21 and YL 1. = k* 4o,

We have therefore shown that EkH,’f}cE converges (when h — 0 and € — 0) to ﬂilr*’k*(l’) = 1z, strongly in
HY(D v D,) since ﬂkH*’;CE belongs to the finite dimensional space V2"BC. We have therefore obtained that
|2

lim hm Je mn(k*) = J |Vﬂ£{ e —e1| =0,
DuD, '

e—0 h—0

that is exactly (3.51).

3.3.8. Existence of an optimal coefficient

We have shown above that, under assumption (3.50), the minimizing sequence ke (0, 00) converges (up to

a subsequence extraction) to some ke [0,00). We now show that k7 # 0, provided we impose an additional
condition (see (3.59) below) to the problem. 7
To state that additional condition, we consider (2.17) and we formally set k = 0. We hence look for Eé{ k. €

VRIBC ke Vi and ol € WEPH? such that

o'l e Vi, c@" vl =
Vit € Vi, Ar (il g 0 = €@, 0l ) =0, (3.53)
Vo'l e Wﬁ};rlmhv C(ﬂ(’i’ks - 6?,0,k57¢H) =0

which is equivalent to solving the minimization problem

@), alevy, uf(z)=2,0nT, } ’ (3.54)

inf
" { ieVi,  C@!—il,¢H) =0 for any of € Wepsich
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where the constraint function C is defined by (2.5) and where the energy & is obtained from the energy &
defined in (2.4) by formally setting k& = 0:

£olii.) = % fD ke (2) Vil (z) - Vit (2) + HD k. (2) Vil (2) - Vil (2). (3.55)

Note that & does not depend on u”.

The minimizers of (3.54) are simple to characterize: they satisfy ﬂg,o,kg = A in D, u Dy for some constant

A (which indeed minimizes the energy (3.55)) and ﬂé{kg = X in D, (which is obtained by considering ¢ =

(Egka - )| p. in the constraint). The value of ﬁgkg in D is free, besides the fact that it should satisfy the

boundary condition H(I){kg (z) = z1 on I" and the trace condition ﬂgkg =AonlT..
It is next easy to see that, for any solution to (3.53), we have

| walt el = | vall —al s | vali,-al’ = [ [vall-af 0.
DuD, D D D

c

We are now going to compute the minimum of the above quantity over all solutions to (3.53).
Let us introduce the unique function ﬂé{a € VEPIBC satisfying 17{){& =0in D, and

Vol € Vi, L; (Val, —e1) - Vo =0, (3.56)
where
‘N/H={UEVI(}7 v=00nDc}.
Let us also introduce the unique function ﬂgb € V} satisfying ﬁgb =11in D, and
voll e Vi, JD (Vaigl, —e1) - Vol = 0. (3.57)
We then have

. 2 ~ ~ 2

inf J |Vﬂg{k€ — €1| = J |Vu£{a + )\Vugb —e
solutions to (3.53) D D

which are equal to A on D,

Next, by minimizing with respect to A, we obtain

. H S
. 1nf |Vu0 ks — €1| = IO,H) (3.58)
solutions to (3.53) DuD. ’

where Ij g is defined in terms of the solution ug', to (3.56) and fl, to (3.57) by

2
: (5p vty (Vi — e1))

- 2
I [Vt

TQH = |DC| +J |Vﬂga — e
D
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Note that the sum of the last two terms of TO, H 1s non-negative, in view of the Cauchy-Schwarz inequality, and
hence Iy z = |D.| > 0.
We now assume that

Logn <Iom. (3.59)

Under that assumption, we claim tllf}t the limit & of the minimizing sequence satisfies k7 #0. We argue
by contradiction and assume that k= 0. Taking the limit n — 0o in (3.34), we thus have that the limit
(ﬂgkg,ﬁ?’%’ks,wf’ks) of (ﬂ%,ks’ﬂg,ﬁ",ks’ %,7ks) is a solution to (3.53). Passing to the limit n — oo in (3.33)
yields

Iewn = f |vall . — €1|2,
DuD.,

which is in contradiction with (3.58) and (3.59). This proves that E > 0.

One of the ways to establish (3.59) mathematically is to assume that the parameters h and ¢ are sufficiently
small. We indeed recall that, in that regime, the left-hand side of (3.59) converges to 0 (see (3.52)). In contrast,
the right-hand side of (3.59) is independent of h and e and is positive.

We have thus shown that, under assumptions (3.50) and (3.59), the minimizing sequence & converges (up
to a subsequence extraction) to some e (0, 00), which is thus finite and (strictly) positive. Since the function
k — J. m.n(k) is continuous on (0,0), this shows that k" is a minimizer of (3.1). We denote by Ezpt such an
optimal coefficient, to emphasize its dependency with respect to . This concludes the proof of Theorem 3.6.

3.4. Homogenized limit

For each € > 0, and under assumptions (3.50) and (3.59), we know from Theorem 3.6 that there exists at least

. . —opt e e . . . . _ ~
one optimal constant coefficient k. minimizing (3.1) with a corresponding solution (ugpt X ,uh Fopt ,wg)pt . )
£ sRe £, '5 shve £ e

to the system (2.17) for k = Egpt. We now aim at studying the limit of E‘;pt when € — 0. We recall that, in that
limit, assumptions (3.50) and (3.59) are satisfied.

We have assumed in (1.4) that the sequence k. is such that k. = kpe(-/€) for some fixed periodic function
kper. This periodicity assumption implies that the homogenized coefficient k* exists and is constant (a fact that
we have already used above, see e.g. the first arguments of Sect. 3.3.1). Our aim in this section is to show

that the optimal coefficient Egpt converges to the homogenized coefficient £* when e goes to 0, as stated in the
following theorem, which is our second main result. Although we perform our analysis in the periodic setting,
we believe that it actually carries over to more general cases (random stationary setting, ... ).

Theorem 3.8. Let k. be given by (1.4) for some fized periodic coefficient kper that satisfies the classi-
cal boundedness and coercivity conditions (1.2). We make the regularity assumption (2.1) and the geometric
assumption (2.2).

Then, any optimal coefficient Ezpt(H, h) (the existence of which is provided by Thm. 3.6) converges to the
homogenized coefficient k* when h and € go to 0: for any H > 0, we have

lim lim &o"" (H, h) = k*. (3.60)

e—=0h—0

We discuss in Remark 3.9 below the fact that H is kept fixed in (3.60). We do not need to finally take the limit
H — 0 to recover k*. This is a clear advantage from the computational viewpoint, since this property allows to
work with values of H that are not asymptotically small (see [13], Sect. 3.1 for some numerical results).
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Before proceeding, we note that considering the regime ¢ — 0 implies that we also have h — 0 (since h has
to be chosen much smaller than ¢). For simplicity and brevity of exposition, we therefore fix h = 0, and point
out that Theorem 3.6 still holds true. Taking the limit h — 0 is just an additional, technical ingredient. We
spare the reader with this unnecessary technicality.

We thus consider the following “partially” discretized system (which is (3.4) with k = E2PY: find ., e
€ k

k€

DirBC 3 1 H ich

Vg e®, U, fovt y, € H'(D, v Dy) and wEDpt k€ Wgmeh such that
g

voH e V9, ZEZM (Eg;pt7k6,5H) + C(@H»wépt,ks) =0,

h 1 A (¥ ¥ 5 ohH -
Yoe H (DC U Df), Aks (U67E2pt7ka,v) — C('U,djgzth%) = O, (361)
quH € Wi,nri(:h, C(H%{;pt’ks - ﬁs,%gpt,k5’¢H) =0.

In the above system and in the proof below, we do not make explicit in the notation the fact that the optimal

coeflicient Ezpt depends on H (in particular because H is kept fixed and we do not need to take the limit H — 0
to recover k*).
The proof of Theorem 3.8 falls in two steps:

— as in Section 3.3.1, we first establish some bounds independent of & on the solution
(Tj/%{;pt’ks,’l\zaygzpt’k‘E’wg;pt,kE) to (3.61) (see Sect. 3.4.1).

— we next pass to the limit € — 0 in (3.61) (see Sect. 3.4.2).

3.4.1. Bounds on T,

: and wgzm’

o -
ko ekl ke k.

We pass to the limit n — oo in (3.38) (where we recall that the constant C' is in particular independent of n,
h and ¢), using that E— Ezpt (which implies that ﬂg@ ——ufl, L ), and immediately obtain that the

- now ke now ke
sequence ﬂ%m v € VPIBC is bounded in H*(D u D..), independently of .
e e

We next simply repeat the steps of Section 3.3.1 and obtain that the sequence ’EE TOPt 1

gip",kg € Weprieh) s bounded in H'(D, u Dy) (resp. in H'(D..)), independently of ¢.

We thus deduce that there exist ul € VPTEC %, e H'(D. u Dy) and ¢f € Wgrich such that, up to the
extraction of a subsequence, ﬂg)pt .. converges to af in HY(D u D.), U, weakly converges to U in

HY(D.u Dy) and ¢g)pt . converges to YH in H'(D,) when ¢ — 0.

(resp. the sequence

Jopt
ko™ ke

3.4.2. Limit system with E‘;pt
Passing to the limit ¢ — 0 in the first line of (3.61) is not straightforward since, unfortunately, we have little

. . 7.0pt . . . .
information on k. so far. Since we do not seem to have an obvious bound independent of € on the coeflicient

Ezpt, we circumvent this difficulty as follows.

We have
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where (ﬂg,m . s U owt ,wg)pt . ) is the solution to (3.61). Passing to the limit ¢ — 0 and using (3.52), we
deduce that ’

O—hmhmIEHh—f |Vﬂ?—612
DuD

e—0h—0

where ©H € VE“BC is the limit of Eg,m L This implies that

e e

a(z) =21 in DuD,. (3.62)

We are now in position to show that the sequence Ezpt converges to some limit Egpt when ¢ — 0. Repeating

the steps from the beginning of Section 3.3.2, we take vl = Hgopt’ke — il € V2 in the first line of (3.61), where

€

udf € VPIBC is defined by (3.48). Using that Ezpt is a scalar, we thus obtain

opt 2 1 ﬂ)pt 2

€

k

—H ~H
V (@i, — ')

‘V (’Uﬁopt ke 175[)‘
€ LZ(D

J Vit - (* J . fpt)ke ugf):o. (3.63)

LZ(D)

All the terms in (3.63) converge when ¢ — 0, except possibly Ezpt. The only case when we cannot deduce
from (3.63) that Ezpt converges is that when the limit @’ of ﬂg)pt . satisfies vall = vall in D U D.. Since ©f

and %l satisfy the same boundary condition on T, this would ir;p’IyE that wl = 4 in D U D,, and thus, in view
of (3.62), that @ (z) = z1 in D U D.. We have already pointed out in Section 3.3.2 that @ is not equal to the
function x; in D u D.. We have thus obtained a contradiction, which shows that the sequence Ezpt converges
(up to a subsequence extraction) to some coefficient Egpt € [0,0) when € — 0. It remains to prove that this
coefficient Egpt is equal to the homogenized coefficient k*. This will prove that the optimization problem (3.1)
indeed provides an approximation of the homogenized coefficient, and additionally that the whole sequence Egpt
(and not only a subsequence) converges.

To show that Egpt = k*, we pass to the limit ¢ — 0 in (3.61). Using Corollary 3.3 (as established in Sect. 3.4.1,

the sequence (ﬂg)pt L ,ﬁs Pk ,wﬂ,pt " ) indeed satisfies the appropriate convergence properties stated as
e lve e c

assumptions in that corollary), we obberve that the limit (@, %, ¥!) of (ﬂﬂgpt " T P ,wf{)pt ) is actually

the solution (or a solution, if Eg = 0) to the following system: find uEOpt o € VD“BC ﬂfopf . € H (D v Dy)
and d)fopf & € Wenrich gych that
Vo'l e Vgﬁ ZESM (ﬂgpt k*?EH) + C(EHv T/J%pt’k,) =0,
Vi e HY(D. U Dy),  Aps(iigore ., D) = C(¥, Wl ) =0, (3.64)
0
H enrich —H HYy _
V¢ GWH ) C(uEgpt’k* —UEgpt’k*,(ﬁ ) —0

In addition, we know from (3.62) that uEOpt e (z) =ul(x) =21 in DU D..

We now use the second assertion of Lemma 3.4 and obtain that Egpt = k* and w ort e = = k™19, which

k*

concludes the proof of Theorem 3.8.
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Remark 3.9. We note that, in Theorem 3.8, the parameter H is fixed and that it does not affect the value of
the limit of Ezpt. This is directly related to the consistency of the approach as discussed in Remark 3.5: for any

H > 0, the identity ﬂgk* (r) = z1 on D U D, implies that k = k*.

3.5. Uniqueness of the optimal coefficient for sufficiently small

Now that we have shown that any minimizer E‘;pt (H, h) converges to k* when h and € go to 0 (in the sense
of Thm. 3.8), we are in position to show the uniqueness of the optimal coefficient when ¢ is sufficiently small.
As in Section 3.4, we hereafter fix h = 0, and thus consider J. g defined (compare with (3.2) and (2.17)) by
—el, (3.65)

Jeu(k) = J’

vaf, - Vua = [ |val
DuD. ’

Ve

where (ﬂgk aﬂemaﬂﬁfk ) is the solution to (3.4). In the sequel, we thus consider Ezpt(H)7 solution to the
minimization problem

inf {J. g(k), ke (0,0)}. (3.66)

Our proof is based on the following two results.

Lemma 3.10 (uniform convergence). Let H > 0 be fized. The minimizers Ezpt(H ) of (3.66) converge uniformly
to k*, in the following sense: for any n > 0, there exists some eo(n, H) such that, for any ¢ < eo(n, H), any

minimaizer Ezpt(H) of (3.66) satisfies |Ezpt(H) —k*| <n.
Proof. Since Ezpt is a minimizer of J. y, we have, using that k* is an admissible test coefficient in (3.1), that

—opt

_ 2 *
J |vu£{’pt k. vuref| = E’H(ka ) < JE,H(k )
DuD, e e

Using that Hg,pt b Uref vanishes on I', we deduce that

”ﬂggth% - urcf”?{l(Dch) < CJe (k) (3.67)

where C' only depends on D u D,. Recalling that lir% Je 1 (E*) =0 (see (3.51)), we deduce that ﬂgopt converges
E—> e fve

k
. . . . Ce s-opt
t0 Urer in & uniform (with respect to the choice of the minimizer k. ) manner.

We are now going to show, and this is the main part of the proof, that Vﬂgjpt , /Ezpt converges to Vuer/k*

uniformly with respect to the choice of the minimizer Ezpt. Turning first to the Lagrange multiplier, and recalling
that Ezpt > 0, we can introduce

H

Jopt
9H t = 7,6: ke
7.0P - —
ko™ ke kZPt ’

and, after dividing by Ezpt7 we rewrite the first line of (3.61) in the form

voltl e VY, Zl(ag{,pt7 ot) +C(5H,9§,pt7ke) =0, (3.68)

ke’
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where we recall that the bilinear form A; is defined by (3.23). Since Gf{,pt & € Wenrich ' we can represent it as

5

Ofewn . = Te (o — Tl ()) + o, (3.69)

for some 7. € R (we keep implicit the dependency of 7. with respect to H) and some 55 € Wy (which both

depend on the choice of the minimizer Egpt), where we recall that the projection operator Iy is defined by (3.24).
We have shown at the end of Section 3.4.2 that Hg)pt .. converges to 19. We thus expect 7. to converge to 1 and

05 to converge to I (th). This is indeed the case since (3.69) implies that
C(Ogrr .%o = Tu (o)) = 7= [T (o) = Yol 31,
and thus, passing to the limit € — 0, we obtain

o — C (Yo, 1o — Mg (vo))
e—0 ¢ HHH(wO) - '(/10”%—[1(D

We now establish a bound on gf . Inserting (3.69) in (3.68) and using the orthogonality of any v1 € VJ with
Yo — I (o), we obtain, for any v € V), that

C(§H75§I) - _Al( kopt k. 7EH) = Zl(uref ugmt ko H) +C(6Ha¢0)7

where we have used the variational formulation (3.26) satisfied by 9. We thus deduce that

voll e v, C(@, 0% — (1)) = Ar(trer — Wl

o g oih). (3.70)

Using arguments similar to those used in Section 3.3.1, we can extend the function gH I (o), which is
only defined in D., over the domain D, and thus mtroduce some ¥ defined in D u DC, satisfying 99 € V),

5H = 02 — 11 (4hy) in D, and 152 | 52 (Do, C’HGH HH(dJo)HHl y for some constant C' independent of H

and e (and of the choice of the minimizer) Taklng o = 5H in (3. 70) we thus infer that
10— Wy (o)l (p.) = C(B, 01 =T (o)) = A (urer — Uflopt o o)
< Jltrer — fom |t (popo) 182 |1 (poD.)

and hence, using (3.67),

10 = T (o)l (p.) < Clltrer — %opt N wony < CyfJem(k), (3.71)

for some C independent of € and of the choice of the minimizer Egpt
We now write the second line of (3.61). After dividing by EZW it reads

~ ﬁa Jopt ~
Ve H'(D.u Dy), Ay, <’“pt’“ > = C(B, 00t , ) = 7= (¥4 — Iz (o)) +C(¥.62).

k

€
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We thus introduce .1 and . o, the unique solutions (with vanishing mean in D.) in H'(D. u Dy) to the
problems

Vo e HY(D.u Dy), Ap_(ie,1,7) = C(0, %0 — g (1)), (3.72)
Ve H'(D.u Dy), Ay, (ii.2,0) = C(¥,07), (3.73)
and of course have
ﬂ T.opt
% = Ae + 7o et + Ue o (3.74)

€

for some constant A..
To study . 2, we introduce the unique solution %. 3 (with vanishing mean in D.) in H'(D. u Dy) to

Voe H'(D. v Dy), Ay (iic3,7) = C(0, Wi (tho)). (3.75)
Subtracting (3.75) from (3.73), we have
Vo e HY (D, u Dy), A (len — i3, 0) = C(T,67 — Ty (vo)).

Taking ¥ = @2 — U 3 in the above equation and using that k. is bounded from below uniformly in €, a
Poincaré-Wirtinger inequality in H*(D, u Dy) and (3.71), we obtain that

|ie 2 — e 31 (poony) < CIOF =T (Wo)| i (pyy < Cof Jem(k*), (3.76)

for some C independent of ¢ and of the choice of the minimizer E‘;pt.

We now turn to the third line of (3.61). After dividing by Ezpt and using (3.74), we have that, for any
¢H e W[e{nrich,

—H

U=
k2P ke

—opt

7 - [)\a + T ﬂ&,l + 1\26,2] 7¢H =0,
13

and hence
ﬂg"’t k Uyef H Uref |, ff
e Re re ~ ~ ~ re
C —opt L* - )\E - (Ts - 1) ua,h(b =C (us,l + Ueg 2 — L a¢ )
ks
~ ~ Uref H ~ ~ H
:C<ua,1 + Ue3 — P , ¢ ) +C(u£,2 _U5,3a¢ ) .

Using the projection operator I3t defined by (3.25), we obtain that, for any ¢ e Wenrich,

—H
U=opt
ksp ke Uref nri N nri ~ Uref ~ ~
e~ e = (e D), 0 ) = € () = T 0) € (e — e o)

€

(3.77)
where we have introduced @, 4 = U 1 + Ue 3.
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Let us now bound the right-hand side of (3.77). The second term can be bounded using (3.76). For the first
term, we note that . 4 is the unique solution (with vanishing mean in D) in H*(D. u Dy) to

Ve HY(D. v D), A (tica,0) = C(¥,1b0). (3.78)

The function . 4 is therefore independent from the choice of the minimizer Egpt. In addition, the homogenized
limit of the Neumann problem (3.78) reads as follows: when ¢ — 0, %. 4 converges (strongly in L?(D. u Dy)
and weakly in H'(D. U Dy)) to .4, the unique solution (with vanishing mean in D..) in H'(D. u Dy) to

Ve H (D, 0 Dy), Aps(ttua,¥) = C(¥,100). (3.79)

We hence deduce that 1§ (%, 4) converges (strongly in H(D,. u Dy), since I (%, 4) belongs to the finite
dimensional space WEnrich) to TIS0rich (7, 1). We next observe that, by definition of 1, we can solve (3.79) and
we know that @ 4(x) = urer(z)/k* = x1/k*. We hence have that H?}’riCh(z\Z*A) = Uy 4 = Urer/k*. We thus have
shown that

Uyef

k*

- 0, (3.80)

enrich />
Te,H = HHH (e,a) —
HY(D.uDy) €0

with a rate of convergence (with respect to ¢) independent of the choice of the minimizer Ezpt.
To manipulate the left-hand side of (3.77), we write that

H%r{lrmh(ﬂa,l) = Q¢ (wo - HH(wO)) + agla (3'81)

for some ar € R (again, we keep implicit the dependency of a. with respect to H) and some ﬁgl e Wy.
Using (3.72), we observe that

ae|| g (o) — %Hip(pc) = C(II5P"M (e 1), o — My (v0)) = C (e, %0 — My (o)) = Ay (Ue,Uen).  (3.82)

—H
Uzopt
We now write (3.77) with ¢ = 1y — I (3pg). Observing that kjop’tkE — ukrff — X\ € Wy, we deduce that
k

g

Uyef

k*

C((1 = 7) I i 1), Yo = Tar () ) = € (M50 (W) = 52, g = Tgr (o) ) + € (.2 = T3, 0 — i (o)

Using (3.81) in the left-hand side and (3.80) and (3.76) in the right-hand side, we obtain

11— 72| e | e (o) — Yo7 (p.y <  7etr + Caf Jeor (B*) ) 1T (o) — Yol (p.)
(De)

and hence, using (3.82),

e (Y0) — ol (D,
|1 —7.] < (Ts,H +C JE,H(k*)> — °’, (3.83)
\/7 Aka (u6,17u6,1)

We note that A/kg (Te,1,Ue 1) # 0. Indeed, if this quantity vanishes, then 1. is a constant, which implies,
using (3.72), that C(¥, 10 — g () = 0 for any ¥ € H* (D, u Dy), and hence vy = I (1), which is not true.
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We eventually note that, in view of its definition (3.72), @, 1 does not depend on the choice of the minimizer
——opt

k..
Ezpt) to its homogenized limit Ap (@, 1,%x.1) # 0. In addition, r. g and J. gz (k*) both converge to zero with

When € — 0, the quantity /vlks (Te,1, Ue 1) converges (with a rate independent of the choice of the minimizer

rates independent of the choice of the minimizer Ezpt. We thus deduce from (3.83) that

lim 7. =1 uniformly with respect to the choice of the minimizer Ezpt.

e—0
ﬂg"" k Uyef i
Taking now ¢ = EEO"; < - k — e — (1o — 1) TIP3, 1) in (3.77) and using (3.80) and (3.76) to bound

the right-hand side, we OEbtain

—H
U—opt
k2P k. Uref ich 7~ / R
Eopt - ];i — A — (TE - 1) H?}lr Ch(us,l) < TeH + c JE,H(k )>
€ HY(D,)
and hence
Hg)pt k Uref / h
e olve re . -
\% EOpt — o <regt C J57H(k*) + |Ts — 1| ||H‘;}1rlc (Us,l)HHl(DC) )
€ L2(D,)
. . . Vﬂf{)pt - VU/ref . . . e —opt
which implies that ——opr converges to = uniformly with respect to the choice of the minimizer k. . We

€

IV@ors , N2200) [ Vatret] 2o,
= to = <. In view of (3.67), we also have
k

g
a uniform convergence of ||Vﬂ£{,pt . lz2(p,) to [[Vuret|L2(p,y- These two properties imply a uniform convergence
e e

thus have a similar uniform convergence of

of Ezpt to k*. This concludes the proof of Lemma 3.10. O

Lemma 3.11. Consider J. i defined by (3.65), and consider some neighborhood K = (c—, cy.) of k* with c_ > 0.
Then, for any derivation order m = 0, there exists Cy, such that, for any €, any H > 0 and any k € K,

‘6’”(15711

i (k)‘ < Cp. (3.84)

Proof. We first show (3.84) for m = 0, i.e. on the function J. g itself. We recall that (3.4) is the Euler-Lagrange
equation of the following minimization problem (which is exactly (2.16) with h = 0):

inf g(ﬂH7ﬁ€)7 EH € VH7 EH(‘T) = I on Fa
m ) ,
1\25 € Hl(DC U Df)7 C(EH _qu’qu) =0 for any (bH c WI?Inrlch

where the energy € and the constraint function C are defined by (2.4) and (2.5). Making the choice @ (z) =
in D u D, and U.(z) = 1 in D, v Dy, we obtain

5(@{{,%,&8,%&) <& (@ (2) = 21, U(2) = 71)
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and therefore

f k ‘Vﬂg
D

2
+ k&- Vusvgyks . VUE,E]%)

2 1 a "
ke + 5 f (k ‘Vuﬁ,ks
D,

+J‘ k‘EVﬁEEk .Vﬁaﬁk k’|D|+ |D|+ J. ksel-el—}-lf ksel-e
Dy e w D, Dy

Using that k. is uniformly bounded and coercive and that we have chosen k € K, we obtain
DuD,.

for some constant Cy independent of e, H and k € K. This directly implies (3.84) for m = 0.
We next show (3.84) for m = 1. We begin by writing that

6J57H - _H —H,1
= (k) = ZIDUD (Vuﬁ’ks —e) - VuEkE (3.86)
_H,1 %gk - )
with U, = 6T€ To compute this derivative, we recall that (ﬂgk;us,?,kg’wgks) € VRIBC x HY(D. U Dy) x
. U -
Wenrich jg the unique solution to the variational formulation (3.4). Introducing ﬂi’g’ki = ;’%’ks and 7,[15 kls =
H
— ke and differentiating (3.4) with respect to k, we obtain that ugkl eVy, ﬂi%k € HY(D. u Dy¢) and
wg }: € WﬁlnriCh are such that
— - —H1 — H1 —H
Vot e V), Az (uEk o) +C(v ’wﬁ,kg)__Al( kaE oH),
- ~ H1
Vo e HY(D. u Dy), Ak (ut SR )_C(U’¢E,ks) =0, (3.87)
enric —H,1 >

VoIt e Wipet, Clug . ~ “e,E,kg’¢H) =0,

where the bilinear form A;, defined by (3.23), reads
- . o 1 i .
Ay (w,v) = | Vau(z)-Vo(x) + = Vu(z) - Vo(zx).
D 2 Jp,
Taking 7 = ugkl and U = u; Tk in (3.87), adding the first two lines and using the third line with ¢* = gkl ,
we get ’ o
- —H1 —H1 X < —H —H]1
A, T, ) + Ak (g sy, ) = —Aa(@ fk U )

and hence

7H
”V : 2, iaony IVESL 2oon,).
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which implies
—H,1 2\ ol
IVug i ezpop.) < z |V, l2(pop.)- (3.88)
Collecting this bound with (3.85), we deduce that
IVas! 2 pup,y < O, (3.89)

for some constant C independent of €, H and k € K. Collecting (3.86), (3.85) and (3.89), we infer (3.84) for
m=1.
To proceed with higher-order derivatives, we again differentiate (3.87) with respect to k. We observe that

o*ul! 02— 2pdt
_H?2 k,ke 0 ~2 e,k ke 1 H,2 k. ke enrich
)t =——=<€eVg, t;, =—=€H (D.uDy)andy" = ——==€eWg are such that
k. ke o e.k.ke P ke o
_ o H2 0 H - —H1 —
voll e Vi, AE(“E,Z’ o) +C(v¥, 7’%,}@25) = -2 Al(uE”kla,vH),
~ Y ~ ~ H2
Vo e HY(D. v Dy), Aki(u§7z7ks,v) _C(v’wE,ka) =0,
enric —H,2 >
VoH e Wy h C(uz’ka — ui,%,ks’d)H) =0.
In a similar fashion as (3.88), we deduce that
vare| < ZIvar|
T, ke L2(DuD.) X E % k. L2(DuD.)>
and thus, in view of (3.89), that
_H
HVUE?}i ”Lz(Dch) < C27 (390)
for some constant Cy independent of e, H and k € K. Diffentiating (3.86) yields
*Jem H H,2 H,1 2
—— (k) = QJ Vuy, —ey)-Vuz~ + 2f Vu (3.91)
% DuD, ( ke ) ke DuD, | kke

Inserting (3.85), (3.89) and (3.90), we deduce (3.84) for m = 2. We can of course proceed likewise for larger
values of m. This concludes the proof of Lemma 3.11. O

For each € > 0, and under assumptions (3.50) and (3.59), we know from Theorem 3.6 that there exists at

least one optimal constant coeflicient Ezpt minimizing (3.1). In the limit ¢ — 0, assumptions (3.50) and (3.59)
are satisfied, and we have shown in Theorem 3.8 that this optimal coefficient converges to k*. We now show
a uniqueness result for small enough . As above, we directly take the limit A — 0 and consider minimizers
EPY(H) of (3.66).
Theorem 3.12. Let k. be given by (1.4) for some fized periodic coefficient kper that satisfies the classi-
cal boundedness and coercivity conditions (1.2). We make the reqularity assumption (2.1) and the geometric
assumption (2.2), and again formally set h = 0.

Then, for any H > 0, there exists some eo(H) > 0 such that, for any e < eo(H), there exists a unique optimal

coefficient Ezpt(H) to the optimization problem (3.66).
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Proof. We start by choosing some neighborhood K = (c_, ¢4 ) of k* with c— > 0 (say K = (k*/2,2k*)) and we
know, in view of Lemma 3.10, that there exists some eo(H) > 0 such that, for any ¢ < eg(H), all the optimal
coefficients Ezpt(H ) (the existence of at least one of those has been shown in Thm. 3.6) belong to K. To make
notations lighter, we keep the dependency of Ezpt(H ) with respect to H implicit, and thus denote these optimal

coefficients by Ezpt. The proof falls in three steps.
Step 1. In view of (3.91), we have

0% Je i ~—opt " _H2 _H1 |2
LR =2 Lw (Vill, — 1) VAl 42 Lw Vet | (3.92)

We are going to pass to the limit ¢ — 0 in that equation.
We have shown in Section 3.4.2 that ﬂg,,,t .. converges (strongly in HY(D v D,)) to ufl with @l (z) = z;.

e e

We now study the limit of uEOpt N when € — 0. In view of (3.89) and the fact that ufopt . (z) =0on I,

e e e

we see that EEO’I}t " is bounded in H'(D u D,). In view of (3.87) (written for k& = k." ) and proceeding as in
Section 3.3.1, we show that the sequence ﬂiﬁzpt7k5 (resp. the sequence 1&;’;7]&) is bounded in H'(D. u Dy)
(resp. in H*(D,)), independently of . We are then in position to use Corollary 3.3 and obtain that the limit

(@i, ul, £{1) of the solution (ﬂg)plt . ,ﬁi - ,ql)g,’plt . ) to (3.87) is actually the solution to the following

system: find ﬂkH;}k* € Vi, ligs 3 € H'(D. U Dy) and w,g”lk, € Weprich guch that

VEH € V[?Iv Zk" (ﬂlk:{”lk* 9 5H) + C(@H7 1#;5{’,2*) = _Al( H H)v
Vi€ HY(D. v Dy), Aps (ke 0, 0) — C(T, w,?;lk*) =0, (3.93)
VoH e Weprich Cahe — ik s 0) =

This result will be useful for Step 2 below.
Turning next to ﬂgﬁt po e infer from (3.90) and the fact that quft . () =0 on I that ufopt . is bounded

e e 575

in H'(D u D,). Since it belongs to the finite dimensional space VJJ, it converges to some a2,

We are then in position to pass to the limit € — 0 in (3.92), and obtain that

*Jen (B =2 (Vall —e;) - val? +2 V)
2 : B DuD - ' ) D m k*

uD,

2

lim ——
e—0 ak

=2 f \Vaa (3.94)
DuD.

where we have used that @ (z) = z;.
Step 2. We now show by contradiction that VﬂkH;}k* does not identically vanish in D u D,. If this is the case,

using that HkH,”lk, vanishes on T', we obtain that ﬂkH,’,lk, =0in D u D.. We also infer from the first line of (3.93)
that
vofl e Vi), Ai(z1,97) +C@" gl = 0.

Arguing as in the proof of Lemma 3.4 (see (3.19) and (3.27)), we get that

dflk =1%o + (1 —7) g (o),
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where we recall that the projection Iy is defined by (3.24) and where the constant 7 will be determined later.
The second line of (3.93) yields (compare with (3.29)) that

T o 1—7_
77 U1+ —— ua,

1

g = A
ks = AT k
where A € R is an arbitrary constant and where we recall that %, and @y are defined by (3.28).

Using ¢ = 1 in the third line of (3.93) and that ﬂkH*lk* = 0 implies that A = 0. More generally, the third
line of (3.93) implies that

. 1—
Vd)H € WI?IDYICh, C (]:7; 1\21 + ?T 1\227 ¢H) = 07

and thus

. o 1—7_

Recalling that @ (z) = x1 and thus that 4; € WI‘?I"“Ch7 we deduce that

1-— .
iy I (i) = 0,

We have shown in the proof of Lemma 3.4 that %; and IT$¥h (%) are linearly independent. This implies that
T 1—7 . L.
= e 0, which leads to a contradiction.

—opt,1
Step 3. Writing the Taylor expansion of J. g around one particular minimizer, that we denote kapt’ (and

which belongs to K, see the beginning of the proof), we obtain that, for any k € K, there exists some k € K such
that

— —opt,1 k— kom’l 202, 6,1 E—EOPM 3 .03J, ~
Jon(®) = TR ¢ B S P ooy (b T gy (3.95)
ok ok
0Je, 1 ~opt,1 . 7opt,1 . S .
where we have used the fact that 6%7 (k. ") =0since k.~ is a minimizer of J. y in the open set (0, c0).

3
d (;:?;H (k)‘ < Cj for any € and any k € K. In view
of (3.94) and of the fact that VﬂkH*"lk* does not identically vanish in D u D,, and up to choosing a smaller value
for eo(H) (that we initially chose, we recall, at the beginning of the proof), we know that, for any e < eo(H),
we have

Using Lemma 3.11, we know that there exists Cs such that

2 J..

Zopt,1 —H,1 |2
— (ko) = f |Vuk*,k*
ok DuD.

> 0.

We now choose some 1 > 0 such that (k* —n, k* +n) € K and such that

1 _H1
) |V“k*,k*
DuD

c

2

- gcg > 0. (3.96)
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Using again Lemma 3.10, we obtain that, upon choosing a smaller value for £¢(H), all the minimizers of J. g

(and thus in particular Ezpt’l) belong to (k* —n, k* +n) for any € < go(H). Using (3.95), we see that, for any
ke (k" —n, k" +n),

— - S L et o E—F BTy s
T (F) = T (R = (R=RW) | 5 52 ) + ()
2 ok 6 ok
_ 1 2
> (k- k)2 ,J vall. P - Zcy
2 Jpup, ' 6
where we have used that |k — Ezpt’ | < |k —k*| + |k* — ﬂ)p | < 2n. In view of our choice (3.96) of 1, we obtain

that the unique minimizer of J, g in (k* —n,k* +n) is kspt’l. We have also pointed out above that all the
minimizers of Je g belong to (k* —n, k* +n). This shows that J. i has a unique minimizer when ¢ < go(H).
This concludes the proof of Theorem 3.12. O

APPENDIX A. MATRIX-VALUED COEFFICIENTS

We now consider the case when the homogenized coefficient k*, and therefore the constant coefficient k upon
ki kg
ka1 ko
case, we are going to show that the corresponding minimization problem (analogous to (3.1), and that we
introduce below, see (A.5)) based on the solution to the problem coupling the heterogeneous coefficient k. with

which we optimize, is matrix-valued and symmetric: k = [ ] with k1o = kop. Similarly to the scalar

the constant coefficient k yields an optimal value Ezpt which itself converges (in some sense made precise below)
to k* when ¢ — 0.

This appendix is organized as follows. We first revisit below (and adjust) the definition of the enriched
Lagrange multiplier space, in the current matrix-valued case. Next, in Section A.1, we also revisit and adjust
the optimization strategy aiming at computing an approximation of the homogenized coeflicient k* associated to
the highly oscillatory coefficient k.. The main difference with the scalar case is that we enforce in the optimization
problem some a priori lower and upper bounds on k, for reasons discussed below. In the following Section A.2,
we establish a result for homogeneous materials which is the equivalent of Lemma 3.4 for the matrix-valued case
(see Lem. A.3). This result is critical to prove that the method indeed converges to the homogenized coefficient.

The existence of a minimizer Ezpt to the optimization problem (A.5) (for a fixed value of ¢) is investigated in
Section A.3 (see Thm. A.4). We eventually consider the limit ¢ — 0 and show that some components of the

optimal matrix Ejpt indeed converge to the corresponding components of the homogenized matrix k*: this is
our main result in the matrix-valued case, Theorem A.5 in Section A.4. The homogenized matrix &* can then
be completely determined by considering several optimization problems, as explained in Remark A.2.

We begin this appendix by first highlighting that the enriched space for the Lagrange multiplier should be
appropriately defined in this matrix case. To that aim, we proceed as in the scalar case and consider again the
solution (@, %" ) to (2.11), assume that k = k*, and take the limit h — 0, ¢ — 0 and H — 0. Then the
Lagrange mult1pher may be explicitly determined (see [13], Sect. 3.1): it is the solution to

* 1 *
(k 61) *nr, on L, Vi - nr, = —§ (k 61) ‘nr; on Ff.
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We of course wish to enrich the Lagrange multiplier space by functions independent of k*. Using the linearity
of the above problem, we introduce the solutions vy ;, j = 1,2, to

—Avgj +1o; =0 in D,
(A1)

1 1
V¢07j-np6=§ej-npc on I, V¢07j-npf=—§ej-npf on I'y,

and we get that ¢ = (eTk*e;) o1 + (eXk*ey) 9,2. Note that the function g is identical to the enrichment
defined by (2.12).
In the spirit of (2.13), we therefore enrich the classical finite element space Wy and consider

W%nrich =Wy + Span 1/10’1 + Span wO,Q (A2)

instead of Wpy. In practice, and similarly to the scalar case, we use accurate finite element approximations of
Yo,5, 3 = 1,2. We again introduce the finite element space

Wy = {(bh € H'(D.), ¢" is piecewise affine on the fine mesh 7'h} ,
and define 9 ; € Wy, as the solution to the following variational formulation (compare with (2.15)):

Vo' eWh  Clbu ") =5 | (ernn)ot =5 (nn)en
f

c

In what follows, we therefore consider the enriched space
WP = Wy + Span ¥l | + Span ¢{), (A.3)

instead of Wprie". We again discretize the coupled problem (2.3) by (2.16) (which corresponds to the variational
formulation (2.17)), where Wﬁ,‘j{f‘:h is now given by (A.3). As when £ is scalar-valued, the system (2.17) has a

unique solution for any positive definite symmetric matrix k.

A.1 Optimization upon the coefficient k

We start again from the optimality system (2.17) of the minimization problem (2.16): find @ e V2I*BC,
e Vj, and vH € Wg‘?}fCh such that

Vol e V), Az(@f o) + c@f pH) =0,
Vq\jh € Vh7 ‘Zikg (ﬂg’ﬂh) - C(ih’wH) = 07 (A4)
Vol e Wgrjfli‘c}‘, C(EH — 17?, ¢H) = 0.

Instead of (3.1), we consider, for some positive constants ¢ and c, fixed throughout this appendix (with
0 < ¢c_ < ¢4 ), the minimization problem

Is,H,h = inf{Js7H7h(E)7 EEM(C_,C+)}, (A5)
with

M(c_, cq) = {symmetric 2 x 2 matrix k such that c <k < cy} (A.6)
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and where J. g, (k) is defined by (3.2) (as for the scalar-valued case) from the solution to (A.4).

Remark A.1. In the minimization set for (A.5), and in sharp contrast to the scalar case addressed in Section 3,
we prescribe some explicit minimal and maximal ellipticity constants. If we remove this constraint from (A.5),

it is unclear to us how to prove the existence of an optimal coefficient Egpt for a fixed value of € > 0. Stated
otherwise, it is unclear to us how to extend the arguments of Sections 3.3.2 and 3.3.3 to the matrix-valued case.

Of course, since k. satisfies the uniform bounds (1.2), it is well-known that k* also satisfies the same bounds.
But there are (at least) two reasons to prefer the situation where we do not impose bounds in the minimization
set for k. First, it is an interesting theoretical result to know whether the optimization procedure spontaneously
leads to an optimal coefficient which is bounded and bounded away from zero, or whether some bounds have to
be imposed to ensure this fact. One of our conclusions in the scalar case is that the optimization procedure (3.1)—
(3.2) by itself identifies optimal coefficients which are bounded from above and bounded away from zero. The
second reason comes from the following argument. As explained in the companion numerical article [13], one of
the advantage of the approach is that, to put it in action, we do not need to have an explicit formula for k.. We
only need, essentially, to be able to compute u. solution to —div k.Vu, = f for any loading f. The knowledge
of this map f — u. may come from running a legacy code (think e.g. of an industrial code), or may even come
from actual mechanical experiments, and does not a priori provide us with some explicit bounds on k.. However,
if we consider an optimization procedure with bounds inserted in the minimization set, then we would have to
choose some specific values for these bounds to put the approach in action, thus a practical difficulty in the
cases we have just mentioned.

Remark A.2. Note that, in sharp contrast to the case when k is scalar-valued, we can at best hope to identify
the vector k* e; in the limit € — 0, and not the entire matrix k*. Indeed, momentarily replacing k. by its
homogenized limit &* and assuming that ke; = k* e; (and ignoring any space discretization), we find that the
solution to (A.4) satisfies u(z) = 21 in D U D, and hence J(k) = 0 in that case, thus reaching the minimum
n (A.5).

In the case of matrix-valued coefficients k, we therefore need to consider both (A.4) (that is (2.16)) and (3.3)
in order to recover all the components of the matrix k*. In this Appendix A, we focus on (A.4) and thus on
recovering k* e;.

A.2 A useful technical result: the specific case of homogeneous materials

As in the scalar case, we begin our analysis by a useful auxiliary result. We first point out that the homog-
enization results stated in Lemma 3.2 (and also in Corollary 3.3, assuming there that kg is symmetric positive
definite) still hold in the matrix case. We have never used in their proof the fact that k* or k was scalar-valued.
We now turn to extending Lemma 3.4 to the matrix case.

To that purpose, we study the following system (where, as in (3.18), we have set h = 0): for any k, and ks
in M(c_, ey ), find Ef % € VDuBC U, 7 € HY(D. v Dy) and L/%i % € Wenrich guch that

2

VWH € V](}v ug El a@H) ( ’,l/}k: kb)
Vie H'(D.v D), Ag, (g, 5,.5) = CO,0E ) = (A7)

. H -
v¢H e Wﬁ[nrlch’ ( E E _uEa7Eb’¢H) =0.

asfkb

7 (
(

Q

Lemma A.3. We consider (A.7) for some constant matrices ko and ky in M(c_,cy).
If koer = kpeq, then the solution to (A.7) is ufl Eb(x) =x, in Du D, E%Eb(x) =x1 in D, v Dy and
2

g E = Z (e]T kae1) o in D, where 1o ; are the Lagrange multiplier functions defined by (A.1).
j=1
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. 7H ~ H . . . 7H . ~
Conversely, if (uEa W UEE,Eb’wEa,Eb) is a solution to (A.7) with up (z) = z1in DU D, then iz 7, (z) = 1
2

in D. v Dy, wk e = Z(B?Eael)wog in D, and ko, e1 = kpeq.

j=1
Proof. We start by the first assertion and assume k,e; = kpe;. We immediately get the result, recall-
ing that the system (A.7) has a unique solution and noticing that (ﬁfﬂ ’Eb(z),ﬁga%(z),wﬁ %b(x)) =

2
(xl,ml, Z (e;‘-r kqe1) 1/10,j($)>7 where 1) ; are defined by (A.1), is a solution to (A.7).
j=1

We now turn to the second assertion and hence assume that Eg T (x) = 21 in D U D,. The first line of (A.7)
reads as
voll e Vi, Ag, (e, 0") +C@pf ) =0. (A.8)

Since 1/%{ 5 € Wenrich — Wy + Span 1bg 1 + Span 1,2, we can represent it as
as”b

k Eb - 1,ZJ + Z Tj wo,ja (Ag)
Jj=1
for some 7; € R and some JH € Wg.
We infer from (A.8) and (A.9) that
VEHEVI?I’ ( ,"/) ) 31‘1, ZTJ 7"/)OJ

which provides us with an expression of JH in terms of the 7; and the entries of ko, using the linearity of the
problem:

P = z(e]r Eqer) 125[] - Z T {/;ij (A.10)

with 1;{{ ; € Wy and 1%{] € Wy uniquely defined by

vl e vy,  c@? 9f) =@, o),
voll e Vi,  c@M, L) = A, (@),

2,j

(A.11)

where the linear form Zej is defined by

In the sequel, we again use the H'-orthogonal projection operators to the coarse finite element spaces I :
HY(D.) - Wy and IgHeh © H1(D,) — Weprich defined by (3.24) and (3.25), where WPl is now of course
defined by (A.2).
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In view of the first line of (A.11) and of the definition of ITz, we have that J{JJ = IIu(vo,;). We next observe
that the Lagrange multipliers g ; defined by (A.1) satisfy

Vvoe H(DuD,) witho=00nT, A (v)=—C(D,v0;).

Gathering this relation with the second line of (A.11), we see that 1%{ ; satisfies the same equation as 15{1 ;- We thus
~ ~ ~ 2 —
have wfj = 1/){2— = Tl (%o, ;). Inserting this relation in (A.10), we deduce that 1 = Z (eJT koer — 1) (o),
j=1
and thus

2

Ui, = 2o+ Z kaer — 75) I (tho,5), (A.12)

Jj=1 =

where the coefficients 7; will be determined later. 7 B
We now turn to the second line of (A.7). Let us introduce % ;(kp) and 1z j(kp) in H'(D. u Dy) such that

J Uy, (k) = J Uz,j(kp) = 0 and

D, .
Vi} € Hl(Dc ) Df)7 v%b (ﬂl}g(%b),ij) = C(i}t ’(/}O’j)7 (A 13)
VﬁEHl(DCUDf), Eb(ﬂQJ(Eb)?’l\;) :C(ﬁaHH(¢07j)).

In contrast to the case when k; is scalar, Ehe functions s ; (Eb) depend on k; in a complex manner. On the
other hand, an explicit expression for 4, ;(k;) can be easily determined. Indeed, we observe that,

Vo e HY(D. u Dy), C(¥,%0,,) = %J

c

ej - Vo(z) + JD ej - Vi(z).
f

The functions U j(ks) defined by %y, ;(ks)(z) = [(ks) ' €;] - 2 on D U Dy have a vanishing mean over D, and
are such that ky Vi, j(ky) = e;. They are hence the unique solution to the first line of (A.13).
Inserting the expression (A.12) for 1/)5 %, o the second line of (A.7), we obtain

2 2
U, kb—A“LZTJ“lJ Z €] kaer — 15) g (kp),

Jj=1 Jj=1

where A € R is an arbitrary constant.
To identify the constants A and 7;, we use the third line of (A.7), that reads as: for any ¢ € Wgnrich,

2
</\+ ZTJulj Z Thoer — 1) Uz, (k) — kHa,kb’¢H> =

Jj=1 J=1

Taking ¢ = 1 and using that the mean over D, of uZ U1 ; and Up ; vanishes, we get A = 0. Now taking

ko kp’

2 2
(]S chrlch <Z 7; ul,_] Z fk u2 j(kb) - UfﬂJg,,) ;

=1 j=1
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we obtain that

2
Henrlch <12 T ul,j kb Z ,ka’ e — TJ)U/QJ (k’b) kakb> = 0,

Jj=1

which reads, since 1 j(kp) and @ — belong to Wghrich | as

kaykb

2 2 B

Z 75 U1, (k Z(efk; e — 1) It (G, (ky)) — kH % =0 inDe.

j=1 j=1
Using the explicit expression of U ;(kp) and @ uk %, We next observe that, taking 3 € R? such that (k) "' 8 = ey,

2
we have Hﬁ B Z Bj U1,; (kp) in D.. The above relation hence implies that
j=1

2 2
Z (Tj — /Bj) letj(Eb) + Z (e;f Eael — Tj) H%Hidl (ﬁQ,j(Eb)) =0 in DC. (A14)
j=1 j=1

We now claim that the four functions i ;(k;) and TISHiE (%, ;(kyp)), j = 1,2, are linearly independent on D...
In order to prove this claim, we argue by contradiction and assume that there exist real numbers v, ; and 72 ;
such that

Z y1,5 1 (k) + Z Yo; IR (2, ;(kp)) =0 in D,.. (A.15)
j=1 j=1
Let us introduce

2

2
5=y 85 (ke) + ), 72,5, (k).
j=1

Jj=1

For any ¥ € H*(D. u D), we compute, using (A.13), that

C(0,%0,5) +Z'Y2J (0, ILp (to,5))

9= L
o

j=1
2
=C (77, Z 7.5 %o, + 2 V2,5 HHW’O»J‘)> :
j=1 Jj=1

Taking ¥ = @ in the equation above, we obtain that

2 2
Azb(mﬂff < 2 7,j Yo,; + Z VY2,; HH@/’O,;‘))

j=1 j=1

2 2
_C <H§?ri€h(w), D vites + D v HH(%,J')) : (A.16)

j=1 =1
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where the last equality stems from the definition of the projection operator II$Mih. We next observe that
[18rich (p) = 0, because of (A.15) and the fact that TISMiR(%; ;(ky)) = Uy j(ks) (recall that % ;(kp) is a linear
function on D, v D f and thus belongs to We“mh) The right-hand side of (A. 16) thus vanishes. By definition
of the bilinear form Ak . this implies that w = X on D. u Dy for some constant ). Since the average of w over

D, vanishes, we obtain X =0 and thus & = 0.
We thus infer from (A.13) that, for any ¥ € H'(D. u Dy),

2 2
C <177 D tos+ Y, 2 HH(%,J')) = A, (0,0) =

j=1 j=1

2 2 2
This yields Z 7,5 Yo+ Z Y2, L (10 ;) = 0, and thus that Z 71,5 %o,; € Wi The functions 1 ; are solutions

Jj=1 Jj=1 J=1
2

o (A.1) and thus cannot be, in general, equal to finite element functions. We hence obtain that Z 1,5 %o,5 = 0,

j=1
2

and thus v1 ; = 0 for j = 1,2. We then get Iy (Z V2,5 ¢07j> = 0, and thus, for any o € Wy,
j=1

2 2
0= (HH (Z V2.5 1/10,]‘) #PH) = (Z V2.5 ¢0,j7<PH)
=1 HY(D:) N7 HY(D)
1

2
; ¢0Ja ):%J,F (e'nFc)@H_2Lf(e'an)99Ha

c

2

where € = Z 72,5 €; and where we have used the variational formulation satisfied by 1o ; in the last equality.
j=1

Since the value of ¢! can be chosen independently on I', and T 1, this implies that, for any o e Wy, we have

,[ cpHE ‘nr, =0= f cpHE “np;. If e # 0, then e - np, does not identically vanishes on I'., and we obtain a
T. r
contradiction. We thus fhave € =0, and thus v, ; =0 for j =1, 2.

We hence have shown that v ; = v2; = 0 for j = 1,2, wh1ch concludes the proof of our claim that the
functions % ;(kp) and TN (U, ;(kp)) are linearly mdependent on D..

We now return to (A.14) and deduce that, for j = 1,2, we have 3; = 1; = e;f kqei. Recalling that 3 = kyer,
we hence have shown that kye; = kqeq. This concludes the proof of Lemma A.3. O

A.3 Well-posedness of the optimization problem upon k at fixed e

As in Section 3.3, we aim at showing the existence of a mlmmlzer k Pt of (A.5) for a fixed value of € > 0.
For that purpose, we again consider a minimizing sequence {k }nen of the optlmlzatlon problem (A.5), that is
a sequence k= € M(c_, ¢y ) that satisfies the inequality

— _ 2 1
Lgn<Jegn(k') = J IVufn b~ el]” <ILup+ —,
DuD e n

where (uan o Tl ,wgn o) € VRIPC 5 Vi, x WPt s the solution to (A.4) for the tentative constant

coefficient k = k.
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In contrast to the scalar case, the set M(c_,cy) in which we look for the constant matrix & is compact. We

thus immediately obtain that, up to the extraction of a subsequence, k" converges to some E‘;pt € M(c_,cy).

Moreover, since k remains isolated from 0 and oo (in the sense of symmetric matrices), the map k +— ugq k
yfve

is continuous from M(c_,c;) to H'(D u D.), and thus J. g (k") converges to ngHyh(EZpt). This shows that

" is a minimizer of (A.5). We hence have shown the following result.

g

Theorem A.4. Let k. be a symmetric matriz that satisfies the classical boundedness and coercivity condi-
tions (1.2).

For any fized ¢ > 0, H > 0 and h > 0, and for any positive constants c4 > c_ > 0, the optimization
problem (A.5) has at least one minimizer Ezpt(H, h) e M(c_,cy).

A.4 Homogenized limit

We are now going to pass to the limit € — 0. Since h has to be chosen much smaller than ¢, this implies
that we also have h — 0. For simplicity, and as in Section 3.4, we hereafter fix h = 0. For each € > 0, we know
from Theorem A.4 (which also holds true if we set h = 0) that there exists at least one optimal constant matrix

sopt . S . . . _ ~ i
k.~ (which minimizes (A.5)) with the corresponding solution (ug,pt . ,uh?pt . ,wg,pt . ) € VRIBC x HY(D, u
e Pe E,Re ke e sle

Dy) x Wegprich to the system (3.61) (where of course WgPrieh is defined in (3.61) by (A.2)).

We have assumed in (1.4) that the sequence k. is such that k. = kper(-/€) for some fixed periodic function
Eper- This periodicity assumption implies that the homogenized coefficient £ exists and is constant, a fact that
we are going to use below. Similarly to the scalar case, we perform our analysis in the periodic setting but
believe that it actually carries over to more general cases (random stationary setting, ... ).

Theorem A.5. Let k. be given by (1.4) for some fized periodic coefficient kper that satisfies the classical
boundedness and coercivity conditions (1.2). We make the reqularity assumption (2.1) and the geometric assump-
tion (2.2). We furthermore assume that the constants cy > c¢_ > 0 have been chosen in (A.6) so that the
homogenized coefficient k* belongs to M(c—,cy).

Let Ezpt(H, h) be an optimal coefficient (the existence of which is provided by Thm. A.4). Then the vector
Egpt(H, h) ey converges to k* ey when h and € go to 0: for any H > 0, we have
lim lim Egpt(H, h)er = k*e;. (A.17)
e—0 h—0

We have assumed that k. = kper(-/¢) where kpe, satisfies the boundedness and coercivity conditions (1.2).
This implies that ¢; < k* < ¢ in the sense of symmetric matrices. We can hence choose ¢y = ¢ and c_ = ¢
in (A.6) and we then indeed obtain that k* € M(c_,c).

In the proof below, we do not make explicit in the notation the fact that the optimal coefficient E‘;‘“ depends
on H.

Proof. Since Ezpt belongs to the compact set M(c_, ¢4 ), we know that, up to the extraction of a subsequence,

Ezpt converges to some Egpt € M(c_,cy) when e — 0.
The constants ¢ and c. have been chosen so that the homogenized coefficient k* is an admissible test
coefficient in (A.5). Hence, by definition of I. y (which is I. g ; where we have formally set h = 0), we have in

particular

2 —ont . B 2
J ‘VH%{,M C—er| =L (B = Ly < e (E) = f ‘vuanka —el, (A.18)
DuD, e e DuD,



46 O. GORYNINA ET AL.

where (ﬂkH*,kE,ﬁs,k*,ksﬂ/Jgke) is the solution to (3.4) with the constant coefficient k& = k*. Since we know that

(Uph k. > e k+ k. ) is the minimizer of (2.16) (with h = 0) with k = k*, we can compare its energy with that of
the particular choice (" (z) = x1,U(z) = 21). Writing that

g (ﬂlg,kgaﬂs,k*,ks) < E (HH(.%) = xl’ﬂs(x) = xl) ,

we obtain, similarly as in (3.37), that Vﬂg7 k. is bounded in L*(D u D.) uniformly in H and e. We then infer
from (A.18) that Eg,m .. 15 bounded in HY(D v D..) uniformly in H and e. Proceeding as in Section 3.3.1, we

ylve

deduce that U_zopt ,  (resp. zbg)m . ) is bounded in H'(D, U Dy) (resp. W§Prich) uniformly in H and e.
We thus know that, up to the extraction of a subsequence, ﬂg@pt . converges strongly in H*(D u D..) to some

@ when ¢ — 0, that HEEM) k. converges weakly in H'(D. U Dy) to some . and that 1%{;”7 . converges strongly

in H'(D,) to some ¥. We are thus in position to use Corollary 3.3, which shows that the limit (@, #,, )

. < H ~ H
is actually the solution (uggptyk*,uggpcykﬂwﬁgpt’k*) to (3.64).
We now claim that the limit @ of ﬂg)pt X satisfies

slve

! (z) =21 in Dy D,. (A.19)
Consider, as above, the solution (ﬂkH*,kaﬁe,k*,kaawlg,ks) to (3.4) with the constant coefficient k = k*. We have
shown that ﬂg,ke is bounded in H*(D u D..) uniformly in H and &, and thus converges (when € — 0) to some
ﬂkH*,*. Proceeding again as in Section 3.3.1, we deduce that e g+ . (resp. 1/)}3),%) is bounded in H'(D. u Dy)
(resp. Wl‘f,“ri‘:h) uniformly in H and e. We are thus in position to use Lemma 3.2, which shows that the limit
when € — 0 of (ﬂg,ks7asak*vks7wlg,kg) satisfies (3.5) with k = k*. In view of the first statement of Lemma A.3,

we deduce that ﬂkH,*(ac) =z in D u D,. Passing to the limit ¢ — 0 in (A.18), we get

f ‘Vﬁf — €1 = J ‘VﬂkH*’* — €1
DuD. DuD,

hence (A.19).

. . t . . o
We hence have obtained that the constant matrix Egp is such that the solution (ﬂ%{m oo ? Ugovt k*,qu)pt k*)
o o > o

to (3.64) satisfies ﬂg)pt v (£) = 1 in D u D,. Using the second statement of Lemma A.3, we deduce that
o

e1 = k* e1, which is exactly (A.17). This concludes the proof of Theorem A.5. O

2 2 - 2 2
‘ ‘ < lim ‘Vukw% - 61‘ ‘ =0,

= lim ‘Vﬂgopt — €1
ke ik e—0 DuD,

e—0 DuD.. €

——opt

ko
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