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Abstract. In this paper, we study a stochastic recursive optimal control problem in which the value
functional is defined by the solution of a backward stochastic differential equation (BSDE) under G̃-
expectation. Under standard assumptions, we establish the comparison theorem for this kind of BSDE
and give a novel and simple method to obtain the dynamic programming principle. Finally, we prove
that the value function is the unique viscosity solution to a type of fully nonlinear HJB equation.
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1. Introduction

Motivated by the model uncertainty in finance, Peng [21–23] established the theory of G-expectation which is
a consistent sublinear expectation and does not require a probability space. The representation of G-expectation
as the supremum of expectations over a set of nondominated probability measures was obtained in [4, 15]. Due to
this set of nondominated probability measures, the backward stochastic differential equation (BSDE for short)
is completely different from the classical one. Hu et al. [12] obtained an existence and uniqueness theorem for a
new kind of BSDE driven by G-Brownian motion. In addition, there are other advances in this direction. Denis
and Martini [5] developed quasi-sure stochastic analysis. Soner et al. [28] obtained an existence and uniqueness
theorem for a new type of BSDE (2BSDE) under a family of nondominated probability measures.

Recently, Hu and Ji [11] studied the following stochastic recursive optimal control problem under
G-expectation:{

dXt,x,u
s = b(s,Xt,x,u

s , us)ds+ hij(s,X
t,x,u
s , us)d〈Bi, Bj〉s + σ(s,Xt,x,u

s , us)dBs,

Xt,x,u
t = x,

(1.1)

Y t,x,us = Φ(Xt,x,u
T ) +

∫ T
s
f(r,Xt,x,u

r , Y t,x,ur , Zt,x,ur , ur)dr +
∫ T
s
gij(r,X

t,x,u
r , Y t,x,ur , Zt,x,ur , ur)d〈Bi, Bj〉r

−
∫ T
s
Zt,x,ur dBr − (Kt,x,u

T −Kt,xu
s ), s ∈ [t, T ].

(1.2)
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The value function is defined as

V (t, x) := ess inf
u∈U [t,T ]

Y t,x,ut . (1.3)

As pointed out in [11], the value function defined in (1.3) is a inf sup problem, which is known as the
robust optimal control problem. For recent development of robust control problem under a set of nondominated
probability measures, we refer the readers to [6, 8, 9, 18, 27] and the references therein. When G is linear, the
above optimal control problem is classical stochastic recursive optimal control problem, which was first studied
by Peng in [24]. For the development of classical stochastic recursive optimal control problem, we refer the
readers to [1, 2, 7, 14, 17, 19, 20, 29–31] and the references therein.

The nonlinear part with respect to ∂2
xxV in the HJB equation related to the optimal control problem (1.1)

and (1.2) is the inf sup of a family of linear part with respect to ∂2
xxV . Up to our knowledge, this inf sup

representation is the only result that has been made so far in the optimal control problem. In order to obtain
the fully nonlinear representation, we want to study the stochastic recursive optimal control problem under
G̃-expectation. Here G̃ is any function dominated by G in the meaning of (2.1). More precisely, we consider the
following BSDE under G̃-expectation:

Y t,x,us = Ẽs

[
Φ(Xt,x,u

T ) +

∫ T

s

f(r,Xt,x,u
r , Y t,x,ur , ur)dr +

∫ T

s

gij(r,X
t,x,u
r , Y t,x,ur , ur)d〈Bi, Bj〉r

]
. (1.4)

The new optimal control problem is (1.1) and (1.4), and the value function is still defined as (1.3). It is worth
pointing out that the BSDE (1.4) under G̃-expectation does not contain Z, which is an important open problem.

In this paper, we study the dynamic programming principle (DPP) and HJB equation for optimal control
problem (1.1) and (1.4). Firstly, we establish the comparison theorem for BSDE (1.4), which is new in the
literature. Secondly, for each ξ ∈ L2

G(Ω), we prove that there exists a sequence of simple random variables
ξk ∈ L2

G(Ω) such that ξk converges to ξ in the sense of L2
G. Based on this approximation, we give a novel

method to prove the DPP, which still holds for the optimal control problem (1.1) and (1.2) and is easier than
the implied partition method in [11]. At last, we prove that V is the unique viscosity solution to a type of fully
nonlinear HJB equation, which is not the inf sup representation with respect to ∂2

xxV .
This paper is organized as follows. We recall some basic results on G-expectation and G̃-expectation in

Section 2. In Section 3, we formulate our stochastic recursive optimal control problem under G̃-expectation. In
Section 4, we prove the properties of the value function and obtain the DPP. We prove that the value function
is the unique viscosity solution to a type of fully nonlinear HJB equation in Section 5.

2. Preliminaries

Let T > 0 be given and let ΩT = C0([0, T ];Rd) be the space of Rd-valued continuous functions on [0, T ] with
ω0 = 0. The canonical process Bt(ω) := ωt, for ω ∈ ΩT and t ∈ [0, T ]. Set

Lip(ΩT ) := {ϕ(Bt1 , Bt2 −Bt1 , . . . , BtN −BtN−1
) : N ≥ 1, t1 < · · · < tN ≤ T, ϕ ∈ Cb.Lip(Rd×N )},

where Cb.Lip(Rd×N ) denotes the space of bounded Lipschitz functions on Rd×N .
Let G : Sd → R be a given monotonic and sublinear function, where Sd denotes the set of d× d symmetric

matrices. Peng [22, 23] constructed a G-expectation space (ΩT , Lip(ΩT ), Ê, (Êt)t∈[0,T ]), which is a consistent

sublinear expectation space. The canonical process (Bt)t∈[0,T ] is called G-Brownian motion under Ê. Throughout
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this paper, we suppose that G is non-degenerate, i.e., there exists a σ2 > 0 such that G(A)−G(B) ≥ 1
2σ

2tr[A−
B] for any A ≥ B. Furthermore, let G̃ : Sd → R be any given monotonic function dominated by G, i.e., for A1,
A2 ∈ Sd,


G̃(0) = 0,

G̃(A1) ≥ G̃(A2) if A1 ≥ A2,

G̃(A1)− G̃(A2) ≤ G(A1 −A2).

(2.1)

Peng also constructed a G̃-expectation space (ΩT , Lip(ΩT ), Ẽ, (Ẽt)t∈[0,T ]) in [21, 26], which is a consistent
nonlinear expectation space satisfying:

(i) for each fixed ϕ ∈ Cb.Lip(Rd), u(t, x) := Ẽ[ϕ(x+BT −Bt)], (t, x) ∈ [0, T ]× Rd, is the viscosity solution to
the following partial differential equation

∂tu+ G̃(∂2
xxu) = 0, u(T, x) = ϕ(x);

(ii) for each X,Y ∈ Lip(ΩT ), t ∈ [0, T ],

Ẽt[X]− Ẽt[Y ] ≤ Êt[X − Y ]. (2.2)

Denote by LpG(ΩT ) the completion of Lip(ΩT ) under the norm ||X||LpG := (Ê[|X|p])1/p for p ≥ 1. For each

t ∈ [0, T ], the conditional G-expectation and G̃-expectation can be continuously extended to L1
G(ΩT ) under the

norm || · ||L1
G

, and still satisfy the relation (2.2) for X,Y ∈ L1
G(ΩT ).

Definition 2.1. Let M0
G(0, T ) be the space of simple processes in the following form: for each N ∈ N and

0 = t0 < · · · < tN = T ,

ηt =

N−1∑
k=0

ξkI[tk,tk+1)(t),

where ξk ∈ Lip(Ωtk) for k = 0, 1, . . . , N − 1.

Denote by Mp
G(0, T ) the completion of M0

G(0, T ) under the norm ||η||Mp
G

:= (Ê[
∫ T

0
|ηt|pdt])1/p for p ≥ 1. For

each ηk ∈M2
G(0, T ), k = 1, . . . , d, denote η = (η1, . . . , ηd)T ∈M2

G(0, T ;Rd), the G-Itô integral
∫ T

0
ηTt dBt is well

defined, see Peng [22, 23, 26].

Theorem 2.2. ([4, 15]) There exists a weakly compact set of probability measures P on (ΩT ,B(ΩT )) such that

Ê[X] = sup
P∈P

EP [X] for all X ∈ L1
G(ΩT ).

P is called a set that represents Ê.

For this P, we define capacity

c(A) := sup
P∈P

P (A) for A ∈ B(ΩT ).

A set A ∈ B(ΩT ) is polar if c(A) = 0. A property holds “quasi-surely” (q.s. for short) if it holds outside a polar
set. In the following, we do not distinguish two random variables X and Y if X = Y q.s.
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3. Stochastic optimal control problem

Let U be a given compact set of Rm. For each t ∈ [0, T ], we denote by

U [t, T ] := {u : u ∈M2
G(t, T ;Rm) with values in U}

the set of admissible controls on [t, T ].
In the following, we use Einstein summation convention. For each given t ∈ [0, T ], ξ ∈ LpG(Ωt;Rn) with p ≥ 2

and u ∈ U [t, T ], we consider the following forward and backward SDEs:{
dXt,ξ,u

s = b(s,Xt,ξ,u
s , us)ds+ hij(s,X

t,ξ,u
s , us)d〈Bi, Bj〉s + σ(s,Xt,ξ,u

s , us)dBs,

Xt,ξ,u
t = ξ,

(3.1)

and

Y t,ξ,us = Ẽs

[
Φ(Xt,ξ,u

T ) +

∫ T

s

f(r,Xt,ξ,u
r , Y t,ξ,ur , ur)dr +

∫ T

s

gij(r,X
t,ξ,u
r , Y t,ξ,ur , ur)d〈Bi, Bj〉r

]
, (3.2)

where s ∈ [t, T ], 〈B〉 = (〈Bi, Bj〉)di,j=1 is the quadratic variation of B.

Suppose that b, hij : [0, T ]× Rn × U → Rn, σ : [0, T ]× Rn × U → Rn×d, Φ : Rn → R, f , gij : [0, T ]× Rn ×
R× U → R are deterministic functions and satisfy the following conditions:

(H1) There exists a constant L > 0 such that for any (s, x, y, u), (s, x′, y′, v) ∈ [0, T ]× Rn × R× U ,

|b(s, x, u)− b(s, x′, v)|+ |hij(s, x, u)− hij(s, x′, v)|+ |σ(s, x, u)− σ(s, x′, v)|
≤ L(|x− x′|+ |u− v|),
|Φ(x)− Φ(x′)| ≤ L|x− x′|,
|f(s, x, y, u)− f(s, x′, y′, v)|+ |gij(s, x, y, u)− gij(s, x′, y′, v)|
≤ L(|x− x′|+ |y − y′|+ |u− v|);

(H2) hij = hji and gij = gji; b, hij , σ, f, gij are continuous in s.

We have the following theorems.

Theorem 3.1. ([26]) Let Assumptions (H1) and (H2) hold. Then, for each ξ ∈ L2
G(Ωt;Rn) and u ∈ U [t, T ],

there exists a unique solution (X,Y ) ∈M2
G(t, T ;Rn+1) for the forward-backward SDE (3.1) and (3.2).

Theorem 3.2. ([11, 26]) Let Assumptions (H1) and (H2) hold, and let ξ, ξ′ ∈ LpG(Ωt;Rn) with p ≥ 2 and u,
v ∈ U [t, T ]. Then, for each δ ∈ [0, T − t], we have

Êt[|Xt,ξ,u
t+δ −X

t,ξ′,v
t+δ |2] ≤ C(|ξ − ξ′|2 + Êt[

∫ t+δ
t
|us − vs|2ds]),

Êt[|Xt,ξ,u
t+δ |p] ≤ C(1 + |ξ|p),

Êt

[
sup

s∈[t,t+δ]

|Xt,ξ,u
s − ξ|p

]
≤ C(1 + |ξ|p)δp/2,

where C depends on T , G, p and L.

Our stochastic optimal control problem is to find u ∈ U [t, T ] which minimizes the objective function Y t,x,ut

for each given x ∈ Rn. For this purpose, we need the following definition of essential infimum of {Y t,x,ut : u ∈
U [t, T ]}.
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Definition 3.3. ([11]) The essential infimum of {Y t,x,ut : u ∈ U [t, T ]}, denoted by ess inf
u∈U [t,T ]

Y t,x,ut , is a random

variable ζ ∈ L2
G(Ωt) satisfying:

(i) for any u ∈ U [t, T ], ζ ≤ Y t,x,ut q.s.;
(ii) if η is a random variable satisfying η ≤ Y t,x,ut q.s. for any u ∈ U [t, T ], then ζ ≥ η q.s.

For each (t, x) ∈ [0, T ]× Rn, we define the value function

V (t, x) := ess inf
u∈U [t,T ]

Y t,x,ut . (3.3)

In the following we will prove that V (·, ·) is deterministic and V (t, ξ) = ess inf
u∈U [t,T ]

Y t,ξ,ut for each ξ ∈ L2
G(Ωt;Rn).

Furthermore, we will obtain the dynamic programming principle and the related fully nonlinear HJB equation.

4. Dynamic programming principle

In the following, the constant C will change from line to line in our proof. We use the following notations:
for each given 0 ≤ t ≤ s ≤ T ,

Lip(Ωts) := {ϕ(Bt1 −Bt, . . . , BtN −Bt) : N ≥ 1, t1, . . . , tN ∈ [t, s], ϕ ∈ Cb.Lip(Rd×N )};
L2
G(Ωts) := {the completion of Lip(Ωts) under the norm || · ||L2

G
};

M0,t
G (t, T ) := {ηs =

∑N−1
k=0 ξkI[tk,tk+1)(s) : t = t0 < · · · < tN = T, ξk ∈ Lip(Ωttk)};

M2,t
G (t, T ) := {the completion of M0,t

G (t, T ) under the norm || · ||M2
G
};

U t[t, T ] := {u : u ∈M2,t
G (t, T ;Rm) with values in U};

U[t, T ] := {u =
∑N
k=1 IAku

k : N ≥ 1, uk ∈ U t[t, T ], IAk ∈ L2
G(Ωt), (Ak)Nk=1 is a partition of Ω}.

In order to prove that V (·, ·) is deterministic, we need the following two lemmas. The first lemma can be
found in [11].

Lemma 4.1. ([11]) Let u ∈ U [t, T ] be given. Then there exists a sequence (uk)k≥1 in U[t, T ] such that

lim
k→∞

Ê

[∫ T

t

|us − uks |2ds

]
= 0.

Lemma 4.2. Let Assumptions (H1) and (H2) hold, and let ξ ∈ L2
G(Ωt;Rn), u ∈ U [t, T ] and v =

∑N
k=1 IAkv

k ∈
U[t, T ]. Then there exists a constant C depending on T , G and L such that

Ê

∣∣∣∣∣Y t,ξ,ut −
N∑
k=1

IAkY
t,ξ,vk

t

∣∣∣∣∣
2
 ≤ CÊ[∫ T

t

|us − vs|2ds

]
.

Proof. Similar to the proof of Lemma 15 in [11], we can get

Xt,ξ,v
s =

N∑
k=1

IAkX
t,ξ,vk

s and Y t,ξ,vs =

N∑
k=1

IAkY
t,ξ,vk

s for s ∈ [t, T ].
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Since G̃-expectation Ẽ is dominated by G-expectation Ê, by (3.2), we obtain

|Y t,ξ,us − Y t,ξ,vs | ≤ CÊs

[
|Xt,ξ,u

T −Xt,ξ,v
T |+

∫ T

s

(|Y t,ξ,ur − Y t,ξ,vr |+ |Xt,ξ,u
r −Xt,ξ,v

r |+ |ur − vr|)dr

]
,

where s ∈ [t, T ] and C depends on G and L. By the Hölder inequality, we get

|Y t,ξ,us − Y t,ξ,vs |2 ≤ CÊs

[
|Xt,ξ,u

T −Xt,ξ,v
T |2 +

∫ T

s

(|Y t,ξ,ur − Y t,ξ,vr |2 + |Xt,ξ,u
r −Xt,ξ,v

r |2 + |ur − vr|2)dr

]
,

where s ∈ [t, T ] and C depends on T , G and L. By the Gronwall inequality under Ê (see [13], Thm. 3.10), we
deduce

|Y t,ξ,ut − Y t,ξ,vt |2 ≤ CÊt

[
|Xt,ξ,u

T −Xt,ξ,v
T |2 +

∫ T

t

(|Xt,ξ,u
r −Xt,ξ,v

r |2 + |ur − vr|2)dr

]
, (4.1)

where C depends on T , G and L. By Theorem 3.2, we have

Êt
[
|Xt,ξ,u

s −Xt,ξ,v
s |2

]
≤ CÊt

[∫ T

t

|ur − vr|2dr

]
, (4.2)

where s ∈ [t, T ] and C depends on T , G and L. Thus we obtain the desired result by (4.1) and (4.2).

Theorem 4.3. Let Assumptions (H1) and (H2) hold. Then the value function V (t, x) exists and

V (t, x) = inf
u∈Ut[t,T ]

Y t,x,ut .

Proof. Since (Bt+s − Bt)s≥0 is a G-Brownian motion, we know that (Y t,x,us )s∈[t,T ] ∈ M2,t
G (t, T ) for each u ∈

U t[t, T ]. Thus Y t,x,ut ∈ R for each u ∈ U t[t, T ]. In order to prove that ess inf
u∈U [t,T ]

Y t,x,ut = infu∈Ut[t,T ] Y
t,x,u
t q.s.,

by Definition 3.3 and U t[t, T ] ⊂ U [t, T ], we only need to show that Y t,x,vt ≥ infu∈Ut[t,T ] Y
t,x,u
t q.s. for each

v ∈ U [t, T ].

For each given v ∈ U [t, T ], by Lemma 4.1, there exists a sequence uk =
∑Nk
i=1 IAki u

i,k ∈ U[t, T ], k ≥ 1, such

that Ê
[∫ T
t
|vs − uks |2ds

]
→ 0 as k →∞. It follows from Lemma 4.2 that

Ê

∣∣∣∣∣Y t,x,vt −
Nk∑
i=1

IAki Y
t,x,ui,k

t

∣∣∣∣∣
2
 ≤ CÊ[∫ T

t

|vs − uks |2ds

]
→ 0 as k →∞.

Thus there exists a subsequence of {
∑Nk
i=1 IAki Y

t,x,ui,k

t , k ≥ 1} which converges to Y t,x,vt q.s. Since

Nk∑
i=1

IAki Y
t,x,ui,k

t ≥ inf
u∈Ut[t,T ]

Y t,x,ut ,

we get Y t,x,vt ≥ infu∈Ut[t,T ] Y
t,x,u
t q.s. Thus, we obtain the desired result.
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Now we study the properties of V (·, ·).

Proposition 4.4. Let Assumptions (H1) and (H2) hold. Then there exists a constant C depending on T , G
and L such that, for any t ∈ [0, T ], x, y ∈ Rn,

|V (t, x)− V (t, y)| ≤ C|x− y| and |V (t, x)| ≤ C(1 + |x|).

Proof. Similar to the proof of inequality (4.1), we can obtain that, for any u ∈ U t[t, T ],

|Y t,x,ut − Y t,y,ut |2 ≤ CÊt

[
|Xt,x,u

T −Xt,y,u
T |2 +

∫ T

t

|Xt,x,u
r −Xt,y,u

r |2dr

]
, (4.3)

where C depends on T , G and L. By Theorem 3.2, we have

Êt
[
|Xt,x,u

s −Xt,y,u
s |2

]
≤ C|x− y|2, (4.4)

where s ∈ [t, T ] and C depends on T , G and L. Thus we get |V (t, x)− V (t, y)| ≤ C|x− y| by (4.3) and (4.4).
Similarly, we can obtain |V (t, x)| ≤ C(1 + |x|).

Theorem 4.5. Let Assumptions (H1) and (H2) hold. Then, for any ξ ∈ L2
G(Ωt;Rn), we have

V (t, ξ) = ess inf
u∈U [t,T ]

Y t,ξ,ut .

Proof. For each given u ∈ U [t, T ], we first prove that V (t, ξ) ≤ Y t,ξ,ut q.s.
For each ε > 0, we can find a ξε =

∑∞
k=1 xkIAk such that |ξ − ξε| ≤ ε, where xk ∈ Rn and {Ak}∞k=1 is a

B(Ωt)-partition of Ω. By Proposition 4.4, we get∣∣∣∣∣V (t, ξ)−
∞∑
k=1

V (t, xk)IAk

∣∣∣∣∣ = |V (t, ξ)− V (t, ξε)| ≤ Cε. (4.5)

Similar to the proof of inequalities (4.3) and (4.4), we can get

|Y t,ξ,ut − Y t,xk,ut | ≤ C|ξ − xk|, k ≥ 1,

where C depends on T , G and L. Then, we obtain∣∣∣∣∣Y t,ξ,ut −
∞∑
k=1

Y t,xk,ut IAk

∣∣∣∣∣ =

∞∑
k=1

|Y t,ξ,ut − Y t,xk,ut |IAk ≤ C|ξ − ξε| ≤ Cε. (4.6)

By (3.3), we have

∞∑
k=1

V (t, xk)IAk ≤
∞∑
k=1

Y t,xk,ut IAk , q.s. (4.7)

It follows from (4.5), (4.6) and (4.7) that

V (t, ξ) ≤ Y t,ξ,ut + Cε, q.s.,
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where C is independent of ε. Thus we obtain V (t, ξ) ≤ Y t,ξ,ut q.s.

Second, if η is a random variable satisfying η ≤ Y t,ξ,ut q.s. for any u ∈ U [t, T ], then we prove that V (t, ξ) ≥ η
q.s.

It follows from (4.6) that

η ≤
∞∑
k=1

Y t,xk,ut IAk + Cε, q.s., for any u ∈ U [t, T ],

where C depends on T , G and L. By Theorem 4.3 and the above inequality, we can get

η ≤
∞∑
k=1

V (t, xk)IAk + Cε, q.s. (4.8)

Thus we obtain V (t, ξ) ≥ η q.s. by (4.5) and (4.8), which implies the desired result.

Finally, we study the dynamic programming principle. The following lemmas are useful in deriving the
dynamic programming principle. The first lemma is a special case of Theorem 3.20 in [16].

Lemma 4.6. ([16])Let 0 < t < t′ ≤ T and c, c′ ∈ Rd with c ≤ c′. Then I{Bt′−Bt∈[c,c′)} ∈ L2
G(ΩT ).

Remark 4.7. For each 0 = t0 < t1 < · · · < tN ≤ T and ci, c
′
i ∈ Rd with ci ≤ c′i, i = 1, . . . , N , we have

N∏
i=1

I{Bti−Bti−1
∈[ci,c′i)} ∈ L

2
G(ΩT ).

Lemma 4.8. Let ξ ∈ L2
G(Ωs) with fixed s ∈ [0, T ]. Then there exists a sequence ξk =

∑Nk
i=1 x

k
i IAki , k ≥ 1, such

that

lim
k→∞

Ê
[
|ξ − ξk|2

]
= 0,

where xki ∈ R, IAki ∈ L
2
G(Ωs), i ≤ Nk, k ≥ 1 and (Aki )Nki=1 is a B(Ωs)-partition of Ω.

Proof. Since L2
G(Ωs) is the completion of Lip(Ωs) under the norm || · ||2, we only need to prove the case

ξ = ϕ(Bt1 , Bt2 −Bt1 , . . . , BtN −BtN−1
),

where N ≥ 1, 0 < t1 < · · · < tN ≤ s, ϕ ∈ Cb.Lip(Rd×N ).
By Remark 4.7, we know that

I{(Bt1 ,Bt2−Bt1 ,...,BtN−BtN−1
)∈[c,c′)} ∈ L2

G(Ωs)

for each c, c′ ∈ Rd×N with c ≤ c′. For each k ≥ 1, we can find

Aki = {(Bt1 , Bt2 −Bt1 , . . . , BtN −BtN−1
) ∈ [ci,k, c

′
i,k)}, i = 1, . . . , Nk − 1,
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such that [−ke, ke) = ∪i≤Nk−1[ci,k, c
′
i,k) with e = [1, . . . , 1]T ∈ Rd×N , |c′i,k − ci,k| ≤ k−1 and Aki ∩ Akj = ∅ for

i 6= j. Set AkNk = Ω\ ∪i≤Nk−1 A
k
i and

ξk =

Nk−1∑
i=1

ϕ(ci,k)IAki + 0IAkNk
.

Then we obtain

|ξ − ξk| ≤
Lϕ
k

+
Mϕ

k
(|Bt1 |+ |Bt2 −Bt1 |+ · · ·+ |BtN −BtN−1

|),

where Lϕ is the Lipschitz constant of ϕ and Mϕ is the bound of ϕ. Thus

Ê
[
|ξ − ξk|2

]
≤ C

k2
,

which yields the desired result.

In order to give the dynamic programming principle, we define the following backward semigroup Gt,x,ut,t+δ[·]
which was first introduced by Peng in [25].

For each given (t, x) ∈ [0, T )× Rn, δ ∈ [0, T − t], u ∈ U [t, t+ δ] and η ∈ L2
G(Ωt+δ), define

Gt,x,us,t+δ[η] = Ỹ t,x,us for s ∈ [t, t+ δ],

where (Xt,x,u
s , Ỹ t,x,us )s∈[t,t+δ] is the solution of the following forward and backward SDEs:{

dXt,x,u
s = b(s,Xt,x,u

s , us)ds+ hij(s,X
t,x,u
s , us)d〈Bi, Bj〉s + σ(s,Xt,x,u

s , us)dBs,

Xt,x,u
t = x,

(4.9)

and

Ỹ t,x,us = Ẽs

[
η +

∫ t+δ

s

f(r,Xt,x,u
r , Ỹ t,x,ur , ur)dr +

∫ t+δ

s

gij(r,X
t,x,u
r , Ỹ t,x,ur , ur)d〈Bi, Bj〉r

]
. (4.10)

The following lemma is the comparison theorem of backward SDE under Ẽ.

Lemma 4.9. Let Assumptions (H1) and (H2) hold, and let (t, x) ∈ [0, T ) × Rn, δ ∈ [0, T − t], u ∈ U [t, t + δ]
and η1, η2 ∈ L2

G(Ωt+δ) be given. If η1 ≥ η2 q.s., then Gt,x,ut,t+δ[η1] ≥ Gt,x,ut,t+δ[η2] q.s.

Proof. Denote Y 1
s = Gt,x,us,t+δ[η1], Y 2

s = Gt,x,us,t+δ[η2], Ŷs = Y 1
s − Y 2

s for s ∈ [t, t + δ], and η̂ = η1 − η2. For each

given ε > 0, just like the proof of Theorem 3.6 in [13], we can find (aεs)s∈[t,t+δ], (mε
s)s∈[t,t+δ], (cij,εs )s∈[t,t+δ],

(nij,εs )s∈[t,t+δ] ∈M2
G(t, t+ δ) such that |aεs| ≤ L, |cij,εs | ≤ L, |mε

s| ≤ 2Lε, |nij,εs | ≤ 2Lε,

f(r,Xt,x,u
r , Y 1

r , ur)− f(r,Xt,x,u
r , Y 2

r , ur) = aεrŶr +mε
r

and

gij(r,X
t,x,u
r , Y 1

r , ur)− gij(r,Xt,x,u
r , Y 2

r , ur) = cij,εr Ŷr + nij,εr .
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Then

Ŷs = Ẽs

[
η̂ + η̃ +

∫ t+δ

s

(aεrŶr +mε
r)dr +

∫ t+δ

s

(cij,εr Ŷr + nij,εr )d〈Bi, Bj〉r

]
− Ẽs[η̃], (4.11)

where s ∈ [t, t+ δ] and η̃ = η2 +
∫ t+δ
t

f(r,Xt,x,u
r , Y 2

r , ur)dr +
∫ t+δ
t

gij(r,X
t,x,u
r , Y 2

r , ur)d〈Bi, Bj〉r.
For each given k ≥ 1, set tkl = t + lδk−1, l = 0,1,. . .,k. By (4.11), one can check that, for s ∈ [tkl , t

k
l+1],

l = k − 1,. . .,0,

Ŷs = Ẽs

[
Ŷtkl+1

+ η̃ +

∫ tkl+1

s

(aεrŶr +mε
r)dr +

∫ tkl+1

s

(cij,εr Ŷr + nij,εr )d〈Bi, Bj〉r

]
− Ẽs[η̃]. (4.12)

Define (Ŷ kl )nl=0 backwardly as follows: set Ŷ kk = η̂, for l = k − 1,. . .,0,

Ŷ kl = Ẽtkl

[
Ŷ kl+1 + η̃ +

∫ tkl+1

tkl

(aεrŶ
k
l+1 +mε

r)dr +

∫ tkl+1

tkl

(cij,εr Ŷ kl+1 + nij,εr )d〈Bi, Bj〉r

]
− Ẽtkl [η̃]. (4.13)

Note that |
∫ s2
s1
ζrd〈Bi, Bj〉r| ≤ (Ê

[
|Bi|2

]
Ê
[
|Bj |2

]
)1/2

∫ s2
s1
|ζr|dr for each s1, s2 ∈ [t, t+ δ] and ζ ∈M1

G(t, t+

δ), then one can verify that∣∣∣∣∣
∫ tkl+1

tkl

aεrdr +

∫ tkl+1

tkl

cij,εr d〈Bi, Bj〉r

∣∣∣∣∣ ≤ C
∫ tkl+1

tkl

(|aεr|+ |cij,εr |)dr ≤ Ck−1

and ∣∣∣∣∣
∫ tkl+1

tkl

mε
rdr +

∫ tkl+1

tkl

nij,εr d〈Bi, Bj〉r

∣∣∣∣∣ ≤ C
∫ tkl+1

tkl

(|mε
r|+ |nij,εr |)dr ≤ Cεk−1,

where C is dependent of L and δ and independent of l. For each k ≥ k0 with Ck−1
0 ≤ 2−1, we have

Ŷ kk−1 ≥ Ẽtkk−1
[η̃ − Cεk−1]− Ẽtkk−1

[η̃] = −Cεk−1

and

Ŷ kk−2 ≥ Ẽtkk−2
[−(1 + Ck−1)Cεk−1 + η̃ − Cεk−1]− Ẽtkk−2

[η̃] = −[(1 + Ck−1) + 1]Cεk−1.

Continuing this process, we obtain

Ŷ k0 ≥ −Cεk−1
k−1∑
l=0

(1 + Ck−1)l ≥ −(eC − 1)ε. (4.14)

For each given η ∈ Lip(Ωt+δ), define φ(s1, s2) = Ê[|Ẽs1 [η]− Ẽs2 [η]|] for s1, s2 ∈ [t, t+ δ]. By the definition of
Ẽs[η], one can verify that φ is a continuous function. Then we get

sup
|s1−s2|≤δk−1

Ê[|Ẽs1 [η]− Ẽs2 [η]|]→ 0 as k →∞. (4.15)
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Note that

Y 2
s = Ẽs[η̃]−

∫ s

t

f(r,Xt,x,u
r , Y 2

r , ur)dr −
∫ s

t

gij(r,X
t,x,u
r , Y 2

r , ur)d〈Bi, Bj〉r,

then, by (4.15) and η̃ ∈ L2
G(Ωt+δ), one can check that

sup
|s1−s2|≤δk−1

Ê[|Y 2
s1 − Y

2
s2 |]→ 0 as k →∞. (4.16)

Similarly, the relation (4.16) still holds for Y 1. Thus we obtain

γk := sup
|s1−s2|≤δk−1

Ê[|Ŷs1 − Ŷs2 |]→ 0 as k →∞. (4.17)

Define ∆k
l = Ŷtkl − Ŷ

k
l for l = 0,1,. . .,k. By (4.12), (4.13) and (4.17), we get

Ê[|∆k
l |] ≤ (1 + Ck−1)Ê[|∆k

l+1|] + Ck−1γk, (4.18)

where l = k − 1,. . .,0, ∆k
k = 0, C depends on L and δ. Similar to (4.14), we deduce

Ê[|∆k
0 |] = Ê[|Ŷt − Ŷ k0 |] ≤ (eC − 1)γk. (4.19)

It follows from (4.14), (4.17) and (4.19) that Ŷt ≥ −(eC − 1)ε q.s. Since ε is arbitrary, we obtain the desired
result.

The following theorem is the dynamic programming principle.

Theorem 4.10. Let Assumptions (H1) and (H2) hold. Then, for each (t, x) ∈ [0, T ) × Rn, δ ∈ [0, T − t], we
have

V (t, x) = ess inf
u∈U [t,t+δ]

Gt,x,ut,t+δ[V (t+ δ,Xt,x,u
t+δ )] = inf

u∈Ut[t,t+δ]
Gt,x,ut,t+δ[V (t+ δ,Xt,x,u

t+δ )]. (4.20)

Proof. By Theorem 4.3, we have

ess inf
u∈U [t,t+δ]

Gt,x,ut,t+δ[V (t+ δ,Xt,x,u
t+δ )] = inf

u∈Ut[t,t+δ]
Gt,x,ut,t+δ[V (t+ δ,Xt,x,u

t+δ )].

For any u ∈ U t[t, T ], by Theorem 4.5, we get

Y t,x,ut+δ = Y
t+δ,Xt,x,ut+δ ,u

t+δ ≥ V (t+ δ,Xt,x,u
t+δ ) q.s.

Then, by Lemma 4.9, we obtain

Y t,x,ut = Gt,x,ut,t+δ[Y
t,x,u
t+δ ] ≥ Gt,x,ut,t+δ[V (t+ δ,Xt,x,u

t+δ )],

which implies

V (t, x) ≥ inf
u∈Ut[t,t+δ]

Gt,x,ut,t+δ[V (t+ δ,Xt,x,u
t+δ )].
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Now we prove the converse inequality. For each given ε > 0, there exists a v ∈ U t[t, t+ δ] such that

Gt,x,vt,t+δ[V (t+ δ,Xt,x,v
t+δ )] ≤ ε+ inf

u∈Ut[t,t+δ]
Gt,x,ut,t+δ[V (t+ δ,Xt,x,u

t+δ )]. (4.21)

Since Xt,x,v
t+δ ∈ L2

G(Ωtt+δ;Rn), by Lemma 4.8, we can find a sequence ξk =
∑Nk
l=1 x

k
l IAkl , k ≥ 1, such that

Ê
[
|Xt,x,v

t+δ − ξk|
2
]
≤ k−1, (4.22)

where xkl ∈ Rn, IAkl ∈ L
2
G(Ωtt+δ), l ≤ Nk, k ≥ 1 and (Akl )Nkl=1 is a B(Ωtt+δ)-partition of Ω. For each xkl , we can

find vkl ∈ U t+δ[t+ δ, T ] such that

V (t+ δ, xkl ) ≤ Y t+δ,x
k
l ,v

k
l

t+δ ≤ V (t+ δ, xkl ) + ε. (4.23)

Set

vk(s) =

Nk∑
l=1

vkl (s)IAkl for s ∈ [t+ δ, T ],

and

uk(s) = v(s)I[t,t+δ)(s) + vk(s)I[t+δ,T ](s) for s ∈ [t, T ],

it is easy to verify that vk ∈ U [t+ δ, T ] and uk ∈ U t[t, T ]. Thus we get

V (t, x) ≤ Y t,x,u
k

t = Gt,x,vt,t+δ[Y
t,x,uk

t+δ ]. (4.24)

Similarly to the proof of inequality (4.1), we obtain that∣∣∣Gt,x,vt,t+δ[Y
t,x,uk

t+δ ]−Gt,x,vt,t+δ[V (t+ δ,Xt,x,v
t+δ )]

∣∣∣2 ≤ CÊ [∣∣∣Y t,x,ukt+δ − V (t+ δ,Xt,x,v
t+δ )

∣∣∣2] (4.25)

and

Ê

[∣∣∣∣Y t+δ,Xt,x,vt+δ ,vk

t+δ − Y t+δ,ξk,v
k

t+δ

∣∣∣∣2
]
≤ C sup

s∈[t+δ,T ]

Ê

[∣∣∣∣Xt+δ,Xt,x,vt+δ ,vk

s −Xt+δ,ξk,v
k

s

∣∣∣∣2
]
, (4.26)

where C depends on T , G and L. By Theorem 3.2, (4.22) and (4.26), we have

Ê

[∣∣∣∣Y t+δ,Xt,x,vt+δ ,vk

t+δ − Y t+δ,ξk,v
k

t+δ

∣∣∣∣2
]
≤ CÊ

[∣∣Xt,x,v
t+δ − ξk

∣∣2] ≤ Ck−1, (4.27)

where C depends on T , G and L. Noting that Y t,x,u
k

t+δ = Y
t+δ,Xt,x,vt+δ ,vk

t+δ , we deduce from (4.24), (4.25) and (4.27)
that

V (t, x) ≤ Gt,x,vt,t+δ[V (t+ δ,Xt,x,v
t+δ )] + C

(
√
k−1 +

√
Ê
[∣∣∣Y t+δ,ξk,vkt+δ − V (t+ δ,Xt,x,v

t+δ )
∣∣∣2]) , (4.28)
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where C depends on T , G and L. It is easy to check that

Y t+δ,ξk,v
k

t+δ =

Nk∑
l=1

Y
t+δ,xkl ,v

k
l

t+δ IAkl . (4.29)

Then we obtain from (4.23) and (4.29) that

V (t+ δ, ξk) =

Nk∑
l=1

V (t+ δ, xkl )IAkl ≤ Y
t+δ,ξk,v

k

t+δ ≤ V (t+ δ, ξk) + ε. (4.30)

By Proposition 4.4 and (4.30), we get

Ê
[∣∣∣Y t+δ,ξk,vkt+δ − V (t+ δ,Xt,x,v

t+δ )
∣∣∣2] ≤ C (ε2 + Ê

[∣∣Xt,x,v
t+δ − ξk

∣∣2]) ≤ C(ε2 + k−1), (4.31)

where C depends on T , G and L. By (4.21), (4.28) and (4.31), we deduce that

V (t, x) ≤ C(ε+
√
k−1) + inf

u∈Ut[t,t+δ]
Gt,x,ut,t+δ[V (t+ δ,Xt,x,u

t+δ )],

which implies the desired result by letting k →∞ and then ε ↓ 0.

Remark 4.11. In the above proof, we use Lemma 4.8 to find vk, which can be used to simplify the proof of
the dynamic programming principle and is easier than the implied partition method in [11].

Now we use the dynamic programming principle to prove the continuity of V (·, ·) in t.

Lemma 4.12. Let Assumptions (H1) and (H2) hold. Then the value function V (·, ·) is 1
2 Hölder continuous in

t.

Proof. For each (t, x) ∈ [0, T )× Rn, δ ∈ [0, T − t], by Theorem 4.10, we get

|V (t, x)− V (t+ δ, x)| ≤ sup
u∈Ut[t,t+δ]

|Gt,x,ut,t+δ[V (t+ δ,Xt,x,u
t+δ )]− V (t+ δ, x)|. (4.32)

For each given u ∈ U t[t, t+δ], by the definition of the backward semigroup, we know Gt,x,ut,t+δ[V (t+δ,Xt,x,u
t+δ )] = Yt,

where (Ys)s∈[t,t+δ] is the solution of the following backward SDE:

Ys = Ẽs

[
V (t+ δ,Xt,x,u

t+δ ) +

∫ t+δ

s

f(r,Xt,x,u
r , Yr, ur)dr +

∫ t+δ

s

gij(r,X
t,x,u
r , Yr, ur)d〈Bi, Bj〉r

]
.

By Assumptions (H1), (H2) and Proposition 4.4, one can verify that

|Ys − V (t+ δ, x)| ≤ CÊs

[
|Xt,x,u

t+δ − x|+
∫ t+δ

s

(1 + |x|+ |Xt,x,u
r |+ |Yr − V (t+ δ, x)|)dr

]
,

where C depends on T , G and L. It follows from the Gronwall inequality under Ê that

|Yt − V (t+ δ, x)| ≤ CÊt

[
|Xt,x,u

t+δ − x|+
∫ t+δ

t

(1 + |x|+ |Xt,x,u
r |)dr

]
,
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where C depends on T , G and L. Since Êt[|Xt,x,u
t+δ − x|] ≤ (Êt[|Xt,x,u

t+δ − x|2])1/2 and Êt[|Xt,x,u
r |] ≤

(Êt[|Xt,x,u
r |2])1/2, we obtain

|Gt,x,ut,t+δ[V (t+ δ,Xt,x,u
t+δ )]− V (t+ δ, x)| ≤ C(1 + |x|)

√
δ

by Theorem 3.2, where C depends on T , G and L. Thus we obtain |V (t, x) − V (t + δ, x)| ≤ C(1 + |x|)
√
δ by

inequality (4.32).

5. The viscosity solution to the HJB equation

In this section, we prove that the value function V (·, ·) is the unique viscosity solution to the following HJB
equation: {

∂tV (t, x) + inf
u∈U

H(t, x, V (t, x), ∂xV (t, x), ∂2
xxV (t, x), u) = 0,

V (T, x) = Φ(x), x ∈ Rn,
(5.1)

where

H(t, x, v, p, A, u) = G̃(F (t, x, v, p, A, u)) + 〈p, b(t, x, u)〉+ f(t, x, v, u),
Fij(t, x, v, p, A, u) = (σT (t, x, u)Aσ(t, x, u))ij + 2〈p, hij(t, x, u)〉+ 2gij(t, x, v, u),

(5.2)

(t, x, v, p, A, u) ∈ [0, T ]× Rn × R× Rn × Sn × U , G̃ is defined in (2.1).
The following is the definition of the viscosity solution to (5.1) (see [3]).

Definition 5.1. A function V (·, ·) ∈ C ([0, T ]× Rn) is called a viscosity subsolution (resp. supersolution) to
(5.1) if V (T, x) ≤ Φ(x) (resp. V (T, x) ≥ Φ(x)) for each x ∈ Rn, and for each given (t, x) ∈ [0, T ) × Rn, ϕ ∈
C2,3
b ([0, T ]× Rn) such that ϕ (t, x) = V (t, x) and ϕ ≥ V (resp. ϕ ≤ V ) on [0, T ]× Rn, we have

∂tϕ(t, x) + inf
u∈U

H(t, x, ϕ(t, x), ∂xϕ(t, x), ∂2
xxϕ(t, x), u) ≥ 0 (resp. ≤ 0).

A function V (·, ·) ∈ C ([0, T ]× Rn) is called a viscosity solution to (5.1) if it is both a viscosity subsolution
and a viscosity supersolution to (5.1).

Remark 5.2. C2,3
b ([0, T ]×Rn) denotes the set of real-valued functions that are continuously differentiable up

to the second order (resp. third order) in t-variable (resp. x-variable) and whose derivatives are bounded.

Remark 5.3. According to Theorem C.3.5 in [26], for the case that

Φ ∈ C0(Rn) = {φ ∈ C(Rn) : lim
|x|→∞

φ(x) = 0},

the viscosity solution to (5.1) is unique; for the case that Φ ∈ C(Rn) satisfying |Φ(x)| ≤ C(1 + |x|p) for some
positive constants C and p, the meaning of the uniqueness is that, for each Φk ∈ C0(Rn) such that Φk converges
uniformly to Φ on each compact set and |Φk| ≤ C(1 + |x|p), we have V Φk(t, x)→ V Φ(t, x) for (t, x) ∈ [0, T ]×Rn.

Theorem 5.4. Let Assumptions (H1) and (H2) hold. Then the value function V (·, ·) defined in (3.3) is the
unique viscosity solution to the HJB equation (5.1).
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In order to prove this theorem, we need the following lemmas. Let ϕ ∈ C2,3
b ([0, T ]× Rn) be given. For each

given (t, x) ∈ [0, T )× Rn, δ ∈ [0, T − t] and u ∈ U [t, t+ δ], we consider the following BSDEs

Y us = Ẽs

[
ϕ(t+ δ,Xt,x,u

t+δ ) +

∫ t+δ

s

f(r,Xt,x,u
r , Y ur , ur)dr +

∫ t+δ

s

gij(r,X
t,x,u
r , Y ur , ur)d〈Bi, Bj〉r

]
, (5.3)

Y 1,u
s = Ẽs

[∫ t+δ

s

F1(r,Xt,x,u
r , Y 1,u

r , ur)dr +

∫ t+δ

s

F ij2 (r,Xt,x,u
r , Y 1,u

r , ur)d〈Bi, Bj〉r

]
(5.4)

and

Y 2,u
s = Ẽs

[∫ t+δ

s

F1(r, x, 0, ur)dr +

∫ t+δ

s

F ij2 (r, x, 0, ur)d〈Bi, Bj〉r

]
, (5.5)

where s ∈ [t, t+ δ], (Xt,x,u
s )s∈[t,t+δ] is the solution of the SDE (4.9),

F1(s, x, y, u) = ∂tϕ(s, x) + 〈b(s, x, u), ∂xϕ(s, x)〉+ f(s, x, y + ϕ(s, x), u),

F ij2 (s, x, y, u) =
1

2
Fij(s, x, y + ϕ(s, x), ∂xϕ(s, x), ∂2

xxϕ(s, x), u).

Lemma 5.5. For each u ∈ U [t, t+ δ], we have

Y 1,u
s = Y us − ϕ(s,Xt,x,u

s ) for s ∈ [t, t+ δ].

Proof. Applying Itô’s formula to ϕ(r,Xt,x,u
r ) on [s, t + δ], we obtain that (Y us − ϕ(s,Xt,x,u

s ))s∈[t,t+δ] satisfies
the backward SDE (5.4), which implies the desired result by the uniqueness of the solution.

Lemma 5.6. For each u ∈ U t[t, t+ δ], we have

|Y 1,u
t − Y 2,u

t | ≤ C(1 + |x|3)δ3/2,

where the constant C is dependent on T , G, L and independent of u.

Proof. Noting that ϕ ∈ C2,3
b ([0, T ]× Rn) and U is compact, one can verify that

|F1(r, x, 0, ur)| ≤ C(1 + |x|) and |F ij2 (r, x, 0, ur)| ≤ C(1 + |x|2),

where C is dependent on L and independent of u. Thus

|Y 2,u
s | ≤ C(1 + |x|2)δ for s ∈ [t, t+ δ], (5.6)

where C is dependent on G, L and independent of u. Set Ŷs = Y 1,u
s − Y 2,u

s for s ∈ [t, t+ δ], by (5.4) and (5.5),
we get

|Ŷs| ≤ CÊs

[∫ t+δ

s

(F̂r + |Ŷr|)dr

]
,
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where C > 0 is dependent on G, L and independent of u,

F̂r = |F1(r,Xt,x,u
r , Y 2,u

r , ur)− F1(r, x, 0, ur)|+ |F ij2 (r,Xt,x,u
r , Y 2,u

r , ur)− F ij2 (r, x, 0, ur)|.

Note that Y 1,u
t ∈ R and Y 2,u

t ∈ R for each u ∈ U t[t, t+ δ], then, by the Gronwall inequality under Ê, we obtain

|Y 1,u
t − Y 2,u

t | ≤ CÊ

[∫ t+δ

t

F̂rdr

]
, (5.7)

where C > 0 is dependent on T , G, L and independent of u. One can check that

F̂r ≤ C
[
(1 + |x|2)|Xt,x,u

r − x|+ |Xt,x,u
r − x|2 + |Y 2,u

r |
]
, (5.8)

where C is dependent on L and independent of u. It follows from (5.6), (5.7), (5.8) and Theorem 3.2 that

|Y 1,u
t − Y 2,u

t | ≤ C

(1 + |x|2)δ

(
Ê

[
sup

r∈[t,t+δ]

|Xt,x,u
r − x|2

])1/2

+ δÊ

[
sup

r∈[t,t+δ]

|Xt,x,u
r − x|2

]
+ (1 + |x|2)δ2


≤ C(1 + |x|3)δ3/2,

where C is dependent on T , G, L and independent of u.

Lemma 5.7. Let η = (ηij)di,j=1 ∈M1
G(0, T ;Sd). Then, for each s ≤ T , we have

Ẽs

[∫ T

s

ηijr d〈Bi, Bj〉r −
∫ T

s

G̃(2ηr)dr

]
= 0.

Proof. For each η, η̃ ∈M1
G(0, T ;Sd), one can verify that

Ê

[∣∣∣∣∣Ẽs
[∫ T

s

ηijr d〈Bi, Bj〉r −
∫ T

s

G̃(2ηr)dr

]
− Ẽs

[∫ T

s

η̃ijr d〈Bi, Bj〉r −
∫ T

s

G̃(2η̃r)dr

]∣∣∣∣∣
]

≤ CÊ

[∫ T

s

|ηr − η̃r|dr

]
,

where C only depends on G. Thus we only need to prove the case η ∈M0
G(0, T ;Sd), i.e.,

ηr =

N−1∑
k=0

ηtkI[tk,tk+1)(r),

where s = t0 < · · · < tN = T , ηtk ∈ Lip(Ωtk ;Sd). Since Ẽs[·] = Ẽs[Ẽtk [·]], we only need to prove

Ẽtk
[
ηijtk(〈Bi, Bj〉tk+1

− 〈Bi, Bj〉tk)− G̃(2ηtk)(tk+1 − tk)
]

= 0. (5.9)

Applying Itô’s formular to 〈ηtk(Br −Btk), Br −Btk〉 on [tk, tk+1], we get

Ẽtk
[
ηijtk(〈Bi, Bj〉tk+1

− 〈Bi, Bj〉tk)
]

= Ẽtk
[
〈ηtk(Btk+1

−Btk), Btk+1
−Btk〉

]
.
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For each given A ∈ Sd, define

u(t, x) = Ẽ [〈A(x+Bt), x+Bt〉] for (t, x) ∈ [0,∞)× Rd.

By Theorem C.3.5 in [26], we know that u is a viscosity solution to the following PDE

∂tu− G̃(∂2
xxu) = 0, u(0, x) = 〈Ax, x〉. (5.10)

On the other hand, by the proof of Theorem 3.8.2 in [26], we have

u(t, x) = 〈Ax, x〉+ Ẽ [〈ABt, Bt〉] = 〈Ax, x〉+ Ẽ [〈AB1, B1〉] t. (5.11)

By (5.10) and (5.11), we obtain Ẽ [〈AB1, B1〉] = G̃(2A), which implies Ẽ [〈ABt, Bt〉] = G̃(2A)t. Thus we have

Ẽtk
[
ηijtk(〈Bi, Bj〉tk+1

− 〈Bi, Bj〉tk)
]

= G̃(2ηtk)(tk+1 − tk),

which implies (5.9).

Remark 5.8. It is important to note that we can not derive Ẽ [〈AB1, B1〉] = G̃(2A) by u(t, x) = 〈Ax, x〉 +
G̃(2A)t satisfying (5.10). Because, in this case of u(0, x) = 〈Ax, x〉 6∈ C0(Rn), the meaning of uniqueness of
viscosity solution is stated as in Remark 5.3.

Lemma 5.9. We have

inf
u∈Ut[t,t+δ]

Y 2,u
t =

∫ t+δ

t

F0(r, x)dr,

where

F0(r, x) = inf
v∈U
{F1(r, x, 0, v) + G̃(2(F ij2 (r, x, 0, v))dij=1)}.

Proof. For each u ∈ U t[t, t+ δ], by Lemma 5.7, we get

Y 2,u
t = Ẽt

[∫ t+δ

t

F1(r, x, 0, ur)dr +

∫ t+δ

t

F ij2 (r, x, 0, ur)d〈Bi, Bj〉r

]

≥ Ẽt

[∫ t+δ

t

F0(r, x)dr +

∫ t+δ

t

F ij2 (r, x, 0, ur)d〈Bi, Bj〉r −
∫ t+δ

t

G̃(2(F ij2 (r, x, 0, ur))
d
ij=1)dr

]

=

∫ t+δ

t

F0(r, x)dr.

Hence, infu∈Ut[t,t+δ] Y
2,u
t ≥

∫ t+δ
t

F0(r, x)dr. On the other hand, we can choose a deterministic control u∗ ∈
U t[t, t+ δ] such that ∫ t+δ

t

[F1(r, x, 0, u∗r) + G̃(2(F ij2 (r, x, 0, u∗r))
d
ij=1)]dr =

∫ t+δ

t

F0(r, x)dr.

Then we obtain Y 2,u∗

t =
∫ t+δ
t

F0(r, x)dr by Lemma 5.7, which implies infu∈Ut[t,t+δ] Y
2,u
t ≤

∫ t+δ
t

F0(r, x)dr. Thus
we obtain the desired result.
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Proof of Theorem 5.4. By Proposition 4.4 and Lemma 4.12, we know that V (·, ·) is continuous on [0, T ]×Rn.
Now, we first prove that V (·, ·) is the viscosity subsolution to (5.1).

For each given (t, x) ∈ [0, T )× Rn, suppose ϕ ∈ C2,3
b ([0, T ]× Rn) such that ϕ(t, x) = V (t, x) and ϕ ≥ V on

[0, T ]× Rn. For each δ ∈ [0, T − t], by Theorem 4.10, we get

V (t, x) = inf
u∈Ut[t,t+δ]

Gt,x,ut,t+δ[V (t+ δ,Xt,x,u
t+δ )].

Since ϕ(t+ δ,Xt,x,u
t+δ ) ≥ V (t+ δ,Xt,x,u

t+δ ), by Lemma 4.9, we obtain Gt,x,ut,t+δ[V (t+ δ,Xt,x,u
t+δ )] ≤ Y ut . It follows from

ϕ(t, x) = V (t, x), Lemmas 5.5 and 5.6 that

inf
u∈Ut[t,t+δ]

Y 2,u
t ≥ inf

u∈Ut[t,t+δ]
Y 1,u
t − C(1 + |x|3)δ3/2

= inf
u∈Ut[t,t+δ]

(Y ut − ϕ(t, x))− C(1 + |x|3)δ3/2

≥ −C(1 + |x|3)δ3/2,

where C is dependent on T , G, L. By Lemma 5.9, we get

δ−1

∫ t+δ

t

F0(r, x)dr ≥ −C(1 + |x|3)δ1/2.

One can verify that F0(·, x) is continuous in r. Hence we obtain F0(t, x) ≥ 0 by letting δ ↓ 0, which implies
that V (·, ·) is the viscosity subsolution to (5.1). By the same method, we can prove that V (·, ·) is the viscosity
supersolution to (5.1). Thus V (·, ·) is the viscosity solution to (5.1).

For the uniqueness of the viscosity solution, we only need to prove the case Φ ∈ C0(Rn) according to Remark
5.3. Hoverever, by the proof of Theorem C.2.9 with l = 0 in [26], we see that in order to get the uniqueness we
just need to know that infu∈U H(t, x, v, p, A, u) satisfies assumption (G′). For each t ∈ [0, T ), x, y ∈ Rn, v ∈ R,
α > 0, A, B ∈ Sn such that (

A 0
0 B

)
≤ 3α

(
In −In
−In In

)
,

we have

inf
u∈U

H(t, x, v, α(x− y), A, u)− inf
u∈U

H(t, y, v, α(x− y),−B, u)

≤ sup
u∈U

[H(t, x, v, α(x− y), A, u)−H(t, y, v, α(x− y),−B, u)]

≤ sup
u∈U

G(F (t, x, v, α(x− y), A, u)− F (t, y, v, α(x− y),−B, u)) + L(|x− y|+ α|x− y|2)

≤ sup
u∈U

G(σT (t, x, u)Aσ(t, x, u) + σT (t, y, u)Bσ(t, y, u)) + C(|x− y|+ α|x− y|2)

≤ sup
u∈U

G(3α(σ(t, x, u)− σ(t, y, u))T (σ(t, x, u)− σ(t, y, u))) + C(|x− y|+ α|x− y|2)

≤ C(|x− y|+ α|x− y|2),

where C depends on L and G. Thus infu∈U H(t, x, v, p, A, u) satisfies assumption (G′), which implies that V (·, ·)
is the unique viscosity solution to (5.1). �

Finally, we give the following stochastic verification theorem.
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Theorem 5.10. Let Assumptions (H1) and (H2) hold. Suppose that Ṽ ∈ C1,2([0, T ]×Rn) is a solution to the
HJB equation (5.1), and ∂tṼ , ∂2

xxṼ are functions of polynomial growth. For each given (t, x) ∈ [0, T )× Rn, if
ū ∈ U t[t, T ] satisfies

∂sṼ (s,Xt,x,ū
s ) +H(s,Xt,x,ū

s , Ṽ (s,Xt,x,ū
s ), ∂xṼ (s,Xt,x,ū

s ), ∂2
xxṼ (s,Xt,x,ū

s ), ūs) = 0, s ∈ [t, T ],

then

Y t,x,ūt = inf
u∈Ut[t,T ]

Y t,x,ut .

Proof. For each u ∈ U t[t, T ], applying Itô’s formula to Ṽ (r,Xt,x,u
r ) on [s, T ] for s ∈ [t, T ], we obtain

Ṽ (s,Xt,x,u
s ) +

∫ T

s

1

2
Fij(Θr)d〈Bi, Bj〉r −

∫ T

s

G̃(F (Θr))dr +

∫ T

s

(∂xṼ (r,Xt,x,u
r ))Tσ(r,Xt,x,u

r , ur)dBr (5.12)

= Φ(Xt,x,u
T )−

∫ T

s

lrdr +

∫ T

s

f(Θ′r)dr +

∫ T

s

gij(Θ
′
r)d〈Bi, Bj〉r,

where Fij(·) is defined in (5.2),

Θr = (r,Xt,x,u
r , Ṽ (r,Xt,x,u

r ), ∂xṼ (r,Xt,x,u
r ), ∂2

xxṼ (r,Xt,x,u
r ), ur),

lr = ∂sṼ (r,Xt,x,u
r ) +H(Θr), Θ′r = (r,Xt,x,u

r , Ṽ (r,Xt,x,u
r ), ur).

Noting that ∂tṼ and ∂2
xxṼ are functions of polynomial growth, we obtain (Fij(Θr))r∈[t,T ], (lr)r∈[t,T ] ∈M2

G(t, T )

by Theorem 3.2. By Lemma 5.7 and taking Ẽs [·] on both sides of (5.12), we get that Ỹs = Ṽ (s,Xt,x,u
s ) is the

solution of the following BSDE

Ỹs = Ẽs

[
Φ(Xt,x,u

T )−
∫ T

s

lrdr +

∫ T

s

f(r,Xt,x,u
r , Ỹr, ur)dr +

∫ T

s

gij(r,X
t,x,u
r , Ỹr, ur)d〈Bi, Bj〉r

]
. (5.13)

Since Ṽ is a solution to the HJB equation (5.1), we know that lr ≥ 0 for r ∈ [t, T ]. The same proof of Lemma
4.9 for BSDEs (1.4) and (5.13), we obtain

Y t,x,ut ≥ Ỹt = Ṽ (t, x).

If u = ū, then lr = 0 for r ∈ [t, T ] by the assumption. Thus Y t,x,ūt = Ṽ (t, x), which implies the desired result.

Example 5.11. For n = m = d = 1, consider the following simple stochastic linear model:{
dXt,x,u

s = Xt,x,u
s ds+ usdBs, X

t,x,u
t = x,

Y t,x,us = Ẽs
[
|Xt,x,u

T |2 +
∫ T
s

(−2Y t,x,ur − ur)dr
]
,

(5.14)

where U = [1, 2]. The related HJB equation is{
∂tV + inf

u∈[1,2]

[
G̃(u2∂2

xxV ) + x∂xV + (−2V − u)
]

= 0,

V (T, x) = x2.
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It is easy to check that V (t, x) = λ
2 (1− e2(t−T )) + x2 is a solution to the above HJB equation, where

λ = inf
u∈[1,2]

[
G̃(2u2)− u

]
.

Note that there exists a c ∈ [1, 2] satisfying
[
G̃(2c2)− c

]
= λ. Then, by Theorem 5.10, we obtain that ū = c is

an optimal control for (5.14).

Remark 5.12. Under the weak framework, [10] and [31] studied the existence of optimal Markov control policy,
i.e., ūs = ū(s,Xs). However, in our strong framework, we can not get this type of optimal control policy in
general.
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