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IRREDUCIBILITY OF KURAMOTO-SIVASHINSKY EQUATION
DRIVEN BY DEGENERATE NOISE

PENG GAO*

Abstract. In this paper, we study irreducibility of Kuramoto-Sivashinsky equation which is driven by
an additive noise acting only on a finite number of Fourier modes. In order to obtain the irreducibility,
we first investigate the approximate controllability of Kuramoto-Sivashinsky equation driven by a
finite-dimensional force, the proof is based on Agrachev-Sarychev type geometric control approach.
Next, we study the continuity of solving operator for deterministic Kuramoto-Sivashinsky equation.
Finally, combining the approximate controllability with continuity of solving operator, we establish the
irreducibility of Kuramoto-Sivashinsky equation.
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1. INTRODUCTION

The Kuramoto-Sivashinsky equation (KSE)

was derived independently by Kuramoto et al. in [34-36] as a model for phase turbulence in reaction-diffusion
systems and by Sivashinsky in [41] as a model for plane flame propagation, describing the combined influence of
diffusion and thermal conduction of the gas on stability of a plane flame front. The KSE is also a mathematical
model of reaction-diffusion systems and is related to various pattern formation phenomena where turbulence or
chaos appear [2, 21]. The KSE has been studied as a prototypical example for an infinite-dimensional dynamical
system [16, 32, 39, 42].

In order to consider a more realistic model phase turbulence in reaction-diffusion systems, it is sensible to
consider some kind of stochastic perturbation represented by a noise term in the equation. Stochastic KSE is an
important equation, this model has also attracted more and more attentions, a large amount of work has been
devoted to the study of stochastic KSE. References [10, 19] studied the existence and uniqueness of solution for
stochastic KSE, [20, 45, 46] discussed the attractor of stochastic KSE, [10, 22] obtained the invariant measure
of stochastic KSE, [26, 27] proved the null controllability of stochastic KSE, [9] established the large deviation
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2 P. GAO

principle of stochastic KSE, [31] established the averaging principle for stochastic KSE. We refer readers to the
references therein for more interesting results on stochastic KSE.
In this paper, we consider the irreducibility of stochastic KSE driven by highly degenerate noise

u(0) = ug in T, (L.1)

{ut + Upprr + Upe + Uy = blﬁl (t)sinx + bng(t) cos T + bsﬁ3(t) in T x (0,7),
where T = R/27Z, Bk, k = 1,2,3 are real valued mutually independent standard Wiener processes defined on
a probability space (Q,F,P) and by, k = 1,2,3 are real valued numbers. Denote H := L?(T),V := H?(T).
According to Theorem 3.4 of [22], we know

If ug € H, (1.1) admits a unique weak solution uw € C([0,T); H) P-a.s. Moreover, u is a Markov process in
H, which is Feller in H.

Let wu(t,up) denote the unique solution to (1.1) for the initial value uy € H, and we define the transition
probabilities {P(t,up,-) : t € [0,T],uo € H} by

P(t,up,T) := P{u(t,up) € T}

for all Borel sets I of H and all ¢ € [0,T].

Definition 1.1. A family of transition probabilities {P(¢,uo,-) : t € [0,T],uo € H} is called irreducible in H
if for every ug € H,t € [0,T],u1 € H and £ > 0, we have P(¢,ug, By (u1,¢)) > 0.

Now, we are in a position to present the main result in this paper.
Theorem 1.2. If b, # 0 for k = 1,2,3, then the family {P(t,ug,-) : t € [0, T],ug € H} is irreducible in H.

The main contribution of this paper is the irreducibility of stochastic KSE driven by the highly degener-
ate noise. The irreducibility of stochastic partial differential equations (SPDEs) has attracted many authors’
attention, see [6-8, 18, 22, 23, 43, 44] and references within. However, to the best knowledge of the author, the
irreducibility of SPDEs is generally established for non-degenerate noise, the result for the case of degenerate
noise is far less studied. The irreducibility is a fundamental concept in stochastic dynamic system, and it plays
a crucial role in the research of ergodic theory, moderate deviation principle. More precisely, the main reason for
the study of the irreducibility property is its relevance in ergodic theory, and in the analysis of the uniqueness
and ergodicity of invariant measures. The property of irreducibility is at the core of the problem, it is suffi-
cient to obtain the ergodic result by adding the strong Feller property, see the classical work [17, 24]. Another
application of the irreducibility is to establish moderate deviation principle of SPDEs, in general, the moderate
deviation principle is obtained by verifying the irreducibility and some Lyapunov condition for SPDEs, see [43].

The proof of Theorem 1.2 relies on the approximate controllability of KSE (see Thm. 3.3) and the continuity
of the mapping noise — solution along the controllers (see Prop. 4.2). It is well known that one usually solves
a control problem to prove the irreducibility for SPDEs. However, due to the highly degenerate of the noise of
(1.1), the control problem of the associated deterministic system is much harder than those in the usual case,
the traditional methods and techniques in the existing literature are no longer feasible. The novelty of this paper
is that we introduce the Agrachev-Sarychev type geometric control approach to overcome this difficulty. More
precisely, with the help of asymptotic property of operator R and saturating property of subspace of H, we can
prove the approximate controllability of the associated deterministic system with finite-dimensional control.

The control theory is known to be a useful tool in the study of stochastic systems with non-degenerate noise,
see [17] and references therein for more interesting results on this topic. In recent years, stochastic system with
highly degenerate noise is attracting more and more people’s attention, this paper shows that the Agrachev-
Sarychev approach is a powerful tool for the study of stochastic systems with highly degenerate noise. Let us
mention that the method and framework in this paper are quite general and can be adapted to degenerate
problems for more SPDEs.
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The rest of this paper is organized as follows: In Section 2, we give some preliminary results which will be

used in this paper. Section 3 is devoted to the approximate controllability of KSE driven by a finite-dimensional
force. The proof of Theorem 1.2 is given in Section 4.

2. PRELIMINARIES
If u € L%(T), it can be written as u(z) = Y. uxe’™® with uy € C and u_j, = Uy, the norm in H*(T) is defined

=
by [ ls :

2 := (1 k) .

keZ

For s =0, |- [lo ==l - |-

For any s > 0 and u = Y uge’®® € H*(T), we define
kEZ

Ou = Z |k[fuge®®.
kEZ

In this paper, we will use the following inequalities.

Lemma 2.1. If a,b€ R, p >0, it holds that

|al? 4 [b]? 0<p<l,
P <
(laf +[0])P < {2P1(|a|p+|b|p) p> 1.

Lemma 2.2. (Gronwall inequality) Let y(t) be a nonnegative function and a € R, f € Li, (R), if y' < —ay + f,

we have
y(t) < y(s)e= =) ¢ f; e~ t=7) f(1)dr.
Lemma 2.3. (Young inequality) Let a,b € [0, +00) and € > 0, then we have

p pe
ab < 5_pa— +e1—,
p q

wherel<p<oo7%+%:1.

Lemma 2.4. (See [1]) Let 0 < s1 < sg, for any € > 0 and u € H*>(T), there exists a constant C(g) > 0 such
that

[ulls, < elldz2ull + C () ull
Lemma 2.5. (See [1]) Let s > %, then for any u € H*(T), we have

llull oo () < Cllulls.
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3. APPROXIMATE CONTROLLABILITY OF KSE

We first consider the approximate controllability of the following KSE driven by a finite-dimensional force:

{Ut + Ugzze + Uge + utty = h(z,t) +n(z,t) in T x (0,7), (3.1)

u(0) = ug in T,
where the function 7 plays the role of the control.
Definition 3.1. For s > 0, we shall say that (3.1) is approximately controllable by H-valued control if for any

initial point ug € H*(T), any target u; € H*(T), and any number ¢ > 0, there is a control n € L?(0,T;H) and
a unique solution v of problem (3.1) defined on the interval [0, T] such that

[u(T) = ualls <e.

Let H be a finite-dimensional subspace of H**#(T). We define a non-decreasing sequence of finite-dimensional
subspaces:

Ho=H., Hy=F(Hyo1), 521, Heo = M,
=1
where

N
F(H) = span{n—Zuiazui: nmu; €EH, i=1,2,--- ,N}.

i=1

Definition 3.2. We say that H is saturating if H is dense in H*(T).
Now, we are in a position to present the main result in this section.

Theorem 3.3. Let T > 0,5 > %, ug € H*(T) and h € L*(0,T; H*=%(T)). If H is saturating, then (3.1) is

27
approzimately controllable by H-valued control.

The proof of Theorem 3.3 is based on the idea from the works of Agrachev and Sarychev [3-5], who studied
the approximate controllability of the 2D Navier-Stokes and Euler systems by finite-dimensional forces. The
Agrachev-Sarychev method is also applied to other equations, see [11, 40] and the literatures therein. The
controllability of KSE has attracted many authors’ attention, see [12-15, 25-30].

Here, we give examples of saturating spaces. Z is called a generator if Z C Z is a finite symmetric set containing
0 and any integer is a linear combination of elements of Z with integer coefficients. We define the space

H(Z) = span{sin(mz), cos(mz) : m € L}.

Proposition 3.4. IfT is a generator, then the space H(ZT) is saturating. In particular, £ := span{sinz, cosx, 1}
18 saturating.

The proof of Proposition 3.4 is done later in Section 3.4.
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3.1. Well-posedness of generalised KSE
We consider the following generalised KSE:

(3.2)

g + (U + Qazz + (U+ Qax + (u+)(u+ )z =¢ inTx(0,T),
u(0) = ug in T.

For any T > 0 and s > 0, we define the space
Xr,s = C([0,T); H*(T)) N L*(0,T; H***(T))
endowed with the norm

lullxr., = llulleo,r);mecmy) + lullL20,r;ma+2(T)-

Define the operator P = —@; with domain D(P) = H*(T), we know that P generates a semigroup {S(t)}{¢>0}
in L?(T). Moreover, we have the following important property:

Lemma 3.5. For any T > 0 and s > 0, the semigroup satisfies that
1SC)yollxr,. < Cllyolls, ¥ yo € H(T),

H/ S¢ =1 f(n)drllxr, <O\ fllrzo -2ty ¥ f € L*(0,T; H**(T)),
0

where C = C(T, s) is a positive constant that increases in the first variable.
The proof of Lemma 3.5 is done later in Section 3.5.

Proposition 3.6. For anyT >0 and s > 3, let ug € H*(T),{ € L*(0,T; H**(T)) and ¢ € L*(0,T; H*~*(T)).
Then system (3.2) admits a unique solution u € Xr 5. Moreover, let R be the mapping taking a triple (uo, ¢, ¥)
to the solution of (3.2), for 4o € H*(T) and ¢ € L?(0,T; H*~2(T)), we have

||R(u070’ 90) - R(’fj,o, 0, @)H‘XTS < C(HUO - aOHS + ||Lp - @"LQ(O,T;HS*Q(T)))' (34)
Proof of Proposition 3.6. Before we prove Proposition 3.6, we introduce the following important mathematical
setting: Throughout the paper, the letter C' denotes unessential positive constant whose value may change in
different occasions, which may vary from line to line. We will write the dependence of constant on parameters
explicitly if it is essential.

First, we consider the existence and uniqueness of the solution for (3.2).
Let t € [0,0] C [0,T] and v € Xp g, we set

¢
D(v)(t) = S(t)up + / S(t — 7)F(v)(7)dr,
0
where
F(v) = =030 = 0;¢ = 93¢ — (v + () da(v + () + .
Since H*(T)(s > 1) is a Banach algebra, we get

1w +¢)0e (v + Olls—2 < Cll(v + ¢)?[ls-1 < Cll(v +¢)?[ls < Cllv + <[ < C(l0lIz + IISI12),
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this implies that
IE@)lls—2 < C(Jvlls + [IClls+2 + 0ll3 + ICI1Z + llells—2)-

According to this estimate, we have

1F (@)l 22 (0,655 -2(my) <CO2 ([[0]l g, , + [v[l%, )
+ CUI¢ll L2 0, m+2ry) + I a 0 mre (y) + 1@l L2073 m5-2 (1))
<CO% (|[vllx,.. + 0], )
+ C(lI¢ll a0, m;mo+2(T)) + ||C||2L4(0,T;Hs+2(1r)) + el 20,1552 (T)))-

It follows from (3.3) that

12 ()2, <C([uolls + 1 F(0)lL2(0,0,m5-2(T)))
<Ci(lluolls + 1€l zao,miars+2(ry) + ¢ 1720 711542y + N0l 2(0.75180-2(T)) (3.5)
+ 0202 (|[v]lxy, + Il0)1%, )

where C1, Cs depend on T but independent of 6.
For any v1,v2 € Ay s, the same argument shows that

[D(v1) = (v2)llx,,. < CF(v1) = F(v2)12(0,0:15-2(1))

< G (Ut fonl, + el ) + O G llon =l
Set
R :=2C(||uolls + I¢Il a0, mo+2 1)) + IS T 40,2 m5 42y + N0l 220,052 (1))
If v,v1,v2 € By, ,(R) := {u € Xps | [|ul|x,, < R}, we can choose 0 sufficiently small such that
C50%2(1+ R) < %
C3[0% (1 + 2R) + 07 ||| a0, 7o +2(my)] < %7
then according to (3.5) and (3.6), we have
2(0)x, < 5 +Co0 (1 + Rl < R
\@@O*ﬂWW%ﬁﬁémrwﬁ&y
This implies that ® has a unique fixed point v € By, , (R) which will be the solution of (3.2) for small 6.
To obtain the global existence, we will prove the following a prior estimate
ull 7, < C, (3.7)

where C' = C(T, |lug s, ||<||L4(O,T;HS+2(T))7 ”‘p”L?(O,T;HS*?('Jl‘)))'
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For s = 0, taking the scalar product in L?(T) of equation (3.2) with u, noting the facts that

Jeuus =~ [ s = 5 [ Gulas < Clclaful?
/T CCouda < |CCallllull < CICIull,

we have

1d
5 g1l + 192ull® < CUOZulllell + IClizN0Zull + lIChallwl® + ICUZlul + el -sllull2)

1
< Sl10zull* + C+ (Il llull® + C1 + K2 + lellZ2)-

By Gronwall’s inequality, (3.7) holds for s = 0.

For s > 0, we can prove (3.7) by induction. More precisely, let k be any nonnegative integer, assume that if
we have (3.7) for s = k, we claim that (3.7) holds for k < s <k + 1.

To this purpose, taking the scalar product in L*(T) of equation (3.2) with 92%u, we can obtain that

1d, ., s
S5l + 105 2l
< C(l5 2 ullogul + Clls+210 2ull = (utty + (uC)a, 020) + <12 05l + olloallullone)  (33)

1 S S S
< Mo 2ull* + Cllogull® + CO + lull* + [IK]552 + lelE-2) — (utts + (u)e, 957u).

Our task is reduced to estimate (uuy + (u€)s,02°u). Applying Young’s inequality in Lemma 2.3 and
interpolation inequality in Lemma 2.4, we have

(), 02°0)| < |05 (1), O30
S
< CllullosalCllos 03wl 59)
< (10 2ull + Nl s 03l

1 S S
< gllaz”lt\\z + L+ S D N05ull® + ClICZ 4o llull®.
We will prove that for any k < s < k+ 1, k is any nonnegative integer, it holds that
1
|(utty, 025u)| < gH(‘)‘;“uHQ +C. (3.10)

Indeed, if K =0, 0 < s <1, then 25 + 1 < s+ 2, then for any ¢ > 0, it holds that

|(wtig, 07%u)| < Cllull L= lJull |02+ Hul|
< Cllullallullllulls+2
< Cllull(ello;ull* + C(e)lull®),

where we have applied the interpolation inequality in Lemma 2.4 to obtain ||u||1 ||us+2 < €]|05T2ul|? + C(e) ||ul|?.
According to (3.7) for s = 0, we can choose ¢ small enough such that (3.10) holds.
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Ifk>1,k<s<k+1, we have 2s — k + 1 < s+ 2, then it follows that

|(uux7 6§Su)| < C\(@ﬁ@ﬁ)’ 625*k+1u)|

< Clluliflulls+2
1
< Cllulli + gllullse

1 S
< oz 2l + C(lulli + [lel)-

Due to the assumption that (3.7) holds for s = k, the above estimate implies that (3.10) holds.
Combining estimates (3.8)—(3.10), we conclude that

d
1920l < CO+ K 05ul® + CO+ IKlsrz + l2l3-2)-

Applying Gronwall’s inequality again, we can obtain (3.7) for k < s < k + 1. This implies that (3.7) holds for
any s > 0. Namely, we get the existence of the solution on [0, T].
For the uniqueness, let u1,us € Xr s be two solutions of (3.2), then v = uy — ug satisfies

V¢ F Vgzge + Vge + U0z + Ve + (C0) =0 in T x (0,7),
v(0) =0 in T.

Repeating the above arguments, we get that
d 2 2
1017 = CA+IClz + lluallz + lluzli2)lvl),

which implies that v = 0 in view of the Gronwall’s inequality.
Finally, we prove (3.4). To this purpose, let @ be the solution of (3.2) with (49,0, ) and w = u — @, then w
is a solution of problem

Wt + Wyggr + Waee + uw, +wi, =n in T x (0,7),
: (3.11)
w(0) = wo in T,
where wg = ug — Ug and 7 = ¢ — @. Applying similar methods as above, we can obtain that
d 2 2, 12 N 2 2
W +ll0zwll” < €+ lullz + [[all2)[lwll® + ClinlIZs,
d S S -~ S
&”aanz + 105 2w]? < C(L+ [|ull2sz + lall3 ) 105w]* + C(lInll2_z + lw]®), s> 0.
Thus, (3.4) follows from Gronwall’s inequality.
This ends the proof of Proposition 3.6. O

3.2. Asymptotic property

The following asymptotic property plays an important role in the proof of approximate controllability.
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Proposition 3.7. Let T > 0 and s > 5. For any ug,n € H***(T), ¢ € H*T(T), h € L*(0,T; H*~(T)), there
is a number & € (0,1) such that for any § € (0,dp), the following limit holds

Rg(uo,é_%c,h +67) — ug+n—CCG in H(T) asd — 0.
Proof. Let us take any § > 0 and consider the equation
up + (u+ 57%0”1@ + (u+ 57%0“ + (u+ 6*%C)(u + 57%@73 =h+6 . (3.12)
By Proposition 3.6, (3.12) has a unique solution in X7 5. Make a time substitution and consider the functions

w(t) := ug + t(n — (),
v(t) := u(dt) — w(t),

where t <1 A8 !T. Then v is a solution of the following system

Vp+ (v 4w+ 672 gzme + 0V + WA 0720
+0(v+w+ 620 (v +w+ 672y — ((p = bh, (3.13)
v(0) = 0.

Taking the scalar product in L?(T) of equation (3.13) with v, we can obtain that

ld

5 VI + 8llozell® < dllolllozo] + dllwllz |10l + 82 [[Cllallvll + CollwlFlvll + Collw]lalv]*

+C62[Clallvl* + Co [[wlly ¢l o]l + Callhll-2(llv]] + 107v]l)

< 22? + CoE L+ A2 + o),
this implies that
d 2 1 2 2
T 10I7 < €o2 (1 + [[Al[Zo + [[o]%).
Applying Gronwall’s inequality, we have
[o@)|]> < Cs2  for 0 <t < 1A(6'T). (3.14)

Then taking the scalar product in L?(T) of equation (3.13) with 92%v, it follows that

1d )
-2 nAas ) s+2,.112
S 10501 + 61052

< 8llz0llllo;2vll + dllwll 42005 20ll + 6% [ICllsrallOFvll + N (w, ¢, v) + 8l Alls—2 (10520l + [l0])
o

< 2195720) + €52 (1 + ]2y + 1950]1%) + N(w, ¢, v),

W |

where

N(w,(,v) = (§vv, + dww, + §(wv)y + 5% (Cv)s + 8% (Cw)y, 20).
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The first term in N(w, {,v) can be estimated as follows:
Since H*(T)(s > 3) is an algebra, it follows from the interpolation inequality in Lemma 2.4 that

(Gove, 2270)] = 5 | (032,034
< ol 13l
< Calol2105+ )
< Oa(I05 + ol (05 + )

6 S S
< glozoll* + Co(ozoll* + [lvll* + 1).
Therefore, for any s > %,
2s 5 s+2 2 s 4
|(dvva, 8z°0)] < l|Oz""0]” + Co([|dzv]]” + 1).
By the similar method as above, we can deduce that
2s (5 s+2 2 S 2
|(8(wv)e, 8z°0)| < 21027 0]" + Co([| 070l + 1).

Next, we consider (62 (Cv),,d%v). Since s > 1, with the help of the interpolation inequality in Lemma 2.4,
we have

(6% (Cv)y, 02°0)]

8% (92(Cv), 83+ 1)|

Ca||¢||s vl a5t

C8% (| asvl| + ||v]) (671|052 + 6~ % [|950]])
4

8

IN

IN

IA

|8 20])® + Co (050 + 1).
Then, consideration is given to the remaining terms in N(w, (,v),

|(Swwg, 8250)| +[(8% (Cw)s, 0250)| < C8% (Jlwl]|?y + [w]lss1lI¢]s+1) 1050
< 085 ([950)? + 1).

Combining the above estimates, we have
d s, 012 i 2 s, 14
ozl < €% L+ Bl + ool ).

Proceeding as in the proof of Proposition 2.4 in [37], we can choose §y € (0, 1) so small such that for any ¢ < dy,
s> %

|osv(t)||? < C6%  for 0 <t<1A(57'T). (3.15)
According to (3.14) and (3.15), we have

(V)] < €81,
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namely,
lu(8) = (o + 1 = )12 < O3,
The proof of Proposition 3.7 is complete. O

3.3. Proof of Theorem 3.3
The proof of Theorem 3.3 is analogous to Theorem 3.3 in [37], the proof is divided into four steps.
Step 1. Controllability in small time to ug + Ho. Let us assume for the moment that ug € H*T2(T). For any
1 € Ho, applying Proposition 3.7 for the couple (7,0), we see that
Rs(uo,0,h+3671n) = ug +n in H5(T) as § — 0.

It follows from the above limit that for any € > 0, there is a time 0 < 6; < T such that 7 = 01_177 € L%(0,T; H)
and

IRo, (uo, h + 1) —uo —nlls <e.

Step 2. Controllability in small time to ug + Hy. We argue by induction. Assume that the approximate
controllability of (3.1) to the set ug + Hy—1 is already proved. Let n1 € Hy be of the form

m=1
for some integer n > 1 and vectors 1, (1, -+ ,(, € Hy—1. Applying Proposition 3.7 for the couple (0, (1), we see
that
R (10,67 2C1, h) = g — C1C1p in H*(T) as & — 0. (3.17)

Using the equality
Ris(uo + 672¢1,0,h) = R (g, 6 2C1, h) +673¢,
and the limit (3.17), we obtain
[ Rs(uo + 6~ 2¢1,0,h) — g + 1Cia — 6 2G1|[s = 0 as & — 0.

Combining this with the fact that n,{; € Hy_1, the induction hypothesis, and Proposition 3.6, we can find a
small time #, > 0 and a control 9; € L?(0,T;H) such that

||R92(’LL0,h + ﬁl) —Up— 7 + ClClx”s <e.

Iterating this argument successively for the vectors (s, - -, (,, we construct a small time # > 0 and a control
M1 € L2(0,T;H) satisfying

||R9(U0,h + 771) — Uy —TM + ClClz + -+ Cn(nr”s == ||R9(U0,h +771) — Ug — 7]1”5 < g,

where we used (3.16). This proves the approximate controllability in small time to any point in ug + Hy .



12 P. GAO

Step 3. Global controllability in small time. Now let uy; € H*(T) be arbitrary. As Hoo is dense in H*(T), there
is an integer N > 1 and point 41 € ug + Hy such that

3

lur —dals < 5

(3.18)

By the results of Steps 1 and 2, for any ¢ > 0, there is a time # > 0 and a control /) € L?(0,T;H) satisfying

[Ro(uo, ) = il < 5.

Combining this with (3.18), we get approximate controllability in small time to u;. Due to Proposition 3.6 and
the fact that the space H*T2(T) is dense in H*(T), we can also obtain small time approximate controllability
starting from ug € H*(T).

Step 4. Global controllability in fixed time T. Applying the result of Step 3, for any € > 0, there is a time T} > 0
and a control n; € L?(0,Ty;H) satisfying

19
Ry (o, h+m1) — us[s < >

Take v1 = R, (ug, h + 11). According to Proposition 3.6, we can find 7 > 0 such that for ¢ € [0, 7],

€
||Rt(’U1, h) — ’U1||S < 5

Define a control function

t t € [0,11],
772(t) _ 771( ) [ 1]
0 te (T17T1+7—]a
then, it follows that
| R7, 41 (uo, b+ 12) —uills <e, vtelor].

If Ty + 7 > T, then the proof is complete. Otherwise, take vo = R, - (uo, h + 12), by the result of Step 3, there
is a time 75 > 0 and a control 13 € L?(0,Ty; H) satisfying

e
||RT2(027h + 773) - ul”s < 5

Take v3 = R, (ve, h + 13), applying again Proposition 3.6, for the same 7, if ¢ € [0, 7], we have
€
||Rt('U3, h) — ’U3||s < 5

Define the control function

n2(t) t € 0,11 + 7],
na(t) = st =Ty — 1) te(M+7,T+ 1o+ 7],
0 te(Ty+Ty+7,T1 + T+ 27],
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we can see that
||RT1+T2+T+t(u07h+n4) 7U1||S <g, Vite [Oaﬂ'

Again, if Ty +T5 + 27 > T, then the proof is complete. Otherwise, after a finite number of iterations, we complete
the proof of Theorem 3.3.

3.4. Proof of Proposition 3.4

The proof is divided into four steps.
Step 1. We show that

sin(2mz), cos(2mx) € Hy for m € 7.
Indeed, the case m = 0 is obvious. If m # 0, we have

sin(2max) = 2sin(ma) cos(mz) = %Sin(mm)[sin(mx)]w € Hy,

cos(2mx) = cos?(mx) — sin?(maz)

= [cos(mx) — sin(mx)][cos(ma) + sin(mz)]
1
= — E[cos(mx) — sin(ma)][cos(ma) — sin(mz)], € H;.
Step 2. We prove
cos(l + m)x € Hy for I,m € T.
Indeed, if I + m =0, cos(I + m)x € Ho C H1.
If | —m = 0, by the result in step 1, we have cos(l +m)z € H;.
If |I| # |m], since

cos(l +m)x = cos(lz) cos(mz) — sin(lz) sin(mz),

our task is reduced to show that cos(lx) cos(mz), sin(lz) sin(mx) € H;.
Taking

ui(z) = sin(lx) + cos(ma) € Ho,
us () = sin(ma) + cos(lx) € Ho,

it follows that
up () ur,(x) = [sin(lx) + cos(mz)][l cos(lx) — m sin(mz)]
= I'sin(lz) cos(lz) — m sin mzx cos(mz) — msin(lx) sin(mzx) + [ cos(lx) cos(mx)
= %sin(le) - % sin(2maz) — msin(lz) sin(ma) + [ cos(lx) cos(ma),
i . (3.19)
w2 (x)ugy () = [sin(maz) + cos(lz)][m cos(ma) — Isin(lx)]

= msin(mz) cos(mz) — Isinlx cos(lz) — Isin(lx) sin(ma) + m cos(lx) cos(max)

= % sin(2mzx) — % sin(2lz) — Isin(lx) sin(ma) + m cos(lz) cos(mz).
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By the definition of H; and the results in Step 1, we can obtain that

up (T)ur,(x) — ésin(le) + % sin(2mz) € Hq,
uz(x)ugy (x) — % sin(2mz) + ésin(le) € Hi.

According to (3.19), we can get the expressions of cos(lz)cos(ma) and sin(lx)sin(mz), this means that
cos(lzx) cos(mz), sin(lz) sin(mz) € Hy.
Step 3. We prove

sin(l + m)x € Hy for I,m € 7.
Indeed, if I +m =0, sin(l + m)x € Ho C H1.
If | —m = 0, by the result in step 1, we have sin(l + m)z € H;.
If 1] # |m)|, since

sin(l + m)x = sin(lx) cos(ma) + sin(mz) cos(lx),

our task is reduced to show that sin(lz) cos(mz), sin(ma) cos(lx) € H;.
Taking

sin(lz) + sin(mz) € Ho,
cos(lz) + cos(mz) € Ho,

uz(x)
ug(x)

proceeding as in (3.19), we have

uz(z)us.(x) = % sin(2lx) + % sin(2ma) + msin(lx) cos(ma) + [ sin(maz) cos(lx),
(3.20)
ug(T)uge(x) = —é sin(2lx) — % sin(2maz) — Isin(lz) cos(max) — msin(maz) cos(lx).
Since
I, m .
ug(T)use (z) — 3 sin(2lz) — B sin(2max) € Hy,

ug(x)uge () + ésin(%x) + % sin(2max) € Hy,

It follows from (3.20) that sin(lz) cos(mz), sin(mz) cos(lx) € Hy.
Step 4. Note that for any m € Z, sin(—mz), cos(—ma) € H, thus by the results in Step 2 and Step 3, we have

cos(l £ m)x, sin(l £m)x € Hy for I,m € 7.
Since 7 is a generator, repeating the above steps, we derive
span{sin(mz), cos(mz) : m € Z} C Hoo,

this implies that H(Z) is saturating.
The proof of Proposition 3.4 is complete.
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3.5. Proof of Lemma 3.5
Let y be the solution to the system

Yt + Yozzz = f inT x (O,T)a (3 21)
y(0) = yo in T.
Taking the scalar product in L?(T) of equation (3.21) with y + 925y, it follows that
1 d 2 S 2 2 s+2 2 2s
5 3z I+ 1029 1%) + llyea I” + 1057y = (y + 82°y. /),
this yields
¢ ¢
(112 +/ 10; 2y (r)1*dr < C(llyoll2 +/ (y + 02y, f)dr).
0 0
Since
' 2 ' 2 2 2 2 1 2 2
C/O (y+ 0%y, f)dr < C/O Uy (I + 1T+ 10z f ()] )dr+§/0 103 y(r) || *dr,
we have
t t
ly(®)I12 +/O 10; 2y (r)|1*dr < Clllyoll2 +/0 (ly(r)lI* + [1f ()2 -2)dr]. (3.22)

By applying Gronwall’s inequality, we have

lylleo,msmsmy) < Clyolls + 11 fll 220,712 (T))-

Plugging this estimate into (3.22), it is shown that

Iyl 20,7 m5+2ry < Cllyolls + 1 fll 20,755 —2(T))-

Combining the above estimates, we conclude that

I9llar.. < Clllwolls + £l 22, m—2(m))-

If we take f =0 in (3.21), the solution y to (3.21) is S(t)yo, it satisfies the first estimate in (3.3).
If we take yo = 0 in (3.21), the solution y to (3.21) is fg S(t — s)f(s)ds, it satisfies the second estimate in
(3.3).

4. PROOF OF THEOREM 1.2

In this section, we will establish the irreducibility of stochastic KSE.
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4.1. Continuity of solving operator for deterministic KSE

We consider the following integral equation:

t
u(t) —uo + / (Uggrr + Uz + uug)(r)dr = g(t). (4.1)
0
For s € R, we define spaces
X*=C([0,T); H*(T)), Vs:={CeX*[¢(0)=0}

By the same argument as in Exercise 2.1.27 of [33], we know that (4.1) has a unique solution u €
C([0,T), L3(T)) N L?(0, T; H*(T)) if up € L*(T) and g € Va.

Proposition 4.1. For any T > 0, the solution of equation (4.1) satisfies the following estimates:
(i). If ug € L*(T) and g € Vs,

T
sup_||u(t)||? +/ lu(s)ll3ds < C(T [luoll, lgllva)- (4.2)
0<t<T 0

(i3). If ug € H*(T) and g € Vi,

T
sup IIU(t)||§+/ [u(s)|l7ds < C(T, [luollz, llgllv,)- (4.3)
0<t<T 0

Proof. (i). Making the substitution u(t) = y(t) 4+ g(t), then y satisfies the equation

y(0) = ug in T.

Multiplying (4.4) with y, we have

1d

gglly\l2 + ez l? = = Yoz ¥) — (¥9)2:y) — (992 + Guzzs + Guas Y)-

The right hand side can be estimated as follows:

1
|Yaw 9)] < < llyell® + Y112,

1
(9o = | [ amodol = 51 [ g.92da] < Clallalol

(992 + Jezzz + Gza, V)| <1992 + oz Y)| + |(Gzzs Yoo )|

A

IN

1
lvaal® + Cllyll” + Clglt + lgll3)-

Thus, we can obtain that

d
I + [l [* < Clllglla + Dlyl* + Clglit + llgll2)-
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It follows from Gronwall’s inequality that

T
sup ly(®)[® +/ [y (5)[2ds < C(T, [Juoll, llgllvs)-
0<t<T 0

Due to the fact that u(t) = y(t) + g(t), we can obtain (4.2).
(ii). Multiplying (4.4) with y;z2., we have

1d

2dt
= - (ymga ymzzx) - (yyZa ymxzz) - ((yg)xv yzmxm) - (ggm + 9rzax + Gzas ymzzm)
— L+ I+ I3+ I,

”ymIHQ + ”yrxerQ

According to Lemma 2.3, the following holds

111] < ellyaaaall* + C€)1Yaall?,
2| < [[yllllYallze [Yoazall

< Cliylllylzllyzeae |

< CllylP1Yaaeall + Cllylllyes yosse ||

< ellgaaaal® + CEUYI* + 1yl Ny,
3] < Cllyll1llgll1|yzeax I

< Cliylllglillyzeae | + Cllyaz gl [Yzzas |

< ellgaaaall® + CENgITNYI* + 1yaa?).
114] < C(llgll} + glla) 1Yo

< ellgaaaal® + Ce)(gllT + llgl12)-

Taking e sufficiently small, it follows that

d
Feal® + [yaaaa|* < CO+ Iyl + gD llyee* + ClIyll* + llglT vl + lgllt + llg]12)-

Applying (4.5) and Gronwall’s inequality, we can obtain that

T
sup IIym(t)H2+/ [Yzzaz (s)][*ds < C(T, uoll2, [lgllva)-
0<t<T 0

This implies (4.3).
The proof of Proposition 4.1 is complete.
Proposition 4.2. Let u = F(g) be the solution of (4.1), then

(i). If ug € L*(T), the map F : Vo — X°, g+ u is continuous;
(ii). If ug € H?(T), the map F : Vi — X2, g — u is continuous.

17

Proof. (i). For any fixed R > 0, let g; € Va,||gillv, < R (i = 1,2) and u; be the solution of (4.1) with g = g;.

Define y; :=u; — g; (i =1,2), g := g1 — g2,y := Y1 — Y2, then y satisfies the following equation:

Yt + Yzaxx + Yzx + ULUly — U2U2x = —Gzazz — Gzz in T x (07 T)»
y(0) =0 in T.

(4.6)
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Multiplying (4.6) with y yields

1d

5&”?1”2 + Hya:mHz = - (ya:a:a y) - (ululm - U2U2z7y) - (gza:w:v + Gz y)

<ellyeal® + Ce)IYI* + gll3) — (wru1z — uzuzs, y).

It remains only to estimate (ujui, — ugua,,y). Since

w1z — ustog, y)| = [(u1(y + 9)e + (¥ + g)u2z,Y)]
< N(urye, v)| + [(u1ge, ¥)| + [(Yu2e, y)| + [(guzz, y),

it is shown that

(s )] + |(yuze, )| < C / (T + w2} lyldz
T

< Clfuall + lluzDllyllyz | Lo (ry

< C(lludll + [luzlDllylllyll2

< C(lluall + luz )iyl + Clus ]l + llu2lD Iyl yee|
< ellyaall* + C )X+ [ual* + [luzl*) Iy,

|(urger 9)] + |(guze )| < C / (Jua] + uuz])\gallyldz + / (guzy,|da

< Clluall + lluzlDllgll2llgll + Cliglhlluzlllye |

< Clfuall + lluzlDllgll2llyll + Cliglla lluz Iyl + lyz[l)
< Clfuall + lluzlDllgllzllyll + Cligllluzlllyze|

< ellyaal® + Cllyl* + Cle)(flual® + lluzl*) 1g13-

Combining the above estimates and choosing 0 < ¢ < 1, we get

d
17+ llyaal® < OO Jun® + fluz])lgl* + C O+ Jlun | + fluz]*) 913
< C(T, [luoll, R)IylI* + C(T, [[uoll, R) 9113,

here we have used (4.2). It follows from Gronwall’s inequality that

lyll%o < C(T luoll, R) g1l

which leads to
Jur — uzl|xo < C(T, [Juoll, R)llg1 — g2llva-

(ii). For any fixed R > 0, let g; € Vi, ||gillv, < R (i = 1,2).
Multiplying (4.6) with y,.., we have

1d

i&HyIIHQ + ||ymzzz||2 = - (ymmyrzzz) - (ululr - U2u2m7yr1zz) - (gzmzz + Gaz, yzzzx)

< 5||yz:cmm||2 + C(g)(”ymznz + ||g||42L) - (ululm - U2U2mayzzzm)~
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It is sufficient to estimate (ujt1; — UoUoz, Yzzas ). Proceeding as in the proof (i), we can obtain that

|(U1U1m - u2u2xayzmmr)|

|(W1Ys Ywzaa) | + (U192, Yzzaa) | + [(YU20, Yzzaa)| + (U220, Yzzaz)]
(lurll oo (my 1Yzl + 1wl zoe (0 192 | + 91l Lo () llu2a]l + [|g]| Lo (1) 1u2z D (| Yazaa |
Cllllwally + lluzll) Myl + (el + luzll) gl yeeee

ellyzaaa? + CE)(luallf + llual DIyl + (luallF + [[uall)llglli]

ellyraaall” + CE)(lurllF + Nual DUy + Nywall®) + (luallF + ulDllgl7]-

IA A CIA

IN A

Taking € small enough, we arrive at

d
el + yaaae | < CO+ [luallf + lluzl D lgeel* + OO+ flulF + TualD)(lglZ + llyl®)-
According to the results in (i), we have
ly@I* < C(T, lluoll, B)llglY, < C(T, lluoll, R)llglI3, -

Therefore, it follows that

%Ilymll2 + [Yzwaal” < C(T, [Juoll, R)l[yzall® + C(T, uolly, R) 913, -
Applying Gronwall’s inequality, we get
[yll%= < C(T, |uoll2, R)|lg1I3,
this implies
l[ur = uallx2 < C(T, [Juoll2, R)llg1 — g2llva-
The proof of Proposition 4.2 is complete. O

4.2. Proof of Theorem 1.2

Denote H := L*(T),V := H*(T),& := span{sinz,cosx,1}. Set E := C([0,T];E). We know that the norms
|- |z and || - ||v, are equivalent for the functions in E. We define £(¢) := by 81 (t) sinx + baBa(t) cos x + b3 S3(t).

For any ug € H,t > 0, we have u*0(t) € V a.s., where u*° is the solution to (1.1) with initial date ug. Since
u" is Markov in H, for any w; € H,T > 0, > 0,

P([[u*(T) —wll < &) = / P([u*(T) —w || <& [ u*(t) = 0)P(u"(t) € dv)
%
_ / P(|u”(T — t) — ur|| < &)P(u™(¢) € dv)
%
To prove that P(||u¥ (T) — uy|| <€) > 0, it is sufficient to prove that for any T > 0,up € V,

P(||u" (T) — uy| < &) > 0. (4.7)
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Now, we prove that (4.7) holds for any T > 0,ug € V. We denote the solution to (4.1) with ug and g by
u™ (-, g), by this notation, the solution of (1.1) can be written as u"°(-,§). Let up € V and u; € H, since V
is dense in H, there exists a function %; € V such that |[@; — u;]| < §. According to Theorem 3.3, (3.1) is
approximately controllable by £-valued control, for any € > 0, there exists a control n € L?(0,T; &) such that

N €
”uuo(Ta 51) - U1H2 < 17
where & (¢) := fot n(s)ds, this leads to the fact
€
(T, 60) ] < 5,

This implies that
B([u"(T,€) = w]| < &) > B(|[u™(T,€) = u"(T, )| < 5)-
It follows from Proposition 4.2 that there exists a positive constant § > 0 such that when [|{ — &||g < 4,

Juo(T,€) —w(T,6)] < 3,

thus, we can obtain that
P(llu*(T,§) —wmll < &) = P(|€ = &illz < 9).
Since the support of £(£) is E, we have
P(I€ = &lle < 6) >0,

then,

P(|u™(T,&) —u1]| < &) > 0.
The proof of Theorem 1.2 is complete.
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