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EXACT BOUNDARY SYNCHRONIZATION FOR A KIND OF FIRST

ORDER HYPERBOLIC SYSTEM

Tatsien Li1,∗ and Xing Lu2,**,∗∗∗

Abstract. In recent years there have been many in-depth researches on the boundary controllability
and boundary synchronization for coupled systems of wave equations with various types of boundary
conditions. In order to extend the study of synchronization from wave equations to a much larger range
of hyperbolic systems, in this paper we will define and establish the exact boundary synchronization for
the first order linear hyperbolic system based on previous work on its exact boundary controllability.
The determination and estimate of exactly synchronizable states and some related problems are also
discussed. This work can be applied to a great deal of diverse systems, and a new perspective to study
the synchronization problem for the coupled system of wave equations can be also provided.
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1. Introduction

We know that for a coupled hyperbolic system, the exact boundary controllability can always be realized by
enough boundary controls in a suitable large control time (see [2, 9, 23, 24, 26, 27, 30, 31] and references therein,
etc). When there is a lack of boundary controls, although the exact boundary controllability can not be realized,
the system may still possess some weak properties, among which one is the exact boundary synchronization,
and the other is the approximate boundary controllability or the approximate boundary synchronization (cf.
[19] and references therein, etc).

For first order hyperbolic systems, the exact (null) controllability has been considered in [2, 7, 9, 30, 31]
for solutions in L∞, L2 or C1. Moreover, there are many studies on the optimal time for the exact (null)
controllability for hyperbolic systems in recent years, see for example [1, 3–6] and references therein. For the
results that will be frequently used in this paper, readers can refer to [26, 27].

The synchronization is a widespread natural phenomenon, the research on which is of great value and prospect
[8, 29, 32–34]. Li and Rao first established the concept and theory of synchronization in PDEs case for a coupled
system of wave equations with Dirichlet boundary controls in the framework of weak solutions, and in their study
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on the exact boundary synchronization and the approximate boundary synchronization, they established a close
relationship between controllability and synchronization so that the study of controllability can be regarded as
a foundation of the study of synchronization [13–15]. Up to now, related researches for a coupled system of wave
equations with Dirichlet boundary controls, Neumann boundary controls and coupled Robin boundary controls
are almost complete [10–22], etc.

In order to extend the study of synchronization from coupled systems of wave equations to a larger range of
systems, we take the first order linear hyperbolic system into consideration. First order hyperbolic systems are
widely used to model various systems in real life such as traffic flow, the flow of fluid in gas pipelines and the
blood flow in the mammalian vessels, etc. To study the synchronization from coupled systems of wave equations
to first order hyperbolic systems is of great significance, since the latter has much wider connotation than
the former. For instance, in 1-D case, a wave equation can be always transformed into a first order hyperbolic
system with the same number of positive and negative eigenvalues [9]. While, for any given first order hyperbolic
system, generally speaking, the number of positive eigenvalues is not necessarily equal to that of negative ones,
which often makes trouble in the treatment. Besides, for wave equations with the usual boundary conditions
(Dirichlet, Neumann, Robin, even dissipative boundary conditions), the whole system is always time reversible.
However, first order hyperbolic systems are not time reversible in general. Hence, first order hyperbolic systems
have not only much more abundant connotations and practical applications than wave equations, but also they
have their own difficulties, thus it is necessary to carry out a special research on them.

In this paper, we mainly study the one-sided exact boundary synchronization for the 1-D first order linear
hyperbolic system (2.3). We first give the definition of synchronization in Section 2, including some preliminaries.
Then, based on the results of the exact boundary controllability obtained in our previous works [26, 27], the
one-sided exact boundary synchronization for system (2.3) will be established in Section 3, and its two-sided
exact boundary synchronization will be discussed in a similar way (see Sect. 8). In Sections 4–5 we study the
exactly synchronizable states, including the system satisfied by exactly synchronizable states, their attainable
set, their determination and estimates. The necessity of the conditions of compatibility for the coupling matrices
will be discussed in Section 6. We give also some discussions on the number of boundary controls necessary for
the exact boundary controllability and the exact boundary synchronization in Section 7.

2. Definition and preliminaries

2.1. Definition and notations

As a control problem, the synchronization for first order hyperbolic systems can be similarly realized by
two-sided control or one-sided control (cf. [2, 9, 26, 27, 30, 31], etc.). This paper mainly discusses the one-
sided control case, in which fewer number of boundary controls are required, the two-sided control case can be
similarly treated.

Differently from the synchronization for a coupled system of wave equations, the synchronization for the first
order hyperbolic system doesn’t mean the synchronization of all the components of the state variable. In fact, in
practical applications, the components of the state variable for first order hyperbolic systems often have different
physical meanings, it makes no sense to require all the components of the state variable to be synchronized each
other. Instead, synchronization happens among those components who possess similar properties (in particular,
correspond to the same spreading speed), and the synchronization patterns are diverse: sometimes the analogous
components synchronize as a whole, sometimes they split and synchronize in even smaller groups. But each
component will be affected not only by its analogue, but also by all the other components coming from the whole
system. Hence, the synchronization for first order hyperbolic systems should be essentially the synchronization
by groups.

Let Ni(> 2, i = 1, . . . , n) be any given positive integers, and let

N =
∑n
i=1Ni, N− =

∑m
i=1Ni and N+ =

∑n
i=m+1Ni. (2.1)
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Assume that Λ = diag{Λ−,Λ+} with

Λ− = diag{λ1IN1
, . . . , λmINm

}, Λ+ = diag{λm+1INm+1
, . . . , λnINn

}, (2.2)

where λr < 0(r = 1, . . . ,m) and λs > 0(s = m + 1, . . . , n), and INi
denotes the unit matrix of order Ni(i =

1, . . . , n). We discuss the one-sided exact boundary synchronization for the following system with boundary
controls acting only on x = L:

Ut + ΛUx +AU = 0, t ∈ (0,+∞), x ∈ (0, L),

U+(t, 0) = G0U
−(t, 0), t ∈ (0,+∞),

U−(t, L) = G1U
+(t, L) +DH(t), t ∈ (0,+∞)

(2.3)

with the initial data

t = 0 : U(0, x) = U0(x), x ∈ (0, L), (2.4)

where U = U(t, x) : (0,+∞) × (0, L) → RN denotes the state variable. The state variable U is divided into
n groups, including m groups of components corresponding to negative spreading speeds, and m̄ groups of
components corresponding to positive spreading speeds, where

m̄
def.
= n−m, (2.5)

and the ith group consists of Ni components, corresponding to the same eigenvalue λi for i = 1, . . . , n. Thus,
N− (resp. N+) denotes the number of negative (resp. positive) eigenvalues, while m (resp. m̄) denotes the
number of groups of components corresponding to negative (resp. positive) wave speeds. The coupling matrix
A = (aij) is of order N , G0 and G1 are of order N+ ×N− and N− ×N+, respectively, the boundary control
matrix D is a full column-rank matrix of order N− ×M with M 6 N−. All the matrices mentioned above
are with constant elements. The state variable can be written as U = (U−, U+)T with U− = (U1, . . . , Um)T ,

U+ = (Um+1, . . . , Un)T and Ui = (u
(1)
i , u

(2)
i , . . . , u

(Ni)
i )T (i = 1, . . . , n), while H(t) = (h1(t), . . . , hM (t))T is the

boundary control. Let

G =

(
0 G1

G0 0

)
. (2.6)

Definition 2.1. System (2.3) is exactly synchronizable at the time T > 0, if for any given initial data U0 ∈
(L2(0, L))N , there exists a boundary control H ∈ (L2(0, T ))M and a decomposition (2.1), such that the unique
weak solution U = U(t, x) to the mixed problem (2.3)–(2.4) satisfies

t > T : u
(1)
i (t, x) ≡ u(2)

i (t, x) ≡ · · · ≡ u(Ni)
i (t, x)

def.
= ũi(t, x), i = 1, . . . , n. (2.7)

And ũ = (ũ1(t, x), . . . , ũn(t, x))T is the exactly synchronizable state, which is a priori unknown.
System (2.3) is exactly controllable at the time T > 0, if for any given initial data U0 ∈ (L2(0, L))N and final

data UT ∈ (L2(0, L))N , there exists a boundary control H ∈ (L2(0, T ))M , such that the unique weak solution
U = U(t, x) to the mixed problem (2.3)–(2.4) satisfies exactly

t = T : U(T, x) = UT (x), 0 < x < L. (2.8)

In particular, if UT = 0, then system (2.3) is exactly null controllable at the time T > 0.
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Remark 2.2. The exact boundary synchronization (2.7) indicates that as t > T , although eliminating the
boundary control H ≡ 0, the synchronization can remain.

Corresponding to the decomposition (2.1), define C1 as the following full row-rank (N − n) ×N matrix of
synchronization

C1 =


C̃1

C̃2

. . .

C̃n

 with C̃i =


1 −1

1 −1
. . .

1 −1

 (2.9)

an (Ni − 1)×Ni full row-rank matrix for i = 1, . . . , n. It is easy to see that

Ker(C̃i) = Span{ẽi} with ẽi = (1, . . . , 1︸ ︷︷ ︸
Ni

)T , i = 1, . . . , n, (2.10)

and

Ker(C1) = Span{e1, e2, . . . , en}, (2.11)

where ei(i = 1, . . . , n) ∈ RN satisfy

ei = (0, . . . , 0︸ ︷︷ ︸∑i−1
j=1Nj

, ẽTi , 0, . . . , 0︸ ︷︷ ︸∑n
j=i+1Nj

)T , i = 1, . . . , n. (2.12)

Remark 2.3. The exact boundary synchronization (2.7) can be equivalently written as

t > T : U =
∑n
i=1 ũiei or Ui = ũiẽi (i = 1, . . . , n), (2.13)

or, equivalently,

t > T : C1U ≡ 0 or C̃iUi ≡ 0 (i = 1, . . . , n). (2.14)

Remark 2.4. When all the eigenvalues of Λ are negative, the corresponding one-sided exact boundary syn-
chronization has been discussed in [25], which mainly deals with the exact boundary synchronization for a kind
of first order quasilinear hyperbolic system in the framework of classical solutions.

2.2. Properties of the one-sided control system (2.3)

In [4] the well-posedness in L∞-norm was given for a more general control system ([4], Lem. 3.2), the extension
to L2-norm is straightforward (see [5]). More precisely, by Theorem 3.1 in [26], we have

Lemma 2.5. For any given T > 0, for any given initial data U0 ∈ (L2(0, L))N and any given boundary
function H ∈ (L2(0, T ))M , the mixed problem (2.3) with (2.4) admits a unique weak solution U = U(t, x) ∈
(L2(0, T ;L2(0, L)))N , satisfying

‖U(T, ·)‖(L2(0,L))N 6 c(‖U0‖(L2(0,L))N + ‖H‖(L2(0,T ))M ) (2.15)
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and

‖U(·, 0)‖(L2(0,T ))N + ‖U(·, L)‖(L2(0,T ))N 6 c(‖U0‖(L2(0,L))N + ‖H‖(L2(0,T ))M ), (2.16)

here and hereafter, c denotes a positive constant.

Usually, system (2.3) is not time reversible. However, we have

Lemma 2.6. ([26], Rem. 3.4) Assume that the number of positive eigenvalues is equal to that of negative ones,
namely, N− = N+ = N

2 . Assume furthermore that Gi(i = 0, 1) are invertible, namely, rank(G0) = rank(G1) =
N
2 . Then system (2.3) is time reversible, namely, the backward problem of system (2.3) is well-posed. Moreover,

if U = Û(t, x) is the weak solution to the forward problem of system (2.3), then it is also the weak solution to the
corresponding backward problem of system (2.3) with the final condition t = T : U(T, x) = Û(T, x), x ∈ (0, L),
and vice versa.

The following result on the exact boundary null controllability is a consequence of the standard control
theory of hyperbolic system. When the number of boundary controls on x = L is equal to the number of
negative eigenvalues, namely, rank(D) = N−, replacing DH(t) by H̃(t) ∈ RN−

as the control, the result can
be directly derived from the theory of controllability of the hyperbolic system, see for example [4, 5] where the
optimal time is also considered.

In this situation, since the system might be not time reversible, it is not necessarily exactly controllable.
However, if we assume that the number of positive eigenvalues is not bigger than that of negative eigenvalues,
namely, N+ ≤ N−, and assume furthermore that the coupling matrix G0 on x = 0 is of full row-rank, then
with the same amount of boundary controls acting on x = L, the system is in fact exactly controllable (see [26],
Lems. 4.2–4.3). We have

Lemma 2.7. Let T > T̄0 > 0, where T̄0 = L
(
max

16r6m

1
|λr| + max

m+16s6n

1
λs

)
. If M = rank(D) = N−, then system

(2.3) is exactly null controllable with the boundary control H(t) satisfying

‖H‖(L2(0,T ))M 6 c‖U0‖(L2(0,L))N . (2.17)

Moreover, assume furthermore that N+ 6 N− and rank(G0) = N+. If M = rank(D) = N−, then system
(2.3) is exactly controllable.

3. Conditions of C1-compatibility and related properties

In the study of synchronization for system (2.3), we will assume that the coupling matrices A and G,
given by (2.6), satisfy some conditions of C1-compatibility for a given decomposition (2.1). In this way we
can correspondingly select the synchronization pattern (how the synchronizers are grouped), then it becomes
simpler to look for the boundary control and to describe and estimate the exactly synchronizable states. Giving
a different condition of C1-compatibility will lead to a different synchronization pattern, but the discussion is
similar. On the other hand, assuming that system (2.3) is synchronized for a given synchronization pattern,
whether the coupling matrices A and G should satisfy a corresponding conditions of compatibility, a discussion
will be given in Section 6.

Definition 3.1. The matrices A and G satisfy the conditions of C1-compatibility, if there exists a decomposition
(2.1) such that, for the corresponding matrix of synchronization C1 given by (2.9), we have

AKer(C1) ⊆ Ker(C1), (3.1)

GKer(C1) ⊆ Ker(C1), respectively. (3.2)



6 T. LI AND X. LU

We point out that in what follows, we always consider the same decomposition (2.1) and the same matrix of
synchronization C1.

If we express A in the block form

A =


A

(1)
1 A

(1)
2 · · · A

(1)
n

A
(2)
1 A

(2)
2 · · · A

(2)
n

...
...

...

A
(n)
1 A

(n)
2 · · · A

(n)
n

 , (3.3)

where A
(j)
i are Nj ×Ni matrices (i, j = 1, . . . , n), then we have

Lemma 3.2. The condition of C1-compatibility (3.1) for A is equivalent to

A
(j)
i Ker(C̃i) ⊆ Ker(C̃j), i, j = 1, . . . , n, (3.4)

which is also equivalent to that there exist constants αij(i, j = 1, . . . , n) such that

Aei =
∑n
j=1 αijej , i = 1, . . . , n, (3.5)

where ei(i = 1, . . . , n) are given by (2.12). Moreover, we have

A
(j)
i ẽi = αij ẽj , i, j = 1, . . . , n, (3.6)

where ẽi(i = 1, . . . , n) are given by (2.10), and αij(i, j = 1, . . . , n) are given by (3.5).

Proof. Noting (2.9), (2.12) and (3.3), a direct calculation yields that C1Aei =


C̃1A

(1)
i ẽi

C̃2A
(2)
i ẽi
...

C̃nA
(n)
i ẽi

 for i = 1, . . . , n.

Thus C1Aei = 0(i = 1, . . . , n) is equivalent to C̃jA
(j)
i ẽi = 0(i, j = 1, . . . , n). Then, noting (2.10) and (2.11), we

have (3.4).
Noting (2.12) and (3.5), we have

Aei =
∑n
j=1 αijej =


αi1ẽ1

αi2ẽ2

...
αinẽn

 , i = 1, . . . , n. (3.7)

Moreover, noting (2.12) and (3.3), we have Aei =


A

(1)
i ẽi

A
(2)
i ẽi
...

A
(n)
i ẽi

 (i = 1, . . . , n), comparing which to (3.7), we get

(3.6).

Remark 3.3. (3.6) indicates that the sum of each row of A
(j)
i is a common constant αij for i, j = 1, . . . , n,

thus (3.4) can be also called the row-sum condition in block.
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For G, the condition of C1-compatibility (3.2) should be certain conditions of compatibility for G0 and G1.

In order to show this, let C1 =

(
C−1

C+
1

)
with

C−1 =


C̃1

C̃2

. . .

C̃m

 and C+
1 =


C̃m+1

C̃m+2

. . .

C̃n

 . (3.8)

Let εi(i = 1, . . . ,m) ∈ RN−
and εi(i = m+ 1, . . . , n) ∈ RN+

satisfy

εi = (0, . . . , 0︸ ︷︷ ︸∑i−1
j=1Nj

, ẽTi , 0, . . . , 0︸ ︷︷ ︸∑m
j=i+1Nj

)T (i = 1, . . . ,m), εi = ( 0, . . . , 0︸ ︷︷ ︸∑i−1
j=m+1Nj

, ẽTi , 0, . . . , 0︸ ︷︷ ︸∑n
j=i+1Nj

)T (i = m+ 1, . . . , n), (3.9)

where ẽi(i = 1, . . . , n) are given by (2.10). It is easy to see that

Ker(C−1 ) = Span{ε1, . . . , εm}, Ker(C+
1 ) = Span{εm+1, . . . , εn} (3.10)

and

ei = (εTi , 0)T (i = 1, . . . ,m) and ei = (0, εTi )T (i = m+ 1, . . . ,m). (3.11)

Remark 3.4. The exact boundary synchronization (2.7) can be equivalently written as

t > T : U− =
∑m
i=1 ũiεi, U+ =

∑n
i=m+1 ũiεi, or, equivalently, C−1 U

− ≡ 0, C+
1 U

+ ≡ 0. (3.12)

Lemma 3.5. The condition of C1-compatibility (3.2) for G is equivalent to the following row-sum condition in
block for G0 and G1:

G0Ker(C−1 ) ⊆ Ker(C+
1 ), G1Ker(C+

1 ) ⊆ Ker(C−1 ). (3.13)

Thus there exist constants βij(i, j = 1, . . . , n) such that

G0εi =
∑n
j=m+1 βijεj (i = 1, . . . ,m), G1εi =

∑m
j=1 βijεj (i = m+ 1, . . . , n). (3.14)

Proof. Noting (3.11), for i = 1, . . . ,m, we have

C1Gei =

(
C−1

C+
1

)(
0 G1

G0 0

)
ei =

(
0 C−1 G1

C+
1 G0 0

)(
εi
0

)
=

(
0

C+
1 G0εi

)
.

Similarly, we have C1Gei =

(
C−1 G1εi

0

)
(i = m + 1, . . . , n). Thus the condition of C1-compatibility (3.2) is

equivalent to C+
1 G0εi = 0(i = 1, . . . ,m) and C−1 G1εi = 0(i = m+ 1, . . . , n), which, noting (3.10), is equivalent

to (3.13).
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Moreover, let G =

(
0 G1

G0 0

)
with

G0 =


G

(m+1)
1 · · · G

(m+1)
m

...
...

G
(n)
1 · · · G

(n)
m

 , G1 =


G

(1)
m+1 · · · G

(1)
n

...
...

G
(m)
m+1 · · · G

(m)
n

 . (3.15)

We have

Lemma 3.6. The conditions of compatibility (3.13) are equivalent to

G
(j)
i Ker(C̃i) ⊆ Ker(C̃j) (3.16)

for i = 1, . . . ,m; j = m+ 1, . . . , n and for i = m+ 1, . . . , n; j = 1, . . . ,m, respectively. Moreover, we have

G
(j)
i ẽi = βij ẽj , (3.17)

where βij are given by (3.14) for i = 1, . . . ,m; j = m + 1, . . . , n and for i = m + 1, . . . , n; j = 1, . . . ,m,
respectively.

Proof. (3.16) can be proved in the same manner of Lemma 3.2. The proof of (3.17) is similar to that of (3.6). In

fact, for i = m+ 1, . . . , n, noting (3.9) and (3.14)–(3.15), we have G1εi =


G

(1)
i ẽi

G
(2)
i ẽi
...

G
(m)
i ẽi

 and G1εi =
∑m
j=1 βijεj =


βi1ẽ1

βi2ẽ2

...
βimẽm

 , respectively. Therefore, we have G
(j)
i ẽi = βij ẽj(i = m+ 1, . . . , n; j = 1, . . . ,m). We can similarly

get G
(j)
i ẽi = βij ẽj for i = 1, . . . ,m and j = m+ 1, . . . , n.

Remark 3.7. Noting (3.17), the conditions of compatibility (3.13) for G0 and G1 are also row-sum conditions

in block for G
(j)
i for i = 1, . . . ,m; j = m+ 1, . . . , n and for i = m+ 1, . . . , n; j = 1, . . . ,m, respectively.

Finally, by the following lemma, we will give in Corollary 3.9 below the equivalent statements of the conditions
of C1-compatibility (3.1) and (3.2) for A and G, respectively.

Lemma 3.8. For any given N1 ×N2 matrix G and any given full row-rank M1 ×N1 matrix C1 and M2 ×N2

matrix C2, there exists an M1 ×M2 matrix G such that

C1G = GC2 (3.18)

if and only if the image of G on the null space Ker(C2) of C2 is a subspace of the null space Ker(C1) of C1:

GKer(C2) ⊆ Ker(C1). (3.19)

Moreover, the matrix G is uniquely determined by G = C1GC
†
2, where C†2 = CT2 (C2C

T
2 )−1is the Moore-Penrose

generalized inverse of C2 (see Lem. 3.1 in [22]).
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Proof. By (3.18), we have C1GX = GC2X = 0, ∀X ∈ Ker(C2), which proves (3.19).

Inversely, since C2 is of full row-rank, C2C
T
2 is invertible. Let G = C1GC

†
2 as above. Let Y be the N2× (N2−

M2) basis matrix of Ker(C2). Since Ker(C2) ⊕ Im(CT2 ) = RN2 , noting that CT2 is a basis matrix of Im(CT2 ),
(Y,CT2 ) is a basis in RN2 . Hence, in order to prove (3.18), it suffices to prove

(C1G−GC2)(Y,CT2 ) = 0. (3.20)

On one hand, by (3.19), we have C1GY = 0. Noting GC2Y = 0, we have (C1G−GC2)Y = 0. On the other
hand, C1GC

T
2 = C1GC

T
2 (C2C

T
2 )−1(C2C

T
2 ) = G(C2C

T
2 ), then (C1G − GC2)CT2 = 0. Thus we obtain (3.20).

At last, multiplying CT2 to (3.18) from the right, we have C1GC
T
2 = GC2C

T
2 , from which we can get G =

C1GC
T
2 (C2C

T
2 )−1, thus G is uniquely determined.

By Lemma 3.5 and Lemma 3.8, we have

Corollary 3.9. The condition of C1-compatibility (3.1) for A holds if and only if there exists a reduced matrix
A of order (N − n), such that

C1A = AC1. (3.21)

The condition of C1-compatibility (3.2) for G holds if and only if there exist (N+ − m̄)× (N− −m) matrix
G0 and (N− −m)× (N+ − m̄) matrix G1 such that

C+
1 G0 = G0C

−
1 , C−1 G1 = G1C

+
1 , (3.22)

where N− and N+ are given by (2.1), while m and m̄ are given by (2.5).

Under conditions of C1-compatibility (3.1) and (3.2) for the coupling matrices A and G, the one-sided exact
boundary synchronization of system (2.3) can be realized by solving a one-sided controllability problem for a
reduced system.

Theorem 3.10. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively. If
rank(C−1 D) = N− −m, then system (2.3) is exactly synchronizable.

Proof. Noting that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively, by Corollary 3.9,
we have (3.21) and (3.22). Moreover, it is easy to check that

C1Λ = ΛC1, (3.23)

where Λ = diag{λ1IN1−1, λ2IN2−1, . . . , λnINn−1}. Let W = C1U , W− = C−1 U
− and W+ = C+

1 U
+, where C−1

and C+
1 are given by (3.8). Multiplying C1 on both sides of (2.3), noting (3.21)–(3.23), we get the following

reduced system: 
Wt + ΛWx +AW = 0, t ∈ (0,+∞), x ∈ (0, L),

W+(t, 0) = G0W
−(t, 0), t ∈ (0,+∞),

W−(t, L) = G1W
+(t, L) + C−1 DH(t), t ∈ (0,+∞)

(3.24)

with the initial data

t = 0 : W (0, x) = C1U0(x), x ∈ (0, L). (3.25)
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By Lemma 2.7, when rank(C−1 D) = N− −m, there exist T > 0 and boundary control H(t), such that system
(3.24) is exactly null controllable at the time t = T . Since the exact boundary synchronization of system (2.3)
is equivalent to the exact boundary null controllability of the reduced system (3.24), system (2.3) is exactly
synchronizable at the time t = T by the above boundary control H(t).

Remark 3.11. Under the assumptions of Theorem 3.10, we necessarily have

M = rank(D) > rank(C−1 D) = N− −m. (3.26)

If M = rank(D) = rank(C−1 D) = N− −m, then we have the following continuous dependence:

‖H‖(L2(0,T ))M 6 c‖C1U0‖(L2(0,L))N−n 6 c‖U0‖(L2(0,L))N . (3.27)

This is a direct corollary of Lemma 2.7. If M = rank(D) > rank(C−1 D) = N−−m, noting the way of construct-
ing the boundary controls in the proof of the exact boundary null controllability by the constructive method
(see [26]), we can still get (3.27) by properly choosing the free components of the boundary control, such that
their norm can be controlled by ‖U0‖(L2(0,L))N .

Remark 3.12. Differently from a coupled system of wave equations, since AU as a perturbation in the first
formula of system (2.3) is not compact, and the boundary conditions on x = 0 and x = L even make it more
complicated, the minimum number of boundary controls necessary for the exact boundary synchronization of
system (2.3), with or without conditions of C1-compatibility for A and G, is still an open problem. We will
give an example in Section 7 to show that in order to realize the one-sided exact boundary synchronization for
system (2.3), it requires rank(C−1 D) > N− −m in general.

Remark 3.13. By the proof of Theorem 3.10, under conditions of C1-compatibility of A and G, the optimal
time to reach the exact boundary synchronization of system (2.3) is determined entirely by the optimal time
for the reduced system (3.24) to reach the null controllability, which is in general smaller than T̄0 in Lemma
2.7. More details can be found in [4, 5] and references therein.

4. Exactly synchronizable states and their determination

4.1. System of exactly synchronizable states

Theorem 4.1. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respec-
tively. If system (2.3) is exactly synchronizable at the time T > 0, then the exactly synchronizable state
(ũ1(t, x), . . . , ũn(t, x))T satisfies

ũit + λiũix +
∑n
j=1 αjiũj = 0, i = 1, . . . , n, t ∈ (T,+∞), x ∈ (0, L) (4.1)

with the boundary conditions

ũi(t, 0) =
∑m
j=1 βjiũj(t, 0), i = m+ 1, . . . , n, t ∈ (T,+∞), (4.2)

ũi(t, L) =
∑n
j=m+1 βjiũj(t, L), i = 1, . . . ,m, t ∈ (T,+∞), (4.3)

where αij and βij(i, j = 1, . . . , n) are given by (3.5) and (3.14), respectively.

Proof. As t > T , we write (2.3) with H(t) ≡ 0 in the following form:
Uit + λiUix +

∑n
j=1A

(i)
j Uj = 0, i = 1, . . . , n, t ∈ (T,+∞), x ∈ (0, L),

Ui(t, 0) =
∑m
j=1G

(i)
j Uj(t, 0), i = m+ 1, . . . , n, t ∈ (T,+∞),

Ui(t, L) =
∑n
j=m+1G

(i)
j Uj(t, L), i = 1, . . . ,m, t ∈ (T,+∞),

(4.4)
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where A
(i)
j and G

(i)
j (i, j = 1, . . . , n) are given by (3.3) and (3.15), respectively.

Since system (2.3) is exactly synchronizable, substituting (2.13) into (4.4), for i = 1, . . . , n, we have
ũitẽi + λiũixẽi +

∑n
j=1A

(i)
j ũj ẽj = 0, t ∈ (T,+∞), x ∈ (0, L),

ũi(t, 0)ẽi =
∑m
j=1G

(i)
j ũj(t, 0)ẽj , i = m+ 1, . . . , n, t ∈ (T,+∞),

ũi(t, L)ẽi =
∑n
j=m+1G

(i)
j ũj(t, L)ẽj , i = 1, . . . ,m, t ∈ (T,+∞),

t = T : ũiẽi = ũi(T, x)ẽi, x ∈ (0, L).

(4.5)

Since A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively, by Lemma 3.2 and Lemma

3.6, we have A
(i)
j ẽj = αjiẽi and G

(i)
j ẽj = βjiẽi for i, j = 1, . . . , n, where αij and βij(i, j = 1, . . . , n) are given by

(3.5) and (3.14), respectively. Thus, (4.5) can be written as
ũitẽi + λiũixẽi +

∑n
j=1 αjiũj ẽi = 0, i = 1, . . . , n, t ∈ (T,+∞), x ∈ (0, L),

ũi(t, 0)ẽi =
∑m
j=1 βjiũj(t, 0)ẽi, i = m+ 1, . . . , n, t ∈ (T,+∞),

ũi(t, L)ẽi =
∑n
j=m+1 βjiũj(t, L)ẽi, i = 1, . . . ,m, t ∈ (T,+∞),

t = T : ũiẽi = ũi(T, x)ẽi, x ∈ (0, L).

(4.6)

Thus we get (4.1)–(4.3).

Under the assumptions of Theorem 4.1, the following theorem shows that when system (4.1)–(4.3) of the
exactly synchronizable state is time reversible, the attainable set of the exactly synchronizable state at the time
t = T can run through the whole space (L2(0, L))n.

Let

β0 =

 β1,m+1 · · · βm,m+1

...
...

β1,n · · · βm,n

 and β1 =

 βm+1,1 · · · βn,1
...

...
βm+1,m · · · βn,m

 , (4.7)

where βij(i, j = 1, . . . , n) are given by (3.14). To guarantee the time reversibility of system (4.1)–(4.3), it requires
that the number of positive eigenvalues of system (4.1)–(4.3) is equal to the negative ones, namely, m = m̄,
where m̄ is given by (2.5), and the coupling matrices β0 and β1 on the boundary should be invertible (see Rem.
3.4 in [26]).

Theorem 4.2. Assume that system (2.3) is exactly synchronizable at the time t = T under conditions of C1-
compatibility (3.1) and (3.2) for A and G, respectively. If system (4.1)–(4.3) is time reversible, namely, m = m̄,
and the matrices β0 and β1, given by (4.7), are invertible, then the attainable set of the exactly synchronizable
state (ũ1(t, x), . . . , ũn(t, x))T at the time t = T is the whole space (L2(0, L))n.

Proof. Since matrices β0 and β1 are invertible, by Lemma 2.6, for any given (v1, . . . , vn)T ∈ (L2(0, L))n, we
can solve the backward problem of system (4.1) on the domain R(T ) = {(t, x)|0 < t < T, 0 < x < L} with the
boundary conditions

(ũ1, . . . , ũm)T (t, 0) = β−1
0 (ũm+1, . . . , ũn)T (t, 0), t ∈ (0, T ), (4.8)

(ũm+1, . . . , ũn)T (t, L) = β−1
1 (ũ1, . . . , ũm)T (t, L), t ∈ (0, T ) (4.9)

and the final condition t = T : ũi = vi(x) (i = 1, . . . , n), x ∈ (0, L). There exists a unique solution
(ũ1(t, x), . . . , ũn(t, x))T ∈ (L2(0, T ;L2(0, L)))n, which is also the weak solution to the forward problem of
system (4.1)–(4.3) on R(T ). It is then easy to check that under conditions of C1-compatibility for A and
G, U = U(t, x) =

∑n
i=1 ũi(t, x)ei ∈ (L2(0, T ;L2(0, L)))N is the solution to the forward problem of system
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(2.3) on R(T ) with H(t) ≡ 0 and the final data t = T : U(T, x) =
∑n
i=1 viei. Hence, when the initial

data U0 = U(0, x) =
∑n
i=1 ũi(0, x)ei varies through the space (L2(0, L))N , the attainable set of the exactly

synchronizable state (ũ1, . . . , ũn)T (T, x) = (v1, . . . , vn)T at the time t = T is the whole space (L2(0, L))n.

The following lemma gives the property of G so that matrices β0 and β1 are invertible.

Lemma 4.3. Assume that m = m̄, namely, the number of positive eigenvalues of system (4.1)–(4.3) is equal to
the negative ones. Then the matrices β0 and β1 given by (4.7) are invertible if and only if Ker(G) ∩Ker(C1) =
{0}, namely,

Ker(G0) ∩Ker(C−1 ) = {0} and Ker(G1) ∩Ker(C+
1 ) = {0}. (4.10)

Proof. By (3.14) we have

G0(ε1, . . . , εm) = (εm+1, . . . , εn)β0. (4.11)

Assume that (4.10) holds, by the first formula in (4.10) and Ker(C−1 ) = Span{ε1, . . . , εm}, we have
Ker(G0) ∩ Im(ε1, . . . , εm) = {0}, which, by Proposition 2.11 in [19], is equivalent to rank(G0(ε1, . . . , εm)) =
rank(ε1, . . . , εm) = m. Hence, by (4.11), we have m = rank(G0(ε1, . . . , εm)) = rank((εm+1, . . . , εn)β0) 6
rank(β0). Thus, since m = m̄, β0 is invertible. We can similarly prove that β1 is invertible.

Inversely, assume that β0 is invertible, then, by (4.11), we have

rank(G0(ε1, . . . , εm)) = rank((εm+1, . . . , εn)β0) = rank(εm+1, . . . , εn) = m̄ = m,

thus rank(G0(ε1, . . . , εm)) = m = rank(ε1, . . . , εm), which, by Proposition 2.11 in [19], is equivalent to Ker(G0)∩
Im(ε1, . . . , εm) = Ker(G0) ∩Ker(C−1 ) = {0}. Similarly, we have Ker(G1) ∩Ker(C+

1 ) = {0}.

4.2. Determination of exactly synchronizable states

In general, the exactly synchronizable states are a priori unknown, which depend not only on the initial data,
but also on applied boundary controls. In this section, we will discuss the determination of exactly synchronizable
states.

Throughout this section, let εi ∈ RN−
(i = 1, . . . ,m), εi ∈ RN+

(i = m+ 1, . . . , n), and let

Ei =

(
εi
0

)
∈ RN (i = 1, . . . ,m), Ei =

(
0
εi

)
∈ RN (i = m+ 1, . . . , n) (4.12)

be linearly independent such that Span{E1, . . . , En} and Ker(C1) = Span{e1, . . . , en} are bi-orthonormal.
By (3.11), it is easy to check that (Ei, ej) = (εi, εj) for i, j = 1, . . . ,m (resp. i, j = m + 1, . . . , n), thus,

since Span{E1, . . . , En} and Ker(C1) are bi-orthonormal, we have V = Span{ε1, . . . , εm} and Ker(C−1 ) =
Span{ε1, . . . , εm} are bi-orthonormal, and W = Span{εm+1, . . . , εn} and Ker(C+

1 ) = Span{εm+1, . . . , εn} are
bi-orthonormal, respectively.

We first show that in some special cases the exactly synchronizable state will be determined only by the
initial data, but not depend on applied boundary controls. The idea is to project the system to the subspace
Span{E1, . . . , En} bi-orthonormal to Ker(C1), so that by properly choosing the boundary control matrix D, the
projection system can be independent of any given boundary controls, but the solution to this system coincides
with the exactly synchronizable state of the original system as t > T . However, in order to obtain a self-closed
projection system that is independent of boundary controls, matrices Λ, AT and GT should possess a common
invariant subspace, which, in this situation, must be Span{E1, . . . , En}. To assume that Ei(i = 1, . . . , n) are
eigenvectors of Λ in the following theorem is to keep the first-order part of diagonal form in the projection
system.



EXACT BOUNDARY SYNCHRONIZATION 13

Theorem 4.4. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively. Assume
furthermore that Ei(i = 1, . . . , n) given by (4.12) are eigenvectors of Λ, and Span{E1, . . . , En} is a common
invariant subspace of AT and GT . Then there exists a boundary control matrix D with

rank(C−1 D) = rank(D) = N− −m, (4.13)

such that system (2.3) is exactly synchronizable, and the exactly synchronizable states are independent of applied
boundary controls.

Proof. Let D be defined by

Ker(DT ) = V = Span{ε1, . . . , εm}. (4.14)

Noting that V and Ker(C−1 ) are bi-orthonormal, by Proposition 2.5 and Proposition 2.11 in [19], we immediately
get (4.13). Then by Theorem 3.10, system (2.3) is exactly synchronizable.

Noting that Ei(i = 1, . . . , n) are eigenvectors of Λ, without loss of generality, we may assume that

ΛEi = λiEi, i = 1, . . . , n. (4.15)

Noting that Span{E1, . . . , En} is invariant for AT , there exist constants aij (i, j = 1, . . . , n) such that

ATEi =
∑n
j=1 aijEj , i = 1, . . . , n. (4.16)

Noting that Span{E1, . . . , En} is invariant for GT , there exist constants bij (i, j = 1, . . . , n) such that for
i = 1, . . . ,m we have

GTEi =

(
0 GT0
GT1 0

)(
εi
0

)
=

(
0

GT1 εi

)
=
∑n
j=1 bijEj =

( ∑m
j=1 bijεj∑n

j=m+1 bijεj

)
, (4.17)

thus we have bij = 0(i, j = 1, . . . ,m) and

GT1 εi =
∑n
j=m+1 bijεj , i = 1, . . . ,m. (4.18)

Similarly, we have

GT0 εi =
∑m
j=1 bijεj , i = m+ 1, . . . , n. (4.19)

Let φi = (U,Ei)(i = 1, . . . , n). Noting U = (U−, U+)T and (4.12), it is easy to see that

φi = (U−, εi) (i = 1, . . . ,m), φi = (U+, εi) (i = m+ 1, . . . , n). (4.20)

Noting (4.15)–(4.16), by multiplying Ei (i = 1, . . . , n) on the equations in system (2.3), we have φi (i =
1, . . . , n) satisfy

φit + λiφix +
∑n
j=1 aijφj = 0, t ∈ (0,+∞), x ∈ (0, L). (4.21)

Noting (4.14), (4.18) and (4.20), by the boundary conditions on x = L in system (2.3), we have

φi(t, L) =
(
U+(t, L), GT1 εi

)
+ (H,DT εi) =

(
U+(t, L),

∑n
j=m+1 bijεj

)
=
∑n
j=m+1 bijφj(t, L) (4.22)
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for i = 1, . . . ,m. Thus, we have

φi(t, L) =
∑n
j=m+1 bijφj(t, L), i = 1, . . . ,m, t > 0. (4.23)

Similarly, we have

φi(t, 0) =
∑m
j=1 bijφj(t, 0), i = m+ 1, . . . , n, t > 0. (4.24)

On the other hand, noting that Span{E1, . . . , En} and Ker(C1) = Span{e1, . . . , en} are bi-orthonormal, as
t > T we have

t > T : φi = (U,Ei) = (
∑n
j=1 ũjej , Ei) = ũi, i = 1, . . . , n, (4.25)

thus, the exactly synchronizable state (ũ1(t, x), . . . , ũn(t, x))T is entirely determined by the solution to system
(4.21) and (4.23)–(4.24) with the initial data

t = 0 : φi = (U0, Ei), i = 1, . . . , n, (4.26)

then is independent of applied boundary control H. Thus, in order to obtain the exactly synchronizable state
(ũ1(t, x), . . . , ũn(t, x))T , we only need to solve the mixed problem of the homogeneous system (4.21) and (4.23)–
(4.24), the solution of which is determined only by the initial data (4.26).

Lemma 4.5. Under the condition of C1-compatibility (3.2) for G, if Span{E1, . . . , En} with Ei(i = 1, . . . , n)
given by (4.12) is an invariant subspace of GT , then

GT0 εi =
∑m
j=1 βjiεj (i = m+ 1, . . . , n), GT1 εi =

∑n
j=m+1 βjiεj (i = 1, . . . ,m), (4.27)

where βij(i, j = 1, . . . , n) are given by (3.14).

Proof. We only prove the second formula in (4.27). By the proof of Theorem 4.4, Span{E1, . . . , En} is an
invariant subspace of GT if and only if (4.18)–(4.19) hold. Noting that V = Span{ε1, . . . , εm} and Ker(C−1 ) =
Span{ε1, . . . , εm} are bi-orthonormal, we have

(GT1 εi, εk) = (
∑n
j=m+1 bijεj , εk) = bik, i = 1, . . . ,m; k = m+ 1, . . . , n. (4.28)

On the other hand, under the condition of C1-compatibility (3.14) for G, we have

(GT1 εi, εk) = (εi, G1εk) = (εi,
∑m
j=1 βkjεj) = βki, i = 1, . . . ,m; k = m+ 1, . . . , n. (4.29)

Comparing (4.28) and (4.29) we have bik = βki(i = 1, . . . ,m; k = m+ 1, . . . , n). The proof is complete.

Remark 4.6. Similarly, under the condition of C1-compatibility (3.1) for A, if Span{E1, . . . , En} with Ei(i =
1, . . . , n) given by (4.12) is an invariant subspace for AT , then

ATEi =
∑n
j=1 αjiEj , i = 1, . . . , n, (4.30)

where αij(i, j = 1, . . . , n) are given by (3.5).

To obtain the reverse result of Theorem 4.4, we first give the following
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Lemma 4.7. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively. Let
H ∈ (L2(0, T ))M be the boundary control with which system (2.3) realizes the exact boundary synchronization at
the time t = T , where T > 0 is large enough. Then, for a small t0 > 0, the value of H on (0, t0) can be chosen
arbitrarily.

Proof. At first, there exists T0 > 0 independent of the initial data, such that, as T > T0, the reduced problem
(3.24) is exactly null controllable at the time t = T . Taking t0 > 0, such that T − t0 > T0, and arbitrarily giving

Ĥ ∈ (L2(0, t0))M , we solve the forward problem (3.24)–(3.25) with H = Ĥ in R(t0) = {(t, x)|0 < t < t0, 0 <

x < L}, and get the solution Ŵ ∈ (L2(0, t0;L2(0, L)))N−n. Since T − t0 > T0, the mixed problem (3.24) is still

exactly null controllable in (t0, T ), we can find a boundary control H̃ ∈ (L2(t0, T ))M , such that the corresponding

solution W̃ = W̃ (t, x) ∈ (L2(t0, T ;L2(0, L)))N−n satisfies exactly the initial condition t = t0 : W̃ = Ŵ (t0, x)

and the final condition t = T : W̃ ≡ 0. Let

H =

{
Ĥ, t ∈ (0, t0),

H̃, t ∈ (t0, T ),
W =

{
Ŵ , t ∈ (0, t0),

W̃ , t ∈ (t0, T ).
(4.31)

It is easy to check that W given by (4.31) is the solution to the mixed problem (3.24), and it is exactly null
controllable at the time t = T under the boundary control H. Thus system (2.3) is exactly synchronizable at
the time t = T under the boundary control H, the value of which is arbitrarily chosen on (0, t0).

We still project system (2.3) to the subspace Span{E1, . . . , En} which is bi-orthonormal to Ker(C1). If the
projection system is independent of applied boundary controls, and if the reduced system of (2.3) is exactly
controllable, then we can obtain the properties mentioned in Theorem 4.4 for the corresponding matrices Λ, A,
G0, G1 and D for system (2.3). To guarantee the exact boundary controllability of the reduced system, one has
to assume that the number of positive eigenvalues of the reduced system is not bigger than that of negative
ones, and the corresponding coupling matrix G0 on x = 0 is of full row-rank, then Lemma 2.7 can be applied.

Theorem 4.8. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively. Assume
furthermore that the number of positive eigenvalues of Λ, given by (3.23), is not bigger than that of negative
ones, and G0, given by (3.22), is of full row-rank, namely,

N+ − m̄ 6 N− −m and rank(G0) = N+ − m̄, (4.32)

where N− and N+ are given by (2.1), and m̄ is given by (2.5). Assume finally that system (2.3) is exactly
synchronizable under condition (3.26). Let U be the solution which realizes the exact boundary synchronization
at the time t = T . If the projection functions φi = (Ei, U)(i = 1, . . . , n) with Ei(i = 1, . . . , n) given by (4.12)
are independent of applied boundary controls H, then Ei(i = 1, . . . , n) are eigenvectors of Λ, Span{E1, . . . , En}
is a common invariant subspace of AT and GT , and εi ∈ Ker(DT )(i = 1, . . . ,m). In particular, if D satisfies
(4.13), then we have Ker(DT ) = Span{ε1, . . . , εm}.

Proof. Let U0 = 0 in (2.4). By the well-posedness of problem (2.3) and (2.4), the linear mapping F : H → U =
(U−, U+)T is continuous from (L2

loc(0,+∞))M to (L2
loc(0,+∞;L2(0, L)))N , where H has compact support in

(0, T ). Let F ′ denote the Fréchet derivative of the mapping F . For any given H ∈ (L2
loc(0,+∞))M , we define

Û = (Û−, Û+)T = F ′(0)H. By linearity, Û satisfies a system similar to that of U :
Ût + ΛÛx +AÛ = 0, t ∈ (0,+∞), x ∈ (0, L),

Û+(t, 0) = G0Û
−(t, 0), t ∈ (0,+∞),

Û−(t, L) = G1Û
+(t, L) +DH, t ∈ (0,+∞),

t = 0 : Û = 0, x ∈ (0, L).

(4.33)
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Since the projection functions φi (i = 1, . . . , n) are independent of applied boundary control H, we have

(Ei, Û) ≡ 0(i = 1, . . . , n), ∀H ∈ (L2
loc(0,+∞))M . (4.34)

Noting that Span{E1, . . . , En} and Ker(C1) = Span{e1, . . . , en} are bi-orthonormal, we have Ei 6∈ Im(CT1 )
(i = 1, . . . , n). Otherwise, there exists Pi ∈ RN−n, such that Ei = CT1 Pi, then 1 = (Ei, ei) = (CT1 Pi, ei) =
(Pi, C1ei) = 0. Then (E1, . . . , En, C

T
1 ) constitutes a set of basis in RN . Thus, there exist constants µij(i, j =

1, . . . , n), aij(i, j = 1, . . . , n) and vectors Pi, Qi ∈ RN−n(i = 1, . . . , n), such that

ΛEi =
∑n
j=1 µijEj + CT1 Pi, ATEi =

∑n
j=1 aijEj + CT1 Qi, i = 1, . . . , n. (4.35)

Taking the inner product with Ei(i = 1, . . . , n) on the equations in system (4.33), it follows from (4.34)–(4.35)
that

0 = (ΛÛx, Ei) + (AÛ,Ei) = (Ûx, C
T
1 Pi) + (Û , CT1 Qi) = (C1Ûx, Pi) + (C1Û , Qi), i = 1, . . . , n. (4.36)

Under conditions of C1-compatibility (3.1) and (3.2) for A and G, respectively, by multiplying corresponding

C1 on (4.33) and setting W = C1Û , we get the reduced system (3.24). Noting (3.26) and (4.32), by Lemma

2.7, the reduced system (3.24) is exactly controllable, then the value C1Û of its solution at the time t = T

can be chosen arbitrarily. Specially taking C1Ûx = 0 with C1Û being arbitrarily chosen in (4.36), we get

Qi = 0(i = 1, . . . , n). Then, by arbitrarily choosing C1Ûx, we have Pi = 0(i = 1, . . . , n). Thus, we have

ΛEi =
∑n
j=1 µijEj , ATEi =

∑n
j=1 aijEj , i = 1, . . . , n. (4.37)

Then Span{E1, . . . , En} is an invariant subspace of AT . Taking the inner product with ei(i = 1, . . . , n) on the
first formula in (4.37), and noting that Span{E1, . . . , En} and Ker(C1) = Span{e1, . . . , en} are bi-orthonormal,
we have

(ΛEi, ek) = (
∑n
j=1 µijEj , ek) =

∑n
j=1 µij(Ej , ek) = µik, i, k = 1, . . . , n, (4.38)

while

(ΛEi, ek) = (Ei,Λek) = (Ei, λkek) =

{
λi, k = i,

0, k 6= i,
i = 1, . . . , n. (4.39)

Therefore, comparing (4.38) and (4.39), we get µii = λi and µik = 0 (k 6= i) for i = 1, . . . , n. Thus, Ei(i =
1, . . . , n) are eigenvectors of Λ.

On the other hand, noting that W = Span{εm+1, . . . , εn} and Ker(C+
1 ) = Span{εm+1, . . . , εn} are bi-

orthonormal, similarly, we can prove that (εm+1, . . . , εn, (C
+
1 )T ) constitutes a set of basis in RN+

. Thus, there

exist constants bij(i, j = 1, . . . , n) and vectors Θi ∈ RN+−m̄(i = 1, . . . ,m), such that

GT1 εi =
∑n
j=m+1 bijεj + (C+

1 )TΘi, i = 1, . . . ,m. (4.40)

Taking the inner product with εi(i = 1, . . . ,m) on the boundary condition on x = L in (4.33), noting (4.34),
(4.40), and that H has a compact support in (0, T ), for i = 1, . . . ,m, as t > T we have

0 = (Û(t, L), Ei) = (Û−(t, L), εi) = (G1Û
+(t, L), εi) = (Û+(t, L),

∑n
j=m+1 bijεj) + (Û+(t, L), (C+

1 )TΘi)

=
∑n
j=m+1 bij(Û(t, L), Ej) + (C+

1 Û
+(t, L),Θi) = (C+

1 Û
+(t, L),Θi). (4.41)
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Similarly, by the exact boundary controllability of the reduced system (3.24), the value of C+
1 Û

+ at the time
t = T can be arbitrarily chosen, then we have Θi = 0(i = 1, . . . ,m), thus, we get

GT1 εi =
∑n
j=m+1 bijεj , i = 1, . . . ,m. (4.42)

We can similarly prove (4.19). Thus Span{E1, . . . , En} is an invariant subspace of GT .
On the other hand, by taking the inner product with εi(i = 1, . . . ,m) on the boundary condition on x = L

in (4.33), noting (4.12), (4.34) and (4.42), as 0 < t < T , for i = 1, . . . ,m we have

0 = (Û(t, L), Ei) = (Û−(t, L), εi) = (G1Û
+(t, L), εi) + (DH, εi) = (Û+(t, L),

∑n
j=m+1 bijεj) + (H,DT εi)

=
∑n
j=m+1 bij(Û

+(t, L), εj) + (H,DT εi) =
∑n
j=m+1 bij(Û(t, L), Ej) + (H,DT εi) = (H,DT εi). (4.43)

Since, by Lemma 4.7, the value of H on (0, t0) can be chosen arbitrarily for t0 > 0 small enough, we have
DT εi = 0(i = 1, . . . ,m), thus εi ∈ Ker(DT )(i = 1, . . . ,m). The proof is complete.

We then discuss the properties of G0 which imply that the matrix G0 is of full row-rank.

Lemma 4.9. Let C be an M ×N matrix and D be an N × L matrix. Then rank(CD) = rank(C) holds if and
only if we have Ker(DT ) ∩ Im(CT ) = {0}.

Proof. Noting that rank(DTCT ) = rank(CD) = rank(C) = rank(CT ), Lemma 4.9 comes from Proposition 2.11
in [19].

Corollary 4.10. Assume that the number of positive eigenvalues of Λ, given by (3.23), is not bigger than that
of negative ones, namely, N+ − m̄ 6 N− −m, where N− and N+ are given by (2.1), while m̄ is given by (2.5).
Then

Ker(GT0 ) ∩ Im((C+
1 )T ) = {0} (4.44)

if and only if G0, given by (3.22), is of full row-rank, namely, rank(G0) = N+ − m̄. In particular, if G0 is of
full row-rank, then G0 is of full row-rank.

Proof. By Lemma 4.9, (4.44) is equivalent to rank(C+
1 G0) = rank(C+

1 ) = N+ − m̄. Noting (3.22), we have
N+ − m̄ = rank(C+

1 G0) = rank(G0C
−
1 ) 6 rank(G0), then, noting N+ − m̄ 6 N− −m and that G0 is an (N+ −

m̄)× (N− −m) matrix, G0 is of full row-rank.
Inversely, assume that rank(G0) = N+ − m̄. Since C−1 is of full row-rank, we have Ker((C−1 )T ) = {0}. Thus

Ker((C−1 )T )∩ Im(G
T

0 ) = {0}, by Lemma 4.9, rank(G0C
−
1 ) = rank(G0). Hence, noting (3.22), we have N+− m̄ =

rank(G0) = rank(G0C
−
1 ) = rank(C+

1 G0) = rank(C+
1 ), then, by Lemma 4.9 we get (4.44).

In particular, if G0 is of full row-rank, then Ker(GT0 ) = {0}, and (4.44) holds.

5. Estimate of exactly synchronizable states

In general, the exactly synchronizable state depends on applied boundary controls. We can not obtain precisely
the exactly synchronizable state simply by solving a mixed problem of a homogeneous system as in Theorem
4.4. However, we can estimate the exactly synchronizable state by the solution to such problem of homogeneous
system as follows.

Theorem 5.1. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respec-
tively. Let Ei(i = 1, . . . , n) given by (4.12) be eigenvectors of Λ, namely, (4.15) holds. If system (2.3) is
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exactly synchronizable under condition (3.26) with H satisfying (3.27), then the exactly synchronizable state
(ũ1(t, x), . . . , ũn(t, x))T satisfies the following estimate:

‖ũi(T )− φi(T )‖L2(0,L) 6 c‖C1U0‖(L2(0,L))N−n , i = 1, . . . , n, (5.1)

where (φ1(t, x), . . . , φn(t, x))T is the solution to the following problem:
φit + λiφix +

∑n
j=1 αjiφj = 0, i = 1, . . . , n, t ∈ (0,+∞), x ∈ (0, L),

φi(t, 0) =
∑m
j=1 βjiφj(t, 0), i = m+ 1, . . . , n, t ∈ (0,+∞),

φi(t, L) =
∑n
j=m+1 βjiφj(t, L), i = 1, . . . ,m, t ∈ (0,+∞),

t = 0 : φi = (Ei, U0), i = 1, . . . , n, x ∈ (0, L),

(5.2)

where αij and βij(i, j = 1, . . . , n) are given by (3.5) and (3.14), respectively.

Proof. Let U be the solution to problem (2.3) and (2.4), which realizes the exact boundary synchronization at
the time t = T , and let

zi = (Ei, U) =

{
(εi, U

−), i = 1, . . . ,m,

(εi, U
+), i = m+ 1, . . . , n.

For i = 1, . . . , n we have

(Ei, AU) = (ATEi, U) = (
∑n
j=1 αjiEj , U) + (ATEi−

∑n
j=1 αjiEj , U) =

∑n
j=1 αjizj + (ATEi−

∑n
j=1 αjiEj , U).

(5.3)
Since Span{E1, . . . , En} and Ker(C1) = Span{e1, . . . , en} are bi-orthonormal, noting (3.5), we have

(ATEi −
∑n
j=1 αjiEj , ek) = (Ei, Aek)− αki = (Ei,

∑n
j=1 αkjej)− αki = αki − αki = 0 (5.4)

for i, k = 1, . . . , n, hence, noting (2.11), we have ATEi −
∑n
j=1 αjiEj ∈ {Ker(C1)}⊥ = Im(CT1 ) (i = 1, . . . , n),

then there exist Pi ∈ RN−n (i = 1, . . . , n) such that ATEi −
∑n
j=1 αjiEj = CT1 Pi (i = 1, . . . , n). Thus, by (5.3),

we have

(Ei, AU) =
∑n
j=1 αjizj + (CT1 Pi, U) =

∑n
j=1 αjizj + (Pi, C1U), i = 1, . . . , n. (5.5)

On the other hand, for i = 1, . . . ,m we have

(εi, G1U
+(t, L)) = (GT1 εi, U

+(t, L)) = (
∑n
j=m+1 βjiεj , U

+(t, L)) + (GT1 εi −
∑n
j=m+1 βjiεj , U

+(t, L))

=
∑n
j=m+1 βjizj(t, L) + (GT1 εi −

∑n
j=m+1 βjiεj , U

+(t, L)). (5.6)

Since V = Span{ε1, . . . , εm} and Ker(C−1 ) = Span{ε1, . . . , εm} are bi-orthonormal, noting (3.14), for i =
1, . . . ,m and k = m+ 1, . . . , n we have

(GT1 εi −
∑n
j=m+1 βjiεj , εk) = (εi, G1εk)− βki = (εi,

∑m
j=1 βkjεj)− βki = βki − βki = 0.

Hence, noting (3.10), we have GT1 εi −
∑n
j=m+1 βjiεj ∈ {Ker(C+

1 )}⊥ = Im((C+
1 )T ) (i = 1, . . . ,m), then there

exist Qi ∈ RN+−m̄ (i = 1, . . . ,m), such that GT1 εi −
∑n
j=m+1 βjiεj = (C+

1 )TQi (i = 1, . . . ,m). Thus, by (5.6),
we have

(εi, G1U
+(t, L)) =

∑n
j=m+1 βjizj(t, L) + (Qi, C

+
1 U

+(t, L)), i = 1, . . . ,m. (5.7)
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Similarly, there exist Ri ∈ RN−−m(i = m+ 1, . . . , n), such that

(εi, G0U
−(t, 0)) =

∑m
j=1 βjizj(t, 0) + (Ri, C

−
1 U
−(t, 0)), i = m+ 1, . . . , n. (5.8)

Taking the inner product on both sides of problem (2.3) and (2.4) with Ei, and noting (4.15), (5.5) and
(5.7)–(5.8), we have

zit + λizix +
∑n
j=1 αjizj = −(Pi, C1U), i = 1, . . . , n, t ∈ (0,+∞), x ∈ (0, L),

zi(t, 0) =
∑m
j=1 βjizj(t, 0) + (Ri, C

−
1 U
−(t, 0)), i = m+ 1, . . . , n, t ∈ (0,+∞),

zi(t, L) =
∑n
j=m+1 βjizj(t, L) + (Qi, C

+
1 U

+(t, L)) + (DH, εi), i = 1, . . . ,m, t ∈ (0,+∞),

t = 0 : zi = (Ei, U0), i = 1, . . . , n, x ∈ (0, L).

(5.9)

Let yi = zi − φi (i = 1, . . . , n), where (φ1(t, x), . . . , φn(t, x))T is the solution to problem (5.2). We have
yit + λiyix +

∑n
j=1 αjiyj = −(Pi, C1U), i = 1, . . . , n, t ∈ (0,+∞), x ∈ (0, L),

yi(t, 0) =
∑m
j=1 βjiyj(t, 0) + (Ri, C

−
1 U
−(t, 0)), i = m+ 1, . . . , n, t ∈ (0,+∞),

yi(t, L) =
∑n
j=m+1 βjiyj(t, L) + (Qi, C

+
1 U

+(t, L)) + (DH, εi), i = 1, . . . ,m, t ∈ (0,+∞),

t = 0 : yi = 0, i = 1, . . . , n, x ∈ (0, L).

(5.10)

Then, by the well-posedness Theorem 3.3 in [26], we have

‖(zi − φi)(T )‖L2(0,L) = ‖yi(T )‖L2(0,L) 6 c(‖(Pi, C1U)‖L2(0,T ;L2(0,L))

+ ‖(Ri, C−1 U−(t, 0))‖L2(0,T ) + ‖(Qi, C+
1 U

+(t, L))‖L2(0,T ) + ‖(DH, εi)‖L2(0,T )). (5.11)

Since C1U =

(
C−1 U

−

C+
1 U

+

)
is the solution to the reduced system (3.24), noting (2.15)–(2.16) and (3.27), the

right-hand side of (5.11)

6 c(‖C1U0‖(L2(0,L))N−n + ‖H‖(L2(0,T ))M ) 6 c‖C1U0‖(L2(0,L))N−n . (5.12)

On the other hand, noting (2.13), we have

t > T : zi = (Ei, U) = (Ei,
∑n
j=1 ũjej) = ũi, i = 1, . . . , n. (5.13)

Substituting (5.13) into (5.11)–(5.12), we get (5.1).

Remark 5.2. Particularly defining D by (4.14), by the proof of Theorem 4.4, we have (4.13), then system (2.3)
is exactly synchronizable, where, by Remark 3.11, we can properly choose the boundary control H to satisfy
(3.27), thus we have estimate (5.1). In general, since boundary control might act arbitrarily at the beginning,
the cost of the control might be arbitrarily large (see Lem. 4.7).

6. Necessity of the conditions of C1-compatibility

The conditions of C1-compatibility are important issues in the study of synchronization for first order hyper-
bolic systems. Under the conditions of C1-compatibility for the coupling matrices, we can easily obtain the
exact boundary synchronization for the system, and the behavior of exactly synchronizable states can be better
described. However, the necessity of the conditions of C1-compatibility are not always certain, because the exact
boundary synchronization may happen without these conditions as long as there are enough boundary controls.
Readers can refer to [10, 12, 17, 28] to see more about the discussion on the conditions of compatibility for a
coupled system of wave equations.
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6.1. Condition of C1-compatibility for the coupling matrix A

In this section we will discuss the necessity of the condition of C1-compatibility (3.1) for the coupling matrices
A for the exact boundary synchronization of system (2.3).

Assume that system (2.3) is exactly synchronizable at the time T > 0, namely, there exists a decomposition
(2.1) such that, for the corresponding matrix of synchronization C1 given by (2.9), we have (2.14). Then, by
multiplying C1 on the equations in system (2.3) and noting (2.14), we have

t > T : C1ΛUx + C1AU = 0, (6.1)

in which, noting (2.2), (2.9) and (2.14), by a direct calculation we have C1ΛUx = 0, hence

t > T : C1AU = C1A
∑n
i=1 ũiei =

∑n
i=1 C1Aeiũi = 0. (6.2)

If C1Aei = 0(i = 1, . . . , n), then, noting (2.11), we have the condition of C1-compatibility (3.1). Otherwise,
without loss of generality, we may assume that there exist constants δi(i = 1, . . . , n− 1) such that

ũn =
∑n−1
i=1 δiũi. (6.3)

Let

U =



IN1
0

IN2 0
. . .

...
INn−1 0

δ1
N1
ẽT1

δ2
N2
ẽT2 · · · δn−1

Nn−1
ẽTn−1

...
...

... −INn

δ1
N1
ẽT1

δ2
N2
ẽT2 · · · δn−1

Nn−1
ẽTn−1


U =


U1

...
Un−1(∑n−1

i=1
δi
Ni
ẽTi Ui

)
ẽn − Un

 ,

where ẽi(i = 1, . . . , n) are given by (2.10). Noting (2.13) and (6.3), as t > T , we have∑n−1
i=1

δi
Ni
ẽTi Ui =

∑n−1
i=1

δi
Ni
ẽTi ẽiũi =

∑n−1
i=1 δiũi = ũn,

thus U = (ũ1ẽ1, . . . , ũn−1ẽn−1, 0ẽn)T , namely, one group of the components is in fact exactly null controllable,
while the other groups are exactly synchronizable. Thus we have

Theorem 6.1. If system (2.3) is exactly synchronizable, and under any linear invertible transformation, any
given group is not exactly null controllable, then A must satisfy the corresponding condition of C1-compatibility.

6.2. Condition of C1-compatibility for the boundary coupling matrix G

We now discuss the condition of C1-compatibility for the boundary coupling matrix G on the boundary.
As t > T , noting (3.12), multiplying C+

1 and C−1 on the boundary conditions of system (2.3) on x = 0 and
x = L with H ≡ 0, respectively, we have

0 = C+
1 U

+(t, 0) = C+
1 G0U

−(t, 0) =
∑m
i=1 C

+
1 G0εiũi (6.4)

and

0 = C−1 U
−(t, L) = C−1 G1U

+(t, L) =
∑n
i=m+1 C

−
1 G1εiũi. (6.5)
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If C+
1 G0εi = 0 (i = 1, . . . ,m) and C−1 G1εi = 0 (i = m+ 1, . . . , n), then, noting (3.10) and Lemma 3.5, we have

the condition of C1-compatibility (3.2). Otherwise, components of the exactly synchronizable state corresponding
to negative spreading speeds are linearly dependent on x = 0, or those corresponding to positive spreading speeds
are linearly dependent on x = L. However, since the properties on the boundary cannot be extended to the
internal domain, we can not obtain similar results for the boundary coupling matrix G as in Theorem 6.1.
We will show in what follows that for system with two groups of synchronized components, the condition of
C1-compatibility for G is necessary.

For given N1 and N2, let

Λ = diag{λ1IN1
, λ2IN2

} with λ1 < 0 and λ2 > 0. (6.6)

For system (2.3) with n = 2, the exact boundary synchronization (2.7) means

u
(1)
1 (t, x) ≡ · · · ≡ u(N1)

1 (t, x)
def
= u(t, x), u

(1)
2 (t, x) ≡ · · · ≡ u(N2)

2 (t, x)
def
= v(t, x) (6.7)

as t > T , where (u, v)T is the exactly synchronizable state. (6.7) is equivalent to

t > T : U = ue1 + ve2 or U− = U1 = uẽ1, U
+ = U2 = vẽ2, (6.8)

where ei(i = 1, 2) are given by (2.12), and ẽi(i = 1, 2) are given by (2.10).

Theorem 6.2. Under assumption (6.6), if system (2.3) is exactly synchronizable as in (6.7), but any one of the
two groups is not exactly null controllable, then G must satisfy the corresponding condition of C1-compatibility.

Proof. Since system (2.3) is exactly synchronizable, as t > T , the solution U = U(t, x) satisfies (6.8) and we
have H(t) ≡ 0 for t > T , then the boundary conditions on x = L in system (2.3) gives

x = L : u(t, L)ẽ1 = G1v(t, L)ẽ2, t > T. (6.9)

Multiplying C̃1, given by (2.9), on (6.9), noting (2.10) we have

x = L : v(t, L)C̃1G1ẽ2 = 0, t > T. (6.10)

We claim that v(t, L) 6≡ 0 for t > T at least for an initial data U0(x), therefore, C̃1G1ẽ2 = 0, then, noting
C−1 = C̃1, C+

1 = C̃2 and (2.10), we have G1Ker(C+
1 ) ⊆ Ker(C−1 ). Otherwise, assume v(t, L) ≡ 0 for t > T , by

(6.9) we have x = L : u(t, L)ẽ1 ≡ 0 (t > T ), thus, by (6.8), we have x = L : U(t, L) ≡ 0 (t > T ). Then, by
the well-posedness of the leftward problem of system (2.3) (see (2.56) of Thm. 3.1 in [26]), there exists T̃ > T ,
such that U ≡ 0 (t > T̃ ), thus system (2.3) is in fact exactly boundary null controllable, which contradicts the
assumption.

Similarly, we have G0Ker(C−1 ) ⊆ Ker(C+
1 ). Then the condition of C1-compatibility (3.2) follows from Lemma

3.5.

7. Non-exact boundary controllability and synchronization

Similarly to the case of wave equations, the exact boundary controllability and synchronization can not be
realized when the number of boundary controls is not enough, but so far there is no conclusion about the
minimum number of boundary controls for all the systems. In this section, we will present some systems (2.3)
for which the one-sided exact boundary controllability can not be realized if rank(D) < N−, and the one-sided
exact boundary synchronization can not be realized if rank(C−1 D) < N− −m.
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Here and hereafter, let ξk ∈ RN−
and ηk ∈ RN+

(k = 1, . . . , q) be linearly independent, and let

Ek =

(
ξk
0

)
, Ek =

(
0
ηk

)
∈ RN , k = 1, . . . , q (7.1)

be linearly independent. Denote

E = Span{E1, . . . , Eq, E1, . . . , Eq}, V = Span{ξ1, . . . , ξq} and W = Span{η1, . . . , ηq}. (7.2)

7.1. Non-exact boundary controllability

Theorem 7.1. Assume that Ek and Ek(k = 1, . . . , q) are eigenvectors of Λ, E is a common invariant subspace
of AT and GT , and

V = Span{ξ1, . . . , ξq} ⊆ Ker(DT ). (7.3)

Assume furthermore that Ker(GT ) ∩ E = {0}, namely,

Ker(GT0 ) ∩W = {0} and Ker(GT1 ) ∩ V = {0}. (7.4)

Then we have rank(D) < N− and system (2.3) is not exactly null controllable.

Proof. Noting (7.3), we have rank(D) < N−.
Since Ek and Ek(k = 1, . . . , q) are eigenvectors of Λ, assuming that

ΛEk = λ̃kEk and ΛEk =
˜̃
λkEk, k = 1, . . . , q, (7.5)

it follows by a direct calculation that λ̃k < 0 and
˜̃
λk > 0 for k = 1, . . . , q.

By assumptions, E = Span{E1, . . . , Eq, E1, . . . , Eq} is a common invariant subspace of AT and GT , then we
may assume that

ATEk =
∑q
l=1 aklEl +

∑q
l=1 bklEl, ATEk =

∑q
l=1 cklEl +

∑q
l=1 dklEl (7.6)

and

GT0 ηk =
∑q
l=1 g

0
klξl, GT1 ξk =

∑q
l=1 g

1
klηl (7.7)

for k = 1, . . . , q, where akl, bkl, ckl, dkl, g
0
kl and g1

kl(k, l = 1, . . . , q) are constants.
Assume by contradiction that system (2.3) is exactly null controllable at the time t = T for any given initial

data U0 ∈ (L2(0, L))N . Let U be the solution to problem (2.3) and (2.4), which realizes the exact boundary null
controllability, and let

φk = (Ek, U) = (ξk, U
−), ψk = (Ek, U) = (ηk, U

+), k = 1, . . . , q. (7.8)

Noting (7.3) and (7.5)–(7.7), for k = 1, . . . , q we have
φkt + λ̃kφkx +

∑q
l=1 aklφl +

∑q
l=1 bklψl = 0, t ∈ (0, T ), x ∈ (0, L),

ψkt +
˜̃
λkψkx +

∑q
l=1 cklφl +

∑q
l=1 drsψl = 0, t ∈ (0, T ), x ∈ (0, L),

ψk(t, 0) =
∑q
l=1 g

0
klφl(t, 0), t ∈ (0, T ),

φk(t, L) =
∑q
l=1 g

1
klψl(t, L), t ∈ (0, T )

(7.9)
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with

t = 0 : φk = (Ek, U0), ψk = (Ek, U0) (7.10)

and

t = T : φk = (Ek, U) ≡ 0, ψk = (Ek, U) ≡ 0. (7.11)

We claim that matrices Ĝ0 = (g0
kl) and Ĝ1 = (g1

kl) of order q are invertible, then by Lemma 2.6, we can
solve the backward problem of system (7.9) with (7.11) on R(T ), the solution φk = ψk ≡ 0(k = 1, . . . , q) of
which is also the solution to the forward problem of system (7.9), by the uniqueness of the solution, we have
(Ek, U0) = (Ek, U0) ≡ 0(k = 1, . . . , q), which contradicts the fact that the initial data U0 varies through the
whole space (L2(0, L))N .

At last, we prove that the matrices Ĝ0 = (g0
kl) and Ĝ1 = (g1

kl) are invertible. In fact, the first formula in (7.7)
implies

GT0 (η1, . . . , ηq) = (ξ1, . . . , ξq)Ĝ
T
0 . (7.12)

Let η = (η1, . . . , ηq) be an N+ × q full column-rank matrix and ξ = (ξ1, . . . , ξq) an N− × q full column-rank
matrix. By (7.4), we have Ker(GT0 ) ∩ Im(η) = {0}, then by Proposition 2.11 in [19], we have rank(GT0 η) =
rank(η) = q. Thus (7.12) indicates that q = rank(GT0 η) = rank(ξĜT0 ) 6 rank(ĜT0 ), then, Ĝ0 is invertible. We
can similarly prove that Ĝ1 is invertible.

Example 7.2. Consider the following system:

u1t + λ1u1x + u1 + 5v = 0, t ∈ (0,+∞), x ∈ (0, L),

u2t + λ2u2x + 3u1 + 4u2 − v = 0, t ∈ (0,+∞), x ∈ (0, L),

vt + λ3vx + 2u1 + v = 0, t ∈ (0,+∞), x ∈ (0, L),

x = 0 : v = 2u1, t ∈ (0,+∞),

x = L : u1 = v, u2 = 2v + 3h(t), t ∈ (0,+∞),

(7.13)

in which λ1, λ2 < 0 and λ3 > 0. Let Λ = diag{λ1, λ2, λ3},

A =

1 0 5
3 4 −1
2 0 1

 , G0 =
(
2 0

)
, G1 =

(
1
2

)
, D =

(
0
3

)
, E1 =

1
0
0

 , E2 =

0
0
1

 , ξ =

(
1
0

)
and η = 1.

It is easy to check that E1 and E2 are eigenvectors of Λ, E = Span{E1, E2} is a common invariant subspace
of AT and GT , V = Span{ξ} ⊆ Ker(DT ), and Ker(GT )∩E = {0}. By Theorem 7.1, system (7.13) is not exactly
null controllable by any given boundary control h. In fact, system (7.13) can be divided into two subsystems:
the one corresponding to u2 is controllable by boundary control h; while the one corresponding to u1 and v is
a closed system independent of u2 and h, thus is not null controllable by any given boundary control h.

7.2. Non-exact boundary synchronization

In order to study the minimum number of boundary controls for the synchronization, instead of projecting
the system to a subspace that is bi-orthonormal to Ker(C1) as in Section 4, we now make the projection to a
subspace of Im(CT1 ).
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Let Ek, Ek(k = 1, . . . , q), E and V be defined by (7.1)–(7.2). We further require that both Ek and Ek ∈
Im(CT1 ) (k = 1, . . . , q), which, by a direct computation, is equivalent to

V = Span{ξ1, . . . , ξq} ⊆ Im((C−1 )T ) and W = Span{η1, . . . , ηq} ⊆ Im((C+
1 )T ). (7.14)

Theorem 7.3. Assume that Ek and Ek(k = 1, . . . , q) belong to Im(CT1 ) and are eigenvectors of Λ, E is a
common invariant subspace of AT and GT , and (7.3) holds. Assume furthermore that Ker(GT ) ∩ E = {0},
namely, (7.4) holds. Then we have rank(C−1 D) < N− −m, and system (2.3) is not exactly synchronizable.

Proof. Noting (7.3) and (7.14), we have V ⊆ Ker(DT ) ∩ Im((C−1 )T ). By Proposition 2.11 in [19], we get

rank(C−1 D) = rank((C−1 D)T ) = rank(DT (C−1 )T ) < rank((C−1 )T ) = N− −m, (7.15)

then we have rank(C−1 D) < N− −m.
By assumptions, similarly, we have (7.5)–(7.7).
Assume by contradiction that system (2.3) is exactly synchronizable at the time t = T . Let U be the solution

to problem (2.3) and (2.4), which realizes the exact boundary synchronization and let φk and ψk be defined by
(7.8) for k = 1, . . . , q. Similarly, φk and ψk(k = 1, . . . , q) satisfy (7.9) with (7.10).

On the other hand, noting that both Ek and Ek ∈ Im(CT1 ) (k = 1, . . . , q), there exist Pk and Qk ∈ RN−n(k =
1, . . . , q), such that Ek = CT1 Pk and Ek = CT1 Qk for k = 1, . . . , q. Thus, noting (2.14), as t = T , for k = 1, . . . , q,
we have

φk = (Ek, U(T, x)) = (CT1 Pk, U(T, x)) = (Pk, C1U(T, x)) ≡ 0, x ∈ (0, L), (7.16)

ψk = (Ek, U(T, x)) = (CT1 Qk, U(T, x)) = (Qk, C1U(T, x)) ≡ 0, x ∈ (0, L). (7.17)

By the proof of Theorem 7.1, we have Ĝ0 = (g0
kl) and Ĝ1 = (g1

kl) are invertible, then by Lemma 2.6, we
can solve the backward problem of system (7.9) with (7.16)–(7.17) on R(T ), and the solution φk = ψk ≡ 0(k =
1, . . . , q). Similarly, we have (Ek, U0) = (Ek, U0) ≡ 0(k = 1, . . . , q) in (7.10), which contradicts the fact that the
initial data U0 varies through the whole space (L2(0, L))N .

Example 7.4. Consider the following system:



u1t + λ1u1x + u1 − u2 + u3 = 0, t ∈ (0,+∞), x ∈ (0, L),

u2t + λ1u2x − u1 + u2 + u4 = 0, t ∈ (0,+∞), x ∈ (0, L),

u3t + λ2u3x + u1 + u3 − u4 = 0, t ∈ (0,+∞), x ∈ (0, L),

u4t + λ2u4x + u2 − u3 + u4 = 0, t ∈ (0,+∞), x ∈ (0, L),

x = 0 : u3 = −u1 + u2, u4 = u1 − u2, t ∈ (0,+∞),

x = L : u1 = u3 + 2u4 + h(t), u2 = 2u3 + u4 + h(t), t ∈ (0,+∞),

(7.18)

in which λ1 < 0 and λ2 > 0. Let Λ = diag{λ1, λ1, λ2, λ2},

A =


1 −1 1 0
−1 1 0 1
1 0 1 −1
0 1 −1 1

 , G0 =

(
−1 1
1 −1

)
, G1 =

(
1 2
2 1

)
, D =

(
1
1

)
,
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C1 =

(
1 −1 0 0
0 0 1 −1

)
, E1 =


1
−1
0
0

 , E2 =


0
0
1
−1

 and ξ = η =

(
1
−1

)
.

It is easy to check that A and G, given by (2.6), satisfy the conditions of C1-compatibility (3.1) and (3.2),
respectively. E1, E2 ∈ Im(CT1 ), E1 and E2 are eigenvectors of Λ, E = Span{E1, E2} is a common invariant
subspace of AT and GT , V = Span{ξ} ⊆ Ker(DT ), and Ker(GT )∩E = {0}. By Theorem 7.3, system (7.18) is not
exactly synchronizable by any given boundary control h. In fact, noting that C−1 = (1,−1), then C−1 D = 0, the
reduced system of system (7.18) is not exactly null controllable, thus system (7.18) is not exactly synchronizable.

8. Two-sided control case

We can similarly study the exact boundary synchronization for the following system with boundary controls
acting on both sides of the boundary:

Ut + ΛUx +AU = 0, t ∈ (0,+∞), x ∈ (0, L),

U+(t, 0) = G0U
−(t, 0) +D0H

+(t), t ∈ (0,+∞),

U−(t, L) = G1U
+(t, L) +D1H

−(t), t ∈ (0,+∞),

(8.1)

where U , Λ, A, G0 and G1 are as mentioned before, the boundary control matrices D0 and D1 are full column-
rank matrices of order N+ ×M0 and N− ×M1 with M0 6 N+ and M1 6 N−, respectively. The boundary
control is given by H = (H−, H+)T with H− = (h1, . . . , hM1

)T , H+ = (hM1+1, . . . , hM )T and M = M0 +M1.
Let N− and N+ be given by (2.1), and m and m̄ be given by (2.5) as before.

Theorem 8.1. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively. If

rank(C+
1 D0) = N+ − m̄ and rank(C−1 D1) = N− −m, (8.2)

then system (8.1) is exactly synchronizable with (3.27).

Remark 8.2. Theorem 4.1 and Theorem 4.2 are also true for system (8.1).

Theorem 8.3. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively. Assume
furthermore that Ei(i = 1, . . . , n) given by (4.12) are eigenvectors of Λ, and Span{E1, . . . , En} is a common
invariant subspace of AT and GT . Then there exist boundary control matrices D0 and D1 satisfying

rank(C+
1 D0) = rank(D0) = N+ − m̄ and rank(C−1 D1) = rank(D1) = N− −m, (8.3)

such that system (8.1) is exactly synchronizable, and the exactly synchronizable states are independent of applied
boundary controls.

Remark 8.4. The boundary control matrices D0 and D1 satisfying (8.3) can be defined by

Ker(DT
0 ) = Span{εm+1, . . . , εn} and Ker(DT

1 ) = Span{ε1, . . . , εm}, (8.4)

where εi(i = 1, . . . , n) are given by (4.12).

For the reverse side, the two sided control case is different from the one-sided control case that, under
condition (8.3), the reduced system of system (8.1) is in fact exactly controllable (cf. Thm. 2.1 in [27]), thus
condition (4.32) in Theorem 4.8 is no longer required.
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Theorem 8.5. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively. Assume
furthermore that system (8.1) is exactly synchronizable under condition (8.3). Let U be the solution which realizes
the exact boundary synchronization at the time t = T . If the projection functions φi = (Ei, U) with Ei given by
(4.12) for i = 1, . . . , n are independent of applied boundary controls H, then Ei(i = 1, . . . , n) are eigenvectors of
Λ, Span{E1, . . . , En} is a common invariant subspace of AT and GT , and (8.4) holds.

In general, we can still estimate the exactly synchronizable state by the solution to problem (5.2).

Theorem 8.6. Assume that A and G satisfy conditions of C1-compatibility (3.1) and (3.2), respectively. Assume
furthermore that Ei(i = 1, . . . , n) given by (4.12) are eigenvectors of Λ, namely, (4.15) holds. If system (8.1)
is exactly synchronizable under condition (8.2) with H satisfying (3.27), then the exactly synchronizable state
(ũ1(t, x), . . . , ũn(t, x))T satisfies estimate (5.1).

Remark 8.7. Theorems 6.1–6.2 on the necessity of the conditions of C1-compatibility also hold true in the
two-sided control case.
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