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ERGODIC RISK-SENSITIVE CONTROL OF MARKOV PROCESSES
ON COUNTABLE STATE SPACE REVISITED

ANUP BISwAS*® AND SOMNATH PRADHAN

Abstract. We consider a large family of discrete and continuous time controlled Markov processes
and study an ergodic risk-sensitive minimization problem. Under a blanket stability assumption, we
provide a complete analysis to this problem. In particular, we establish uniqueness of the value function
and verification result for optimal stationary Markov controls, in addition to the existence results. We
also revisit this problem under a near-monotonicity condition but without any stability hypothesis. Our
results also include policy improvement algorithms both in discrete and continuous time frameworks.
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1. INTRODUCTION

Let X be a controlled Markov process (CMP), either discrete or continuous time, taking values in a discrete
state space S. Let 4 be the class of admissible controls which also includes history dependent controls. We study
the minimization problem of ergodic exponential cost given by

1 -
&ile, Q) = Th_r}r;o T log Ef {eEzT:ol C(Xt7<t)i| (for discrete time),

1
&i(e, Q) = 1}1_1)1;0 T log Ef [efoT C(vagt)dt} (for continuous time),

where c is the running cost and ¢ € $l. More precisely, we are interested in the optimal value
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2 A. BISWAS AND S. PRADHAN

and the characterization of all optimal stationary Markov controls. Our main results, Theorems 2.5 and 3.6,
establish existence of an eigenpair (X, ¥*),y* > 0, satisfying

eN (i) = min, ey () {ec(i’“) > () PGl u)} (for discrete time),

(1.1)
Xap*(i) = min,eye) {Zjes v*(5)a(jli, uw) + c(i, u)z/;*(z)} (for continuous time),

and also show that any minimizing selector of (1.1) is an optimal control. In addition, We show that ¥* is
unique upto a normalization and any optimal stationary Markov control is a measurable selector of (1.1). We
also propose a policy improvement algorithm (PIA) and establish its convergence.

To the best of our knowledge, risk-sensitive optimization problems have been first considered in the sem-
inal paper by Howard and Matheson [31], but it was only lately that this topic gained renewed interest due
to applications in finance and large deviation theory. In this respect we mention the interesting work of Kon-
toylannis and Meyn [35] studying multiplicative ergodic theorem and large deviation principle for geometrically
stable Markov processes. Some of the early works on finite horizon risk-sensitive control includes Jacobson [32],
Speyer, Deyst and Jacobson [44], Speyer [43], Gheorghe [20], Whittle [48], James, Baras and Elliott [33], etc.
Bielecki, Herndndez-Hernandez and Pliska [15] consider the ergodic risk-sensitive problem for CMP with a finite
state space and establish the existence of a unique solution to (1.1). Ergodic risk-sensitive control for discrete
time CMP with countable state space is studied by Borkar and Meyn [17] (see also, Herndndez-Herndndez and
Marcus [28]). Di Masi and Stettner [18, 19] consider the problem in a general state space. Later Shen, Stannat
and Obermayer [42], Biuerle and Rieder [10] extend these results for a wider class of utility functions. Let us
also mention the work of Basu and Ghosh [9], Béuerle and Rieder [11] which study zero-sum game with ergodic
risk-sensitive cost criterion. Most of the above mentioned works, with the exception of [11, 18], establish exis-
tence of a solution to (1.1) and show that every minimizing selector is an optimal control. So a natural question
is whether all the optimal stationary Markov controls are obtained in this fashion from (1.1). Also, given any
eigenpair (X, V),V > 0, satisfying (1.1) whether we can find an optimal Markov control through a measurable
selection. This is also related with the uniqueness of ¢*. In [11, 18], the authors establish uniqueness of ¢* under
a more restrictive setting (see (A1) of [18], (E2) of [11]). The uniqueness of ¢* in these papers is a consequence
of the contraction property of certain map associated to (1.1). Also, this uniqueness result is established among
a class of functions belonging to a certain weighted Banach space and arguments of these articles do not give
uniqueness in the class of all positive continuous functions. Furthermore, the results of [11, 18] can not be used to
obtain a verification result for optimal stationary Markov controls. Let us also mention our result Theorem 2.21
which establishes existence of an optimal stationary Markov control under a near-monotonicity assumption on
the cost but does not impose any stability hypothesis.

On the other hand, the literature on risk-sensitive control problems for continuous time CMP are very
few, especially for ergodic risk-sensitive control problems. Wei [46], Guo et al. [25] investigate finite horizon
risk-sensitive criterion for continuous time CMP taking values in a countable state space. An infinite horizon
discounted cost criterion is considered by Guo and Liao [24]. Wei and Chen [47] consider the ergodic risk-
sensitive criterion for a finite-state continuous time CMP and establish the existence of an optimal control
using the nonlinear eigen-equation (1.1). The articles that are close to the problem we are considering in
this paper are by Ghosh and Saha [21], Suresh Kumar and Pal [45], Guo and Huang [23]. [21] studies the
problem under a stability hypothesis whereas [45] imposes a near-monotonicity assumption on the cost. Both
the articles obtain the existence of a principal eigenfunction satisfying (1.1) and show that any minimizing
selector is an optimal Markov control. Recently, Guo and Huang [23] study a similar control problem for
continuous time CMP satisfying a blanket geometric-stability condition, and the existence of solutions to (1.1)
and the existence of an optimal stationary Markov control are established. It should be noted that the stability
hypothesis in Assumption 3.1 of [23] is stronger than our Assumption 3.4. Uniqueness of the value function ¢*
is also established in [23] by imposing a further set of conditions (see Asms. 5.1 and 6.1 there). In this article
we do not impose any such conditions to obtain the uniqueness of ¥*. We take a different approach to attack
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this problem and establish the existence of a unique eigenfunction and verification result for optimal stationary
Markov controls (see Thm. 3.6), under a blanket stability hypothesis. In Theorems 3.16 and 3.17 we consider
the problem under a condition of near-monotonicity on the cost function and establish existence of optimal
stationary Markov controls. Our approach in this article is inspired from the work of Biswas [16], Arapostathis
et al. [6] (see also [3]) where ergodic risk-sensitive control is studied for non-degenerate controlled diffusion. It
should be observed that the ideas of [3, 6, 16] can not be adapted in a straightforward manner to the present
setting. These papers use several analytic tools such as Harnack’s inequality, Sobolev estimate, monotonicity
of Dirichlet principal eigenvalues for their analysis. We do not have similar estimates in hand. On the other
hand, our state space being discrete, we get an advantage in the passage of several limits using a standard
diagonalization argument.

As mentioned above we also provide a PIA for both discrete and continuous time setup. In their work [17],
Borkar and Meyn propose a PIA for norm-like cost function and establish its convergence, provided some
additional hypotheses hold ([17], Thm. 5.4). Some of these conditions are not easily verifiable. Ghosh and Saha
[21] (see also [23]) prove convergence of PIA for a finite state CMP. Both the papers [17, 21] assume their
action space to be finite. In a recent work, Arapostathis, Biswas and Pradhan [5] establish convergence of
their proposed PIA for non-degenerate controlled diffusions, provided the diffusion satisfies certain stability
hypothesis. In Section 4 we propose a PIA and show that the algorithm converges to the optimal value X*. For
our result we make use of a characterization of the Perron-Frobenius eigenvalue (see (4.1)).

The rest of the article is organized as follows: In Section 2 we consider the discrete time CMP and our main
results of this section are Theorems 2.5 and 2.21. Section 3 studies a similar problem for continuous time CMP.
Finally, in Section 4 we consider the policy improvement algorithms.

2. RISK-SENSITIVE CONTROL FOR DISCRETE TIME CMP

2.1. Description of the problem

We consider a controlled Markov process X := {Xy, X1,...} on a denumerable state space S := {1,2,...}
controlled by a control process ¢ := {(p,(1,. ..} taking values in U. Here U is a Borel space endowed with the
Borel o algebra B(U). For every i € S, U(i) € B(U) stands for the nonempty compact set of all admissible
actions when the system is at the state i. The space of all admissible state action pairs is given by X := {(i,u) :
i € S,u €U(i)}. For each A € B(S) the controlled stochastic kernel P(A|-) : X — [0,1] is Borel measurable.
We denote by ¢ : X — R, the one-stage cost function. For each t € IN, the space H; denotes the admissible
histories upto time ¢, where Hy := S, H; = K x H;_1. A generic element h; of J; is a vector of the form

ht:(:EOaunylaulw”>xt717ut717xt)7 with (:Esuus) 69{7 OSSSt_:L

and z; € S, denotes the observable history of the process upto time t. We also denote by §, = B(H,). An
admissible control is a sequence ¢ = {(o,(1,...} where for each t € N, {; : H; — U is a measurable map
satisfying (;(h:) € U(zy), for all hy € H;. The set of all admissible policies is denoted by . It is well known
that for a given initial state ¢ € S and policy ¢ € 4 there exist unique probability measure Pg on (2,B()),
where Q = (S x U)*°, (see [29], p. 4, [7]) satisfying the following

PS(Xo=1i)=1, and P$(Xypq € AJH,,G) = P(A|Xy,¢) YV AeB(S). (2.1)

The corresponding expectation operator is denoted by Ef A policy ¢ € 4 is said to be a Markov policy if
Ce(hy) = vi(zy) for all hy € H,, for some measurable map v : S — U such that v (i) € U(7) for all ¢+ € S. The
set of all Markov policies is denoted by i, . If the map v; does not have any explicit time dependence, that
is, C¢(he) = v(wy) for all hy € Hy, then (¢ is called a stationary Markov strategy and we denote the set of all
stationary Markov strategies by ism. From page 6 of [29] (also see [7]), it is easy to see that under any Markov
policy ¢ € 4, the corresponding stochastic process X is strong Markov. For each ¢ € il the ergodic risk-sensitive
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cost is given by

1 _
&i(e,¢) = limsup T log B¢ [623:01 C(X“Q)] ) (2.2)

T—o0

where X is the discrete time CMP (DTCMP) corresponding to the control ¢ € i, with initial state . Our aim
is to minimize equation (2.2) over all admissible policies 4l. In other words, we are interested in the quantity

* = inf inf &, . 2.
A inf <11611181(6,4) (2.3)

A policy ¢* € 8l is said to be optimal if for all ¢ € S

i7*:‘f.f1a .
€ie, ¢7) }?séréug(c <)

One of our chief goals in this article is to characterize all the optimal stationary Markov controls.
Assumption 2.1. We impose the following conditions on the DTCMP

(a) For each ¢ € S and any bounded measurable function f : S — R the maps u +— c(i,u) and u —
> jes [(G)P(jli,u) are continuous on U(4).
(b) There exists a state ig € S such that

P(]|Zo,u) >0 for all j € S\ {io}, u e U(lo)

Assumption 2.1(a) is a quite routine assumption for discrete time CMP. Assumption 2.1(b) will be used to
show that the sequence of Dirichlet eigenfunctions does not vanish in the limit (see Lemma 2.12 below). It is
also possible to consider other type of condition instead Assumption 2.1(b). We refer to Remark 2.18 for further
discussion.

A function g : S — R is said to be norm-like if for every x € R the set {i € S : g(i) < k} is either empty or
finite. We also impose the following Foster—Lyapunov condition on the dynamics.

Assumption 2.2. We assume that the DTCMP X is irreducible under every stationary Markov control in {g,.
In (a) and (b) below the function V on S takes values in [1,00) and C' is a positive constant. We assume that
one of the following holds.

(a) For some positive constant 8 € (0,1) and a finite set X it holds that

s%?)ZV(j)P(ju,u)g(1—ﬂ)V(i)+611,<(i) V ieS. (2.4)
uel(z jes

Also, assume that ||c[lc := sup;cg Sup, ey c(i, u) < v where = (1 —e77) (ie., v = log(ﬁ)).
(b) For a finite set K and a norm-like function ¢ : S — R it holds that

s > VG)P(liyu) < Cle(i) + (1= B)V(i) ¥V i€S. (2.5)
uelU(z jES

where 1 — e~ = B;. Moreover, the function £(-) — max,ecy(.) c(-, u) is norm-like.

Equation (2.5) will be useful to treat problems with unbounded running cost. Among others, equatin (2.5)
implies that (2.3) is finite. Similar condition is also used by Balaji and Meyn ([8], Thm. 1.2) in the study of
multiplicative ergodicity. (2.5) also used in the work of Arapostathis et al. [6] to study the ergodic risk-sensitive
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control of diffusions. It is easily seen that u — 3. ¢ f(5)P(j]i, u) is lower-semicontinuous in U(7) for all positive

f€0(V)and i € S, where O(V) denotes the space of all functions f satisfying sup,cg If\(( )) < 00. By o(V) we

denote the subset of O(V) consists of function [ satisfying limg_, oo |1J;Ek))‘ =0.

Example 2.3. Assumptions 2.1 and 2.2 are satisfied by a large family of controlled Markov chains. To illustrate,
we consider the following elementary queueing model

Qry1=[1-0)Qx — G + Apya]+, k>0,
where 6 > 0 denotes the reneging rate. The control j takes integer values in some bounded set and {Ag, k > 1}
is an i.i.d. sequence and the support of the common marginal distribution is equal to Z. Also, assume that

E[A;1] = a < oo. It is easy to see that ig = O satisfies Assumption 2.1(b). Take V(i) = i + 1. Then it is easy to
check that for any v € i, we have

EYV(Q1)] <1+ (1-6)V(i) + a.

Thus, we can choose 5 < 6 in (2.4).
Furthermore, if we assume that a; := log E[e741] < oo for some v > 0, then letting V(i) = €7 we see that

EVV(Q1)] < YD E[e74] = ety (i) < Ol + (1 — (1 — e~ 0ol ))p(i),

where X ={j €S : 6j —a; <0} and C = max;jex e %9V (5). Thus (2.5) holds for the choice of 8; =
(1—e Wimalt) e S

It can be easily shown that &; is finite for any ¢ € Y under Assumption 2.2.

Lemma 2.4. Grant Assumption 2.2. Then there exists a constant k such that
Ei(c,{) <k forallie S, el (2.6)

Proof. We only provide a proof under Assumption 2.2(b) and the proof under Assumption 2.2(a) is obvious
since ¢ is bounded. Since K is finite, for some constant 1 we can write (2.5) as

sup ZV P(jli,u) < et Op@E) v ieS. (2.7)
uEU(z)]ES

Thus, by successive conditioning and using equation (2.1), we deduce from (2.7) that
ES [eZtT:?(“Xt)‘“)V(XT)] < V(i) forallieS. (2.8)
Since V > 1, taking logarithm on both side of (2.8), dividing both sides by T" and letting ' — oo we obtain
&, 0) <ky forallies.

On the other hand, £ — max,cy.) c(-, u) is norm-like. Thus, for some constant xz, we have max,cy(;) c(i,u) <
(i) + Ky for all i € S. Hence we obtain

Ei(c,() <k1+ke forallies, (el

This completes the proof. O
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Now we are ready to state our first main result of this section.
Theorem 2.5. Grant Assumptions 2.1 and 2.2. Then the following hold.

(i) There exists a unique positive function ¥*, ¥*(ig) = 1 (where i is a reference state as in Assumption 2.1)
satisfying

N *(i) = min |eW Z’l[) P(jli,u)| forieS. (2.9)

u€eU(1) ies

(i) A stationary Markov control v € Usy is optimal if and only if it satisfies

min | e “)Zw P(jli,u)| = [ec0@) Zw P(jli,v(@))| forieS. (2.10)

€U(s
uel(e) jES JjES

As mentioned in the introduction the existence part of Theorem 2.5 is not new and existence of 1* and
stationary optimal Markov control has been obtained for a more general class of DTCMP; for instance, CMP
taking values in a general state space. Our contribution in Theorem 2.5 comes from the uniqueness of ¢* and
the verification result which shows that all the optimal stationary Markov controls are nothing but measurable
selectors of (2.10). The rest of this section is devoted to the proof of Theorem 2.5. Our approach is quite
different from the one considered in [17-19]. We take a more direct approach by considering the Dirichlet
eigenvalue problems on finite sets and then pass to the limit by increasing the finite sets to S. This approach
was first considered by Biswas in [16] to study the risk-sensitive control problem for controlled diffusions with a
near-monotone cost function. The key steps in proving Theorem 2.5 can be summarized as follows: we consider
a collection of increasing finite sets D,,, increasing to S, and find a Dirichlet eigenpair (py,, ;) in D,, for every
n (see Lem. 2.8 below). Then in Lemma 2.12 we show that there is a subsequence of these eigenpairs converging
to a positive eigenpair (10*, p) of (2.9) and p = X* (see Lem. 2.15). In Lemma 2.15 we then show that ¢* is
unique upto a normalizing constant.

Let D be a finite set in S such that ig € D. Define a space

p={f:5—R| fis Borel measurable and f(i) =0V i € D}.

We begin with the following standard result which is required to apply Krein-Rutman theorem in Lemma 2.8.

Proposition 2.6. Suppose ¢ < 0 in D. Then for each f € By, there exists a unique solution ¢ € By satisfying

min | e G()P(liw) + f(0) | = 6(), VieD, and(@)=0 VieD.  (211)

€u(s
“ j€ES

Moreover, the unique solution ¢ is given by

T—1
¢(’L) = Cléijf EC Zer;()l C(Xt’Ct)f(Xk) Vieg fD’ (212)
k=

where T =1(D) = inf{t > 0: X; ¢ D} denotes the first exit time from D.
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Proof. Fix f € Bp. Define a map T : Bp — By as follows: for g € Bp, Tg is given by

Ty(i) = HllIl C(“‘)Zg P(jli,u)+ f(@)| i€D, Tg(i)=0 forie De.

uweU(z
jeS

Letting ||g||lo = max{|g(i)| : i € D} we get from above that

; g - ; 2| D < l; 1 D there ?9 ma. a C(L u) < ]
|| g — g 92 X Imax e
ieT 'U:G[U(Z)

Thus 7 is a contraction. From Banach fixed point theorem we find a unique ¢ satisfying (2.11). (2.12) is standard
and follows from Dynkin’s formula.
O

Next we recall a version of the nonlinear Krein-Rutman theorem from Section 3.1 of [2] (cf. [36]).

Theorem 2.7. Let X be an ordered Banach space and C C X be a nonempty closed cone satisfying X =C—C :=
{r—y:z,y€C}. Let T : X — X be an order-preserving, 1-homogeneous (that is, T (ax) = oT (z) for allx € X
and o € Ry ), completely continuous map such that for some nonzero & € C and M > 0, we have MT () = &.
Then there exist nontrivial o € C and \g > 0 satisfying Txo = \oZg.

Here > denotes the partial ordering in X with respect to the cone C, that is, > y if and only if z —y € C.
Also, we recall that a map 7 : X — X is called completely continuous if it is continuous and compact. We let
C= B% C Bop, the cone of nonnegative functions vanishing outside D. Applying Theorem 2.7 we then establish
the existence of an eigenpair to the Dirichlet problem in D.

Lemma 2.8. There exists a pair (Ap,¢p) € Ry X B;S , ¥p # 0, satisfying

Ap ¥ () :lglwi?) CCN " ()P (jli, u) | - (2.13)
u K3 jES
Moreover, we have
pp =logA\p < 1nf h;n sup log ES [ Py C(X“Q)} , (2.14)
—00

for all i satisfying Vo (i) # 0.

Proof. Suppose ¢ < —§ in D, for some positive constant §. Define an operator T : Bp — Bp by

T(H) = oi) = imf ES ZeZt 0 e(Xe,Ge) f(Xk)] forie®D, and ¢(i)=0 forieD°.  (2.15)

In view of Proposition 2.6, it is clear that the map T is well defined. From equation (2.15), it is also easily seen
that T(Af) = AT (f) for all A > 0. Again, since ¢ < —0, from the definition of 7 it is straightforward to check
that

IT() = T@lp < rallf = gllo,

for some constant k1 > 0. Therefore T : Bp — Bp is continuous.
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Let f,g € Bp such that f = g. Then, we have

CEUn

(T() = T(@)i) > it ES |3 St et (s — g)(x,)| > 0.
k=0

Thus, we obtain T'(f) > T(g). Let {fm} be a bounded sequence in Bp. From (2.15) we then have ||¢,||p < ko
for some constant ko > 0, where ¢,, = T f,. Then by a standard diagonalization argument we deduce that
there exists a ¢ € By satisfying ||¢m, — ¢llp — 0, as my — oo, for some subsequence { @y, }. This implies that
T : Bp — Bp is compact and hence T is completely continuous.

Let f € Bp be such that f(ig) =1 and f(j) = 0 for all j # ip. By (2.11) we then have ¢(ig) > f(io) > 0.
Thus Tf = f.

Thus we can apply Theorem 2.7 to find a nonzero ¥p € C and A > 0 such that 7 (¢¥p) = App. Applying
Proposition 2.6 we obtain

mu}?) AN "y () P(jli,u) + o (i) | = Mpp(i), VieD, andpp(i)=0 VieD.
uelU(2
JjeS

1

Defining Ap = , we get from above that

mﬁn) e N " hyy () P(jli,u) | = Aptpp(i) VieD. (2.16)
ue z
JES

Since ¥p > 0 and 9p (i) > 0 for some ¢ € D, it follows from (2.16) that Ap > 0. For general ¢, we can start
with ¢ — ||¢/|p — § and then multiply both 81des of (2.16) with elll>+% This gives (2.13).

To prove (2.14) consider a state ¢ satisfying 5 (i) # 0. Note that there is nothing to prove if Ap = 0. So we
assume Ap > 0. Now, due to (2.1), for any bounded function F we have

— Z Et 0 C(Xt,Ct)F(Xk) _ eZt o c(X1,Cr) ZF P(j| X1, G 1)) (2.17)
k=1 jeSs

is a §p, = B(H,) martingale. Thus by optional sampling theorem, {Y, A, §nac} is also a Martingale. Since, by
(2.16),

X0 (X)) Ny () P(j| X, G) — eZ0m0 (X =00) g (X3) > 0 for k=0, T~ 1,
jeSs

(pp is given by Eq. (2.14)) it follows that
. T-1 — D1
U (i) < B [62‘:0 (cXec) pD)wD(XT)]l{T<T}} -
This in turn, gives

e PP (i) < maxyp ES |eXi=o C(X“Ct)} )
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Now taking logarithm both sides, dividing by T and letting T — oo, we obtain

1 -
pp < limsup T log B¢ eZizo e(XuC)

T—00

Since ¢ € 4l is arbitrary we have equation (2.14). This completes the proof. O

Now we prove certain estimate which will play important role in our subsequent analysis. Let D,, be an
increasing sequence of finite subsets of S such that U2 ;D,, = S. With no loss of generality, we assume that
ig € D,, for all n.

Lemma 2.9. Suppose that Assumption 2.2 holds and consider a finite set B C S containing IC. Then for any
¢ € U we have the following.

(i) Under Assumption 2.2(a) we have
ES {eV%V(Xf)} < V() forallie B°, (2.18)

where T =T(B) = inf{t >0: X, € B}.
(i) Under Assumption 2.2(b) we have

ES [625501 Z(Xf)V(X%)} < V(i) forallic B°. (2.19)

Proof. We only show (ii) and (i) follows by setting ¢ = ~. Fix D,, so that B C D,, and i € D,, \ B. Choose m
large enough so that

sup ‘> "V, () P(jli,u) < V(i) for all i€ Dy \'B, (2.20)
ueU(2) jes

where V,;, = min{V, m}. Taking F = V,,, in (2.17), it follows that {Yia+,, Ttar, } IS a martingale where T, = TAT,
and T, is the first exit time of X from D,,. Using (2.20) we thus obtain

TATATR—1

ES [TV, (X, )| < V().
First we let m — oo and then T" — 0o to obtain
ES [e205 T 500 (x| < V).

Now let n — oo and use Fatou’s lemma to obtain (2.19). O

Denote by (pn, ¥y) the eigenpair in the domain D,,, obtained by Lemma 2.8. Next we are interested to find a
limit of these eigenpairs as n — co. Recall that in case of nondegenerate controlled diffusion such limits are easily
obtained by applying Harnack’s inequality and monotonicity property p, (cf. [16], Lem. 2.1, [3], Thm. 3.4). Such
tools are not available in the current situation. Below we produce a different argument to pass this limit.

Lemma 2.10. Grant Assumptions 2.1 and 2.2. Let (pn, %) be the Dirichlet eigenpair in D,, satisfying

e’ b, (i) = min |e“H) ()P (li,u VieD,. 2.21
¥n(d) = min jezsw () P(jli, u) (2.21)
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Then the following hold.
(i)

1 —1
lim sup p,, < C1I€1f lim sup T log Efo [eZtT:o C(Xtygt):| ) (2.22)

n— 00 U Tooo
Furthermore, p, is bounded for all large n.
(i) liminf, oo pp, > 0.

Proof. First we consider (i). (2.22) follows from (2.14) since v, (ig) > 0 for all n, by Assumption 2.1(b). In view
of Lemma 2.8 and (2.6), we see that p,, is bounded from above by x. Next we show that p, is bounded below.
Suppose, on the contrary, that along a subsequence p,, — —oc as n — oo. This implies that p, < 0 for all large
enough n. Using Assumption 2.1(b) and (2.21), we have 9,,(ip) > 0. Dividing v,, by 1,,(ip) we can ensure that
¥n(ig) =1 for all n. Rewriting equation (2.21), we obtain

1= tio) = e~ min |0 S 4, () P(jlig, ) | - (2.23)

u€U(ig) jes

Since (c(ig, u) — pn) > 0 for all n large , we get

1> an ]‘1077]11(7'0)) (224)

jeS

for any minimizing selector ©,, of equation (2.23). This in turn, implies that

1
Un(j) < sup =——— forj £ i,
( ) u€U(ig) P(.7|207 ) 0

for all n large. Applying a standard diagonalization argument we find a non-negative function ¢ with ¢ (ig) = 1
such that along a further subsequence v,, — 1 componentwise. Also, since U(¢) is compact for each i € S, we
have 9,, — 0 along a further subsequence. Hence letting n — oo in equation (2.24) we obtain

1> 370 () P(jlio, o) (2.25)

JeES

Writing (2.21) as

e (i) = | Y n(G)P(jli, v (i)

jeSs

and letting n — co we obtain

0> 3" w()PGli, o).

jeSs

Choosing i = iy and applying Assumption 2.1(b) it follows that (i) = 1 and ¢(j) = 0 for all j # ig. It is
also easily seen that {¢(X,,),Fn} is a super-martingale where X is the Markov process under the stationary
Markov control ©. Hence by Doob’s martingale convergence theorem ¢ (X,,) — Y almost surely, as n — oo. On



ERGODIC RISK-SENSITIVE CONTROL OF MARKOV PROCESSES 11

the other hand, X is recurrent, which follows from Assumption 2.2, X visits every state (in particular, ig) of S
infinitely often. Thus, ¥(X,,) can not converge. This is a contradiction. Hence p,, must be bounded from below.
This completes the proof of (i).

Next we consider (ii). Suppose that p = liminf,, - pn < 0. Then along a suitable subsequence p,, converges
to p. Hence, for all n large enough we have (c(i,u) — p,) > 0. Thus, repeating the above argument we find a
nonnegative function ¢ : S — R with ¢(ig) = 1 satisfying (see (2.25))

o(i) > EY [¢(X1)] VieS,

for some stationary Markov control ¢. This in turn implies that {¢(X;)} is a supermartingale and therefore, the
above argument gives us ¢ = 1. Now passing limit in (2.23) and using Fatou’s lemma we have

1=¢(i) > eoN=P 5 1

This is a contradiction. This gives us (ii). O

Remark 2.11. It should be observed from the proof of Lemma 2.10 that if we assume infcey €;(c, ¢) to be finite
for every 4 then the conclusion of Lemma 2.10 holds, provided the CMP is recurrent under every stationary
Markov control and Assumption 2.1 holds.

Now with the help of Lemma 2.10 we can pass the limit in (p,,%,) to obtain the following result.
Lemma 2.12. Grant Assumptions 2.1 and 2.2. Then there ezists (p,v*) € Ry x O(V), ¥* > 0, satisfying

eP*(i) = min | *HPGi,u Vies. 2.26
¢ (i) = min jezsw (4)P(jli,w) (2.26)

Moreover, we have the following.
(1)

1 _
p< cnelfl liirpn sup log IEJZC [eZtT:Ol C(X“C‘)] for alli € S. (2.27)
—00
In particular, p < inf;cg infeey Ei(c, () = X-.
(ii) There exists a finite set B containing KC such that for any minimizing selector v* of equation (2.26), it
holds that

F(B)—1

YH(i) =BV [e b <C<Xf»“*<Xt>>—P>¢*(X%(T,))} VieBe. (2.28)

Proof. Since {p,} is a bounded sequence and liminf, . p, > 0, by Lemma 2.10, there exist a subsequence,
denoted by {p,} itself, such that p, — p, as n — oo, and p > 0. Again, since ¢ > 0 we can choose a finite set
B containing K such that

— under Assumption 2.2(a), since ||¢|lo < v, we have

(max c(i,u) —pp) <y Vie B, foralllarge n; (2.29)
u€eU(7)

— under Assumption 2.2(b), since £(-) — max,cy(.) ¢(-, u) is norm-like, we have

( mI;Uigg) c(i,u) —pn) < L(i) Vie B, foralllargen. (2.30)
uelU(2
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Now we scale v,, by multiplying a suitable scalar so that it touches V from below. To do so, define
O, =sup{k >0: (V—rtp,) >0 inS}.

Since 1, vanishes in D¢ and v, > 0, it is easily seen that 6, is finite. We replace ¥, by 6,1, and claim that

i

1, touches V inside B . Suppose, on the contrary, that the claim is not true. Then there exists a state i; € B¢
so that (V — ,)(i1) =0 and V — ¢, > 0 in B U DS. For all n large enough, from equations (2.21) and (2.29),
for any ¢ € Ugyn we have under Assumption 2.2(a)

F(B)AN—1

Un(in) < B, [6 =0 (C(Xt7<t)7pn)¢n(X(%(B)/\N))]l{f(fB)/\N<Tn}}

T(B)/\N 1
< ES [ez ¢n(X(%(’B)/\N))]l{*r(B)/\N<Tn}] ,

where T, = 1(D,,) . Since ¥,, <V, using Lemma 2.9 and dominated convergence, we let N — co to obtain

Ynlin) S B [P0 (Xen)] - (2.31)

Combining equations (2.18) and (2.31), we deduce that

0= (V= u)(in) = Ef, [V = ) (Xam))| > 0.

This is a contradiction. Thus v, touches V inside B. In view of equation (2.30), it is easily seen that a similar
conclusion holds under Assumption 2.2(b).

Thus, by a standard diagonalization argument, there exist ¥* <V such that ¢, (i) — ¥*(i) , as n — oo, for
all 7 € S. Next we show that

lim min |ec( an P(jli,u)| — mln (b 21/) P(jli,u)| Vies. (2.32)

w€eU(i) ey u€e jes

Since v, <V, by dominated convergence theorem, for any (o € U(7) we have

limsup min | e Zw P(jli,u) | <limsup |ec(:¢0) Zw YP(j%, Co)

cU
n—oo u€U(7) jes n— 00 jes

= [y 0 (G)P(li Go)

JjeS

From the arbitrariness of (y it then follows that

limsup min | e Z¢n P(jli,u)| < min [ect Zw P(jli,u)| - (2.33)

uel(s uel
neo © JjES @ JjES

Again, let v, be a minimizing selector of equation (2.21). Since U(¢) is compact, by a standard diagonalization
argument we have along some subsequence v, (i) converges to v(¢) in U(¢) for all i € S. Thus by generalized
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Fatou’s lemma ([30], Lem. 8.3.7), we deduce that

lim |G 2, () Pjli,va(0)) | = [“C0 O 0 () Pjli, 0(@) | - (2.34)

n—roo
jeSs jes

Combining equations (2.33) and (2.34) we thus obtain equation (2.32). Therefore, letting n — oo in
equation (2.21), we see that the pair (p,¥*) € Ry x O(V) satisfies

ePY*(i) = inf |eco®) Zw P(jli,u)| VieSs. (2.35)

cU
uel(® JjES

Moreover, since (V — 1,,) = 0 at some point in B for all n large enough, we have (¥ — ¢*) = 0 at some point in
B. Since V > 1, we have 1) is nontrivial. In fact, we have ¢¥* > 0. If not, let ¢*(j) = 0 for some j € S. Then for
any minimizing selector v of equation (2.35), 1* satisfies

eCHVOI=PRY [* (X)) = ¢*(i) ViesS. (2.36)
Let ¢*(i) > 0 for some i € B. Since X is irreducible under v, there exists a n € IN and distinct 41, i2,...,i, € S
satisfying
P(ilin, v(in)) Plin|in-1,0(in-1)) - - - P(ia]5,v(j)) > 0.
From (2.36) this implies that 0 = ¢*(j) = ¢¥*(i1) = ... = ¥*(4,) = ¥*(¢) which is a contradiction. Thus we must

have ¢* > 0 in S. This gives us (2.26).

Next we consider (i). Since ¢, — ¢¥* > 0 as n — oo, for any given state ¢ € S we have ¢, (¢) > 0 for all large
n. Now (2.27) follows from (2.14) and the fact p, — p, as n — co.

Now we consider (ii). Suppose that Assumption 2.2(a) holds. Let v* € 4, be a minimizing selector of (2.35).
Using equation (2.21), for all n large enough, we have (see (2.17))

(i) <EY [GZT@)AN et (X0) el (X (X )/\N))ll{%(’B)/\N<~rn}:|
v* T(B) 1 c . v* ”
SIEz’ [6 (e(x - )1/) ( )]I{T('B)<Tn/\N}:|

N Ef [ezf\;Bl(C(X“”*(X‘))_p”’)¢n(XN)]I{N<TTL/\%(B)}} (2.37)
for all i € B¢ N D,,. Since 1, <V, we obtain

N-—-1 * *
e2i=o (¢(Xpv (Xt))_p")¢n(XN)1{N<Tn/\T”(3)} < eNeclloo=pn—) EZ} [eN’YV(XN)]l{N<Tn/\’f(3)}]
< eN(HCHoo*Pn*“/)V(Z') (2.38)

by (2.18). Letting N — oo in equation (2.38), it follows that

N-—1 *
lim By [eXemo (Xev" (XD =ra)yy (X3 ycr, pe(myy| = 0.

N—o00
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Thus taking limit N — oo in equation (2.37), we deduce

F(B)—1

Unli) S B} [eXie X D00y (X)) x(my <, |- (2.39)

Again, since ¢,, <V, using Lemma 2.9 and dominated convergence theorem, we let n — oo in (2.39) to obtain

F(B)—1

Y (i) <EY [e hits <C(Xtv“*<xt>>—f’>¢*(Xm;))} Vie Be. (2.40)

On the other hand, from equation (2.35), we have

F(B)AN -1

6 =B [ez,,:(, <c<xt,v*(X»)—p)W(X(m)AN))} VieBe.

Thus letting N — oo and using Fatou’s lemma, we obtain

F(B)—1

Y (i) > B [e hits <C(Xtv“*<xt>>—f’>¢*(Xmg))} Vie Be. (2.41)

Combining equations (2.40) and (2.41) we get equation (2.28). A similar argument works under Assump-
tion 2.2(b). Hence the proof. O

Remark 2.13. It is easy to check that one can also apply the argument of Lemma 2.12 for every stationary
Markov control. More precisely, if we impose Assumptions 2.1 and 2.2, then for every Markov control v € gy,
there exists (py, ¥y) € Ry x O(V), ¢, > 0, satisfying

e 1y (i) = PN " () P(li, v(i) Vi€ S, (2.42)

jes
Furthermore, p, < inf; &;(c,v) and for some finite set B O K

F(B)—1

¢’U (Z) = E;} |:6th0 (C(Xt,’U(Xt))_p'u)/wv (X”VF(B))} V¢ € BC. (243)

Next we show that p = X*. The proof in the controlled diffusion setting uses Girsanov transformation and
ergodicity property of the twisted process (c¢f. Arapostathis et al. [6], Thm. 3.2). It seems difficult to apply a
similar approach in the present setting. To overcome this difficulty we follow an approach used in Lemma 4.4
of [4]. It should also be kept in mind that the Dirichlet eigenvalues obtained in [4] has certain monotonicity
property which is not very clear in the present setting.

Lemma 2.14. Assume Assumption 2.1 and Assumption 2.2(a). Let (p,*) be the eigenpair in (2.26). Then
p < ||c||oo, provided c is not a constant.

Proof. Note that p < ||¢||co, by (2.27). We suppose, on the contrary, that p = ||¢|lec. Let v* be a minimizing
selector of (2.26). It then follows from (2.26) that

’l/J*(Z) _ ec(i,v*(i))—P ]E;J*[w*(Xl)] < ]E:*[w*(Xl)] Vies.

Thus, {¢*(X:),$:} is a sub-martingale. On the other hand, (2.28) implies that * is bounded. Hence by Doob’s
theorem, 9*(X};) must converge as t — oo. Since X is recurrent under v*, this is possible only if )* is a constant.
From (2.26) we then get |||l = p = min,cy() c(i, u) which is possible if c is a constant. This is a contradiction.
Hence we must have p < ||¢]|co- O
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Now we are ready to show that p = X*. To this aim we perturb the cost function as follows:

— Under Assumption 2.2(a): let @ > 0 be a small number such that ||c|lec + o < v. We define
n(u,i) = c(u,i)lp, (1) + ([|cloc + )Lpe (i) VuecU@), i€S.

It is evident that [|¢, |0 < 7-
— Under Assumption 2.2(b): We define

1
en(u,i) = c(u,i) + Eh@ Vuel(), iesS,
where h(i) = [£(i) — max,cy(;) c(i,u)]+. Recall that h is a norm-like function. For large enough n it is
evident that £(-) — max,cy(.) én(+, u) is also norm-like.

Thus, the conclusion of Lemma 2.12 hold if we replace ¢ by ¢&,.

Lemma 2.15. Assume Assumptions 2.1 and 2.2. Then any minimizing selector of equation (2.26), that is, any
v* € Ugm satisfying

min (i,u) Zw P(jli,u)| = eciv” () Zw P(jli,v*(4)) Vies, (2.44)

U
ueu() jeSs JjES

is an optimal control and p = X*. Moreover, ¥* is the unique solution of (2.26) with ¥*(ig) = 1.

Proof. Let v* € iy, be a minimizing selector as in equation (2.44). From Remark 2.13, there exists an eigenpair
(pv*;nv’(/}'u*,n) € RJr X O<V)7 1pv",n > 07 SatiSfying

el iy (i) = [T ODN " ()Pl 0% (1) | ViES, (2.45)
JjeS
and
1 * -1 4 *
0 < pyen < limsup 7 log E} [eztlo En(Xew <Xt>>] = &;(¢n,0%) Vi€ S, (2.46)
T— o0

From the proof of Lemma 2.12, there exist a finite set B, dependent on n, containing K such that (Cn(iyu) —
Porn) > 0in B (under Asm. 2.2(a) we may take B = D,,, by Lem. 2.14, and since under Asm. 2.2(b), &, is

norm-like we can choose suitable finite set B satisfying the required condition). Rewrite equation (2.45) as

Yoo (i) = [eCnlbT =P N Py ()P (jli, v (5) | Vi€ S, (2.47)

jES

Then by the Markov property of X, it follows from (2.47) that

i o F(B)AN—1 - (X)) = pys
Yy (i) = E [e t=0 (En (Xe,v" (X)) —po 7")wv*,n(X(f(fs)AN)>
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Letting N — oo and using Fatou’s lemma, for all i € B¢, we deduce that

F(B)—1

o) ZEf* [e im0  (Cn(X¢,0" (Xf,))p,u*,,L)%*,n(X%@))]

> (mjn%*,n) Ey [e KT @ (X (X)) = e ”)]
B

2 (m}n 77[]1)* ,n) .
B

Thus ¢~ is bounded below by a positive constant. Again using the Markov property of X and applying
Fatou’s lemma in equation (2.47), we obtain that

Yo (i) > BV [er,T;ol(an(xt,v*(xt))—pv*,n)%*’n(XT)}

> (minwv* n) EY" {ezi}l@nm,v*(mepu*,n)} _
@ ’ 3
Taking logarithm on both sides, dividing by T" and letting T" — co, we get

poen > Timsup & ; L ogy [o2d eacr 000

T—o0

> limsup — logE“ [ oy C(X"”*(X”))} .
T—o0 T

Using (2.46), this of course, implies &£;(c, v*) < £;(&y, v*) = py» » for all n. From the definition of ¢, it is evident

that {py~ n} is a decreasing sequence which is bounded from below. Since ||é,]|0 < 7y (for Asm. 2.2(a)), it is

easily seen that the stochastic representation (2.43) holds for ), ,, with the same choice of B, independent of

n. In view of Lemma 2.12, we can even have 1, ,, <V and it touches V inside B. Thus, using a diagonalization

argument, there exists a pair (g, ¥,«) € Ry x O(V), by« > 0 satisfying

Py (i) = e ONN "0  (§)P(jli, 07 (i) | VieS, (2.48)

JES

and lim, o pu=n = p > Ei(c,v*) > p for all i € S. To complete the first part of the proof we only need to show
that p = p. From Lemma 2.9 and dominated convergence theorem (on (2.43) for each n), we obtain that

Do (i) = EY [eZ“B) (e <Xt’v*<Xt>>*/3>¢v*(X%(B))} Vie B (2.49)
Since p > p, using equation (2.28) we have

Y(0) 2 By [ Py (X)) Vi€ B (2.50)
Then equations (2.49) and (2.50) implies that

(w* o '(/)»U*)(’L) Z ]Ef [GZT(B) 1( (Xt,v*(Xt))*ﬁ)(,l)Z}* _ wv*)(X%(‘B))} Vi c Be (251)
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Rescale 1, +, by multiplying with a suitable positive constant, so that (¢* —t,~) > 0in B and (¢* — 1), )(1) =0
for some 7 € B. Thus from equation (2.51), we deduce that (p* —4),~) > 0 in S. From equations (2.44) and
(2.48), we get

0= (w* _ wv*)(i) > E%)* e(c(g,v*(%))_ﬁ) (w* . wv*)(Xl):| )
This is similar to (2.36) and thus a similar argument gives * = 1,« in S. Equations (2.44) and (2.48) then give

us p = p. Hence p = X = &;(¢,v*) for all 4. This completes the first part of the proof.
Next we show that ¢* is unique upto a normalization. Let V' be a positive solution to

V(i) = BNy Vies. 2.52
X V(i) = Jé%ri) ;S P(jli, u) i (2.52)

Choose a minimizing selector v of (2.52), that is,

NV e ZV P(jli,v(i)) Vies. (2.53)

jES

From the proof of (2.40) we then get

(i) < EY {e 10T (X w (X)) =) (Xv(B))} Vie Be, (2.54)
for some suitable finite set B. On the other hand using (2.53), we have (see (2.41))

V(i) 2 By [eXi XXy (X)) Vi€ B (2.55)

Combining equations (2.52), (2.53), (2.55) and using the arguments above (see (2.51)) we can conclude that
¥* =V (upto a multiplicative constant). Hence the proof. O

Now we complete the proof of Theorem 2.5
Proof of Theorem 2.5. (i) follows from Lemmas 2.12 and 2.15. Furthermore, Lemma 2.15 also gives us that any
measurable selector of (2.44) is an optimal stationary Markov control. Thus to complete the proof of (ii) we

only need to show that if for any ¢ € Ly we have €;(c, 0) = X* then © satisfies (2.44).
From Remark 2.13 there exist (ps, %) € Ry x O(V), ¥ > 0, satisfying

ePrap? (i) = 2PN o (§)P(jli, (i) Vi€ S. (2.56)
Moreover, for some finite set B containing K

wﬁ(z) _ Ef e 1(13) (X4 ,0(Xe))— pl,)w ( T('B)) Vi€ BE. (2.57)

Proof of Lemma 2.15 also gives us p; = X*. Then using the arguments of Lemma 2.15 (see (2.54) and (2.55)) it
can be easily shown that 1, = kip* for some positive k. Hence the result follows from (2.56) and (2.26). This
completes the proof. O
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2.2. Near-monotone cost
In this section we replace the Assumption 2.2 with a near-monotone assumption stated below.

Assumption 2.16. Define A, = inf;cg inf, ey, €:(c, v). We assume that

inf &;(c,v) <0 Vies,
VEUsm

and the cost function c satisfies the near-monotone condition with respect to Ay, that is,

liminf inf inf c(k,u) > Am. (2.58)

n—oo k>nuel(k)

We recall X = inf;cg infeey €i(c, () from equation (2.3). Note that by Assumption 2.16, X' < A, < oo.
Near-monotone cost penalizes transient behaviour of the CMP. The following result gives an existence of an
optimal stationary Markov control. In the following we are not able to get a nonlinear Poisson equation, instead
we obtain an inequality.

Theorem 2.17. Grant Assumptions 2.1 and 2.16. We also assume that X is recurrent under any control
v € Usm. Then there exists a positive function y* satisfying

e Y*(i) > min |etov 27’[} P(jli,u)| forieS. (2.59)

eU
uel(® JjES

Futhermore, we have X = Ay, and any measurable selector of (2.59) is an optimal stationary Markov control.

Proof. From Lemma 2.8, let (p,,%,) be the Dirichlet eigenpair in D,, satisfying

ePrah, (i) = min | et 1, VieD,. 2.60
Yn(i) = min JGZ;w P(jli,u) (2:60)

As mentioned in Remark 2.11, the conclusion of Lemma 2.10 holds under the hypothesis of Theorem 2.17. Since
¥ (ig) > 0, we normalize 1, to satisty i, (ig) = 1. Since ¢ > 0, using (2.60) and Lemma 2.10(i) we obtain

) 1 .
¢n(j) < b]}jl( ) P(]|20 ) eXp (Ulenf 8 (Cv U)) for J ;é 20,
ueclU(zg ) Usm

for all n large. Thus, using a diagonalization argument, we can extract a subsequence, denoting it by (p,, ¥n),
such that p,, — p and 1, — ©¥* componentwise, as n — oo. Moreover, ¥*(iy) = 1. Using the compactness of the
measurable selectors of (2.60) and applying Fatou’s lemma it is also easy to see that

eP*(i) > min |e°(W Zw P(jli,u)| Vies. (2.61)

€U
uel(® JjES

From the arguments of Lemma 2.12 (see (2.36)) it also evident that ¢* > 0 in S. Therefore, given a state i € S,
we can find large n so that 1, (¢) > 0 and thus, applying (2.14), we obtain p < X*. Since p < Ay, applying the
near-monotonicity condition (2.58), we find a finite set B such that

inf c(i,u)—p>0 forie B (2.62)
w€elU(i)
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Now consider a measurable selector v of (2.61) and by T = T(B) we denote the first hitting time to B. From the
proof of Lemma 2.9 we then see that

U (i) 2 By (Xm0 (X Xm0y ()| = miny*(j) i € B,
J€
Thus, inf;cg ¥*(i) > 0. Using the Markov property of X, we obtain from (2.61) that
T—1
¥* (i) > EY {eztzo (X0 (X)) =p) XT)}

> (miw*) £ [ez&?(c(xt,v(m))fp)] ,
> (mi ;

Taking logarithm on both sides, dividing by T and letting T — oo, we get p > £;(c,v) > Ay, for all ¢ € S. Thus
p =X = Ay and v is an optimal stationary Markov control. O

Theorem 2.17 should be compared with Theorem 3.6 of [17]. Though our condition on the controlled Markov
chains is little stronger than those of [17], our method neither need the cost ¢ to be norm-like nor we assume
the action set to be finite.

Remark 2.18. Assumption 2.1(b) can be replaced by other similar assumption. For instance, if the killed
process communicates with every state in D, from iy before leaving the domain D,,, for large n, then our
method applies. More precisely, we can replace Assumption 2.1(b) with the following: for all large n we have

inf P} (t; <7tp,) >0 foralljecD,\ {i},
VEUsm

where T;, denotes the hitting time to ig. In other words, for every j € D, \ {ip} and v € iy, there exists distinet
1,02, ..., im € Dy \ {io} satisfying

P(ixlio, v(io)) P(izlir, v(i1)) - - P(jlim, v(im)) > 0.

The Birth-Death Markov chain is a typical example of a CMP satisfying the above condition. Note that under
this new assumption we can show that 1, (ip) > 0 for large n.

It is also possible to relax the recurrence hypothesis under stationary Markov control. To this aim we introduce
the following assumption.

Assumption 2.19. There exists a function W : S — [1, 00) satisfying W (i) > 4 for all large ¢ and

s%;()v) > (W) = W(i)P(jli,u) < g(i) forieS, (2.63)
uelU(2 jeS

for some function g : S — R satistying lim;_,~, g(i) = 0. Furthermore, for some 1 > 0 we have

m{[ij?)P(i —1li,u) > n foralli> 2 (2.64)
ueU(2

and P(:|1,u) supported in a finite set C, independent of u. In addition, also assume that for D,, := {1,...,n},
v € sy and any j € D, \ {1} there exists distinct 41,42, ..., € D, we have

P(i1]1,0(1))P(izlir, v(i1)) - - - P(jlig, v(ix)) > 0. (2.65)
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Note that (2.63) does not guarantee that DTCMP X is recurrent under every stationary Markov control. To
illustrate, let us consider the following classical example of Birth-Death process.

Example 2.20. Suppose that U is a compact metric space and A, pu: S x U — [0,1] be such that A(i,u) +
w(i,u) =1 and u(i,u) >n >0 for all ¢ > 1. Let {p;;} be a collection of nonnegative numbers satisfying

Zpij =1, ijij < oo foralli>1.

j>1 j>1
We define

G ) ulie) =i 1,i>1,
P(liu) =1 ifj<i—2,i>1,
1 if j=1,i=0.

Then for W (i) =i + 1 we have

SUBZ(W(J') = W(@)P3li,u) < bupl/\ iu) Y kpik — n(i, u)| = g(i).
ucljes E>1

Thus if we assume, g(i) — 0 as ¢ — oo, we get (2.63) and (2.64). Furthermore, if we assume A(¢,u) > 0,p;1 > 0,
then we also have (2.65).
X need not be recurrent under (2.63). For instance, if we take p;; = 1 for all ¢ and

i) = A0 = i) = w0 = G
Then A(i) + u(i) = 1 and
IA(G@) — p(@)| < % —0 asi— oo.
But
n>1 21;[ ﬁ g n + 1

This implies that X is transient.
We establish the following result.

Theorem 2.21. Grant Assumptions 2.16 and 2.19. Also assume that X is irreducible under any stationary
Markov control. Then there exists a positive function ¥V* satisfying

eN*(i) > min |ecW Zw P(jli,u)| forieS. (2.66)

u€eU(z) ics

Futhermore, we have X = Ay, and any measurable selector of (2.66) is an optimal stationary Markov control.
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Proof. Since X may not be recurrent under a stationary Markov control, the proof of Theorem 2.17 does not
work. We have to modify the proof. We begin with the Dirichlet eigenpair (p,, %¥y,) in D,, satisfying

ePrih, (i) = mln (b Z¢ P(jli,u)| Vi€ D,. (2.67)

weU(i
jES

Due to (2.65) we must have t,,(1) > 0. This in turn, implies from (2.64) that ¢, > 0 in D,,. As a consequence
we have p, < X, by Lemma 2.8, and p,, > —oo for all n. Note that we can not apply (2.1)(ii) anymore to find
an upper bound for ,,. Instead we use (2.65). Denote by T; the first hitting time to j. We claim that if j € D,,
then

inf PY(t; <nAT,) > k(n,j) (2.68)
V€ Lsm

for some positive constant x(n,j). Suppose, on the contrary, that the claim is not true. Then there exists
U, € Usm such that P{™(T; < n AT,) - 0 as m — oo. Using the compactness of U(i), we can extract a
subsequence of v,,, denoted by the original one, so that v,,(i) — v(4) for all i as m — oco. By Assumption 2.1(i)
we then see that the law of X,,, converges to X, where X,,, (X) is the DTCMP governed by v,, (v, respectively).
Therefore, for every k < n,

PI(X; € D, \{1,7}, Xk =J foralll1<i<k-—1)
= lim P (X € Dp\{1,5}, X =7 foralll <i<k-—1)

m—r0o0

< lim P (t; < =0.
< lm Py (T, <nATy,) =0

This clearly, contradicts (2.65). Hence we must have (2.68). From the monotonicity of T, it then follows that
for D,, D D,, 2 j, we have

H)}lf; Pi(t; <mAT,) > inf P(T; <mATy) > k(m,j). (2.69)
vEUsm vEsm

Now we normalize 1, to satisfy ¥, (1) = 1. Let v, be a minimizing selector of (2.67). Thus, using optional
sampling theorem (see (2.17)), it follows from (2.67) that

’r AMATpH —1

1=1,(1) =E" etlo (C(X*’””(X"))_p"wn(X%jAmmn)
> e Y () inf Pj(%; <mAT,)
ve sm
> e XM (§)(m, §)

using (2.69). Choosing m = j + 1, this indeed gives us

1 o
< —— UHDX o all . 2.70
wn(J) = &(j_'_ 17j)e or a n>j ( )

This gives the upper bound on {1, }. Therefore, from the proof of Lemma 2.10 it can be easily seen that {p, }
is bounded from below. (Otherwise, we must have a ¢* > 0 satisfying *(1) = 1 and

0> 4*(j)P(jli, 0(i)) forallie S.

JjeSs
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Then ¢*(i) = 0 on the support of P(:|1,9(1)). Repeated use of (2.64) thus gives us 1*(1) = 0 which is not
possible). Thus we can find a subsequence of (p,,¥,) converging to (p,¢*) and

ePy* (i) > min | et Zw P(jli,u)| ViesS. (2.71)

uw€eU(7) ies

Since X is irreducible under any stationary Markov policy, it follows that * > 0 (see (2.36)).

Next we show that p = X* = &;(¢,v) for all 4, where v is a minimizing selector of (2.36). Actually, the proof
would follow from the arguments of Theorem 2.17 if we could show that X is recurrent under the policy v.
Observe that for any i € S, we have from (2.71) that

Y (i+1)>e P ()Pl + Lv(i+ 1)) > ne**ﬂ/z(z’).
Thus
V() > (e ) y(1) = e M j > 2, (2.72)

for some constant . Also, applying Dynkin’s formula in (2.63) we obtain

EY (W (X,)] - W(i) < E} T>0. (2.73)

Z_: 9(X)

t=0

In view of (2.72) and Assumption 2.19 we have log * (i) > —kW (i) — K for some constant . Using (2.71) and
the Markov property of X it follows that

1)/}*(1) > E’lli [ezz:ol(c(Xm’U(Xt))*P)w*(XT):| )

Taking logarithm on both sides and dividing by 7', we get

T—-1
0> %E lZ@(Xt,v(Xt)) - pﬂ - %(%E“f (W(Xr)] +F)

t

Il
- o

1 . —~
> — H(FW (1) + 7). (2.74)

T—
Ey [ (e(Xe, v(Xy)) — Rg(Xe) = p)

by (2.73). Now suppose that X is not recurrent under v. Since X is irreducible, it must be transient and therefore,
it can not have any invariant probability measure by Proposition 10.1.1 of [37]. Thus, by Theorem 12.1.2 of [37],
for any finite set B C .S we have

T—1

1

7 El > ]lB(Xt)] -0 asT — . (2.75)
t=0

Let B, be a finite set such that min,cy()(c(i,u) — kg(i) — p) > 6 > 0, for some 6 > 0, and 7 € BS. This is
possible due to (2.58) and the fact lim; o, g(¢) = 0. Applying (2.75) we obtain

hmlnf — E” Z (X, v( — Rg(Xy) — P)]
t=0
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T-1 T—1
1 1
< iming L e ) . N s 1,
2> liminf - By ;:0 g (Xe)(e(Xe, v(Xe)) = Rg(Xe) = p) | — max]g p\ll;rljipTEl ;:0 1Bo(Xt)]
1 T—1
> 0 liminf — EY T (Xy)
T—oo T —0 °
1 T—1
= §liminf — Ef 1s(Xy)
T—oo T —0

=9.

But this leads to a contradiction to (2.74) when we let T'— oo in (2.74). Therefore X must be recurrent under
v. Now rest of the argument follows from Theorem 2.17. O

3. RISK-SENSITIVE CONTROL OF CONTINUOUS TIME CMP

In this section we consider continuous time CMP X = {X;,t > 0}, on a countable state space S, controlled
by the control process (;, t > 0, taking values in U. As before, U is the action space of the controller, which is
assumed to be a Borel space with Borel o algebra B(U). For each i € S, let U(7) be the space of all admissible
actions of the controller when the system is at state i. Let X := {(i,u) : i € S,u € U(i)} be set of all feasible
state action pair. As before, we denote by ¢ : X — R, the running cost function. The transition rates ¢(j|i, u),
uw e U(i), 4,j € 5, satisfy the condition ¢(j|i,u) > 0 for all u € U(4),i,5 € S and j # i. In addition, we also
impose that

Assumption 3.1. (a) For each i € S, the admissible action space U(7) is a nonempty compact subset of U.
(b) The model is conservative:

S qliliu)=0 YueU(i), i€s.

jes
(¢) The model is stable:

q(i) := sup (—q(ili,u)) = sup Zq(jh}u) <oo Vies.
wel(d) weu(i) 7t

For each 7,5 € S, q(jli,u) is a measurable map on U(z).

Following [34] (see also [24, 27, 40]) we briefly describe the evolution of the continuous time CMP (CTCMP).
Let Seo := S U {ic} for an isolated point i, ¢ S. Define the canonical sample space Q := (S x (0,00))>® U
{(i0, 01,715+, Oy by 00, G0, 00, G0y - - - ) | Ok 7# 00,0k # ioo  forall 0 <k <m, m > 1}, with Borel o-algebra
B(Q) . For each sample point w = (ig, 01,41, -,0m,im,...) € Q, we set To(w) =0, Tp(w) =01 + 02 + -+ + O,
and define Too (w) = limyg 00 Tk (w) . Now we define a controlled process {X;}:>0 on (£2,B(2)) by

X =Y Un<teniyin + Lisryico fort>0. (3.1)
k>0

From equation (3.1), it is clear that for any m > 1 and w € Q, T}, (w) denotes the m-th jump moment of the
process Xy, i, is the state of the controlled process on [T, Trny1) and 0, = T,, — T—1 denotes the waiting
time between jumps (or, sojourn time) at state i,,—;. Also, we add an isolated point u ¢ U to U and let
Usp = UU {uoo} and U(ie) = {tieo}. We do not want to consider our process after the time To,. Thus we
assume that i, is an absorbing state, that is, ¢(j|ico,uso) = 0 for all j € S. Also, assume that c(is,u) =0
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for all u € Us, . Consider a filtration {F;}¢>0 where §; = o(T, < s, X1, € 4):0<s<t, m>0,A4ACS),
and let § := (A x {0}, B x (5,00) : A € Fo, B € F._) be the g-algebra of predictable sets in 2 x (0,00) with
respect to §t, where §s— = VicsTt- ~

An admissible policy ¢ = {{;}+>0 is a measurable map from (2 x (0, 00), §) to (Uss, B(Us ) satisfying ¢, (w) €
U(X;—(w)) for all w € Q and ¢t > 0. Let 4 be the space of all admissible policies. An admissible policy (¢ is said
to be a Markov policy if (;(w) = (;(X;—(w)) for all w € Q and ¢t > 0. The space of all Markov policies is denoted
by U, . If the Markov policy ¢ does not have any explicit time dependency then it is called a stationary Markov
policy and i, denotes the space of all stationary Markov strategies. For each i € S and ¢ € 4, it is well known
that (cf. [14, 24, 27, 34]) there exist unique probability measure P on (€2, B(2)) such that P (X = i) = 1. Let
IEZC be the corresponding expectation operator. Also, from [22], pp. 13-15, we know that {X;};>¢ is a Markov
process under any ¢ € 4, (in fact, strong Markov).

Under some policies the process {X;};>0 may be explosive, in order to avoid explosion of the CTCMP, we
impose the following (see [24, 27], Asm. 2.2 of [22]).

Assumption 3.2. There exist a function V.S = [1,00) and constants Cy # 0,C; > 0 and Cy > 0 such that

(a) Yjes V()alili,u) < CoV(i) + Cy for all (i,u) € K;
(b) q(i) < C1V(i) for alli € S.

For the rest of this section we are going to assume that Assumption 3.2 holds. Note that Assumption 3.2
holds if sup;c g ¢(i) < oo. In this case we can choose V to be a suitable constant. From Theorem 3.1 of [26] (see
also, [24], Prop. 2.2) it also follows that, under Assumption 3.2, [P’f(TOO =o0)=1forallie S and (€4l

We also assume the following for our CTCMP (compare with Assumption 2.1)

Assumption 3.3. (a) For each i € S, the map u +— ¢(i,u) is continuous on U(7) .
(b) For each ¢ € S and bounded measurable function f : S — R, the map u — X,c5f(5)q(j]i, ) is continuous
on U(7) .
(¢) There exists ig € S such that g(j|ig,u) > 0 for all j # ip and u € U(ip).

For each admissible control ¢ the ergodic risk-sensitive cost is given by

1
&i(c,¢) = limsup T logEf [efoT C(X“Cf)dt] , (3.2)

T—o0

where X is the CTCMP corresponding to ¢ with initial state 7. As before, our aim is to minimize equation (3.2)
over all admissible policies in 4. A policy ¢* € il is said to be optimal if for all i € S

€i(c,¢*) = inf inf &;(c,¢) = X for alli. 3.3
(e;C7) Inf inf (¢, 0) or all 7 (3.3)

We also introduce the following Lyapunov condition. Recall that a stationary Markov process X with rate
matrix @ = [g(j|¢)] is irreducible if for any i,5 € S,i # j, there exists distinct i1,42,...,i € S satisfying
q(irli) - - - q(jlix) > 0 (cf. [22], p. 107).

Assumption 3.4. We assume that the CTCMP X is irreducible under every stationary Markov control in {gy.
In (a) and (b) below the function V on S takes values in [1,00) and C' is a positive constant. We assume that
one of the following hold.

(a) For some positive constant v and a finite set K it holds that

sup Y V(j)q(ili,u) < Clg(i) —9V(E) ¥V i€S. (3.4)
uEU(i)jes
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Also, assume that ||c|lc := sup;cg sup, ey ci; u) < 7.
(b) For a finite set K and a norm-like function ¢ : S — R it holds that

sup ZV q(jli,u) < Clx(i) —L(6)VGE) ¥V i€ S. (3.5)
uEU(z)jGS

Moreover, the function £(-) — max,cy(.) ¢(-, u) is norm-like.

Applying Proposition 6.3.3 of [1], we see that the CTCMP is strongly ergodic under every stationary Markov
control, provided Assumption 3.4 holds. Moreover, letting ; to be the first hitting time to j, it also follows that

ES[%;] < oo for all i # j and ¢ € g,
Before we proceed further, let us present a modified example from Example 1.3 of [22].

Example 3.5. For i > 2, we suppose that

A+ u forj =i+1,

gy ) witu forj=i—-1,
q(li,u) = —(Ni + Wi +2u) for j =1,
0 otherwise.

Let the control parameter u take values in some bounded set. Also, assume that ¢(j|1,u) = ¢(j]1) is positive for
every j > 2 and decays exponentially fast with j. Therefore, Assumption 3.3(c) holds. Suppose that > A >0
and define V(i) = €% for some @ > 0 to be chosen later. Then note that

ZV q(jli,u) = e ((Ni +u)e? + (ni +u)e™ — (Ni + pi + 2u))
jES

= V() (M = 1)+ e = 1) + 2"+ e - 2)). (3.6)

i
Since for every small 6§ > 0 we have

e =D +A’ 1) <0 e (e -1)A-—pe ) <0e A< pe

letting £(7) = ai, for 2a = —p(e™ — 1) — A(e? — 1) > 0, we get from (3.6) that

sup > V(j)g(jli,u) < —€@)V(),

u€eU(i) jes

for i € K¢ where K is some finite set satisfying o > %(69 +e7% —2) for all i € K¢ and all control parameter u.
Now we let 6 small enough so that > . o V(j)q(j|1) < co. Hence Assumption 3.4 holds.

jJES
Let us now state our first main result of this section (compare it with Thm. 2.5)
Theorem 3.6. Grant Assumptions 3.1 to 3.4. Then the following hold.

(i) There exists a unique positive function ¥*, 1¥*(ig) = 1, satisfying

Xp*(i) = mln Z’L/J Yq(jli, w) + c(i,w)p™ (@) | forie S. (3.7)

uGU
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(ii) A stationary Markov control v € Usy is optimal if and only if it satisfies

min Zw Ja(jlisu) + e(i,w)p™ (D) | = | D9 (i)alili, v(@) + e(i, v(@) " (i) (3.8)

U(
ueU(z) jes

foralli e S.

The rest of this section is dedicated to the proof of Theorem 3.6. The main strategy of the proof is same as
the proof of Theorem 2.5. We begin with our next result which is a counterpart of Proposition 2.6 for CTCMP.

Proposition 3.7. Grant Assumption 3.1 and Assumption 3.3(a)-(b). Suppose ¢ < =3 in D for some positive
constant § and a finite set D. Then for any f € By there exist unique ¢ € By satisfying

min Z(b (Gli,w) + c(i,w)p(i)| = —f(), VieD, and ¢(i)=0 VieDe. (3.9

w€eU(3)
Let t=1(D) := inf{t >0 : X; ¢ D}. Then the unique solution satisfies

o(i) = nf ES U elocXe)ds pxydt| Vie S, (3.10)
0

Proof. Given a tuple (y;);cp and a fixed i € D, let us consider the map
Rz~ Gz) = m{én_ Z yiq(jli,u) + (q(ili, uw) + c(i, u))x
wevl) | e
We note that G is strictly decreasing. For, z1 > x2 we have

G(x2) = G(z1) > Jnin, [(q(ild, ) + c(i, u)) (w2 — 21)] = 6(21 — 22) > 0,

since q(ili,u)(x2 —x1) > 0 for all w € U(i) and ¢ € S. Furthermore, lim,_, 1, G(x) = Foo. Therefore, for every
y € R there exists a unique z satisfying G(z) = y. Using G we can now define a map 77 : Bp — Byp that satisfies

Join, > 6(iaGliu) + (alili,w) + (i, w)(Tig(i) | = —f(i) i€D. (3.11)
i#jED

We now show that 77 is a contraction. Recall the norm ||-||p from Proposition 2.6. Let ., = T1 ¢y, for m = 1,2.
For each ¢ € D we then have from (3.11) that

0 > min Z ¢1 ]'7' u) (Q<i|ia u) + C(%U))%(Z)

u€U(7) itjeD

= min | > da()alilisw) + (qlili, ) + efiw)ia (i)
7 |i#jeD
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2 min, D (D1(5) — d2(5))aili w) + (a(ili, u) + (i, w) (¢ (i) — (i)
SR e
Let @ € U(4) be point where the minimum on RHS is attained. Then we get from above
(q(ili, @) + (i, @)) (W1 (i) — P2(4)) + q(ili, @)||pr — d2llp <0,

which in turn, gives

(Wali) —n (@) < sup ——LMD ol < 061 — dallo

wev (s —q(ili, u) — c(i, u)
for some ¥ < 1. Interchanging ¥, and 1 in the above calculation and using the arbitrariness of ¢ we have

Tid1 — Tid2l|lp < || b1 — d2f|D-

Therefore, 77 is a contraction and by Banach fixed point theorem, we get a unique solution to (3.9).

Equation (3.10) follows from Dynkin’s formula.
O

As before, applying Theorem 2.7 and Proposition 3.7, we obtain the existence of an eigenpair.

Lemma 3.8. Grant Assumption 3.1, Assumption 3.2 and Assumption 3.3(a)-(b). Then there exists (pp,vn) €
R x B%, Yo > 0, satisfying

= . 3.12
poYo (i uIGDH}H Z%J q(jli, w) + c(i; u)pp () (3.12)
Moreover, we have
pp < 1nf lim sup — log ES [efoT C(X“Cf)dt} ) (3.13)
CEU T o0

for all i € S such that Y (i) > 0.

Proof. 1t is evident from (3.12) that we may assume ¢ < —J in D for some positive constant §. Otherwise,
subtract —supyg, ¢ — ¢ from both sides of (3.12). Let T : Bp — Bp be an operator defined as

T(f)(i) = ¢(i) = inf Ef [ / Tl C<Xs’<s>d8f(Xt)dt} Vies. (3.14)

Ceum 0

Then ¢ is the solution to equation (3.9). It is fairly straightforward to show that 7 is completely continuous,
order-preserving and 1-homogeneous. Now choose f € By such that f(i) = 1 for some ¢ € D and zero elsewhere.

Then, from (3.14), it follows that
T .
(i) > inf ES / i e(XaCo)ds p( X, )t
0

CEUm
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Th
/ o—tllello gy
0

> f(3) nf EC{ e—||CH'DT1i|’

el cetin

> f(i)E

where T3 denotes the first jump time. It is well-known (c¢f. [40]) that
PS(Ty > t) = elo alilico(@)ds, (3.15)
Therefore,

ES [1 - e—HCH'DTl} — 1 = ES[e el
0
= ||C||9>/ e~lelos ST, > ¢) dt
0
= ||c||D/OO e llelns o fy ailiga (i) ds gy
0

oo
= ”C”'D/ e llelsg=tal®) qp — ﬁ,
- 0 el + q(i)

where in the forth line we use (3.15). Hence

. f(@)
o) > 0
llello + q(@)
Thus for some M > 0 we have MT(f) > f.

By Theorem 2.7 there exist a nontrivial ¢¥p € B, ¥p # 0, and Ap > 0 such that T(¢n) = Apths. Applying
Proposition 3.7 we then obtain

min ZwD )q(jli,u) + o (i)e(i,u) | = ppop(i) V i€ D, (3.16)
JjE

where pp = —[Ap]~!. This gives us (3.12).

Next we show (3.13). Consider ¢ € D satisfying p (i) > 0. Choose an admissible control ¢ € {. We plan to
apply Dynkin’s formula upto the stopping time ¢ A T where T = 1(D) is the first exit time from D. To apply the
results from [27] (see also, [46], Thm. 3.1), we define ¢(j|i, u) = q(j|i,u) for j,i € D, G(Ali,u) = > cpe a(jli, u),
and q(j|A,u) = 0 for all j € S;u € U. Here A is an absorbing state. Also, define U(A) = us. Recall the
definition (3.1) and given a history dependent control ¢ € £ we can redefine another admissible control ¢ to
satisfy ¢; € U(A) if X;_ € D¢. Let X be a process, corresponding to the control ¢, taking values in D U {A}.
Note that the law of {(X;,¢,) : t < T} is same as {(X;,¢;) : t < T.}, where T, denotes the first hitting time to
A by X. Now we can apply Dynkin’s formula ([27], Lem. 3.2) to X. We apply it on ¢p. Set ¥p(A) =0. Then

Wi (i) = s [elo ©Xalr=pmdsy (X1 7y
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> TAT
B / e (Rl =p)ds > 0o ()q(i X, G) + (e(Xe, G) — po)n(Xy) | dt
0

JjED

:E,C |:€f (e(Xs,6s)—pD dsl[)D(XT)]l{T<T}i|

TAT
— B / eJo (CXed=po)ds | Ny, (7)q(j] Xy, Co) + (e( X, G) — po)p (Xe) | dt
0

j€D

T
<E¢ {ef" (e(XeCa)=pp)dsg)y, (XT)]I{T<T}:|

< (supqu)Eg |:ef()T(C(Xsa<s)_p‘D)ds:| 7
D

where in the first inequality we use (3.16). Now taking logarithm on both sides, dividing by 7" and letting
T — 00, we obtain

pp < limsup — T logEC [ Iy C(Xr,,Cf,)} )

T—o0

Since ¢ € 4l is arbitrary, we obtain equation (3.13). This completes the proof. O

We begin with the following hitting time estimate which follows from Assumption 3.4 (compare with
Lem. 2.9).

Lemma 3.9. Suppose that Assumption 3.4 holds. Let B be a finite set containing IC. Then for any ¢ € Uy, we
get the following.

(i) Under Assumption 3.4(a), we have
ES [eWB)V( B))} < V(i) forallie B°, (3.17)

where T(B) = inf{t > 0: X, € B}.
(i) Under Assumption 3.4(b), we have

]Ef [ Jo&™ ux s)dsy)( T(,B))} < V(i) forallie B°. (3.18)

Proof. We only provide a proof for (i) and the proof for (ii) would be analogous. Suppose Assumption 3.4(a)
holds. Let D,, be a collection of finite, increasing sets converging to S. By T,, we denotes the first exit time
from D,,. Choose n large enough so that B € D,,. Applying Dynkin’s formula ([22], Appendix C.3) and using
equation (3.4) it follows that

IEC [eV(T(B)ATM")V( Y B)ATAT,)| < V(i) forallie B°ND,,
for T > 0. Letting T" — oo first and, then n — oo and applying Fatou’s lemma we obtain equation (3.17). This

completes the proof. O

Let {D,} be a collection of finite, increasing sets converging to S. Denote by (pn, %) the eigenpair in the
domain D,, obtained by Lemma 3.8. Next we study limit of p,, as n — oo.

Lemma 3.10. Grant Assumptions 3.1 to 3.4. Then the following holds.
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(i)

T > .
Pn < }nf lim sup — T logIEC [efﬂ o(Xe,Codt| — 4116151 &i(c,€), (3.19)

T—00

and {p,} is bounded above.
(i) The sequence {pn} is bounded and we have liminf, . p, > 0.

Proof. Since

prn (i) = urenﬂlj?) ]Zl/m )a(ili, u) + (i, u)n (i) | i€ D, (3.20)

and v, > 0, it follows from Assumption 3.3(c) that 1, (io) > 0. Then (3.19) follows from (3.13). To complete

i

the proof of (i) we only need to show that
Ei(c,{) <k V(e i€, (3.21)

for some constant x. Since ¢ is bounded under Assumption 3.4(a), the above is immediate. Under Assump-
tion 3.4(b), we write (3.5) as

sup > V(j)q(iliu) < (s — LD)V(E) ¥ i€S,
uEU(z)jGS

where k1 = CA'maXIC [V]~!. Applying the arguments of Lemma 3.9 we then get
E¢ [efoT(‘(X‘)_*“)dtV(XT)} < V().
Since V > 1, taking logarithm in the above, dividing by T and letting T — co we obtain that
&6, Q) <Ky V(e iesS.
Again, since max,ey(.) (-, u) < £(-) + k2 for some ko > 0 by Assumption 3.4(b), we have (3.21) from the above
estimate.

Next we consider (ii). First we show that p,, is bounded below. Since ¥, (i9) > 0, normalizing ,, we can
assume that ¥, (ig) = 1. Since ¢ > 0, from equation (3.20), it follows that

>
_ué%lrllo Zl/)n q(jlio, u) ugljl(n)Q(lo\Zoy ).

Thus p,, is bounded from below.
Thus we remain to show that p = liminf,,_,., p, > 0. Suppose, on the contrary, that p < 0. We therefore
have, along some subsequence, p,, — p, as n — oo. Thus, using Assumption 3.1(c) and (3.20), we have

Yn(4) < sup —d(iolio, u) :=ky forallje S\ {i}, (3.22)

uel(io) 4(jlio, )
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for all large n. Hence, by a standard diagonalization argument, there exists a function ¥ with ¢ (ig) = 1 such that
along some subsequence ¥, (i) — (i), as n — oo, for all i € S. Let ¥, be a minimizing selector of (3.20). Since
U(7) is compact for each ¢ € S, along a further subsequence, ¥,,(i) — 0(i), as n — oo, for all i € S. Therefore,
letting n — oo in

prtn (i) = | D Wn(i)aili, 50 (8)) + ei, 5 (D))9n (@) | |

jES
using Assumption 3.3(a)-(b) and Fatou’s lemma, we obtain
Z¢ (413, 9(2)) + (2, 0(2))(i) 1€ 8. (3.23)
JjeSs

Since p < 0 and ¢ > 0, from equation 3.23 we deduce that

Y Uil ()| <0 Vies. (3.24)

jeSs

Applying Dynkin’s formula to equation (3.24), for any ¢ > 0 and i € S, it follows that

EY (X)) < (i)

Therefore, {¢)(X,;)} is a supermartingale with respect to the canonical filtration of X, and thus, by Doob’s
martingale convergence theorem (X;) converges as t — oo. By Assumption 3.4, X is recurrent implying the
skeleton process {X,, : n € IN} is also recurrent (cf. [1], Prop. 5.1.1). Therefore, {X,, : n € IN} visits every
state of S infinitely often and this is possible only if 1) = 1. This contradicts (3.23). Thus we must have p > 0.
This completes the proof. O

Using Lemma 3.10 and ideas from Lemma 2.12 we can now establish the existence of an eigenfunction on S.

Lemma 3.11. Consider Assumptions 3.1 to 3.4. Then there exists (p,v*) € Ry x O(V), with ¥* > 0, satisfying

p*(i) = min Zd) Yq(jli, u) + c(i,w)*(i)| i€ S. (3.25)

u€U(z)

Moreover, we have
(i)
p< X (3.26)
(i) There exists a finite set B D K such that for any minimizing selector v* of equation (3.25) we have

1)/}*(7/) — ]E;;* |:ef0%('B)(C(Xtvu*(Xt))_P)dsw* (X%(‘B))j| v Z c .BC . (327)

Proof. From Lemma 3.10 we know that the sequence {p,} is a bounded and liminf,, o p, > 0. Thus one can
find a subsequence such that along this subsequence, p,, converges to some p > 0, as n — co. Now we repeat
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the method of Lemma 2.12. Using Assumption 3.4 and the fact ¢ > 0, we can find a finite set B containing IC
such that

(i) Under Assumption 3.4(a):

( mg(x_) c(i,u) —pn) <y Vie B for all n large. (3.28)
ueU(z
(ii) Under Assumption 3.4(b):
( max, c(iyu) — pp) < €(i) Vi€ B for all n large. (3.29)
ueU(z

Now we scale v,, by multiplying a suitable scalar so that it touches V from below. In particular, define

0, =sup{k >0: V—rtp,) >0 inS}.
Replacing v, by 6,1, and from the arguments of Lemma 2.12 we see that 1, touches V inside B. Since
¥, <V for all large n, by a standard diagonalization argument, one can extract a subsequence so that along

this subsequence, 1, (i) — ¥*(i) for all i € S, as n — oo, and ¥* < V. Using (3.20) and Fatou’s lemma we get
that (see Eq. (3.23))

p* (i) > min Zw Ya(jli, u) + c(i,w)p* (i) i€ S. (3.30)

w€eU(2)

On the other hand, for every i € S and u € U(4), we obtain from (3.20) that

P (i) = nhango pnpn = lim  min Z'L/)n (J1d,w) + (i, u)hn (i)

n—oo yel(z)

< lim 21% q(jli,u) + c(i, u)thy, ()
n—oo ics

= S (Galis ) + i, Wt (6),
JES

by dominated convergence theorem, where we use the fact that v,, <V for all large n. Since u is arbitrary,
combining with (3.30) we get (3.25). Next we show that 1* > 0. By our construction we have (V —1,) =0 at
some point in B for all n large. Hence (V — ¢*) = 0 at some point in B. Since V > 1, we deduce that ¥* is
nonzero. We claim that * > 0. If not, then we must have *(i) = 0 for some ¢ € S. Then for any minimizing
selector v* of equation (3.25), we have

> (@alili v* (@) =0. (3.31)

J#i

Since the Markov chain X is irreducible under v*; from equation (3.31) it follows that ¢* = 0. This is a
contradiction to fact that ¢* is nontrivial. This proves the claim.

Now we prove (i). In view of (3.13), it is enough to show that given i € .S, 1,,(¢) > 0 for all n large. Since p* > 0
and ¥, (1) = ¥*(i) as n — oo, we have 9, (i) > 0 for all large enough n. Hence lim,,_,o0 pp, < infeey €;(c, ¢) for
all 4. This gives us (3.26).
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(ii) follows from an argument similar to Lemma 2.12. O

Remark 3.12. It is easy to check that we can also apply the argument of Lemma 3.11 for every stationary
Markov control. More precisely, if we impose Assumptions 3.1 to 3.4, then for every Markov control v € Ugy,
there exists (1, pv) € Ry X O(V), by > 0, satisfying

pobo(i) = D Pu()a(ili, v(i)) + ei, v(@))ihy (i) Vi€ S. (3.32)

jes
Furthermore, p, < inf; &;(¢,v) and for some finite set B D K
Goli) = B} [0 XX =0y (Xgim))] Vi€ B (3.33)
Next we show that p = X*. To do so we can use the perturbed cost ¢, introduced in Section 2. In fact,

following an argument similar to Lemma 2.15 we can prove the following.

Lemma 3.13. Assume Assumptions 3.1 to 3.4. Then any minimizing selector of equation 3.25, that is, any
v* € sy satisfying

mln Z¢ q(71,w) + (i, u) Zz/J q(jli,v*(2)) + c(i,v* (8))* (3) Viels, (3.34)

uweU(¢
JeS

is an optimal control and p = X*. Moreover, ¥* is the unique solution of (3.25) with ¥*(ig) = 1.

Now we are ready to complete the proof of Theorem 3.6.

Proof of Theorem 3.6. (i) follows from Lemmas 3.11 and 3.13. By Lemma 3.13 we also get that any minimizing
selector of (3.8) is an optimal Markov control. Using Remark 3.12 and the arguments of Theorem 2.5 we can
also show the converse direction, that is, if for some v € iy we have &;(c,v) = X* then v satisfies (3.34). This
gives us (ii). O

We conclude this section with the following remark.

Remark 3.14. Assumption 3.3(c) can be replaced by other similar assumption. For instance, if the killed process
communicates with every state from iy before leaving the domain D,,, for large n, then our method applies. More
precisely, for every D,,, v € iy, and for every j € D, \ {ip}, if there exists distinct 41,42, ...,%m € Dy \ {io}
satisfying

q(i1lio, v(io))q(izli1, v(i1)) - - - (jlim, v(im)) > 0,

then the conclusion of Theorem 3.6 holds. Note that in this case we also get ¥, (ig) > 0 in D,,.

3.1. Near-monotone cost

In this section we replace Assumption 3.4 with a near-monotone assumption stated below.

Assumption 3.15. Define Ay, = inf;cginf, ey, €i(c,v), and

inf &;(c,v) <o Vies,
VEUsm
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and the cost function ¢ satisfies the near-monotone condition with respect to A, that is,

liminf inf inf c(k,u) > An. (3.35)
n—oo  k>nueU(k)

Note that by Assumption 3.15, X < A, < oo where X* = inf,cg infeeq( €;(c, €) is given by (3.3). The following
result gives the existence of an optimal stationary Markov control. This result should be compared with [45]
where existence of optimal stationary Markov control is obtained under (3.35), but our hypotheses are weaker
and we also allow history dependent controls (see (A1), (A2)(ii) in [45]).

Theorem 3.16. Grant Assumptions 3.1 to 3.3 and 3.15. We also assume that X is recurrent under any control
v € Usm. Then there exists a positive function Y* satisfying

XY*(i) > min Z’l/) q(jli,uw) + c(i,u)*(3)| forie S. (3.36)

weU(4)

Futhermore, we have X = Ay, and any measurable selector of (3.36) is an optimal stationary Markov control.

Proof. The proof is similar to Theorem 2.17. Recall the eigenpair (p,,, ¥, ) satisfying

PnPn (i) = mln an (fli, u) + c(i,u), (i) | i€ Dy. (3.37)

weU(i

Since the CTCMP X is recurrent under any stationary Markov control, the argument of Lemma 3.10 works,
and therefore, we have

0 < liminf p,, <limsup p, < mf Eiy(c, C). (3.38)

n—oo n—oo

Normalize v, to satisfying ¢, (i9) = 1. Let ©,, be a minimizing selector of (3.37). Using (3.37)—(3.38) it then
follows that ¢, (i) < &; for all n (see (3.22)), for some constant ;. Using a standard diagonalization argument,
we can find a subsequence along which we have

Pn =Py Yn(i) = '(/)*(Z) and ¥y, (1) — U(i),

for all i € S. From Fatou’s lemma, we then have

)= > ()il v(i)) + i, v (i)™ (i)

JjES

> min 21/) (JlE, u) + c(i,w)yp*(i)| i€ S. (3.39)

uEU@

Note that ¥*(ig) = 1. Using irreducibility it is then easy to see that ¢* > 0. This in particular, implies that
for any ¢ € S we have ¢, (i) > 0 for all large n. Using (3.13) and (3.37) we obtain p < X* < Ay,. Since p < Ay,
applying the near-monotonicity condition (3.35), we find a finite set B such that

inf c(i,u) —p>0 forie B (3.40)
u€eU(i)
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Now consider a measurable selector v of (2.61) and by T = T(B) we denote the first hitting time to B. Since X
is recurrent under v, we have P;(T < oo) = 1 for all ¢ € B¢ (¢f. [1], Prop. 5.1.1). Thus applying Dynkin’s formula
n (3.39), followed by Fatou’s lemma, we get

1/}*(1) > IE;) [ef;’ol(c(Xt,v(Xt))*P)dj*(XFU[) > mB n* (]) i€ B,
jE

using (3.40). Thus, inf;cs ™ (i) > 0. Now we can repeat the argument of Theorem 3.16 to show that p = X* =
Am = &;(c,v) for all 4. This completes the proof. O

In a similar fashion we can extend Theorem 2.21 to a continuous time set-up.
Theorem 3.17. Grant Assumption 3.15. Also, assume that there exists a function W : S — [1,00) satisfying
W (i) > i for all large i and

sup ZW(z)q(ﬂz,u) <g(i) foriesS,
uGU(i)jes

for some function g : S — R satisfying lim;_,~ g(i) = 0. Furthermore, for some n > 0 we have

min ¢(i — 1i,u) > n  for alli > 1,
w€eU(4)

and q(-|1,u) supported in a finite set C, independent of u. We also assume that for Dy, :={1,...,n}, v € sy,
and any j € D, \ {1} there exists distinct i1,1a, ..., € D, we have

q(in|1,0(1))q(izlir, v(ir)) - - - q(flir, v(ix)) > 0.

Furthermore, X is irreducible under any stationary Markov control. Then there exists a positive function ¥*
satisfying

Xp*(4) > min Zz/) Yq(jli,u) + c(i,u)* (i) | forie S. (3.41)

uel(z)

Futhermore, we have X = Ay, and any measurable selector of (3.41) is an optimal stationary Markov control.

The proof is analogous to Theorem 2.21 and thus omitted.

4. POLICY ITERATION

In this section we propose policy improvement algorithms (PIA) and establish its convergence to the optimal
value. To do so, we introduce the notion of generalized Perron-Frobenius eigenvalue. Our definition below
can be seen as the counterpart of the elliptic generalized eigenvalue in the case of discrete Markov chain (cf.
[6, 12, 13, 39]). For discrete time CMP we define the generalized Perron-Frobenius eigenvalue as follows

M =inf{A € R : 3V > 0 satisfying m{{}l(a)ec(z u) Z‘If P(jli,u) < W(i) Vie S} (4.1)
ue



36 A. BISWAS AND S. PRADHAN

Similarly, we can also define a generalized Perron-Frobenius eigenvalue for every stationary Markov control v
as follows.

M) =inf{A € R : 3T > 0 satisfying () Z\IJ P(jli,v(i)) < e*W(i) Vi S} (4.2)
jES

In relation with the risk-sensitive control we would be interested to know whether A{ = X. Note that for

nondegenerate elliptic operator this is not true in general. See for instance, Example 3.1 in [6]. Our next result
would be helpful in answering this question.

Lemma 4.1. Assume that X is irreducible under every stationary Markov control and \{ is finite. Let D be a
finite domain and (p,¢) € R x B$, ¥ # 0, be such that

mﬁ}? e“(l“)g () P(Gli,u) = e’YP(i), YieD, andip(i)=0 VieD°. (4.3)
u€eU(2)
jeSs

Then we must have p < \{. Similar result also holds under every stationary Markov control.

Proof. Suppose, on the contrary, that p > A{. From the definition of A\{, we find a pair (A, ¥) with ¥ > 0
satisfying

i e(iu) E U(y ) < Ay fi llie S 4.4
min e 1 U e or all 7 . .
w€eU(i) ics j| ( ) ( )

Consider a minimizing selector v € gy, of the left-hand side of (4.4). From (4.3) we then have

e ON () P(jli,v(i) > efy(i), VieD, andy(i)=0 Vie D (4.5)
JES

Define
0 =sup{x >0 : ¥ — k1) >0in D}.
Since ¢ > 0, we have 6 € (0,00) and V := ¥ — 0y is non-negative in S. Furthermore, V' must vanish at some

point, say jo, in D and V > 0 in D°.
Since p > A, using (4.4) and (4.5) we also get

V(i) > ectr(@)= AZ:V P(jli,v(i)) VieD. (4.6)
JES

Denote by T = 1(D) the first exit time from D. From optional sampling theorem we then obtain from (4.6) that
(see (2.16))

0=V(jo) 2 B, [ (DY (X))
Letting T'— oo and applying Fatou’s lemma we get from above that

0> ]E})o [62;_01(C(Xt,U(Xt)*A)V(XT)]l{T<OO}} .
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Since X is irreducible, we have P’ (T < oc) > 0 and also V' > 0 in D¢. This is clearly a contradiction to the

above. Thus we must have p < )\?. O
The following remark is immediate from Remark 2.11, Lemma 4.1 and the proof of Theorem 2.17.

Remark 4.2. Suppose that Assumption 2.1 holds and X is irreducible under every stationary Markov control.
Then lim,, o pn = AJ. Moreover, if A{ < oo, there exists a positive eigenvector V' satisfying

in ec(bu V(j ) < My ;e S.
urenﬂljg)e Z P(jli,u) <eMV(i) i
JjES
4.1. Discrete time stable case

In this section we propose a policy improvement algorithm (PIA) and show that it converges to the optimal
value X*. To this aim we use a stronger hypothesis compared to Assumption 2.2.

Assumption 4.3. We suppose that Assumption 2.2 holds for a norm-like function V. Furthermore, in case of
Assumption 2.2(b), we have max,cy(;) (i, u) < nf(i) for i € S and some n € (0,1). Also, there exists a state z,
in S such that

inf P(zo|i,u) >0 forallieS. (4.7
u€eU(2)

(4.7) will be used to construct a suitable small set and to apply certain convergence result from [38]. Assump-
tions 2.1 and 4.3 are imposed throughout this section. Suppose that v is a stationary Markov control and (p,, 1)
be the corresponding eigenpair obtained in Remark 2.13. Let B D K be such that for i € B¢ we have

(4.8)

maxycp(;) ¢(i,u) — py < ay, under Assumption 2.2(a),
max,cy(;) (i, u) — py < (i), under Assumption 2.2(b),

for some o € (0,1). Then the arguments of Lemma 2.12 gives us
Goli) = By [0 v X2y (Xom))| Vi€ B (4.9)

We are going to use this observation in the later part of this section. We now describe our PIA.
Algorithm 4.4. Policy iteration.

1. Initialization. Set k = 0 and select any vy € LUsp,.

2. Value determination. Let V}, be the unique principal eigenfunction satisfying Vi (ip) = 1 and

PR V(i) = ecbor (i) ZVk P(jli,vx(3)) i€ S. (4.10)
jES

Existence of a unique principal eigenfunction in equation (4.10) follows from Remark 2.13 and Lemma 2.15.
We let A\ = A(vx) = &;(c,vi) = pr-
3. Policy improvement. Choose any vg11 € s satisfying

Vg+1(4) € Argmin C(’“)ZVk P(jli,u)|, i€S.
u€eU(2) jes
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Then our main result of this section is
Theorem 4.5. Under Assumptions 2.1 and 4.3 the following hold.

(i) For all k € N, we have A1 < Ap and limg o0 A = X*.
(i) Vi converges pointwise, as k — 0o, to * where 1* is the unique solution to (2.9).

Our proof of Theorem 4.5 is inspired from [5] which also establishes convergence of PIA for controlled
diffusions. The proof technique of [5] uses several estimates from elliptic partial differential equations which
are not obvious in the present situation. So our proofs requires a more careful analysis. We denote by ¢ (i) =
c(i,vg(2)). Tt is also obvious from (4.2) that A\g1 < Ag for all k£ > 0. Fix a set B containing K. Since p, > 0, from
Assumption 4.3 (4.8) holds for p,, = Ag. Let k5 = ming Vik and replace Vi, by x4 V%. Using (4.9) and Lemma 2.9,
it then follows that V; <V in S. Define

Opp1(i) =1— Vk(_ e =M NV (5) Pl vk (3)). (4.11)
JjES

Since

. . c T,u)— A ¢ (2)—X .- .
Vi(@) > min e ; ;Svk P(jli,u) | = e+ (DA ;Vk P(jli, vrg1(i),
J J

we have 0 < 0, < 1 for all £k € IN. We begin with the following estimate which will be useful to establish
convergence of Vj.

Lemma 4.6. Grant Assumptions 2.1 and 4.3. Then the following hold.
(i) There exists k, independent of k, such that

Vi(i) < (V(@)*  foralli € S, (4.12)

where « is given by (4.8).
(ii) For every i € S we have infren Vi (7) > 0.

Proof. (i) actually follows from (4.8) and Lemma 2.9. Since A\;, < Ao, we see from (4.8) that

ma(x) c(i,u) — Ay < ay, under Assumption 2.2(a),
u€U(2

max c(i,u) — A\, < af(i), under Assumption 2.2(b),
u€U(1)

for all i € B¢. Therefore, the stochastic representation of Vj is possible with respect to B, that is,

F(B)—1

Vio(i) = E* [e B (C"'(X‘)_Ak)Vk(XTV(B))] VieBe.
Let us consider Assumption 2.2(a) first. Since a € (0, 1), from Lemma 2.9 it follows that
Vi (i) < EJ* [eaﬁ(g)Vk(Xf(B))}
<P [T (1) (Xay)]

— Vi T(B @
< (I'Il,BaXV)l Ei |:6’Y ( )V(X%('B))}
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< (mgx V)TV (4)

for all ¢ € B¢. This gives (i). Similar argument also works for Assumption 2.2(b).

Next we consider (ii). Fix ¢ € S. Suppose, on the contrary, that V(i) — 0, along some subsequence, as
k — oo. Using a standard diagonalization argument and the bound in (i), we can find a further subsequence so
that

A = Ao, w(G) = 0(d),  Vi(G) = V()

for all j € S, as k — oo. It is also evident from (i) that V(j) < x(V(j))* for all j. We claim that

GO N "V (2) P(2]g, vr () — 00D NV (2) P25, v(5)) (4.13)
z€S z€S

as k — oo, for all j. Note that for any given € > 0, since V is norm-like, we can find z; € S such that

D Vi(2)P(2lj, vk () < [k sup VAT (G)] D V(@) Pl ve(d)) < e,

]>Zl

22>z z>2z1

using (4.12) and Assumption 2.2. Thus, applying Assumption 2.1(a), we get (4.13). Now passing the limit in
(4.10) we have

oV (j) = eV N TV (2) P2l 0(f) j €S,
z€S

and V(i) = 0. On the other hand, since maxg(V — Vj,) = 0, we must have maxs(V — V) = 0 implying V is
positive at some point in B. Applying the arguments of Lemma 2.12 (see (2.36)) we get a contradiction. This
proves (ii). O

We also need the following uniqueness result.

Theorem 4.7. Suppose that (p, W) € Ry x o(V) be such that W > 0 and

W(i) = min |elchu)— W(j i,u) 1€ S. 4.14
(i) = min ) WGPl (414)

Moreover, assume that p > X*. Then we must have p = X* and W is a scalar multiple of {*.

Proof. Let v* be a minimizing selector of (2.9). Then for a finite set B containing K and satisfying

ma(x)c(z ,u) — X < ary, under Assumption 2.2(a),
uelU

max c(i,u) — X' < a@l(i), under Assumption 2.2(b),
u€eU(7)

for all 7 € B¢, we have the representation

GH(E) = BV X0’ T e(Xew" (X)) =X (Xm))] VieBe, (4.15)
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from Lemma 2.12. Using (4.14) we get

W(i) < el ST W(G)P(jli, (i) < el W ()Pl v(i))-
JjES JES
Denoting T, the first exit time from {1,2,...,n}, and applying Dynkin’s formula we obtain
W) <EV {e fi’é)”"”‘l(c(xt,v*<Xt))—A*)W<X%(B)MnAT)} ,

for i € B¢ N D,,. In view of Lemma 2.9, we can let T'— oo in the above to obtain

T(B)ATH—1

W) <EV [e i (e( X 0™ (X)) — )\*)W(X'F('B)/\Tn)} ) (4.16)

Since W € o(V), it also follows from (2.4) that

Tp—1

v* c v* —X* Wi v*
Ei |:€ +=0 ( (Xt> (Xt)) X )W(XTH)]I{T.,L<’?(B)}:| S sup (-]) IE [e’YTnV(XTn)]l{Tn<"f(B)}:|

ji>n V(]) !
W) .
<) YW 0

as n — oo. Thus, letting n — oo in (4.16), we obtain
W) < Ef . T (X 0™ (X)) — /\*)W( o ))} i € BE.

Now we can apply the arguments in Lemma 2.15 (see (2.51) and the argument that follows) to obtain that W
is a scalar multiple of ¢*. Using (4.14) it then follows that p = X* and this completes the proof. O

Next we need the notion of twisted kernel. Consider the eigenpair (A, V%) and define the transition kernel

o Vi()PUl) |
PRON = = PGl * € (4.17)

Let Y*®) be the Markov process associated to this kernel. Since P(j]i, vy (i)) generates an irreducible Markov
chain, Y is also irreducible. We denote by ]E(k)[-] the expectation operator with respect to the kernel P,
For any nonnegative function g we then have

E;’k [627;51(Ck(Xt)*/\k)Vk(Xm)g(Xm)} _ Vk(i) ]Egk)[g(Yﬁf))} icS. (4.18)

This can be proved by induction and Markov property. In particular, for m = 1, (4.18) follows from (4.10) and
(4.17). Suppose (4.18) is holds for m — 1. Then

E* CE?L:O(CIC(Xt)*Ak)Vk(Xm+1)g(Xm+l):| = E [ezrzo(c’“(xf)”\’“)EXm [Vk(X1)g(X1)]]
= B [T OO (3, B [o(v)]

= ) E® [ER "] = Vi@ B [o(i2)]
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This gives (4.18). y
Let C be a finite set containing z,, B and K (see Asm. 2.2). Let V;, = Vlk Using (4.10) and (2.4) see note
that

ka (k) i) = ngs V()P (i, vi (i) <

= e —(1—a)y K1 ’ .
S cs VeG) PGl os(i) = Veli) + rale (4.19)

jES

for some constant k1, independent of k, which is possible by Lemma 4.6(ii). Similar estimate also possible under
Assumption 2.2(b). We also note that since Vi, <V

D Vi) PGLE vk(E) <Y V)P v (@) < k(D),

JjEeS jES
by Assumption 2.2, for some constant «(i). Therefore, letting v = §,_, we see from (4.7) that
P®(Ali) > kov(A) for AcC C, and i€ C,

for some k9, independent of k. This is possible due to Lemma 4.6(ii). Therefore, C' is a small set for the chain
Y *). Applying Theorem 2.3 of [38] we then obtain the following

Lemma 4.8. For every k € IN, the Markov chain Y¥) has a unique stationary probability measure ), and there
are constant M and r € (0,1), not depending on k, that satisfy

iy

when the chain starts from the initial state i.

< MV (i)r™  for alln € N, (4.20)

Vi

In the above

lwr — wallyv := sup |ui(f) — wa(f)l,
[fISV

where W (f) = > es f(7)um(4) for m = 1,2. Recall from (4.12) that

Vi(i) > k=W %6) i€ S,
Hence using (4.19), we get

D VI G)mk(j) < ks forallk € N (4.21)
jeS

for some constant 3. This of course, implies that {m} is tight. We claim that every limit points of {my} will

have support in all of S. To see this, suppose along some subsequence, 7, — 7 as k — oco. In view of Lemma 4.6
and compactness of action space, we can extract a further subsequence along which

Ve(i) > V(i) >0 and wg(i) » v(i) forallie S,
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as k — oo. This of course, implies (see (4.13))

0 (415 — VeGP vk (2) VOIPGl @)
PR = & PGl @) Tes VOIPGlo@) LI

as k — oo. Therefore, for any bounded function f : S — R supported on a finite set, we get
> SG)m() = Jim > FG)m(s)
jes jes

= jim Y [zf )

jeSs z€S

Y [zf P(=h)

JjES zE€S

where in the last line we use tightness of {m}. By a limiting argument we see that

D)@ =Yo7 () lz f(2)P(z

JjES JjES 2€8

for all bounded function f. Thus 7 is a stationary distribution to the Markov process generated by the kernel
P. Since P is irreducible, which follows from the irreducibility of P(j|é,v(7)), 7 must have support in all of S.
Now we are ready to prove the following key lemma.

Lemma 4.9. Grant Assumptions 2.1 and 4.3. Then we have 0x(i) — 0 as k — oo, for alli € S.
Proof. From (4.11) we see that for k € IN

Or1 (1) Vi (i) = V(i) — e D=2 N "V () P(jli, v (i) i € S, (4.22)

JES

Applying Dynkin’s formula to (4.22) gives

T
V(i) = B} Xt COMIY (X )] + 3B [eXimb(@n X -2g,  (X,)Vi(X)|
t=0
T

Z EVR+1 [ oleri1(Xn)— )\k)ek-i-l(Xt)Vk(Xt)} (4.23)
t=0

forall T € IN and i € S. Let us now define

. N~ Ve(l) .
h =40 —_— S.
k+1(7) et1(2) Vierr (4) S
Then combining (4.18) and (4.23) we have
- (k1)
Vid) = Vi1 () 3 eOrri A | [hk+1 (v, 1))] . (4.24)

t=0
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Let

Vi (i)
Vier1()

Ukt1(i) = iesS.

Since

Vi(i) > e O NV () Pl 01 (1)), Vieya (6) = e O30 STV () PG, v (1),

jeS jES

we obtain from (4.17)

U1 (i) = 072 U () PFFD (i) for all i € S. (4.25)
JjES

We now split the proof into two cases.

Case 1. Suppose that some k£ > 0 we have A1 = M. It then follows from (4.25) that {Uk+1(YT§k+1))} is a
super-martingale. Since Y kFD) g recurrent, we must have Uy constant. From (4.11) we get 611 = 0 and

Vi) = e Y VeGP (ili,on(i)) = min e 07D V(G P(lis )
jes JES

Hence vy, is also a minimizing selector. From Theorem 4.7 we then see that Vj is a scalar multiple of * which
in turn, implies from Theorem 2.5 that X = Ay = Ap41 = A\pq2=--- and §; =0 for j > b+ 1.

Case 2. Suppose that the sequence {A;} is strictly decreasmg Note from Lemma 4.6 that supy, hx(i) < 0o
for all i. Let D be any finite set. Then using (4.20) and (4.24) we have

T
Ui (i) Z Akt =Ag)t [77k+1(hk+1]193) - MV(@i)rt|.
=0

Letting T" — oo we get
Up1(6) > [1— et =27y (hgga 1) — kg V(i)

for some constant k4, not dependent on k. Since {Ug(7)} is a bounded sequence, by Lemma 2.9, and {\} is
decreasing, it follows from above that

lim 7Tk+1(hk+1]lp) == O7 (426)
k—oo

for every finite set D. Now suppose that for some i € S, limsup,,_, . 0x(i) > 0. We choose D = {i}. Since every
subsequential limit of {m} has support in S, liminfy_,o Vi (i) > 0 by Lemma 4.6(ii), this gives a contradiction
0 (4.26). Hence we must have limy_, o 0;(¢) = 0 for all ¢ € S. This completes the proof. O

Now we are ready to complete the proof of Theorem 4.5.

Proof of Theorem 4.5. Suppose that limg_,o. Ay = p. It is obvious that p > X*. Using (4.11) we write

Opr1 (i) Vi (i e =A N (4 = Vi.(3). 4.27
e (OVi(0) + min e JEZ; ()P (i, u) 7 (1) (4.27)
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Using Lemma 4.6 and a diagonalization argument we can find positive V' € o(V) so that, along some subsequence,
Vi(i) — V(i) for all i € S. Passing the limit in (4.27) and using Lemma 4.9 we obtain

=N Y =V(i) ieS.
urenu}n J;g P(jli,u) (i) 4

From Theorem 4.7 we see that p = X* and V is a scalar multiple of 1*. Since ¥* is unique upto a normalization,
(ii) follows. O
4.2. Continuous time stable case

In this section we prove a PIA for the CTCMP we considered in Section 3. Most of the statement and
proofs in the section are continuous time analogue of Section 4.1, therefore we mainly provide sketches for
most of the results. We begin with the following assumption which we impose in this section, compare it with
Assumption 4.3.

Assumption 4.10. We suppose that Assumption 3.4 holds for a norm-like function V. Furthermore, in case of
Assumption 3.4(b), we have max,cy;) c(i,u) < nf(i) for i € S and some 7 € (0, 1).

As before, we define the generalized Perron-Frobenius eigenvalue as follows

=inf{A € R : 3T > 0 satistying m&l) Z\I! Va(Gli, u) + c(i,u)T(i) | < AU(i)Vie S} (4.28)
ue

and for every stationary Markov control v we also define

Af(v) =inf{A € R : 3T > 0 satisfying Z V() P>li,v(i)) + c(i,v(@)T ()| <AV()Vie ST (4.29)
JjeSs

A claim analogous to Lemma 4.1 holds true for CTCMP and under the setting of Theorem 3.6 we also have
A§ = X and A (v) = py (see Rem. 3.12). We now describe our PIA.

Algorithm 4.11. Policy iteration.

1. Initialization. Set k = 0 and select any vg € Usm,.

2. Value determination. Let V}, be the unique principal eigenfunction satisfying Vj(ip) = 1 and

Pk Vi (4) ZV”“ q(jli, vk (3)) + (i, vk (3)) Vi (i) i€ S. (4.30)
JES

Existence of a unique principal eigenfunction in equation 4.30 follows from Remark 3.12 and Lemma 3.13
which is based on Lemma 2.15. We let Ay := A§(vg) = &;(c,vi) = pi-

3. Policy improvement. Choose any vg11 € LUy satisfying

vg+1(7) € Argmin ZVk q(jli,u) + c(i,u)Vi(i)|, i€S.
w€elU(i) jes

We show that Algorithm 4.11 converges.
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Theorem 4.12. Under Assumptions 3.1 to 3.3 and 4.10 the following holds.

(i) For all k € N, we have Ap11 < Ak and limg_yo0 Ap = X
(i) Vi converges pointwise, as k — 0o, to ¢* where 1* is the unique solution to (3.7).

We adapt the proof of Theorem 4.5 with suitable modification. Our next lemma follows by adapting the
arguments of Lemma 4.6 and Theorem 4.7 in a straightforward manner.

Lemma 4.13. Grant the setting of Theorem 4.12. Then the following hold.

(i) There ezists k, independent of k, such that

Vi(i) < k(V(2))*  for alli€ S, (4.31)

where « is given by (4.8).
(i) For every i € S we have infren Vi (7) > 0.
(i) If for some (p, W) € Ry x o(V) with W > 0 we have

W (i) = W (j + W (i €S,
pW (1) urenﬁl(ll Z (jli,w) + (i, u)W (i) i

where p > X. Then we must have p = X and W is a scaler multiple of 1* where ¢* is given by (3.7).

As before, we denote by ¢ (i) = ¢(4, vk (i)). Define V(i) = (V(4))* where k € (0,1). Since t — t* is concave
n (0,00), we observe from Assumption 3.4 that

D Velialili,u) = (V) = V=())a(ili, u)
jES e
<Y RV V() = V(@) alilis w)
J#i
_ { KV<=1(i)Clic — kyVe (i), under (3.4),

V1 (i)l — kl(i)Vi (i), under (3.5). (4.32)

We fix k € (n,1) where 7 is given by Assumption 4.10. For (3.4), we shall fix k close to 1 so that ||c|lec < k7.
Also, note that we may choose o < k in (4.8).
Let us now introduce the twisted rate kernel. For the eigenpair (A, Vi) we define the kernel

g™ (jli) = q(jli,on(i)) fori#j, and ¢™(ili) == q® (jli).

J#i

e

|
SRS
~— | —

From (4.30) we see that

—gM™ (i) = p — e — qlili, vr(i)) < 00 i € S.
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Let Vi, (i) = ‘})k((?) for ¢ € S. From Assumption 3.4 it then follows that

}jwwwmmw:§3w0w44mﬂ“@mmwam

jeS j# (l)
= ZV q(jli,ve (i ZVk q(jli, vx(i))

Vk(z C]lK: ( () + )\k)Vk(Z), by (34)7
O] C]llc (i) — er(i) + M) Vi(i), by (3.5),

Eitic — (1- 010,
S{ Culic — (1 - )i V(), 4

=

IN

for some constant Cy, where we use (4.8). Using (4.33) and Theorem 2.2.4 of [40] we find a non-explosive Markov
process Y¥) corresponding to the kernel ¢(¥). Furthermore, since ¢ is irreducible for every stationary Markov
control, we have Y *) irreducible. Letting

D, 1 (4) TAD) ie s,
from (4.32) and (4.33) we obtain
Z(I) q(k) i) < gzﬂlc — (k= a)’y(I.)KJC(Z)7. (4.34)
s Colk — (k — a)l(i) Py 1 (7),

for some constant 52. By Assumption 4.10, Vy, (1)/ Py = V1_k(i) = o0 as i — oo. Therefore, by Theorem 3.13
of [41], Y*) is exponentially ergodic with a unique invariant measure 7. Using (4.31) and (4.33) we get that

supZVl (g

jeS

for some constant k. Thus {7} is tight. As before, see Section 4.1, we next show that any subsequential limit of
{mk} is supported on whole of S. Since we do not have an exact analogue of Lemma 4.8 for CTCMP, we modify
the argument a bit. Consider a subsequnce of {m} along which 7, — 7. Using a diagonalization argument and
selecting a further subsequence, if required, we can assure that

Vi(i) = V (i), wvr(i) > v(i) foralliels.
Using (4.31) it is easily seen that

a® (jli) = G(jli), Ve(i) = V(i), @ i(i) = ®y(i) for alli,j,

where
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(4.33) and (4.34) holds true for the kernel ¢. It can also be easily checked that 7 is the invariant measure
corresponding to the kernel ¢. Since ¢ generates an irreducible Markov process, 7 must have its support in all
of S. This proves the claim.

Let us know define the error term

Ok41 (’L) =\ — Ck+1 Z Vk j|l ’Uk;Jr]( )) 1€ 8. (4.35)

It follows from the definition (see step 3 of Algorithm 4.11) that 6 > 0. On the other hand,

Or+1(1) < Ax + (sup —q(ili,u)) < Ao+ (sup —q(ili,u)) <oo €S
weU(i) weU(i)

Thus, {6} is locally bounded in k. Next we show the following.
Lemma 4.14. Grant the setting of Theorem 4.12. Then we have limg_, o 0x (i) = 0 for alli € S.

Proof. Suppose, on the contrary, that for some i € S, we have lim supy,_, ., 0x(i) > 0. Passing to the subsequence
we assume that 6y (1) — 6 > 0. Now applying Dynkin’s formula to (4.35) we have

T
Vi1 (i) > / EP* [elo (Ck(Xs)*’\’“*l)dsﬁk(Xt)Vk_l(Xt)] at, (4.36)
0
for all T > 0. On the other hand, for U (i) = Vf/;(li()i), we have
> Uk()a™ (i) < (Ak—1 = AUk ().

JjeS

Thus, if Ax—1 = A the proof follows from the argument of Lemma 4.9, Case 1. So we assume that {A;} is
strictly decreasing.
To this end, we need a continuous time counterpart of (4.18). Suppose that g is a non-negative function

supported on a finite subset of S. Defining u(t)(7) = Egk) [g(Y;(k))] we know that

T S w00 i€ s
Using (4.30) this can be rewritten as
DU S, (G yu(t)G)alili,ve(0) + (ex() — MIViDuta) ).

jES

Thus, from Dynkin’s formula, we obtain

Vi) BN [g(v, )] = B [l -0 20%g(x)i(r)] (4.37)
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By a standard approximation the above relation can be extended to all nonnegative functions g on S. Let
hi (1) = 0, (0)Vie—1(4)/ Vi (2). Using (4.36) and (4.37) we obtain

T
i) = [ et B (0 ()

Now we let k — oo, so that ¢'®) — § and 7, — 7, along some subsequnece. Since Y*) converges in distribution
to Y where Y is the Markov process associated to ¢ (this can be seen by adapting the arguments of Lemma 5.8
in [41]) and, U(¢) is bounded above and hy(7) is bounded below (by Lem. 4.13), we get from above

T
/0 EM [ (V)] < s

for some k1. But Y is exponentially ergodic ([41], Thm. 3.13) with invariant measure 7 having support in i.
Letting T — oo, we get a contradiction. O

Now we can complete the proof of Theorem 4.12.

Proof of Theorem 4.12. The proof follows from Lemmas 4.13 and 4.14 together with the arguments of
Theorem 4.5. O
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