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1. INTRODUCTION

Mean Field Game (MFG) theory establishes Nash equilibirum conditions for large populations of asymp-
totically negligible non-cooperating agents via an analysis of the infinite limit population (Huang et al. [9-11];
Lasry and Lions [15]). The resulting PDEs (Partial Differential Equations) consist of a backward Hamilton-
Jacobi-Bellman (HJB) equation and a forward Fokker-Planck-Kolmogorov (FPK) equation for each generic
agent. These equations are linked by the state distribution of a generic agent which is called the mean field of
the system.

The basic structure of standard MFG theory assumes a symmetry in the connections of the agents but
not necessarily of their dynamics. However, in the recent studies [1-3] asymmetric graph connections in large
population games are considered. Large subpopulations (or clusters) of agents are placed at their particular nodes
and communicate with the neighbouring subpopulations via the graph edges. The graphs are heterogeneous with
the edges having not necessarily identical weights. In the network limit, a graphon gives the communication
weights g(«, 8), see for instance the introductions to each of [1-3, 7] for the Graphon MFG (GMFG) framework
and [16] for Graphon theory. Along with [1-3], this paper proposes a new type of MFG PDE system associated
to the Graphon Mean Field Game system. Our goal here is to establish the unique solvability of the GMFG
equation in an appropriate function space.
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The GMFG equations consist of a collection of parameterized Hamilton-Jacobi- Bellman equations,
HJB(a),a € [0,1], and a collection of parameterized Fokker-Planck-Kolmogorov equations, FPK («) with
a € [0, 1]. The solution of a set of GMFG equations is a parameterized pair (v, ut), where v[a] = v(t, o, ) solves
the HJB(«a) equation and pla] = u(t, a, x) solves the FPK («) equation. The coupling of the system PDEs in
this paper has the following features (see [3] for a more general framework subject to different hypotheses):

— FPK(«) depends upon HJB(«) through its first order coefficient Vo.
— HJB(«) depends upon FFPK (') for all o € [0, 1] through the graphon g acting on u[c/]; this is the major
difference from MFG.

The GMFG equations with a constant graphon reduce to the classical MFG system as a special case, and
the original methods to establish solvability of the classical MFG equations are helpful in the present case. In
[10, 17], a Banach fixed point analysis is used depending on a contraction argument; this is based on assumptions
on the Lipschitz continuity of the functions appearing in the MFG equations and their derivatives, and yields
uniquenss as well as existence. This approach is used in the parallel study [3] of the solvability of the GMFG
equations. On the other hand, [4, 18] carry out the existence analysis using the Schauder fixed point theorem
based upon regularity assumptions and then obtain uniqueness via a monotonicity assumption on the running
cost.

In this work, similar to the aforementioned analyses, we will establish the existence of solutions wvia the
application of a fixed point theorem. Our existence proof adopts Schauder’s argument on the fixed point theorem
and is more closely relevant to [4, 8, 18] in this sense. Unlike [8] on the solvability in Sobolev space, our
solvability is to answer the existence in Hélder space along the lines of [4, 18]. Nevertheless, different from all
aforementioned papers, our proof on the continuity of the gradient of the value function with respect to the
coefficient functions relies on probabilistic estimates rather than the theory of viscosity solutions. The main
advantage of our approach is that we can conclude the local Lipschitz continuity of the solution map, which is
stronger than continuity and beneficial to the subsequent analysis of the GMFG.

Having said that, the major difficulty generalizing existence from the MFG case to the GMFG case is to
obtain the regularity of the solution with respect to the variable «, which is essential for the existence result by
Schauder’s fixed point theorem. To be more illustrative, for instance, to obtain a uniform first order estimate
of [Vu(t, o, z) — Vu(t, o/, z)| for the solution v of the HJB equation, one has to compare the solutions from two
different HJBs parameterized by a and «'. This leads to a study of the sensitivity with respect to coefficient
functions of corresponding PDEs. Therefore, the local Lipschitz continuity of the HJB solution map becomes
essential for this procedure.

The paper is organized as follows. Section 2 gives the problem set up. Section 3 presents the regularity
of parabolic PDE and applies this to the FPK. Section 4 presents the existence result and Section 5 treats
uniqueness. Section 6 presents a summary and extensions of the main result. For better clarity, all notations
used in this paper have been collected and explained in the Appendix A.

2. PROBLEM SETUP

Let T? be a d-torus. P;(T?) is the Wasserstein space of probability measures on T satisfying

/w lz|du(z) < oo

endowed with 1-Wasserstein metric dy (-, ) defined by

)= it [ o= ldnte),
Td xTd

m€ll(p,v)

where II(u, v) is the collection of all probability measures on T¢ x T¢ with its marginals agreeing with x and v.
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We consider the following large system of multi-agent problems. A generic agent can be identified by its state
pair (o, z) € [0,1] x T4, where « is the cluster index and z is a T valued state. The weights of connections
between clusters are given by a symmetric measurable function g : [0, 1]? — R, which is commonly referred to
a graphon [16]. The population density at the cluster o at time ¢ will be given by u(t, o) € Py(T).

Ezample. Two examples of graphons are given in the following discussion, while the reader is referred to [16]
for the fundamental theory of this subject. A uniform graphon which corresponds to the limit of a sequence of
Erdos-Rényi graphs with parameter p, 0 < p <1, is given by

g(a,a’) =p, Ya,a’ € 0,1] (2.1)

and the uniform attachment graph limit has the graphon

g(a, ') =1 —max{a,a'}, Va,a’' € [0,1]. (2.2)

A running cost incurred to the generic agent of (o, ) with a feedback control exertion a : [0, 7] x [0, 1] x T
R? at time ¢ is given by

1
Uong.0,t,0,2) = Lfalt, o) + a9, ,2) (23)
for some given function ¢4(:,-,-, -, ). The following cost can be considered as an example for ¢;
1
fl(uagyt,aﬂﬁ) = / EQ(x7y):u(t7O/7dy)g(a7O/) do’ (2‘4)
0o Jrd

for some 5 : T x T — R.

Let b:[0,T] x [0,1] x T R and my : [0, 1] x T4 — R* be two given smooth enough functions. By Vb, we
denote the gradient of b on the domain T¢, which is mapping [0, 7] x [0,1] x T¢ — R?. Finding a solution of
the GMFG equations consists of solving for the unknown triples (v, a*, p):

— the value function v : [0, 7] x [0,1] x T¢ — R,
— optimal control a* : [0,7] x [0,1] x T¢ s R?,
— and the density y : [0,7] x [0,1] x T s R,

satisfying the o parameterized family

1
o+ (Vb+a")- Vo + iAU +4(p,g,a") =0

. _ . Lo
a*(t,a,z) = arg;relﬁ{ri{a Vo(t, o, z) + 2|a| } (25)

1
v(T,a,2) =0, w0, a,z) =mo(a,x).

In the first and third equation of (2.5), each term is a function of (¢, «, z) without further specification. In
particular, the ¢(u, g,a*) shall be understood as a mapping

(t,a,x) = L, g,a")(t, o, ) == C(p, g, 2" t, o, ).
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Our goal in this paper is to establish existence, uniqueness for the solution of (2.5) in an appropriate solution
space. We close this section with a brief illustration of the probabilistic formulation on the GMFG for the moti-
vational purpose. A generic player in GMFG is identified by a pair (o, z) € [0,1] x T?, where « is geographical
information and z is a state. The population density at index « at time ¢ is denoted by u(t,a) € P;(T?) and
the relation between two generic players in « and o’ is given by a graphon g(«, o’). Given a population density
(t,) = p(t,«) and a graphon (o, a’) — g(a,a’), a generic player exerts its optimal strategy of the follow-
ing stochastic control problem described below. State evolution of the generic player at « follows a controlled
stochastic differential equation:

t
Xp = X§ + / (Vb(s, 0, X2) + a(s, a, X2))ds + W, (2.6)
0

where the drift is formed by a control process a and a conservative vector field Vb, W< is a Brownian motion
in a filtered probability space independent to W# for any 8 # a, and X§ is an initial random variable with a
given distribution mg(a). In the above, the left hand side is understood as the coset of Z¢ that contains the
right hand side by a mapping 7(z) = x + Z?. We use X“[a] to denote the process with the dependence on a.
The objective of the generic player at a with a given population density flow p is to minimize the total cost
incurred during [0, T of the form

T

J%(a, p) = E[ U, g, a,t, a, X2 [a])dt}

0

over a reasonably rich enough control space of a. Note that the optimal strategy a* depends on u. Given an
initial distribution mg, the goal of the GMFG is to find the Nash equilibrium p* and the corresponding a*, i.e.
the pair (u*,a*) satisfies

']a(a*nu/*) < Ja(av :U/*)ava and M*(tu Oé) ~ Xfé[a*LV(t, Oé)-

Indeed, the above formulation poses a class of mean field game problems indexed by « € [0,1] and couplings
between mean field games are imposed by the running cost ¢ via graphon g. For more detailed discussion and
various applications are referred to [1-3].

3. SOME REGULARITY RESULTS

We are going to present sensitivity results of the parabolic PDE and FPK equations with respect to their
coefficients separately, which eventually serve for the proof of fixed point theorem as key elements. Throughout
the paper, we will use ¥(+) in various places as a generic positive function increasing with respect to its variables.
Morevoer, all function spaces and relevant norms are sorted out in Appendix A.

3.1. Parabolic equations

Consider the equation

8tu:%Au—cu+f, on (0,T) x T4 (3.1)
u(0,7) =0, on z € T :
We will denote the solution map by u = ule, f] whenever it is necessary to emphasize its dependence on the

coefficient functions.
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3.1.1. Preliminaries on solvability

If the coefficients ¢ and f are Holder in both variables (¢, z), then there exists a unique classical solution.
Recall that ¥(-) is a generic function mentioned in the first paragraph of Section 3.

Lemma 3.1. If ¢, f € C¥/29([0,T] x T%) holds for some 6 € (0,1), then there exists unique solution u €
C19/2:245((0,T] x T?) of (3.1) satisfying

[uliys/2.245 < W(lclss2,s: | fls/2.6)-

Moreover, v(t,x) := u(T — t,x) has a probabilistic representation v[c, f] of the form

v(t,x) =vle, fl(t,x) := E[/t exp{— /ts c(r, Xt’””(r))dr}f(s,X’f’””(s))ds}7 (3.2)
where
X0%(s) =z +W(s) — W(t) (3.3)

for some Brownian motion W.

Proof. The solvability and its Holder estimate is from Theorem 8.7.2 and Theorem 8.7.3 of [13], Theorem IV.5.1
of [14]. The probabilistic representation v[e, f] is from Feynman-Kac formula, see [6]. O

In the above, we remark that, (3.3) reads by X%*(s) = m(z + W (s) — W(t)), where 7 is the generic mapping
R? +— R?/Z%. Later we also need to use the following definition of weak solution, see [5].

Definition 3.2. A function u € L2([0,T], H'(T%)) is a weak solution of (3.1) if u satisfies

{ Jpa (=0 — cu+ f)de = L [, Vo - Vudz, V¢ € H (T?)

u(0,) =0, on x € T (3.4)

We have the following uniqueness with the same assumptions as in Lemma 3.1.

Lemma 3.3. Ifc, f € C%/2%([0,T] x T¢) holds for some § € (0,1), then there exists unique weak solution of (3.1)
in L2([0,T], H*(T4)).

Proof. By Lemma 3.1, there exists a classical solution u. Together with the compactness of the domain, it yields
u € L2([0,T], H(T%)). By Theorem 7.4 of [5], uniqueness in L2([0, 7], H'(T¢)) holds if ¢ € L™ and f € L?, and
this is valid, since all coefficients are continuous on the compact domain. O
3.1.2. First order regularity and sensitivity of the solution map

Although Lemma 3.1 has an estimation on |ul1 2, it is controlled by an upper bound relevant to the Holder
norm of coefficients in the ¢ variable, which is not desirable, see Section 4.5 for further remarks. Next, we will
develop an upper bound independent of t-H6lder norm of the coefficients. To proceed, we define a linear operator

1
Lu = 0yu — iAu. (3.5)

The first result is on an estimate of |ulo = supjy r)xra [u(t, )|

Lemma 3.4. Ifc, f € C%/29([0,T] x T?), then u of (3.1) satisfies |ulo < elloT|f|oT.
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Proof. If ¢ = 0, then with u; = |f|ot,
Luy = f=|flo—f=0.

If ¢ # 0, then with uy = w,

lclo

C C
(L+ ez = | floeo (14 ) = | fly
clo/ lelo

= Ilo(e "t =) (14 =) 17l
> f.

Note that both u; and uy are no greater than e|c|°T| floT', and finally the comparison principle yields the
result. O

Next we will have the first order estimate independent to the Hoélder norm in ¢ of the coefficients. It also
gives sensitivity of the solution map with respect to the coefficients.

Lemma 3.5. Let ¢, f be in C%([0,T] x T¢) for some § € (0,1). Then the solution u of (3.1) belongs to
CY2([0,T) x T4) with

[ulo,r < (lefo + [ flo)-
Furthermore, the solution map u = ulc, f] satisfies
luler, f1] — ulez, follo < W(K)(ler — c2lo + [f1 — f2lo)

for K :=|c1|o + |ezlo + | f1lo + | f2]o-

Proof. u of (3.1) can be written by u(t,z) = v[e, f](T — t,z) with its probabilistic representation of (3.2). By
setting X? := X%% of (3.3), we have

X! X2 =2y —xy, Vs>t
If we define

A; — e~ fts c(r,Xi(r))dr

b

then

vle, fl(t, ;) = ]E{/tT Aif(s7Xi(s))ds}.

We first note that, by mean value theorem

S T|C|071|JC1 — TI2]|.

| /tsc(r,Xl(r))dT / o X?(r)dr

s
t
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Once again by mean value theorem and the fact of | — [ ¢(r, X*(r))dr| < Tc|o, we obtain
AL = A2 < TR [ e, X () dr — [} elr, X2(r)dr
< W(lcfoa)lrr — o

Tclo

with probability one for ¥ = T'|c|p1e” l°. Therefore, we have

T
[vle, f1(t, 1) = vle, fI(E x2)| < E/t [ALf (s, X (5)) = AZf (s, X7(s))lds

IN
’ﬂ

E [ (Aol f(s, X7 () = f(5, X%())| + |flo]Ag — AZ])ds

< TY(|c)o)|V flolwy — x| +T'| flo[¥(|clo,1)|z1 — 22
< Y(le )|z — x|

T
<1E/ (Iclo)|¥ Flol X (s) — 2<>|ds+E/ [FloAL — A2|ds

This implies that [Vu|p < U(| .1). Together with Lemma 3.4, we conclude that

[ulo,t < ¥([clo,r + [flo1)- (3.6)
Next, we estimate |u[c, f1] — ule, fo]|o. For any (t,z), we set Ay = e J: €-X ()" and note that
T
[vle, A1t x) —vle, fol (£, 2)] - < E/ [Asfi(s, Xs) = Asfa(s, X)|ds
t

T
<11 — FaloE / A, |ds

t
< Te"ll|f — folo.
This concludes that

lule, Ai] = ule, fallo < W(lelo)lf1 = falo- (3.7)

In the following, we estimate |u[c1, f] — u[cz, f]|o. By setting A% = e~ Jei(rX(r)dr e have
AL = A2 < ePeotles) [y 1, X,) = e X )fdr < Py — ol
t

with probability one. Therefore,

T
[vler, f1(t, @) — vlea, fl(E, )] < E/ [ALf(s, X) = AZf (s, X,)|ds
t
T
<IfIoE [ Az — AZlds
t
< 72T erlolezlo)| £lo1er — ealo.

This implies that

lule1, f] — ulez, fllo < W(leilo + lealo + [ flo)ler — ealo- (3.8)
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The conclusion yields from (3.6), (3.7), (3.8). O

3.1.8. Second order regularity and first order sensitivity

Next, we will see that under better regularity of ¢ and f in =, we can improve regularity and sensitivity.
Formally, if u of (3.1) is smooth enough, one can take derivatives of the equation to conclude that @; = d;u is
the solution of the following equation depending on ¢, f and u of (3.1).

{ du; = $Au; — ctij — udje+ 0, f, on (0,T) x T¢ (3.9)

u;(0,2) =0, on z € T?

However, (3.9) is valid only if u € C13 is given a priori.

Lemma 3.6. Ifc, f € C%%([0,T] x T%) for some & € (0,1), then the solution u of (3.1) is in C*3([0,T] x T%)
and w; = Oju is the unique solution of (3.9).

Proof. By Lemma 3.3, u satisfies, for any ¢ € H?(T?),

1
o(—Ou—cu+ f)de == [ V¢ Vudz.
Td 2 Jpa

Now, if we replace the test function ¢ by 0;¢ in the above variational form, then we have

/ 0ip(—0u — cu+ f)dz = 1/ V;¢ - Vudz.
Td 2 Td

Using integration by parts, we can show that @; solves the variational form of (3.9) for any ¢ € H?(T?). Since
H?%(T?) is a dense subset in H'(T), 4; is indeed a unique weak solution of (3.9).

Lastly, since the Ve, Vf € C%1([0,T] x T%), we conclude that 1, is indeed a classical solution from Lemma 3.1.
This also implies that u € C1:3([0, 7] x T?). O

Lemma 3.7. Let c, f € C%%([0,T] x T%). Then the solution u of (3.1) belongs to C*3([0,T] x T%) with

lule, fllo2 < ¥(lclo2 + [ flo,2)-

Furthermore, the solution map u = ule, f] of (3.1) satisfies

lule, fi] = ulez, fallon < W(K)(ler — c2loq + | f1 = falo,1)

K = |Cl|0)1 + |02

0.1+ [filox + [ f2lo1-

Proof. By Lemma 3.6, 4; = d;u is the classical solution of (3.9), which satisfies

where
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Applying Lemma 3.5, we have [@;]o1 < ¥(|clo,1 + |flo,1). Note that, |f|o,1 is controlled by |ulo1 + |8;co.1 +
|0 flo,1, which implies that |f|o,1 < ¥(|c|o,2 + |f]o,2) due to Lemma 3.5. Hence, we conclude that |u[c, f][o,2 <
(lclo,2 + [ flo,2)- B

At last, applying Lemma 3.5 on ulc, f] again, we have

luler, fi] = ulea, follo < W(K)(ler — calo + | fi = f2lo)
for K = |c1|o + | filo + |e2|o + | f2|o, which similarly concludes the desired result. O

3.1.4. Summary on regularity and sensitivity

Now we may summarize and generalize the results above to a PDE with non-zero initial conditions. Consider
equation

— Ay — d
{ 8,5’& = 2A’U, Cu+f7 on (07T) x T (310)

u(0,z) = ¢(z), on z € T
To proceed, we recall the following notations:

- Cg:Z, be the space of all functions f € C%"([0,T] x T¢) with the topology induced by the norm | - |g.,/
- C’é”f([O,T] x T?) is the space of all u € C*3([0,T] x T¢) topologized by | -

0,1-
For more details, we refer it to Appendix A.

Theorem 3.8. The solution map u : [c, f,¥] — ulc, f,4] given by (3.10) is a locally Lipschitz continuous map
Cgf X C’g:f x Oy C’é:f.
Proof. 1t is enough to show that

luler, f1,91] — U[CQ,f27¢2]|o,l
SU(K)(Jer — caloq + [f1 = falon + [¥1 — 2l3)

for K = |01|0,1 + ‘CQ|071 + |f1‘0,1 + |f2|071 + W’l|3 + WJQ|3. Indeed, setting fL(t,:Z?) = u(t,:c) — w(x), we have
5 1
@ =ule, f+ §A1/J — ¢, 0]

for the solution map u[-, -, -] defined via (3.10), and observe that the desired result is a consequence of Lemma 3.7.
O

Note that the local Lipschitz continuity of Theorem 3.8 automatically yields its local boundedness, i.e

lule, £, ¢]

0,1 < ¥(lclo,1 + [flog + |¥]3) (3.11)

for some positive increasing function W. The following Harnack type inequality will be useful.

Corollary 3.9. If f =0, ¢ = e for some c¢,b € C%2([0,T] x T?), then the solution u of (3.10) satisfies the
iequality

e~ WbloFleloT) < 4yt 1) < eltlotleloT "yt ) e [0, T] x T
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Proof. The inequalities follow from the representation for v(¢,2) = u(T — ¢,z) in the form of

o(t, ) = E[exp{— /t ' o, Xt*””(r))dr}w(Xt’x(T))},

where X is given by (3.3). O

3.2. The FPK equation
We study the weak solution of FPK equation on [0,7) x T%:

{ Dot ) = ~diva (b{t, )t 2)) + L Av(t, ) (312
/(0,2) = mo().

We adopt the conventional notation of

(m, ) = [ ¥(x)m(dz)
Td

for any m € P;(T?) and ¢ : T? — R whenever it is well defined.
Definition 3.10. v is said to be a weak solution of FPK (3.12), if it satisfies, for any ¢ € C2°([0,T] x T9)

T
<m07¢(0,$)>+/ (v, (8, + L)@)dt = 0,
0
where
L=b-V 1A

We denote the solution map of (3.12) by v = v[b,mg]. We recall that C([0,T],P1(T?)) is the space of all
continuous mappings v : [0, 7] — P;(T¢) with a metric given by

dist(vy,v9) = Sltlp di(v1(t),v2(1)),

where dy is 1-Wasserstein metric for P;.

Theorem 3.11. Let mg € P1(T?). Then the solution map b+ v[b, mg] of (3.12) is a locally Lipschitz continuous
mapping from C([0,T] x T¢) to C([0,T], P1(T%)). In particular, if |bi]o + |b2|o < K then

sgpdl(yl(t),ug(t)) < U(K)|by — ba|o-

Moreover, v = v[b, mg] satisfies,

d(v(),v(s)) < (L+ VTBlo)t - s['/2, (3.13)

Sup/ |:c\1/(t,d:c)§/ |z|mo(dz) + |bloT + VT. (3.14)
t Td Td
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Proof. It |blo < oo and mq € Py, then

X(t) = X(0) + /t b(s, X,)ds + W (t), X(0) ~ mq

has a unique solution. An application of It6’s formula and the definition of the weak solution verifies that
v(t) = Law(X (t)) is the weak solution of (3.12), see [4]. (3.13) also follows from [4].
Next, (3.14) follows from

supE|X (¢)| < E|X(0)| + [b|oT + VT.
t

Let’s assume |by|o + |b2]o < K and vy and vy are corresponding solutions of (3.12). We denote by X; and X5
the solutions of the SDE above. Note that

E[X1(t) — Xa(t)] < E [y [bi(s, X1(s)) - ba(s, Xa(s))|ds
< ‘bl — bg‘oT + KfO EHXl(S) — X2(8)|]d8

So, we can use the Gronwall’s inequality to have
E|X1(t) — Xz(t)| S ‘bl — b2|0T€KT.
Therefore, we can have local Lipschitz of b — v[b, mg] from

dl(ljl(t),l/g(t)) S E|X1(t) — Xg(t)| § |b1 — b2|0T6KT.

4. EXISTENCE

We now return to the GMFG scheme. First observe that, by using the cost of the form (2.3), the triple
(v,a*, ) is the solution of (2.5) if and only if the pair (¢ := v — b, ) is the solution of HJB equation

T T
at’Uf §|V’U‘ +§AU+£1(,U'79) =0 (41)
(T, a,x) = =b(T, o, x)

coupled with FPK equation

. - 1
O = div, (Vo) + §A’u (4.2)
M(0,0[,SC) = mo(OL,I)7

where ¢; is

1 1
bty a,x) =L (t,a,x) + (O:b + §\Vb|2 + §Ab)(t, a, ). (4.3)
Next, we outline our approach to the existence as follows. We define an operator

v=®(u) =Py 0dy(p),
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where
1. Vo = &1 (p), where ¢ is the solution of (4.4) with a given p:
O — LIV + SNG40 =0
tv*§| ol Jri 0+l (p,9) = (4.4)
(T, a,z) = =b(T, o, )
2. v = ®5(?) be the function solving (4.5) with a given o:
Do = dive(ov) + A
v =div,(tv) + —Av
; va () + 5 (4.5)
v(0,a, ) = mo(a, x).
The existence of the solution for the GMFG can be accomplished by Schauder’s fixed point theorem in an
appropriate space to be mentioned below.

To proceed, we recall that d; is the Wasserstein metric on P;(T¢). We define the space S 1/2 as the collection
of yu: [0,T] x [0,1] = P1(T%) such that

lli /2 = |1lo + [1]1/2 < o0,

where

lalo = sup / lelult, o, da)
Td

t,o
and

di(p(t, @), pltz, a))

= su
[H]I/Q tl;,étga |2‘:1 — t2‘1/2
Note that, S/2 is metrizable by
Py, pz) = sup dy (pun (1, @), piz (1, @), (4.6)

s

and we denote the space S1/2 by (S 172, p) whenever we need to emphasize its underlying metric. Note that B, :=
{n €S2 |ul12 <1} is a closed convex compact subset of (S1/2, p) by generalized version of Arzela—Ascoli
theorem, see P232 of [12].

It is often useful by the duality representation of Wasserstein metric to write

plpa, p2) = sup f@)d(pa(t, @) — pa(t, @))(z) (4.7)
t,a, Lip(f)<1JTd

where Lip(f) is the Lipschitz constant of the function f. Similarly, if u € B, and f € C!, then

f)d(u(ty, @) = p(t2, a)(y) < [Vflodi(p(ty, @), p(tz; )
Td (4.8)
< 7|V [flofty — tof /2.
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4.1. Assumptions

To proceed, we define a space C’g:o’m, as the collection of all functions in C%%™([0, T] x [0, 1] x T¢, R) equipped

0,m
with a C%%™' (0, T] x [0,1] x T%, R) norm. For instance, if f € C’&'S”S’Q, then we write its norm as

0.5,0,2
110057 = flooz = Iflo+ > 10a, flo+ D |0z,2, flo-
i ij

For more details, we refer to Appendix A.

Assumption 4.1. b: [0,7] x [0,1] x T? = R%, g :[0,1]? = R, and my : [0, 1] x T > R? are infinitely smooth
functions in all variables.

We pose the following assumptions for the cost function ¢;. Throughout the paper, since g will be a priori
given function, we will suppress g by writing

31(/1,9,75, a,x) = gl(ﬂatvaw%.)

if this does not cause any confusion. For convenience, we will write

51[/11]@,04,%‘) = El(:uvtavx) = él(ﬂvgat@’x)-

Assumption 4.2. The mapping u — ¢1[y] is a bounded and Lipschitz continuous mapping from S/2 to Cg;g’:?’Q,

(0-5:0,2

that is, for any u € S'/2, ¢1[u] belongs to and

101 [pllo01 < M, | [ua] — Cilpa]lo0n < Mp(pa, p2),

for some M > 0 independent to the choice of u.
We check that the assumptions are valid for a class of examples given in Lemma 4.3.

Lemma 4.3. Suppose o € O (T4 x T4 R) and g are given smooth enough. Then, the cost {1 of (2.4) satisfies
Assumption 4.2.

Proof. Let d =1 for the simplicity. For u € S'/2, we have

[€1[p]lo < |€2]0lglos
1041 [p]lo < [9:L2lolglo,

|azz€1 [,u] |O S ‘3mr€2|0|g|05

1
Bltrae) - blntzao)] < [ [ 6.y - e adp)gla,a)jda’
O1 T

< / 18, Lalods (u(tr, @), ulta o)) g(a, o' )do!

0
< |9y€2lolglolplr 2]t — t2|1/2.
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This implies that ¢,[u] € C/292 with estimation

[ [p]l1/2,0,2 < €2]2,0lglo (L + ]1/2)-

(4.9)

Note that (4.9) does not give a uniform upper bound due to the u-dependence on the right hand side of the

inequality. Nevertheless, we have a uniform upper bound for the weaker norm |- | 0,1:

[t []]o.0.1 < I2l1.0lglo, Vi € M2,

For w1, uo € 51/2, we have

Oy (pr,t, ) — £y (p2, t, o, ) / / ly(z,y)(pa(t, o, dy) — pa(t, o', dy))g(a, o )da’

di(pa (¢, @), pa(t, @))lglo-

This implies that

[0 [pa] — ilpa]lo < |9yLalolglop(pes pr2)-

Similarly, we obtain

|0581 (1] — Onta[12]]o < |0y0slalolglop(ta, p2)-

Therefore, we have Lipschitz continuity

01 = |52|1,1|g|0,0(/417u2),

€1 (1] — €1 [p2]

and this implies Assumption 4.2 with M = [¢2]1 1]¢g]o-

4.2. Operator ®,

Recall that Vo = &4 (), where ¢ is the solution of (4.4) with given pu. By Hopf-Cole transform ¢ is the

solution of (4.4) if and only if

w = exp{—70}
is the solution of

Orw + $Aw —wh[p] =0 on (0,T) x [0,1] x T
w(T, a,z) = eHTe) on [0,1] x T¢.

In addition, we have the following relation by chain rule:

_ 2
Ui — Vuw AG— wAwq; |Vw|
w w

(4.10)

(4.11)

Since w-term appears in the denominator, Harnack type inequality in Corollary 3.9 ensures that Vo and Ao

are well defined.
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4.2.1. Estimates of parameterized PDFEs
We define

w=G(f) (4.12)

by the solution of

{@w—l—%Aw—wf:O on (0,T) x [0,1] x T4 (4.13)

w(T, a, ) = T®)  on [0,1] x T4
Note that w = G(£;[u]) is the solution of (4.11).

Lemma 4.4. The mapping G is a locally Lipschitz continuous mapping from 087'87’?’2 to 037’8:12.

Proof. Let f € C%*%2 and w = G(f). By Theorem 3.8, we have w(a) € C13. If a — ap, then f(a) = f(ap)
holds pointwisely. Together with Dominated Convergence Theorem on the probabilistic representation of w, one
can conclude w(t, o, x) — w(t, g, x) whenever a — . Therefore, w belongs to C1:0:3.

Given f1, fo € C0-5:02 and w; = G(fz) with

K(a) = |fi(@)]o,1 + |f2(@)]o,1 + 2T,

we can use local Lipschitz continuity of Theorem 3.8 to obtain local Lipschitz of G,

|lwi — w2\0,0,1 = sup,, |wi(a) — wa(a)lo1
< sup,, V(K (a))fi(a) — fa(@)]oa
< U(sup, K(a))|fi — f2]0,0,1-

In the above, we used the monotonicity of ¥(-) to switch ¥ and sup. Since sup,, K () < ¥(|f1]0,0,1 + |f2]0,0,1 +
|b|3), we can rewrite the above estimations as

|w1 - w2|0,0,1 < ‘I’(\f1|0,0,1 + |f2|0,0,1 + |b|3)\f1 - f2|0,0,1.

4.2.2. 1 estimate

Lemma 4.5. ®; is a uniformly bounded and Lipschitz continuous mapping from (S*/2, p) to C°([0,T] x [0,1] x
T4, RY).

Proof. Tf € SY/2, then ¢1[u] € C°*%2 with |¢1[u]|0.0,1 < M by Assumption 4.2. We recall that
_ 1, 1
b =10+ (0:b+ 5|Vb| + 5Ab).

Due to the smoothness of b and compactness of its domain, we still have £, [u] € C°%%2 with |£;[u][o.01 < T(M).
Together with local Lipschitz continuity of G(+) in Lemma 4.4, it implies uniform boundedness of w = G(¢1[u]),
i.€.

|’LU 0,0,1 < \IJ(M)
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Moreover, Corollary 3.9 says that the reciprocal of w = G(¢1[]) is bounded in the sense |w=tg < U(|f1[1]o)-
Therefore, we have

|wlo,01 + lw™g < W(M).
Next, we can prove that ®; is uniformly bounded in C°:
[@1(1)lo = |Vilo = [w™ Vo < [w ™oVl < [w™ olw]o,0,1 < T(M).
Finally, we can show the global Lipschitz for ®; by the following estimates:

[@1(u1) = @1 (p2)lo = [wy Vs — wy Vsl
’LU2VU}1 — ’LU1VU)2

= | ” lo
1W2

(Jwzlo|Vwy — Vwalg + [Vwalo|lwy — walo)
w1 — w2\0,0,1

)
)|
ggl (1] — 571 [M2H0,071

<U(M
< U(M
<U(M
< W(M)p(pr, piz).

In the last two steps, we used Lipschitz continuity obtained by Lemma 4.4 and Assumption 4.2. O

4.3. Operator P,

Next, we will show the properties associated to ®; mapping from C°([0,7] x [0,1] x T4 R?) to S/2.
Lemma 4.6. ®, is a locally Lipschitz continuous mapping from C°([0,T] x [0,1] x T4, R%) to (S¥/2, p). More-
over, |D2(v)|1/2 < ¥(|olo) for all v € C°([0,T] x [0,1] x T4 RY) for some monotonically increasing positive

function U.

Proof. Given © € C°([0,T] x [0,1] x T¢ R?) and v = ®3(v), applying (3.14) of Theorem 3.11, it yields that

[vlo = sup; o Jqa [2|v(t, o dz) = supsup/ |x|v(t, o, da)
[e% t Td
< sup (/ |x|mo (e, d) + |5()]oT + \/T)
@ Td
< U([v]o).

Next, we show the following equicontinuity property again by (3.13) of Theorem 3.11:

SUDy, 2150 A1 (v(t1, @), v(t2, @) < sup(1+ VT|0(a)lo)|ts — t2]'/?
< U([o]o)[tr — t2]/2.

This proves v € S'/2 with

V12 < W(|0]0).
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For the continuity of ®,, given o1, 75 € C°([0,7] x [0,1] x T4 R%), we set v; = ®o(v;) for i = 1,2. Then, we
use the local Lipschitz continuity in Theorem 3.11 to obtain local Lipschitz continuity of ®5 as follows:

p(v1,v2) =supdi(vi(t, ), va(t,a))

t,o
= supsup di (1 (¢, ), v2(t, @))
@ t
= sup V(|1 (a)]o + [v2(a)|o) |01 () — v2(a)]o

< U(|v1]o + |T2]0)|01 — D2|o-

4.4. Existence by Schauder’s fixed point theorem

Theorem 4.7. Suppose Assumptions 4.1-4.2 are valid. Then there exists a solution of (2.5) in the space
C02([0,T] x [0,1] x T%R) x C([0,T] x [0, 1], P1(T)).

Proof. 1t is enough to show that ®3 o ®; has a fixed point in S 1/2_ Recall that B, is a convex closed and compact
subset of S/2. For simplicity, we denote by B, the closed ball of radius r in C°([0,T] x [0,1] x T¢,R%).

1. By Lemma 4.5, there exists some positive increasing function ¥, independent to 7, such that the mapping
$,: B, — B‘Ifl(M)

is continuous.
2. By Lemma 4.6, there exists some positive increasing function ¥, such that the mapping

- B\III(M) = By,ow, (M)

is continuous.

Now we take
r =Wy (¥ (M))
and we have
dy0Py : B, — B,

is a continuous mapping and this yields the existence of a fixed point for ® by Schauder’s theorem. O

In the above, we have indeed proved the existence in the space C*%2([0,T] x [0,1] x T4, R) x 5172,

4.5. Further remarks on the fixed point theorem

In connection with GMFG, we explain why Theorem 3.8 establishes locally Lipschitz continuity of the solution
map u : [¢, f, 9] — ule, f, 9] of (3.10) in the sense of

Coi x Cpt x Cf = Gy} (4.14)
instead of

0% % C%2 x C* — 13, (4.15)
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For the illustration purpose, if we freeze ¢, of the solution map w, then local Lipschitz continuity in the
sense of (4.14) implies local boundedness

lulo,1 < ¥([flo,1),

while local Lipschitz continuity in the sense of (4.15) implies local boundedness

lulor < |ul1,s < ¥(|fls2)-

The main difference of these two local boundedness properties is that, the first one controls v by f with 0-norm
in t-variable while the second one does by f with §-norm in ¢-variable, which is not desirable. The main reason
is that the running cost [£1[p]|1/2,01 < Y(|u|1/2) of (4.9) does not have uniform bound in g, while |€1[u}[o,0,1
does. For this reason, we included the regularity results for parabolic PDE solutions by dropping t-regularity
while increasing z-regularity as a tradeoff.

Recall that, we have established the existence of a fixed point of a mapping ® = ®5 0 &1 for &1 : yp — Vo
and ®5 : Vo — v. Our approach is along the the Schuader’s fixed point theorem with estimates

¢ : B, — B\I/I(M), b, : B\pl(M) = By,ow, (M)-

In the above, it is crucial that the ®; is upper bounded by ¥ (M) independent to r, and this can be inferred
from local boundedness of (4.14) together with uniform boundedness of |¢1[u]]0,0,1-
In contrast, if we use local boundedness in the sense of (4.15), then we have estimations in the form of

b, : B, — B\Ill(r)a D, : B\Ill(r) = B\Ilzo‘lll(r)'

Since the norm of the running cost |¢1[u]|1,0,3 depends on p, ®; can not be uniformly bounded. As a result, the
choice of = Wy (r) is infeasible.

5. UNIQUENESS OF GMFG

Assumption 5.1. There exists some « € [0, 1] satisfying
/d (€1</’1’17g, ta «, .’L') - £1<M27 g, ta «, LU))(,LL]_ - M2)(t? «, dl‘) > 07
T

for all py # pa € C([0,T) x [0,1],P1(T%)) and ¢ € [0,T].

Theorem 5.2. ([, 18]) Suppose Assumptions 4.1-4.2 and 5.1 are valid. Then, there exists a unique solution
of (2.5) in the space CH%2(]0,T] x [0,1] x T%, R) x C([0,T] x [0, 1], P1(T%)).

Proof. For i = 1,2, let (v;, ;) be two different solution pairs, and set
V=01 — V2, b= 1 — p2.

Note that o(T, a, z) = 1(0,a,z) = 0 for all (e, ) by their given initial-terminal data. We also write £;[u;] =
£1[ps, g] for short. Then o satisfies

1 1 1
0 v+ Vb-Vo+ §AT} — §|Vv1|2 + §|V’U2‘2 +51[M1} — fl[ug] =0
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and [ satisfies
—0yii — div(Vbp) + %Aﬂ + div(Vorp) — div(Vugug) = 0.
The above two equations can be rewritten as
(040 + Vb - VU + %Az‘;,ﬁ) + <—%\W1|2 + %|Vv2|2 + ] = lifpe), 1) =0
and
(0,5 + Vb Vo + %A@, i)+ (@, div(Vor i) — div(Vess)) = 0.
By subtracting above two equations, and utilizing the identities
(div(Voru), o) = —([Vor*, ) + (Vor - Vg, )
and

(div(Voapa), 0) = (|Va|?, p2) — (Vo1 - Vg, pa),

we obtain

(5 (1 122), [V5P) + (2] — 3], 1) = .

The first term is non-negative and the second term is strictly positive for some « € [0,1] by (A3), which implies
a contradiction. O

6. CONCLUDING REMARKS

Our main result of Theorem 5.2 provides existence and uniqueness of the GMFG equation under some
assumptions. One limitation of the current setting is that the running cost in the current setup allows to use
Hopf-Cole transformation, which is essential to the subsequent analysis on regularities. To deal with the full
generalization of the running cost, one must adopt different approaches and it will be in our future research
direction. It is also desirable to generalize the result to the whole domain R? instead of compact domain T%.
Another limitation is that, the current setting requires the continuity of the graphon. Note that some graphons
are not necessarily continuous. Nevertheless, the continuity condition of the graphon can be relaxed in the
following sense by similar arguments with additional complexity of notations, which is sketched below briefly.

To proceed, we define C° as the collection of bounded measurable functions f : [0,7] x [0,1] x T — R, and
we denote its norm as

|f|0: sup |f(t,a,x)|.
[0,T7]%[0,1]x T4

With €992 we denote the set of functions f € C° with finite norm

flsoa = Iflo+ sup @D U0 Bl s g 100 S 0, 1)
7 (%)

t1<t2,a,x |t1 _t2‘6
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By the above definition 9.2 allows the discontinuity in a.
Assumption 6.1. 1. b and mg are infinitely smooth in their domains.

2. The graphon g is bounded measurable on [0, 1]? with

lglo = sup [g(a, )| < oc.
(0,12

We recall that B, is defined in S/2. We use C‘§;8;§ to denote the same set %2 with the norm | - l0.0,2, i-€.
| flo,0,2 = [flo + Z 10; flo + Z 1035fo-
i ij

0,2
1 9

Assumption 6.2. The mapping p +— ¢;[u] is a bounded and Lipschitz continuous mapping from S1/2 to Ag"(‘;’”

Cvo‘s,o,z

that is, for any u € S'/2, ¢1]u] belongs to and

[e1[mlo,00 < M, |€1[pa] — L1fpa2]lo00 < Mp(pr, p2),

for some M > 0 independent to the choice of p.

We also define 0" as the collection of f € C° with continuous bounded m-th derivatives in ¢ and n-th
derivatives z. For instance, for f € C*%2, we have finite norm

[fl102 = flo+10cflo+ Y _10iflo+ Y 10i;flo-
i ij
Now we present a result in parallel to Theorem 5.2. The proof is similar and so omitted.
Corollary 6.3. Suppose Assumptions 6.1 — 6.2 and 5.1 are valid. Then there exists a unique solution of (2.5)
in the space C1%2([0,T] x [0,1] x T4, R) x C([0,T] x [0, 1], P1(T%)).

APPENDIX A.

In this appendix, we will summarize the notations of Holder space used in this paper. For this purpose, we
will define the following functionals for a function v from a product normed space S = X x Y to R? whenever
it is well defined.

= |ulo = supg [u(z,y)|.
— For nonnegative integers [, m, define

l m
lulim =D Y IDSulo+ Y D [Dyulo.

=0 |a‘=z 1=0 ‘a|=i
. . . . . d .
In the above, « is a multi-index for differential operators. For instance, |a| = > ;1 |o;| for a multi-index
a=(a;:i=1,...,dy).

— For positive numbers ', m’ € (0, 1), define

[u]l',m/ = [u]l',o + [U]O,Tn’a
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where
P u(z1,y) — u(?,y)\?
o1 £T2,y |71 — 22
and
o = sup ) 0510
z,y17Y2 |y1 - y2|

— For nonnegative integers [, m and positive number I’ € (0,1), define

Lm + Z [D&ulir 0.

|| =1

|uliq1r,m = |u

— For nonnegative integers [, m and positive numbers I’,m’ € (0, 1), define

|ttt mtms = |ufm + Z (D5 ulymr + Z [D;uh”m"

|er] =1 |a]=m

One can check that the following spaces are Banach spaces:

_ Cl’m(X X Y;Rd) = {u: |ulm < oo},
B Cz+l’,m(X % Y;Rd) = {u: ufigrm < o0},
— O A (X YV RY) = {w: [ulipr e < 00}

In this paper, we also involve the space CV-0m of functions with a domain S = X x Y x Z , whose norm is
defined as

[ulvr,0,m = lulo,0,m + [DZ"ulr 0,0,

where

m
|U|O,O,m _ Z Z |D?U|O, and [u}l/,0,0 _ sup |u(xlvy7 Z) - u(l’Qayv Z)|

l/
o !
=0 |a|=i T1#T2,Y,2 | 1 2|

In this paper, our functions involve state domain taking values in d-torus T¢ = R?/Z?. For 2 € R?, let 7(x)
be the coset of Z¢ that contains z, i.e.

m(z) =z + Z%
A canonical metric on T? can be induced from the Euclidean metric by
|m(x) — w(y)|pa = inf{|lz —y — 2| : 2 € Z9}.

For the illustration purpose, we provide a list of representative Holder spaces used throughout the paper:

~ C%29([0,T] x T4) is a space of functions u(t,2) with a norm defined by

luls 2,5 = ulo + [uls/2,5,
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where [uls/2,5 is a seminorm defined by

|u(t17x> _u(t27$)| |u(t,x1) —u(t7m2)|
Uls/2,56 = Sup + sup
[uls/2 tittex [t — t2]%/? t21 703 |21 — 29

This definition may be slightly different from different resources. For instance, the definition given by [13]
for the seminorm is

lu(ty, v1) — u(te, 2)|
[us /05 = sup .
1287t ameloxra (L — t2]V/2 + 1 — @2])°

Indeed, two norms induced by [u]s/2,5 and [u /2,5 A€ equivalent, which can be seen from below:

[uls/2.5 = [uls/2,0 + [u]os < 2[uls /o s,

and
[u(ty,z1)—u(tz,z1)|+|u(tz,z1) —u(t2,z2)
(W25 < SOty )btz ) T e
[u(ti,z1)—u(tz,z1)| |u(tz,r1)—u(te,z2)|

SSUPy sy, gzt SUWP a, [e1—a2]
< [uls2,0 + [ulo,s = [uls/2,5-

~ 0%1([0,T] x T?) is a space of functions u(t,z) with a norm

Julog = lulo + D 10z,ulo,

i=1,...,d

and C%1([0,T] x T) is a space of functions u(t, ) with a norm

uls1 = lulor + Y [Oa.ulso-

i=1,....d

~ O%2([0,T] x T?) is a space of functions u(t, z) with a norm

o = [ulo+0wlo+ D [Owulo+ Y. 19ma,ulo-

i=1,...d ij=1,....d

— C1H/2248(10, T] x T9) is a space with a norm

[ul145/2,246 = |ul1,2 + [Opuls /2,5 + Z [02,2,u]5/2,5-
i,j=1,...,d

— C%2(]0,T] x T?) is a space with a norm

[ulo2 = lulo+ Y 10zulo+ Y
d

|6xixju|o.
i=1,..., i,7=1,....d
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C%2([0,T] x T?) is a space with a norm

ulsa = [uloz+ Y [Ona;ulso-

i,j=1,....,d

We use Cg:g([(),T] x T9) to denote the space of all functions in C*2([0,T] x T¢) topologized by the
norm | - |g,2. Such a space Cg:g([O,T] x T%) is not complete. However, every | - |5 2-norm bounded ball in
Cg:g([O,T] x T%) is precompact since C>2([0,T] x T%) is compactly embedded into C%2([0,T] x T¢).

- C’é”f([O,T] x T?) is the space of all u € C*3([0,T] x T¢) topologized by | - |01, i-e.

lulo,1 = [ulo + Z |0, ulo-

i=1,...,d

~ 0%02([0,T] x [0,1] x T?) is the space of all u(t,a,x) having finite norm of

|u

0,0,2 = |U|() + Z |8a:1u|0 + Z |a:ri:13ju|0'

i=1,....d ij=1,....d

— C%02([0,T] x [0,1] x T?) is the space of all u(t,,z) having finite norm of

[uls,0,2 = |u

0,02+ Z [0,z ul6,0,0-

i,j=1,....d

- C’g:gﬁ([O,T} x [0,1] x T?) is the space of all u(t,«, ) having finite norm of |usg 2, but topologized by

| lo,0,2-
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