ESAIM: COCV 28 (2022) 25 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv /2022019 WWW.esaim-cocv.org

DYNAMIC PROGRAMMING PRINCIPLE AND
HAMILTON-JACOBI-BELLMAN EQUATION UNDER NONLINEAR
EXPECTATION

MINGSHANG HU*, SHAOLIN J1I** AND XIAOJUAN LI***

Abstract. In this paper, we study a stochastic recursive optimal control problem in which the value
functional is defined by the solution of a backward stochastic differential equation (BSDE) under G-
expectation. Under standard assumptions, we establish the comparison theorem for this kind of BSDE
and give a novel and simple method to obtain the dynamic programming principle. Finally, we prove
that the value function is the unique viscosity solution to a type of fully nonlinear HJB equation.
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1. INTRODUCTION

Motivated by the model uncertainty in finance, Peng [21-23] established the theory of G-expectation which is
a consistent sublinear expectation and does not require a probability space. The representation of G-expectation
as the supremum of expectations over a set of nondominated probability measures was obtained in [4, 15]. Due to
this set of nondominated probability measures, the backward stochastic differential equation (BSDE for short)
is completely different from the classical one. Hu et al. [12] obtained an existence and uniqueness theorem for a
new kind of BSDE driven by G-Brownian motion. In addition, there are other advances in this direction. Denis
and Martini [5] developed quasi-sure stochastic analysis. Soner et al. [28] obtained an existence and uniqueness
theorem for a new type of BSDE (2BSDE) under a family of nondominated probability measures.

Recently, Hu and Ji [11] studied the following stochastic recursive optimal control problem under
G-expectation:

{ dXEov = b(s, X" ug)ds + hij(s, X5®% ug)d(BY, BY) s 4+ o(s, X1" ug)dBs, (11)

Xpr = g,
t,x, T T S
Y;’Iv“ = (I)()gﬂTz “)+ fs fr, Xﬁ’x’“,Yrt’z’“, Zf.’x’“,ur)dT + fs g4 (T, Xﬁ’m’",yrt’z’u, Zf.’x’“,ur)d<Bl,BJ>r
— [, Zt®=wdB, — (Kg™" — Kt*v), s € [t,T).
(1.2)
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The value function is defined as

Vt,z) = fgg{gl}}ﬁtzu (1.3)

As pointed out in [11], the value function defined in (1.3) is a infsup problem, which is known as the
robust optimal control problem. For recent development of robust control problem under a set of nondominated
probability measures, we refer the readers to [6, 8, 9, 18, 27] and the references therein. When G is linear, the
above optimal control problem is classical stochastic recursive optimal control problem, which was first studied
by Peng in [24]. For the development of classical stochastic recursive optimal control problem, we refer the
readers to [1, 2, 7, 14, 17, 19, 20, 29-31] and the references therein.

The nonlinear part with respect to 92,V in the HJB equation related to the optimal control problem (1.1)
and (1.2) is the infsup of a family of linear part with respect to 92,V. Up to our knowledge, this inf sup
representation is the only result that has been made so far in the optimal control problem. In order to obtain
the fully nonlinear representation, we want to study the stochastic recursive optimal control problem under
G-expectation. Here G is any function dominated by G in the meaning of (2.1). More precisely, we consider the
following BSDE under G-expectation:

T T
yhou = R, @(X%“’“H—/ f(r,Xﬁ’r*“,Yf’z’“,ur)dr+/ gij(r, XEEm YR, )d(BY, BY), | . (1.4)

The new optimal control problem is (1.1) and (1.4), and the value function is still defined as (1.3). It is worth
pointing out that the BSDE (1.4) under G-expectation does not contain Z, which is an important open problem.

In this paper, we study the dynamic programming principle (DPP) and HJB equation for optimal control
problem (1.1) and (1.4). Firstly, we establish the comparison theorem for BSDE (1.4), which is new in the
literature. Secondly, for each £ € LQG(Q), we prove that there exists a sequence of simple random variables
& € LE(9Q) such that & converges to ¢ in the sense of L%. Based on this approximation, we give a novel
method to prove the DPP, which still holds for the optimal control problem (1.1) and (1.2) and is easier than
the implied partition method in [11]. At last, we prove that V is the unique viscosity solution to a type of fully
nonlinear HJB equation, which is not the inf sup representation with respect to 92, V.

This paper is organized as follows. We recall some basic results on G-expectation and @—expectation in
Section 2. In Section 3, we formulate our stochastic recursive optimal control problem under G-expectation. In
Section 4, we prove the properties of the value function and obtain the DPP. We prove that the value function
is the unique viscosity solution to a type of fully nonlinear HJB equation in Section 5.

2. PRELIMINARIES

Let T > 0 be given and let Q7 = Cy([0,T]; R?) be the space of R%-valued continuous functions on [0, 7] with
wo = 0. The canonical process B;(w) := wy, for w € Qp and ¢t € [0,T]. Set

Lip(Qr) := {p(Bt,, Bty — Bty, ..., Bty — Biy_,) : N> 1,11 <--- <ty < T, € Cprip(R”N),

where Cf, L,;,,(RdXN ) denotes the space of bounded Lipschitz functions on R4*¥,
Let G : Sq — R be a given monotonic and sublinear function, where S, denotes the set of d x d symmetric
matrices. Peng [22, 23] constructed a G-expectation space (Qr, Lip(Qr), E, (E¢)icjo,77), which is a consistent

sublinear expectation space. The canonical process (B¢):e[o, 1] is called G-Brownian motion under E. Throughout
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this paper, we suppose that G is non-degenerate, i.e., there exists a 02 > 0 such that G(A) — G(B) > %QQU‘[A —
B] for any A > B. Furthermore, let G : S; — R be any given monotonic function dominated by G, i.e., for Ay,
A2 € Sda

G(0) =0,
G(A1) > G(Ay) if Ay > A, (2.1)
G(A1) = G(A;) < G(A; — Ay).

Peng also constructed a G-expectation space (QT,Lip(QT),fE, (Et)te[O,T]) in [21, 26], which is a consistent
nonlinear expectation space satisfying:

(i) for each fixed ¢ € Cy 1ip(RY), u(t,z) := Elp(z + Br — By)], (t,x) € [0,T] x R?, is the viscosity solution to
the following partial differential equation

Opu+ G(92,u) =0, u(T,z) = p(x);

(ii) for each X,Y € Lip(Qr), t € [0,T],

E[X] - E Y] < E X - Y. (22)

Denote by L (Q2r) the completion of Lip(Q2r) under the norm [|X||zr, := (E[|X|P])/* for p > 1. For each

t € [0,T7, the conditional G-expectation and G-expectation can be continuously extended to L% (Q7) under the
norm || - ||z, and still satisfy the relation (2.2) for X,Y € Lg(Qr).

Definition 2.1. Let M2(0,T) be the space of simple processes in the following form: for each N € N and
O=ty<---<ty=T,

N-1
n = Z fkl[tk,tk+1)(t)a
k=0

N —1.

where &, € Lip(Q, ) for k=0,1,...,
Denote by MZ(0,T) the completion of M&(0,T) under the norm 1l 2z, == (E[fOT ¢ |Pdt])*/P for p > 1. For

each n* € MZ(0,T), k=1,...,d, denote n = (n*,...,n")T € MZ(0,T;R?), the G-Ito integral fOT nFdB; is well
defined, see Peng [22, 23, 26].

Theorem 2.2. ([4, 15]) There exists a weakly compact set of probability measures P on (1, B(dr)) such that

E[X] = sup Ep[X] for all X € L&(Qr).

P is called a set that represents E.

For this P, we define capacity

c(A) := sup P(A) for A € B(Qr).
PeP

A set A € B(Qr) is polar if ¢(A) = 0. A property holds “quasi-surely” (q.s. for short) if it holds outside a polar
set. In the following, we do not distinguish two random variables X and Y if X =Y q.s.
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3. STOCHASTIC OPTIMAL CONTROL PROBLEM
Let U be a given compact set of R™. For each ¢ € [0, 7], we denote by

UL, T) = {u:u € MZ(t,T;R™) with values in U}
the set of admissible controls on [¢, T].

In the following, we use Einstein summation convention. For each given ¢ € [0,T1], £ € L, (Q; R™) with p > 2
and u € U[t, T], we consider the following forward and backward SDEs:

dXH8uw = b(s, X089 ug)ds + hyij(s, X0 ug)d(BY, B)s + o(s, X55%, us)d By,
Xt7f7u _ f (31)
t - 9
and
~ T T . .
Ve =B, | B(XE) Jr/ f(r, Xﬁ’g’"73ﬁt’5’uaur)dr+/ gij (r, X84, Y00 u,)d(BY, BY), | (3.2)

where s € [t,T], (B) = ((B*, B7))¢,_, is the quadratic variation of B.
Suppose that b, hj : [0,T] x R* x U - R", ¢ : [0,T] x R® x U — R4 & :R" 5 R, f, gij : [0,T] x R x
R x U — R are deterministic functions and satisfy the following conditions:

(H1) There exists a constant L > 0 such that for any (s, z,y,u), (s,2',y,v) € [0,T] x R" x R x U,

b(s,z,u) — b(s,z',v)| + |hij (s, z,u) — hij(s,z',v)| + |o(s,z,u) — o(s,2’,v)|
< L(lz — 2'| + |u — v]),

|@(z) — (') < Llz — 2],

|f(8,1‘,yvu) - f(saxlvylvv)‘ + |gij(87x7y’u) - gij(svxlay/7v)|

(e~ 1y o/ + fu — o]):

(H2) h;; = hj; and g;; = gji; b, hij, 0, f, gi; are continuous in s.
We have the following theorems.

Theorem 3.1. ([26]) Let Assumptions (H1) and (H2) hold. Then, for each & € L%(Q4;R™) and uw € U[t, T,
there exists a unique solution (X,Y) € M&(t, T;R"™Y) for the forward-backward SDE (3.1) and (3.2).

Theorem 3.2. ([11, 26]) Let Assumptions (H1) and (H2) hold, and let &, & € LE,(; R™) with p > 2 and u,
v € U[t, T]. Then, for each § € [0,T — t], we have

A u , ,,’U A t+6
I@HX;;; — X5 P < CUIE = EP + B, us — vs[2ds)),
B[ X051 P < O+ [¢lP),

B | sup |[XLSU —gP| < C(1+ [g)or/?,
SE[t,t+4]

where C depends onT, G, p and L.

Our stochastic optimal control problem is to find u € U[t, T] which minimizes the objective function Y;"*"
for each given x € R". For this purpose, we need the following definition of essential infimum of {th“ tu €
Ui, T)}.
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Definition 3.3. ([11]) The essential infimum of {Y;"*" : u € U[t,T]}, denoted by ess[injf}Ytt’x’“, is a random
uclU|t,
variable ¢ € L% () satisfying:

(i) for any u € U[t, T], ¢ < Y™ q.s.;
i) if 7 is a random variable satisfying n < V,*™" q.s. for any u € U[t, T], then ¢ > 71 q.s.
n Ui t Ui

For each (t,z) € [0,T] x R™, we define the value function

V(t,x) = essinf ;""" 3.3

(t,) = essinfV; (3:3)

In the following we will prove that V' (-, -) is deterministic and V (¢, &) = eszf[ian}ﬁﬁt’g’“ for each & € LZ,(Q4; R™).
uel|t,

Furthermore, we will obtain the dynamic programming principle and the related fully nonlinear HJB equation.

4. DYNAMIC PROGRAMMING PRINCIPLE

In the following, the constant C' will change from line to line in our proof. We use the following notations:
for each given 0 <t <s < T,

L’Lp(Qé) = {QO(Btl — Bt, ey BtN — Bt) . N 2 17t1, e ,tN S [t, S], %2 (S Cb.LZ'p(RdXN)};
LZ(9%) := {the completion of Lip(Q%) under the norm || - HL%};

MY, T) = {ns = Sopy €kl e,y (8) it =to < - <ty = T,& € Lip(2% )}

Mé’t(t, T) := {the completion of M(O;’t(t, T') under the norm || - ||52 };

U'Tt, T = {u:u e MZ'(t,T; R™) with values in U};

Ut,T] :={u= Zszl Iy ub o N > 1,0k e Ut[t, T), 14, € LZ(Q), (Ar)L_, is a partition of Q}.

In order to prove that V(:,-) is deterministic, we need the following two lemmas. The first lemma can be
found in [11].

Lemma 4.1. ([11]) Let u € U[t,T] be given. Then there exists a sequence (u¥)y>1 in U[t,T| such that

T
/ lus — u|?ds| = 0.
¢

Lemma 4.2. Let Assumptions (H1) and (H2) hold, and let £ € L%(Qu;R™), w € U[L, T) and v = Zszl Iy 0% €
Ult, T]. Then there exists a constant C' depending on T, G and L such that

T
/ |us — vs|2d31 .
t

2
< Ck

N
E Y;t:f,u _ Z IAk}/tt»favk

k=1

Proof. Similar to the proof of Lemma 15 in [11], we can get

N N
X06v =371 X069 and VIO =31y, YIS for s € [t 7).
k=1 k=1
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Since G—expectation E is dominated by G-expectation IEI, by (3.2), we obtain

T
|Yst,§,u _ Yst,g,v| < CE, |X§lf’u _ X;E,vl +/ (lyrté,u _ Yrt7£7U| + |X7§7£,u _ X:é,vl + |Ur _ ’UT|)dT‘| ;

S

where s € [t,T] and C depends on G and L. By the Holder inequality, we get

|y8t7£7u _ yst7§7v|2 < Cfgs

T
X" X [ (Y - ISP g XS X vr|2>dr] ,
S

where s € [t,T] and C' depends on T, G and L. By the Gronwall inequality under E (see [13], Thm. 3.10), we
deduce

|Y;t’£’u _ }/'tt>£)U|2 < CEt

T
X = XG4 [ (X8 = XU 4 vr|2>dr] SN
t

where C' depends on T';, G and L. By Theorem 3.2, we have

]Et HX?E"U' — X;’g’v|2} < CIAEt

T
/ ‘U’T - Ur|2d7;| ) (4.2)
t

where s € [t,T] and C depends on T, G and L. Thus we obtain the desired result by (4.1) and (4.2). O
Theorem 4.3. Let Assumptions (H1) and (H2) hold. Then the value function V(t,x) exists and

V(t,z) = inf Y5 %"
o) = pln

Proof. Since (Biys — Bt)s>0 is a G-Brownian motion, we know that (Y**)cq 1) € Mé’t(t,T) for each u €

Ut[t,T). Thus ;""" € R for each u € U'[t,T]. In order to prove that esis{[ian]}/;t’m’“ = inf,eqepem YOO s,
ueUlt,

by Definition 3.3 and U*[t,T] C U[t,T], we only need to show that ¥;"** > infy,cqre 1) Y}®" q.s. for each
v eUlt,T).
For each given v € U[t, T], by Lemma 4.1, there exists a sequence u* = Zf\i“l Iwu* € U[t,T], k > 1, such

that £ [ftT lvs — uf|2ds} — 0 as k — oo. It follows from Lemma 4.2 that

2
< CE

N .
= t,x,v t,x,u
A S I %
=1

T
/ [vs uglzds] — 0 as k — oo.
t

Thus there exists a subsequence of {32 I, Y,*™""" k > 1} which converges to ¥;"™" q.s. Since

Nk -
t “ : t
2 :IA’?'Y; T U > inf Y; ,a:7u’
=1 ¢ uw€U[t,T)
i=

we get YU > inf e [t.7T] Y™ q.s. Thus, we obtain the desired result. O
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Now we study the properties of V (-, -).

Proposition 4.4. Let Assumptions (H1) and (H2) hold. Then there exists a constant C' depending on T, G
and L such that, for any t € [0,T], z, y € R™,

V(t,z) = V(t,y)| < Cle—y| and [V(t,2)| < C(1 + |z]).

Proof. Similar to the proof of inequality (4.1), we can obtain that, for any u € U*[t, T},

Zdr|, (4.3)

T
YAt -y < CR llX%””’“ - X / X — X
t

where C' depends on 7', G and L. By Theorem 3.2, we have
E, [IX07" = X0 ] < Cle - yf?, (4.4)

where s € [t,T] and C depends on T, G and L. Thus we get |V (¢,2) — V(t,y)| < Clx — y| by (4.3) and (4.4).
Similarly, we can obtain |V (¢,2)| < C(1 + |z|). O

Theorem 4.5. Let Assumptions (H1) and (H2) hold. Then, for any & € L% (%;R™), we have

V(t,€) = essinf V'
(1.6) = conint Yo

Proof. For each given u € U[t, T], we first prove that V(¢,£) < Yf’g’“ q.8.

For each £ > 0, we can find a & = >, @14, such that | — & | < e, where z, € R™ and {4}, is a
B(§)-partition of Q. By Proposition 4.4, we get

=|V(t,§) - V(t&)| < Ce. (4.5)

V(&) = > V(t,zp)la,
k

=1

Similar to the proof of inequalities (4.3) and (4.4), we can get
|Ytt,€,u _ Ytt,xk,ul < ClE -z, k> 1,

where C' depends on T, G and L. Then, we obtain

YO Y | = YOIV =YL, < Ol - | < Ce. (4.6)
k=1 k=1
By (3.3), we have
> Vit ap)la, <D Y, gs. (4.7)
k=1 k=1

Tt follows from (4.5), (4.6) and (4.7) that

V(t,&) <YM+ Ce, qs.,
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where C is independent of e. Thus we obtain V (£,£) < Y,*** ..

Second, if ) is a random variable satisfying n < Ytt"g’“ q.s. for any u € U[t, T], then we prove that V(¢,£) > n

q.s.
It follows from (4.6) that

n < ZY?’”’“IA,C + Ce, q.s., for any u € U[t, T,
k=1

where C' depends on T, G and L. By Theorem 4.3 and the above inequality, we can get
oo
n < Z V(t,zx)la, + Ce, qs. (4.8)
k=1

Thus we obtain V(¢,£) > n q.s. by (4.5) and (4.8), which implies the desired result. O

Finally, we study the dynamic programming principle. The following lemmas are useful in deriving the
dynamic programming principle. The first lemma is a special case of Theorem 3.20 in [16].

Lemma 4.6. ([16])Let 0 <t <t' <T and ¢, ¢ € R? with ¢ <. Then I, _p,eje.cy} € LE&(Qr).

Remark 4.7. For each 0 =ty <t; <--- <ty <T and ¢;, ¢, € R? with ¢; < ¢, i =1,..., N, we have
N
[ s, -, elecepy € Le(0r).
i=1

Lemma 4.8. Let £ € LE(Qs) with fized s € [0, T]. Then there exists a sequence & = vazkl a¥ Iy, k> 1, such
that ’

lim E[|¢ - &*] =

Jim B [|¢ - &[*] =0,

where ¥ € R, Ty € LE(Qs), i < Ni, k> 1 and (AM)N% is a B(Q,)-partition of Q.

Proof. Since L% () is the completion of Lip(Qs) under the norm || - ||2, we only need to prove the case
5 = @(Bt17Bt2 - Bt17' .- )BtN - BtN—l)?

where N > 1,0<t; < - <ty <s,p€ C’b,Lip(RdXN).
By Remark 4.7, we know that

I{(By, Buy—Buy i Buy —Buy_)elee)y € LE(9)
for each ¢, ¢ € RN with ¢ < ¢. For each k > 1, we can find

A¥ ={(By,, B, = By,,...,Biy — Bin_,) € i i) i=1,..., N — 1,
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such that [—ke, ke) = Uicn,—1lcik, ¢ p) with e = [1,..., 1] € RIXN |cjp —cikl <E7! and A n A = ¢ for
i # j. Set Aﬁcvk = Q\ Ui<N,—1 Af and

Nk—1
&= > plein)las + 0Ly, -
i=1
Then we obtain

M,

‘g é.k‘ < ?Lp T(‘Bt1|+‘Bt2 Bt1|+"'+|BtN _BtN—1|)7

where L, is the Lipschitz constant of ¢ and M, is the bound of ¢. Thus

El¢ - &l <

which yields the desired result. O

In order to give the dynamic programming principle, we define the following backward semigroup Gt trsl]
which was first introduced by Peng in [25].
For each given (t,z) € [0,7) x R™, § € [0,T — t], u € U[t,t + 6] and n € L%(Qt4s), define

Goplslnl = Yoo for s € [t,1 + 0],

where (X5H%v ?St’w’u)se[t,tw] is the solution of the following forward and backward SDEs:

dXEov = b(s, X" ug)ds + hij(s, X0®% ug)d(BY, BY) s 4+ o(s, X1% ug)dBs,
Xt1x7u _ (49)
t =
and
R } 46 } 46 } o
Yst,x7u = ES TI + f(/r" Xi7x7u7 YT’t’x,u’ ur)dr + / g'LJ (T7 Xﬁ,x7u7 }/T‘l‘”x’u? ur)d<Bl7 B]>7‘ . (4-10)
S S

The following lemma is the comparison theorem of backward SDE under E.
Lemma 4.9. Let Assumptions (H1) and (H2) hold, and let (t,z) € [0,T) x R™, § € [0,T —t], w € U[t,t + ]
and i, 2 € L% (Quys) be given. If y1 > 12 q.s., then G} Tislm] > Gifﬁ;[ng] q.5.

Proof. Denote Y! = G [m], Y2 = G5 [n2), Y, =Y! — Y2 for s € [t,t + 0], and /) = 11 — 72. For each

given ¢ > 0, just like the proof of Theorem 3.6 in [13], we can find (a )se[t t+o]s (MS)selt,t+6]5 (C?’E)se[t,t+6]a
(%) st i+e) € ME(t,t 4 6) such that |aS| < L, [¢¥¢| < L, |mg| < 2Le, |n| < 2Le,

S
Flr, XE= VY ) — flr, XE® V2 u,) = aSY, +mé

and

t,x,u 1 t,x,u 2 _ iJ,Eev ij,e
gij(""7X7~ Y, ,u,«) _gij(raXr aYr 7“7") = Cr] Yr"’nrj
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Then

~ t+6 t+6 .. A .. . . ~
V=B, [i+i+ / (a5¥; + mf)dr + / (9T, +ni3e)d(B, B), | - Edil, (4.11)

where s € [t,t + 6] and 77 = 1 +ft+6 (r, X024 V2 u,) dr+ft+5gw (r, XL®u V2 u,)d(B, BY),.
For each given k > 1, set ¢ = ¢+ 10k, | = 0,1,...,k. By (4.11), one can check that, for s € [t}, ¢} ],
l=k—1...0,

. U N t o L o -
V=BT rik [ @i emddrs [ @ (B B, | <Bufil. (412)
Define (fflk)l":O backwardly as follows: set Ykk =q,forl=%k—1,...0,
tl+1 Sk tﬁ—l ek .. . ) -
B =y (Wi [ @ s [T s B, | Byl (13
tf t '

Note that | [7* ¢.d(B', B7),| < (E[|B?] E[|BI[?])"/? J221¢r|dr for each s, 5o € [t, ¢+ 6] and ¢ € M{(t,t +
0), then one can verify that

k k
4 U L
€ ij,€ i J
/ asdr + ¢ *d(B*, B),
th th

L 1

ty ty
+1 +1 .. . .
/ mf,err/ n?¢d(B", B’),
k k
tl tl

where C' is dependent of L and ¢ and independent of [. For each k > ko with Ck, L' <9271 we have

tﬁ-l .
< C’/ (|as| + [c¥<])dr < Ck™1
tf

and

1 -
< C/ (Ims| + [n<)dr < Cek™,
k

i

vh > Etk [ —Cek™ - tk = —Cek™?
and
Vi, 2By [~(14Ck ") Cek™ +ij— Cek™| =By _[i] = —[(1+Ck™") +1)Cek™".

Continuing this process, we obtain

k—1
Yy > —Cek™' > (14 Ck™ ) > —(e€ — 1)e. (4.14)
=0

_ For each given n € Lip(Q4+5), define ¢(s1,52) = E[|Eq, [] — Es,[n]]] for s1, s2 € [t,t + 6]. By the definition of
Es[n], one can verify that ¢ is a continuous function. Then we get

sup  E[|E, [n] — Eg,[n]]] = 0 as k — occ. (4.15)

[s1—s2|<dk—1
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Note that
S S
Y52 = ES[ﬁ] - / f(?“, Xﬁ7w’uv Yr27 ur)dr - / Gij ('F, Xrt"x7u7 Yr27 ur)d<Biv Bj>7"7
t ¢
then, by (4.15) and 7j € L%(Q4+s), one can check that

sup ]}EHYSQ1 —Y2[] = 0as k— oo. (4.16)

|81782|S5k71
Similarly, the relation (4.16) still holds for Y''. Thus we obtain

Vi 1= sup IAE“YN — KZH — 0 as k — oo. (4'17)
|$1—$2‘S(5k71

Define Af = Vs — V¥ for 1 = 0,1,.. .k By (4.12), (4.13) and (4.17), we get
E[IAF[] < (1+ CE™HE[AY ) + Ck oy, (4.18)
where [ = k —1,...,0, A¥ =0, C depends on L and §. Similar to (4.14), we deduce
BIIA] = B[%; — V] < (€ — 1) (4.19)

It follows from (4.14), (4.17) and (4.19) that Y¥; > —(e€ — 1)e q.s. Since ¢ is arbitrary, we obtain the desired
result. O

The following theorem is the dynamic programming principle.

Theorem 4.10. Let Assumptions (H1) and (H2) hold. Then, for each (t,z) € [0,T) x R™, § € [0,T — ], we
have

. t,z,u t,x,uNy . t,x,u t,x,u
Vita) = egainf CuislV (40 X0 = nf, | Gkl (e + 6, X057)) (4:20)
Proof. By Theorem 4.3, we have
. t,x,u t,x,u\y . t,x,u t,x,u
ugiﬁ}?f&](gt,wa[v(t +6, X313 )= ueultI[ltf,t+6] Gt,t+6[v(t +0, X313 )l
For any u € U'[t, T], by Theorem 4.5, we get
T, t 6’Xtt1z6‘u7u T,
Vit =Y T 2 V(e 6, X0 as.

Then, by Lemma 4.9, we obtain

e, _ tw, t,z, t,z, t,x,
VI = GV 2 Ll (e + 6. XI5,

which implies

Vi(t,x) > GV (t+ 6, X[5").

inf
wEU[t,t+6]
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Now we prove the converse inequality. For each given & > 0, there exists a v € Ut[t,t + ] such that

t,x,v t,x,v . t,x,u t,x,u
GV + 0 XE < et in  GUTSIV(E+6 XI5, (4.21)

Since Xf e LE(QL, 5:R™), by Lemma 4.8, we can find a sequence & = ZzN:k1 szA;c, k > 1, such that
E[|X)5 - &l?] <k (4.22)

where zf € R, Iar € LE QL 5), 1 < Np, k> 1 and (A{“)l]\f:’“1 is a B(Q, 5)-partition of . For each z}, we can
find vF € U9t + 6, T such that

V(t+6,af) < V2T < V(4 0,ak) +e. (4.23)

Set

Zvl )M 4x for s € [t +6,T],

and
uF(s) = V(8) 1,445y (8) + Uk(S)I[t+57T](S) for s € [t, T,
it is easy to verify that v* € U[t + &, T] and u* € U*[t, T]. Thus we get
Vit,a) <Y = GRrL IS (4.24)

Similarly to the proof of inequality (4.1), we obtain that

2
‘Gi P = GRSVt + 6, X)) ’ UY[&“ —V(t+6,X050) ] (4.25)
and
i 46, Xt+<5v’v t4+8,E5,0" ? t+9, X:favvv t+8,E5,0" 2
E Y, 5 =Y, 5 <C sup E|X, — X Ok , (4.26)
s€[t+4,T]
where C' depends on T, G and L. By Theorem 3.2, (4.22) and (4.26), we have
R 45, X BT 2 R 2
B ||y e <ok (X - el <o, (427)

t,x,v k
where C' depends on T, G and L. Noting that Y,%% C P , we deduce from (4.24), (4.25) and (4.27)

t+6 t+5
that
2
} , (4.28)

Vit) <AV X 0 (VT4 o[ - vieraxi
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where C' depends on T, G and L. It is easy to check that

Ny,
8,8k, k t+68,zF vk
A D R AL TS (4.29)
[
Then we obtain from (4.23) and (4.29) that
Ny .
V(E+0,6) =Y V(t+0,af) Ly SV <V(E+6,&) +e. (4.30)
=1
By Proposition 4.4 and (4.30), we get
~ 2 A
& { YIS V(46 XU } <c(E+R[x0 - &) <oE+rY, (4.31)

where C' depends on T, G and L. By (4.21), (4.28) and (4.31), we deduce that

< 1 . t,x,u t,x,u
V(t,z) <Cle+ VE) + ueultrgtﬁ] GyyisV(E+06, X250,

which implies the desired result by letting k¥ — oo and then € | 0. O

Remark 4.11. In the above proof, we use Lemma 4.8 to find v*, which can be used to simplify the proof of
the dynamic programming principle and is easier than the implied partition method in [11].

Now we use the dynamic programming principle to prove the continuity of V(-,-) in t.

Lemma 4.12. Let Assumptions (H1) and (H2) hold. Then the value function V (-,-) is 3 Hélder continuous in
t.

Proof. For each (t,z) € [0,T) x R™, § € [0,T — t], by Theorem 4.10, we get

|V (t,x) = V(t+6,x) < uSl[ltpt o |<G§;f’+'g V(t+ 6, X559 = V(t+6,2)]. (4.32)
u€eU[t,

For each given u € U![t, ¢+ 4], by the definition of the backward semigroup, we know Gif_ﬁg [V(t+34, Xttfé’“)] =Y,
where (Y)gept,¢+4) is the solution of the following backward SDE:

Y, =R, .

t+48 t+6
V(t+57 X:fgu) + / f(ra Xf'7x,uayl‘7ur)dr+ / gij(Ta X7t~7x7u7§/;7uT)d<Bl7Bj>T
S S

By Assumptions (H1), (H2) and Proposition 4.4, one can verify that

t+5
| X5t — +/ (1+ |z + | X" + Y, — V(E+ 4, x)|)dr] ,
where C' depends on 7', G and L. It follows from the Gronwall inequality under E that

|V — V(t+6,z)| < CE,

t+0
| X{5" — o +/ (1+|z|+ IXi’””’“I)dr] ,
t
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where € depends on T, G and L. Since E/X)5" — 2] < E[X075" — 2f)'/? and Ejfxpe]) <
(Be[| X7 [2])1/2, we obtain

GLESIV(E+ 0, Xp5"] = V(E+06,2)| < C(L+|z)Ve

by Theorem 3.2, where C' depends on T', G and L. Thus we obtain |V (t,z) — V(t + §,z)| < C(1 + |z])V/d by
inequality (4.32). O

5. THE VISCOSITY SOLUTION TO THE HJB EQUATION

In this section, we prove that the value function V(-,-) is the unique viscosity solution to the following HJB
equation:

oV (t,z) + iggH(t, z, V(t,x),0,V(t,x),82,V(t,x),u) =0, (5.1)
V(T,z) = ®(z), v € R, )
where
H(t,z,v,p, Aju) = @(F(t,x,v,p, A,u)) + (p,b(t, z,u)) + f(t, z,0,u), (5.2)
Fl](tv z,v,p, A7 U) = (UT(t’ x, u)Ao(t, xZ, u))lj + 2<p7 hl]( s Ly u)> + 29l](t7 x,v, u)a ’

(t,z,v,p, A,u) € [0,T] x R* x R x R” x S,, x U, G is defined in (2.1).
The following is the definition of the viscosity solution to (5.1) (see [3]).

Definition 5.1. A function V(-,-) € C ([0,T] x R™) is called a viscosity subsolution (resp. supersolution) to
(5.1) if V(T,z) < ®(z) (vesp. V(T,x) > ®(x)) for each z € R", and for each given (t,x) € [0,T) x R", p €
Cbz’d([07T} x R™) such that ¢ (t,z) = V(¢,z) and ¢ >V (resp. ¢ < V) on [0,T] x R", we have

Ovp(t, z) + ingH(t,x,w(t,x),3x<p(t,x),33x<ﬂ(t7x)w) >0 (resp. <0).

A function V(-,-) € C ([0, T] x R™) is called a viscosity solution to (5.1) if it is both a viscosity subsolution
and a viscosity supersolution to (5.1).

Remark 5.2. C’f (10, T] x R™) denotes the set of real-valued functions that are continuously differentiable up
to the second order (resp. third order) in ¢-variable (resp. z-variable) and whose derivatives are bounded.

Remark 5.3. According to Theorem C.3.5 in [26], for the case that

P eCy(R") ={p e CR"): lim ¢(z) =0},

|z|—o00

the viscosity solution to (5.1) is unique; for the case that ® € C(R") satisfying |®(z)| < C(1 + |z|P) for some
positive constants C' and p, the meaning of the uniqueness is that, for each ®; € Cy(R™) such that &, converges
uniformly to ® on each compact set and |®x| < C(1+ |z[P), we have V®*(t,2) — V2 (¢, z) for (t,z) € [0,T] x R™.

Theorem 5.4. Let Assumptions (H1) and (H2) hold. Then the value function V(-,-) defined in (53.3) is the
unique viscosity solution to the HIB equation (5.1).
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In order to prove this theorem, we need the following lemmas. Let ¢ € CE 3([0,T] x R™) be given. For each
given (t,z) € [0,T) x R™, § € [0,T — t] and u € U[t,t + ¢], we consider the following BSDEs

t+68 t+48
szsﬂH@Xmm+/ meW%meﬂf/ gi3 (r, X520 V2w )A(BL BY), |, (5.3)
N t+5 t+5 B ) )
yiv =R, / Fy(r, Xﬁ’m’“,YTl’“,ur)dr—&—/ Fy (r, XE5 YR u,)d(BY, BY), (5.4)
and
~ t+6 t+§ .. . .
y2u Z i, / Fy(r, 2,0, u,)dr + / Fi9 (r, 2,0, u,)d(B1, BIY, || (5.5)

where s € [t,t 4 6], (XL™")set,+0] is the solution of the SDE (4.9),
Fi(s, z,y,u) = Oup(s, @) + (b(s, w,u), Ouip(s, @) + f (s, 2,y + (s, 7), u),
B (5,0, 0) = 55,2, (5,2), Qa5 2), 0o, ), )
Lemma 5.5. For each u € Ut,t + 0], we have
YU =YY — (s, X0UY) for s € [t,t + 0]

Proof. Applying It6’s formula to ¢(r, X2**) on [s,t + 0], we obtain that (Y — @(s, X1"")) c(p44) satisfies
the backward SDE (5.4), which implies the desired result by the uniqueness of the solution. O

Lemma 5.6. For each u € U'[t,t + 6], we have
Vi = Y < O )82,

where the constant C is dependent on T, G, L and independent of u.
Proof. Noting that ¢ € C’g’s([O, T] x R™) and U is compact, one can verify that

|1 (r,2,0,u,)] < C(1+ |z]) and |Fy (r,2,0,u,)] < C(1+ |z,
where C' is dependent on L and independent of uw. Thus

Y24 < C(1+ [2f?)6 for s € [t,t 4 4], >0

where C' is dependent on G, L and independent of u. Set Y, = Y. — Y2 for s € [t,t + 8], by (5.4) and (5.5),
we get

. N t+6 R .
|YS|§C]ES/ (B, + [V,])dr

)
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where C' > 0 is dependent on GG, L and independent of u,
F’r' - |F1 (Ta Xf',zm‘a }/TQ,U’ uT) - Fl (Tv x, Oa u7)| + |F2U (Ta X:7m7u7 1/7‘27717 U7-) - FQU (T, x, Oa u7)|

Note that ;""" € R and Y;>* € R for each u € U'[t, ¢ + 6], then, by the Gronwall inequality under E, we obtain

t+o
/ F.dr
t

where C' > 0 is dependent on T', G, L and independent of u. One can check that

V" - Y2 < CE (5.7)

)

Fy < C [+ [22)[XE™ — af 4] X55" — af” + V2] (5.8)

where C' is dependent on L and independent of u. It follows from (5.6), (5.7), (5.8) and Theorem 3.2 that

sup | X700 — af?
relt,t+4]

+ (14 [a]*)6?

1/2
sup | XD — |2 + 0K
rElt,t+9)

V= Y2 <O (14 [2*)s (E

< O(1 + [2]*)5%2,

where C' is dependent on 7', G, L and independent of u. O
€ M4(0,T;Sy4). Then, for each s < T, we have

T
/ z]d Bz B] / G 2777“ ‘| =

Proof. For each n, ij € ML(0,T;Sy), one can verify that

T

/ nid(B, B, / G(2n, dr]— s
T

/ |77r _'F]r|d7;| )

where C only depends on G. Thus we only need to prove the case n € MZ(0,T;S,), i.e

Lemma 5.7. Let n = (n¥ )” 1

Es

E ||E,

/ (B, B, /Gm H

< CEk

N-1
Nr = Z ntkl[tk,tk+1)(r)7
k=0
where s = 1o < --- <ty =T, 1, € Lip(Q,;Sq). Since E,[-] = E,[E, [-]], we only need to prove
Etk [%«Bl Bj>t1«+1 - <Bi7 Bj>tk,) - é(277tk)(tk+1 - tk)} = 0. (5‘9)

Applying Itd’s formular to (n:, (B, — By, ), Br — By,) on [tg, tpt+1], we get

Etk {Uﬁi((BiaBj>tk+1 - <Biij>tk)} = ]Etk Rntk(Bthrl - Btk)7Btk+1 - Btk-” .
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For each given A € Sy, define
u(t,z) = E[(A(z + By),z + B)] for (t,z) € [0,00) x RY.
By Theorem C.3.5 in [26], we know that u is a viscosity solution to the following PDE
Ou — G(9%,u) =0, u(0,2) = (Az, z). (5.10)
On the other hand, by the proof of Theorem 3.8.2 in [26], we have
u(t,x) = (Az,x) + E[(AB;, B;)] = (Az,z) + E[(ABy, By)]t. (5.11)

By (5.10) and (5.11), we obtain E [(ABy,B1)] = G(QA), which implies E [(AB:, By)] = C~¥(2A)t. Thus we have
]Etk UZi(<Bi,Bj>tk+1 - <Bi7Bj>tk-) = é(2ntk)(tk+l - tk)a

which implies (5.9). O

Remark 5.8. It is important to note that we can not derive E[(ABy, B;)] = G(24) by u(t,z) = (Az,z) +
h

G(2A)t satisfying (5.10). Because, in this case of u(0,z) = (Az,z) ¢ Co(R"), the meaning of uniqueness of

viscosity solution is stated as in Remark 5.3.

Lemma 5.9. We have

) t+9
inf Yo' = Ey(r, z)dr,
welt[t,t+5] " _/t o(r, @)

where

FO(Ta LU) = gng]{Fl (Ta z, 07 ’U) + 6(2(F2” (7"7 x, Ov U))?]:l)}

Proof. For each u € U'[t,t + §], by Lemma 5.7, we get

} 45 t+6 o
Yf’“ =E, / Fi(r,z,0,u,)dr + / Fy (r,x,0,u,)d(B", B?),
t t

t+46

R t+5 y o U .
> E, l/ Fo(r,z)dr + FY (r,x,0,u,)d(B*, B?), — / G(2(Fy (r,z, O,ur))szl)dr
t t

t+6
= / Fy(r,x)dr.
t

Hence, inf,cysp,¢-4o] Yf’“ > f:H Fy(r,z)dr. On the other hand, we can choose a deterministic control u* €
U'[t,t + 0] such that

t

t+5 ~ N 4o
/ [Fy(r,z,0,u)) + G(2(Fy (r, 2,0, u:))gjzl)]dr = / Fy(r, z)dr.
t ¢

Then we obtain Yf’“* = :M Fo(r, x)dr by Lemma 5.7, which implies inf, ¢y (¢ 146) Y < :H Fy(r,z)dr. Thus

we obtain the desired result. O
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Proof of Theorem 5.4. By Proposition 4.4 and Lemma 4.12, we know that V' (-, -) is continuous on [0, 7] x R™.
Now, we first prove that V(-,-) is the viscosity subsolution to (5.1).

For each given (t,z) € [0,T) x R”, suppose ¢ € C’E’S([O,T] x R™) such that ¢(t,x) = V(t,2) and ¢ > V on
[0,T] x R™. For each § € [0,T — t], by Theorem 4.10, we get

V(t,x) = GyislV(t+ 6, X[5").

inf
wEUL[t,t+6]

Since @(t + 6, X;53") > V(¢ + 6, X,5"), by Lemma 4.9, we obtain Gyy 15[V (¢ + 6, X 5")] < Y. It follows from
o(t,z) = V(t,x), Lemmas 5.5 and 5.6 that

inf  YV2*>  inf VY — O+ |z?)8%?
wEU[t,t+0] wEUL[t,t+6]

_ : w . 3\ £3/2
ueultI[ltf;t+6](Y; e(t,z)) — C(1+ |]*)d

> —C(1+ |2*)6%/2,

where C' is dependent on T, G, L. By Lemma 5.9, we get
t+35
5—1/ Fo(r,z)dr > —C(1 + [2]*)5"/2.
t

One can verify that Fy(-,x) is continuous in r. Hence we obtain Fy(t,x) > 0 by letting § | 0, which implies
that V'(-,-) is the viscosity subsolution to (5.1). By the same method, we can prove that V(,-) is the viscosity
supersolution to (5.1). Thus V(+,-) is the viscosity solution to (5.1).

For the uniqueness of the viscosity solution, we only need to prove the case ® € Cy(R™) according to Remark
5.3. Hoverever, by the proof of Theorem C.2.9 with = 0 in [26], we see that in order to get the uniqueness we
just need to know that inf,cy H (¢, z,v, p, A, u) satisfies assumption (G’). For each t € [0,T), z, y € R", v € R,

a>0, A, B €S, such that
(0 5)==(4 o)

JlelfUH(t’x’v’ alz —y),Au) — JngH(t’ y,v,a(x —y),—B,u)

< sup [H(t,x,v,a(x - y)7A,u) - H(t,ym,a(m - y)7 —B,U)]
uelU

< Squ(F(t,l',’U,O[(I - y)7Aa U) - F(t,y,v,a(x - y)a —B,U)) + L(|$ - y| + Oé|$ - y|2)
uelU

S Squ(JT(tv z, U)Ad(t, z, u) + UT(tﬂ Y, U)Bg(ta Y, u)) + C(|‘T - y‘ + a‘x - y|2)
uelU

< supG(Ba(a(t ) ~ o(t..) " (ot .) = o(t.9.) + Cll — v] + alz — o)

< C(lz —yl+ale -y,

we have

where C depends on L and G. Thus inf,cy H(t, 2, v, p, A, u) satisfies assumption (G’), which implies that V (-, )
is the unique viscosity solution to (5.1). O
Finally, we give the following stochastic verification theorem.
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Theorem 5.10. Let Assumptions (H1) and (H2) hold. Suppose that V € CV2([0,T] x R™) is a solution to the

HJB equation (5.1), and 8,V , 92,V are functions of polynomial growth. For each given (t,x) € [0,T) x R", if
u € U't,T) satisfies

8SV(3,X§’WE) + H(s, X" ‘7(5,X;’m’ﬁ),ﬁxf/(s,X;’x’ﬂ), 8§xV(S,X§"I’a), us) =0, set,T],
then

Y;t,;c,u — inf Y;t,w,u-
weUt[t,T)

Proof. For each u € U'[t, T], applying It6’s formula to V(r, XE%w) on [s,T] for s € [t,T], we obtain
- ] T
(s, XPom) 4 / SFu(0,)d(B B, / G(F(©,))dr + / (0,7 (r, X520 T (r, X078y VdB,  (5.12)
S T S
= B(X L") —/ l dr+/ f(e. dr+/ 9i(©L)d(B", B),,

where F;;(-) is defined in (5.2),

0, = (r, XH®" V(r, Xt®%), 8,V (r, X2®%), 02,V (r, X15%), u,.),

I, = 0,V (r, XL®%) + H(O,), O = (r, X\®4, V(r, X%, u,.).
Noting that 8,V and 82117 are functions of polynomial growth, we obtain (Fi;(©;))ret, 17, (Ir)rep,m) € ME(t,T)

by Theorem 3.2. By Lemma 5.7 and taking E, [-] on both sides of (5.12), we get that Y, = V (s, X*) is the
solution of the following BSDE

T T T
Y, =E, l@(x;f’“) — / Ldr+ [ f(r, X0®% Y, u,)dr +/ gij (r, X5 Y, u,)d(BY, BY),.| . (5.13)
Since V is a solution to the HJB equation (5.1), we know that I, > 0 for r € [t, T]. The same proof of Lemma
4.9 for BSDEs (1.4) and (5.13), we obtain
}/tt,x,u Z }N/t _ f/(t,$)

If u = @, then I, = 0 for r € [t, T] by the assumption. Thus Ytt“] = ‘7(757 x), which implies the desired result. [

Example 5.11. For n = m = d = 1, consider the following simple stochastic linear model:

dXtew = Xbouds + u,dB,, X" =1,
(5.14)

Y'st,:r,u _ ES |:|X;m,u|2 + IST(_ZY'Tt,Lu _ uT)dr} ,

where U = [1, 2]. The related HJB equation is

w€(1,2]

{ oV + inf |GEAEV) + 20,V + (<2V — )| =0,
V(T,z) = 22,
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It is easy to check that V (¢, 2) = 3(1 — e2(=1)) + 22 is a solution to the above HJB equation, where

A= inf {C;’(QUQ) - u} .

u€[1,2]

Note that there exists a ¢ € [1, 2] satisfying [é(ZcQ) — c] = A. Then, by Theorem 5.10, we obtain that @ = c is

an optimal control for (5.14).

Remark 5.12. Under the weak framework, [10] and [31] studied the existence of optimal Markov control policy,
i.e., us = u(s, Xs). However, in our strong framework, we can not get this type of optimal control policy in
general.
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