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GEODESIC FIELDS FOR PONTRYAGIN TYPE C°-FINSLER
MANIFOLDS

Huco MURILO RODRIGUES"* AND RYUICHI FUKUOKA"**

Abstract. Let M be a differentiable manifold, T, M be its tangent space at * € M and TM =
{(z,y);x € M;y € T.M} be its tangent bundle. A C°-Finsler structure is a continuous function F :
TM — [0, 00) such that F(z,-): T,M — [0,00) is an asymmetric norm. In this work we introduce the
Pontryagin type C°-Finsler structures, which are structures that satisfy the minimum requirements of
Pontryagin’s maximum principle for the problem of minimizing paths. We define the extended geodesic
field £ on the slit cotangent bundle T* M\0 of (M, F'), which is a generalization of the geodesic spray of
Finsler geometry. We study the case where £ is a locally Lipschitz vector field. We show some examples
where the geodesics are more naturally represented by £ than by a similar structure on 7M. Finally we
show that the maximum of independent Finsler structures is a Pontryagin type C°-Finsler structure
where £ is a locally Lipschitz vector field.
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1. INTRODUCTION

Let M be a differentiable manifold, T, M be its tangent space at € M and Ty M be its cotangent space at
z. Denote the tangent and cotangent bundle of M by TM = {(z,y);xz € M,y € T,M} and T*M = {(x,a);z €
M, « € T M} respectively. The slit tangent bundle and the slit cotangent bundle of M will be denoted by TM\0
and T* M\0 respectively. A CO-Finsler structure on M is a continuous function F : TM — R such that F(z,")
is an asymmetric norm (a norm without the symmetry condition F(z,y) = F(x, —y)). C°-Finsler structures
arise naturally in the study of intrinsic metrics on homogeneous spaces. In [14, 15], the author proves that if M
is a locally compact and locally contractible homogeneous space endowed with an invariant intrinsic metric dyy,
then (M, dar) is isometric to a left coset manifold G/H of a Lie group G by a compact subgroup H < G endowed
with a G-invariant C°-Carnot-Carathéodory-Finsler metric. He also proved that if every orbit of one-parameter
subgroups of G' (under the natural action a : G x G/H — G/H) is rectifiable, then dys is C°-Finsler.

Finsler geometry and Riemannian geometry have several points in common. Differential calculus is one of
their main tools and, as a consequence, geometrical objects like geodesics are very similar. For instance, given
x € M and y € T, M, there exists a unique geodesic 7 : (—¢, €) — M such that v(0) = z and 7/(0) = y. The study
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of connections and curvatures in Finsler geometry resembles the study of those objects in Riemannian geometry.
On the other hand there are some differences between them as well, like the non-existence of a canonical volume
element in Finsler geometry, what makes geometric analysis as developed in Riemannian geometry less natural
in Finsler geometry.

Geometrical properties of C°-Finsler manifolds can be very different from those of Finsler manifolds. For
instance R? endowed with the maximum norm can be canonically identified with a C°-Finsler manifold (M, F).
Given o € R? and a vector y in the tangent space of x, there exist infinitely many geodesics v : (—¢, €) — R?
with constant speed such that (0) = x and +/(0) = y. On the other hand, we have a large family of projectively
equivalent C°-Finsler manifolds on R? such that for every pair of points, there exists a unique minimizing
path connecting them: All minimizing paths are line segments parallel to the vectors (0,1), (v/3/2,1/2) or
(—v/3/2,1/2) or else a concatenation of two of these line segments (see [21]). Therefore if y isn’t parallel to one
of these three vectors, then there isn’t any geodesic satisfying v(0) = = and 7/(0) = y. If y is parallel to one of
these vectors, then there exist infinitely many minimizing paths satisfying v(0) = « and 7/(0) = y.

Control theory, Hamiltonian formalism, Legendre transformation and Pontryagin’s maximum principle
(PMP) have been valuable tools in order to study C%-sub-Finsler manifolds (M, F) and also in order to develop
Riemannian and Finsler geometry under a new perspective (see, for instance, [1, 2, 26, 28, 31] among many other
works). Control theory and PMP are specially very well suited to overcome the lack of vertical smoothness of
F' as well as to deal with the restriction of admissible curves. In general these problems are formalized through
the Hamiltonian formalism on T*M. It is important to notice that in order to apply the PMP, (M, F') must
satisfy some type of “horizontal smoothness”. For instance, this feature is assured for left invariant C°-sub-
Finsler structures on Lie groups and for sub-Riemannian structures. In what follows, we present a (certainly
incomplete) list of works related to this paper.

Several geometrical objects of Riemannian manifolds such as geodesics, Jacobi fields, conjugate points,
volume, curvatures, geometric inequalities, comparison theorems, etc., have been studied in sub-Riemannian
geometry using control theory and PMP (see, for instance, [1, 3, 5, 10, 11, 13, 17] and references therein). For
a more in depth study of sub-Riemannian geometry, see [3].

Pontryagin extremals and geodesics have been studied and even calculated explicitly in Lie groups endowed
with left invariant C%-sub-Finsler structures. The first case where all the minimizing paths were calculated
explicitly was on the two dimensional non-abelian simply connected Lie group (see [23]). Several cases were
studied since then (see, for instance, [7, 8, 16, 24, 27, 34, 35]) and they emphasize that several phenomena that
do not occur in the Finsler case can happen in this setting, as the sudden change of derivatives along minimizing
paths. Here, as it frequently happens in the study of Lie groups endowed with invariant geometrical structures,
the problem is usually faithfully represented on its Lie algebra and on its dual space.

In [2] the authors proposed a systematic way to study a wide range of geometrical objects like C°-sub-Finsler
manifolds, pseudo-Riemannian manifolds, etc. In the particular case of C%-sub-Finsler manifolds, the control
region is given by a convex and compact subset of some Euclidean space with the origin in its interior. The
closed unit balls on the distribution are given in terms of a “smooth deformation” of the control region. This
is, according to our best knowledge, the first time where this type of general approach was proposed.

In [39] the authors considered smooth submanifolds of TM transversal to the fibers as the geometrical
structure, which includes smooth (not necessarily strongly convex) sub-Finsler structures.

In [12], the authors study a particular case of C°-sub-Finsler structure, which is constructed from a product
M x (R¥ || -||) and a smooth morphism of vector bundles f : M x R¥ — TM. The map f induces a distribution
D= f(M xU) on TM, and (M, D) is endowed with a C?-sub-Finsler metric ||v||sz = inf{|w]; f(p,w) = v}.
The problem of minimizing path can be written in terms of a control system with a finite number of controls.

Let C C R* be a closed control region and f : M x U — T'M be a Lipschitz function such that f, = f(-,u)
are smooth vector fields for every u € C. Suppose that (z,u) — 9f/0x(z,u) is continuous. In [4], the authors
study the Bolza problem using this setting, which includes the case of Lipschitz C%-Finsler structures. This case
is the most similar to the theory we develop here.

From the aforementioned works, it is clear that the use of PMP for this kind of problems is usual nowadays.
However it is also clear that there is not a standard way to study C°-sub-Finsler structures with “horizontal
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smoothness” outside the sub-Riemannian geometry and the left invariant C%-sub-Finsler structures on Lie
groups. This is a natural situation because the geometrical structures that can be studied with PMP can vary
and even different problems on the same manifold needs its own formulation.

In this work we study Pontryagin type C%-Finsler structures on differentiable manifolds. We suppose that
the minimum requirements of PMP are in place: F' is continuous and there are a family of unit vector fields
such that the PMP holds. We apply the PMP for the time-optimal problem, and as the result, we obtain the
extended geodesic field £ on T*M\0, which is a generalization of the geodesic spray of Finsler geometry. The
integral curves ~y(t) of the differential inclusion v/(¢) € £(v(t)) are the Pontryagin extremals and their projection
on M are the candidates to be minimizing paths parametrized by arclength.

Now we present the contributions of this work for the theory of Pontryagin type C°-Finsler manifolds.

1. Let F, : T*M — R be the fiberwise dual C°-Finsler structure of F on M. In Theorem 4.9 we prove that
F.& is a full generalization of the geodesic spray of Finsler manifolds. This feature makes F,.€ a natural
candidate to bring elements of Finsler geometry to C°-Finsler manifolds;

2. In Theorem 6.16, we determine conditions on (M, F) such that £ (and F,€&) is a locally Lipschitz vector
field. Convex analysis, the dual norm F), and the inverse of the Lengendre transform are used in order to
assure the regularity of the vertical part of £ (see Sect. 5).

3. In Section 9.1 we show that £ isn’t just a theoretical object. It is possible to calculate geodesics explicitly
even when & isn’t a vector field.

4. In Section 9.2 we present an example where every minimizing path parametrized by arclength can be
represented as a projection of a integral curve of a locally Lipschitz vector field £ on T*M\0 but they can
not be represented as a projection of a integral curve of a locally Lipschitz vector field on T'M;

5. We present examples where the theory is applicable: Horizontally C! family of asymmetric norms (Sect. 6),
homogeneous spaces (Sect. 8) and the maximum of independent Finsler structures (Sect. 9.3). In each case,
a family of vector fields of the control system is presented explicitly.

It is important to observe that minimizing paths of Items (3) and (4) were calculated originally in [23], but we
use only & in this work.

A relevant question is what happens if we drop the horizontal smoothness of a C%-Finsler structure. In this
case the theory is much less developed due to the lack of a model theory (like Riemannian geometry) and
also due to the lack of tools in order to study variational problems in detail. In [22, 36] the authors consider a
general C°-Finsler structure F' and create a one-parameter family of Finsler structures (F.) cc(0,1) that converges
uniformly to F' on compact subsets of T'M. This smoothing works properly on Finsler structures F, that is,
several connections of Finsler geometry and the flag curvatures of (M, F.) converges uniformly on compact
subsets to the respective objects of (M, F).

The variation of the velocity of geodesics in the example (M7, F7) of Section 9.1 is discrete and the correspond-
ing variation in a Finsler manifold (My, F) is smooth. If we consider the CO-Finsler manifold (M; x My, Fy + F»),
where (F1 + F2)((21,22), (y1,¥2)) = Fi(x1,y1) + Fa(2z2,y2), then discrete and continuous dynamics takes place
in the same space naturally. Eventually this type of feature of C°-Finsler manifolds can be interesting in order
to represent some dynamical systems.

In differential geometry, it is usual to use the term differentiable and smooth for something of class C*°. In this
work, the term smooth stands for C*° and the term differentiable has the usual meaning, that is, its variation
can be locally approximated by a linear map in coordinate systems. We make this distinction because we deal
with several non-smooth maps. The exception applies to the terms like differentiable manifold, differentiable
structure, etc, because they are widely used. Differentiable manifolds will be always of class C*°.

This work is organized as follows: In Section 2 we summarize the theory necessary for the development of this
work. In Section 3 we define the Pontryagin type C°-Finsler manifolds. In Section 4 we present the extended
geodesic field £ and we prove that minimizing paths on (M, F) parameterized by arclength are necessarily
projection of integral curves of £ (see Thm. 4.4). We also prove that F.E is a generalization of the geodesic
spray of Finsler geometry (see Thm. 4.9). In the next four sections we study conditions that guarantee that £
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is a locally Lipschitz vector field on T* M\0. Section 5 deals with the geometry of asymmetric norms on vector
spaces and its dual asymmetric norm. In Section 6 we study the horizontally C* families of asymmetric norms
in order to provide a large family of Pontryagin type C°-Finsler manifolds in Section 7. In Section 8 we prove
that invariant C°-Finsler structures on homogeneous spaces are of Pontryagin type. We also prove that if F
restricted to any tangent space is strongly convex, then & is a locally Lipschitz vector field (see Thm. 8.1).
Section 9 is devoted to the study of three examples. The first two examples are quasi-hyperbolic planes, which
were studied extensively in [23]. Our study is focused on the usefulness of £ instead of doing explicit calculations
using PMP as it was done in [23]. The last example shows that the maximum of independent Finsler structures
are Pontryagin type C°-Finsler structures such that £ is a locally Lipschitz vector field. Finally in Section 10
we leave some open problems for future works.

This work was mostly done during the Ph.D. of the first author under the supervision of the second author at
State University of Maringd, Brazil. The authors would like to thank Jéssica Buzatto Prudencio and professors
Adriano Joéo da Silva, Fernando Manfio, Josiney Alves de Souza, Luiz Antonio Barrera San Martin and Patricia
Hernandes Baptistelli for their suggestions. The authors would also like to thank the referee for his/her remarks
and suggestions, which helped us to improve the original version of this work.

2. PRELIMINARIES

In this section we fix notations and we present a summary of the results we use in this work. We make
this section short because the prerequisites can be found in the literature. For control theory and Pontryagin’s
maximum principle, see Section 11 and Section 12 of [6] and [32]. For the Hamiltonian formalism developed on
differentiable manifolds, see [6]. The Finsler geometry prerequisites can be found in [9] and the convex analysis
prerequisites can be found in [37].

In this work the FEinstein convention for the summation of indices is in place, except in Section 4, until
Theorem 4.4, where there are two possible variation of indices.

Definition 2.1. An asymmetric norm F' on a finite dimensional real vector space V' is a function F' : V' — [0, 00)
satisfying

- Fy) =0iff y = 0;
— F(\y) = AF(y) for every A >0 and y € V;
= Fy1 +y2) < F(y1) + F(y2).

Compare with [19].
Definition 2.2. If F' is an asymmetric norm on V', then we define the following subsets:

1. Bp(y,R) = {z € R"; F(z — y) < R}, open ball with center y and radius R;
2. Brly,R] = {z € R"; F(z — y) < R}, closed ball with center y and radius R;
3. Srly, R] = {# € R"; F(z — y) = R}, sphere with center y and radius R.

Definition 2.3. A CP-Finsler structure on a differentiable manifold M is a continuous function F : TM —
[0, 00) such that F(x,-) : T, M — R is an asymmetric norm for every x € M.

Remark 2.4. There are three definitions of Finsler structure in the literature. The smooth version (see [9]) is
by far the most usual and there are two versions where F' is continuous: in one of them F(x,-) is a norm (see
[18]) and in the other one F(x,-) is an asymmetric norm (see [28]). In this work we use the first definition. In
[20, 21], the first author of this work and his collaborators used the term C°-Finsler structure for the second
definition of Finsler structure. The term C°-Finsler structure given in Definition 2.3 coincides with the third
definition of Finsler structure above. It was first used in [22] and it is a natural generalization of (smooth)
Finsler structure.

We denote the open ball in T, M centered at y with radius R by Br(x,y, R). Similar notations hold for closed
balls and spheres on tangent spaces.
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Now we present the Euler’s theorem, that can be found in [9]. It is used several times in this work and it is
put here for the sake of convenience.

Theorem 2.5 (Euler’s theorem). Suppose that f : R™ — R is differentiable in R™\0. Then the following
statements are equivalent:

1. f is positively homogeneous of degree r, that is, f(Ay) = A" f(y) for every X\ > 0;
2. The radial directional derivative of f is given by ' gyfi =rf(y).

Let (M, F) be an n-dimensional Finsler manifold. Let ¢ = (x!,...,2™) be a coordinate system on M and
1_9%F?

do = (zt,..., 2", y*, ..., y") be the natural coordinate system on T'M with respect to ¢. Then Gij =

2 9yioyd :
TM\O — R are the coefficients of the fundamental tensor of F' and
19g;;
Ciip = — 22
k9 oyk
are the coefficients of the Cartan tensor. We have that
i) i _ O9istaw) 5 _ O%istew) e _ (2.1)

oyk Oyk Oyk

where g;;(»,4) are the coefficients of the fundamental tensor at (z,y) and y* are the coordinates of y. The formal
Christoffel symbols of second kind of (M, F') are given by

i _l is (095 | Ogsk  Ogik
Tk = 99 ((‘%B’f * oz Qx5 )’ (2:2)

where g** are the coefficients of the inverse tensor of g;s.

Remark 2.6 (Local existence of geodesics). In [29] Mennucci introduced the r-intrinsic, g-intrinsic and
s-intrinsic asymmetric metric spaces. These concepts coincide for metric spaces and also for asymmetric met-
ric spaces that are locally bilipschitz to a metric space. He proved that C°-Finsler manifolds are r-intrinsic
asymmetric metric spaces (in fact, this is only a particular case of his result, because his definition of “Finsler
manifold” is more general than the definition used in this work). Observe that C°-Finsler structures are locally
bilipschitz to Riemannian metrics and therefore they are also g-intrinsic and s-intrinsic.

Let (Z,dz) be a r-intrinsic asymmetric metric space endowed with the topology 7, which is generated by
the metric

dmax(zl, ZQ) = max{dz(zl, 22), d(ZQ, Zl)}
Let z,y € Z and p > 0 such that dz(z,y) < p. Suppose that the forward balls
Bt[w,p] ={z € Zydz(x,2) < p'}

are contained in T-compact subsets for every p’ < p. In [30] the author proves that there exists a minimizing
path connecting = and y. In particular this result holds for C°-Finsler manifolds in general.

As in the case of intrinsic metric spaces (see for instance [18]), Mennucci’s proof is existential in nature.
Control theory and the PMP allow us to obtain more geometrical details in C%-sub-Finsler structures with
“horizontal smoothness” as well as to calculate geodesics explicitly when (M, F') has enough symmetries.
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3. PONTRYAGIN TYPE C?-FINSLER MANIFOLDS

In this section we introduce the Pontryagin type C°-Finsler manifolds. We define them in order to satisfy
the minimum requirements of Pontryagin’s maximum principle (PMP). The control region C' is the Euclidean
unit sphere S™~1.

Definition 3.1. A C°-Finsler manifold is of Pontryagin type at p € M if there exist a neighborhood U of p,
a coordinate system ¢ = (z!,...,2") : U — R™ (with the respective natural coordinate system ¢ry = d¢ :
(xt, ... 2 b . y™) : TU — R?™ of the tangent bundle) and a family of C'! unit vector fields

{z = Xy(x) = (y (2t ..., 2™ ), ..,y (@, .. 2™ u);u e S"1)

on U parameterized by v € S”~! such that

1. u+ X,(z) is a homeomorphism from S"~! C R" onto Sr[z,0, 1] for every z € U;

2. (z,u) = (y(zt,...,2™ u),...,y" (2, ..., 2", u)) is continuous;
1 n
3. (z,u) — (gZ (xt,.. . 2" ), ..., g@’ci (x',..., 2", u)) is continuous for every i = 1,...,n.

We say that F' is of Pontryagin type on M if it is of Pontryagin type at every p € M. In this case (M, F) is a
Pontryagin type C°-Finsler manifold.

Remark 3.2 shows that Definition 3.1 doesn’t depend on the coordinate system. Remark 3.3 goes a little bit
further and it shows that Definition 3.1 doesn’t depend on the coordinate system on TU corresponding to a
local trivialization.

Remark 3.2. Let us see how the map

1

o), .yt (a2 )

R L e Vi W € AL VAl € S
behaves under coordinate changes. Let ¢1,¢ : U C M — R™, where ¢; = (z!,...,2") and ¢o = (Z,...,3").
The natural coordinate system of TU with respect to ¢ will be denoted by (&',...,2", ¢, ...,9"). The
coordinate changes between them are given by
= Z(x)
and
g = aij(x)y’, (3.1)
where a;; are smooth functions on U. Equation (3.1) is due to the fact that the coordinate changes on each

tangent space is linear.
If X, is a family of C! vector fields parameterized by u given by

(x,u) = (x,y1(z,u),. .., yn(z,u)),

and

then

(2, u) = aij(x(2))y; (x(Z), u) (3-2)



GEODESIC FIELDS FOR PONTRYAGIN TYPE C°-FINSLER MANIFOLDS 7

due to (3.1). From (3.2), it is clear that if Conditions (1), (2) and (3) of Definition 3.1 hold with respect to ¢4,
then they hold for every coordinate system on U. Therefore the concept of Pontryagin type C°-Finsler structure
doesn’t depend on the choice of coordinate systems.

Remark 3.3. Let U be an open subset of the C%-Finsler manifold (M, F), ¢ = (z%,..., ") : U — R" be a
coordinate system and 7: TU — U x R™ be a local trivialization of U. The smooth map ¢, := (¢ x id) o7 =
(b, . 2™ gh, ., g") : TU — ¢(U) x R™ is a coordinate system on TU. The coordinate changes from ¢ry to
(¢ x id) o 7 is given by (z!,..., 2" y' ... ,y") — (2',... 2", §',...,§"), where (3.1) are in place because the
coordinate changes are also fiberwise linear. If we proceed as in Remark 3.2, we have that the family of vector
fields X, parameterized by u is given by

(z,u) = (2,7 (2, u),..., 7" (z,u)),

and it satisfies Conditions (1), (2) and (3) of Definition 3.1 iff these conditions are also satisfied with respect
to ¢y . From this remark it is straightforward that if ¢ and & are coordinate systems on U and 7 and 7 are
local trivializations of TU, then X, satisfies Conditions (1), (2) and (3) of Definition 3.1 with respect to the
coordinate system ¢, iff these conditions are satisfied with respect to ¢z. Therefore Definition 3.1 could be
presented in a (a priori) more general format, but we defined in this way for the sake of simplicity.

4. THE EXTENDED GEODESIC FIELD

In this section we define the extended geodesic field £ on T*M for Pontryagin type C°-Finsler manifolds,
which is obtained applying the PMP on the control system given in Definition 3.1. Geodesics parametrized by
arclength are projections of Pontryagin extremals of the differential inclusion «/(¢) € £((¢¥)) on M. We will see
some basic situations where £ is a vector field as well as some of its properties. In Theorem 4.9 we prove that
F,.€ is a direct generalization of the geodesic spray of Finsler geometry, where F, : T*M — R is the fiberwise
dual norm of F'. We end this section making a comparison between £ and F,.€ and the potential usefulness of
each object.

The definition of £ can be obtained from Definition 3.1 following the calculations and remarks of [6], but we
make the calculations explicitly here for the sake of completeness.

Let (M™, F) be a Pontryagin type C°-Finsler manifold. Let ¢ = (2!,..., ") : U — R" be a coordinate
system on U. Define a control system on M according to Definition 3.1. We are interested to study geodesics
on U. Denote

Xul) = Y Py e = (P, f )
=1

The problem of minimizing the length of a path connecting two points in (M, F) is a time minimizing problem
of the control system

a'(t) = Xy, te€l0,1], lis not fixed, (4.1)

on M because every X, is a unit vector field. Here the class of admissible controls u(¢) is the set of (bounded)
measurable functions.

Set U = R x U and fix the coordinate system QAS = (2% 2%,...,2") on U, where R is parameterized by its
canonical coordinate z°. Define the vector field

R
o= g + 2 @05
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on U. It is immediate that X, satisfy Conditions 1, 2 and 3 of PMP in any coordinate system on U due to
Remark 3.2. Let ¢ . be the natural coordinate system on T*U with respect to ¢, which is given by

n
<¢1(x0, . ,x”),ZaMsﬁ) (20,2 g, ).
i=0

Let 6 be the tautological 1-form on T*U and for each u € C' define the Hamiltonian H, = 6(X,,) on T*U with
respect to u. Define M = sup, H,,. Let @ = df be the canonical symplectic form on 7*U. The symplectic form
induces an isomorphism between the tangent and cotangent bundles of T*U given by X W, X). If X is a
vector field on T*U, we denote the corresponding 1-form by X and if a is a 1-form we denote the corresponding
vector field by af. The Hamiltonian vector field with respect to u is given by H, = (dfiu)ﬁ.

Denote the tautological 1-form and the canonical symplectic form on 7*U by ¢ and w respectively. Denote
the objects of T*U corresponding to the respective objects of T*U without the “hat” (For instance, H,, is the
Hamiltonian on T*U corresponding to H,,).

The PMP for this problem states that if u(¢) and the respective solution z(t) of (4.1) is a length minimizer,
then there exists an absolutely continuous curve §(t) = (¢, z(¢), ao(t), a(t)) on T*U such that

L. (ao(t), a(t)) # 0;

2. 4/(t) = Hun(3() and

3. Hu(t) (9(t)) = maxyec Hy(Y(t))

almost everywhere. Moreover we have that

ap(l) <0 and M(1) =0,

at the terminal time [. In addition, if u(t), z(t) and (ao(t),a(t)) determine an integral path of H, such that
Hy)(3(t)) = maxyec Hy(7(t)) a.e., then ag(t) and M(t) are constant.

The following proposition is given in order to eliminate the term “R” of U=RxU.

Proposition 4.1. Let M and N be differentiable manifolds and let C C R* be the control set. For everyu € C,
define C vector fields X, and Y, on M and N respectively such that Conditions 1, 2 and 3 of Definition 3.1 are
in place (Here we don’t impose any condition on the norm of the vector field because the C°-Finsler structure
isn’t considered). Define Hy, pr = 00 (Xy) and Hy n = On(Xy), where Oy and Oy are the tautological 1-forms
on T*M and T*N respectively. Define I?IU’M and ﬁu’N implicitly as wM(-,H'u’M) =dHy p and wy (-, ﬁuN) =
dH,, N respectively, where wys andwy are the canonical symplectic forms on M and N respectively. If we consider
the vector field (X,,Y,) on M x N and ﬁu,MxN is the respective Hamiltonian vector field on T*(M x N), then

— — —

Hu,MXN = (Hu,Ma Hu,N)

Proof. Let (Upy, (zt,...,2™)) and (Uy, (Z%,...,2")) be coordinate open subsets of M and N respectively and
consider the coordinate open subset

(UM X UN,(Z‘l,...,xm,ftl,...,in))

on M x N. If we make calculations in coordinate systems, it is straightforward that the Hamiltonian vector
field Hy prxn of T*(M x N) is given by (Hy ar, Hu,n)- O

Proposition 4.1 states that the projection of an integral curve of PAIu(t) to M is also the projection of an
integral curve of ﬁu(t). The key ingredient to define the extended geodesic field for Pontryagin type C°-Finsler



GEODESIC FIELDS FOR PONTRYAGIN TYPE C°-FINSLER MANIFOLDS 9

structure is the equality

Hugn)(3(1)) = max H, (3(t)) ace..

We have that

0

H, =0(X,) = (apdzg, @) <8$0

,Xu> = ap + a(X,).

But ap(t) is a constant. Therefore for every (x,a) € T*U\0, we must find a u € C such that a(X,(z)) is the
maximum. But Sp[z,0,1] = {X,(z),u € C}. Then

X (2)) = :
max (X, (2)) yegﬁ?jo,l]a(y)

Now we are in position to define the extended geodesic field.

Definition 4.2. Let (M,F) be a Pontryagin type C°-Finsler manifold. The extended geodesic field of
(M, F) is the rule £ that associates each (z,a) € T*M\0 to the set &(z,a) = {Hy(z,a);u € C(z,a)},
where C(z,a) = {u € C; H,(z,a) = max,cc Hy (2, ) }. Pontryagin extremals are absolutely continuous curves
v : [a,b] = T*M\0 which are solutions of the differential inclusion

V(1) € E(v(1)). (4.2)

Remark 4.3. The definition of absolutely continuous curve on a differentiable manifold doesn’t depend on the
choice of the Riemannian metric (or C°-Finsler structure) on M because every pair of Riemannian metrics are
locally Lipschitz equivalent.

The following theorem is fundamental for this work. Remember that every non-trivial minimizing curve on
(M, F') can be reparameterized by arclength (see [18]).

Theorem 4.4. Let (M, F) be a Pontryagin type C°-Finsler manifold. Then every minimizing curve z(t) of
(M, F) parameterized by arclength is the projection of a Pontryagin extremal (x(t),a(t)). Consequently the
Hamiltonian H, ) (x(t), a(t)) is constant.

Proof. For the proof of this theorem, it is enough to find an admissible control u(t) such that X, (z(t)) = 2'(t)
due to the PMP and the definition of €. Since the measurability of ¢ — w(¢) is a local property, we can prove
it in an open subset U which is compactly embedded in a coordinate open subset (U’, ¢ = (z,...,z")). We
denote the unit fiber bundle of (U, F') by SU.

We represent the map ¢ +— u(t) as a composition of three maps. The first map is the projection 7 : U x S"~1 —
S~ where S"~! is the Euclidean unit sphere in R™. The last one is ¢ — (x(t),2’(t)), which we denote by
m : [a,b] — SU. Observe that 11 is measurable because x(t) is locally Lipschitz (see [33]). The second map
is contructed as follows: We know from Items (1) and (2) of Definition 3.1 that the map (z,u) — X, (x)
is a continuous bijection from the compact space U x S"~1 onto the Hausdorff space SU. Therefore it is a
homeomorphism. The second map is defined as its inverse map 7y : SU — U x S™~!. Finally observe that
t — u(t) is measurable because it is given by the composition of measurable functions 7 o 12 o 77, what settles
the theorem. O

From now on the FEinstein convention for the summation of indices is in place because the indices will not
vary from 0 to n anymore.
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Direct calculations in natural coordinate systems ¢ry = (2!, ..., 2™y, ..., y") and ¢p-p = (2,...,2", oy,
L Q) give

0 = a;da’, w=do;Adz', H,=a;f (z,u),

" , 3} of? 0
Fo = [ — oo () oo (13)
and
; 0 ofi 0
E(z,a) = fl(x7u(x7a))% — Bjxti (x,u(x,a))aa‘, (4.4)

where u(z,a) € C(z, o).
The following propositions are straightforward from the definition of £.

Proposition 4.5. Let (M, F) be a Pontryagin type C°-Finsler manifold. If F(x,-) is strictly convex for every
x € M, then £ is a vector field on T* M\O0.

Proposition 4.6. If u(x, ) is a continuous function and & is a vector field, then £ is continuous.

Proposition 4.7. If gf and u(x, ) are locally Lipschitz functions, then £ is a locally Lipschitz vector field.

In the Riemannian case we have a diffeomorphism between T'M and T* M given by the Legendre transform
(z,y) — (x,3°), where the musical isomorphism is defined with respect to the Riemannian metric restricted to
each tangent space.

In the Finsler case we have the following situation: Let Fy : T*M — R be the fiberwise dual norm of F :
TM — R. Then F, is a Finsler structure on 7* M. The Legendre transform TM\0 — T*M\0 is a diffeomorphism
given by

(‘T17 e 7:I:nu yla s 7yn> = ((El, cee 7xn7glj(z,y)yj7 e 7gn](:x,y)y]) (45)

and its inverse transform is given by

1 1

(..., 2™ a1, ap) — (x ,...,x",glj(m’a)aj,...,g"j(m’a)aj), (4.6)

where g;; (., are the components of the fundamental tensor of F" at (x,y) and ¢%(@:%) are the components of the

fundamental tensor of F, at (r, ). Notice that g% (@.0) = gig (@,a%) holds, where the musical isomorphism is given
with respect to the fundamental tensor of F (see Sect. 14.8 of [9] for vector spaces endowed with Minkowski
norms. The extension for TM\0 is straightforward).

Now we calculate the geodesic spray G on T*M\0 for the Finsler case. Its proof is an adaptation of the
Riemannian case.

Theorem 4.8. Let (M, F) be a Finsler manifold. Consider the identification of TM\O and T*M\O given by
the Legendre transform. Then the geodesic spray on T*M\0 through this identification is given by
o 1 99 9

oxt 27 F gy Oa;’

G(z,a) = g™ oy (4.7)

where g¥ are the coefficients of the fundamental tensor of F,.
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Proof. Let (M, F) be a Finsler manifold. Let ¢ = (z!,...,2") : U C M — R"™ be a coordinate system on a open
subset U of M and let (z!,...,2", 4%, ...,9") and (z',...,9" a1,...,,) be the natural coordinates on TU
and T*U respectively.

There is a subtlety in this proof. Although the coordinate functions (x!,..., 2™) of TU and T*U are identified,
the coordinate vector fields /dx" on these bundles aren’t the same in general. In order to make this distinction,
0/0%* will represent the coordinate vector field on TU and 9/9z" will represent the coordinate vector field on
T*U. Observe that

8 9 agm 9

95 ox or oyl (48)
due to (4.6).
The geodesic equation of a Finsler manifold (M, F') is given by
d?x’ - dad da®
L =0, 4.9
a TR @ (4.9)
where 7}, is given by (2.2). Observe that
da? ; ik
=y' =g 4.10
g -V =9 (4.10)

(We can consider g%/ as the inverse of the fundamental tensor of F' at (z,y) or else the fundamental tensor of
F, at (z,%") because g"/(*¥) = gij(‘”’yb)). Moreover

Pzt d o, d dg" jdoy  0gY 99" dy* ; day
O A ¥ ) L R - Ly —q..y° 1 4.11
2@ Tal YT YT Ty T T g Y T g (4.11)

The middle term of the right-hand side of (4.11) is zero. In fact, this is due to (2.1) and

agij il _mj 6glm
—_— = — —_— 4.12
oy U (4.12)

The second term of the left-hand side of (4.9) is given by

1 o (09s; | Ogsk  O9ik\ ji km 997 19g"™
30" (55 + 5~ 5t ) 90 an = vt + § oo,

(4.13)

Yoy y* = kg ang =

where the last equation is due to (4.12) with 9/9y" replaced by 9/04*. Replacing (4.11) and (4.13) in (4.9) we
get

do; 1 9g7*
= —— ;0. 4.14
a2 oa (4.14)

Finally we use (4.8) on (4.14), and the term with vertical derivative is zero due to (2.1) and (4.12), what settles
the theorem. 0O
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Observe that in the Finsler case we have that

; o gik(w,a)a o
Xu(m,a) = f (ZC,’LL(.’E, a)) k

@ - A /algl"l(-"«'aa)am 8.%‘1

because the right-hand side of (4.15) is a unit vector and

( gik(m,a)ak 9
(0%

A/ alglm(w,a)am 6l‘i

(for the second equality, see [9]). It follows from (4.4), (4.7) and the second equality of (4.15) that G(x, ) =
F.(x,a)&(z,a). Therefore F.£ is a generalization of G for Pontryagin type C°-Finsler manifolds. Let us compare
the integral curves of F,.£ and &.

If (x(t), a(t)) be a integral curve of £ such that x(¢) is a minimizing path, then

(4.15)

max «
yESF[I,O,l] (y)

) = F(of) = F.(a) =

Fa(t).0) = max - [a(0]() = M((D).alr)

is constant along the curve. Moreover if ¢; > 0, then (z(t), c;(t)) is also an integral curve of £. Therefore we
can choose «(t) with unit norm along the curve. In this case, if ¢3 > 0, then (x(cat), coa(cat)) is an integral
curve of F.(z,a).E.

Reciprocally let v(t) = (z(t), «(t)) defined on (—e, €) be an integral curve of F..€ such that () is a minimizing
path. We claim that there exist ¢ > 0 such that (x(¢/c),y(t/c)) is an integral curve of £. In fact, consider the
initial value problem

1
= Fon

¢'(t) (€(); <) =0. (4.16)

It has a unique strictly increasing solution ¢(¢). It is straightforward that

(Z(t), a(t) := (x(¢(1)), a(¢(?)))

is an integral curve of £. If follows that

F(2(C(1)), a(C(1)) = Fu(2(t), a(t))

is constant, what implies that ¢’(¢) is a positive constant ¢ due to (4.16). Therefore (x(¢), a(t)) = (Z(t/c), a(t/c)).

The relationship between F,.£ and £ can be summarized as follows: if the minimizing path x(¢) is the
projection of an integral curve of £ on M and ¢ > 0, then z(ct) is the projection of an integral curve of
F..E. Reciprocally if the minimizing path z(t) is the projection of an integral curve of F.€ on M, then it has
constant speed and its reparameterization by arclength is the projection of an integral curve of £. Therefore
F,.€ represents all minimizing paths with constant speed and £ represents all minimizing paths parameterized
by arclength. We have proved the following theorem.

Theorem 4.9. The correspondences £ and F,.E are generalizations of the geodesic spray G of Finsler geometry.

It isn’t clear whether F,.€ or £ will be more useful for the theory of Pontryagin type C°-Finsler manifolds. The
structure F.€ is a direct generalization of the geodesic spray of Finsler geometry and it can have more potential
to bring geometric objects of Finsler geometry to C°-Finsler geometry. On the other hand, £ is horizontally
bounded and it can be more suitable for direct calculations and the study of the existence of solutions of £. In
this work we use £ because it is more convenient for our purposes.
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5. ASYMMETRIC NORM AND ITS DUAL ASYMMETRIC NORM

Let V be a finite dimensional real vector space endowed with an asymmetric norm F. In this section we
study some relationships between (V, F') and its dual space (V*, F,), where F, is the dual asymmetric norm of
F.

Definition 5.1. Let V' be a vector space and f : V' — R be a convex function. The convex conjugate or Fenchel
transformation of f is the function f*: V* — R defined by

f*(a) = sup{a(y) — f(y)}-

yev

Definition 5.2. Let F' be an asymmetric norm on V. The dual asymmetric norm Fy : V* — R of F' is defined
by

Fi(a) = sup a(y).
F(y)<1

If « € V* and y € V\{0}, then

and the inequality

a(y) < F(y)Fu(a) (5.1)

holds for every y € V and o € V'*.
Given a point y € V, we will denote the set of functional supports of F? at y by dF?(y), that is, the set of
a € V* such that

F%(2) > F%(y) + a(z —v) VzeV.
The set IF?%(y) is called subdifferential of F? at y.

The next lemma relates the convex conjugate of an asymmetric norm to the dual asymmetric norm.

Lemma 5.3. If F is an asymmetric norm on V, then F2* = %F*Q.

Proof. Let us show first that F2" < iFﬁ. From (5.1) we have a(y) — F?(y) < F(y)F.(a) — F?(y) for every y €
V. Note that F(y)F.(a) — F?(y) is a quadratic function on F(y) and it reaches its maximum at F(y) = 1 F.(c).
Therefore

a(y) — F(y) < F(y)Fu(a) — F2(y) <

for every y € V.
Now, let’s show the opposite inequality. Since Fi(a) = supp(, <1 a(y), there exists y* € Sr[0,1] such that

Fi(a) = a(y'). Set y = $F.(a)y’. Then F(y) = 1 F.(a) and

aly) - F2(y) = 3F.2a) = F3a) = 1R (a)
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what implies

F?(a) = supfa(y) - F()} > {F.(0).
yev

Therefore, F2"(a) = 1 F.%(a). O

If F is a strictly convex asymmetric norm, then F2" is differentiable (see [37]) and F.? is differentiable due
to Lemma 5.3. We will consider that F is strictly convex until the end of this section.

Remark 5.4. The differential dF? : V* x V* — R is naturally identified with dF? : V* — V. From now on we
consider the latter.

If f: V — R is a strictly convex function, then 0 f* is the inverse of df in the sense of multivalued mapping,
that is, y € 9f*(y*) if and only if y* € 9f(y) (see [37]). Therefore (OF?)~! = 9F?" and

2
(0F*)~! = 611* = ide (5.2)

due to Lemma 5.3.

Given a € V*, there is a unique y € V such that F%(z) > F2(y)+a(z —y) forevery z € V, that is, « € OF?(y).
The graph of the function ¢ defined by (2) = F?(y) + a(z — y) is tangent to the graph of F? at y, what implies
that the affine subspace {z € V;p(2) = F?(y)} of V is tangent to the level set Sr[0, F(y)] at y. From this
tangency and the strict convexity of Br[0, F(y)], it follows that ¢(z) < F?(y) for every z € Sr[0, F(y)] and the
equality holds iff z = y. Therefore, we can conclude that y is the unique point in Sr[0, F(y)] that maximizes «
(and ¢) and %y) is the unique point that maximizes « in Sp[0,1]. Therefore % is the unique point
in Sp|0,1] that maximizes « and this point can be written as

dF.% (a
e dRA()
F(dﬂf@‘)) F(dF.*(a))

due to (5.2). This proves the following proposition:

Proposition 5.5. If F: V — R is a strictly convex asymmetric norm and o € V*, then

is the unique point in Sg|0,1] that mazimizes .

Here is an important point: note that the search for a locally Lipschitz mapping o — % goes through the

study of dF,>.
The next lemma is a consequence of Euler’s theorem and it shows how the duality between F' and F, behaves.

Lemma 5.6. F(dF.*(a)) = 2F.(a).
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Proof. Since F,? is homogeneous of degree 2 and its radial derivative at « is given by a(dF,?(c)), we have that
a(dF,?*(a)) = 2F,*(a) due to the Euler’s theorem. Thus

B dF.2(a) '\ 1 20 ) —
Fla)=a (F(dF*Q(a))> = Fara) " T Fan)

and F(dF,%(a)) = 2F.(a). O

Remark 5.7. The mapping dF? is essentially the inverse of the Legendre transform (see (5.2)), which is much
more well behaved than OF?2. Therefore it is “much easier to access” TM from a geometric structure on T*M
than to proceed in the opposite direction (compare with Rems. 9.1 and 9.5).

In order to have a better control over dF,? : V* — V, we define a class of asymmetric norms that is more
restrictive than the strictly convex ones.

Definition 5.8. Let F' be an asymmetric norm on V. We say that an asymmetric norm F is strongly convex
with respect to F' if

F2(2) > F*(y) + a(z —y) + F*(2 — y) (5.4)

for every y,z € V and o € OF?(y).

Remark 5.9. All asymmetric norms on vector spaces are equivalent, that is, if ' and F are asymmetric norms
on V, then there exist ¢y, co > 0 such that

aF(y) < Fy) < eoF(y)
for every y € V. Therefore if F is strongly convex with respect to F, then F will be strongly convex with respect
to a positive multiple of F'.

Whenever it is clear from the context, we will omit the asymmetric norm with respect to which F is strongly
convex.

Theorem 5.10. If F is a strongly convex asymmetric norm on V with respect to F, then the mapping dF,> :
V* — V is Lipschitz.

Proof. First of all notice that the fact that dF? is Lipschitz doesn’t depend on the asymmetric norms we consider
on V* and V due to Remark 5.9. Therefore we can fix Euclidean norms || - || and || - ||« on V and V* respectively
and replace F' by ¢|| - ||, with ¢ > 0. Consider a1,z € V*. By (5.2) and Definition 5.8, we get

2

1 1 1 1 1 1
F2(ZdF*2(042)) > FQ(ZdF*z(al)) + oq(idF*Q(ozg) - ZdF*Q(al)) + 2 ZdF*Z(ag) - ZdF*Q(al) (5.5)
and
2l o 2/l o L2 L2 ||l 2 L. 2 ’
F (ZdF* (1)) > F (ZdF* (a2)) + QQ(ZdF* (o1) — ZdF* (a2)) + ¢ ZdF* (1) — ZdF* (a2) (5.6)

Summing up (5.5) and (5.6), we have

2

1 1 1 1
2c2 ZdF*Q(oq) - ZdF*Q(ag) < (g — ag)(idF*z(al) - zdF*Q(Ozg))
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and

1 1 2
2¢2 ||~ dF.*(ay) — zdF*Q(OéQ)

: o — ..

1 1
S H4dF*2(a1) — zdF*z(ag)

what implies
2 2 2
|dF.2 (o) — dF.Z(ag)|| < 5 lar — asl], -

O

Remark 5.11. Theorem 5.10 and its proof also work if we consider a family of strongly convex asymmetric
norms {F, },ea, where every F, is strongly convex with respect to the same F'. We get

2
[d(F,)3 (an) — d(F,)% ()| < Zllar = azlls
for every v € A and ay,ap € V*.

6. HORIZONTALLY C!' FAMILY OF ASYMMETRIC NORMS

In this section, || - || is the canonical norm on R™ and || - ||« is its dual norm on R™*.
In the previous section we saw a condition for the mapping dF.? : V* = V to be Lipschitz. Here we will
analyze dF? for a family of asymmetric norms defined as follows.

Definition 6.1. Let U C R™ be an open subset. We say that a continuous function F : U x R® — R is a
horizontally C' family of asymmetric norms if

1. F(z,-) : R" — R is an asymmetric norm for every z € U and
2. (z,y) — g—i(m,y) is continuous for every i = 1,...,n.

Remark 6.2. A horizontally C' family of asymmetric norms is a particular instance of C'-partially smooth C°-
Finsler structure defined in [28]. The difference is that in the latter definition the horizontal partial derivatives
don’t need to be continuous.

Definition 6.3. Let F be a horizontally C'! family of asymmetric norms. We will denote the subdifferential of
F(z,-) at y by OF (z,y).

Definition 6.4. Let F be a horizontally C* family of asymmetric norms. The horizontal differential d;, F :
U xR"”xR"™ — R of F is defined by

dpF(z,w,y) = lim Flo +tw,y) - F(z,y)
WY t—0 t

Remark 6.5. dpF is naturally identified with the map p: U x R™ — R™ defined by u(x,y) = dpF(z, -, y).
From now on we denote u by dp F', which is given by

OF (z,y)

ozt da’

th(xv y) =
in the natural coordinate system. Notice that

oF oF
ldnF||, = H(({hp’aw)‘*

)
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and dp F' is locally Lipschitz iff % is locally Lipschitz for every i =1,...n.

We will denote for each = € U, the dual asymmetric norm of F(z,-) by Fi(z,-), what gives us a family of
dual asymmetric norms

F,:UxR™ >R, (6.1)

¢

If F(x,-) is strictly convex, we have its “vertical” differentials

dyF, : U x R™ — R" (6.2)

(compare with Rem. 5.4). As the definition above suggests, we will study the variation of (6.2). The study will
be done separately in what is called horizontal and vertical direction, i.e. along U and R"* respectively. We will
use the notation U CC U to state that U is compactly embedded in U, that is, the closure U of U is compact
and U C U. Initially, we will see some results for (6.1).

Proposition 6.6. Let U, U CR" be open subsets such that U is convex and U CC U. If F: UxR" 5 Risa
horizontally C* family of asymmetric norms, then there exists C1 > 0 such that

[Fi(21, ) = Fi(zg,0)] < O [l |21 — 22|

for every a € R™ and x1,x2 € U.

Proof. Let (x,y) — ﬁ be the projection onto the spheres of F. Since F is horizontally C*, it follows from
the mean value theorem that given x1,29 € U and y € R™ there exists § € (0,1) such that

y Yy H < Myl lltdn F) (1 + 6(x2 — 1)

)] TP
HF(Ilvy) F(z2,y) F2(xy + 0(z2 — 1), y) [y — 22| (6.3)

Therefore,

F(‘Tlvy) F(IQay)

|Fi(z1, ) — Fu(z2, )] =

sup « (y> — sup « (y) = |||, sup i i H
yerm\o  \F(71,9) yern  \ F(72,y) yER™\0
dnF 0(xo —
<o, sup WGP + 02 ).
yesn—1 F2(x1 4+ 0(x2 — 1), y)

U2y = ol < €1 Jall, o1 = 2ol

ll(dn F) ()l [

where C = SUD(y y)cUxsn—1 © F2(z.p)

Proposition 6.7. Let U, UCR" be open subsets such that U CC U. If F: UxR" > Risa horizontally C*
family of asymmetric norms, then there exists Cy > 0 such that

|Fi (2, a1) = Fu(z, a2)| < O [|an — azf|,
for every ap,as € R™ and x € U.

Proof. Indeed, given ay,as € R™ and = € U, we have

|F*(:C,041) 7F*(‘Tva2)‘ =

Z’Halwm
F(z,y)

sup 0‘1< y) sup Oé2< Y ) < sup
yER™\0 F(x,y) y€R™\0 F(z,y) yER\0
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= sup lar — s, < Callan —azl,,

yESn—l

Y
e

1
where Co = sup(, e xsn—1 T O

Theorem 6.8. If F : U x R" — R is a horizontally C* family of asymmetric norms. Then the respective family
of dual asymmetric norms F, : U x R™ — R is locally Lipschitz.

Proof. Tt follows from Propositions 6.6 and 6.7 and the fact that every x € U admit a convex neighborhood
which is compactly embedded in U. O

Analogously to Definition 5.8, the next two definitions aim to define the concept of strongly convexity for a
horizontally C! family of asymmetric norms.

Definition 6.9. Let U C R™ be an open subset. We say that F : U xR" — R is a smooth family of asymmetric
norms if F' is smooth on U x R™\0 and F(z,-) : R™ — R is an asymmetric norm for each x € U.

Definition 6.10. Let F' : U x R” — R be a smooth family of asymmetric norms and F : U x R — R be a
horizontally C' family of asymmetric norms. We say that F is strongly convex with respect to F' if

F2(2,2) > F*(2,y) + o(z — y) + (2,2 — y)

for every y,2 € R", x € U and a € OF?(x,y).
We have the following result about the variation of d, F, along the vertical direction.

Proposition 6.11. Let U, lz C R™ be open subsets with U CC U. Let F: U x R" = R be a smooth family of
asymmetric norms and F : U x R"™ — R be a horizontally C' family of strongly convex asymmetric norms with
respect to F'. Then there exists C3 > 0 such that

[(do F.2) (@, 00) = (do F.2) (0, a2) || < Cs flaa — o, (6.4)

for every x € U and aq,ap € R™.

Proof. Due to U CC U, there exist ¢1,cy > 0 such that ¢;||y|| < F(z,y) < ea|ly|| for every (z,y) € U x R™.
Proceeding analogously to Theorem 5.10, we have

(@, e 01) = (0, P2 )| < 7 o = .. (6.5)

for every x € U and ay, s € R™, what settles the proposition. O
The next result shows the continuity of d, F, and it will be used in the proof of Proposition 6.15.

Proposition 6.12. Let F : U x R" — R be a smooth family of asymmetric norms and F : U x R" — R be
a horizontally C* family of strongly convex asymmetric norms with respect to F'. Then, the mapping dyF.> is
continuous.

Proof. Let us to show that given a sequence (z,,,a,) + (z,a) in U x R™, then d, F,*(x,, o) = d, F.*(z, ).
We have that

2 (xn i(d,UF*Q)(a:,oz)> > F2 (a: i(dvFﬁ)(xn,an)> +an (i(dUF*Q)(x,oz) - i(dUF*Z)(a:n,an))

L (mn i(dwﬁ)(x, a) - i(dva)(mn, an))
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due to (5.2), which is equivalent to

F? (zn, (dUF*Q)(a:,a)) >F? (Tn, (doF.2) (2, ) + o, (4(dvF*2)(x, a) — 4(dUF*2)(xn,an))
+F? (2, (doF.2) (2, ) — (dyF.2) (2, o))

Thus

F? (J}n, (doF,2)(z, @) — (dyF.?) (2n, an))
<F? (2, (duF2) (2, 0)) — F? (24, (do i 2) (@0, ) ) — dan ((do 22 (2, @) + 4o (do F2) (2, )
=F? (2, (du F.2) (2, 0)) — AF2 (20, ) — 4o (do Fi2) (2, ) + 8F2 (2, ).

In the last equality, the second and fourth terms are due to Lemma 5.6 and Euler’s theorem respectively.
Applying the limit, we have

lim F? (z,, (doF.?) (2, ) — (dUF*2)(xn,an))

n—oo
: 2 2 T 2 IRt 2 . 2
th—{r;oF (2, (do F.%)(z, @) n11_>1r0104F* (T, an) nh_>ngo4an((dvF* )z, @) +nll>n;<>8F* (Tny 0

=F? (2, (d,F.2) (2, @) — 4F.2 (2, @) — da((dy F.2) (2, @) + 8F.2 (2, a0) = 0,

again due to Lemma 5.6 and Euler’s theorem. O

The analysis of the horizontal variation of d, F, will be done in two stages. Lemma 6.13 provides a technical
step while the Proposition 6.15 provides sufficient conditions in order to prove Theorem 6.16.

Lemma 6.13. Let U,ﬁ be_open subsets of R™ such that U CC (7, F:U xR" = R be a smooth family of
asymmetric norms and F : U x R™ — R be a horizontally C' family of strongly conver asymmetric norms with
respect to F'. Then there exists a Cy > 0 such that

Cu ||(duF.2) (@1, @) = (dy B2 (w2, 0) ||
SFQ(zl, (dvF*Q)(zg, a))+ F2(x2, (dq,F*z)(xl, a)) — F2(x17 (dUF*Q)(xl, ) — F2(:172, (d,,F*Q)(:rg, a))

for every x1,x2 € U and oo € R™.

Proof. Due to the embedding U CC U, there exists ¢ > 0 such that F can be replaced by ¢|| - ||. As a consequence
of (5.2) and Definition 6.10, we obtain

& H(dvF*Q)(xl,oz) — (dUF*Q)(J?Q,Oé)Hz SFQ(xl, (dvF*2)(.T2,Oé)) — F%(xy, (dUF*Q)(xl,oz))
— 4a((do P22 (@2, 0) — (dyF.2) (21, 0))

and

c? ||(dvF*2)(x1, a) — (dUF*2)(:c2,a)H2 <F2(zy,(dyF,*)(z1,0)) — F2(24, (dyF,*) (22, a))
—da((dyF2) (x1, @) — (dy F.2) (22, a)).

Adding the above equations we settle the lemma. O

Definition 6.14. F : U x R™ — R is a horizontally C? family of asymmetric norms if it is a horizontally C*

9*F

family of asymmetric norms and 5775 : U x R"\{0} — R™ is continuous for every i,j = 1,...,n.



20 H.M. RODRIGUES AND R. FUKUOKA

Proposition 6.15. Let U CC U be open subsets of R", F : U xR" = R be a smooth family of asymmetric
norms and F: U x R" = R be a horizontally C? family of strongly convex asymmetric norms with respect to F'
such that

dpF?: U x R" - R™ (6.6)

is locally Lipschitz. Then, given (x,8) € U x R™ there are neighborhoods U" C U of x, V' C R™ of 8 and a
constant Cs > 0 such that

[do PP (21, @) = duFu? (22, 0)|| < Cs ||y — 2]

for every x1,x0 € U" and a € V.

Proof. By Lemma 6.13, there exists Cy > 0 such that

Cy ||(dUF*2)(331,a) — (dyF,?) (s, o¢)||2 <F?%(x1, (dyF.*) (22, ) + F2 (22, (d,F,2) (21, @)
— F2(zy1, (dyF.}) (21, 0)) — F2(2, (dy F.?) (22, a)) (6.7)

for every 1,72 € U and a € R™. Using Taylor series of F2(-, (d,F2)(xa,)) around x; we have
F? (23, (dy 22 (w2, @) =F? (w1, (do F.2) (2, @) + (dn F?) (21, (do F2) (22, ) (23 — 21) + 11 2(23 — 21, 0).
where 71 2(23 — 21, ) is the Lagrange remainder. Replacing x3 by x2, we have

F%(21, (dy F.?) (22, @) =F?(x3, (dy F.*) (22, @) — (dn F?)(z1, (d F.2) (22, @) (22 — 1) — r1,2(z2 — 21, oz)(.6 9

Inverting the roles of x7 and x4, we have

F?(x3, (duF.?) (21, @) =F2 (21, (do F2) (21, 0)) = (dnF?) (@2, (do F?) (21, @) (@1 — 22) = 12 (21 — 22, a)(~6 0

Therefore, replacing (6.8) and (6.9) in (6.7), we have

C4H(dvF*2)(x1aO‘) - x27 ||
< ||(dnF?) (2, (dvF*z)(m )) — (dp F?) (2, (doFi2) (w1, )|, (21 — z2)|| =7

for every z1,22 € U and o € R™, where r = ry o(v2 — z1, @) + 12,1 (21 — 2, ).

Since (z,y) — (dy F?)(z,y) is locally Lipschitz, given (x, 8) € U x R™*, there are neighborhoods U] CC U of
x, Uy CC R™ of d,F?(x,3) and a constant K; > 0 such that

[(dnF?) (21, 91) = (dnF?) (w2, y2)

. S Ki (21 — 22,51 — o)

for every (z1,y1), (x2,y2) € Uy x Us.
We have that (dvF*z)_l(Ué) N (U] x R™) is a neighborhood of (z,3) as a consequence of Proposition 6.12.
Consider a convex neighborhood U” x V" CC (dvF*2)_l(U§) N (U7 x R™) of (z, ). Thus,

[(d,F.2) (w1, 0) — (dyF.2) (s, 0) ||
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s% (21 — 2, (A F.2) (2, @) — (duF.2) (w1, 0)) || 1 (21 — 22) | — CL4
S% max{[|(z1 — 22)||, || (do F.2) (22, @) — (du F.2) (21, @) ||} (21 — 22)|| — c%

for every x1, 20 € U” and o € V.
If (z1,a), (x2,) € U” x V' are such that

[(do Fi*) (w2, @) = (doFi2) (21, 0) || < [[(21 — 22)l],
then there is nothing to prove. Suppose that (1, ), (z2,a) € U” x V" are such that

(4o F.2) (w2, 0) — (doFu2) (@1, )| > (1 — 22)I.
In this case,

Cy H(dUF*z)(xl,a) - (dvF*Q)(:vQ,oz)H2 < 2K, H(dUF*z)(xl,a) - (dvF*Q)(xQ,a)H [(x1 — x2)|| — 7
Writing ¢t = H(dUF*Q)(xl,a) - (dvF*2)(332,a)H and ||z1 — z3]| =€, it follows that
Cyt® — 2K et + 1 < 0.
In particular, the polynomial equation C4t? — 2K et + r = 0 admits at least one real root. If » > 0, then
Cyt® —2K1et <0

and

[(do i) (@1, @) = (doF.2) (w2, 0) || < % [(z1 — 22|

what settles this case. Finally suppose that r < 0. In this case t is bounded above by the largest root of the
quadratic equation Cyt? — 2K et + r = 0, which is

Kie+ K3e2 — Cyr

Using the Lagrange remainder in the Taylor series, we can write

r12(ze —21,0) = %(din)(xl + 601 2(x2 — x1), (dUF*2)<.'I;2,Oé>)($2 —11)?
and

ro1(21 — 22, 0) = %(diFZ)(xz + 021 (x1 — x2), (dvF*Q)(gcl7 a))(x — x2)2,
where 61 2,021 € [0, 1]. Set

Ko = inf ((d2F2)(1, )02
hel)

TocU,
[loll=1
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Thus K, < 0 because r < 0, the inequality —r < —Kse? holds and

L K+ VEE -Gy
Cy

Therefore,

|(doF.2) (1, @) = (do Fu?) (w2, @) || < Cs ||y — 22|,

where Cy = , what settles the proposition. O

K1+\/K127C4K2
Cy

Theorem 6.16. Under the hypotheses of Proposition 6.15,

dyF.2: U x R™ — R"

18 locally Lipschitz.
Proof. The proof follows from Propositions 6.11 and 6.15. O

7. A LocALLy LIPSCHITZ CASE

In this section we will use the concepts introduced in the previous section in order to present a family of of
Pontryagin type C°-Finsler structures whose extended geodesic field is a locally Lipschitz vector field.

Let (M, F) be a C°-Finsler manifold. If 7 : TU — U x R™ is a local trivialization of an open subset U of M and
¢ = (x',...,2") : U — R" is a coordinate system, then 7, := (¢ x id) o T is a coordinate system on TU. Suppose
that for each p € M there exists a coordinate system 745 of TU such that F o (7,) 7! (z!,... ;2™ v, ... v") is a
horizontally C! family of asymmetric norms. It is straightforward that the horizontal smoothness at p depends
only on 7 (it doesn’t depend on the choice of ¢).

Proposition 7.1. Let (M, F) be a C°-Finsler manifold and suppose that F is locally represented in a coordinate
system T, as a horizontally C' family of asymmetric norms. Then F is of Pontryagin type.

Proof. Considering the control set C' as the unit sphere S" 1, for each u € C corresponds a smooth vector field

X, given by

It is straightforward that {X,;u € S™'}, satisfy all the conditions of Definition 3.1 with respect to 74 instead of
¢ru.- But Remark 3.3 states that this is enough to prove that X,,, u € C, satisfy all the conditions of Definition
3.1 with respect to ¢ry. Therefore (M, F) is a Pontryagin type C°-Finsler manifold. O

Definition 7.2. Let (M, F) be a QO—Finsler manifold and let F' be a Finsler structure on M. We say that F
is strongly convex with respect to F' if

F?(z,2) > F*(z,y) + a(z —y) + F?(x,2 — y) (7.1)

for every x € M, y,z € T,M and o € OF%(z,y).
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The next lemma state that the concept of strong convexity can be transferred to 7,(TU).

Lemma 7.3. Let (M, F) be a C°-Finsler manifold and U be an open subset of M. Let 5 : TU — ¢(U) x R™ be a
parameterization of TU such that F;, = F o (16)~! is a horizontally C* family of asymmetric norms. Then F is

strongly convex with respect to a Finsler structure F iff F,, is strongly convex with respect to FT¢ =Fo C

Moreover a(z,-) € 0F*(x,y) iff or,(z,-) € 5‘F3¢ (to(z,y)).
Proof. Tt is enough to notice that

FQ(,I,Z) ZFz(:l:,y)—|—a(x,z—y)+F(1:,z—y)
if and only if

F3¢(T¢(I’ Z)) > F3¢(T¢($,y)) + aT¢(T¢(I’y - Z)) + F3¢(T¢(I’y - Z))
O

Theorem 7.4. Let (M, F) be a C°-Finsler manifold which is strongly convez with respect to a Finsler structure
F and consider an open subset U C M. Suppose that there exist a local trivialization 7 : TU — U x R™ and a
coordinate system ¢ : U — R" such that I, = F o (T¢)71 is a horizontally C? family of asymmetric norms and
that thfq5 is locally Lipschitz. Then the extended geodesic field € of (U, F') is a locally Lipschitz vector field on
T*U.

Proof. Consider the vector field

- 0 af; 0
H, = fi(lz,u) =— — a; =2 2
f (SU U) 8%‘1 aj 8%, 80&1‘ (7 )
which, in coordinates, is given by the mapping
(,o,u) = (T, oy Zn, a1,y f1(zw), . o2, u),aj—afj (z,u),... ,aj—afj (x,u) ). (7.3)
ox Oz,

Notice that (7.2) is locally Lipschitz if and only if f;(z,u) and %(x, u) are locally Lipschitz for i,j =1,...,n
or, equivalently, if and only if (x,u) — X, (z) and (z,u) — %);# (z) are locally Lipschitz. These conditions hold
due to the hypotheses of this theorem. / =

The extended geodesic field £(z, «) is defined associating to each (z,a) € T*M the vectors H, (z,a), where
u(x,a) € S ! are such that Xu(z,a) () maximizes a. In the case of strictly convex asymmetric norms, this

correspondence is unique and &(x, «) becomes a vector field. In addition, we are under the conditions of The-
orem 6.16, what implies that (x,a) — u(z, ) given by u(z,a) =11 (M) (where II is the radial

F(z,(dyFs?)(z,0))
projection on S™1) is locally Lipschitz. Therefore it follows that

(z,a) — (a:l, e Ty Qe Oy, [z u(T, @), fr (2 u(, @), ajg—ﬁ(nu(x,a)),...,aja (x,u(x,a)))
4

is locally Lipschitz, that is, (z,«) — E(z, a) is locally Lipschitz. O
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8. EXTENDED GEODESIC FIELD ON HOMOGENEOUS SPACES

In this section we will show that homogeneous spaces endowed with G-invariant C°-Finsler structures are
Pontryagin type C°-Finsler manifolds. Moreover, if the C°-Finsler structure satisfies the strong convexity con-
dition (Def. 5.8) in some tangent space, then £ is a locally Lipschitz vector field. This section is independent of
Sections 6 and 7.

Let G be a Lie group and H C G be a closed subgroup. Let g and h be the Lie algebras of G and H respectively
and m be a vector subspace of g such that g=m @ §. Let a : G x G/H — G/H be the canonical left action,
ag :=al(g,"): G/H - G/H and 7 : G — G/H be the projection map. As usual, we denote the action of g on
¢'H € G/H by gg’H. Consider a neighborhood U of 0 € m such that the collection of mappings

{og:U = G/H;04(x) = gm(exp(2))}gec (8.1)
is an atlas of G/H.

Suppose that (G/H,F) is a G-invariant C°-Finsler manifold. Given gH € G/H, we construct a family of
unit vector fields on gexp(U)H as follows: Consider the unit sphere SgleH,0,1] on (T.yG/H, F) and

d((moexp) Ven(Sp(eH)) =S C m.
Define the family of vector fields

XUxS—-TG/H
(z,u) = Xy (x)

by Xu(2) = d(agexp(a))er (d(moexp)o(u)). Since F' is G-invariant, it follows that X, (z) is a unit vector for every
(@, u). For the sake of convenience we choose u € S instead of u € S"~!, but we can identify S to S"~! through
a radial Lipschitz map.

Let’s check that X, (z) satisfies the conditions of Definition 3.1.

1. Since d(agexp(x))err and d(m o exp)o are isomorphisms, it follows that

u— Xy (2)

is a homeomorphism from S onto Sg[gexp(z)H,0,1], for every z € U.
2. Note that the mapping (z,u) — X, (z) gives a natural C*° extension from U x m onto T'G/H given by

X:Uxm-—TG/H
(z,u) = Xu(2) = d(agexp(a) e (d(T 0 exp)o(u)) (8.2)

Therefore, we can conclude that (z,u) — X, (x) is continuous.
3. By (8.2) we can also conclude that

are continuous with respect to a linear coordinate (z,...,2") on U.
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Therefore the C-Finsler manifold (G/H, F) is of Pontryagin type. As a consequence of (8.2), we also have that

=SSN N ) 9
(z,u) — Hy = fi(z,u) oz, Q; D2, (z,u) o

is locally Lipschitz.

Now suppose there is an asymmetric norm F on m such that the asymmetric norm with unit sphere S is
strongly convex with respect to F'. We claim that (z, ) — u(z, ) is locally Lipschitz, what is enough to prove
that the extended geodesic field is locally Lipschitz.

For each x € U, consider the transpose linear operator

d(agexp(z) © T 0 €XP); T;exp(w

yuG/H —m*

and a functional o expzyr € 1)

gexp(m)HG/H. Due to the equality

Qg exp(a:)H(d(ag exp(w))eH (d(ﬂ- © exp)o(u)))

:(d(ag exp(z) oTo eXp)S(ag exp(z)H))(u)a

the vector X, () € Tyexp(x) G/ H maximizes the functional agexp(z)p if and only if u € S maximizes the func-
tional d(ag exp(z) © T 0 €XP)§ (g exp(ayrr) € Mm*. Thus the mapping g exp(z) i + (g exp(z) i), Where u(ayg exp(z) i)
is such that Xu(% exp(m>H)(x) maximizes Qg exp(z)H> 18 given by

Qg exp(x)H — d(ag exp(z) © T O eXP)S(Oég exp(z)H) — U(Oég exp(a:)H)a (83)

where (0 exp(z)rr) Maximizes d(agexp(z) © T © €XP)§(Qgexp(z)m). Notice that the mapping d(agexp(z) © T ©
exp) (g exp(z)i) F U(Qgexp(z)m) is locally Lipschitz as a consequence of Theorem 5.10. Therefore (8.3) is
locally Lipschitz and the extended geodesic field given by

(2, Agexp(z) = Huayexpia))

is also locally Lipschitz. This proves the following theorem.

Theorem 8.1. Let G be a Lie group and H be a closed subgroup of G. If (G/H, F) is a C°-Finsler manifold
and F is G-invariant, then F' is of Pontryagin type. Moreover, if F' restricted to some tangent space is strongly
convez, then the extended geodesic field defined locally by

(l‘, agexp(z)) = Hu(a

gexp(z))

18 a locally Lipschitz vector field.

9. EXAMPLES

A quasi-hyperbolic plane is the Lie group G = R2 = {(z!, %) € R?; 2% > 0} with identity element (0,1) and
product (x!,2?) - (21,2%) = (222! + 2!, 222?) endowed with a left invariant symmetric C°-Finsler structure F,
that is, F(z,) is a norm for every z. Notice that the left multiplication by (x!,22) is equivalent to a homothety
by 22 followed by a horizontal translation by x!. From Theorem 8.1, it follows that quasi-hyperbolic planes are
Pontryagin type C°-Finsler manifolds. In [23], Gribanova proves that the left invariant symmetric C°-Finsler

structures on G are given by

F(0,1,9",v%) _ Fe(y'.y?)
F(z' 2% y'y%) = . = (9.1)
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where F, is an arbitrary norm on the Lie algebra g. In addition, she classifies all minimizing paths of (G, F).
She uses the symmetries of G and the PMP in order to calculate the minimizing paths explicitly.

In this chapter, we study particular examples of quasi-hyperbolic planes according to the concept of extended
geodesic field. In the first example, we consider a non-strictly convex structure and in the second example a
strongly convex one. In the first example we analyze how £ allow us to calculate geodesics even when £ isn’t a
vector field. In the second example, £ is a locally Lipschitz vector field and the local existence and uniqueness
of integral curves of £ holds. Although it seems to be a similar to the Finsler case, we show that this kind of
geodesic structure can’t be represented by a locally Lipschitz vector field on TM.

Let us present some calculations that hold for every quasi-hyperbolic plane. The unit vector fields in terms
of the control (u!,u?) are given by

0 0 ulz? 0 u?a? 0
1 2 _ - 9.2
f <x’u)8x1 +f <x’u)6x2 F.(u',u?) 0z? + F.(u',u?) 922 (92)
The Hamiltonian is given by
z? 1 2
Hy(z,a) = W (alu + aou ) , (9.3)

which is a constant Cy > 0 along the minimizing paths. Denote by u(x, «) the subset of controls that maximizes
H,(z,a). Notice that the vector

ul(gj7a)$2 o U2($,a)x2 9
Folu(z.0)) 02t T Fo(u(w.a)) 22 € OF® 0 1]

that maximizes H, (x, @) is proportional to u and it doesn’t depend on z. Therefore we can write u(a) = u(zx, «).
This remark will help us to do the analysis of the examples of this chapter.
The Hamiltonian vector field is given by

dat z2ul .
art _ ot
Hy(r,0)={ Jr = FG’ (9.4)
a = 0
das _ agu’
T = TR
the extended geodesic field is given by
de!  _ 2Pul(e) .
g _ e
— ¢ — T )
E(x,a) = da _ o (u(a)) (9.5)
dt ’ _
das a;u’ (o)

a = T Fe(u(a)’
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where (9.4) and (9.5) are due to (4.3), (9.2), (9.3) and the definition of £. The key feature here is that if
(u(t), z(t), a(t)) is an integral curve of &, then

dz?! _ :02(t)u1(t) .

dt T TFe(u(t) ?

de?  _ 2()u’(),

dt F.(u ’

O ACIO) (9.6)
=

das _  _ _Co_

dat z2(t)

holds, where the last equation is due to the constancy of (9.3) along the curve. Here u(t) = u(«(t)) must
maximize H, (z(t),«(t)) in order to have the PMP satisfied.
Now we go to the analysis of each case separately.

9.1. A non-strictly convex case

In this example suppose that F, in (9.1) is a norm such that its unit sphere is a regular hexagon H with
vertices at

{£(0,1), £(v/3/2,1/2),£(v/3/2,—1/2)}.

The direction of these vertices are called preferred directions (see [21]). If (aq, a2) is a positive multiple of (1, 0),
then (u',u?) € u(a) iff the Euclidean angle between (u!,u?) and (1,0) is in the interval [—7/6, 7/6]. The same
type of analysis holds when (ay,as) is a positive multiple of {(—1,0),+(1/2,v/3/2), £(~1/2,4/3/2)}. On the
other hand if the Euclidean angle between (1,0) and (ay, az) is in the interval (0, 7/3), then u(a) = (v/3/2,1/2),
which is a vertex of H. More in general, if the Euclidean angle between (1,0) and (aj,az) is in the interval
(km/3,(k+1)m/3), k € {1,2,3,4,5}, then u(«) is the vector that makes an Euclidean angle kn/3 4+ 7/6 with
(1,0), which are also vertices of H. The expression (9.5) states that £(x, «) isn’t a vector field on T* M because
&(x, ) can have more that one element for a fixed (z, «).

Let us calculate the solutions of (9.6) for this particular F,. The function ay is constant and there are two
cases to consider:

First case: a;(t) = 0.

Suppose that az(0) > 0. We have that Cy = 22(0).a2(0). It is not difficult to see that the unique minimiz-
ing path is the projection (x(t),z2(t)) of the solution (x'(t),z2(t), a1 (t), aa(t)) = (x1(0),2%(0)et, 0, an(0)e™?t),
where t € R.

The analysis for as(0) < 0 is analogous. The unique minimizing geodesic satisfying the initial conditions

(x1(0), 2%(0), @1 (0), a2 (0)) is given by (z1(0), z2(0)e~?), t € R.
In both cases the minimizing path is a vertical line in G.

Second case: a;(t) = a1(0) # 0.
In order to fix ideas, suppose that ay(t) > 0.

First subcase: u(a(0)) = (0,1).
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The analysis follows in the same way as in the first case. The solution is given by (z1(t), 2%(t), a1 (t), aa(t)) =
(21(0),22(0)et, a1 (0), a2(0)e~") and this solution holds in the maximum interval

ven=(-oom (%)) _

At t; = ln(\/(fz(ogo)), we have that a(t;) = (a1(0),v/3.a1(0)) and u(a(t;)) is given by the vectors u such that

the Euclidean angle between (1,0) and u is in the interval [7/6,7/2]. A little bit after this point, we have that
u(a(t)) = (v/3/2,1/2) due to the fourth equation of (9.6). The closure of the trace of (z'(t),z2(t)) for t € I
has Euclidean length

C() - iL’Q(O 042(0)
V3.a1(0)  V3.og(0)

Second subcase: u(a(0)) = (v/3/2,1/2).

We have that

If the initial conditions (2*(0), 22(0), a1(0), a(0)) are given, then

710 = (£10) - VE#(0) + B0

22(t) = 22(0)et/?

(1) = 0 (0); 87)
as(t) = (V3.01(0) + a2(0))e 2 — /3., (0).

Let ty and t3 such that a(te) = (@1(0),v3.21(0)) and a(t3) = (a1(0),0), which are the boundary of the
maximum interval (Zo,t3) such that u(a(t)) = (v/3/2,1/2). From the fourth equation of (9.7), we get

o2 V3.01(0) + a2(0) _ Co (9.8)
2V3.01(0)  VBa%(0).cn (0) '
and
JE V3.a1(0) + a2(0) 2.Co (9.9)

what implies

2 _ Co
)= 0]
and
z(t3) = 2C0o



GEODESIC FIELDS FOR PONTRYAGIN TYPE C°-FINSLER MANIFOLDS 29

From (9.8) and (9.9) we can see that t5 and t3 are finite. Therefore the trace of (x!(t), 22(t)) restricted to [ta, t3]
is a line segment parallel to (v/3/2,1/2) and with Euclidean length 2Cy/(v/3.a1(0)). When we go a little bit
before to, we have that u(a(t)) = (0,1) and if we go a little bit after 3, we have that u(a(t)) = (v/3/2, —1/2).

Third subcase: u(a(0)) = (v/3/2, —1/2).

This subcase is analogous to the subcase u(a(0)) = (v/3/2,1/2). If t4 and t5 are the boundary of the maximum
interval such that u(a(t)) = (v/3/2,—1/2), then the trace of (z!(t),z2(t)) restricted to [ty, 5] is a line segment
parallel to (v/3/2, —1/2) with Euclidean length 2Cj/(v/3.1(0)) such that the 2 coordinate of its lowest point is
given by 22(t5) = Cy/(v/3.21(0)) and the 2 coordinate of its highest point is given by 22(t*) = 2Cy/(v/3.21(0)).
When we go a little bit before ¢4, we have that u(a(t)) = (v/3/2,1/2) and if we go a little bit after ¢5, we have
that u(a(t)) = (0, —1).

Fourth subcase: u(«(0)) = (0,—1).

This subcase is analogous to the subcase u(a(0)) = (0,1). The projection of the solution of (9.6) on G is

given by (z!(t),22(t)) = (2(0),22(0)e?), it is defined on the maximal interval (In(— \/i';‘(ago)),oo) and the

closure of its trace is the vertical line connecting (2'(0),0) and (z*(0), Co/(v/3.21(0)). If we go a little bit before

In(—a2(0)/(v3-01(0)), then u(a(t)) = (v3/2, ~1/2).

Fifth subcase: «(0) = (1,0).

For t a little bit before t = 0, we have that u(a(t)) = (v/3/2,1/2). For t a little bit after t = 0, we have that
u(a(t)) = (1/3/2,—1/2). Therefore (z!(0),2%(0)) connects a segment of the second subcase with a segment of
the third subcase.

Sixth subcase: a(0) € {(1/2,v/3/2), (1/2,—v/3/2)}.
It is analogous to the fifth subcase. The point (z'(0),22(0)) connects two sides of the former subcases.
The analysis for «1(0) < 0 is analogous.

From the analysis made before, the solutions above can be connected and they are part of the maximal
solution (z1(t),2?(t), a1 (t), aa(t)) of (9.6) defined for every ¢t € R. The closure of the trace of (x'(t),z%(t)) is
the intersection of G' with a regular hexagon with length 2C/(v/3.a1(0)), centered at some point in the z-axis
and with its sides parallel to the vectors in {(0,1), (v/3/2,1/2), (v/3/2,—1/2)}. Observe that Cy is constant
along the solution.

We leave for the reader the following exercise: If we have two points in G that aren’t in the same vertical,
then there exists a unique half hexagon (as calculated above) that connects these two points.

Quasi-hyperbolic planes are complete locally compact length spaces because they are symmetric C°-Finsler
manifolds, what implies that every two points can be connected by a minimizing path (see [18]). Therefore these
half hexagons are minimizing paths.

Remark 9.1. Here we can draw some conclusions:

1. Given (zo,y0) € TG, if yo isn’t a preferred direction, then there aren’t any geodesic 7 : (—e¢, ¢) — G such
that v(0) = x¢ and 7/(0) = yo. If yo is a preferred direction, then there are infinitely many minimizing
paths v : R — G such that v(0) = z¢ and +'(0) = yo. Therefore if (vy(¢),~'(t)) is an absolutely continuous
path in TM such that v(t) is a minimizing path, then the trace of v is a subset of a straight line. This
makes any representation of geodesics on T'M much more complicated than &;
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FIGURE 1. The sphere S, = Srle, 0, 1].

2. Every minimizing path is a preferred path, that is, their derivatives are preferred directions almost every-
where. If zy € G, then the choice of ag € T;; M determines the preferred direction that the geodesic will
follow and the exact moment when its direction “switches”.

9.2. A strongly convex example

Now we analyze an example where the Finsler structure is strongly convex.

Let us define a norm F on g as follows. Consider on g the Euclidean spheres S(1,1), S(—1,1), S(—1,—1) and
S(1,—1) with radius /5 and centered on (1,1), (—1,1), (=1, —1) and (1, —1) respectively. Let S. be the figure
formed by the arcs of:

— S(—1,—1) intercepted with the first quadrant of g;
— S(1,—1) intercepted with the second quadrant of g;
— S(1,1) intercepted with the third quadrant of g and
— S(_1,1) intercepted with the fourth quadrant of g

Define F as the left-invariant C°-Finsler structure whose unit sphere on g is S.. The shape of S, = Sg[e, 0, 1]
can be seen in Figure 1. We will prove some results before we explain the strong convexity of F(e,-).

I:’roposition 9.2. Let (-,-) be an inner product on a finite dimensional real vector space V.. Then the norm
F(z) :=+/(z,2) is strongly convexr with respect to itself.

Proof. The equation

F2(z2) = F*(y) + a(z —y) + F*(z — y),

is a direct consequence of the properties of a inner product and the fact that a(-) = 2(y, ). O

Corollary 9.3. A Riemannian metric is strongly convex with respect to itself.
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Proof. 1t is a direct consequence of Proposition 9.2. O

Proposition 9.4. Let F be a norm on a finite dimensional real vector space V. Suppose that for every y €
Sr[0,1] and o € OF%(y) there exists a Euclidean inner product (-,-), . onV such that

Y,

1.y € Sy, 10, 1], where || - ||y stands for the norm corresponding to (-,-), ,:

2. F > lya;

3. ker da(y) is parallel to T, S.;, .10,1];

4. there exists a norm Fyin on'V such that Fin < | - ||y« for every (y,a).
Then F is strongly convexr with respect to Finin.
Proof. We must prove that

F2(2) = F2(y) > a(z —y) + Fan(z —y) (9.10)

for every y,z € V and o € 9F?%(y).
If y = 0, then a = 0 is the unique point in IF?(y) and (9.10) holds trivially.
Let us analyze the case y € Sp[0,1]. Consider o € 9F?(y) and denote F' = || - ||, Notice that

F?(2) = F?(y) 2 F*(2) = F?(y) 2 2y, 2 = y) .0 + F2 (2 — )
:dvy(z—y)—i—fﬂ(z—y) (9.11)

holds due to Proposition 9.2 and Items 1 and 2. §
Let us show that o = dFyZ. The functionals o and dFj share the same kernel due to Item 3. Notice that y is
transversal to ker o and

ts F2(y +ty) and t — F?(y + ty)

are both quadratic functions that coincides at t = {—2, —1,0}, what implies that F2(y + ty) = F?(y + ty) for
every t € R. Then

aly) = lim DWW~ F20) PPt ty) - F(y)

_ 2
lim ; lim ” = (dF7)y(y),

and o = dFyQ because they coincides in ker « and span{y}. Hence

F?(2) = F*(y) > a(z —y) + F*(z —y) > a(z —y) + Fan(z —v)

due to (9.11) and Ttem 4.
For an arbitrary y € V'\0, notice that a € F?(y) iff Ao € F?(\y) for every A > 0. Therefore if we choose
A =1/F(y), then the former case implies that the inequality
F2(2) = F2(\y) > Ma(Z = Ay) + Frin(Z = Ay)

holds for every Z € V and « € 0F?(y), what settles (9.10). O

We are going to use Theorem 8.1 and Proposition 9.4 in order to outline the proof of the strong convexity
of F. Consider Figure 2. The curvature of the smooth part of S, is kg, = % Consider an ellipse E centered

at the origin with the semi-minor equals to one and the semi-major R so large such that kg(p) < ﬁ

every p € B [0,2] N E. We claim that E, its homotheties and rotations works as the spheres S|, [0,1] of

for
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/
"Jyr ( S )

FIGURE 2. Preferred directions.

Va((N)  f(0)

Kernel of a(0)

/(%)

FIGURE 3. V;(N) maximizes «(0).

Proposition 9.4. In fact, choose y € Sr[0,1] and o € OF?(y). Let E an appropriate rotation and homothety of F
such that F is tangent to Se in ¥ = Pmin, where Py is a point of a semi-minor of E. 1t is clear that S, remains
inside F and consequently the norm || - ||, o with unit sphere FE satisfies all conditions of Proposition 9.4. Finally
the norm Fyi, such that its unit circle is S).|[0, ] satisfies the conditions of Proposition 9.4. Therefore & is a
locally Lipschitz vector field due to Theorem 8.1.

Now we do a geometric and intuitive analysis of how minimizing paths behave on (G, F'). The analysis is
done in the same spirit of the former example: the point (z(t), a(t)) will determine u(«) that gives the direction
of the curve. From this relationship we will be able to control the the minimizing path z(t).

Let « € G and denote the preferred directions in Sg[z,0, 1] by V. (N), Vo (W), V4(S) and V,(E) (see Fig. 2).

First of all o (¢) is constant. Assume that «4(0) > 0.

For a2(0) large enough, V,,(N) should maximize «(0). In order to see this fact, note that «(0) = (a1(0), a2(0))
is orthogonal to its level sets with respect to the Euclidean inner product and they are increasing in the direction
of a. Therefore there exists a level set that is tangent to Sg(x,0,1] exactly at V,(N) (see Fig. 3).

Now we determine the minimizing path. The calculations below are illustrated in Figure 4.

Let k; > 0 be such that V,(N) maximizes « if and only if as € [k1,00). If ag(0) € [k1,00), then (9.6) can
be explicitly integrated and we have the solution (x!(t), 2%(t), a1(t), az(t)) = (21(0), 22(0)et, a1 (0), ax(0)e™?) in
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a(0) € [—ka, k]
G

as(0) € [k, k1] a5(0) € [—ky, —ky)

as(0) € [ky,0) as(0) € (=00, —ki]

o o

FIGURE 4. A typical minimizing path on (G, F).

the maximum interval (—oo7 In (O‘i—(lo))} where u(a(t)) = V(N). In this case, (z*(t), 2%(t)) is a piece of vertical
line pointed upwards.
Likewise V;(S) maximizes « if and only if ap € (—o0, —k1]. If a2(0) € (—o0 kl], then (9.6) can be explicitly
integrated and we have the solution (x!(t),22(t), a1 (t), az(t)) = (21(0), z%( ) t a1(0), a2(0)e!) in the max-
x

imum interval [ln( ) ,oo) where u(a(t)) = V,(S). Here (z'(t),22(t)) is a piece of vertical line pointed

asg (0)
downwards.
Similarly there exists kg > 0 such that V,(E) maximizes «(0) if and only if a(0) € [—kq, k2]. If a2(0) €
1(0

[—k2, ko], then (9.6) can be explicitly integrated and we have the solution (x!(t),z%(t), a1 (t), az(t)) = (z1(0) +

22(0)t,2%(0), a1(0), a2(0) — a1 (0)¢) in the maximum interval a2o(4?%8)k2’ aza(?zg)kz} where u(a(t)) = V,(E). In

this case (x'(t),2%(t)) is a piece of horizontal line pointed to the right-hand side.

If g € [k2, k1], then the unit vector X, (z) that maximizes « is in the first quadrant. As ¢ increases and as(t)
varies between k; and ko, u(t) varies between V,,(N) and V,,(E) rotating clockwise. Therefore the resulting curve
(xt(t),x%(t)) is similar to a fourth of a circle in the second quadrant with its angular coordinate varying from
™ to w/2.

Finally if ag € [—k1, —k2], then the analysis is similar to the case ag € [ko, k1], and (x!(t),2%(t)) is similar
to a fourth of a circle in the first quadrant with its angular coordinate varying from 7/2 to 0.

We can join all parts above and conclude that the minimizing paths of (G, F') have the form given in Figure 4.

The case a1(0) < 0 is treated in the same way, and what we get is a minimizing path as is Figure 4, but
oriented counterclockwise.

If a1(0) = 0, then for as(0) > 0 we can integrate (9.6) explicitly and we have the solution (z'(t),z%(t),
ai(t), as(t)) = (1(0),2%(0)e?, 0, a2(0)e~?) extendable for every t € R. For az(0) < 0, we also can integrate
(9.6) explicitly and we have the solution (z'(t),2(t), a1(t), aa(t)) = (21(0),22(0)e~*, 0, a2(0)e?) extendable for
every t € R. They are vertical lines.

Remark 9.5. It is straightforward that if (z!(t),2%(t), a1 (t), a2 (t)) is a solution of (9.6), C; > 0 and Cs € R,
then (Cy2'(t) + Ca, C12%(t), a1 (t), a2(t)) is also a solution of (9.6) with the Hamiltonian being the constant
C4.Cy along the curve. If (zg,y0) are such that yo is a preferred direction, then there exist infinitely many
minimizing paths v : R — G such that v(0) = 29 and +/(0) = yo. Therefore the minimizing paths of this
example can’t be represented as the projection of integral curves of a locally Lipschitz vector field on T'M.
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9.3. Maximum of Finsler structures

Let F = {F},..., F;} be a family of Finsler structures on an n-dimensional differentiable manifold M and
set Finax = max F;. In this section we show that under independence condition over F, (M, Fihax) is a “local”
K2

Pontryagin type C%-Finsler structure and that £ is a “local” Lipschitz vector field. At the end of this section
we comment how we can “join” the local extended geodesic fields in order to define £ on a maximum subset of
T*M\0.

We begin with some prerequisites of convex analysis (see [25]).

Definition 9.6. Let F = {f; : V — R};=1,.x be a family of convex functions defined on a finite dimensional
real vector space V. Define f = max;—1 . f;. The active index set of F at y € V is defined by

.....

indr(y) ={i e {1,...,k}; fily) = f(y)}.

Theorem 9.7. Let F ={f;: V = R}i=1.._x and f as in Definition 9.6. Then

.....

Of(y) = co {Uicinar)0fi(y)} .

where co denotes the convex hull.
Now we proceed with our example.

Theorem 9.8. Let Fy, F5, ..., F be a family of strongly convex CO-Finsler structures on M with respect to
Fy, ..., F,. Then there exist a CO-Finsler structure Foin on M such that Fuym < F; for every i=1,...,k.
Moreover Fuay := max F; is a strongly convex C°-Finsler structure on M with respect to Foin.

i=1,....,k
Proof. Let F be any C°-Finsler structure on M. Define continuous functions ¢, é : M — (0, 00) by
F‘(J% Yy

- : : J
C1\T) = min min - ame—
@) =min ;v Fi(z,y)

and

j(z,y)
W(z,y)

Co(x) = max max
j#i yeSp[z,0,1]

ny ]

Observe that ¢; and ¢ do not depend on the choice of F'. It follows that

&1(x)Ey(z,y) < Fj(z,y) < &(2)F(2,y)
for every 4,7 = 1,...,k and every (w,y) € TM. Finally set Fuin(z,9) = ¢é1(z)Fi(z,y) (or any other
é1(z) F;(z,y)), what settles the first statement.

In order to prove the last statement, it is straightforward that F., is a C°-Finsler structure on M. Moreover
we have that

Fi(w,2) > F}(2,y) + 0i(z = y) + Fyn (2,2 = y) (9-12)

for every v € M, y € T,M\0, z € T,M and i = 1,...,k (Here «; is the differential of the smooth function
Y+ F2(z,y') at y). If @ € OFpax (7, y) and ind is the active index set of {y/ — F;(z,v’)}i=1,..k at y, then a is
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a convex combination o =
on (9.12), we have that

icina Aici due to Theorem 9.7. Considering the corresponding convex combination

Fr?lax(xvz) 2 Z )‘le2(‘7"72) 2 Fr%lax(xvy) —I—CV(Z - y) + Fr%lin(xvz - y)7

i€ind
what settles the theorem. O

The following definition is classical and can be found in [38].

Definition 9.9. Let M be a differentiable manifold and xo € M. A set of C! functions fi,..., fr : M — R is
independent on a neighborhood V of zg € M if {(df1)s, ..., (dfx)z} C TiM is linearly independent for every
zeV.

Denote the differential of v/ — F;(z,y’) at y by d(F;(x,)),.

Definition 9.10. Let M be an n-dimensional differentiable manifold and F = {Fy, ..., Fi.} be a finite family of
Finsler structures on M. Consider (zg,yo) € TM such that F;(zo,y0) = 1 for every i = 1,..., k. We say that F
is independent in a neighborhood W of (x¢, yo) if {d(Fi(z, "))y, .., d(Fr(z,"))y} C TpM is linearly independent
for every (z,y) € W.

The independence in Definition 9.10 implies that the unit spheres Sg, [z¢,0,1],...,SF, [Z0,0, 1] are mutually
transversal at (xo,yo). Moreover this kind of transversality is a stable property and it also holds in a neighbor-
hood of (xg, yo) with the respective spheres Sp, [z,0,71],..., Sk, [z, 0,7%], where the r;’s are sufficiently close to
1.

Lemma 9.11. Let F = {Fy,...,F} be a family of Finsler structures on an n-dimensional differentiable
manifold M which are independent in a neighborhood W of (xzo,y0) and set Fiax = max F;. Suppose that

Fy(xo,y0) = 1 for every i = 1,..., k. Then there exist a control region C C S"~1 with non-empty interior and
a family of smooth unit vector fields {X,,u € C} on a neighborhood U of xg € (M, Fiax) such that u— X, (x)
is a homeomorphism of C onto its image in Sg,_, [,0,1]. Moreover {X,} satisfies conditions (2) and (3) of
Definition 3.1.

Proof. Let ¢ = (z,...,2™) be a coordinate system on a neighborhood U of zy € M and o = (2, 2™yt

..,y"™) be the corresponding coordinate system on TU. Let Fyiq1,...,F, : W — R be smooth functions on W
such that {d(F1(zo,))yes---»d(Fn(o, "))y, } is a basis of T, M. Therefore there exist a neighborhood W; of
(z0,y0) € TM such that

Uz, y) = (2, ... 2" Fi(z,y),..., Fu(z,y)) = (&b, ..., 2" ul, . . u™) (9.13)
is a coordinate system on W;. We can suppose, without loss of generality, that F;(zo,y0) = 1/2 for every
i=k+1,...n.

Instead of considering S"~! as the Euclidean sphere, we set

S = {(z},...,2") € R";max |z| = 1},
K3

which is the unit sphere centered at the origin with respect to the maximum norm.
Consider a neighborhood U of zy € M and € € (0,1/2) such that

Wa = 9¢(U) x Q= ¢(U) x (Fi(x0,Y0) — €, F1(20,%0) +€) X ... X (Fn(x0,y0) — €, Fn(wo,y0) +¢) CC h(W1).
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Observe that
Xu(x) = (™ w, ) (2, ) (9.14)

is a smooth family of vector fields on U (not necessarily unit vector fields) that satisfies conditions (2) and (3) of
Definition 3.1. Finally if we set C = S"~! N Q, then C is a neighborhood of (Fy(zo,%0), - -, Fn(z0,%0)) € S™ 1
and

{Xu(x) = 77/171(51”7 u)}ueC

is a family of unit vector fields on U satisfying Items (2) and (3) of Definition 3.1.
O

Suppose that we are in the conditions of Lemma 9.11. We also suppose that all elements of the proof of
Lemma 9.11 are in place. The strong convexity of Fi,ax implies that £ is a vector field on T* M. Suppose that
(w0, 0) € T* M is such that yo = Xy(z0,a0)(20) is its unique maximizer in Sg,,, [7o, 0, 1]. We are going to prove
a Lipschitz type inequality

1€(2; @) = E(z0, a0)l| < Co ([ = o[ + [l — aol])

in order to prove that £ is a locally Lipschitz vector field, where | - || is the canonical Euclidean norm with
respect to the coordinate system ¢p«y. In what follows we determine a neighborhood Uy x Vi of (29, ap) in
T*M such that u(z, o) is well defined for every (x,a) € Uy x V. Moreover we define a smooth 1-form é&g(x) in
a neighborhood of z, which is a extension of «g, such that the triangle inequality

[€(z, a) = E(xo, ao)l| < [[E(x, a) = E(x, ao(@))|| + [[E€(x, ao(2)) = E(zo, o) (9.15)
is useful. The second term of the right-hand side of (9.15) is a kind of horizontal control of the left-hand side
and the first term of the right-hand side of (9.15) is a kind of vertical control.

Let us begin with the definition of & and the horizontal control of (9.15).

A functional « € Ty M is maximized by y in Sg . [2,0,1] iff « is a positive multiple of an element of
OF max(x,y) due to the strong convexity of Fi.x and its positive homogeneity. In this case, we can write

a= Z cd(Fi(z, )y, ¢, >0, i€ ind, (9.16)

1€ind

where ind is the active index set of {Fy(z,"),..., Fix(z,-)} at y, due to Theorem 9.7.
Consider ag € Ty M that is maximized by yo € S, [70,0,1]. We can write

k k
ag =Y cd(F(wo,)yy = > cid(F(20,)) X, (g a0 (@0)
i=1 i=1
as in (9.16) because ind = {1,2, ..., k}. Define the smooth extension

k
ao(z) = Z GA(Fi(Z,)) X 0g o) (@)
i=1
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of ag on U. It follows that there exist C; > 0 such that
l[éo(x) — aoll < Chllz — | (9.17)
due to the relative compactness of U. Moreover

E(J}, 6{0(33)) = I—_ju(zo,ag)(xa 640($))

and we have that

— —

Hg(x’dO(gj)) - 5(1‘0’ Oéo)” < ” u(wo,ao)(x7d0(x)) - Hu(wo,ao)(xoa OL())”
C(llz = zoll + llao(z) — aoll)

<
< ol — o], (9.18)

due to (9.17) and the smoothness of H’u(wmao). This is the horizontal estimate of (9.15).
For u € @, set

ind, = {i € {1,...,k},u’ > v for every j € {1,...,k}}
and

Umax = MaX U;.
i=

gy

Notice that ind,, is the active index set of {Fy(z,"),..., Fx(z,)} at X, (x) for every x € U. Define

dua () = > ad(Fi(x,)x,(@)-
1€ind,,
Notice that X,(z) € SF,.,
every i € ind,, due to (9.13) and (9.16).
In order to extend (9.17) to {@u,a, } {uc@;a; >0}, Observe that if

[%,0, Umax|. Moreover &y, 4, is maximized by X, (z) in Sr

max

[, 0, Umax] iff a; > 0 for

k
a = Z aid(Fi(l“m '))ym
i=1

then there exist C' > 0 such that a; < C|al| for every a € span{d(F;(zo, "))y, }i=1.... s Analogously if

k
du,a,y (Jf) = Z ald(Fi(x7 '))Xu(x)7
=1

then there exists a constant C3 > 0 satisfying
a; < Csl|dy,q, ()] (9.19)
for every (z,u) € U x Q and (ay,...,a;) € RF due to the relative compactness of U x Q.

Now we will construct a relatively compact neighborhood Uy x Vi of (9, a9) € T*M such that u(x,a) is
well defined for every (z,a) € Uy x V. Here Uy x V' is the product with respect to the coordinate system
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G- As a consequence &(x, a) will be well defined for every (z,a) € Uy x V. In order to do that, we consider

Vi ={aeT;M;u(x,a) € C} for each x € U. Then V" is an open subset of Ty M because a + X(;,o)(7) and

Xou(z,a) + u(z, ) (with 2 fixed) are Lipschitz maps (see Thms. 5.10 and (9.13) respectively). If we prove that

Uzeu V' is an open subset of T* M, then the existence of a neighborhood Uy x V{ of (xg, ag) is immediate. In

order to do that, we prove that the variation of the family V* with respect to x is sufficiently well behaved.
Define the family of isomorphisms ¢(z,u) : T M — T; M parametrized by U x Q as

d(ﬂ(xo, '))Xu(ﬂﬂo) — d(l*—'l(JT7 '))XU($)7 7= 1, RN ()
on the basis {d(F;i(zo,))x, (z0) }i=1,....n Of T, M. Then there exist constants Cy,C5 > 0 such that
Culle| < [le(z, w) ()] < Cs. |l (9.20)
for every (z,u) € U x Q and every a € T;; M due to the smoothness of the map (x,u) — d(Fj(z,-))x, () and

the relative compactness of U x Q.
Now we define a family of bijections (, : V;: — V* parametrized by U. Represent o € V! as

o= Z cid(Fi(xO, .))Xu(zo,a)(10)7 C; Z 0

iEindu(Io,Q)

and define

Gle)= > cdFi(n,)x,0, 0@

iEindu(zoﬁa)
Consider

B = Z Gd(Fi(20,))X 0y 5y (x0) Ci = 0.
i€indy(a,8)

We have that

IGcla=BI < | > dEi@ Nxupymo = D GAE(@)) X0 0@

ieindu(wo,a) iEindu(azO,B)
k
< Z(Cz = G)A(Fi(T,)) X oy ()
i=1
k
+ Zéi (d(Fi(x, D) X(ag o (2) — AF (2, '))XWO,B)(@)
i=1
k
< Cs. Z(Cz - Ei)d(Fi(xO’ ‘))Xu(xg,a)(xo)
i=1
k
+ C3||5H Z (d(Fi(xa '))Xu(wo,a)(x) - d(Fi(xv '))Xu(m,ﬁ)(ﬂc)) ‘
i1
k k
< Cs. ||1> cid(Fy (o, N Xg o (20) — > Ed(Fy (o, V)Xo (20)
i=1 i=1
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k
+C5. (> é (d(Fi(xo, DN Xowg 5 (0) — AL (0, .))Xu(m,a)(m(,)) ‘
=1
k
A (d(Fi(J?’ DN Xos(ago (@) — U (2, '))xwom(z)) ‘
=1

< Cs.lla = Bl + C5.C3.lIBI1C-l1 X u(wg,0) (@0) = Xu(ao,5) (%0)

+ C31B11-Cl| Xz 0) () = Xu(ao 9 (@) |
< Cs(1+ I8Nl — B

due to (9.19), (9.20), Remark 5.11 and the smoothness of F;. Therefore (, are locally Lipschitz bijections such
that V* vary continuously with respect to x, what implies that UyepyV, is an open subset of T*M and settles
the existence of a relatively compact neighborhood Uy x Vi of (29, ag) € T*M such that u(z,a) is defined for
every (z,a) € Uy x Vj.

Let us estimate the vertical part of (9.15). Consider (z, ) € Uy x V; and decompose

g(‘ra a) = (Xu(r,oz) (:E), V(:L’, a))

where

We have that

1€z, @) = E(@, P < 1 Xu(z,a)(#) = Xuga,p) (@) + [V (2,0) = V(z, B

< Cilja— B
a j 8 8 J 8
- H_ajafg;i(mvu@’a))aai @i 5Js; (x,u(x,ﬁ))aai

af7 0
v H(ﬁj o) 2 (@ u(a. 7)) -
Cillo— Bl + Gl Co.Ju, ) — u(z. B)] + Calla ~ 8|
é ”a - 5” + C’GHXu(ac,a)( ) u(ac,B)( )”
Cylla— ] (0.21)

<
<

due to Remark 5.11, (9.14) and to the smoothness of df7/dz".
Finally consider (9.17), (9.18), (9.21) and (x, ) € Uy x Vg in order to get

[€(x, ) = E(zo, ao)|| < [|E(x, ) — E(z, a0(2))|| + |E (2, do(x)) — E(20, o) ||
< Crlla — ao(2)[| + Callz — 2o
< C7 (la — aoll + [|ao(z) — aol]) + Callz — 20|
< Co (la — aol| + |z — xo]) -

We have proved the following theorem

Theorem 9.12. Suppose that (M, Finax) and (xg, yo) satisfies the conditions of Lemma 9.11. Let (xg, ) € T*M
such that X (zq,a0)(T0) = yo. Then & is a Lipschitz vector field in a neighborhood of (2o, ).
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Remark 9.13. This example depends only on the theory developed until Section 5, which holds for this local

set

ting.
The local extended geodesic field £ does not depend either on the coordinate system or on the control system

that is in place. Therefore we can consider all the open subsets of T*M\0 where £ can be defined locally and

we

(1]
2]

(3]

(4]
(5]
[6]
[7]
(8]
(9]
(10]
(11]
(12]
(13]

[14]
(15]

can join them all in order to define £ in the maximum subset.
The authors do not know whether Theorem 9.12 holds if F is not independent at (zg,yo) € TM.

10. SUGGESTIONS FOR FUTURE WORKS

In this chapter we leave some open questions and suggestions for future works:

1. Tt would be interesting to find (if possible) a Pontryagin type C°-Finsler structure such that & is a vector
field that satisfies the condition of local existence of solutions, but it doesn’t satisfy the condition of
uniqueness.

2. Pontryagin’s maximum principle is a useful tool in order to find necessary condition for the problem of
minimizing paths and geodesics. It would be nice if we can find useful sufficient conditions, as it happens
locally in Riemannian and Finsler geometry. Results concerning the injectivity radius of (M, F') would be
welcome (This problem arose from a question made by Prof. Josiney Alves de Souza).

3. In the strongly convex case, it is natural to study more general hypotheses in order to assure that £ is a
locally Lipschitz vector field;

4. Tt would be interesting to study integral curves of £ for particular instances of G-invariant C°-Finsler
structures on homogeneous spaces.

5. At least for some particular cases, we can try to study curvatures on Pontryagin type C°-Finsler manifolds
considering ideas similar to the theory of Jacobi fields.

6. It would be interesting to study traditional geometrical objects such as connections and curvatures on the
non-smooth part of the maximum of independent Finsler structures.
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