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NULL CONTROLLABILITY AND INVERSE SOURCE PROBLEM
FOR STOCHASTIC GRUSHIN EQUATION WITH BOUNDARY
DEGENERACY AND SINGULARITY

LIN YaN, BIN WU*, SHIPING LU AND YUCHAN WANG

Abstract. In this paper, we consider a null controllability and an inverse source problem for stochastic
Grushin equation with boundary degeneracy and singularity. We construct two special weight functions
to establish two Carleman estimates for the whole stochastic Grushin operator with singular potential
by a weighted identity method. One is for the backward stochastic Grushin equation with singular
weight function. We then apply it to prove the null controllability for stochastic Grushin equation for
any T and any degeneracy v > 0, when our control domain touches the degeneracy line {x = 0}. In
order to study the inverse source problem of determining two kinds of sources simultaneously, we prove
the other Carleman estimate, which is for the forward stochastic Grushin equation with regular weight
function. Based on this Carleman estimate, we obtain the uniqueness of the inverse source problem.
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1. INTRODUCTION

Let (0, F, {F: }+>0, P) be a complete filtered probability space, on which a one-dimensional standard Brownian
motion {B(t)}i>0 is defined. Let I = I, x I, with I, = (0,1), I, = (0,1), Qr = I x (0,T), Q: = I x (0,1),
Yr =9I x (0,T). Then we consider the following stochastic Grushin equation with singular potential:

du — ugepdt — 2%V uy, dt — Sudt = fdt + FdB(t), (z,y,t) € Qr,
u(z,y,t) =0, (z,y,t) € (1.1)
u(x,y,O):uO(;v,y)7 ((E,y) EIv

where o and v are two constants, ug € L*(Q, Fo,P; L?(I)) and f, F € L%(0,T; L*(I)). Physically, f, F' are source
terms, F' stands for the intensity of a random force of the white noise. Obviously, the system (1.1) is not only
degenerate, but also singular on boundary {z = 0} x I,. Further, the degeneracy is weak if 0 < v < % and
strong if v > 1.

This paper focus on the Carleman estimates for stochastic Grushin equation with singular potential and then
apply them to study the following null controllability and inverse source problem.
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2 L. YAN ET AL.
Here and henceforth, for any a € (0,1), we set V = (9,,0,) and

w=(0,a) x I, wr =w x (0,7,

I'={z=0}x1I,, T'r=Tx(0,T),

where w is the control domain for null controllability, I' is the observation boundary for inverse source problem.
It is noted that our control domain touches the degeneracy line {x = 0} as [6], where the null controllability for
the deterministic Grushin equation without singularity, i.e. ¢ = 0, is obtained for any 7" and any ~ > 0.

Null Controllability. For any ug € L*(Q, Fo,P; L*(I)), find a pair control (g9,G) € L%(0,T;L?*(w)) x
L%(0,T; L*(I)) such that the solution u of the following forward stochastic Grushin equation with singular
potential:

du — Ugpdt — 22Tuy, dt — Gudt = (oau + gly,)dt + (Bu+ G)dB(t), (z,y,t) € Qr,
u(z,y,t) =0, (x,y,t) € Er, (1.2)
u(z,y,0) = uo(z,y), (z,y) € 1,

satisfies
’U/(Q?,y,T):O, (x;y) el, P—a.s.,
where o, 8 € LE(0,T; L>°(I)) are suitable coefficients, 1,, is the characteristic function of the set w.

Inverse source problem. Determine two kinds of sources h(x,t) and H(t) simultaneously in the following
forward stochastic Grushin equation with singular potential:

o
du — g, dt — 22T u,,dt — ﬁudt =h(z,t)Ry(x,y,t)dt

+ R 04B(O). (00,8) € Qr, 13)
u(xz,y,t) =0, (x,y,t) € X,
u(z,y,0) =0, (z,y) €1,

by the boundary observation u,|s,., uz|r, and final time observation w|;—r in I.

Physically, controlling a system can be understood simply as driving its solution to the point as desired
by giving an action on some domain. In practical situations, some physical parameters are very hard to be
measured directly in advance. The goal of inverse problem is to determine these unknown physical parameters
by additional observations. These problems are also very important for real applications.

When no singular term was involved, the null controllability of deterministic Grushin equation with I =
(—1,1) x (0,1) was studied in [2, 4]. The null controllability for Grushin-type equations was obtained for any
time T" > 0 and for any degeneracy v > 0, with a control that acts on one strip, touching the degeneracy line
{z = 0} in [6]. When restricting the domain to one side only of the singular set, i.e. I = (0,1) x (0, 1), [8] proved
that there exists T such that for every T' > T™ the Grushin-type equation is null controllable for v =1, o < i.
Next, [1] showed a similar null controllability in large time T' when the degeneracy of the diffusion coefficient and
singularity of the potential occur at the interior of the domain. The key ingredient in these papers is applying a
Fourier decomposition to reduce the problem to the validity of a uniform observability inequality with respect
to the Fourier frequency. As for the inverse source problem for deterministic Grushin equation, [5] proved a
Lipschitz stability result of determining a source function h depending on x and y, by the observation data
&gu\wx(ThB) with a suitable subdomain w.

It is well known that Carleman estimate is one of the key tool to study null controllability and inverse
problems, which is a class of weighted energy estimates in connection with deterministic/stochastic differential
operators. As its applications to deterministic differential equations, we refer to [11, 14, 20-22, 36, 39] for inverse
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problems, [7, 32, 33, 37] for unique continuation problems, [12, 16, 19, 28] for control theory. For Carleman
estimates related to deterministic Grushin equation, we refer to [2, 4, 23, 31]. In recent years, many efforts
have been devoted to studying the Carleman estimate for stochastic partial differential equations, for example
[3, 24, 34, 40] for stochastic heat equation, [42] for stochastic wave equation, [15] for stochastic Korteweg-de
Vries equation, [17] for stochastic Kuramoto-Sivashinsky equation, [27] for stochastic Schrédinger equation, [18]
for the stochastic Kawahara equation, and so on. To the best of our knowledge, there are only two papers about
Carleman estimates for one dimensional stochastic degenerate operator du — (z%u,),dt [25, 38], which is very
different from the degenerate Grushin operator du — u,,dt — x27uyydt. In these works, Carleman estimates were
mainly applied to deal with stochastic control problems. Since the solution of a stochastic differential equation is
not differentiable with respect to time variable, which leads to that some traditional methods for deterministic
inverse problems cannot be applied to the corresponding ones in the stochastic case. Therefore, [29] proposed a
regular weight function in Carleman estimates to study an stochastic inverse problem related to the stochastic
hyperbolic equation. We also refer to [26, 41] for stochastic inverse problems.

Although there are numerous results for Carleman estimates for deterministic Grushin equation, little has
been known for Carleman estimates related to the stochastic Grushin equation. In this paper, we first construct
a special weight function ¥ to obtain a Carleman estimate for backward stochastic Grushin operator with
singular potential and then apply this Carleman estimate to prove the null controllability for system (1.2). We
do not apply the method based on Fourier decomposition as [1, 8]. A weakness of Fourier decomposition is that
in proving the observation inequality the authors have to deal with the eigenvalues in Fourier decomposition
ln — 400 as n — 0o, which is the reason that the condition T' > T™ is introduced in [8]. In order to obtain
the null controllability result for any time 7" and any degeneracy -y, we consider the Grushin operator with
singular potential, i.e. wgy + 2% uy, + “%u, as a whole to establish our Carleman estimate, not as [8] only for its
Fourier components with respect to u, i.e. (up)zs — [(mr)Qx}Y - J%] Uy, It seems impossible to adopt the cut-off
function method proposed in [9] to establish our Carleman estimate directly. The main purpose of the cut-off
function introduced in [9] is to eliminate the boundary term on the non-degenerate boundary « = 1, which then
was bounded by the local observation of w not touching the generate boundary in Carleman estimate. However,
in our paper, in order to establish Carleman estimate for the whole Grushin operator, we construct a special
weight function to overcome the difficulties arising from degeneracy and singularity. Due to the choice of the
weight function, the boundary term on degenerate boundary is left in Carleman estimate, rather than the term
on non-degenerate boundary.

Secondly, we introduce a regular weight function in the Carleman estimate for forward stochastic Grushin
equations to study our inverse problem of determining two source functions simultaneously. Based on such
a regular weight function, we can put the random source function H on the left-hand side of this Carleman
estimate, which allows us to determine H. However the derivatives of H with respect to spatial variables still lie
on the right-hand side of Carleman estimate. For this reason, the random source function H to be determined
could not depend on z and y. Moreover, similar to [26] or [41], we can only determine h in partial domain
I, x (0,T), since in the proof of the uniqueness result we have to differentiate the equation (1.3) with respect to
y, rather than t as the deterministic case. This is also the result arising from the random effect of the equation.
Such form of separation is also meaningful in some situations, for example, a heat source generated by the decay
of radioactive isotope, which depends on variables z, y, t. Here, our main goal is to find the spatial distribution
z and the time distribution ¢ of the radioactive isotope.

Throughout this paper, we denote by L%—(O, T') the space of all progressively measurable stochastic process

X such that E(fOT |X|?dt) < oco. For a Banach space H, we denote by L%(0,T; H) the Banach space con-
sisting of all H-valued {F;};>0 -adapted processes X(-) such that E(\X(-)\QLQ(QT;H)) < 00, with the canonical
norm; by L (0,T; H) the Banach space consisting of all H-valued {F;}:>o-adapted bounded processes; and by
L%(Q;C([0,T); H)) the Banach space consisting of all H-valued {F;};>0-adapted continuous processes X such
that IE(|X|2C([0’T];H)) < 0o, with the canonical norm.

Now we state the main results in this paper. The first one is the following null controllability for any 7" and

any degeneracy vy > 0.



4 L. YAN ET AL.

Theorem 1.1. Lety>0,0<0 < 1 and o, B € L¥(0,T; L>(I)). Then for any uo € L*(, Fo,P; L*(I)), there
ezists a pair (9,G) € L%(0,T; L*(w)) x L%(0,T; L*(I)) such that the corresponding solution u of (1.2) satisfies
u(T) =0 in I, P-a.s. for any T > 0.

Remark 1.2. As explained in [8] for the deterministic case, the lower bound ¢ < } is used to guarantee
well-posedness issues linked to the use of the following Hardy inequality [10]

/1 ZQ(I)dx < 4/1 22(x)dx, Vze H(0,1). (1.4)
0 0

2

Moreover, it is noted that our control domain touches the line {x = 0}, which allows us to prove our controlla-
bility result for any v > 0 and any time 7" > 0. However, a coming flaw with such a control domain is that the

null controllability could not hold for ¢ = 1. This is because that we need % — o > 0 to prove the Cacciopoli

1
inequality (3.47), when our control domain w touches the line {x = 0}. Also o < } is necessary for the null
controllability, even for the deterministic setting, see Theorem 1 and Theorem 2 in [8]. Since we choose a special
weight function ¢ to prove our Carleman estimate for the whole Grushin operator with singular potential, we

need additional condition o > 0 to deal with the singular term.
The other one is the following uniqueness result for our inverse source problem.

Theorem 1.3. Let v >0,0<0 < 1, h € L%(0,T; H'(I,)), H € L%(0,T) and Ry, Ry € C3(Qr) such that

|RZ| 7& 0 in QT7 i = 1a25 (15)
v Lz <C By in Q. (1.6)
Ry Y Ry Y
If

ol = el =0, B-as. )
w(T)=0 inl, P-a.s., (1.8)

then
h(z,t) =0, (z,t)€l, x[0,T], P-—a.s. (1.9)

and
H(t)=0, tel[0,T], P-a.s., (1.10)

where u is the solution of (1.3) corresponding to h and H.

Remark 1.4. Obviously, condition (1.6) is correct for £2 not depending on y. Or when ‘Vln ‘ (&) <Cin
y

Ry 1

Qr, i.e. £ sufficiently smooth in Qr, (1.6) is also correct.

The rest of this paper is organized as follows. In next section, we prove the well-posedness of the system
(1.1). In Section 3, we establish two Carleman estimates for stochastic forward/backward Grushin equation with
singular potential, respectively. In Section 4, we prove the null controllability for system (1.2), i.e. Theorem 1.1.
In last section, we show the uniqueness for our inverse source problem, i.e. Theorem 1.3.
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2. WELL-POSEDNESS

In this section, we show the well-posedness of the following stochastic Grushin equation with singular
potential:

du — ugepdt — 2%V uy, dt — Sudt = fdt + FdB(t), (z,y,t) € Qr,
u(z,y,t) =0, (z,y,t) € X, (2.1)
u(z,y,0) = uo(x,y), (z,y) € I.

In order to deal with the degeneracy and the singularity, we introduce some suitable spaces. For v > 0, we define
H(I) and H2(I) as the completion of C5°(I) in the following norms

0’ %
gy = | (tnal? + 2 laf? = o) e

ol sty = [ /
I

The Hardy inequality (1.4) implies that H.(I) is a Banach space endowed with the above norm for all o < 1.
Further we introduce

1
2

o 12
Uyy + x27uyy + 7u‘ dzdy]
x

Gr = L3(Q: C([0,T): LA(1)) 1 L3(0, 75 HA(1)),
He = L3(9:C(0, T): L2(1))) N L3(0.T: Hy (D)
S = L3 C(0.T); HA(1))) 0 30, T; HA(D))

)

Definition 2.1. A stochastic process u € Gr is called a weak solution of (2.1) if for any ¢ € [0,T], ¥ € CL(I),
it holds that

/ [u(t) — ug] ¥dady + / (uxﬁx + 22wy, — %uﬁ) dadydt
I X

t

= fﬂdxdydt—F/ FYydzdydB(t), P — a.s. (2.2)
Qt t

Theorem 2.2. Lety >0 and o < 5. Then for any ug € L*(Q, Fo,P; L?(1)), system (2.1) admits a unique weak
solution u € Gr such that

[ullgr < C(luollz2(.7p:L2(ry) + 1 fllz L2y + 1F Nz 0.7:02(r))) (2.3)

where C' is depending on I,T,v and o.

Proof. Letting 0 < & < 1, we consider the following approximate problem:

duf — ug,dt — (z + )" Uy, dt — oZazusdt = fdt 4+ FAB(1), (z,y,t) € Qr,
u(z,y,t) =0, (z,9,t) € O, (24)
ut(2,y,0) = uj(z,y), (z,y) €1,

where

us — ug  in L*(Q, Fo,P; L*(I)).
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Then by [30], we know that (2.4) admits a unique solution u® € Hr for any 0 < & < 1.
By Ito’s formula d(|u|?) = 2u*du® + (du®)? and the equation of u®, we have

/ [u (z,y,t)[*dzdy
I

- / |u§|*dzdy +/ 2u° (UL + (@ +2) U, + u® + f) dadydt
I Q:

g
(x4 ¢)?
+2 / uf FdzdydB(t) + / |F|2dxdydt

t

[ [ g a g
< /1 lug|?dady — 2/@ {|u9¢2 + (z+ 6)27|uy|2 BEEESE | |2] dzdydt
+ / |uf|?dadydt + / (|f1? + | F|*)dedydt + 2/ u® FdzdydB(t). (2.5)
t Qt t

Then, taking mathematical expectation on both sides of (2.5) and applying Gronwall’s inequality yields that
T
sup Bl (030 + B [ (@) iy
te[0,T) 0

gCeCTE/|u8|2dxdy+C’(T)E/ (If1? + |F|?)dzdydt. (2.6)
I

Qr

Applying Burkholder-Davis-Gundy inequality, we have

T 2
/ uEFdxdydB(t)‘ <E l/ (/ |usF|da:dy> dt]
Q: 0 I

1
2

1
2

E sup
te[0,T]

/OT ( /1 uEdedy) ( /1 Fdedy) dt]

1
<-E sup /|u5(x7y,t)|2d$dy+CE/ |F|2dadydt,
tel0,11J1 Qr

<CE

which together with (2.5) implies

T
E sup / e (1) Pdady + E / ()13 1yt
tefo, ) JI1 0 v

<C(T) [E/|u6|2dmdy—HE/ \uE\dedydt—FE/ (|f” + |F?)dedydt| . (2.7)
1 Qr

Qr
By (2.6) and (2.7), we have
T
E sup (0l +B |00
te[0,7] 0 v

<C(T)E/Iu8|2dmdy+C(T)E/Q (If1? + |F|?)dzdydt. (2.8)
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Similarly, we could prove for any e1,e2 € (0,1) that
T
B sup [[(u” ~ u) Ol +E [0~ )0l e
te[0,T] 0 v
SC’E/ lugt — u?|*dady. (2.9)
I

Hence, we observe that {u®} is a Cauchy sequence in Gr. By a standard limiting process we find that (2.1)
admits a weak solution u € Gr (the limit of «® in Gr) such that

T
ES@HMm&m+E/\M@wﬂt
te[0,T 0 v

<C(T)E / luo[2dady + C(T)E / (1FP? + |FI?)dadydt, (2.10)
I

T
which implies (2.3). The uniqueness of the weak solution of (2.1) could be directly deduced from (2.10). O

To study our inverse problem, we also need the following existence and uniqueness of strong solution.

Theorem 2.3. Let v > 0 and o < i. Then for any ug € L*(Q, Fo,P; H,%(I)), system (2.1) admits a unique
strong solution uw € St such that

lullsy < C(lluollze(@,70 .m0 + 1 fllL2 0.7522 (1)) + ”F”L%T(O,T;H}Y(I)))a (2.11)

where C' is depending on I,T,~v and o.

Proof. For the proof of Theorem 2.3, we borrow some ideas from [18]. We consider the operator

A:D(A) = L*(I), v+ g — 30y, — 7

22
where
DA ={ve H,%(I) | v(z,y,t) =0, (z,y,t) € X}
Let {#x}32, be the corresponding eigenfunctions of A, such that ||¢x||z2r) = 1 (k = 1,2,3...), which serves

as an orthonormal basis of L2(I), {\;}72; be the corresponding eigenvalues of A such that A¢y = Ap¢y. We
construct approximate solutions to (2.1) in the form

u"(z,t) =) (t)ou(),

n
k=1

where the unknown function ¢} are solutions to the Cauchy problem for stochastic differential equations:

{dcﬁ — Apepdt = frdt + FrdB(t),k =1,2,3,...,n (2.12)

cx(0) = (uo, x)L2(1)>

where fi = (f, ox)r2(1), Fr = (F, ¢r)r2(1)- From the classical theory of stochastic differential equations, we can
obtain there is a pathwise unique solution ¢} adapted to {F;}i>0, such that ¢ € C([0,T]) for almost all w € .
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By Itd’s formula , we have
d(c)? — 22, (c)?dt = 2¢} fr.dt + 2cf FrdB(t) + F2dt. (2.13)

Multiplying both sides of (2.13) by Ak, integration on (0,¢) and taking sums from 1 to n about k, we have

t
(", Au™) 2y (£) + 2 / (Au", A 1 dt
0
t t
:(u",Au")Lz(I)(0)+2/ (f”,Au")Lz(I)dt+2/ (F”,Au")Lz(I)dB(t)
0 0

t
+/ (Fn,.AFn)L'Z(I)dt, (2.14)
0
where

frx,t) =Y fu®on(@), F'(x,0) =) Fr(t)éu(x).
k=1 =1

Obviously, we have (v, Av)r2() = Hv||%{1(1). Then taking mathematical expectation on both sides of (2.14) and
applying Gronwall’s inequality yields that

T
sup Bl (Ol +E [ 0" Olfrzne
te[0,7] 0

T T
Bl +E [ 17 Bt +E [

<C ||Fn|?{¢(1)dt1 : (2.15)

Similarly, we could prove for any ni,ns > 1 that

T
sup El(u™ — Unz)(t)H%q([) +E/ [ (w™ — u”2)(t)||§[3(1)dt
te[0,T] 0

<C (]EHUB“ —ug® [y + 1™ = 2125 0,122y + HIF™ = F"2 ”i%r(O,T;H%(I))) :

Hence, {u™} is a Cauchy sequence in Sy. By a standard limiting process we obtain that (2.1) admits a strong
solution u € Sy (the limit of ™ in Sr). Additionally, from (2.15) we deduce (2.11) directly. The uniqueness of
the solution of (2.1) could be directly deduced from (2.11). O

3. CARLEMAN ESTIMATES FOR STOCHASTIC GRUSHIN EQUATION

In this section, we will show two Carleman estimates for stochastic Grushin equation with singular potential,
which will be used to study the null controllability and the inverse source problem, respectively. One is for the
backward stochastic Grushin equation with singular weight function. The other one is for the forward stochastic
Grushin equation with regular weight function.
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3.1. Carleman estimate for backward stochastic Grushin equation with singular weight
function

In this subsection, we will use a singular weight function to prove a Carlemen estimate for the backward
stochastic Grushin equation with singular potential

dv + v dt + xQ"Yvyydt + Sudt = fidt + F1dB(t), (x,y,t) € Qr,
’U(Q?,yﬂf) = 0) (357/!/»75) € ZTv (31)
v(z,y,T) = vr(z,y), (z,y) €1,

where vp € L2(Q, Fr,P; L3(I)), f1 € L%(0,T; L?(I)). This Carleman estimate will be used to prove the null
controllability result for (1.2).

To formulate our Carleman estimate, we introduce some weight functions. For w = (0,a) x I,,, we choose
w® = (0,a;) x I, for i = 1,2 with 0 < a; < az < a. Then we know that w(*) € w® C w. We define

$z,y) = VOV, p(w,y,t) = (MY = PAlem)g (), Oy, 1) = eelov D,

with

1

U(a,y) =22y —y) —pa + M, &)= AT

Here p is a positive constant such that

p> sup (24 29)(z+ 1)yl —y) + & (3.3)
(z,y)€T

with some dp > 1, which will be specified below. M is chosen sufficiently large to satisfy (z,y) > 0 for all
(z,y) € I.
Obviously, the function £ satisfies the following essential properties

Et) > 400 ast—0TorT™ and €>0, |&|<cTeq. (3.4)

Here and henceforth we use ¢ denote a positive constant independent of any parameters such that ¢ > 1.
Additionally, in order to give the explicit expression of A\, s and C in Carleman estimate, we introduce notation
C defined by

Ci = 227(2 4 27)(1 +27)27[2y — 1| + ¢(2 + 27)(1 + 27) + 0.

Remark 3.1. Different from the weight function used to establish Carleman estimate for Grushin operators with
singular potential by Fourier decomposition method [8], we choose a special weight function 3 to prove a new
Carleman estimate for the whole Grushin operator with singular potential. Such a weight function is introduced
first in the Carleman estimate for degenerate Grushin operator. Traditional weight function including separate
power functions of z and y could not be applied to the whole Grushin operator. To deal with z*7v,,, we
construct ¥(x,y) to guarantee the positive lower bound of the integral terms related to the decomposition of
x”vyy.

Our main result in the subsection is the following Carleman estimate for (3.1).
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Theorem 3.2. Lety >0,0 <o < 1 vp € L*(Q, Fr,P; L2(1)), f1 € L%(0,T; L*(I)). Then there exist constants
A1, s1(A) and C(N) such that

]E/ 8592|vx|2dxdydt—|—E/ 5502x27|vy|2dzdydt+]E/ s3€30% v |2 dwdydt

T T QT

<C(X) []E 02| f1|2dadydt + IE/ s2620%| Iy |Pdadydt + E/ s3€30%|v|*dadydt (3.5)
Qr Qr wr

for all sufficiently large X > A1 and s > s1(\) and all solution (v,Fy) € Gr x L%(0,T; L*(I)) satisfies (5.1),
where

A = o(T? 4+ 1)200107¢ 51 () = o(T® + 1)(5328-|r12~yci'aec\|wHc@/\7
C(\) =c(T* + 1)6328+127)\Qec|‘¢|‘C(T)’\Cf,

Since the system (3.1) is not only degenerate, but also singular on {x = 0} x I, we first transfer to study an
approximate version of (3.1). To do this, letting 0 < e < 1 and v& € L*(Q, Fr,P; Hi (1)) such that

v5 — vp in L3(Q, Fr,P; L*(I)),
we then consider

dv® + v, dt + (¢ + )" vf, dt + Zpvdt = fidt + FEdB(t), (2,y,1) € Qr,
Ue(x7yat) = 07 ($,y7t) € ZT7 (36)
(2,9, T) = vi(2,y), (z,y) € I.

According to [30], we know that the system (3.6) admits a unique solution (v®, Ff) € Hp x L%(0,T; L*(I)). Set

~

o(x,y,t) = p(x+e,y,t), 0(x,yt)=0(x+ey,t).

In the sequel, ngS and 15 are defined analogously. Then we have the following weighted identity for (3.6).

Lemma 3.3. Let 7 be a constant such that 2 < 7 < 3. Assume that v° is an H*(R?)-valued continuous
semimartingale. Set | = s, z = Ov° and

Py =dz — 2z, dt — 2 (2 + )*7 Iy 2,dt — Tly,2dt,

Py =2y + (z+ )" 2y + P2+ (z+)*7 122 + Rk
P=(1 = Dlppz — iz — (2 +2)*7 lyyz.
Then for a.e. (z,y) € R?, it holds that
vedt

~ 2y o
Py [du8 +vg,dt + (z + )" vy, dt + CENSE

5
=|Py2dt + PyPdt + > Xidt +dY + {}o + {-}y +J, P—as., (3.7)

i=1
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where

X1 =[(7+ Dlgw — (x+ )Py, ] 22,
Xo=[-29(+e)" Uy + (1= 1)(2 + ) lyy + (x+ )1y, zi,
Xs =4 [y(@ + 71y + (2 + €)2hay) 202,
Xy =[(3=7)ls +2y(z + 5)2’7_1l$l§ +3(x + 5)4“’l§lyy} 22
+ (@ +e)* [Alplyloy + Blyy + (1 — 7)lagly] 2°

o 20 o
1 - Txr — lz l 2a
+{( Naroare " @rep +(z+@22vW]Z
X = [—Qlwt ()Pl — gzmw _ g(x n e)szmw] 22,
Y:_le—l(gch;s)QV,zQJr1 24 (x4 + —2 22
27T 9 vy lol® vi(z4e)2|77

{} =2,dz + [ — 122+ (x+ s)zvlzzg — 1322 (z+ 6)271xl522

g
— 1,7

(x+¢)
{} =(z+e)z,dz + [ —2(x + &) yzpzy + (x+ )21, 22

.
—2(x + {—:)2A’lyzmzy — Tl 22y + 2lmmzz} dt,

— (z+ 8)4"lyz§ — (z+ E)Q'Ylfclyz2 — (z+ 5)47@22
A 1,22 — 1(x+ &) pp2z —&—zx—l—a‘z’ylm 22| dt,
( + 5)272'y Y Y 2 Y
x

_1 2, 1 2y 2 1[5 o2, O )
J—2(dzx) +2(z+€) (dzy) 5 I+ (x+e)Tl + e (dz)”.

Proof. Notice that 0= el,l=spand z = fv°. Then we have

0 [dv6 + 05, dt + (z +)>7 oS, dt + Uzvedt} =P, + (P, + P)dt.

A Py
Hence
0 € € 2y e g € _ 2
PQ& |:d’U + vmmdt + (IE + {—:) Y Uyydt -+ m’l} dt:| = P1P2 + |P2| dt + ngdt (38)

We easily see that
PiPy = Podz — 21,2, Podt — 2(z + €)*V1 2, Podt — Tl 2 Padt. (3.9)

Now we calculate the terms on the right-hand side of (3.9) one by one. For the first one, by Itd’s formula, we
have

Podz = |24 + (z + 5)27 Zyy + 2z+ (z+ 5)27 lgz + ﬁz dz

=(z,dz); — %d(zg) + %(dzl)2 + [(= + E)szydz}y - %d[(m + 5)27273]



12 L. YAN ET AL.

1 1
+ = (x +e)?(dz,)? + 54 (122%) — Lyl 22dt — ilz(dz)2

H[\J\H

1 o 9 1 o 9
Tyl {(Hg)f } T2y

By a direct calculation, we have
— 2z, Podt

=— 2,72, [Zm +(@+e) 2y + 22+ (x+)> 22+ (m—is)Qz] dt

= — (122)pdt + Ly 22dt — 2 [(z+ £)* lzzmzy]y dt + [(z + £)* lngh dt
+2(z + 5)27l$yzwzydt — [27(33 + &), + (z + e)hlm] zidt — (lizQ)x dt

+ 3121, 2%dt — [(z + 5)2'Ylwliz2] LAt +2(z + )2 yplylyy 2 dt

+ [29(z + &) TN + (4 €)ool 27dE — [( 7 2lx52:| dt

x+e)
o 20
lpw — ———— 1 | 22dt
+[ 2 T (ay e ]Z

and
—2(x + )1, 2, Podt
=—2(z+ €)1z, {zm +(@4e) 2y + 22+ (x4 )P lflz +
=—2 [(:r +e)> lyzmzy} dt + [(x +e)> lyzg} dt
y

i x4+ )" 1l +2(z +5)2ley] 2y zydt — (x + 6)271yy22dt

[ r+e),z ] dt + (z + &)Vl zpdt — [(z 4 2)* 131, 2° ], dt
+ (z+e)* (121 ) 2dt — [(z+ 5)47@22]1} dt + 3(x + 5)47l§lyy22dt
o o
- _lyzﬂ dt + 7_lyyz2dt.
e K
The last term can be rewritten as

— TlppzPodt

z| dt

il [Z Fet o ay Bt @ Bt T

=—-T (la:aczza:)g; dt + % (wazZQ) dt — gla:a:xxzzdt + Tlxarzz-dt -7 [(x + 5)2Fylxxzzy}y dt

+ % (2 + €)2laay 2] dt — %(a: +6) 2y 22t + 7(@ + €)%, 22dt

R R E)Q'Ylmlf/z2 — Tﬁlmiﬁdt.

1
d [(z+¢)* 1322] — (2 + )Myl 22 dt — §(x + 5)27l5(dz)2

(z +¢)?

(3.10)

(3.11)

(3.12)

(3.13)



NULL CONTROLLABILITY AND INVERSE SOURCE PROBLEM 13

Combining (3.8)—(3.13), we can obtain (3.7) and then complete the proof of Lemma 3.3. O

o~

Now, integrating both sides of (3.7) in @7, taking mathematical expectation in Q and using 6(z,y,0) =
O(x,y,T) =0 in I, we obtain that

~ 2 g
E/T Py [dva + v, dt + (z + )7 vy, dt + andt} dady

5
1 1
>_FE / |Py|2dadydt — —E / |P|*dadydt + > E [ X;dedydt
2 Jor 2 Jor 4 Q
i=1 T

+E/ ({'}z+{~~}y)dxdy+]E/ Jdzdy. (3.14)

T
In the following we estimate the last three terms in (3.14) one by one.

Lemma 3.4. There exist positive constant

37
MlzTT5§>1

such that

5
SE [ Xdedydt >ME / SAGPE3 |z Pdadydt + M E / SA2BE| 2, |2 dzdydt

i=1 Qr Qr T

+ME / A2(z + €)1 €| 2, | dadydt (3.15)

for all sufficiently large A and s such that

A> (T2 +1)26H10¢t) s> 1.

Proof. Notice that ¢(z,y) = (z + £)2*2Vy(1 — y) — u(z + €) + M. Together with (3.3), we obtain the following
properties of ¥:

{l;x < *507 {Z;TQZTTT S Oa
‘qﬁzmmz‘ SAol (l‘ t€)72’ /|:¢)y| + |wfy\y‘ S Ol (ﬂf + 5)2+2A/a (316)

Recalling | = sp, we have

X1 = (7 + 1)sN02¢€| 2,2 + K122,

Xp =[50z +)M102 + (r = 1)sA2(2 + )22 - 29sA(x +£)* 71 | Gl I
+K2‘Zy|27 PO

Xs = 4N\ (v 4 &) phphy€zazy + K3za2y,

(3.17)

where

Ky = [=5X2(@ + )72 + A (7 + Dihaw — (2 +2)70 )] €,
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Ky =s\ [(T — Dz +8) e + (z + e)‘”@y} PE,
K3 =4s\ [(x + 6)2"1ny +v(z+ 5)27*11@,] &,
satisfy
K| < CasA20¢,
|Ko| < CasA(xz + 5)27?&
| Ks| < CasA(z + )0,
due to (3.16), where
Cy = c(y+ 1)24T9CE < 27003, A > 1.
By Young’s inequality, we obtain for all € > 0 that
4572 (@ + € Gy €202y | < eAUFROEI 20l + cle)sN2(w + )1 IT20E 2

Therefore, by (3.17)—(3.19) we have the following estimate

3
S E [ Xidadydt
i=1 Qr

>E / [(T F 1 €)sAZP2 — Oysh? — 2270254 €|z, |2ddydt
T
- ]E/ (7= 1)sX2(@ + €)% = 295A(z + )2y — (€)M (@ + €)1
T
—Cas\(z +¢)*] $£|zy|2dxdydt.
Fixing 0 < e < % and choosing g > 1 sufficiently large to satisfy

(L — €)0BsA? — CpsA? — 227Chs) > 0,
(T —2)625A% — c(e)C324F67502 — CasA > 0,

and noticing that @m < 0, we further find that

3
> E [ Xdadydt
i=1 Qr

1 —~ ~ —~ ~
> <T + 2) IE/ SN2 €| 2| dadydt + IE/ sA(x + €)27p2¢¢| 2, [Pdadydt.
T

T

By definitions of I, @, we have the following estimate for Xj:

Xy =\ |(3 = )i+ 8( + &) + (6 = 7)(w + ) GR0E] G672
N ~ 2 ~ 71 ~
=7 (202 M) = 23 Bl + Kl

SO

+ (x4 ¢)?

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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where
K, =s3)\3 [(3 - T)aZiiZm +2y(z + 5)27*1%3@25 +3(z + 6)47122121\%
+ (2 + &2 (40 oy + T2y + (1= )20 ) | 6767
+ so(x +¢) 72T ()\2125 + )ﬂZyy) 3
satisfies
[K4| < O3 X307, (3.24)
where

Cs = (T +1)6226H107¢t A >1, s> 1.
Then we obtain that

E Xy daxdydt
Qr
o

(z +¢)?

>E / {(3 — )PP — 7 SAZP2 ¢ — Cas®N3PP€3 | |z 2dadydt. (3.25)

Moreover, by (3.4) and (3.16) we have

E Xsdxdydt
Qr

—_E / $2\2 [sz; F(z+ s)%Z;] G262 2dadydt

B [ s [N+ 0N T + N30, + A0rn) + Mas] 362 Pdadycs
T

[N e I NN

E / (2 + )% [ N2 + N (40 thyay + Va2 + G20)
FA2 (202, + 20y Dany + 20Dy + Daryy) + Morayy| $6|2I2dadyat
> _ C4F / (32A2¢?2§3 + sA4¢?§) 2|2 dardydt
- ClE/T s/\ﬁ&pﬁdxdydt, (3.26)
where
Cy = c6228TOVC2TT 4 ¢5524T07C3 < o(T7 +1)552°T7C3, A > 1.

By Hardy inequality (1.4), we have

1 o~ 2
— e > 2
E/TS)\(CE+€)2¢£Z| dzdydt > 4E/ s)\f‘(¢ Z)L‘ dxdydt

T
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> cE / SAGE |2 |2dadydt — cE / sA3Y2 |22 dadydt.
Qr

Qr

Then, it follows from (3.22), (3.25)—(3.27) that

5
Y E [ Xidadydt
i=1 JQr

>E / (38— 7)03s° A1 — C3s® X% — Cus®A — CuT 0\t — 6201 T 05N%] 6°€° |22 dardydt

~ 1 - ~
+ TE/ s\? {|zgg|2 @ j5)2 22| Y2 pedadydt + §E/ (s)\Qwi - cCls/\) €| 2, dadydt

T

+E / SN2 + )22 p¢ |2, | dadydt.
T

Then noticing that 7 < 3 and choosing sufficiently large §y such that

3 —
M, = 27(53>1,

and taking

2
A > ¢(T? +1)26H10¢f > 3—50—4 (C3+ Cy + C4T™ + c65C1T'), s> 1,
- T

we could obtain the desired estimate (3.15).

Lemma 3.5. There exists positive constant Mo = p such that

B[ (et (b dedy > -MEE [ oAdelz, Pt

T'r
Proof. From the homogeneous Dirichlet boundary condition in (3.6), it follows that
ZI(I’,O,t) :Zr(xal;t) =0, (I,t) €1l x (O,T),
Zy(ovyat) :Zy(lﬂyvt) :0’ (yvt) € Iy X (OaT)v
0> (l‘,y,t) € 2T~

Moreover, we easily see that

Therefore, by (3.30) we have

E / (o + {-}y) dady

Qr
_w [ 52" gtk [ 522" dad
= ’ [scpxzx}zzo ydt [3($+5) ‘Pyzy]yzo xdt.
0 v 0

Iz

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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Finally, by using (3.31) and (3.32), we obtain (3.29).

Lemma 3.6. There exists positive constant

1
(1 —40)03 4 2*TCE + 2062

M3:§

such that
E / Jdzdy > —M3E / $A2H%E20% | Fe > dwdydt.
Qr Qr
Proof. By using (dz)? = 62|F¢|2dt and Hardy inequality, we find that

(077),

<4oE / (1P + 20,07 FE Py, + FP(F, ) dedydt,
T

2
dzdydt

E / 05)2 (dz)2dzdy < 40E /

or (@

T

By (3.34) and
(dz,)? = 20%|Ff [2dt + 21,07 F§ Ff ,dt + 62| F§ 2 dt,

we further obtain

E / Jdzdy

1 1
>E / 1,6 Ff Ff dadydt + ZE / 62| F5 ,[*dzdydt — SE / (z + &) 120°| Ff |Pdadydt
T

T T

- 20—1@/ (l§§2|Ff|2 + 2,07 FFE, + @2|Ff,I|2) dadydt

1
> IE/ 02| F5 ,[2dzdydt — 5 (1 —40)2E/ 1262| F¢ |2 dadydt
T

T

1
IE/ 02| Ff ,[*dzdydt — 7]E/ (z + &) 120%| Ff Pdadydt
Qr 2 Qr
— 20K / 62| Ff , |*dadydt — 20E / 1262| F¢ |2 dadydt
T T

z(% - g - QU)E/ 62| F5 , |2 dzdydt — C’5IEI/ s2A292€20° | F7 | dadydt,

T T

with

1
=5 (1- 40)%62 4 2419702 + 2002.
€

Cs

Taking e =1 — 40 > 0 due to 0 < o < %, from (3.36) we deduce (3.33).

Combining Lemma 3.4-Lemma 3.6, we have the following result.

17

(3.33)

(3.34)

(3.35)

(3.36)
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Lemma 3.7. There exist positive constant

My(\) = e(T# + 1)6224 6\ el len o2
such that

E / SA2E02|ve [Pdadydt + E / A2 (@ + )2 €02 |vE P dadydt
T

Qr

+E / SALER0? v [Pdzdydt
Qr

<M;(\E / 0| f1|?dadydt + My(\)E / $2A2€20° | Fe|Pdadydt

T T

+ My(VE / P sl + (o 2Pl 5] dadydt (3.37)

T

for all sufficiently large A and s such that
2> o(T® + 1)26+10'y0117 s> c(T® + 1)5328“270;160“1&||c(7>/\.

Proof. By substituting (3.15), (3.29) and (3.33) into (3.14), we find that

]E/ P {dvs + 02, dt + (z + ) vy, dt + vsdt} dady

g
(x +¢)?
1 1
zéE/ | Py |2dadydt — 51&:/ |P|2dxdydt+M1E/ SAPPER 2P dadydt
Qr Qr

T

+ ME / SA20€ |2 [2dzdydt + MyE / SN2 (2 + )27 € |z, | 2dadydt
T

T

— ME / SAGE| 2y |2dydt — ME / $A2H2€20° | Ff 2 dadydt (3.38)
I'r

Qr

with z = Gv°.
In order to eliminate the boundary term, we introduce a cut-function x € C?(I) such that

x(z,y) =0, (z,y) € wD),
x(z,y) =1, (z,y) € N\w®.

Then o° := yv°, Ff = x [y satisfy
dv® + 35, dt + (¢ + )" 05, dt + Zpt°dt = fidt + FFdB(t), (2,y,1) € Qr,
176(1‘7y’t) = 07 (l‘,y,t) € ZT; (340)
(2,9, T) = x(z,y)v7 (2, y), (z,y) €1,

where

f1 = 2205 + Xaz¥® + (T + e)® (QX!/UZ + nyvs) + x/f1-
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Let = 05° and P,, P denote the same expressions as Py, P by replacing z with z. By the definition of y,
we obtain Z, = 0 on I'p. Then noting that M; > 1 and applying (3.38) to ¢ yields

E / P [dvf +05,dt + (x + €)% 85, dt + f)gdt} dady
T

(x +€)2
1 B 12 1 B2
2§E | Py *dxdydt — §E |P|*dzdydt

+E / SAGPE |z Pdadydt + E / SA20¢|Z, |2 dadydt
T

T

+E/ s)\Q(x+5)27$§|éy|2da:dydt—MgE/ s A2H2 €202 | FE [P dadydt, (3.41)

T Qr

which implies

E / SA2p¢|Z, |2 dadydt + E / sAX(z + )21 €| 7, | 2dadydt
T T

+E/ 33A4$3§3|2\2dxdydt+E/ | P5|?dzdydt
Qr

Qr

<2E / P [d@f + 05,dt + (2 + €)% 85, dt + o°dt| dzdy
T

g
(x+e)?
+2E / | P|?dzdydt + 2MsE / S A2G%E20% | Fe > dwdydt. (3.42)

T T
Using the equation of 9°, Supp(x.), Supp(xy) C w® and noticing that

E / PO F;dzdydB(t) = 0,
Qr

we see that

P {dv +05,dt + (2 + €)™ 85, dt + o°dt| dady

(x +¢)?

\dazdydt + E / P,0FfdadydB(t)
Qr

\\

211«:/ | By da:dydt—i—c]E/ 6| f1|2dzdydt

T

+VE /w P[RS + @+ ) + [of?) dedydr. (3.43)

T

From (3.2), (3.4) and (3.16), we obtain

IE/ | P2 dzdydt = IE/ (7 = Vlpa? — 117 — (¢ + )21, 2| dadydt
T T

<CsE / X123 32 dadydt + celVIca TR / s263 |22 dzdydt, (3.44)
Qr Q

T
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where
Co = 21015502 T8 + 28T O T8,
Substituting (3.43) and (3.44) into (3.42) and choosing
s> c(T® + 1)5328+127011€CH¢HC(7>>\ > 4Cq + ce1Plleca 76,

we obtain that

E / sA2€|2,2dadydt + E / SA2(z + &) 21 €| 7, | 2dadydt
T

T

+1E/ SAGPE3 |z P dadydt

<cE | 62|fi?dadydt + 2M;E / $2A2H2€20° | Ff [2dedydt
QT T

+ 0247E/(2) 6> [ve]? + (z + 5)27\v§|2 + |v°|?] dzdydt. (3.45)
w

T

Using Z = z on I \ w®, we further have

E/ SA2$£|zx|2dxdydt —HE/
Qr\wf Q

+E / SAGPE3 |22 dadydt
Qr\wy

" s\ (z + 6)27$£\zy|2dxdydt

r\w§

T

<cE / 0| f1dadydt + 2MsE / s2A292€20° | Ff |2 dedydt
Qr Q

+2YE / P[P+ @+ )7 + [o7?) dedydr. (3.46)

T
Finally using z = 9v° and going back to v®, we obtain the desired inequality (3.37) with
My(A) = o(T?* + 1)6224F6 M eclVllear o2
> 21T 4 2T 4 ¢(63 + 24702 4 ateclVlom X,

This completes the proof of this lemma. O
In order to prove Theorem 3.2, we also need the following the Cacciopoli inequality.

Lemma 3.8. Lety> 0,0 <o < 1, vp € L*(Q, Fr,P; L2(1)), fi € L%(0,T; L*(I)). Then there exists positive
constant

Ms(X) = (T + 1)5224+67 \2eellVllea Ao

such that the solution (v¢, F{) € Hr x L%(0,T; L*(I)) of the backward stochastic Grushin equation (3.6) satisfies

E/(2> 02 [SE\U;F + s(z + 6)27£\v§|2 + 35\Ff|2] dxdydt

wr
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<M;(\E / $S3E30% v [Pdadydt + Ms(VE [ 62| f1]*dadydt.

wT QT

21

(3.47)

Proof. We choose a cut-function ¢ € C?(I) such that 0 < ¢ <1 and ¢ =1 in w®, ¢ =0 in I\ w. By Itd

formula, we have
A (€020 |?) = (&62 + 2€00,)[v° |2t + 26605 dv® + £6%(dv®)?.
Together with the equation of v in (3.6), we find that
0 :E/Q ¢2(€6%v%|?)dzdy
—E / 2 [(gté‘z + 2600,) 072t + 266207 dv® + g(?(dvf)ﬂ dady
=E g C2¢0> {(51& +25¢ ) [v°|? + 2v5< —vS, — (z+ 5)2711;2!

€ FEZ
(m+€)211 —I—fl) + | FY| }dxdydt

20
(x+¢)?

[ el [(e7 e + 2550 P+ 2lus 20+ -
Qr

—E/ ¢ (429‘2) 0¥ |2dadydt — IE/ (x + )¢ (g%‘z) |o° [2dadydt
Qr rx Qr vy

|va|2} dzdydt

+E [ C%6? (2107 + |Ff)?) dadydt,
Qr

which implies
QE/ G202 |05 ? + (z + )27 |v5 7] dxdydtJrE/ C2¢0?|Fe P dadydt
Qr Qr
< [ |-l - acpd + ()
T

1
+20E / ( +6)2(2§§2|v5\2dxdydt+E / s71C20°| f1 |2 dadydt.
X
T

Qr

+ (z+e)» <C2§2)yy + 5C2§§2} |v° |2dadydt

TT

On the other hand, by Hardy inequality (1.4), we have

1 —~ 2
oF / C2€02| v Pdadydt < 40 / g‘ Cov° ‘ dadydt
or (+ £)2 [l Or ( )l

<40E [ ¢%62|ve P dadydt + Cr(A)E / (¢ + ¢?) $2630%|v° | 2 dadydt,
QT T

where

Cr(A) = con262eclvllca,

(3.48)

(3.49)

(3.50)

(3.51)
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Therefore, by the definition of ¢ and

§|-cre el — 256200 + (°°)

<Cs(\)s? (P +C+ 2+ + ) 8P,

(@+e)? (0 4+ s¢%P? \
Y

rxr

Y

where

Cs(\) = o(T*® + T 4 227716 4 eWlem Ty 4 (T8 4 1) (62 + 21707 C2)AZe NV lomnA
< (T 4 1)6221+07 N2V e 02

we deduce from (3.50) and (3.51) that

B [ & [0~ 40)luif + (o +9u5l?] dadya
wr

< (07@) 4 ;CS()\)> IE/w

Noticing that 0 < o < i and multiplying (3.52) by s, choosing

s2E302v° P dadydt + E / sT102| f1|2dwdydt. (3.52)

T Qr

Ms(\) = ¢(T'® 4+ 1)522467 \2eclVllcarof > : _1 = <C7(>\) + ;CS(A)> :

we immediately obtain (3.47). O
Now we prove Theorem 3.2.
Proof of Theorem 3.2. By Lemma 3.7 and Lemma 3.8, we have

E / SA2E02|ve [2dadydt + E / sA2(z + €)27€0% |vs P dadydt
T

T

+E / SN v [P dedydt

§M4(/\)(M5()\)+1)]E/ 52\f1|2dxdydt+M4(A)E/ s2A2E202| F 2 dadydt

T T

+ My(N)(Ms(A\) + DE / $3€30° v P dadydt (3.53)

wT

for all sufficiently large A and s such that

A>(T? 4+ 1)257107¢h 5 > (T8 + 1)s328 12 0feclV e,
Since v}, — v in L(Q, Fr,P; L*>(I)), by a similar argument as the end proof of Theorem 2.2, together with the
standard energy estimate for the backward stochastic parabolic equation, we could prove (v, Ff) — (v, F}) in

Gr x L%(0,T; L*(I)) as € — 0. Therefore, taking

C\) = (T + 1)5328 12722V le A Cd > My(N)(Ms(N) + 1)A 72, (3.54)
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we can obtain (3.5). This completes the proof of Theorem 3.2. O

3.2. Carleman estimate for forward stochastic Grushin equation with regular weight
function

In this subsection, we introduce a new regular weight function to establish the other Carlemen estimate for
the forward stochastic Grushin equation with singular potential

dw — wepdt — 22wy, dt — Swdt = fodt + FodB(t), (2,9,t) € Qr,
w(z,y,t) =0, (z,y,t) € X, (3.55)
w(z,y,0) =0, (z,y) €1,

with fo € L%(0,T;L3(I)), F» € L%(0,T; H'(I)). The regular weight function allows us to put the random
source on the left-hand side of this Carleman estimate. Based on such a Carleman estimate we can obtain the
uniqueness for our inverse problem.

We set

O(x,y,t) = erel@yt), O(z,y,t) = e (@y:t) (3.56)
with
o(z,y,t) = 2> y(1 — y) — px — (A — 1) + 222 (3.57)
Here p is the same as the one in Section 3.1. We easily see that ¢ > 0 in Qr if we choose A suitable large.

Our main result in this subsection is the following Carleman estimate for (3.55) with regular weight function.

Theorem 3.9. Let v >0, 0< 0 < %, fo € L%(0,T; L*(I)), F>» € L%(0,T; H*(I)). Then there exist constants
A2, so and C' such that

E / sA200?|w, |*drdydt + E / sA20O0% 2 |w, [Adrdydt
T

T

+E/ 83/\4<I>3@2|w|2dxdydt+ﬂ§/ SAPO?| Fy [2dadydt

T

<CE / 02| fo|*dzdydt 4+ CE / sPO?|V Fy|?dadydt
T

T

+CE / $2\20%(T)0*(T)w*(T)dzdy + CE / sAPO?|w, [Adydt (3.58)
I I'r

for all sufficiently large X > Ao and s > sa(N\) and all w € Gr satisfies (3.55), where

Ao = e(T% 4+ 12FCE sy = s},
C = c(1+ p)sa2* 8 C2.

Remark 3.10. We could not eliminate the term of VF; on the right-hand side of (3.58). Based on this reason,
the random source H to be determined in (1.3) does not depend on spatial variables.

Remark 3.11. In form we do not use A in the proof of the null controllability. So we hide the second large
parameter A in Theorem 3.2. In fact, A lies in s and C in (3.5). However, A plays a very important role in the
proof of the stability of determining the random source H. Therefore we have to separate A from constant C.
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We still transfer to consider an approximate version of (3.55):

dw® — ws,dt — (v +)* ws,dt — Gigpwidt = fodt + FodB(1), (2,y,t) € Qr,
’LUE(J)7 Y, t) — 07 (;1;’ Y, t) c ET7 (359)
w®(z,y,0) =0, (z,y) €1,

where 0 < e < 1. Set

~ ~

O(z,y,t) = ®(x +e,y,t), 0o(xyt)=o(x+ey,t), Oxyt)=0(x+euy,t).

We first give a weighted identity for the approximate problem (3.59).

Lemma 3.12. Let 7 be a constant such that 2 < 7 < 3. Assume that w® is an H?*(R?)-valued continuous
semimartingale. Set L = s®, Z = Ow® and

Q1 =dZ + 2L, Z,dt + 2 (x + &)* L, Z,dt + 7L x Zdt,
Y=y

2 2 2y r2 g
Q2 :—LtZ—le—(Z‘—f—E) ’YZyy—sz—(I—i-E) ’yLyZ—mZ,
2
Q=—(T—1)LpZ+ (x+¢)"" LyZ.
Then for a.e. (x,y) € R?, it holds that
o) € € 2 € a €
5
=|QoPdt + @2Qdt + > Xidt +dY + {}, + {-}, +7J, P—a.s., (3.60)

=1

where

Xo=[-29(x+ )" 'Ly + (7 = 1)(x + &) Lyz + (x + £)7 Ly, ] Z7,
X3 =4 [Y(@+ &)Ly + (2 +€) Loy| ZuZy,
Xy =[(3=7)L2Law + 29(z + &) L, L2 + 3(x + £)VI2L,,] 22

+ (¢ +6)" [4Le Ly Loy + L3 Lyy + (1 = 1) Loo L] 2

an

X1 =[(T+1)Lyy — (x+)"Ly,| Z2

o 20

o
Lyw — L, 5L
@ +e)? (z +¢)3 + (z + )22 yy}
— 1
X5 - |:2Ltt + (]. — T)Lzth + 2LmLmt + 2(I + 6)27LyLyt + (ZZ' + 5)2’YLnyt

Z2

T T
- §Lxmzz - §(£C + 6)27Lﬂ3myy} Z2’

{(}=-2Z,dZ + {— LoLyZ% — Lo Z7 + (x +€) Lo Z) — L3 Z% — (v 4 ) L, L, Z°

N 1 2 1 2 2 1 2 2 2
Y:§Zm+§(x+s) 7Zy—5 {Lt+Lm+(3§+5) "L, +

g 2 9 r )
— meZ — 2 +e) " LyZyZy — TLype Z 7, + EL”””Z ]dt,
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{}=—(24)ZydZ + [~ (x+ &)Ly L Z° — 2(x + €)*" Ly Z, Zyy + (x + £)* L, Z?

4 2 2y 72 2 4y 73 2 g 2
T
T+ 5)27Lmy22] dt,

- 1 1 1
J==5(dZ:)" = (@ +)7(dZ,) + 5 {Lt + L2+ (x+e)P L2 +

— 7(x+ &) LynZZy +

wroe (dZ)2.

Proof. Notice that 0= el L = s® and Z = Ow®. Then we have

5) [dw5 —w, dt — (z +¢)» wy, dt — (ij)QwEdt] = Q1+ (Q2 + Q)dt.

Hence
~ g

We only need to deal with —L;Z@Q; in Q1Q2. The calculations of the other terms are similar to the ones in
P, Py. Therefore, by using a similar argument similar to Lemma 3.3, together with

1,2Q) = — 1,2 [dz 4 2L, Zydt + 2 (z + €)%Y L, Z,dt + TLmZdt}

1 1 1
— §ol(LtZQ) + iLttszt + iLt(dZ)z — (Lo L1 Z?)pdt + (Lyw Ly + Ly L) Z2dt

- [(x +e)? Lthzﬂ At + (2 + €)2" (Lyy L¢ + LyLy) Z2dt — 7 Loy L, Z2dt,
Yy
we obtain (3.60).

O
Now, integrating both sides of (3.60) in Qr, taking mathematical expectation in €2, we obtain
E/T Q20 [du)‘E —wj,dt — (x4 )" wy, dt — ngdt} dzdy
1 1 >
ZfIE/ |Q2|?dadydt — fIE/ |Q|?dadydt + ZE X;dxdydt
2 T 2 Qr i=1 Qr
+E / dYdzdy + E / ({}, +{},)dedy +E [ Jdady. (3.62)
T T Qr

In the following we estimate the last four terms on the right-hand side of (3.62).

Lemma 3.13. There exist positive constant

3
2

Mlz T5§>1

such that

5
Y E | Xidedydt >ME / A3 Z|2dedydt + M E / SA2D| Z,| 2 dzdydt
i=1 YQr Qr T
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+ MﬂE/ SN2 (z + )27 Z,|2dxdydt (3.63)
Qr

for all sufficiently large A and s such that
A> (T2 +1)2010¢)) s> 1.

Proof. For regular weight function 9(z,y,t) = (z +&)*"?y(1 —y) — u(x + &) — —(A — )% + 202, we have the
following properties of 0:

0t =2(A—1), 0 =—2, 0wt =0yt =0,
/Q\x < _607 @\z@\wwx S 07 |/Q\wa:xw| S Cl(x + 5)_2a I@\y‘ + |/Q\yy| S Cl(x + €)2+2'y7 (364)
|02yl + |0z | + [0yy| + [0zay| + |0zyy| + |0zayy| < Cr(z + 5)27-

Then, by a similar process to Lemma 3.4, we could obtain (3.63) for all sufficiently large A and s such that

A > o(T? 41)20H10¢f, s> 1.

O
Lemma 3.14. There exists constant
My = c(1+63)2"t9C7
such that
E / dYdazdy > —M,E / $°A2®%(T) Z2(T)dady. (3.65)
Qr I
Proof. By Z|i—o =0, P-a.s. in I, we have
IE/ dY dzdy
s
1 1
3% [ 120 + o+ £712,(T))dady - 5 [ [Lt(T) +LA(T) + (0 + &) LA(T)
I I
— 7 _11Z2(T)|2dxd
(x +¢)? Y
1 o — ~
>_FE ZIT2—72T2dd—M1E/ I\20%(T)|Z(T) |2 dxd 3.66
258 [ 1200 - L2 oy~ W [ 2028212 asay, (3.56)
where
My = c(1 4+ 62)24T67C2,
Together with 0 < ¢ < 1, (3.66) implies (3.65). O

Lemma 3.15. There exists constant Mz = p such that

E/T ({}, + {-1},)dzdy > —M3E /FT sAD|Z, [2dydt. (3.67)
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Proof. Since ® has the same property (3.31) as ¢ on the boundary of I. Therefore we immediately obtain the
estimate (3.67) for boundary term on the right-hand side of (3.62). O

Lemma 3.16. There exists positive constant
My = 63 + 21902
such that

E [ Jdzdy>E / sADO?| Fy|dadydt — M4E / sOO?|VF,|?dadydt (3.68)

Qr T T
for all
A>2(T+1).
Proof. 1t is easily to see that
(d2)? = ©2%| Fy|2dt,
(dZ;)? = L2O2|Fy|2dt + 2L, 0% Fy F, ,dt + O2|Fy ,|?dt,
(dZy)2 = L§@2|F2|2dt + 2Ly@2F2F2)ydt + @2|F2,y|2dt.

Therefore, we have

IE/ Jdzdy
T
1 o ~ 1 ~
== L 7®2F2dddt—7E/ O [|Fp.|? | Fy || dedydt
[t o] st = 3 | SR + (o 21 sy
—E / [L.O*FoFy, + (x+ €)Y L,0%Fy Fy | dadydt. (3.69)
T
By 0: =2(A—1) and 0 < 0 < 1, we have
1 o ~ ~~
~E L 7®2F2dddt>E/ A\ = T)00?| Fy|*dzdydt. 3.70
S [ |l | @ s = B [ o= 1367 s sy .70

On the other hand, there exists a positive constant
My = 68 + 24973
such that

“E [ [LORP, + (o + )" L,0 RFy, | dedydt

T

— / S\ [0 Fo Py + (z + )25, Fo Fa | ®02dadydt

T

1 ~~ _ ~
> — 5]E/ sAN20O?| Fy |2 dxdydt — M4]E/ s®O? (|Fou|? + | Fa,y|*) dadydt. (3.71)
Qr Q

T
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Therefore, from (3.70) and (3.71) we deduce that
_ 1 ~a
]E/ Jdzdy zE/ sA [2)\—T] PO?|Fy|?dadydt
T T
fﬁﬂf‘,/ s0O? (|Fa|? + |Foy[?) dadydt. (3.72)
T

Taking
A>2(T+1),

then we obtain (3.68). O
Now we prove Theorem 3.9.

Proof of Theorem 3.9. Substituting (3.63), (3.65), (3.67) and (3.68) into (3.62) and using M; > 1, we find that

E/ Q20 [dws —we,dt — (z +¢)”7 wy, dt — 5 wsdt] dzdy

7
(z+e¢)
L 2 L 2
>-E |Q2]*dzdydt — =E |Q|*dadydt
2 Qr 2 Qr

—I—MlE/ 33A4$3|Z\2dxdydt+M1E/ SA2®| Z, |2 dxdydt
T

T

+M1E/ sAz(x+e)2@\2y|2dxdydt+1E/ SADO?|Fy | dadydt
T

T

— ME / s®O%|V Fy|2dadydt — M,E / S A202(T) Z%(T)dzdy
T I

— MsE / sAD|Z, |2 dydt, (3.73)
I'r
which implies

E / sA2®| Z, > dadydt + E / sA2(z 4 £)2 | Z, |2 dzdydt
T

T

~ 1
sAPO? | Fy|2dadydt + E / |Q2|?dadydt

T Qr

g (>

s®O%|V Fy|2dadydt + M,E / A28 (T) Z2(T)dady
T I

+]E/ s3A4§>3|Z|2dxdydt+E/
Qr
§IE/ Q.0 {dws —we,dt — (z +¢)”7 wg, dt —
T
1 _
+ 5E/ |Q|2dmdydt+M4E/
T
+ M3E / SAD| Z, [2dydt. (3.74)
I'r

Using the equation of w® and noting that E ‘[QT Q20 FydzdydB(t) = 0, we have

E/ Q20 [dwE —we,dt — (z +¢)*" wy, dt — 2wedt} dzdy

@ +e?
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1 1 ~
<-E / |Qo2dxdydt + ~E / 2| fo|*dadydt. (3.75)
2 Qr 2 Qr

Obviously, there exists a positive constant
Co = c6;25T#7CY
such that
Q2 < Cos®A1D2| 2|2 (3.76)

From (3.74)—(3.76), it follows that

IE/ s)\2<T>|Zm\2dxdydt+E/ SN2z + )21 ®| Z, |2dadydt
T

T

+E / $A1D°| Z)2dadydt + E / SADO?| Fy|2dadydt

T

<E [ ©?|fs|2dadydt + 2M ,E / s®O%|V Fy|2dadydt
QT T

+ 2M5E / $2\2®(T) Z2(T)dady + 2M3E / SAD| Z, [2dydt (3.77)
I

I'r
for all sufficiently large A and s such that
A > (T2 +1)25H10¢) s> g8 1)

Finally, going back to the original variable w® and letting € — 0 in (3.77), the desired estimate (3.58) holds
with

C = C(]. + ,U,)(SSQZLJFSVC% > Q(MQ + M;} + M4)
This completes the proof of Theorem 3.9. O

4. PROOF OF THEOREM 1.1

This section is devoted to proving the null controllability result for the forward stochastic Grushin equation
(1.2), i.e. Theorem 1.1.

Proof of Theorem 1.1. It is well known that the key ingredient for proving Theorem 1.1 is to obtain the
observability inequality for the corresponding adjoint system

dv + vy dt + 22T vy,dt + Zvdt = (—av — pV)dt + VdAB(t), (z,y,t) € Qr,
’U(Q?,y,t) = 07 (xayat) € ZTv (41)
U(%%T):UT(%?/)’ (x,y) el

More precisely, we will prove the following observability inequality for (4.1):

E/|U(0)\2dxdy < C’E/ |v|2da:dydt+C’E/ |V |2dxdydt, (4.2)
I wr Qr
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where C' is depending on I,7T,v,w, o, « and (.
We apply Theorem 3.2 to (4.1) to obtain

s3€30%|v|Adadydt + C’]E/ s2620%|V|*dadydt

T QT

IE/ s3€30%|v|* dxdydt < C’]E/

for all large A > Ay and s > s1. We fix A = A\; and s = s;. By

my :=max(£? + £°)6 < +o0,
Qr
we further obtain

E [ &6%v]*dedydt <CE 5202|V|2dxdydt+]E/ £30%|v|?dadydt
Qr Qr

wT

<C(M\1,81,m1) (IE/ |V|2dxdydt—|—E/ |U|2dxdydt>.

T

On the other hand, by

me = min_ &30 >0,

Ik F

we obtain

3T

E [ &62|v*dedydt > IE/

4
T
Qr T

%
/ €30%|v>dxdydt > moE / / [v|2dzdydt.
I z I

From (4.4) and (4.5), we deduce

%
]E/ /|v|2dxdydt§ C (M1, 81, m1, mg) (E/ |v|2dxdydt—HE/
% I wT

T

|V|2dxdydt> .

(4.3)

(4.4)

(4.5)

(4.6)

By the standard estimate for the backward stochastic equation (4.1), we obtain for any 0 < 7 < 7 < T that

E/|v(7-)|2d:cdy§E/|v(%)|2dxdy+CE/ /|v|2dxdydt.
I I T I

Then from Grénwall’s inequality, it follows that
E/ lo(7)|?dzdy < eCTE/ lv(F)]Pdady, 0<7<7<T.
I I

T 3T
4

Further, letting 7 = 0 and integrating (4.8) over (7, %) with respect to 7, we obtain

3T
4

E/|v(0)|2dmdy < CE/ /|v|2dxdydt.
I T Jr

(4.7)

(4.9)
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Combining (4.6) and (4.9), we obtain (4.2). Then by a standard dual argument, e.g. as [34] or [40], we could

obtain a pair (9,G) € L%(0,T; L*(w)) x L%(0,T; L?(I)) that drives the corresponding solution u of (1.2) to
zero at time T'. This completes the proof of Theorem 1.1. O

5. PROOF OF THEOREM 1.3

In this section, we prove the uniqueness for our inverse source problem, i.e. Theorem 1.3.

Proof of Theorem 1.3. For convenience, we use C' to denote generic constant depends on I,T,y, 0, u, M. Let
u = Ryp. By virtue of u as a solution of equation (1.3), we know that p solves

o 2R » 20* Ry,
dp — prdt — xzvpyydt — ﬁpdt = o pdt + Typydt
R Ry 4o YRy,
+ (= 1,t + 1, _|_33 1,9y pdt
Ry Ry Ry
Ry (5.1)
+h($,t)dt+ FH(t)dB(t)a (x»yvt) € QT7
1
p(xa:%t) = 03 (ilf,y,t) € ZTa
p(xay70) 207 (.If,y) cl.
Letting w = p,,, together with uy|x, =0, P — a.s., we obtain
2R . 227
dw — wy,dt — x27wyydt - %wdt = R, wedt + xiRl’ywydt
1 1
Ry Ri 22 $2A/R1 yy
—— : : dt
( Ry * Ry Ry
2R . 2$27R1
’ LAt Y dt
- ( Ry >yp - ( R e
5.2)
Rl t Rl T z Rl yy) (
+ |-+ —= : dt
( R R R ),
Ry
+ {5 H(t)dB(t)v ($7y7t) € QTa
Ly
w(x7y7t) = O’ (x’y’t) 6 E,1—'7
w(z,y,0) =0, (x,y) €.
Applying Theorem 3.9 to w, we find that
E / sAN200%|w, |*drdydt + E / sA200% 7 |w, [Adrdydt
Qr Qr
R 2
+ E/ SSA1D302 |w|?dzdydt + ]E/ sADO? (2) |H > dadydt
T Qr Ry y

SCE/ 02 (Jwa|* + 2wy |* + | + [p2|* + Ipy|* + |p|?) dzdydt
T

2
+C’E/ sp0? |y (H2 |H|?dxdydt
Qr R/,
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+ CE / s2\20%(T)0*(T)w*(T)dxdy + CF / sADPO? |w, |Adydt (5.3)
I r

T

for all A > Ay, s > s2. By means of w = p, and p(x,0,t) =0 for (z,t) € I, x (0,T"), we see that

Yy
papt) = [ e tidn (5.4)
0
Therefore, we obtain
E/ O (Ip]* + |pa|* + [py|*) dadydt < CIE/ O (|wf* + |wy|?) dzdydt. (5.5)
Qr Qr

By (1.6), we have

IE/ sch)QV@ Lz
T i/, R/,

Thus, substituting (5.5) and (5.6) into (5.3) and choosing A sufficiently large to absorb the first two terms on
the right-hand side of (5.3) by the terms on the left-hand side of (5.3), we find that

2 2
|H|?dxdydt < CE / s0O? |H|?dxdydt. (5.6)

T

E / sAN200%|w, |*drdydt + E / sA20O0% 7 |w, [Adedydt
T

()
Ry,

<CE / $2\20%(T)0*(T)w*(T)dxdy + CE / SADPO? |w,|*dydt. (5.7)
I FT

2
+E/ 33/\4<I>3®2|w|2d:vdydt+]E/ sADO? |H|?dxdydt
Qr Q

T

Since u|r, = ug|r, = 0, P-a.s., we have uy|r, = Uszy|r, = 0 and further wg|r, = 0, P-a.s. Moreover w(T") = 0
in I, due to (1.8). Then from (5.7) we deduce

w=0 inQr, P-—a.s. (5.8)
which implies
u=0 inQr, P-—a.s. (5.9)

By (5.9) and the equation (1.3) of u, we have
¢ ¢
[ henie i+ [ Ra(eg 1B =0, e 0.1, (5.10)
0 0
Together with (1.5), we finally obtain (1.9) and (1.10). The proof of Theorem 1.3 is completed. O
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