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EQUILIBRIUM PRICE FORMATION WITH A MAJOR PLAYER
AND ITS MEAN FIELD LIMIT*

MASAAKI FUuJir™® AND AKIHIKO TAKAHASHI

Abstract. In this article, we consider the problem of equilibrium price formation in an incomplete
securities market consisting of one major financial firm and a large number of minor firms. They carry
out continuous trading via the securities exchange to minimize their cost while facing idiosyncratic and
common noises as well as stochastic order flows from their individual clients. The equilibrium price
process that balances demand and supply of the securities, including the functional form of the price
impact for the major firm, is derived endogenously both in the market of finite population size and in
the corresponding mean field limit.
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1. INTRODUCTION

In the traditional setups for financial derivatives and portfolio theories, a security price process is given
exogenously as a part of the model inputs. On the other hand, in the field of financial economics, the problem
of equilibrium price formation has been one of the central issues, which seeks an appropriate price process
that balances demand and supply of securities among a large number of agents endogenously based on their
preferences and rational actions. The intrinsic difficulty for the latter comes from the strategic interactions
among the agents.

The progress in the mean field game (MFG) theory in the last decade has opened a new promising approach
to study the long-standing problem of multi-agent games. Since the publication of seminal works by Lasry
and Lions [41-43] and Huang et al. [34-37], which characterizes the Nash equilibrium by a coupled system of
Hamilton-Jacobi-Bellman (HJB) and Kolmogorov equations, the mean field game has been one of the central
themes among many researchers.

Carmona and Delarue [8, 9] developed a probabilistic approach to the mean field games and mean-field type
control problems based on a forward-backward stochastic differential equation (FBSDE) of McKean-Vlasov type.
Lacker [39, 40] initiated the weak formulation of the mean field games by applying the relaxed-control technique.
An extension to the so-called extended mean field games was recently made by Djete [17, 18]. The mean field
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games in the presence of common noise were developed by Carmona et al. [12] in the framework of weak
solutions. Lauriere and Tangpi [46] generalized the concept of propagation of chaos for forward and backward
weakly interacting particles. Since the mean field game theory can decompose a complicated Nash system arising
from stochastic differential games into a separate optimization and an additional fixed point problem, it has
found vast applications involving many homogeneous agents competing through symmetric interactions. For
interested readers, there exist excellent monographs such as [3, 29, 30, 38] for analytic approach and [10, 11] for
probabilistic approach. See also the lecture notes by Cardaliaguet [6].

Since the original MFG setting assumes the homogeneous agents, one natural extension is to allow multiple
types of populations, where the cost functions as well as the coefficient functions of the state dynamics can
be different population by population. See, for example, [2, 5, 15, 20, 54] for analytic approach and [26] for
probabilistic approach. Another important direction of research is to allow the existence of a major agent whose
importance does not diminish even in the large population limit of the minor agents. Huang [33] introduced
linear-quadratic mean field games with a major agent, which was extended by Nourian and Caines [47] to a
general nonlinear dynamical system. Bensoussan et al. [4] and Carmona and Zhu [13] further developed the
framework to allow the major agent to directly influence the law of the minor agents. The former considered the
Stackelberg equilibrium and the latter dealt with the Nash equilibrium. See also [23] for recent generalization
in the linear-quadratic system, and [7, 44] which studies the master equation for the mean field games with a
major agent.

These developments of the MFG theory have been successfully applied to various problems regarding in
particular, the energy and financial markets which naturally involve a large number of agents with similar
preferences. A popular phenomenological approach used to fit to the concept of Nash equilibrium is to assume
that the relevant asset price is decomposed into two parts; one is a so-called fundamental price, which is
exogenously given and assumed to be independent of the agents’ actions, and the other part representing the
market friction which is often assumed to be proportional to the average trading speed among the agents. One
can find in [1, 14, 16, 21, 24, 32, 45] interesting applications to, optimal trading, liquidation, energy production,
optimal use of smart grids, etc. In particular, we refer to Fu and Horst [25], Evangelista and Thamsten [19]
and Féron et al. [22] who studied the optimal liquidation and trading problems in the mean-field games with a
major player.

As for the problem of equilibrium price formation, which requires the prices to balance demand and supply
of the corresponding assets, application of the MFG theory has been surprisingly rare. The first contribution in
this direction was made by Gomes and Saude [31] who modeled the electricity price process using the analytic
approach. Recently, Shrivats et al. [48] and Fujii and Takahashi [27] independently proposed a probabilistic
model for equilibrium price formation. In the former work, the authors studied the solar renewable energy
certificate (SREC) market and derived the equilibrium SREC price using McKean-Vlasov FBSDEs. As in [31],
they assumed that each agent is subject to an independent noise and applied the fixed-point technique developed
by [8] to obtain a deterministic process for the equilibrium price. In the latter, we studied the price process of
general financial assets using a stylized model of the securities exchange. In contrast to [31, 48], we included a
common noise which affects all the agents. Since the existence of the common noise makes it impossible to use
the fixed-point technique, we resorted to the continuation method developed by Yong [51] and Peng and Wu [49]
to solve the conditional McKean-Vlasov FBSDEs directly under the appropriate monotone conditions. In the
accompanying work [28], we proved the strong convergence of the finite agent equilibrium to the corresponding
mean field limit given in [27]. Note that, if we only want a short-term solution, the monotone conditions are
unnecessary. In economic terms, they prevent the price bubbles/crashes from happening so that the price process
is well-posed for an arbitrary interval. Roughly speaking, they require the demand of the securities decreases
when their prices rise.

In the current paper, we further developed the model studied in the two preceding works [27, 28] by including
a major agent. As long as we know, this is the first attempt to solve the problem of equilibrium price formation
with a major agent under the market-clearing condition. For a given order flow from the major agent, a properly
functioning market is expected to produce an equilibrium price process as in [27, 28]. Since the equilibrium price
process of the securities becomes dependent on the trading strategy of the major agent, her optimization problem
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ends up in minimizing the cost with her own feedback effects into account, which is given by a large system
of controlled-FBSDEs in the case of the finite population market, and by controlled-FBSDEs of conditional
McKean-Vlasov type in the limit of large population size. In order to guarantee the optimality, we prove
the new verification theorem for the controlled-FBSDEs of conditional McKean-Vlasov type. Although we are
forced to assume a linear-quadratic setup (with stochastic coefficients) for the minor agents in order to make
the verification theorem hold, we keep a general non-linear cost function for the major agent. The resultant
system of fully-coupled FBSDES is solved once again by the continuation method. The equilibrium price process
that balances demand and supply of the securities, including the functional form of the price impact for the
major agent, is derived endogenously both in the market of finite population size and in the corresponding
mean field limit. Lastly, we show the strong convergence of the finite agent equilibrium to the corresponding
mean-field limit. Note that, it is quite rare that one can prove the strong convergence of N-agent equilibrium
to the corresponding mean-field limit outside the explicitly solvable linear-quadratic (LQ) settings. To the best
of the authors’ knowledge, this is the first example of this kind in the presence of a major player in the non-LQ
setups. As an important byproduct, we obtain the direct estimate on the difference of the equilibrium price
between the two markets.

The organization of the paper is as follows. After explaining the notations in Section 2, we solve the equilib-
rium price formation for the finite population market in Section 3. The corresponding problem in the mean-field
limit is solved in Section 4. In Section 5, we prove the strong convergence of the finite population equilibrium
to the corresponding mean field limit and give the stability result for the market-clearing price between the
two cases. Section 6 gives a brief discussion on the special case in which the securities have a specified date of
maturity with exogenously determined payoffs, as in the case for Futures, Bonds and other financial derivatives.
A general verification theorem for the optimization problem with respect to the controlled-FBSDEs is provided
in Appendix.

2. NOTATIONS

We use the same notation adopted in the work [28]. We introduce (N + 1) complete probability spaces:
@",F P) and @ ,F,F)N,,

endowed with filtrations F' := (?i)tzo, 1€{0,...,N}. Here, 7 is the completion of the filtration generated by

d°-dimensional Brownian motion W (hence right-continuous) and, for each i € {1,..., N}, F' is the complete
and right-continuous augmentation of the filtration generated by d-dimensional Brownian motions W' as well
as a W'-independent n-dimensional square-integrable random variables (€%). We also introduce the product
probability spaces

Q=0 x0, F, F=(Fso P,ic{l,... N}

where (F°, ]P”) is the completion of (?O ®?i, 7’ ®?i) and F? is the complete and right-continuous augmentation
of (ff ® Fp)i>0- In the same way, we define the complete probability space (2, F,P) endowed with F = (F;);>0
satisfying the usual conditions as a product of (ﬁl,?l,@z;ﬁl)f; 0-

Throughout the work, the symbol L and Lg denote given positive constants, the symbol C' a general positive
constant which may change line by line. For a given constant 7' > 0, we use the following notation for frequently
encountered spaces:

— 8% denotes the space of n x n strictly positive definite matrices.
— 8™ denotes the space of n x n positive semidefinite matrices.
— L2(G; R?) denotes the set of R%-valued G-measurable square integrable random variables.
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— S%(G;R?) is the set of R-valued G-adapted continuous processes X satisfying

1
I X |2 :==E[ sup |X¢|*]® < 0.
t€[0,T]

— H2(G;R?) is the set of R-valued G-progressively measurable processes Z satisfying

12l =E[( [ 12Pa)]" <o

— L(X) denotes the law of a random variable X.
— P(RY) is the set of probability measures on (R, B(R?)).
— Pp(R?) with p > 1 is the subset of P(R?) with finite p-th moment; i.e., the set of u € P(R?) satisfying

1

M0 2= (| lelutan) < oc.

We always assign P,(RY) with (p > 1) the p-Wasserstein distance W), which makes P,(R?) a complete
separable metric space. It is defined by, for any u,v € Pp(Rd),

1

Wy(p,v) = infrerm, () [(/ , |z — y|Pr(dz, dy)) E} (2.1)

Re xR

where I1, (11, ) denotes the set of probability measures in P,(R¢ x R?) with marginals y and v. For more
details, see Chapter 5 in [10].

— For any N variables (z°)Y ,, we write its empirical mean as

, 1L
m((z)) == m((z")}L,) := N Zifﬂ

We frequently omit the arguments such as (G,R?) in the above definitions when there is no confusion
from the context.

3. EQUILIBRIUM OF FINITE POPULATION SIZE

3.1. Problem description

In the preceding works, we have been interested in the equilibrium price formation in a financial market
among a large number of security firms. Every firm (agent) is supposed to have many individual clients who
cannot directly access to the exchange. Therefore, every agent supposed to face the stochastic order flows from his
individual clients in addition to the idiosyncratic as well as common market shocks. Under such an environment,
they carry out optimal trading via the common exchange to minimize their cost functions. Importantly, since
there exist very large number of agents, every agent considers that his market share is negligibly small and hence
that there is no direct market impact from his trading. In other words, they behave as price takers. The problem
of equilibrium price formation is to search an appropriate price process of securities which equalize the demand
and supply based on the agents’ cost functions and the state dynamics. In the presence of common shocks,
the price process inevitably becomes stochastic. Such a problem has been investigated in our two preceding
papers [27, 28], where the former treats the mean-field limit and the latter proves the strong convergence to the
mean-field limit from the corresponding equilibrium of finite population.
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The new twist in the current paper is the presence of one major agent, a huge financial firm, who knows
that her trading volume has a significant market share. For a given order flow from the major agent, a properly
functioning market is expected to produce an equilibrium price process so that it matches the net demand and
supply among all the agents. Through this function of the market, the equilibrium price process of the securities
becomes dependent on the trading strategy of the major agent. Therefore, her optimization problem ends up in
minimizing the cost with her own feedback effects into account. We then finally obtain the market equilibrium
price process by solving the major agent’s optimal strategy. In the following, we first solve this problem in the
market with finite population size. The minor agents are allowed to be heterogeneous so that the coefficients
functions for their state processes as well as the cost functions can be different from each other. The large
population limit of minor agents will be studied in later sections.

Let us now describe the setup more concretely. There are N minor agents indexed by ¢ = 1,..., N. The major
agent is always labeled by the index 0. The number of securities traded in the market is assumed to be n € N.
Each minor agent i € {1,..., N} tries to solve the cost minimization problem among the admissible strategies
Al := H?(F;R")

inf J'(a') (3.1)

aleA?

with some functions f; and g;, which denotes the running as well as terminal costs, respectively:

T
Jat) = E[/ fi(t, X7 ol @y, Ay, e, ch)dt + gi(Xo, wr, &, cZT)}
0
The dynamic constraint, which is the time evolution of the securities’ position size of the ith agent, is given by
dX} = (ai + li(t,c?,ci))dt +od(t, e, AW 4 oy(t, 2, AW, t€0,T)

with X} = ¢ Here, & € ]LQ(fS;R”) denotes the size of the initial position, which is assumed to have the
common law for every 1 <i < N. (w@;)eo,7] € H?(F; R™) denotes the market price process of the n securities.
In the end, we want to determine (o );c[o,7] endogenously so that it equalizes the amount of demand and supply.
()i>0 € H? (FO; R") with ¢, € L2 (f(%; R™) denotes the coupon payments from the securities or the market news
affecting all the agents, while (ci);>o € H2(F';R") with ¢, € L2(F;R") denotes some idiosyncratic shocks
affecting only the ith agent. Moreover, (Ci)tzo are also assumed to have the common law for all 1 <7 < N.
(At)teo, 1) is an Fo—adapted process related to the trading fee to be paid to the exchange. The terms involving
(I;,0,0;) denote the order flow to the ith agent from his individual clients through the over-the-counter (OTC)
market. Each minor agent controls (ai)te[O,T], which is an R"-valued process denoting the trading speed of
the n securities via the exchange. More precisely, (af)*dt, 1 < k < n, denotes the number of shares of the kth
security bought (or sold if negative) within the time interval [¢, ¢ + d¢] by the ith agent. Note that, in addition to
the random initial states (£%)}Y |, we have dp-dimensional common noise W9 and N d-dimensional idiosyncratic
noises (W) . Since we impose no restriction on the size among (n, do, d, N), we have an incomplete securities
market in general. For more information, see Section 3 of [27], which explains the financial interpretation of
each term in details.

When the number of agents N is sufficiently large, it is natural to assume that each minor agent consider
himself as a price taker. Throughout the paper, we assume that this is the case. This means that each minor
agent tries to solve the optimization problem by treating (w;);>0 as an exogenous process. Suppose that the
trading strategy of the major agent is given by (;)¢c[o, 7], which denotes her trading speed. For given order flow
(Bt)tejo,r)> the financial market is expected to produce an equilibrium price process (@ )¢cjo,7] Which equalizes
the demand and supply among all the agents. Our first goal is to find such a price process (@ )c[o,7] Which
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achieves
N .
Zat +8,=0 (3.2)
i=1

dt ® dP-a.e., where ((ag)te[m)le
this price process (w¢).e(o,7]-

We shall show that the resultant equilibrium price process becomes dependent on (8;):c[o, 1) i-e., we have
(wt (B))te[O,T]' Note that the minor agents do not directly care about (5;)c(o,7]. They are just destined to face,

are the optimal trading strategies of the minor agents solving (3.1) based on

as price takers, the exogenous market price process, which happens to depend on the major’s strategy when it
clears the market. The problem of the major agent is now to solve

: 0
Anf J(B) (3.3)

with the cost functional depending on féN) and g(()N):

T
Jo(ﬁ) = E[/O f(gN) (t’ X)?7 Bta wt(ﬁ)v A?7 Cg)dt + géN) (X%? C%):| )

with her own feedback effects taken into account. (Ato)f,e[o,T] is an Fo—adapted process related to the trading fee
to be paid to the exchange. The state dynamics of the major agent describing her position size is assumed to
follow

AX? = (B + 1V (8, ) dt + oV (8, D)AWL, ¢ € [0,T) (3.4)

with some initial condition X € R™. The superscript (IV) of the coefficient functions is added to indicate that
there are (N) minor agents. It becomes useful when we take the large-IN limit in later sections. We assume
that the space of admissible strategies for the major agent is given by A? := H?(F;R") N {#r = 0}, where the
constraint S = 0 is added in order to forbid the last-time price manipulation.

In our framework, the price process including the feedback effects from the major’s action is determined
endogenously. This is a clear contrast to the existing literature dealing with the optimal execution strategy,
where the form of the price impact as well as the fundamental price process are exogenously given. With
appropriate modifications of the cost functions and their interpretations, the current setup may be useful also
for economic analysis, for example, the market involving one major producer and a large number of small
consumers.

Before going to the details, let us comment on the information structure for the agents.

Remark 3.1. If possible, we naturally want to restrict the space of admissible strategies for each minor agent
. . —0

to A" = H?(FR"), 1 <4 < N and that for the major agent to A® = H?(F ;R™) N {#r = 0}. In other words,

. . . —0

we want to realize a market in which each agent only cares about the common market shocks adapted to F

and his/her own idiosyncratic shocks adapted to F'. This would be a much plausible model for the real financial
market than our setup given above. Unfortunately, this looks impossible in the market consisting of finite
number of agents since, in general, the market-clearing price does not solely adapted to 7 but is dependent on
the idiosyncratic shocks, too.

As already observed in [27, 28], we shall see that this ideal situation is actually realized in the large population
limit. There, we can restrict the admissible strategy of the ith minor agent to A* = H?(F%; R™), and that of the

major agent to A’ = HQ(FO;R") N{Br = 0}. In fact, we can find (ww¢)sefo,r) is an Fo—adapted process, i.e. the
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market-clearing price is dependent only on the common market shocks. By the convergence analysis, we shall
see that this is approximately true when the population size is large enough.

3.2. Solving the problem for the minor agents

Let us solve the problem for each minor agent with given order flow (8;)co, 7] € A° of the major agent. This
is done in a completely parallel manner with our previous work [28]. We first specify the details of the functions
introduced in the last section. For each 1 <1i < N, we consider the following measurable functions:

(liy0?,04) : [0,T] x R® x R™ 3 (t,°, ¢)

= (Lt P, ), ol (t, P, ), o4(t, 0, ct)) € (R, R™* o RX ),
£i000,T) x (RM* 3 (t, 2,0, ¢') = f;(t,z,,0,c") € R,
Gt (R™? 2 (2,0, ¢ = g,(z, 0, ¢ €R,

as well as f; : [0,T] x (R")® x 87 x (R")? = R and g; : (R")* — R defined by

. 1 _ ,
fi(t,x,a,w,A,CO,cZ) = (w,a) + §<a,Aa) + fi(t,x,w,co,c’),
gi(r, @, ") = —5{w,z) + g, (z,°, ).

Let us explain the economic meaning of the cost functions. By buying (or selling if negative) with speed a,
each agent pays (or receives if negative) (o, w;)dt amount of cash in the time interval [¢,¢ 4 dt]. In addition to
this direct cost, we suppose that each agent has to pay the service fees to the securities exchange %(at, Aay)dt
where A is an n X n positive definite matrix. These costs are represented by the first two terms of the function f;.
The first term of g; denotes the mark-to-market value at the closing time with some discount factor § € [0,1).!
The above three terms are assumed to be common across the agents since there is no strong motivation to
suppose otherwise. The remaining terms represented by functions f, and g; can be used to distinguish various
characters among the agents. The function f; is supposed to represent the running costs which can be dependent
on the position size, cash flows, prices of the securities as well as any relevant news available to each agent. The
function g; puts some penalty on the position size at the terminal time 7T'. In particular, we can make the ith
agent more risk averse by assigning stronger convexity on x for f, and/or g;.

Example 3.2. Suppo&e that the n securities have continuous dividend payments (Ct)te[o 1) as well as the
rump-sum payment ¢ at time 7. In this case, it may be natural to consider

_ . — .
fi(tvxawacoacl) = 7<607x> + fi(taxawacl)a
gi(xawacoacl) = —<CO,$> +§;(wivcl)a

with some appropriate measurable functions f; and g;. Here, the first term (c?, ) denotes the benefit from the
receipt of the cash flow. The idiosyncratic shock ¢’ can be used in various ways. For example, we may used it
to change the risk-averseness with respect to the position size x of each agent according to the arrival of the
idiosyncratic information. In fact, this is represented by the functions le (-,c") and ¢ (-, %) explained in (iv) of
Assumption 3.3 given below.

Let us also introduce the following measurable functions (¢!, ¢/ hf hY) for each 1 <i < N:

R ]

2 0,7] x (R™M)? 3 (¢, ¢) v ¢ (¢, ) e Sy,

f

G
) 2 0 i 0

7 (R")? > (V') = (e . es,

1We shall see that the condition § < 1 is necessary to obtain well-defined terminal condition for the equilibrium.
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hl 210, T] x (R™)? — bl (t, 0, ) e R,
hY o (R™)? = hI(Y, ¢') € R™.

We assume the following conditions:

Assumption 3.3. (Minor-A) Uniformly in 1 < ¢ < N, the functions satisfy the followings:

(i) (At)tepo, is an ?O—progressively measurable S%-valued process such that there exist some positive constants
0 < A < )\ < oo satisfying A|0|% < (0, A40) < N6|? for every (w,t,0) € Q x [0,T] x R™.

(ii) For any (¢,c% ') € [0,T] x (R™)2,

1ty )]+ 0206, &, )] + oty e, )] < L1+ %] +|ef]).
(iii) For any (t,z, @, ¢') € [0,T] x (R™)%,
[filt, 2, ,¢% ¢+ [g:(2, )| < LA+ [ + |w]* + [ + | ).

(iv) For any (t,z,w,c" ¢') € [0,T] x (R")*, f, and g, are once continuously differentiable in z with
w-independent derivatives, and the functions 9, f; and 9,9, have the following affine-form in z:

Oufi(t,z, 0,0, ) (:: Oufi(t,x, 2, cz)) = cf(tco, N + h{(t, &, ¢,
0agi(x, ", ") = (<, )z + B, ).

Moreover, the functions (¢!, ¢? h{ , hY) satisfy

R

1B (£, &, )] + B9, )] < L(L+ 1] + el
|sz(t700,ci)| + |e? (%, | < L,
(0, (t,,)8) 277107, (6,¢0(°,¢)0) =716, o e R,

with some positive constants v/, 9 > 0.

This is a special situation studied in Section 3.1 of [28]. In fact, the conditions in Assumption (Minor-A)
are significantly more stringent than those used in [28]. We do this in order to avoid introducing many sets
of assumptions incrementally in later sections. In particular, the affine-form condition in (iv) is to be used
when we verify the optimality condition for the major agent based on Theorem A.3. The associated (reduced)
Hamiltonian for the ith agent H; : [0,7] x (R™)* x 8% x (R™)? — R is given by

Hi(t7m7y7 «, W, A7CO7Ci) = <ya a+ li(t7co7ci)> + fi(t7$7a7w7A7 007 Ci)>

which is jointly convex in (x,y, ) and strictly so in (z, ). The unique minimizer « of H; is given by

aly,w) == —A(y + w),

with A := A~!. Therefore, the adjoint equation associated with the problem (3.1) for the ith agent arising from
the stochastic maximum principle is given by, for ¢ € [0,T],

{dXZ = (—Kt(Y;i + ) + i, Y, ci))dt +0%(t, 2, cH)AWL + ai(t, &2, cb)dW, (3.5)

AV} = =0, f,(t, X}, ), c)dt + Z;°dwP + S0 | Z)7dw
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with X§ = ¢ and Y = —dwr + 9,7, (X%, ¢, ¢b).

Theorem 3.4. Let Assumption (Minor-A) be in force. Then, for any (w¢)ieio,r) € H2(F;R™) satisfying wr €
L2(Fr;R™), the problem (3.1) for each agent 1 < i < N is uniquely characterized by the FBSDE (3.5) which
is strongly solvable with a unique solution (X, Y? 79 (Zi’j);v:l) € S2(F;R") x S?(F; R™) x H2(F; R**d0) x
(B2 (B R <)),

Proof. This is the direct result of Theorem 3.1 in [28]. One can easily check Assumption 3.1 in [28] is satisfied
under (Minor-A). Although (A¢)¢cjo,7] is now stochastic, it does not introduce any additional difficulty. The
existence of the unique solution to the FBSDE (3.5) can also be proved by the direct application of Theorem 2.6
in [49] (with B1, 1 > 0), which is repeatedly used in the following sections. O

3.3. Deriving the equilibrium price process for a given (ﬁt)te[o,T]

From Theorem 3.4, we find that the optimal trading speed of each minor agent 1 < i < N is given by
ay = —MNY +w), tel0,T),

for any exogenous input (¢ )c[o,7]- Since the market-clearing condition requires Eil ai + By =0, dt @ dP-a.e.
the market price process needs to satisfy

o = —m((Y3) + At%, te[0,1]. (3.6)

This relation suggests a large system of fully-coupled FBSDEs given below: for 1 <i < N,

dth = {7Kf ()/tl - m((i/f/))) - % + ll(ta C(t)a C;)}dt =+ U?(t, C(t)v Ci)thO + Ui(t’ C(t)’ Cz)thZ’ (3 7)
AY} = =0, J;(t, X{, ), chydt + 22w + 37, 77wy,
with
X5=¢, 58)
Yi= %_(sm((c?(c%,HT)X% + h?(c(:)p, c}))jzl) + (%, ) X0 + hd (¢, )

The terminal condition for Y is implied from
Yi = =8t + 0,5,( X%, %, ch)

and the fact that cor = —m((Y7)) (note that Sr = 0). We have the following result.

Theorem 3.5. Let Assumption (Minor-A) be in force. With a given strategy (B¢)icjo,r) € A° of the magor
agent, the market-clearing equilibrium with a square integrable price process (wi)iec(o,r) € H2(F; R™) with
wr € L3(Fr;R") exists if and only if there exists a solution (X', Y Z%9, (Zi’j)évzl) € S?(F;R™) x S?(F; R™) x
H2(F; R*do) x (H2(F; R**4)N 1 <i < N to the N-coupled system of FBSDEs (3.7) with (3.8).

Proof. This is a simple modification of Theorem 3.2 in [28]. The necessity is obvious from Theorem 3.4 and the
above discussion. On the other hand, suppose that there exists a square integrable solution to the N-coupled
FBSDEs (3.7) with (3.8). Let us define the price process w by (3.6) using the solution (Y*)¥ . Then, with this
w as an input, the solution (yg)te[O’T] to (3.5), which corresponds to the problem for the ith agent, actually
satisfies y' = Y in S?(F;R") due to the uniqueness of the solution to (3.5). Therefore, the market-clearing
condition is satisfied. O
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Assumption 3.6. (Minor-B)
There exists some Fp-measurable S™-valued random variable ¢ such that

)
a:= - ||c (c(%,cT)Hoo <v9, 1<i<N.

Theorem 3.7. Let Assumptions (Minor-A, B) be in force. Then, for any given (ﬁt)teoT € A%, the N-
coupled system of FBSDEs (3.7) with (3.8) has a unique strong solution (X*,Y", 20 (Z"7) ) € SQ(IF R™) x

S2(F; R™) x H2(F; R™*d0) x (H2(F; R™ )N, 1 <i< N.

Proof. Let x',y" € R™ be arbitrary constants. For notational simplicity, we write z = (z*); and y = (y))¥;.
Put

aritfa’) (1) = ey’ — (W) — Lt ),
drift[yi] (ta (E) = _ax?z (t» xiv Ct07 Ci)v
terminal[y’](z) := Lm((c?(c%c’j‘«)acj + hd(ct CJT))] 1) + (e, )zt + hd (e, ).

1-46
For two inputs (z,y) and (2’,y’), with the conventions Az? := x? — 2", Ay’ 1=y — ¢y,

Adrift[2"](t) = drift[z] (¢, y) — drift[z](t,y'),
Adrift[y](t) := drift[y’](t, z) — drift[y’](t, 2’),

Aterminal[y’] := terminal[y’](z) — terminal[y®](z’),
we have
D (Adviftal)(6), Ay') = - Y (Rey', Ay') + N(Bam((Ap), m((A))) <0,

N
(Adrift[y’](t), Az") = 7<clf(t, o}, c)Az’, Ax') < - Z |Azt|?,

s

N
Z<Atermmal[ 1, Az®)
i=1
LN 9(0, b ih\N > 900 i i i
—1_ 5<m((cz (cp, cp)Ax )z:l)ym((Am)» + z_:<62 (cr, cr)Ax®, Ax >
ON i ‘o
> (e mi(an), m(A0) + (0 ~a Z\Aw (0 ~a ZIMI 39)

Thus we can apply Theorem 2.6 in [49] with (81, 1) = (7/,79 —a) and G = I. See also the proof for Theorem 3.3
in [28], which can be applied in essentially the same way for the current problem. O
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3.4. Optimization problem for the major agent

We now investigate the optimization problem for the major agent. From Theorems 3.5 and 3.7, her problem
is given by infgeao J(B) with

T
7o(8) = B[ [ 5 (6 X0 B —m(() + A e A0 )+ 67 (5. ).

subject to the dynamic constraints with 1 <7 < N:

Ax? = (B + 15V (8, 0))dt + 5™ (¢, 9)aWy,
ax; = {~K (Y] = m((12)) - b Tt ct,ct)}dt + o0t )WY + oy(t, L, )WY, (3.10)
dYy = =0, f;(t, X{, ¢}, ch)dt + Z’ AW + o0, Z7aw, e [0, 1]
with
X9 =Nx’ x°eR",
X5 =¢, (3.11)

i j j i\ i\ v ¢ i
Vi = pEsm( (e h) X + W ), ) + (e, ) X + B i),

Jj=1

As we can see, the problem for the major agent turns out to be an optimization with respect to the system of
controlled-FBSDEs instead of controlled-SDEs. See, for relevant information, Appendix A and the references
therein.

Remark 3.8. At first glance, it may seem to be a linear price impact model popular in the literature dealing
with the optimal execution problem. However, notice that the term —m((Y}")) is also dependent on the major
agent’s strategy in a complicated fashion.

Since we want to study the large population limit N — oo in later sections, it is convenient to define the
normalized measurable functions:

(lo;50) : [0, T] x R™ > (t,¢%) = (Io(t, %), 50(t, ")) € (R", R"*0),
§o 0 [0,T] x (R™)? > (t,z,%) = fo(t,z,c°) €R,
0: (R™? 3 (2, = go(z, ) €R,

and fo : [0,7] x (R")3 x 8" x R" — R by

1 _
folt, 2, 8, @, A% %) 1= (8, ) + 2 (8, A%8) + Tolt, ..
We then define the unnormalized functions by
1M (8, %) = Nig(t, °),
<N>( 0) ;= Nso(t, "),
)<t z,8,@, A%, &) := Nfo(t, /N, B/N,, A°, "), (3.12)
(t,I,C ) = Nf()<t7I/N7CO)7
(N)(x,co) := Ngo(z/N, °).
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Note that, we have

A° —
F b, 8,0, 0, %) = (B, ) + 58, 78) + o (t,2,).

Economic meaning of each term can be understood in the same way as the one for minor agents given in
Section 3.2.
Let us introduce the following assumptions.

Assumption 3.9. (Major)

. . =0 . . -
(i) (AY )teo, 7] is an ' -progressively measurable S”-valued process such that there exist some positive constants

0 < A < X < oo satisfying A|0]? < (0, (A) 4 2A,)8) < A6 for every (w,t,0) € [0,T] x Q x R™.
(i) For any (t,c") € [0,T] x R™, [lp(t, ¢°)| + |so(t, )| < Lo(1 + [)).
(iii) For any (t,2°,c%) € [0,T] x (R™)2,

[fo(t. 2%, )| + lgo(2®, )| < Lo(1 + 2] + |c”]?).
(iv) f, and go are once continuously differentiable in  and satisfy

10:fo(t, 2%, ) + 18280(2°, )] < Lo(1 + [2°] + 1)),
‘aﬂﬁfo(tvxmv CO) - axfo(ta xov CO)| + |am90($0/’co) - axQO(xOvCON < L0|£C0/ - LCO|,

for any (t,2°,2% %) € [0,7] x (R™)3.
v) §, and go are strictly convex in the sense that there exist some positive constants fyf , 78 > 0 and
0 0:70

B B f
fo(ta xO/’CO) - fo(tvmo’co) - <1'OI - xO’ arfo(tvmo’CO» > IYEO"%O/ - 1’0|2,
g
go(xOI,CO) - gO<xoacO) - <$O/ - x0’8$go(w0,60)> > ,Y?O|x0/ - 3’)0‘27

hold for any (¢,2°, 2%, %) € [0,T] x (R™)3.
For later use, let us put
f
f(N) 0 g(N) Yo
70

= ﬁ’ 'YO = .

Remark 3.10. With the above definition, we have

0,78 (2,¢%) = N folt /N, )
o(/N)

= Taﬁo(t?x/]\f, &) = 0,y (t, /N, ).

and similar relation for 9,go.

Remark 3.11. For the analysis with a fixed IV, such a scaling is arbitrary and irrelevant. However, it plays an
important role when we study the large population limit N — oco. In particular, the market share of the major
agent must grow proportionally to the population size N. For example, if the cost functions contain <5, A°B>

instead of <B, AWO B>, the market share of the major agent becomes negligible in the large population limit. In

this case, we obtain the same market price as in [27, 28].
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Following the analysis done in Appendix A, let us introduce the adjoint variables (p°, (p")X,, (r')XY,) for
(20, (@)X, (y)X ), respectively. The (reduced) Hamiltonian

H:[0,T] x R* x (RN x (R")N x R x (R")N x (R")N x R x 8" x ST x R" x (R")N - R
of the system is defined by

H(tv 1'07 (xi)ij\;h (yl)iv 17p07 (pi)ﬁ\/ 1 ( Z)fv 1 B A07 Av Cov (Ci)ﬁvzl)

= (0,8 +1V ¢, +Z<p, () — & ()
N
—|—Z =0, f;(t. 2", 0, "))
0
+<5,—m<<y>>+A£>+§<ﬁ%ﬂ> 790 ,00,0), (313)

For a given set of p°, (p)) |, (r" ), (and also (A, A, % (¢))¥))), it is straightforward to check that H is

jointly convex in (29, (z*) ., (y)) |, 8) and strictly convex in (29, 3). Here, recall that 9, f; is affine in x? by

Assumption (Minor-A, (iv)). For given inputs, the minimizer of the Hamiltonian B := argmin# () is given by
= —0
B = NV (=" + m((y)) + m((p))) (3.14)

where V" := (A° +2A)7 1
The adjoint equations for (p°, (p*)~, (r")X;) can be found from (A.2): for 1 <i < N,

aPd = —a, 7N (1, X0, 9)dt + QV0aw? + S, QPawy,
AP} =] (t nycf)R’dt+Qi OdWOJFZJ 1Q2Jthj, (3.15)
dRi = {At (Pi — m((Py))) + 2 }dt

with

PO =9, (N)(Xo 9),
Pj = =l (¢, i) (R + 155m((Rr)) ), (3.16)
R = 0.

Note that the forward and backward processes z and y in (A.1) correspond to (X°, (X)Y ) and (YH)Y, in
(3.10), respectively. As for the adjoint processes, p and r in (A.2) corresponds to (P°, (PN ;) and (R)N |,
respectively. By checking Assumption A.l using the above relations, we obtain the next theorem.

Theorem 3.12. Let Assumptions (Minior-A, B) and (Major) be in force. Suppose that the system of FBSDEs
(3.10) and (3.15) with boundary conditions (3.11) and (3.16) has a solution X°, Y P P! R' € S*(F;R"),
750 Q00 Q10 € H2(F; R™* %), and Z,Q%, Q% € H2(F;R"*9), 1 < 4,5 < N, with the control process B; =
Bt €[0,7) ie.,

By = NV (P2 +m((Ya) + m((F)), V; := (A +24,) 7"
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Then, (B\t)te[O,T) (with BT = 0) s the unique optimal control for the major agent.

Proof. This is the direct result of Theorem A.3. Note that Assumption (Minor-A) (iv) plays a crucial role to
guarantee the joint convexity of H and the affine property of ® required in the theorem. O

Remark 3.13 (on the condition Sz = 0). In the current work, we restrict the admissible strategies of the
major agent to {81 = 0}. Since {t = T'} is the Lebesgue null set, 87 does not affect the terminal position size
X9 of the major agent. Nevertheless, it affects the equilibrium price at time T by the relation (3.6). Therefore,
in general, the major agent has an incentive to manipulate the price by changing Sr. In order to make the
optimization problem at T" well-defined, we need a strict convexity in the terminal cost with respect to wr after
including complicated feedback effects from the minor agents. Since this makes the analysis intractable for us,
we restrict to {8y = 0} and also make g( ) independent from wp at the moment. We leave this interesting
problem on general S at the terminal time for future research.

3.5. Existence of the optimal solution for the major agent

From Theorem 3.12, the crucial target of our analysis is the following coupled system of FBSDEs:

Ax? = (B + 15V (¢, 0))dt + o5 (¢, 9)awy,

dXx} = {—Kt (Y —m((W2))) — & +1;(t, ct,ct)}dt +o¥(t, 2, AW + ai(t, 2, AW},

ar; = {K (P - m((P)) + i) N (3.17)
=—0.Fy (1, X0, c))dt + Q? "W+ S, QPIawy,

AYy = =0, fi(t, X, ), ch)dt + 20w + 3L 207 dwy,

AP} = cl(t,c), chRidt + Qy AW + 3L, Q7 AW,

with
X$=Ny°, Xi=¢&, Ri=0
Py = 0,95 (X9, ¢}),
N o ,
Yi= 5m(( 9(c%, c )X} + hg(cT7ch))j:1) + (%, ) X5+ hd (5, ¢b),
Py = —cg<cT,cT>(Rf Zsm((Rr))),

(3.18)

for 1 <i < N. Here, (Bt)te[O,T) is defined by

By = NV (=P +m((Y,)) +m((P})), t € [0, 7).

The main result of this section is the next theorem.

Theorem 3.14. Under Assumptions (Minor-A, B) and (Major), there exists a unique strong solution
X0yt PO PR € S2(F;R™), 240, Q%0, Q"0 € H2(F; R"* %), and Z%7,Q%, Q" € H?(F;R"*%), 1 <4, <N
to the coupled system of FBSDEs (3.17) with (3.18).

Proof. We shall show that the monotone conditions used in Theorem 2.6 in [49] are actually satisfied. Let

20, p° and 2, y¢, p’, 71,1 < i < N be arbitrary constants in R”. We put z = (z),,y = (v )X, p = X ,,r =

(rYN,, and u = (2°,z,7,p%, y,p). We write B(t,u) = VS(—pO +m((y)) + m((p))). As in Theorem 3.7, we
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introduce the quantities:

~

drift[2°) (¢, u) := B(t,u) + 187 (¢, D),

driftfa](t, u) == =& (y' = m((y))) — 5(§§u) + 1t D, ),
it = Koo'~ () + 2,

drift[p®] (t, u) = —81;?8]\]) (t, 2%, &),
drift[y](t,u) :== =0, f,(t,x°, ), cb),
drift[p'](t, u) := ¢ f(t s e)rs

7
and

terminal[p®](u) := wg(()N)(ac ),

terminal[y’](u) := . ﬁ

terminallp')(u) := < (¢ ) (1" + %m(( )).

5™ p)a? + (e, 1)) + e () + b (e, o),

With two inputs (u,u’), we define Au :=u — o/,

Adrift[z°](¢) := drift[2°](t, u) — drift[z°](¢, ),
Aterminal[p®] := terminal[p®](u) — temrinal[p®](v),

and similarly for the others. From Remark 3.10, we have

(Adrift[p®](t), Az®) = —(8,fo(t,2° /N, ¢)) — Oufo(t, 2" /N, D), Ax})
—N~f1Az° /N2 = —f ™| a0,
It is then straightforward to get
(Adrift[p](t), Az®) + > (Adrift[y](t), Az') + > ((~I)Adrift[p'](t), Ar')
i=1 i=1

< - f(N)|Aa?02 fz ‘sz|2 |A,ri|2)7
where I = I,,«,, is the identity matrix. Next, with AB; == B(t,u) — B(t u'), we have

N N
> (Adiiftla’](1), Ay') = Y- (~Ki(Ay' —m((Ay)) - =+ Ay')

i=1 i=1

N
= —;@Ayi,mﬁ} + N(&Am((Ay)), m((Ay))) — N<A7,m((Ay))> < N<AN m((Ay))>,

15
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By similar calculation, we get

{ Adrift[z°](t), Ap°) + Z<Adrift[aci](t), Ay') + Z<(—I)Adrift[ri](t), Ap')

AB; NG B
— —_— _— = — — <
< —N (= 89"+ m((Ay) + m((Ap))) = ~N( S, (A +24) =) <0
Therefore, from the drift contribution, we eventually have
N N 4
<Ad1“ift[po}(t)7 A$O> + Z<Adr1ft + Z I)Adrift[p)(t), ATZ>
i=1 i=1
N . . N . .
+{ Adrift[z°](t), Ap°) + Z<Adrift[xz](t), Ay') + Z<(—I)Adrift[rz](t), Ap")
i=1 i=1
N
N i i
< =0 W|A R AT 7 (jA2 R + [Ar]). (3.19)
i=1

For the terminal conditions, by the similar calculation done in (3.9), we obtain

N N
{ Aterminal[p®], Az®) + Z<Atermlnal[ 9, Azt + Z<(—I)Aterminal[pi], Ar')
i=1 i=1

N
> M| Ag02 4 a) S (JAaz'? + |Ar?). (3.20)
=1

Using (3.19) and (3.20), we can now apply Theorem 2.6 in [49] with

Lixn 0 0 0 0 0 drift[p°]
0 (Inxn)™ 0 0 0 0 drift[y]
_ 0 (~Inxn)™¥ 0 0 0 drift[p]
Abw =1 ¢ 0 Inxn O 0 drife[0] | ()
0 0 0 0 (Lnxn)™ 0 drift|[z]
0 0 0 0 0 (~Inxn) drift[r]
and
In><n 0 0
G=[ 0 (Luxn)V 0

In particular, we have By := min(fyg(N),’yf) >0, pp = min(vg(N),vg —a) > 0. Note that the coefficients of
the Brownian motions (o; etc.) are irrelevant since they are uncontrolled and state-independent. In fact, one
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can repeat the proof for Theorem 3.3 in [28] in essentially the same way by simply replacing the analysis for

d<Ayt, Axt> with that for
Ap? Az?
d < Ay | ,G | Az, >
Apy Ary

using the above estimates. O

Thanks to Theorem 3.14, we now find the market-clearing price process is given by
=0
@ = —m((¥) + AV, (— PP +m((¥) +m((P)), € [0.7) (3.21)

using the solutions to the system of FBSDEs (3.17) with (3.18). Note that the system of equations is coupled
among the agents 1 < i < N by the interactions through the empirical means such as m((Y3)). As in the case for
the standard mean field game theory for Nash equilibrium, we can obtain a simpler decoupled system described
by the FBSDE of McKean-Vlasov type in the large-N limit. This is the major topic to be treated in the
remainder of the work. In the next section, we study the mean-field limit of the corresponding problem under
the assumption that the minor agents are homogeneous.

Remark 3.15 (on Nash equilibrium). The equilibrium in our model is characterized by the relation Ef\il ai +
Et = 0, dt ® dP-a.e. Notice that this market-clearing equilibrium is a different concept from the Nash equilibrium.
Since Nash equilibrium is characterized by the optimality of the value function of each agent with respect to
his/her strategy while keeping the other agents’ strategies unchanged, it inevitably violates the market-clearing
condition and hence is inapplicable to our case. In fact, because of this reason, the market-clearing equilibrium
is quite popular in standard economic theories.

4. MEAN-FIELD EQUILIBRIUM

Let us work on the probability space with N = 1 in Section 2, i.e. (Q,F,P,F) = (2!, FL, P F!). In the
following, we use the notation:

B[] = E[ [F/].

Let us first introduce the following assumptions.

Assumption 4.1. (MFG) _
(i) (1,0%0,f,9,¢,c9,hf h9) satisfy the same conditions corresponding to those for (I;,0?, 0y, f;, 3,
c{, e, hf, hY) in Assumption (Minor-A).

(ii) There exists some fOT—measurable S"-valued random variable ¢ such that

0
ai= e = (e, ch)lloe < 7.

(iii) For the other variables and functions, we assume the same conditions as those in Assumptions (Minor-A)
and (Major).

For the space of admissible strategies A?nfg = H? (FO; R™) N {Br = 0}, we suppose that the major agent tries
to solve

inf  Jo(8) (4.1)

BeAl

mfg



18 M. FUJII AND A. TAKAHASHI

where

T
FoB) = B[ [ ot 5Byt + AuBi AL, )t + (o )]
0
subject to the following dynamic constraints:

da? = (ﬁt + lo(¢, cg))dt + 50(t, ¢)dWY,
ot = { R, (o~ E]) — 1+ 1t ) Yt + 01, . ch)AW + o (t, o el AW, (12)
dytl = _az?(tv l’%, C?a C%)dt + ZtLOthO + Ztl’lthlv

with
e = (4.3)
y%“ =1 6IE% [cg(c%, C%)x% + hg(c(%, c%)} + cg<C%, ClT)xlT + hg(c%7 clT) .

Here, the problem for the major agent is the optimization with respect to the controlled-FBSDE of conditional
McKean-Vlasov type. One can naturally expect the above formulation of the problem in the mean-field limit
from the McKean-Vlasov FBSDEs given in [27] and the expression in (3.6)

Remark 4.2. Notice that, the above problem is well posed in the sense that for a given 3 € A?nfg, there exists

a unique strong solution to (4.2) and the corresponding cost Jy(3) is finite. In particular, the unique existence
for (x',4') can be proved by a simple modification of Theorem 4.2 in [27].

Implied from (3.13), we consider the Hamiltonian
H:[0,T] x (R")? x 8" x 8 x (R")? - R
by

H(tax07x17y17y17p07p17§17r15ﬁ)AoaAvcovcl)
= <p0a5 + [O(taco)> + <p1a _K(yl _yl) + l(t7co7cl)> + <ﬁ17 _ﬁ>

+(rt, =0, f(t,x", ")) + (B, =7 + AB) + = (B,AB) + Fo(t, 2%, ). (4.4)

N |

It is important to observe that the map
($07x1ay1ay176) — H(t7x07$15y17ylap0aplaﬁla7alaﬁaAOaA7 60761)

is jointly convex and strictly convex in 8 (and °). It is easy to find

~

B=V"(-p"+7" +p"),

with V' = (A% +2A)~1! gives the minimizer of H with respect to f3.
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The relevant set of adjoint equations can be inferred from Appendix A combined with Chapter 6 in [10], or
from (3.17) and (3.18).

dr} = {K(}— )+ﬁ&m
dpf = —0ufo(t, 27, f)dt + ¢ Othoa (4.5)
dp} =/ (¢, c,})rt dt + ¢ 2dW? + ¢ tawt,
with
7“(1) =0,
P = 9x00(z, c}), (4.6)

Pk = =9, cb) (rh + 5B ).

In order to guarantee that the above system characterizes the optimal solution for the major agent, we are
going to prove the new verification theorem for controlled FBSDEs of conditional McKean-Vlasov type.

Theorem 4.3. Let Assumption (MFG) be in force. Suppose that there exists a solution (z°, 7,71, p°, p',4) to
((4.2),(4.3)) and ((4.5), (4.6)) with the control process B satisfying

~ —0 ~ A~
Be =V, (-7} + E[i] + E{ [pt])

dt @ dP-a.e., then (Bt)te[O,T) (with Br = 0) is the unique optimal control for the problem (4.1).

Proof. For a given 3 € AY . we denote the associated solution to (4.2) by (2°,z1,y'). We shall study the

difference:

mfg?

To(B) = Jo(B) = E ol ) — g0(3, cf)

T
+/ (fo(taxgaﬁta_E?[ytl]+At6taAg7cg) f (t xtaﬁta Eo[yt]+AtﬁtaAt7ct))dtj|
0
First, observe that

E[(ph. ok - 3) + (Pr.vh — 1)
)

= TS [ (B, (e ch)(ah — 7)) + (Ph B (e o)k — 35))]

=0.

Thus, from the convexity of gy, we have

E 90(1'3“7 Cg") - 90(&\%7 Cg")} Z E|:<ﬁ{’1)"7xg“ - ‘%\(7)“> + <ﬁ%“a x’}' - §%> + <7/n\%“ay%“ - g%“>:| (47)
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Let us use O := (20,2}, 9t B[yt ], pt,pt,EO[ .7, 0, = (p?, i, EY[p}],7+) and omit the common arguments

. -0
(AY, Ay, ), cl) in the Hamiltonian. Since A, 3 are F -adapted, we have

E[(K:(p} — EVP]) + Br vt — 1))

:E[<Atptayt >} [< At]EO ]Jrﬂt’yt :y\t1>]

= E[(Adh,ut — 90)] + E[(~et + Be, EV[yi] — EV[5H)]
E

[ <ay1H(t7@taBt)aytl - gtl> - <%1H(taétagt)aE?[ytl] 7E?[§H>]

With these results and (4.7), a simple application of Ité-formula yields

Jo(B) = To(B)

T
>E | [H(taf,o} yl By, 0 5) — H (.61 Br)
0

- <6$OH(t7étaB\t)7$? - '/i?> - <6$1H(t7éta§t)7$% - '/it1>
- <ay1H(t7étﬂgt)7ytl - :I/\tl> - <%1H(t, ®t73t)ﬂEg[ytl] - E?[:/U\tlw]dt

T
ZE/ |:H(t7x?,$tlaytlaEg[ytl]aetaﬂt) _H(ta ®t7ﬁt)
0
- <3 oH(t, Gtaﬁt > < H(t, étvgt)vl'% —»T%>
- <ay1H(t7@taﬁt)7yt yt> O, 5,
- <85H(ta@tugt)aﬂt - §t>:| dt

>0

)

where the second inequality follows from the fact that Bt = argming H (t, @t, B). The equality holds only when

8= E due to the strict convexity.

O

From Theorem 4.3, it is clear that the relevant set of equations is given by

with

da? = ( + lo(¢, ct))dt—i—so(t ) dwy,

dzf = { K( ]Eoyt) 5t+l(t ct,ct)}dt—ka (t,cf, ct)dWY + o (t,cf, cp )W,

drt1 = {K ( % - [pt]) +5t}dt (4.8)
dpf = —0ufo(t, af, cf)dt + g, Othov

dyt = =0, f(t,zt, 2, eh)dt + 2 °dW? + 21 aw,

dp! = ¢/ (t,¢0, eDyrtdt + ¢ *AW? + ¢ dw,

$8:X0» x(l):£17 ’f’é :0»
Py = 0s go(w%c(%)
yh = ——E$[cI(%, bk + h9(, h)] + (%, eh)ah + b9 (¢, eh), (4.9)

1-6
)
Pk = —c9(c, o) (rh + T EHIH),
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where f3;, t € [0,7T) is defined by
~ =0
Be =V (=0 + Edly] + E}[py])-

The next theorem guarantees the existence of the solution to the above FBSDE and hence the optimal control
for the major agent in the mean-field limit.

Theorem 4.4. Under the Assumption (MFG), there exists a unique strong solution x° p° € SQ(FO;R”),
xl,’rl,yl,pl c SZ(Fl;Rn), q0,0 c H2(FO;RnXdO), 21’0,(]1’0 c HQ(FI;RnXdO) and 21’1,q1’1 c HQ(FI;RnXd) to the

system of FBSDEs of conditional McKean-Vliasov type (4.8) with (4.9).

17 7"17])07 yl,pl) as arbitrary

Proof. As we have done in the proof for Theorem 3.14, we introduce u := (z°,z
square integrable random variables with appropriate dimensions satisfying that (z°, p°) are f?—measurable, and

the others are F}-measurable. For these inputs, we define

drift[z°] (t, u) == B(t, u) + lo(t, &),

drift[z1](¢, w) = ~Ky(y" — By']) — Blt, ) +1(t, 0, cb),
drift[r!)(t, u) := Ay (p" — EV[p']) + B(t, u),

drift[p°] (t, u) := —ufy(t, 2°, D),

drifty'](t,u) :== =0, f(t,z*, &), cf),

drift[p*](t, u) == ¢/ (t, 2, el ),

where E(t, u) = VS(—pO +E2[y] + E?[p']). For two different inputs u, v, we set Au = u — v, Adrift[z°](t) :=
drift[2°](¢,u) — drift[z°](¢,u) and similarly for the other quantities, too. Since Vto and pY are ?g—measurable,
we see
EP [(Adrift[2°](t), Ap®) 4+ (Adrift[z'](t), Ay') + ((—I)Adrift[r'](¢), Ap")]
—0
= —E} [(Ve (-Ap° + EY[Ay" + Ap')), —Ap° + Ay' + Ap')] (4.10)
— — (V) (—~Ap° + EY[Ay" + Ap')), —Ap® + EV[Ay' + Ap']) < 0.

It is straightforward to check

E [(Adrift[p°](2), Ax®) + (Adrift[y'] (1), Axt) + ((—I)Adrift[p'] (), Ar')]

(4.11)
< —{E|Az°? — A7 (E|Az! 2 + E|ArY)?).

Now we set v := (20, 2!,7!) as arbitrary square integrable random variables with appropriate dimensions

C e —=0 .
satisfying that z° are Fp-measurable, and the others are Fl-measurable. For these inputs, let us define

terminal[po}(v) = xgo(xo,c%),
0
terminally)(v) i= B [c(ch, k)it + W9 (chch)] + 9 (ch el +19(h b,

terminal[p'](v) := —c9 (%, ck) (rl + 1 ﬁ 6E%[T1])’
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and with two different input v, v’, we denote by Av := v — v/,
Aterminal[p°] := terminal[p®](v) — terminal[p®](v’)
and similarly for the other quantities. Observe that
E [(Aterminalfy'], Az')]

=E% K%E%[cg(cg, ) Azt + eI (e, ch)Axt, Axlﬂ

> A9} A0 + (B A0) BHAC]) + O (BH(e (e, ch) — )Aw') EGA))

> (49 — a)EY|Az! 2,

Similar calculation yields

E [{ Aterminal[p®], Az°) + (Aterminally'], Az") 4+ ((—I)Aterminal[p'], Ar')]

4.12
> 73E|Ax0\2 + (v — a)E[|A:1:1|2 + |Ar!| ] ( )

We have now obtained the monotone conditions necessary for the method of continuation. In particular, by
introducing a strictly positive constant v > 0

v i=min{r{, 77,78, 49 - a},
we have from (4.10), (4.11) and (4.12)

E[
E[

Adrift[2°](t), Ap®) + (Adrift[z'](t), Ay") + ((=I)Adrift[r'](t), Ap")] <0,
Adrift[p®](t), Az®) + (Adrift[y'](t), Az') + ((—I)Adrift[p'] (2), Ar')]

< —E[|Az°)? + |Az']? + |Art)?, (4.13)
EKAterminal[pO], Ax0> + <Aterminal[y1], Ax1> + <(—I)Aterminal[p1], Ar1>]

> qE[|AZ]? + |Azt]? + |Art 7).

o~

We can now repeat the proof of Theorem 4.2 in [27]. The three conditions of (4.13) correspond to those of
(4.3) (with L = 0) in [27]. We treat (29,2}, r}) and (p?, v}, p}) as the tuple of forward and backward processes,
which are represented by X; and Y; in [27], respectively. By replacing the estimate on E[<AYT, AXT>} by

Apf Azl
E < Ayt | G | Azt >

Apk Ard,
with G = 0 (Inxn) 0 , we can follow the same procedures with slightly more cumbersome
0 0 (=Tnxn)
indexing. O

Remark 4.5 (on Lasry-Lions monotonicity). The so-called Lasry-Lions monotonicity is a famous criterion for
the uniqueness of the mean field games. It dates back to their original papers [41-43] and is defined as follows [10,
Def. 3.28]: a real-valued function h on R? x Py(R9) is said to be monotone in the sense of Lasry and Lions, if,
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for all 1 € Po(R?), the mapping R? > = + h(z, i) is at most quadratic growth, and for all u, i’ € Po(R?), we
have

[ (bla) = ) = ) 0,

The uniqueness result in probabilistic settings is given by Theorem 3.29 in [10]. It says that there is at most
one MFG equilibrium if the running as well as terminal cost functions satisfy Lasry-Lions monotonicity.

On the other hand, the relevant monotonicity in the current paper is assumed so that the continuation method
[49] is applicable. See, for example, the set of inequalities (4.13). It essentially corresponds to [49, (H2.3)] and
is used to make Banach’s fixed point theorem applicable to prove the existence as well as the uniqueness of the
solution.

5. CONVERGENCE TO THE MEAN-FIELD LIMIT

From Theorem 4.4, the market-clearing price in the mean-field limit is naturally expected to be
m =0
w' = By ] + AV (<0 + B+ EYp)). € (0.7, (5.1)

In this section, we shall show that this is indeed the case for the homogeneous minor agents. Lastly, we also
provide the estimate on the difference of the equilibrium price between the two markets; one is the homogeneous
mean-field limit and the other is the heterogeneous market of finite population.

5.1. Large population limit of the minor agents

We now go back to the original setup of probability space given in Section 2. We first assume that the minor
agents are homogeneous.

Assumption 5.1. (Minor-Homogeneous) The conditions in Assumption (MFG) hold true. Moreover, every
minor agent 1 <4 < N is subject to the common coefficient functions (I,0°, 0, f,7, el e, nt, h9) given there.

For each 1 < i < N, let us construct Fi-adapted processes, corresponding to those given by (4.8) and (4.9):

—0 . .

dwf = { V) (=p) + ED[yi] + EY[pi]) + To(t,c§) palt + so(t, ¢f)awy

. — . . —0 . . .
da} = {—At(yi —E[yi]) — Vi (—p? + EP[yi] + E°[p}]) + 1(t, ¢f, Ci)}dt

+JO (tﬂ Cga Ci)thO + U(ta Cga Ci)thiﬂ

. — . . —0 . .
dri = {At(p% —E[p}]) + Vi (—p? + E9[yi] + E?[pi])}dt, (5.2)
dp? = —aﬁo(t, :U?, cg)dt + qS’OthO,
dy! = =0, f(t,2t, &0, ch)dt + 2 2dW0 + 20 AW,
dpi = cf(t, c?, ci)rzdt + qi’OthO + qz’idI/Vti7

with
R
p% = wgo(x%a C%)7
Y = ——EQ[I( &, )l + B, )] + (R, ) ol + hI(S, ), (5.3)

1-9
i = et (e o) (v + 5B ).
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By construction of the probability space and the fact that (c¢?, &% W) are independently and identically
distributed (i.i.d.), F’-adapted processes (z°,r%,y’, p') are ?0—conditionally iid. In particular, for any ¢* =
2t 7t gyt pt, we have EY[p!] = EV[¢}] and also

B [¢9(ch, )k + 19 (¢ )] = EX[e9(ch, ch)k + h9 (b))

Therefore, (2%, p°) defined in (5.2) and (5.3) is indeed indistinguishable for every copy.

We are going to compare (xo,po, ()N, (PN (N, (pz)fvzl) given above with the dynamics
(XO/N,P° (XN, (RYX,, (YH)E,, (PHX,) given by (3.17) and (3.18) with homogeneous coefficients. Using
the scaling rule in (3.12) and Remark 3.10, we have for 1 <i < N,

dXW? = {V ( PO +m((Y7)) + m((Pt))) lo (¢, Ct)}dt + 50(t, C(t))thO,
dXi = {*At(yz () = ?( P+ m((Y2)) +m((P) + (e, cf) pat

+o (t Ct 9 Ct)dWO U( t)thzv

4
aR; = {K,(P ~ m((P) + (_PtO +m((¥3) + m((P)) pat, (5.4)
APP = —0ufo(t XY /N, Q)dt + QPP dWP + 5°7L, Q7w
Yy = 0, f(t, X}, ) c)dt + Z,"dWP + 3270, 7y awy,
AP} = cf (t, &), ¢} Ridt + QAW + Y0, Q)Y dwy,
with

X9=Nx", Xi=¢, Rj=0,
Pp = 0,90(X7/N, cp),

(5.5)

i 4 i\ Y i i i
YT = ﬁm((c (chcj )X% + h‘g( C%“))j:1) + Cg(C%,CT)XT + hg(C%,CT)7

Ph = —ct(c, ) (Ry + t25m((Br))

Thanks to the symmetry, (X%, R’ Y? P?) have the same distribution for every 1 < i < N, although they are
not independent due to their interactions. Let us introduce the notation:

X9 - , - - , -

Azt :—fo?, Azy = X; —x;, Ar;:=R;—rj,
Apt = Pto_pta Ayt —Yl ym Apt = Pz pt7

0.0 ._ »0.0 _ 0.0 J o 0.7
Agpm =0y — g, AQt T = P
Az =700 — 20 ALY =200 — 620,

0,0 ._ 3,0 ,0 6 . Yo
Aq" = Q" — ', Aqy? = Q1 60

where §; ; stands for Kronecker delta. We also define

N N
_yN 1 N1 N .
Z 5Tt y = N Z(Syz, 'ui) = N ngi’ ‘ug ’ N Zacq(CT7CT)$T+hq(CT)CT)’
1=1 =1 =1
—=0 0
,u't = L(Tt |‘7:t)7 :U'g = ﬁ(ytlurt)v ,LLf = L(p%lft)’ ’ug = ‘C(Cg(cg“v CT)xT + h? (CTv CT)|FT)
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Here, 7", 7%N , mP and 9" denote the empirical measures, and the others conditional distributions. When
the filtration defined on the product space is completed, there appears some subtle issue on the conditional
distribution about its measurability. However, we can always construct a measurable version by modifying it
only on the null sets. We always suppose that (", p¥, u?, u9) are measurable versions constructed in such a way.

See Section 2.1.3 in [11] for details. Since (r',yt, o', (), )k + h9(c, ¢4)),1 < i < N are 7 conditionally
ii.d. and also (r*,y*, p*) are continuous processes, we have the following convergence properties.

Lemma 5.2. Let Assumption (Minor-Homogeneous) be in force. Then we have

th sup E[WQ(ﬁ?N7 M:)Z + WQ(ﬁ?,Ny ,LL?)Q + WQ(ﬂ?N? Mf)2:| — 07
— 0 tel0,T)

lim E[Wa(uo™N, u9)?] = 0.

N—o0

Moreover, if there exist some positive constants I' and I'y such that sup,c(o 1) (E[\rtl %] % +E[lyi|¥] 3 +E[IptH*] %) <

1
I and E[|c9(c%, ch)ah 4+ h9(cy, ch)|F]* < Ty for some k > 4, then there exists some constant C independent of
N such that

—r,N —y,N —p,N
SEJPT]EI:W2(M1‘,7 a/j/t)Q + WQ(/’LZZ 7/’[’%)2 + WQ(Mf 7/’6{‘,))2:| S CF26N7
telo,

E[W, (a9, n9)?] < CThen,
with ey := N~2/max(n4) (1 4 log(N)1y—4).

Proof. See Lemma 4.1 in [28] and the proof for Theorem 5.1 in [27]. More details on the Glivenko-Cantelli
convergence in the Wasserstein distance are available from Section 5.1 in [10] and references therein. O

The next property of the Wasserstein distance is important for our purpose. For any p, v € Po(R"™), it is easy
to check

[ antar) = [ wian|=|[ @@= pmi@edn)| < [ o= sle(dnay)

for any coupling 7 € TIa(p, v) with marginals u and v. Taking infimum over 7 € Tla(u, v), we get

| / ou(dr) - / yldy)| < W) < Walp, ). (5.6)

We are now ready to prove the main result of this section.
Theorem 5.3. Let Assumption (Minor-Homogeneous) be in force. Then, for every 1 < i < N, there exists an

N -independent constant C' such that

B sup (1Achl +1Aaif + A+ AR + Ay +|ApiP)
te[0,T

N T
#30 [ 0AGP 4 A5 4+ ag )]
=070

T
< CE[Wa(@, )2 + Wa (i i)? + / (Wal@ ™, )2 + Wa ™ uf)? )t
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Proof. Let us define v > 0 by
v :=min{sg,7/,7§,7¢ — a}.

First step: We want to apply Ito-formula to

N
(<Apt,Ax?>+ Z(Ayt,Axt ;VZ Ap, (~1)Ar])). (5.7)

With this in mind, we check the following estimates. It is easy to see, with obvious notation,

N N
<drift[Ap?LAmg> %Z<dr1ft[Ayt Amt Z drlft [Api], ( )Ari>
=1 =1
. | | (5.8)
< o182 = = S (1A +[ArP)
=1
Using (5.6), we get
(drift|Ax?), Ap) = (V) (~p) + m((¥0)) — EV[yt] + m((P7)) — EV[pl])., Ap})
= V(- Apt +m((Aye)) +m((Apr)), Apf)
+ (V) (m((yn) — E2[yd] + m((p1)) — EL[p}]), Ap})
< (V! (A8 + m((Ag)) + m((Apr)), Ap?)
+C(VV2( a#t)+W2(Nt p))|APt|
Similar calculation yields
1N N
<dr1ft[Axt Apt i Z (drift[Az]), Ayt> + N Z<drift[A7‘ﬂ, (—=I)Ap})
=1 =1
< —(V (—2p) + m((Ag)) + m((Ap)), —Ap) + m((Ag)) + m((Ap))) (5-9)
+ OWam™, i) + Wa(ip™, ) (1APY] + [m((Ayo)| + [m((Ape)))
< C(Wa(m™, wf) + Wam™, 1) (1287 ] + m((|Aye)))] + m((|Ape)))).-
Now, let us check the terminal parts. Similar analysis used in (3.9) yields
1 & , . 1 & , ,
(Aph Aah) + = D (A, A) + = D (App, (~1)Ark)
i=1 i=1
N
1 , . (5.10)
> AT + (0 — o) D_(1Awr [ + |Arg )
i=1

— CWa(p™, p)m((|Azr))) = CWa(ag” , pr)m((|Arz))).
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From (5.8) and (5.9), we get

N

N
(A, Aad) + (A (D))

=1

EL/OT d(<Apg, Ax?>

<
—

1
Y
T 1 . B
<[ [ (180t + 5 o (Ar + ) )

i=1

T
+CE [/0 (W™, 1) + Wa@N 1)) (1APY] + m((|Aye))) + m((|AptD))dt}

Note that there is no quadratic covariation term. Now combining the estimate (5.10), we obtain the following:

N T N
1 i i 1 % i
IE[| Ak + < Do(arhf? + |ArpP) + | (aati+ 5 > (i + Ar ) )]
< CE[Wa(m™  t)m(|Ar ) + Wa(, wpm((|Arr)

T
W™ ) + W™ ) (A8 + (0] + (1) ]

By Young’s inequality and the symmetry of the distribution, we find that the following inequality holds for
every 1 <1 < N:

T
IE[|A1:‘%|2+|A#T|2+|AT’T|2+/O (182912 + [Agi]? + [Ari?)ae]

< CE[Wa (™, u9)? + Wa(iip, i) (5.11)

T
W™ ) + W ) (A + (0 ]) + (1) ]

Second step
From the standard estimate of the BSDEs, see Section 4.4 in [56] for example, it is easy to find

T N
0,0 0,7
]E[ sup]IAp?2+/O (|AQt |2+;|Aqtjl2)dt]

t€[0,T
T —_ —_
< CE|Ap + [ 05o(t X0/N. )~ folt,af. ) Pt
0

T
gcx&:@m%%/ |Axg|2dt]
0
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Carrying out the similar analysis for (Ay?, Ap?) and using the symmetry among 1 < i < N, we obtain for any
1<i<N,

E| sup (A9 + 1Ay + Ap12) + Y / (1860712 + 182072 4 | Ag;? )t

te[0,T) =00
< CIE[|A:C%|2 + |AzE|? + |Ark)? +/ (|Azf > + |Azy|* + |Ar§|2)dt}
0
+ CE[Wa (o™, u)? + Wa(p, i)’
< CE[Wa (@™, u9)? + Wa(iip", i)

T
W ) + W ) (A8 + m( (S0 ]) + (1S ) ]

where we have used (5.11) in the second inequality.
From (5.11), (5.12) and the symmetry among 1 < i < N, Young’s inequality yields

T
B[+ [Ach P+ [Ark + [ (180t +|Aci] + |Ari)a]
0

N T
+E| sup (IApfJ? + A2+ |Api[?) + / (1860712 + 182072 4 | Ag;? )t
j=0"0

t€]0,7)
T
< CE[Wy (™, u9)? + Wa(ig™ i) + / (Wal@ ™, )2 + Wa ™ uf)? )]

Now the desired estimate follows from a simple application of Burkholder-Davis-Gundy (BDG) inequality to
the forward variables (Az?, Az?, Ar?). O

5.2. Some stability results

For understanding the implications of Lemma 5.2 and Theorem 5.3, let us denote the market-clearing price
for the N homogeneous minor agents by

DN = (V) + V) (<P + m((Y) + m((P)), e [0.T) (5.12)

using the solution to (5.4) with (5.5). By comparing it with !"® in (5.1), we get the following result.

Theorem 5.4. Under Assumption (Minor-Homogeneous), the following inequality holds:

T
IE/ |y —winfg|2dt
0

T
< CE[Wa (™, u9)? + Wa(ig™ i) + / (W™, )2 + Wa ™ uf)? )]
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where C' is some positive constant independent of N.

Proof. Using the symmetry, we have
Ho,N f —y,N —p,N
Efjeoy™ — @] < CE[|An? + A} + 1Ap} 2 + W™, 1f)? + Wal@l™ )2

Hence Theorem 5.3 gives the desired estimate. O

From Lemma 5.2, we observe that (o} O’N)te[O,T] converges to (w;" fg)te[O,T] in the large population limit of
homogeneous minor agents. In this limit, the optimization problem for each ith minor agent given in (3.5) is

solved within (9%, F?,P%; F?) since the market price process w™® is now ﬁo—adapted i.e. dependent only on the
common market information. One can observe that the natural information structure mentioned in Remark 3.1
is actually achieved in the mean-field limit.

Before closing the paper, let us briefly discuss about the stability relation between the heterogeneous and the
homogeneous market. Let (X9 (X)X, (RHN,, PO (P")Y,) denote the unique solution to (3.17) with (3.18)
given by Theorem 3.14 in the market with heterogeneous minor agents, and (X°, (XN, (RHN,, P°,(PH)N,)
the unique solution to (5.4) with (5.5) corresponding to the homogeneous minor agents. Let us introduce the
following notation: for 1 <i < N,

SLi(t) = Li(t, &0, ¢b) = 1(t, 2, cb),

6a2(t) == od(t, 0, ct) — a®(t, &0, ),  Soi(t) := ai(t, D, cl) — a(t, D, cl),
005 Fi(t) 1= 0uFi(t, Xy, ¢ ) — 0: F(t, X5, ] ),

60{(1&) = cf(t,c%ci) —c(t,f0, ¢,

5th = h?(cg“7cé“) - hg(cg“a C%‘)

Denoting the market-clearing price (3.21) in the market with N heterogeneous agents by (w," e’N)te[o’T), we
have the next stability result.

Corollary 5.5. Let Assumptions (Minor-A, B) and (MFG) be in force. Then the following inequality holds:
T
IE/ w?e’N — w;nfg|2dt
0
N T N N
< CR[ W™ a4 Walai i+ [ (Walgt™ it + WGt ]
Ln (T :
+C0x Y E / (17O + ¢! (VR + 161:(8)2 + 3oP (1) + [drs ()] )
i=1

1 al gyt g2 g ) J 2
+CN;E[5ciXT+6hi| + ‘5@. (ET+1—_6m((ET)))’ ]
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Proof. Let us put AXY := X? — X7 AY} =Y} — Y., and similarly for the others. Thanks to the stability of
fully-coupled FBSDEsS, see for example Proposition 3.1 in [28] or more generally Proposition 3.4 in [53], we have

1 al AXtO 2 L2 L2 02 0|2 i |2
N B[ e ([S5] 1A AR + AP 48V +AFP)
=1 ’

2 AZP 41 AQ1 P)ai]

N T ]
S / (1AQ0
=070

1 — .
<Cu Y B [ (160.T.0F + 3 ORI + 510 + o0 + oo (1))

i=1 Y0

1 5 2

_ gyt 9|2 g ( pi v

+0 gE[écZXT + R + | 6¢8 (3T + o 6m((ET)))’ ]
Since
2 1 Y : )
Bl —o}N|* < CE[IAPPE + 5 Y (A + AP )],
i=1

the estimate (5.13) and Theorem 5.4 give the desired inequality. O

5.3. Mean-field limit as an approximation

By the MFG theory for the standard Nash-game settings, it is well-known that the equilibrium strategy
in the mean-field limit provides an ey-Nash equilibrium for the corresponding finite N-agent game [10, 11].
For the market-clearing equilibrium, the results of this section allow us to obtain not only the accuracy of
the approximation but also the strong convergence in the large N-limit. In fact, Theorem 5.4 combined with
Lemma 5.2 provides not only the accuracy of w™® as an approximation but also the convergence speed of the
true price process @' in the finite (homogeneous) agent market.

Let us also mention about the trading strategy in the equilibrium. As one can imagine, the equilibrium
strategy in the mean field limit

/\m 40
P =V (—p) + Elyr] + EYpf]),

~mfg. 1
amgﬂ.

X (i or, i 350 0 o, i or, i . (5.14)
=Ny (yt - E; [yt]) -V (*pt + E [yi] + E; [pt])a 1<i<N

gives an approximate strategy for the finite agent market, where V? = (A% +2A;)~tand (p°, 3¢, p') is the solution
to the McKean-Vlasov FBSDE (5.2). Note that ' = ¢, 7%, 4%, p’, we have E?[p!] = E?[p}] for every 1 <i < N

. -~ e =0 ; . .
and more importantly that ™ and a™®? are F - and Fi-adapted, respectively. This means that each agent
can implement an approximate strategy without knowing the idiosyncratic information for the other agents.
From the result of Section 3, the true equilibrium strategy in the N-agent (homogeneous) market is given by

BN /N =V, (P + m((Y2)) + m((Fy))),

4 v ' i (5.15)
ap = =R (V) = m((2) = Ve (=B + m((Y) +m((P))), 1<i< N
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where (P°Y? P%) 1 < i < N is the solution to the N-coupled system of FBSDEs (5.4). Observe that
every agent needs the perfect information F to implement the strategy in this case. The accuracy of
(B™e @’y a5 an approximation for the true strategy (3N /N,ar"") can be derived from Theorem 5.3. In
fact, the estimate of the square difference becomes essentially the same as for the equilibrium price pro-
cess. In the case of heterogeneous minor agents, one can make use of the stability property of FBSDE as in
Corollary 5.5.

Although it is difficult to obtain a numerical solution for McKean-Vlasov FBSDE (5.2), it looks at least
more hopeful than for the large coupled system of FBSDEs (5.4). In fact, the numerical approximation of mean
field games has been one of the hot topics among the researchers in recent years. Moreover, if we adopt an
appropriate linear-quadratic cost functions both for the major and minor agents, we may obtain an explicit
form of the solution. Let us leave this problem as the potential future project.

6. SECURITIES WITH MATURITY T

. . . " . —0
Let us briefly discuss the special case where the securities have exogenously specified payoff ¢% € L?(F,;R")
at the date of maturity 7. This is the situation arising in Futures, Bonds and many other financial deriva-
tives. In this case, there is no reason to put a penalty on the terminal stock. It is then natural to
consider

gi(z,") = —("x), 1<i<N
g

g(()N) (z,c%) = go(z, ) == —<co7:1c>,

(i.e. ¢J(-) = 0) for the terminal condition for the minor and the major agents, respectively. Since the terminal
costs are linear in x, we now have 7§ = 9 = 0. Moreover, we remove the hard constraint Sr = 0 from the
major agent’s admissible strategies. It does not play any role since there is no w dependence in the terminal
cost functions for all the players. This means A® = H2(F; R") and Aglfg =H2 (?O; R™).

Although we loose strict convexity in the terminal functions, we can actually obtain the same conclusions
also for this case. As we have already mentioned in [27], what we have to do is to apply Theorem 2.3 instead of
Theorem 2.6 in [49]. Every theorem concerning the existence of the unique solution holds with the new terminal
condition for the backward variables:

0 _ _.0
PT. = —cy,
Y = —c%,
Pi = 0.
for the model with finite number of agents, and
pg’ = _0%7
y%’ = _0%7
pr =0,

for the model in the mean-field limit. Note that the verification theorem such as Theorems 4.3 and A.3 remain
true since they do not require strict convexity in the terminal functions. In particular, (4.7) holds true with
equality.
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One can easily check that the market-clearing price satisfies wr = ¢J. in the both cases. The estimate in
Theorem 5.3 is now given by, for every 1 <i < N,

B[ sup (1At +]Asif +[Ar* + An + MG +|ApiP)
te[0,T

N T
#30 [ AGP 4 A5 4+ 8g )]
=070
T N N
< x| / (Wal@™ ut)? + W™, uf)? ).
0
One can prove it in the same way by using the new terminal condition; ApJ. = Ayl = Apl. = 0.

APPENDIX A. SUFFICIENT MAXIMUM CONDITIONS FOR
CONTROLLED-FBSDES

Our optimization problem for the major agent requires the maximum principle for a system of controlled-
FBSDEs. The general issues of controlled-FBSDESs have been studied, in particular, by Yong [52, 53], where the
second-order necessary conditions are given for non-convex control domain. In the current paper, we actually
need the sufficient conditions (i.e. verification theorem) rather than the necessary conditions. On the other
hand, we only need the convex control domain. Since we cannot find a useful summary in the existing literature,
we provide the relevant theorem in this appendix. For the readers’ convenience, we provide the theorem under
the setup more general than what is actually needed for our purpose.

We let (2, F,P,FF) be a complete filtered probability space satisfying the usual conditions. It supports a
d-dimensional Brownian motion W and Fy may be non-trivial. Let the control domain A C R* be closed and
convex and the space of admissible controls is denoted by A = H?(FF; A). For a given T > 0, we introduce the
following measurable functions:

(X [0,T] x R" x R™ x R™*4 x A — R",

: QX [0,T] x R™ x R™ x R™*4 x A — R4,

(% [0,T] x R" x R™ x R™*4 x A — R™,

T OXR™T SR, P:OXR"—=R™, ¢:QxR™ = R™.

2 = 9 <

With these coefficient functions, we consider the following controlled system of FBSDEs:

dxy = b(t, xe, ye, ze, ug)dt + o (t, T, Yy, 2¢, ug ) dWe,
dy: = f(t, xe, ye, 2e, ug)dt + zedWe,

w0 = Y(yo) + &,

yr = (1) + 6(yo),

where ¢ € L2(Fp;R") is given. See [52, 53] for various motivations to include the mixed initial-terminal
conditions.

We study an optimization problem, inf,cs J(w), with

J(u) = E[/OT F(t, 24, ys, z¢, ur)dt + G(or) +!J(Z/o)],
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under the dynamic constraints (A.1). Here,

F:Qx[0,T] x R" x R™ x R™*% x A - R,
G:OxR" >R, ¢g:OxR™ >R

are measurable functions representing the cost for the agent. The Hamiltonian H : © x [0,7] x R™ x R™ x
R™¥4 x R™ x R™*?% x R™ x A — R is defined by

H(tvxayazapaq7r7 u) = <pa b(t7537ya37u)> + <Qaa(t7xayazau)> + <r7f(tamay7zau)>
+F(t7xay7zvu)7

where the brackets in the second term in the right-hand side denote a trace operation.

Assumption A.1. (i) For any (z,y, z,u) € R® x R™ x R™*4 x A (b, 0, f, F) are F-progressively measurable,
(7, 9) are Fo-measurable and ®, ¢, G are Fpr-measurable.

(ii) For any (u¢)sejo,r) € A, there exists a unique strong solution (24, ys, 2)ieo, 1] € S*(F; R™) x S*(F; R™) x
H?(F; R™*?) to the controlled FBSDE (A.1)2.

(iii) (b, 0, f,7, ®, @) are one-time continuously differentiable in (z,y, z,u) with bounded derivatives.

(iv) (F, G, g) are one-time continuously differentiable in (x,y, z,u) with uniformly Lipschitz continuous deriva-
tives. Moreover, for any given (z,y, z,u), these derivatives are square integrable.

(v) For any (ut)icjo,r) € A, J(u) is finite.

(vi) (G, g) are convex and (v, @, ¢) are affine functions in (z,y).

Remark A.2. For a scalar-valued function f(z) € R, we use the convention f,(x) = (9, f(x))",; € R™. For a
vector-valued function f(z) € R™, we use f,(z) € R™*" with (fz(x))i; = (005 f'(2)).

The adjoint equations are given as follows:

dry = —Hy(t, o, Yt, 26, Dt Ges e, we )t — Ho(t, 2, Yt 26, Dt Qe ey e )AWS,
dpr = —Hu(t, T, Yt, 2t Dty Gt Tt, U )dE + qpd W,

o = E[%(yo)T?“T\]:o] - Vy(yo)Tpo - gy(y0)7

pr = —Pu(zr) 'rr + Go(z7).

(A.2)

Theorem A.3. Let Assumption A.1 be in force. Suppose that (T, Yy, %t)iefo,1) € S? x S? x H? is a unique
solution to the FBSDE (A.1) with some admissible control process (Ut)iejo,1) € A. Assume that there erists a
solution (Dt Gr, Tt )efo,1] € S? x H? x S? to (A.2) with inputs (T, Ui, Z¢, Ut )iefo,), and that the map

R™ x R™ XRde xA> (Z,y,Z,U) '_)H(taxayazaﬁta(/]\taﬂ,u) eR

is jointly convez in (x,y, z,u) and strictly convex in u, dt ® dP-a.e. Moreover, the equality

AN N A AN AN A~ AN N AN N A~

holds dt ® dP-a.e. Then, (Ut)ieo,1) 95 @ unique optimal solution.

2For the existence of unique solutions to fully-coupled FBSDEs, see [49, 53]. In particular, the latter deals with the mixed
initial-terminal conditions.
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Proof. Let us denote by (4, yt, 2t)te[0,r] the unique solution to (A.1) with a given control process (ut)sefo,7] € A.
For notational convenience, let us introduce

et = (xt7ytazt>7 é\t = (ZL‘\t7:/l/\t72t)7 /Q\t = (ﬁt7a\ta?t)7

O = (T4, Y, 2, Dt @, 7t),  t € [0,T].
Since (v, @, ¢) are affine, we have
E[(Ga(@r), a1 — Br) + (9, (F0), vo — o)
= E[@T + @,(Zr) " Pr, a7 — T1) + (—To + Eldy (7o) " 7r|Fo] — vy (o) " Po, Yo — §o>]
= E[<ﬁT»fET - fT> - <ﬁ07$0 - 550> + <?T,yT - 37T> - <?0,y0 - §0>},

where we have used the relation, for example, ®,(Z7)(zr — Zr) = ®(ar) — D(Z7).
Now, Ito-formula gives

E{@T@T —Zr) — (Po,x0 — o) + {Pr.yr — yr) — (To, yo — §o>}
T
= E/ {(ﬁt,b(tﬁt,ut) — b(t,ﬁt,at» — <Hm(t,®t,ﬂt),xt — §t> + <@,U(t,0t7ut) — U(t79t,at)>
0
+<7/:t7f(ta 0tut) - f(taat,at)> - <Hy(ta@t7ﬂt)ayt - {y\t> - <Hz(ta ét,at),zt - Ez>]dt

It is easy to check that the stochastic integration part becomes a true martingale. Using the convexity of G and
g, we have

J(u) — J(@)

E[<Gm(§T)a T — fT> + <gy(§0)ay0 - ?/J\O> +A [F(tu atvut) - F(t7 é\tvat)] dt:|

Y

T
B [ [H(t.00, G w) ~ H(t.80 @) - (H, (060,30, ~ 31)
0
_<Hy(t7 ét7 at)7 Yt — @\t> - <Hz(ta ét; at)) Zt — /Z\t>:| dt
T
2B [ [0 0w) ~ H(80,) - (H,(0,60,8), 1 - 3)
0

_<Hy(t7 éta at)a Yt — :l//\t> - <Hz(ta @ta at)a 2t = /Z\t> - <Hu(t7 @taat)aut - at>:| dt
>0

)

where the equality hods if and only if (v = @) due to the strict convexity. O
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