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EXTENDED MEAN-FIELD CONTROL PROBLEM WITH PARTIAL

OBSERVATION∗

Tianyang Nie and Ke Yan**

Abstract. We study an extended mean-field control problem with partial observation, where the
dynamic of the state is given by a forward-backward stochastic differential equation of McKean-Vlasov
type. The cost functional, the state and the observation all depend on the joint distribution of the
state and the control process. Our problem is motivated by the recent popular subject of mean-field
games and related control problems of McKean-Vlasov type. We first establish a necessary condition
in the form of Pontryagin’s maximum principle for optimality. Then a verification theorem is obtained
for optimal control under some convex conditions of the Hamiltonian function. The results are also
applied to studying linear-quadratic mean-filed control problem in the type of scalar interaction.
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1. Introduction

The stochastic differential equations (SDEs) of McKean-Vlasov type were introduced by Kac [23] in 1956 as a
stochastic model for the Vlasov-kinetic equation of plasma. In recent years, mean-filed games have become very
popular subjects since the pioneering work of Lasry and Lions [24–26] and simultaneously Caines, Huang and
Malhamé [20]. Since then, the research of mean-field models has wide applications in many fields like finance
and economics. The related McKean-Vlasov type stochastic control problems attract the attentions of many
researchers, see for example Andersson, Djehiche [3], Buckdahn, Djehiche and Li [10], Carmona and Delarue
[16], Li and Liu [29], Meyer-Brandis et al. [33], Shen et al. [40], Tembine et al. [42] and the references therein.
The readers are referred to the monographs of Carmona and Delarue [17] and Bensoussan et al. [6] for an
overview of McKean-Vlasov type control problems.

The above mentioned literatures about McKean-Vlasov type stochastic control problems are considered under
the assumption that the stochastic noises are observed completely. However, in the real-world, usually controllers
can only get partial information at most cases. Thus the stochastic control problems with partial observation
are extensively studied, see e.g. Bensoussan [4], Tang [41], Wu [48], Xiong [49] as well as Wang, Wu and Xiong
[45, 46]. We refer the readers to Caines and Kizikale [14], Huang, Caines and Malhamé [21], Şen and Caines
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[38, 39] for the investigation of mean-filed games with partial observations. Concerning the mean-field control
problems with partial observation, the readers are referred to Hafayed, Abbas and Abba [19], Li and Fu [28],
Ma and Liu [31], Wang et al., [43], Wang et al. [47] and the reference therein. These papers are all focus on the
mean-filed interaction of scalar type. Recently, Buckdahn et al. [12] studied mean-filed non-Markovian stochastic
optimal control problems with partial observation, where the coefficients depend on the conditional law of the
state. Moreover, in their continued work [9], Buckdahn, Chen and Li introduced the partial derivative with
respect to the measure and considered a general mean-filed stochastic optimal control problems with partial
observation, where they do not need any regularity of the coefficients neither in the control variable nor with
respect to the law of control process.

To the best of our knowledge, the control problems for partially observed forward-backward stochastic differ-
ential equations (FBSDEs) of mean-field type is quite a new topic, and only some special cases have been solved.
For example, Li and Liu [29] considered an optimal control problem for fully coupled FBSDEs of mean-filed
type but without partial observation; Meherrem and Hafayed [32] studied stochastic optimal control problem for
general McKean-Vlasov-type FBSDEs driven by Teugels martingales, associated with some Lévy process having
moments of all orders, and an independent Brownian motion. Ma and Liu [31] introduced a linear quadratic
optimal control problems for partially observed FBSDEs of mean-filed type; Wang et al. [43] investigated an
optimal control problem derived by mean-field FBSDE with noisy observation, where the drift coefficients of the
state equation and the observation equation are linear with respect to the state and its expectation. Partially
observed optimal control problems for FBSDEs with scalar type mean-filed interaction were studied by Liu and
Fu [28].

We mention that, except the paper by Buckdahn et al. [9], the mean-filed interaction are given only through
the distribution of state of the problem. However, in many practical applications, it is necessary to study the
extended case where the interactions are given through the joint distributions of state and control. For example,
motivated by the problems involving the minimization of variance, Yong [50] studied linear quadratic optimal
control problems for mean-field SDEs, in which both the state and the cost functional allow to depend on the
expected value of the control, then the feedback optimal control is obtained through two Riccati equations.
Motivated by certain application to economics such as production of an exhaustible resource, Graber [18]
extended the work of Yong [50] to study linear quadratic control problems for mean-field SDEs with common
noise involving the expected value of the control. Along this direction, Li et al. [30] investigated linear quadratic
control problems for mean-field backward stochastic differential equations (BSDEs). Let us mention that the
works of Graber [18], Li et al. [30], Yong [50] are all focused on linear quadratic problem including expected
value of the control but not the distribution of the control. For the case that with nonlinear dynamic and joint
distribution of state and control, it is recently studied by Acciaio, Backhoff-Veraguas and Carmona [1] and
Pham and Wei [37]. In fact, Pham and Wei [37] studied the close-loop feedback control for such mean-field
SDEs through dynamic programming principle and related Bellman equations, and they also give applications
to mean variance portfolio selection and a systemic risk model. Without the restriction on close-loop feedback
control, Acciaio et al. [1] established the stochastic maximum principle for the extended control problems of
mean-field SDEs via a probabilistic approach, and they also study the weak formulation and the applications
to optimal liquidation with market impact.

In view of the wide applications in finance and economics of above extended mean-field control system, the
purpose of this paper is to study the maximum principle of the extended mean-field control problem with partial
observation, where the state and the observation both depend on the joint distribution of the state and the
control process. More precisely, the state dynamic is given by the following mean-field type forward-backward
system


dxt =f(t, xt, vt,L(xt, vt))dt+ σ(t, xt, vt,L(xt, vt))dWt + σ̄(t, xt, vt,L(xt, vt))dW̄

v
t ,

−dyt =g(t, xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt− ztdWt − z̄tdYt,
x(0) =x0, y(T ) = Φ(xT ,L(xT )),

(1.1)
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and Y (·) is the observation process given by{
dYt =h(t, xt, vt,L(xt, vt))dt+ dW̄ v

t ,

Y0 =0,
(1.2)

where v(·) is a control process adapted to the filtration generated by the observation process Y (·). Throughout
the paper, for any given process {vt}t∈[0,T ], we denote it briefly as v(·). In light of the nonlinear filtering theory
(see [4, 12]), we assume that there exists a reference probability space (Ω,F ,F,P) on which (W (·), Y (·)) is a
multi-dimensional standard Brownian motion. The symbol L stands for the law of the given random element
under P. By inserting (1.2) into (1.1), we get

dxt = [f(t, xt, vt,L(xt, vt))− σ̄(t, xt, vt,L(xt, vt))h(t, xt, vt,L(xt, vt))] dt

+ σ(t, xt, vt,L(xt, vt))dWt + σ̄(t, xt, vt,L(xt, vt))dYt,

−dyt =g(t, xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt− ztdWt − z̄tdYt,
x(0) =x0, y(T ) = Φ(xT ,L(xT )).

(1.3)

Under suitable assumptions, equation (1.3) has a unique strong solution (x(·), y(·), z(·), z̄(·)) for each v(·) ∈ Uad
(see Rem. 2.2), where Uad denotes the set of admissible partially observed controls defined clearly in Section 2.
If we introduce

ρt = exp

{∫ t

0

h(s, xs, vs,L(xs, vs))dYs −
1

2

∫ t

0

|h(s, xs, vs,L(xs, vs))|2ds

}
(1.4)

and define a probability measure Pv s.t. dPv = ρTdP, then under suitable assumptions on h (e.g. h is bounded),
according to Girsanov’s theorem, (Ω,F ,F,Pv, x(·), y(·), z(·), z̄(·), Y (·),W (·), W̄ v(·)) is a weak solution of system
(1.1)–(1.2). Then our associated cost functional can be given by (see e.g. [41, 46] for the case without mean-field
term)

J(v(·))=Ev
[∫ T

0

l(t, ρt, xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt+χ(ρT , xT ,L(xT ))+γ(y0)

]
, (1.5)

where Ev stands for the expectation w.r.t. the probability space (Ω,F ,F,Pv). Our partially observed optimal
control problem is to seek u(·) ∈ Uad s.t. J(u(·)) = infv(·)∈Uad J(v(·)). The aim is to establish Pontryagin’s
maximum principle and verification theorem which will give respectively the necessary condition and sufficient
condition for the optimality.

Let us summarize the difficulties of above problem and our contributions. In this paper, we study an extended
mean-field control problem with partial observation, where the dynamic of the state is given by an FBSDE of
extended McKean-Vlasov type and the state is partially observed via a process whose dynamic is also in extended
McKean-Vlasov type. Thus, the model of our paper is novel, it contains the partial observation structure and
the joint distribution of the state and the control, which leads to several difficulties. The main difficulties and
innovations of this paper are as follows:

(I) The first difficulty we meet to get the maximum principle for our problem is the partial observation struc-
ture. In our paper, inspired by Wang, Wu and Xiong [45, 46], we consider that the state and observation
are defined on a reference probability space (Ω,F ,F,P) (see (1.1) and (1.2)), but the cost functional is
defined on probability space (Ω,F ,F,Pv) (see (1.5)). In this kind of model, because of the interdepen-
dence of control process and observation processes, we can not use the classical method to construct
adjoint process and variational equations.
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To solve this problem, we adopt the methods of Tang [41]. On the one hand, we transform the original
partial observation problem to classical problem on the reference probability space by Girsanov’s transfor-
mation and the dimensional extension, then we construct new adjoint processes and variational equations
for the state and the observation. On the other hand, due to the application of Girsanov’s transformation,
the coefficients l and χ in cost functional (1.5) will be multiplied by ρ (see (2.8)), which leads to the
necessity of high order estimates and high order convergence results of variational equations when we
derive the variational inequality, see Lemma 3.2, Lemma 3.4 and the proof of Lemma 3.6.

(II) The second difficulty is the joint distribution dependence of state dynamic which is a mean-field
FBSDE. On the one hand, when we take the variation of control u(·), the joint distribution of u(·)
and (x(·), y(·), z(·), z̄(·)) will change accordingly, which leads to the failure of classical variational method
to be applied. To solve this problem, we need use the L-derivative w.r.t. probability measure, especially
the partial L-derivatives because of the dependence of joint distribution. In this case, we can obtain new
adjoint equations and variation equations, which are both mean-field FBSDEs (see (3.11) and (3.13)),
and we give the existence and uniqueness of solutions for variation equations and adjoint equations, see
Theorem 3.1 and Remark 3.8.
On the other hand, as we mentioned in (I), we need high order estimates of variation equations which can
compose a mean-field FBSDE, see (3.1). Fortunately, it is possible to obtain the high order estimates of
(3.1) since this mean-filed FBSDE is not fully coupled. However, due to the existence of mean-field term, it
requires subtle calculations and skills, especially for the higher order estimates of the mean-filed backward
equation, see the explanation in the first paragraph of the proof of Lemma 3.4, Appendix A.3. Indeed,
we first establish the L2 estimates of the variational equations and then use it to obtain the desired Lp

estimates. Finally, with the help of high order estimates, we can obtain the related variational inequality
which allows us to establish the Pontryagin’s maximum principle under the reference probability space.

(III) The third difficulty is how to obtain the verification theorem. We emphasize that due to the partial
observation structure, when transferring the original control problem to associate equivalent problem,
the coefficients l and χ in the original cost functional (1.5) will be multiplied by ρ. So it causes that
the convexity assumptions of Hamiltonian function can not be satisfied if l and χ in the original cost
functional (1.5) do not depend on ρ, see Remark 4.2 and Remark 5.1. However, one can observe that if l
and χ are allowed to depend on ρ, then the convexity assumptions (see (H.3) and (H.4)) may hold. That
is the reason why our l and χ depend on ρ in (1.5).
Moreover, due to the existence of the joint distribution, we should introduce a new convexity assumption
of the Hamiltonian function, see (H.4), then we can establish the verification theorem of extended mean-
field control problem under such new convexity assumption. Furthermore, to illustrate the verification
theorem, we also give a linear quadratic example which provides an optimal control.

The organization of this paper is as follows. In Section 2, we formulate the extended mean-field problem
with partial observation. We also review some preliminaries about L-derivative. In Section 3, we establish a new
type Pontryagin’s stochastic maximum principle. Section 4 provides a verification theorem under new convexity
assumption. Section 5 considers two kinds of examples, scalar interaction model and linear-quadratic model. In
the appendix, we give the detailed proofs of some lemmas of Section 3.

2. Formulation of the problem

Let (Ω,F ,F,P) be a filtered probability space satisfying the usual conditions, here we denote F = {Ft}0≤t≤T .
Suppose that (W (·), Y (·)) is a standard Rm×Rd valued Brownian motion defined on above reference probability
space, where Y (·) is the observation process. Let FW := {FWt }0≤t≤T and FY := {FYt }0≤t≤T be the natural

filtration generated by W (·) and Y (·) respectively, and augmented by all P-null sets, and let F := {FW,Yt }0≤t≤T
be the natural filtration generated by (W (·), Y (·)) and augmented by all P-null sets.
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For a given filtration G = {Gt}0≤t≤T , we denote by H2,n
G the space of all Rn-valued, G-progressively measur-

able processes η(·) on [0, T ] such that E
∫ T

0
|ηt|2dt < +∞. We shall also denote by S2,n

G the set of all continuous

processes η(·) ∈ H2,n
G such that E

[
supt∈[0,T ] |ηt|2

]
< +∞.

Let (E, d) be a Polish space. The σ-field E equipping E is assumed to be the Borel σ-field B(E). We use the
notation P2(E) for the space of probability measures with finite second moments over E. Then we can define
the 2-Wasserstein distance W2(µ, µ

′
) on P2(E) by

W2(µ, µ
′
) :=inf

{(∫
E×E

d(x, y)2π(dx, dy)

) 1
2

; π ∈ P2(E × E) with marginals µ and µ
′

}
.

Then (P2(E),W2) is a Polish space. Moreover, one can systematically equip P2(E) with its Borel σ-field and
characterize real valued Borel measurable functions on P2(E), for more details, see [[17], Chap. 5]. Noting that
if ξ, ξ′ are E-valued random variables of order 2 (An E-valued random variable ξ is order of 2 means that
E[d(ξ0, ξ)

2] <∞ for one, and hence for all ξ0 ∈ E), we have

W2(L(ξ),L(ξ′)) ≤ [E|ξ − ξ′|2]1/2,

where we recall that L(ξ) stands for the law of ξ under P. Moreover, if E is Euclidean space, then by applying
Corollary 5.4 of [17] and Hölder’s inequality, one also have

|Eξ − Eξ′| ≤W1(L(ξ),L(ξ′)) ≤W2(L(ξ),L(ξ′)) ≤ [E|ξ − ξ′|2]1/2.

We consider the following extended mean-filed type FBSDE:
dxt =f(t, xt, vt,L(xt, vt))dt+ σ(t, xt, vt,L(xt, vt))dWt + σ̄(t, xt, vt,L(xt, vt))dW̄

v
t ,

−dyt =g(t, xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt− ztdWt − z̄tdYt,
x(0) =x0, y(T ) = Φ(xT ,L(xT )),

(2.1)

where the coefficients f : [0, T ]× Rn × Rk ×P2(Rn × Rk)→ Rn, σ : [0, T ]× Rn × Rk ×P2(Rn × Rk)→ Rn×m,
σ̄ : [0, T ] × Rn × Rk × P2(Rn × Rk) → Rn×d, and g : [0, T ] × Rn × Rl × Rl×m × Rl×d × Rk × P2(Rn × Rl ×
Rl×m × Rl×d × Rk) → Rl are measurable functions. Here v(·) is a control process belonging to Uad which is
the set of FY -progressively measurable processes v(·) taking values in a closed-convex set U ∈ Rk such that
supt∈[0,T ] E

[
|vt|4

]
< +∞.

In our problem, the state process (x(·), y(·), z(·), z̄(·)) can not be directly observed. Instead, we can observe
a related process Y (·) which is governed by the following SDE

{
dYt =h(t, xt, vt,L(xt, vt))dt+ dW̄ v

t ,

Y0 =0,
(2.2)

where h : [0, T ]× Rn × Rk × P2(Rn × Rk)→ Rd is a measurable function. For each v(·) ∈ Uad, as explained in
the introduction, if we define the stochastic process ρ(·) as the solution of the following SDE

{
dρt =ρth(t, xt, vt,L(xt, vt))dYt,

ρ0 =1,
(2.3)
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the system (2.1)–(2.2) has a weak solution (Ω,F ,F,Pv, x(·), y(·), z(·), z̄(·), Y (·),W (·), W̄ v(·)), where dPv = ρTdP,
see Remark 2.2 for more details. Then the cost functional is given by

J(v(·))=Ev
[∫ T

0

l(t, ρt, xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt+χ(ρT , xT ,L(xT ))+γ(y0)

]
, (2.4)

where Ev is the expectation w.r.t. the probability measure Pv. Note that, in above framework, y0 is deterministic,
so it is not necessary to have L(y0) in γ.

Now, let us formulate our extended mean-field partially observed control problem.
Problem (EMFPOC). Find u(·) ∈ Uad such that J(u(·)) = infv(·)∈Uad J(v(·)) subject to (2.1)–(2.4).
Then u(·) is called an optimal partially observed control of Problem (EMFPOC).

2.1. Partial L-differentiability of functions of measures

Due to the appearance of the joint distribution of the control and state process in our extended mean-field
partially observed control problem, we use the concept of L-derivative w.r.t. probability measure introduced
by Lions, see e.g. [15–17]. For the convenience of the reader, in this subsection, we briefly recall the definition
of L-derivative and the concept of joint differentiability for functions depending upon a point in Rq and a
probability measure in P2(Rp). We refer the readers to [17] for more details.

Let (Ω,F ,P) be a probability space which is rich enough in the sense that for every µ ∈ P2(Rp), there is a
random variable X ∈ L2(Ω;Rp) with law µ (i.e. PX = µ). Let us consider a function f : Rq ×P2(Rp) 3 (x, µ)→
f(x, µ) ∈ R. We call f is jointly L-differentiable at (x, µ) if there exists X ∈ L2(Ω;Rp) with PX = µ such that

the lifting f̃ : Rq × L2(Ω;Rp) 3 (x,X)→ f(x,PX) ∈ R is jointly Fréchet differentiable at (x,X) and we denote

[Df̃ ](x,X) as the Fréchet derivative of f̃ . Thanks to self-duality of L2 spaces, [Df̃ ](x,X) can be viewed as an

element Df̃(x,X) of Rq × L2(Ω;Rp) in the sense that

[Df̃ ](x,X)(Y ) = E[Df̃(x,X) · Y ] for all Y ∈ Rq × L2(Ω;Rp).

Then we can introduce the partial derivatives in x and µ of f , respectively as Rq×P2(Rp) 3 (x, µ)→ ∂xf(x, µ) ∈
Rq and Rq ×P2(Rp) 3 (x, µ)→ ∂µf(x, µ)(·) ∈ L2(Rp, µ;Rp). The partial Fréchet derivative of f̃ in the direction

X is given by Rq × L2(Ω;Rp) 3 (x,X)→ DX f̃(x,X) = ∂µf(x,PX)(X) ∈ L2(Ω;Rp). Thus the random variable

Df̃(x,X) can be represented as

Df̃(x,X) = (∂xf(x,PX)(X), ∂µf(x,PX)(X)).

We call the functions ∂xf(·,PX)(·) and ∂µf(·,PX)(·) which is defined on Rq × Rp and valued, respectively, on
Rq,Rp, the partial L-derivatives of f at (x,PX). We often use the fact that joint continuous differentiability in
the two arguments is equivalent to the partial differentiability in each of the two arguments together with the
joint continuity of the partial derivatives (see e.g. assumption (H1) in next subsection). Here, the joint continuity
of ∂xf means the joint continuity w.r.t the Euclidean distance on Rq and the 2-Wasserstein distance on P2(Rp).
The joint continuity of ∂µf is understood as the joint continuity of mapping (x,X) → ∂µf(x,PX)(X) from
Rq × L2(Ω;Rp) to L2(Ω;Rp).

The above discussions can be applied to the coefficients of Problem (EMFPOC) (see [1] for similar
discussions). For example, let ξ be a generic element of P2(Rn × Rk) and µ ∈ P2(Rn) and ν ∈ P2(Rk) be the
marginals of ξ. For each fixed t ∈ [0, T ], if the function f : Rq × P2(Rn × Rk) 3 (x, ξ) → f(x, ξ) ∈ R is jointly
differentiable at (x, ξ), there exists a pair of random variable (X,V ) ∈ L2(Ω;Rn × Rk) with L(X,V ) = ξ such

that the lifting function f̃ of f given by

f̃ : Rq × L2(Ω;Rn × Rk) 3 (x,X, V ) 7→ f̃(x,X, V ) = f(x,L(X,V )).
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is Fréchet differentiable at (x,X, V ). The Fréchet derivative [Df̃ ](x,X, V ) of the lifting function f̃ at (x,X, V )

can be viewed as an element Df̃(x,X, V ) of Rq × L2(Ω;Rn × Rk) which can be represented as

Df̃(x,X, V ) = (∂xf(x,L(X,V ))(X,V ), ∂µf(x,L(X,V ))(X,V ), ∂νf(x,L(X,V ))(X,V )),

where the functions ∂xf(·,L(X,V ))(·, ·), ∂µf(·,L(X,V ))(·, ·), ∂νf(·,L(X,V ))(·, ·), are partial L-derivatives of f
at (x,L(X,V )) which are defined on Rq × Rn × Rk and valued, respectively, on Rq,Rn,Rk. Similar discussions
can be applied to the coefficients σ, σ̄, g, h, l,m and γ.

Finally, we introduce the following notations. Let (Ω̃, F̃ , P̃) be a copy of the probability space (Ω,F ,P). For
any random variable (x, v) over (Ω,F ,P), we denote by (x̃, ṽ) are independent copy of of (x, v), but defined over
(Ω̃, F̃ , P̃). The expectation Ẽ[·] =

∫
Ω̃

(·)dP̃ acts only over the variables endowed with a tilde.

2.2. Assumptions and reformulation of the problem

We denote η as a generic element of P2(Rn × Rl × Rl×m × Rl×d × Rk), let µ1 ∈ P2(Rn) , µ2 ∈ P2(Rl),
µ3 ∈ P2(Rl×m), µ4 ∈ P2(Rl×d), µ5 ∈ P2(Rk) be the marginal distribution of η, and ξ ∈ P2(Rn × Rk) be the
joint margin distribution of η on the first and the fifth components (i.e. joint distribution of µ1 and µ5).
Throughout the paper, we give the following standing assumptions (similar assumptions are given in [1, 16]).

(H.1) The functions f, σ, σ̄, h are differentiable w.r.t. (x, v) for each fixed ξ ∈ P2(Rn × Rk), σ̄, h are uni-
formly bounded. For each t ∈ [0, T ] the mappings (x, v, ξ) 7→ ∂x(f, σ, σ̄, h)(t, x, v, ξ) and (x, v, ξ) 7→
∂v(f, σ, σ̄, h)(t, x, v, ξ) are continuous . The functions f, σ, σ̄, h are L-differentiable w.r.t. ξ and the
mappings

Rn+k × L2(Ω;Rn+k) 3 (x, v, (X,β)) 7→∂µ1(f, σ, σ̄, h)(t, x, v,L(X,β))(X,β)

∈ L2(Ω;Rn×n × Rl×m×n × Rl×d×n × Rd×n)

and

Rn+k × L2(Ω;Rn+k) 3 (x, v, (X,β)) 7→∂µ5
(f, σ, σ̄, h)(t, x, v,L(X,β))(X,β)

∈ L2(Ω;Rn×k × Rl×m×k × Rl×d×k × Rd×k)

are continuous for each t ∈ [0, T ]. For each fixed η ∈ P2(Rn × Rl × Rl×m × Rl×d × Rk), the func-
tion g is differentiable w.r.t. (x, y, z, z̄, v) , and for each t ∈ [0, T ] and ψ = x, y, z, z̄, v, the mappings
(x, y, z, z̄, v, η) 7→ ∂ψg(x, y, z, z̄, v, η) are continuous. Moreover, the function g is L-differentiable w.r.t. η,
such that for j = 1, 2, 3, 4, 5, and q = n + l + l ×m + l × d + k, q1 = l × n, q2 = l × l, q3 = l × (l ×m),
q4 = l × (l × d), q5 = l × k, the following mappings from Rq × L2(Ω;Rq), respectively, to L2(Ω;Rqj ),

(x, y, z, z̄, v, (X,Y, Z, Z̄, β)) 7→ ∂µjg(t, x, y, z, z̄, v,L(X,Y, Z, Z̄, β)(X,Y, Z, Z̄, β)

are continuous for each t ∈ [0, T ]. The function Φ is differentiable w.r.t. x, and the mappings (x, µ1) 7→
∂xΦ(x, µ1) is continuous for any t ∈ [0, T ]. The function Φ is L-differentiable w.r.t. µ1, and the mapping

Rn × L2(Ω;Rn) 3 (x,X) 7→ ∂µ1
Φ(x,L(X))(X) ∈ L2(Ω;Rl×n)

is continuous. The derivatives ∂x(f, σ, σ̄,Φ, h, g), ∂yg, ∂zg, ∂z̄g and ∂v(f, σ, σ̄, g, h) are uniformly bounded,
and ∫

Rn
|∂µ1Φ(x, µ1)(x′)|2dµ1(x′),

∫
Rn+k

|∂µi(f, σ, σ̄, h)(t, x, v, ξ)(x′, v′)|2dξ(x′, v′), i = 1, 5
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as well as for j = 1, 2, 3, 4, 5∫
Rn×l×(l×m)×(l×d)×k

|∂µjg(t, x, y, z, z̄, v, η)(x′, y′, z′, z̄′, v′)|2dη(x′, y′, z′, z̄′, v′)

are uniformly bounded. Moreover, (f, σ, σ̄)(t, 0, 0, δ0) and g(t, 0, 0, 0, 0, δ0) are uniformly bounded where
δ0 is the Dirac measure at 0.

(H.2) For each fixed η ∈ P2(Rn ×Rl ×Rl×m ×Rl×d ×Rk), the function l is differentiable w.r.t. (ρ, x, y, z, z̄, v).
For each t ∈ [0, T ] and ψ = ρ, x, y, z, z̄, v, the mappings (ρ, x, y, z, z̄, v, η) 7→ ∂ψl(ρ, x, y, z, z̄, v, η) are con-
tinuous. The function l is L-differentiable w.r.t. η, such that for j = 1, 2, 3, 4, 5, and q̄ = 1 + n + l + l ×
m+ l× d+ k, q̄1 = n, q̄2 = l, q̄3 = l×m, q̄4 = l× d, q̄5 = k, the following mappings, from Rq̄ ×L2(Ω;Rq),
respectively, to L2(Ω;Rq̄j ),

(ρ, x, y, z, z̄, v, (X,Y, Z, Z̄, β)) 7→ ∂µj l(t, ρ, x, y, z, z̄, v,L(X,Y, Z, Z̄, β)(X,Y, Z, Z̄, β)

are continuous. Similarly, the function χ is differentiable w.r.t. x, the function γ is differentiable w.r.t.
y, and the mappings (ρ, x, µ1) 7→ ∂xχ(ρ, x, µ1) and y 7→ ∂yγ(y) are continuous. The function χ is L-
differentiable w.r.t. µ1, and the mapping

R1+n × L2(Ω;Rn) 3 (ρ, x,X) 7→ ∂µ1
χ(ρ, x,L(X))(X) ∈ L2(Ω;Rn)

is continuous. Moreover, there exist a constant C > 0 such that for j = 1, 2, 3, 4, 5, ψ = ρ, x, y, z, z̄, v, it
follows that 

‖∂µj l(t, ρ, x, y, z, z̄, v, η)(x′, y′, z′, z̄′, v′)‖L2(η) + |∂ψl(t, ρ, x, y, z, z̄, v, η)|
≤ C(1 + |ρ|+ |x|+ |y|+ |z|+ |z̄|+ |v|+W2(η, δ0)),

‖∂µ1χ(x, ρ, µ1)(x′)‖L2(µ1) + |∂xχ(ρ, x, µ1)| ≤ C(1 + |ρ|+ |x|+W2(µ1, δ0)),

|∂yγ(y)| ≤ L(1 + |y|),

where ‖∂µj l(t, ρ, x, y, z, z̄, v, η)(x′, y′, z′, z̄′, v′)‖2L2(η) denotes that

∫
Rn×l×(l×m)×(l×d)×k

|∂µj l(t, ρ, x, y, z, z̄, v, η)(x′, y′, z′, z̄′, v′)|2dη(x′, y′, z′, z̄′, v′)

and ‖∂µ1
χ(ρ, x, µ1)(x′)‖2L2(µ1) :=

∫
Rn |∂µ1

χ(ρ, x, µ1)(x′)|2dµ1(x′).Moreover, we suppose that l(t, 0, 0, 0, 0, 0, 0, δ0)
is uniformly bounded.

Remark 2.1. In assumption (H.1), the continuity of the mapping

Rn+k × L2(Ω;Rn+k) 3 (x, v, (X,β)) 7→∂µ1
(f, σ, σ̄, h)(t, x, v,L(X,β))(X,β)

∈ L2(Ω;Rn×n × Rl×m×n × Rl×d×n × Rd×n)

means that for (x, v, (X,β)) ∈ Rn+k ×L2(Ω;Rn+k) and (y, u, (Y, α)) ∈ Rn+k ×L2(Ω;Rn+k) such that |y−x|2 +
|u− v|2 + E|Y −X|2 + E|α− β|2 → 0, we have

E
∣∣∂µ1(f, σ, σ̄, h)(t, y, u,L(Y, α))(Y, α)− ∂µ1(f, σ, σ̄, h)(t, x, v,L(X,β))(X,β)

∣∣2 → 0.

Other continuity assumptions of the related mappings can be understood similarly.
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Remark 2.2. Under assumption (H.1), one can show that system (2.1)–(2.2) has a weak solution. Indeed, by
inserting (2.2) into (2.1), we get


dxt = [f(t, xt, vt,L(xt, vt))− σ̄(t, xt, vt,L(xt, vt))h(t, xt, vt,L(xt, vt))] dt

+ σ(t, xt, vt,L(xt, vt))dWt + σ̄(t, xt, vt,L(xt, vt))dYt,

−dyt =g(t, xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt− ztdWt − z̄tdYt,
x(0) =x0, y(T ) = Φ(xT ,L(xT )).

(2.5)

Noticing that the first equation in (2.5) is a forward SDE of McKean-Vlasov type. By applying Theorem 4.21
of [17] (see also Prop. 1.2 of [22]), we know that for each given v(·) ∈ Uad, it has a unique solution x(·) ∈ S2,n

F .
Moreover, by recalling that supt∈[0,T ] E|vt|4 < +∞ and the uniformly boundedness of (f, σ, σ̄)(t, 0, 0, δ0), one

can show that E
[
supt∈[0,T ] |xt|p

]
< +∞, for any 2 ≤ p ≤ 4 (see Prop. 1.2 of [22]).

Once we solved the first equation, i.e. x(·) is given now, then the second equation in (2.5) will be a mean-field
BSDE. By applying similar methods in the proof of Theorem 4.23 of [17] (the dependence on the distribution of
z(·) will not arise additional difficulties, see e.g. [7]), one can show that it has a unique solution (y(·), z(·), z̄(·)) ∈
S2,l
F × H2,l×m

F × H2,l×d
F . Moreover, similar to the proof of Lemma 3.4 in the appendix, one can show that

E
[

supt∈[0,T ] |yt|p + (
∫ T

0
|zt|2dt)p/2 + (

∫ T
0
|z̄t|2dt)p/2

]
< +∞, for 2 ≤ p ≤ 4.

Finally, recalling the definition of ρ(·) (see (1.4) or (2.3)) and the boundednees of h, it follows that

ρ(·) is a martingale satisfying E
[
supt∈[0,T ](|ρt|p + |ρt|−p

]
< +∞, for any p ≥ 1. Define dPv = ρTdP,

then (Ω,F ,F,Pv, x(·), y(·), z(·), z̄(·), Y (·),W (·), W̄ v(·)) is a weak solution of system (2.1)–(2.2), according to
Girsanov’s theorem.

Let us now reformulate the cost functional (2.4). According to Bayes’ formula, the cost functional defined as
in (2.4) can be rewritten as (noticing that γ(y0) is deterministic)

J(v(·)) = E
[ ∫ T

0

ρtl(t, ρt, xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt+ ρTχ(ρT , xT ,L(xT )) + γ(y0)
]
. (2.6)

We mention that, under assumptions (H.1)–(H.2), we have |J(v(·))| < +∞, i.e. the above cost functional is
well defined. This can be obtained easily from the assumptions on the coefficients l,m, γ and the integrability
property of ρ(·), x(·), y(·), z(·), z̄(·) (see Rem. 2.2).

We introduce the following notations for dimensional extension

X :=

(
ρ
x

)
, X0 :=

(
1
x0

)
, X1 :=

(
ρ1

x1

)
, Σ(t,X, v, ξ) :=

(
0

σ(t, x, v, ξ)

)
,

Σ̄(t,X, v, ξ) :=

(
ρh(t, x, v, ξ)
σ̄(t, x, v, ξ)

)
, F (t,X, v, ξ) :=

(
0

f(t, x, v, ξ)− σ̄(t, x, v, ξ)h(t, x, v, ξ)

)
,

G(t,X, y, z, z̄, v, η) := g(t, x, y, z, z̄, v, η), L(t,X, y, z, z̄, v, η) := ρl(t, ρ, x, y, z, z̄, v, η),

M(X,µ1) := ρχ(ρ, x, µ1).

Then equations (2.1) and (2.3) can be compressed into the following form
dXt =F (t,Xt, vt,L(xt, vt))dt+ Σ(t,Xt, vt,L(xt, vt))dWt + Σ̄(t,Xt, vt,L(xt, vt))dYt

−dyt =G(t,Xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt− ztdWt − z̄tdYt,
X(0) =X0, y(T ) = Φ(xT ,L(xT )),

(2.7)
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and the cost functional (2.6) can be represented as

J(v(·)) = E
[ ∫ T

0

L(t,Xt, yt, zt, z̄t, vt,L(xt, yt, zt, z̄t, vt))dt+M(XT ,L(xT )) + γ(y0)
]
. (2.8)

Then Problem (EMFPOC) becomes to the following equivalent minimization problem: to minimize J(v(·))
over v(·) ∈ Uad subject to (2.7) and (2.8).

3. Stochastic maximum principle

In this section, we will derive a necessary condition for optimal control in type of Pontryagin’s stochastic
maximum principle. For simplicity, we set n = l = k = m = d = 1. The arguments hold similarly for the
multi-dimensional case.

3.1. Variational equations

Let u(·) be an optimal control and (X(·), y(·), z(·), z̄(·)) be the corresponding trajectory. Let v(·) be such that
u(·) + v(·) ∈ Uad. Since Uad is convex, then, for any 0 ≤ ε ≤ 1, uε(·) , u(·) + εv(·) is also in Uad. To simplify
symbols, we set

ξt := L(xt, ut), ηt := L(xt, yt, zt, z̄t, ut), θt := (Xt, ut, ξt), θ
′

t := (xt, ut, ξt),

αt := (xt, yt, zt, z̄t, ut), Θt := (Xt, yt, zt, z̄t, ut, ηt), Θ
′

t := (xt, yt, zt, z̄t, ut, ηt) = (αt, ηt).

One can check that, for i = 1, 5, j = 1, 2, 3, 4, 5 and ψ = x, y, z, z̄, v,

∂XF (t, θt) =

(
0 0

0 ∂xf(t, θ
′
t)− ∂xσ̄(t, θ

′
t)h(t, θ

′
t)− σ̄(t, θ

′
t)∂xh(t, θ

′
t)

)
,

∂vF (t, θt) =

(
0

∂vf(t, θ
′
t)− ∂vσ̄(t, θ

′
t)h(t, θ

′
t)− σ̄(t, θ

′
t)∂vh(t, θ

′
t)

)
,

∂µiF (t, θt)(·) =

(
0

∂µif(t, θ
′
t)(·)− ∂µi σ̄(t, θ

′
t)(·)h(t, θ

′
t)− σ̄(t, θ

′
t)∂µih(t, θ

′
t)(·)

)
,

∂XΣ(t, θt) =

(
0 0

0 ∂xσ(t, θ
′
t)

)
, ∂vΣ(t, θt) =

(
0

∂vσ(t, θ
′
t)

)
, ∂µiΣ(t, θt)(·) =

(
0

∂µiσ(t, θ
′
t)(·)

)
,

∂X Σ̄(t, θt) =

(
h(t, θ

′
t) ρ∂xh(t, θ

′
t)

0 ∂xσ̄(t, θ
′
t)

)
, ∂vΣ̄(t, θt) =

(
ρ∂vh(t, θ

′
t)

∂vσ̄(t, θ
′
t)

)
, ∂µi Σ̄(t, θt)(·) =

(
ρ∂µih(t, θ

′
t)(·)

∂µi σ̄(t, θ
′
t)(·)

)
,

∂XG(t,Θt) = (0, ∂xg(t,Θ
′
t)), ∂µjG(t,Θt)(·) = ∂µj g(t,Θ

′
t)(·), ∂ψG(t,Θt) = ∂ψg(t,Θ

′
t)

∂XL(t,Θt) = (l(t,Θt) + ρ∂ρl(t,Θt), ρ∂xl(t,Θt)),

∂µjL(t,Θt)(·) = ρ∂µj l(t,Θt)(·), ∂ψL(t,Θt) = ρ∂ψl(t,Θt),

∂XM(X,L(xT )) = (χ(X,L(xT )) + ρ∂ρχ(X,L(xT )), ρ∂xχ(X,L(xT ))),

∂µ1M(X,L(xT ))(·) = ρ∂µ1χ(X,L(xT ))(·).

Recalling that (Ω̃, F̃ , P̃) is a copy of (Ω,F ,P). For any random variable x over (Ω,F ,P), x̃ denotes an independent

copy of x defined over (Ω̃, F̃ , P̃). The expectation Ẽ[·] acts only over the variables endowed with a tilde. Then
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we can introduce the following variational equations

dX1
t =

(
∂XF (t, θt)X

1
t + ∂vF (t, θt)vt + Ẽ[∂µ1F (t, θt)(x̃t, ũt)x̃

1
t ] + Ẽ[∂µ5F (t, θt)(x̃t, ũt)ṽt]

)
dt

+
(
∂XΣ(t, θt)X

1
t + ∂vΣ(t, θt)vt + Ẽ[∂µ1Σ(t, θt)(x̃t, ũt)x̃

1
t ] + Ẽ[∂µ5Σ(t, θt)(x̃t, ũt)ṽt]

)
dWt

+
(
∂X Σ̄(t, θt)X

1
t + ∂vΣ̄(t, θt)vt + Ẽ[∂µ1 Σ̄(t, θt)(x̃t, ũt)x̃

1
t ] + Ẽ[∂µ5 Σ̄(t, θt)(x̃t, ũt)ṽt]

)
dYt,

− dy1
t =

(
∂xG(t,Θt)x

1
t + ∂yG(t,Θt)y

1
t + ∂zG(t,Θt)z

1
t + ∂z̄G(t,Θt)z̄

1
t + ∂vG(t,Θt)vt

+Ẽ[∂µ1G(t,Θt)(α̃t)x̃
1
t ] + Ẽ[∂µ2G(t,Θt)(α̃t)ỹ

1
t ] + Ẽ[∂µ3G(t,Θt)(α̃t)z̃

1
t ]

+Ẽ[∂µ4G(t,Θt)(α̃t)˜̄z1
t ] + Ẽ[∂µ5G(t,Θt)(α̃t)ṽt]

)
dt− z1

t dWt − z̄1
t dYt,

X1
0 = 0, y1

T = ∂xΦ(xT ,L(xT ))x1
T + Ẽ[∂µ1Φ(xT ,L(xT ))(x̃T )x̃1

T ],

(3.1)

where we used the notation X1
t :=

(
ρ1
t

x1
t

)
, and α̃t := (x̃t, ỹt, z̃t, ˜̄zt, ũt) is an independent copy of αt :=

(xt, yt, zt, z̄t, ut).

Theorem 3.1. Let assumptions (H.1)–(H.2) hold, then mean-field FBSDE (3.1) admits a unique solution

(X1(·), y1(·), z1(·), z̄1(·)) ∈ S2,1+n
F × S2,l

F ×H2,l×m
F ×H2,l×d

F satisfying that for any 2 ≤ p ≤ 4 and 0 < ε0 ≤ p,

E

[
sup
t∈[0,T ]

|x1
t |p + sup

t∈[0,T ]

|ρ1
t |p−ε0 + sup

t∈[0,T ]

|y1
t |p + (

∫ T

0

|z1
t |2dt)p/2 + (

∫ T

0

|z̄1
t |2dt)p/2

]
< +∞. (3.2)

Proof. The first equation of (3.1) can be decomposed into the following two equations


dρ1
t =
(
ρ1
th(t, θ

′
t) + ρt∂xh(t, θ

′
t)x

1
t + ρt∂vh(t, θ

′
t)vt

+ ρtẼ[∂µ1h(t, θ
′
t)(x̃t, ũt)x̃

1
t ] + ρtẼ[∂µ5h(t, θ

′
t)(x̃t, ũt)ṽt]

)
dYt,

ρ1
0 =0,

(3.3)

and 

dx1
t =

(
(∂xf(t, θ

′
t)− σ̄(t, θ

′
t)∂xf(t, θ

′
t)− h(t, θ

′
t)∂xσ̄(t, θ

′
t))x

1
t

+ (∂vf(t, θ
′
t)− σ̄(t, θ

′
t)∂vh(t, θ

′
t)− h(t, θ

′
t)∂vσ̄(t, θ

′
t))vt

+ Ẽ[∂µ1f(t, θ
′
t)(x̃t, ũt)x̃

1
t ]− σ̄(t, θ

′
t)Ẽ[∂µ1h(t, θ

′
t)(x̃t, ũt)x̃

1
t ]

− h(t, θ
′
t)Ẽ[∂µ1 σ̄(t, θ

′
t)(x̃t, ũt)x̃

1
t ] + Ẽ[∂µ5f(t, θ

′
t)(x̃t, ũt)ṽt]

−σ̄(t, θ
′
t)Ẽ[∂µ5h(t, θ

′
t)(x̃t, ũt)ṽt]− h(t, θ

′
t)Ẽ[∂µ5 σ̄(t, θ

′
t)(x̃t, ũt)ṽt]

)
dt

+
(
∂xσ(t, θ

′
t)x

1
t + ∂vσ(t, θ

′
t)vt + Ẽ[∂µ1σ(t, θ

′
t)(x̃t, ũt)x̃

1
t ] + Ẽ[∂µ5σ(t, θ

′
t)(x̃t, ũt)ṽt]

)
dWt

+
(
∂xσ̄(t, θ

′
t)x

1
t + ∂vσ̄(t, θ

′
t)vt + Ẽ[∂µ1 σ̄(t, θ

′
t)(x̃t, ũt)x̃

1
t ] + Ẽ[∂µ5 σ̄(t, θ

′
t)(x̃t, ũt)ṽt]

)
dYt,

x1
0 =0.

(3.4)

Noticing that x1(·) does not depend on ρ1(·), it means that (3.3) and (3.4) are partially coupled. This allows us
to solve (3.4) first and then solve (3.3). Indeed, similar to the proof of Theorem 4.21 of [17] and Proposition 1.2
of [22], under assumption (H.1), we can show that equation (3.4) has a unique solution x1(·) ∈ S2,n

F satisfying

E
[
supt∈[0,T ] |x1

t |p
]
< +∞, for 2 ≤ p ≤ 4. Concerning equation (3.3), from the boundedness of the derivatives

of h and the integrability of x1(·), ρ(·), v(·), one can find that equation (3.3) is a standard SDE with uniformly

Lipschitz coefficients, then it has a unique solution ρ1(·) satisfying E
[
supt∈[0,T ] |ρ1

t |p
]
< +∞, for 2 ≤ p < 4.
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Now let us focus on the second equation of (3.1) which is a mean-field BSDE. Noticing the boundedness of
∂yG, ∂zG, ∂z̄G and the followings inequalities

∣∣∣Ẽ[∂µ2
G(t,Θt)(α̃t)ỹ

1
t ]
∣∣∣ ≤ (Ẽ|∂µ2

G(t,Θt)(α̃t)|2
)1/2 (

Ẽ|ỹ1
t |2
)1/2

≤ C
(
Ẽ|ỹ1

t |2
)1/2

,∣∣∣Ẽ[∂µ3
G(t,Θt)(α̃t)z̃

1
t ]
∣∣∣ ≤ (Ẽ|∂µ3

G(t,Θt)(α̃t)|2
)1/2 (

Ẽ|z̃1
t |2
)1/2

≤ C
(
Ẽ|z̃1

t |2
)1/2

,∣∣∣Ẽ[∂µ4G(t,Θt)(α̃t)˜̄z1
t ]
∣∣∣ ≤ (Ẽ|∂µ4G(t,Θt)(α̃t)|2

)1/2 (
Ẽ|˜̄z1

t |2
)1/2

≤ C
(
Ẽ|˜̄z1

t |2
)1/2

,

where we have used the assumption (see (H.1)) that, for j = 2, 3, 4,

∫
Rn×l×(l×m)×(l×d)×k

|∂µjg(t, x, y, z, z̄, v, η)(x′, y′, z′, z̄′, v′)|2dη(x′, y′, z′, z̄′, v′)

are uniformly bounded. A careful inspection of the proof of Lemma 3.1 of [8], or Theorem 3.1 of [13] and
Theorem 4.23 of [17], above bounded properties allow us to use the arguments in [8, 13, 17] to prove our mean-

field BSDE has a unique solution (y1(·), z1(·), z̄1(·)) ∈ S2,l
F ×H2,l×m

F ×H2,l×d
F . Moreover, one can show that, for

2 ≤ p ≤ 4, E
[

supt∈[0,T ] |y1
t |p + (

∫ T
0
|z1
t |2dt)p/2 + (

∫ T
0
|z̄1
t |2)p/2dt

]
< +∞. Indeed, this will need subtle analysis,

but the procedures are almost the same as the proof of Lemma 3.4, so we omit it here.

Now let us denote (Xε(·), yε(·), zε(·), z̄ε(·)) as the trajectory corresponding to uε(·). We set

xε,1t =
xεt − xt

ε
− x1

t , ρε,1t =
ρεt − ρt
ε

− ρ1
t , Xε,1

t =
Xε
t −Xt

ε
−X1

t =

(
ρε,1t
xε,1t

)
,

yε,1t =
yεt − yt
ε

− y1
t , zε,1t =

zεt − zt
ε

− z1
t , z̄ε,1t =

z̄εt − z̄t
ε

− z̄1
t ,

(3.5)

and the following notations will be used in the sequel of the paper

xλ,εt :=xt + λ(xεt − xt) = xt + λε(x1
t + xε,1t ), uλ,εt := ut + λ(uεt − ut) = ut + λεvt,

yλ,εt :=yt + λ(yεt − yt) = yt + λε(y1
t + yε,1t ), zλ,εt := zt + λ(zεt − zt) = zt + λε(z1

t + zε,1t ),

z̄λ,εt :=z̄t + λ(z̄εt − z̄t) = z̄t + λε(z̄1
t + z̄ε,1t ), αλ,εt := (xλ,εt , yλ,εt , zλ,εt , z̄λ,εt , uλ,εt ),

Θλ,ε
t :=(Xλ,ε

t , yλ,εt , zλ,εt , z̄λ,εt , uλ,εt ,L(xλ,εt , yλ,εt , zλ,εt , z̄λ,εt , uλ,εt )) = (ρλ,εt , αλ,εt ,L(αλ,εt )),

(Θ
′

t)
λ,ε :=(xλ,εt , yλ,εt , zλ,εt , z̄λ,εt , uλ,εt ,L(xλ,εt , yλ,εt , zλ,εt , z̄λ,εt , uλ,εt )) = (αλ,εt ,L(αλ,εt )),

(Θt)
ε :=(Xε

t , y
ε
t , z

ε
t , z̄

ε
t , u

ε
t ,L(xεt , y

ε
t , z

ε
t , z̄

ε
t , u

ε
t )) = (ρεt , α

ε
t ,L(αεt )),

(Θ
′

t)
ε :=(xεt , y

ε
t , z

ε
t , z̄

ε
t , u

ε
t ,L(xεt , y

ε
t , z

ε
t , z̄

ε
t , u

ε
t )) = (αεt ,L(αεt )).

The following expansion is useful for the proof of following lemmas. For given (x, v) ∈ L2(Ω;Rn×k) and (x̄, v̄) ∈
L2(Ω;Rn×k), it follows that (by denoting xλ := x̄+ λx, vλ := v̄ + λv)
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ϕ(x+ x̄, v + v̄,L(x, v))− ϕ(x̄, v̄,L(x̄, v̄)) =

∫ 1

0

d

dλ
ϕ(xλ, vλ,L(xλ, vλ))dλ

=

∫ 1

0

∂xϕ(xλ, vλ,L(xλ, vλ)) · xdλ+

∫ 1

0

∂vϕ(xλ, vλ,L(xλ, vλ)) · vdλ

+

∫ 1

0

Ẽ[∂µϕ(xλ, vλ,L(xλ, vλ))(x̃λ, ṽλ) · x̃]dλ+

∫ 1

0

Ẽ[∂νϕ(xλ, vλ,L(xλ, vλ))(x̃λ, ṽλ) · ṽ]dλ.

(3.6)

We have following lemmas for variation equations whose proofs will be given in the appendix.

Lemma 3.2. Suppose assumptions (H.1) and (H.2) hold, then we have

lim
ε→0

E sup
0≤t≤T

|Xε,1
t |2 = lim

ε→0
E sup

0≤t≤T

(
|ρε,1t |2 + |xε,1t |2

)
= 0.

Moreover, for any 2 ≤ p ≤ 4 and 0 < ε0 ≤ p, it follows that

lim
ε→0

E sup
0≤t≤T

(|xε,1t |p + |ρε,1t |p−ε0) = 0.

Lemma 3.3. Suppose assumptions (H.1) and (H.2) hold, then we have

lim
ε→0

E

[
sup

0≤t≤T
|yε,1t |2 +

∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

]
= 0. (3.7)

Moreover, we have the following p-order convergence result.

Lemma 3.4. Suppose assumptions (H.1) and (H.2) hold, then for any 2 ≤ p ≤ 4,

lim
ε→0

E

 sup
0≤t≤T

|yε,1t |p +

(∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)p/2 = 0. (3.8)

Remark 3.5. We also have the following high-order boundedness result (see (A.14), (A.20) and (A.49) in the
appendix), for any 2 ≤ p ≤ 4 and 0 < ε0 ≤ p, there exists a constant C independent of ε such that

E

 sup
0≤t≤T

(|xε,1t |p + |yε,1t |p + |ρε,1t |p−ε0) +

(∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)p/2 ≤ C. (3.9)
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3.2. Variational inequality and maximum principle

Let us first compute the Gâteaux derivative of the cost functional.

Lemma 3.6. The functional u(·) 7→ J(u(·)) is Gâteaux differentiable in the direction v(·), and its derivative is
given by

d

dε
J(u(·) + εv(·))

∣∣∣∣
ε=0

=E
∫ T

0

[
∂XL(t,Θt)X

1
t + ∂yL(t,Θt)y

1
t + ∂zL(t,Θt)z

1
t + ∂z̄L(t,Θt)z̄

1
t + ∂vL(t,Θt)v

1
t

+ Ẽ[∂µ1L(t,Θt)(α̃t)x̃
1
t ] + Ẽ[∂µ2L(t,Θt)(α̃t)ỹ

1
t ] + Ẽ[∂µ3L(t,Θt)(α̃t)z̃

1
t ]

+ Ẽ[∂µ4L(t,Θt)(α̃t)˜̄z1
t ] + Ẽ[∂µ5L(t,Θt)(α̃t)ṽt]

]
dt

+ E
[
∂XM(XT ,L(xT ))X1

T + Ẽ[∂µ1M(XT ,L(xT ))(x̃T )x̃1
T ]
]

+ ∂yγ(y0)y1
0 .

(3.10)

Proof. Recall that the cost functional is defined by (2.8), using notations above Lemma 3.2, we have

d

dε
J(u(·) + εv(·))

∣∣∣∣
ε=0

= lim
ε→0

J(uε(·))− J(u(·))
ε

= lim
ε→0

1

ε
E

{∫ T

0

[L(t,Θε
t )− L(t,Θt)]dt+M(Xε

T ,L(xεT ))−M(XT ,L(xT )) + γ(yε0)− γ(y0)

}
.

Let us focus only on the term lim
ε→0

1
εE
∫ T

0
[L(t,Θε

t )−L(t,Θt)]dt, and other terms can be tackled in a similar way.

By using similar expansion as (3.6), we have

lim
ε→0

1

ε
E
∫ T

0

[L(t,Θε
t )− L(t,Θt)]dt

=E
∫ T

0

[
∂XL(t,Θt)X

1
t + ∂yL(t,Θt)y

1
t + ∂zL(t,Θt)z

1
t + ∂z̄L(t,Θt)z̄

1
t + ∂vL(t,Θt)vt

+ Ẽ[∂µ1
L(t,Θt)(α̃t)x̃

1
t ] + Ẽ[∂µ2

L(t,Θt)(α̃t)ỹ
1
t ] + Ẽ[∂µ3

L(t,Θt)(α̃t)z̃
1
t ]

+ Ẽ[∂µ4L(t,Θt)(α̃t)˜̄z1
t ] + Ẽ[∂µ5L(t,Θt)(α̃t)ṽt]

]
dt+ lim

ε→0
E
∫ T

0

∆ε
L(t)dt,
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where

∆ε
L(t) :=

∫ 1

0

[ [
∂vL(t, (Θt)

λ,ε)− ∂vL(t,Θt)
]
vt

+
∑

ψ=X,y,z,z̄

[
∂ψL(t, (Θt)

λ,ε)(ψ1
t + ψε,1t )− ∂ψL(t,Θt)ψ

1
t

] ]
dλ

+

∫ 1

0

[
Ẽ[∂µ1

L(t, (Θt)
λ,ε)(α̃λ,εt )(x̃1

t + x̃ε,1t )]− Ẽ[∂µ1
L(t,Θt)(α̃t)x̃

1
t ]

]
dλ

+

∫ 1

0

[
Ẽ[∂µ2

L(t, (Θt)
λ,ε)(α̃λ,εt )(ỹ1

t + ỹε,1t )]− Ẽ[∂µ2
L(t,Θt)(α̃t)ỹ

1
t ]

]
dλ

+

∫ 1

0

[
Ẽ[∂µ3L(t, (Θt)

λ,ε)(α̃λ,εt )(z̃1
t + z̃ε,1t )]− Ẽ[∂µ3L(t,Θt)(α̃t)z̃

1
t ]

]
dλ

+

∫ 1

0

[
Ẽ[∂µ4

L(t, (Θt)
λ,ε)(α̃λ,εt )(˜̄z1

t +
˜̄
zε,1t )]− Ẽ[∂µ4

L(t,Θt)(α̃t)˜̄z1
t ]

]
dλ

+

∫ 1

0

Ẽ
[(
∂µ5

L(t, (Θt)
λ,ε)(α̃λ,εt )− ∂µ5

L(t,Θt)(α̃t)

)
ṽt

]
dλ.

To prove (3.10), we only need to show that lim
ε→0

E
∫ T

0
∆ε
L(t)dt = 0. By noticing Lemmas 3.2 and 3.4, it is sufficient

to show the uniformly integrability of ∆ε
L(t). Let us now only focus on the uniformly integrability of the term

∂XL(t, (Θt)
λ,ε)(X1

t +Xε,1
t ), the argument for other terms will be similar. From assumption (H.2), one can check

that ∂XL(t, (Θt)
λ,ε)(X1

t +Xε,1
t ) is dominated by

C(|ρ1
t |+ |ρ

ε,1
t |)Λ + C(|ρ1

t |+ |ρ
ε,1
t |)2Λ1/2 + C(|ρ1

t |+ |ρ
ε,1
t |)(|x1

t |+ |x
ε,1
t |)Λ1/2

where

Λ :=
∑

ψ=ρ,x,y,z,z̄

(1 + |ψt|2 + ε2|ψ1
t |2 + ε2|ψε,1t |2) +

∑
ψ=x,y,z,z̄

[1 + E|ψt|2 + ε2E|ψ1
t |2 + ε2E|ψε,1t |2],

Then from Lemmas 3.2 and 3.4, estimate (3.9) and E[supt∈[0,T ] |ρ1
t |p] < +∞, for 2 ≤ p < 4, as well as the

following inequalities, for ψ = ρ, x, y, z, z̄, φ = x, y, z, z̄, as ε→ 0,

E
∫ T

0

(|ρ1
t |+ |ρ

ε,1
t |) · |ψ

ε,1
t |2dt ≤

(
E sup
t∈[0,T ]

(|ρ1
t |+ |ρ

ε,1
t |)3

) 1
3
(
E

(∫ T

0

|ψε,1t |2dt

) 3
2 ) 2

3 → 0,

E
∫ T

0

(|ρ1
t |+ |ρ

ε,1
t |) · E|φ

ε,1
t |2dt ≤ E sup

t∈[0,T ]

(|ρ1
t |+ |ρ

ε,1
t |) ·

∫ T

0

E|φε,1t |2dt→ 0,
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E
∫ T

0

(|ρt|+ |ρ1
t |+ |ρ

ε,1
t |)2|ψε,1t |dt ≤

(
E sup
t∈[0,T ]

(|ρt|+ |ρ1
t |+ |ρ

ε,1
t |)3

) 2
3
(
E
(∫ T

0

|ψε,1t |2dt
) 3

2
) 1

3 → 0,

E
∫ T

0

(|ρt|+ |ρ1
t |+ |ρ

ε,1
t |)2 · E|φε,1t |dt ≤ E sup

t∈[0,T ]

(|ρt|+ |ρ1
t |+ |ρ

ε,1
t |)2 ·

∫ T

0

E|φε,1t |dt→ 0,

E
∫ T

0

|ρε,1t | · (1 + |ψt|2 + |ψε,1t |2)dt ≤
(
E sup
t∈[0,T ]

|ρε,1t |3
) 1

3
(
E
(∫ T

0

(1 + |ψt|2 + |ψε,1t |2)dt
) 3

2
) 2

3 → 0,

E
∫ T

0

|ρε,1t |2 · (1 + |ψt|+ |ψε,1t |)dt ≤
(
E sup
t∈[0,T ]

|ρε,1t |3
) 2

3
(
E
(∫ T

0

(1 + |ψt|+ |ψε,1t |)dt
) 3

2
) 1

3 → 0,

we can get the uniformly integrability of ∂XL(t, (Θt)
λ,ε)(X1

t +Xε,1
t ). The proof is complete.

Remark 3.7. From above proof, one can find that we need p-order (p > 2) estimates of both the states and
variational states, the second-order estimates are not enough.

To derive the maximum principle, we introduce the following adjoint equation which is a mean-field FBSDE
(recalling the notations at the beginning of Sect. 3.1).



−dpt =

{
∂>XF (t, θt)pt +

(
0

Ẽ[〈∂µ1
F (t, θ̃t)(xt, vt), p̃t〉]

)
+ ∂>XΣ(t, θt)kt + ∂>XΣ̄(t, θt)k̄t

+

(
0

Ẽ[〈∂µ1
Σ(t, θ̃t)(xt, vt), k̃t〉]

)
+

(
0

Ẽ[〈∂µ1Σ̄(t, θ̃t)(xt, vt),
˜̄kt〉]

)
−
(

0
∂xG(t,Θt)

)
qt

−
(

0

Ẽ[∂µ1G(t, Θ̃t)(αt) · q̃t]

)
+∂>XL(t,Θt) +

(
0

Ẽ[∂µ1L(t, Θ̃t)(αt)]

)}
dt− ktdWt − k̄tdȲt,

dqt =
[
∂yG(t,Θt)qt + Ẽ[∂µ2

G(t, Θ̃t)(αt) · q̃t]− ∂yL(t,Θt)− Ẽ[∂µ2
L(t, Θ̃t)(αt)]

]
dt

+
[
∂zG(t,Θt)qt + Ẽ[∂µ3

G(t, Θ̃t)(αt) · q̃t]− ∂zL(t,Θt)− Ẽ[∂µ3
L(t, Θ̃t)(αt)]

]
dWt

+
[
∂z̄G(t,Θt)qt + Ẽ[∂µ4

G(t, Θ̃t)(αt) · q̃t]− ∂z̄L(t,Θt)− Ẽ[∂µ4
L(t, Θ̃t)(αt)]

]
dYt,

pT =∂>XM(XT ,L(xT )) +

(
0

Ẽ[∂µ1M(X̃T ,L(xT ))(xT )]

)
−
(

0
∂xΦ(xT ,L(xT ))

)
qT −

(
0

Ẽ[∂µ1Φ(x̃T ,L(xT ))(xT ) · q̃T ]

)
,

q0 =− ∂yγ(y0).

(3.11)

Remark 3.8. Mean-field FBSDE (3.11) is partially coupled. In fact, the equation of q(·) does not depend on
(p(·), k(·), k̄(·)) and it is a mean-field SDE with uniformly Lipschitz coefficients which can be uniquely solved.
The equation of p(·) is a mean-field BSDE whose coefficients satisfy random Lipschitz condition (by noticing
that the coefficients related to Σ̄ is not uniformly Lipschitz due to the apperance of ρ). With assumptions (H.1)–

(H.2), by noticing E
[
supt∈[0,T ](|ρt|p + |ρt|−p

]
< +∞, for any p ≥ 1, we can combine the classical methods of

BSDEs with random Lipschitz coefficients (see e.g. Thm. 5.23 [35]) and the methods of mean-field BSDEs with
uniformly Lipschitz coefficients (e.g. Thm. 4.23 of [17] and [7])), to show that (p(·), k(·), k̄(·)) can be uniquely
solved.
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Now, we define the following Hamiltonian function H mapping from [0, T ] × Rn+1 × Rl × Rl×m × Rl×d ×
Rk × P2(Rn × Rl × Rl×m × Rl×d × Rk)× Rn+1 × Rl × R(n+1)×m × R(n+1)×d to R,

H(t,X, y, z, z̄, v, η, p, q, k, k̄) = 〈F (t,X, v, ξ), p〉 − 〈G(t,X, y, z, z̄, v, η), q〉
+ tr[k>Σ(t,X, v, ξ)] + tr[k̄>Σ̄(t,X, v, ξ)] + L(t,X, y, z, z̄, v, η),

(3.12)

where ξ ∈ P2(Rn×Rk) is the joint margin distribution of η ∈ P2(Rn×Rl ×Rl×m×Rl×d×Rk) on the first and
the fifth components. Then we can rewrite the adjoint equation (3.11) as



−dpt =

[
∂XH(t,Θt; p, q, k, k̄) +

(
0

Ẽ[∂µ1H(t, Θ̃t; p̃, q̃, k̃,
˜̄k)(αt)]

)]
dt− ktdWt − k̄tdYt

dqt =−
[
∂yH(t,Θt; p, q, k, k̄) + Ẽ[∂µ2H(t, Θ̃t; p̃, q̃, k̃,

˜̄k)(αt)]
]

dt

−
[
∂zH(t,Θt; p, q, k, k̄) + Ẽ[∂µ3H(t, Θ̃t; p̃, q̃, k̃,

˜̄k)(αt)]
]

dWt

−
[
∂z̄H(t,Θt; p, q, k, k̄) + Ẽ[∂µ4H(t, Θ̃t; p̃, q̃, k̃,

˜̄k)(αt)]
]

dYt,

pT =∂>XM(XT ,L(xT )) +

(
0

Ẽ[∂µ1
M(X̃T ,L(xT ))(xT )]

)
−
(

0
∂xΦ(xT ,L(xT ))

)
qT −

(
0

Ẽ[∂µ1
Φ(x̃T ,L(xT ))(xT ) · q̃T ]

)
,

q0 =− ∂yγ(y0).

(3.13)

We now state the Pontryagin’s stochastic maximum principle for optimal control of our Problem
(EMFPOC).

Theorem 3.9. Let (H.1) and (H.2) hold, if u(·) is an optimal control and (X(·), y(·), z(·), z̄(·)) is the
corresponding trajectory, and (p(·), q(·), k(·), k̄(·)) is corresponding adjoint process satisfying (3.13), we have

E
[(
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]

)
(v − ut)

∣∣∣FYt ] ≥ 0, ∀v ∈ U, a.s. a.e. (3.14)

where we recall

αt := (xt, yt, zt, z̄t, ut) ηt := L(αt), Θt := (Xt, yt, zt, z̄t, ut, ηt) = (ρt, αt, ηt).
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Proof. Let us first apply Itô’s formula to 〈X1
t , pt〉, we derive

E〈pT , X1
T 〉 =E

∫ T

0

[
〈∂vF (t, θt)vt, pt〉+ ∂xG(t,Θt)qtx

1
t − ∂XL(t,Θt)X

1
t

+ 〈∂vΣ(t, θt)vt, kt〉+ 〈∂vΣ̄(t, θt)vt, k̄t〉
+ Ẽ[∂µ1G(t,Θt)(αt)q̃t]x

1
t − Ẽ[∂µ1L(t, Θ̃t)(αt)]x

1
t

+ 〈Ẽ[∂µ5F (t, θt)(x̃t, ṽt)ṽt], pt〉+ 〈Ẽ[∂µ5Σ(t, θt)(x̃t, ṽt)ṽt], kt〉
+ 〈Ẽ[∂µ5Σ̄(t, θt)(x̃t, ṽt)ṽt], k̄t〉
+ 〈Ẽ[∂µ1

F (t, θt)(x̃t, ṽt)x̃
1
t ], pt〉 − Ẽ[〈∂µ1

F (t, θ̃t)(xt, vt), p̃t〉]x1
t

+ 〈Ẽ[∂µ1
Σ(t, θt)(x̃t, ṽt)x̃

1
t ], kt〉 − Ẽ[〈∂µ1

Σ(t, θ̃t)(xt, vt), k̃t〉]x1
t

+ 〈Ẽ[∂µ1
Σ̄(t, θt)(x̃t, ṽt)x̃

1
t ], k̄t〉 − Ẽ[〈∂µ1

Σ̄(t, θ̃t)(xt, vt),
˜̄kt〉]x1

t

]
dt.

By noting that “tilde random variables” are independent copies of the “nontilde variables”, we apply Fubini’s
theorem and obtain

E
[
〈Ẽ[∂µ1

F (t, θt)(x̃t, ṽt)x̃
1
t ], pt〉 − Ẽ[〈∂µ1

F (t, θ̃t)(xt, vt), p̃t〉]x1
t

]
= 0,

E
[
〈Ẽ[∂µ1

Σ(t, θt)(x̃t, ṽt)x̃
1
t ], kt〉 − Ẽ[〈∂µ1

Σ(t, θ̃t)(xt, vt), k̃t〉]x1
t

]
= 0,

E
[
〈Ẽ[∂µ1

Σ̄(t, θt)(x̃t, ṽt)x̃
1
t ], k̄t〉 − Ẽ[〈∂µ1

Σ̄(t, θ̃t)(xt, vt),
˜̄kt〉]x1

t

]
= 0.

Then by recalling pT in (3.13), we have

E
[
∂XM(XT ,L(xT ))X1

T + Ẽ[∂µ1
M(XT ,L(xT ))(x̃T )x̃1

T ]

−∂xΦ(xT ,L(xT ))qTx
1
T − Ẽ[∂µ1

Φ(xT ,L(xT ))(x̃T )qT ]x1
T

]
=E

∫ T

0

[
〈∂vF (t, θt)vt, pt〉+ ∂xG(t,Θt)qtx

1
t − ∂XL(t,Θt)X

1
t

+ 〈∂vΣ(t, θt)vt, kt〉+ 〈∂vΣ̄(t, θt)vt, k̄t〉
+ Ẽ[∂µ1G(t,Θt)(αt)q̃t]x

1
t − Ẽ[∂µ1L(t, Θ̃t)(αt)]x

1
t

+ 〈Ẽ[∂µ5F (t, θt)(x̃t, ṽt)ṽt], pt〉+ 〈Ẽ[∂µ5Σ(t, θt)(x̃t, ṽt)ṽt], kt〉

+ 〈Ẽ[∂µ5
Σ̄(t, θt)(x̃t, ṽt)ṽt], k̄t〉

]
dt.

(3.15)

Similarly, by applying Itô’s formula to 〈y1
t , qt〉, and with the help of Fubini’s theorem, we have

E[qT y
1
T − q0y

1
0 ]

=E
[
∂yγ(y0)y1

0 + ∂xΦ(xT ,L(xT ))qTx
1
T + Ẽ[∂µ1

Φ(xT ,L(xT ))(x̃T )x̃1
T ]qT

]
=− E

∫ T

0

[
∂xG(t,Θt)x

1
t qt + ∂vG(t,Θt)vtqt + ∂yL(t,Θt)y

1
t + ∂zL(t,Θt)z

1
t + ∂z̄L(t,Θt)z̄

1
t

+ Ẽ[∂µ1G(t,Θt)(α̃t)x̃
1
t ]qt + Ẽ[∂µ5G(t,Θt)(α̃t)ṽt]qt

+ Ẽ[∂µ2L(t,Θt)(αt)]y
1
t + Ẽ[∂µ3L(t,Θt)(αt)]z

1
t + Ẽ[∂µ4L(t,Θt)(αt)]z̄

1
t

]
dt.

(3.16)
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Now from Lemma 3.6, (3.15), (3.16) and Fubini’s theorem, we obtain

d

dε
J(u(·) + εv(·))

∣∣∣∣
ε=0

= lim
ε→0

J(uε(·))− J(u(·))
ε

=E
∫ T

0

[
〈∂vF (t, θt)vt, pt〉+ 〈Ẽ[∂µ5

F (t, θt)(x̃t, ṽt)ṽt], pt〉+ 〈∂vΣ(t, θt)vt, kt〉

+ 〈Ẽ[∂µ5
Σ(t, θt)(x̃t, ṽt)ṽt], kt〉+ 〈∂vΣ̄(t, θt)vt, k̄t〉+ 〈Ẽ[∂µ5

Σ̄(t, θt)(x̃t, ṽt)ṽt], k̄t〉

− ∂vG(t,Θ
′

t)vtqt − Ẽ[∂µ5G(t,Θt)(α̃t)ṽt]qt + ∂vL(t,Θt)vt + Ẽ[∂µ5L(t,Θt)(α̃t)ṽt]
]
dt

=E
∫ T

0

(
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5H(t, Θ̃t, p̃t, q̃t, k̃t,

˜̄kt)(αt)]
)
vtdt.

Since u(·) is optimal, we have J(uε(·)) ≥ J(u(·)), for any ε ≥ 0, which yields that

d

dε
J(u(·) + εv(·))

∣∣∣∣
ε=0

= lim
ε→0

J(uε(·))− J(u(·))
ε

≥ 0,

and then for arbitrary v(·) such that u(·) + v(·) ∈ Uad, it follows that

0 ≤E
∫ T

0

(
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]

)
vtdt

=E
∫ T

0

E
[(
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5

H(t, Θ̃t, p̃, p̃t, q̃t, k̃t,
˜̄kt)(αt)]

)
vt

∣∣∣FYt ] dt.

(3.17)

Since Uad is convex, for any given v(·) ∈ Uad, we may choose the perturbation uε(·) = u(·) + ε(v(·)−u(·)), which
is still in Uad, and then from (3.17), we have for any v(·) ∈ Uad,

E
∫ T

0

E
[(
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5H(t, Θ̃t, p̃t, q̃t, k̃t,

˜̄kt)(αt)]
)

(vt − ut)
∣∣∣FYt ] dt ≥ 0. (3.18)

For any given v ∈ U (deterministic), we set

A :=
{

(t, ω)
∣∣∣E [(∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5H(t, Θ̃t, p̃t, q̃t, k̃t,

˜̄kt)(αt)]
)

(v − ut)
∣∣∣FYt ] < 0

}
,

by choosing a modification if necessary, we know that A is a FY -progressively measurable set. Now, we take
v1(·) = vIAIEδ + u(·)IAcIEcδ , where Eδ ⊂ [0, T ] is any Borel measurable set with |Eδ| = δ, then we know
v1(·) ∈ Uad. From (3.18) we get

E
∫ T

0

[
E
[(
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)

)
(v − ut)

∣∣∣FYt ] IA] IEδdt ≥ 0,

where we used the fact that IA is FYt -adapted. Thus, from Lebesgue differentiation theorem, we have

E
[
E
[(
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]

)
(v − ut)

∣∣∣FYt ] IA] ≥ 0 a.e.,
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which together with the definition of A indicates that E
[
IA(t, ω)

]
= 0, a.e. Consequently, we deduce that

IA = 0, a.s. a.e., which yields that for any v ∈ U ,

E
[(
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]

)
(v − ut)

∣∣∣FYt ] ≥ 0 a.s. a.e. (3.19)

By noticing that the left hand side of (3.19) is continuous w.r.t. v , we obtain (3.14).

Remark 3.10. Inspired by Proposition 4.6 of [16], our Pontryagin’s stochastic maximum principle, i.e. Theo-
rem 3.9 can be generalized to the case that U is an open set which maybe non-convex. In this case, following
similar methods of of [16], we can show that

E
[
∂vH(t,Θt, pt, qt, kt, k̄t) + Ẽ[∂µ5

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]

∣∣∣FYt ] = 0, a.s. a.e.

4. Verification theorem

We have established Pontryagin’s maximum principle which gives a necessary condition for the optimal
control, see (3.14) in Theorem 3.9. In this section we will show that (3.14) is also a sufficient condition for
optimality under the following convexity assumptions.

(H.3) The function γ is convex. The function M is convex in the sense that

M(X̌, µ̆1)−M(X,µ1) ≥ 〈∂XM(X,µ1), X̌ −X〉+ Ẽ
[
〈∂µ1

M(X,µ1)(x̃), ˜̌x− x̃〉
]

for all X, X̌ ∈ Rn+1, and µ1, µ̌1 ∈ P2(Rn), and any ˜̌x, x̃ which are Rn-dimensional square integrable
random variables in (Ω̃, F̃ , P̃) satisfying L(˜̌x) = µ̌1, L(x̃) = µ1.

(H.4) The Hamiltonian function H satisfies the following convexity condition: for any t ∈ [0, T ] and Π :=
(p, q, k, k̄) ∈ Rn+1 × Rl × R(n+1)×m × R(n+1)×d, for any Λ̌ := (X̌, y̌, ž, ˇ̄z, v̌) and Λ := (X, y, z, z̄, v) which

belong Rn+1 ×Rl ×Rl×m ×Rl×d ×Rk, any η̌, η ∈ P2(Rn ×Rl ×Rl×m ×Rl×d ×Rk), and any (˜̌x, ˜̌y, ˜̌z, ˜̄̌z, ˜̌v)
(resp. (x̃, ỹ, z̃, ˜̄z, ṽ)) which are Rn×Rl×Rl×m×Rl×d×Rk-dimensional square integrable random variables

in (Ω̃, F̃ , P̃) satisfying L(˜̌x, ˜̌y, ˜̌z, ˜̄̌z, ˜̌v) = η̌ (resp. L(x̃, ỹ, z̃, ˜̄z, ṽ) = η), it holds that

H(t,Λ′, η′,Π)−H(t,Λ, η,Π)

≥〈∂XH(t,Λ, η,Π), X̌ −X〉+ 〈∂yH(t,Λ, η,Π), y̌ − y〉+ 〈∂zH(t,Λ, η,Π), ž − z〉
+ 〈∂z̄H(t,Λ, η,Π), ˇ̄z − z̄〉+ 〈∂vH(t,Λ, η,Π), v̌ − v〉+ Ẽ

[
〈∂µ1

H(t,Λ, η,Π)(α̃), ˜̌x− x̃〉
]

+ Ẽ
[
〈∂µ2

H(t,Λ, η,Π)(α̃), ˜̌y − ỹ〉
]

+ Ẽ
[
〈∂µ3

H(t,Λ, η,Π)(α̃), ˜̌z − z̃〉
]

+ Ẽ
[
〈∂µ4

H(t,Λ, η,Π)(α̃), ˜̌̄z − ˜̄z〉
]

+ Ẽ
[
〈∂µ5

H(t,Λ, η,Π)(α̃), ˜̌v − ṽ〉
]
.

Theorem 4.1. Suppose (H.1)-(H.4) are satisfied. Let u(·) ∈ Uad be an admissible control, (X(·), y(·), z(·), z̄(·))
be the corresponding trajectory, and Π(·) := (p(·), q(·), k(·), k̄(·)) be the corresponding adjoint process satisfying
(3.13). If (3.14) holds, then u(·) is an optimal control, i.e. J(u(·)) = infv(·)∈Uad J(v(·)).

Proof. Let ǔ(·) ∈ Uad be any admissible control and (X̌(·), y̌(·), ž(·), ˇ̄z(·)) be corresponding trajectory, Π(·) :=

(p̌(·), q̌(·), ǩ(·), ˇ̄k(·)) be corresponding adjoint processes satisfying (3.13). We recall the notations at the beginning
of subsection 3.1 and we use similar notations for the variables with the symbol “check” above. On the one
hand, by denoting H(t) := H(t,Θt, pt, qt, kt, k̄t) and applying Itô’s formula respectively to 〈Xt − X̌t, pt〉 and
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〈yt − y̌t, qt〉 (recall (2.7) and (3.13)), we have

E〈XT − X̌T , pT 〉 = −E
∫ T

0

[
〈Xt − X̌t, ∂XH(t)〉+ 〈Xt − X̌t, Ẽ[∂µ1

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]〉

]
dt

+ E
∫ T

0

[
〈F (t, θt)− F (t, θ̌t), pt〉+ 〈Σ(t, θt)− Σ(t, θ̌t), kt〉+ 〈Σ̄(t, θt)− Σ̄(t, θ̌t), k̄t〉

]
dt,

and

〈y0 − y̌0, q0〉 =E
∫ T

0

[
〈yt − y̌t, ∂yH(t)〉+ 〈yt − y̌t, Ẽ[∂µ2

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]〉

]
dt

+ E
∫ T

0

[
〈zt − žt, ∂zH(t)〉+ 〈zt − žt, Ẽ[∂µ3

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]〉

]
dt

+ E
∫ T

0

[
〈z̄t − ¯̌zt, ∂zH(t)〉+ 〈z̄t − ¯̌zt, Ẽ[∂µ4

H(t, Θ̃t, p̃t, q̃t, k̃t,
˜̄kt)(αt)]〉

]
dt

+ E
∫ T

0

〈qt, G(t,Θt)−G(t, Θ̌t)〉dt.

On the other hand, from assumption (H.3), by using Fubini’s theorem and (3.13), we have

E
[
M(XT ,L(xT ))−M(X̌T ,L(x̌T ))

]
≤E

[
〈∂XM(XT ,L(xT )), XT − X̌T 〉+ Ẽ[〈∂µ1

M(XT ,L(xT ))(x̃T ), x̃T − ˜̌xT 〉
]

=E
[
〈∂XM(XT ,L(xT )), XT − X̌T 〉+ Ẽ[〈∂µ1

M(X̃T ,L(xT ))(xT ), xT − x̌T 〉]
]

=E[〈XT − X̌T , pT 〉],

and similarly,

γ(y0)− γ(y̌0) ≤ 〈∂yγ(y0), y0 − y̌0〉 = −〈y0 − y̌0, q0〉.

Next, from assumption (H.4), we have

H(t,Θt, pt, qt, kt, k̄t)−H(t, Θ̌t, p̌t, q̌t, ǩt,
¯̌kt)

≤〈∂XH(t), Xt − X̌t〉+ 〈∂yH(t), yt − y̌t〉+ 〈∂zH(t), zt − žt〉+ 〈∂z̄H(t), z̄t − ˇ̄zt〉

+ Ẽ[∂µ1H(t,Θt, pt, qt, kt, k̄t)(α̃t)(X̃t − ˜̌Xt)] + Ẽ[∂µ2H(t,Θt, pt, qt, kt, k̄t)(α̃t)(ỹt − ˜̌yt)]

+ Ẽ[∂µ3
H(t,Θt, pt, qt, kt, k̄t)(α̃t)(z̃t − ˜̌zt)] + Ẽ[∂µ4

H(t,Θt, pt, qt, kt, k̄t)(α̃t)(˜̄zt − ˜̄̌zt)]

+ 〈∂vH(t), ut − ǔt〉+ Ẽ[∂µ5
H(t,Θt, pt, qt, kt, k̄t)(α̃t)(ũt − ˜̌ut)].
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Then, it follows from (2.8) that

J(u(·))− J(ǔ(·))

=E

[
M(XT ,L(xT ))−M(X̌T ,L(x̌T )) + γ(y0)− γ(y̌0) +

∫ T

0

(
L(t,Θt)− L(t, Θ̌t)

)
dt

]
=E

[
M(XT ,L(xT ))−M(X̌T ,L(x̌T )) + γ(y0)− γ(y̌0)

]
+ E

∫ T

0

(
H(t,Θt, pt, qt, kt, k̄t)−H(t, Θ̌t, p̌t, q̌t, ǩt,

¯̌kt)
)

dt+ E
∫ T

0

〈G(t,Θt)−G(t, Θ̌t), qt〉dt

− E
∫ T

0

[
〈F (t, θt)− F (t, θ̌t), pt〉+ 〈Σ(t, θt)− Σ(t, θ̌t), kt〉+ 〈Σ̄(t, θt)− Σ̄(t, θ̌t), k̄t〉

]
dt.

With the help of above inequalities and Fubini’s theorem, we have

J(u(·))− J(ǔ(·)) ≤ E
∫ T

0

(
〈∂vH(t), ut − ǔt〉+ Ẽ[∂µ5

H(t,Θt, pt, qt, kt, k̄t)(α̃t)(ũt − ˜̌ut)]
)

dt

= E
∫ T

0

E
[(
Hv(t,Θt, p, q, k, k̄) + Ẽ[∂µ5

H(t, Θ̃t, p̃, q̃, k̃,
˜̄k)(αt)]

)
(ut − ǔt)

∣∣∣FYt ] dt ≤ 0,

where the last inequality comes from the maximum principle (3.14). Thus, u(·) is optimal.

Remark 4.2. In this paper, we consider an optimal control problem with partially observable information
in which the state is governed by a nonlinear mean-field type FBSDE. The cost functional depending on the
joint distribution of the state and the control is defined on probability space (Ω,F ,F,Pv). The structure of our
problem is inspired by Wang, Wu and Xiong [45], and we adopt the method of Tang [41] in our paper, the
main feature of this method is that we reformulate the cost functional by Bayes’ formula, which transforms the
cost functional into the one defined on the reference probability space (Ω,F ,F,P)

(
see (2.6) or (2.8)

)
and in

additional, the term ρ is multiplied. This method is different from the one of Wang, Wu and Xiong [45].
In this formulation, the cost functional (2.6) contains ρ. If the coefficients l and χ in the cost functional

(2.6) do not depend on ρ, then one can check that the mappings (ρ, x, y, z, z̄, v, η) 7→ ρl(t, x, y, z, z̄, v, η) and
(ρ, x) 7→ ρχ(x, µ1) are usually not convex. Fortunately, if we allow l and χ depend on ρ, then it is possible
to make sense that the convexity assumptions (H.3)-(H.4) hold (one simple example is that l(ρ, x, y, z, z̄, η) =
1
ρ (|x|2 + |y|2 + |z|2 + |z̄|2 + |v|2 + |η|2) and χ(ρ, x, µ1) = 1

ρ (|x|2 + |µ|2)), then we can get the verification theorem.

5. Examples

In this section, we will give two examples to illustrate our results. Comparing with the existed literatures
concerning McKean-Vlasove type stochastic control problems and partial observation problems, one can find
that our maximum principle can deduce the related results in [1, 3, 16, 18, 19, 28–31, 41, 46, 50] in the case of
convex control domain. This means that our results are actually an extension of the classical case.

5.1. Scalar interactions

The case of scalar interactions is of particular interest and has been widely investigated, see e.g. [3, 10, 27–
31, 50]. Usually it can be dealt by using standard calculus without using L-derivatives. In this subsection, we
will derive Pontryagin’s maximum principle in scalar type interactions by using our Theorem 3.9.
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In order to simplify notations, we suppose that n = l = k = m = d = 1. We set σ̄(t, x, v, ξ) = σ̄t and
h(t, x, v, ξ) = ht, where σ̄t and ht are bounded deterministic functions depending only on t. We also set

f(t, x, v, ξ) = f0(x, v,

∫
ϕfdξ), σ(t, x, v, ξ) = σ0(x, v,

∫
ϕσdξ), Φ(x, µ) = Φ0(x,

∫
φΦdµ),

g(t, x, y, z, z̄, v, η) = g0(x, y, z, z̄, v,

∫
ψgdη), l(t, ρ, x, y, z, z̄, v, η) = l0(ρ, x, y, z, z̄, v,

∫
ψldη),

χ(ρ, x, µ) = χ0(ρ, x,

∫
φχdµ),

where f0, σ0 are defined on R× U × R, ϕf , ϕσ are defined on R× U , Φ0 is defined on R× R, φΦ is defined on
R, g0 is defined on R4 × U × R, l0 is defined on R5 × U × R, and ψg, ψl are defined on R4 × U , χ0 is defined
on R3, φχ is defined on R. By noticing that for functions b : Rd → R, r : R → R and any ϑ ∈ L2(Ω;Rd), we
consider R(Pϑ) := b(E[r(ϑ)]), then we have ∂µR(Pϑ, y) = b′(E[r(ϑ)])(∂yr)(y), here b′ denotes the derivative of b.
By setting αt = (xt, yt, zt, z̄t, ut), Ξgt := E[ψg(xt, yt, zt, z̄t, ut)] and Ξlt := E[ψl(xt, yt, zt, z̄t, ut)], then the adjoint
equation (3.11) becomes

{
−dp1,t =[htk̄1,t + l0(t, ρt, αt,Ξ

l
t) + ρt∂ρl0(t, ρt, αt,Ξ

l
t)]dt− k1,tdWt − k̄1,tdȲt,

p1,T =χ0(ρT , xT ,E[φχ(xT )]) + ρT∂ρχ0(ρT , xT ,E[φχ(xT )]),
(5.1)



−dp2,t =
{
p2,t∂xf0(xt, ut,E[ϕf (xt, ut)]) + Ẽ[p̃2,t∂ζf0(x̃t, ũt,E[ϕf (xt, ut)])] · ∂xϕf (xt, ut)

+ k2,t∂xσ0(xt, ut,E[ϕσ(xt, ut)]) + Ẽ[k̃2,t∂ζσ0(x̃t, ũt,E[ϕσ(xt, ut)])] · ∂xϕσ(xt, ut)

− qt∂xg0(t, αt,Ξ
g
t )− Ẽ[q̃t∂ζ1g0(t, α̃t,Ξ

g
t )] · ∂xψg(αt) + ρt∂xl0(t, ρt, αt,Ξ

l
t)

+ Ẽ[ρt∂ζ1 l0(t, ρt, α̃t,Ξ
l
t)] · ∂xψl(αt)

}
dt− k2,tdWt − k̄2,tdȲt,

p2,T =ρT∂xχ0(ρT , xT ,E[φχ(xT )]) + Ẽ[ρT∂ζχ(ρT , xT ,E[φχ(xT )])] · ∂xφχ(xT )

− ∂xΦ0(xT ,E[φΦ(xT )])qT − Ẽ[q̃t∂ζΦ(xT ,E[φΦ(xT )])] · ∂xφΦ(xT ),

(5.2)



dqt =
[
∂yg0(t, αt,Ξ

g
t )qt + Ẽ[q̃t∂ζ2g0(t, α̃t,Ξ

g
t )] · ∂yψg(αt)− ρt∂yl0(t, ρt, αt,Ξ

l
t)

− ρtẼ[∂ζ2 l0(t, ρt, α̃t,Ξ
l
t)] · ∂yψl(αt)

]
dt+

[
∂zg0(t, αt,Ξ

g
t )qt − ρt∂zl0(t, ρt, αt,Ξ

l
t)

+ Ẽ[q̃t∂ζ3g0(t, α̃t,Ξ
g
t )] · ∂zψg(αt)− ρtẼ[∂ζ3 l0(t, ρt, α̃t,Ξ

l
t)] · ∂zψl(αt)

]
dWt

+
[
∂z̄g0(t, αt,Ξ

g
t )qt + Ẽ[q̃t∂ζ4g0(t, α̃t,Ξ

g
t )] · ∂z̄ψg(αt)

− ρt∂z̄l0(t, ρt, αt,Ξ
l
t)− ρtẼ[∂ζ4 l0(t, ρt, α̃t,Ξ

l
t)] · ∂z̄ψl(αt)

]
dYt,

q0 =− ∂yγ(y0).

(5.3)



24 T. NIE AND K. YAN

According to Theorem 3.9, the necessary condition (3.14) for optimality will be

E
[{
p2,t∂vf0(xt, ut,E[ϕf (xt, ut)])− qt∂vg0(t, αt,Ξ

g
t ) + k2,t∂vσ0(xt, ut,E[ϕσ(xt, ut)])

+ ρt∂vl0(t, ρt, αt,Ξ
l
t) + Ẽ[p̃2,t∂ζf0(x̃t, ũt,E[ϕf (xt, ut)])] · ∂vϕf (xt, ut)

− Ẽ[q̃t∂ζ5g0(t, α̃t,Ξ
g
t )] · ∂vψg(αt) + Ẽ[k̃2,t∂ζσ0(x̃t, ũt,E[ϕσ(xt, ut)])] · ∂vϕσ(xt, ut)

+ ρtẼ[∂ζ5 l0(t, ρt, α̃t,Ξ
l
t)] · ∂vψl(αt)

}
· (v − ut)

∣∣∣FYt ] ≥ 0, ∀v ∈ U, a.s. a.e.

(5.4)

Noticing that the equations (5.1) for p1(·) and (5.2)) for p2(·) are decoupled (due to the assumption h(t, x, v, ξ) =
ht). Moreover, one can find that p1(·), k1(·) and k̄1(·) do not appear in (5.4).

5.2. Linear quadratic case

In this subsection, we will consider linear quadratic (LQ) partially observed optimal control problem. Let us
consider the following linear forward-backward system with scalar interaction.

dxt =(f1,txt + f2,tExt + f3,tvt + f4,tEvt)dt+ ctdWt + c̄tdW̄t,

−dyt =(g1,txt + g2,tExt + g3,tyt + g4,tEyt + g5,tzt + g6,tEzt + g7,tvt + g8,tEvt)dt
− ztdWt − z̄tdYt,

x(0) =x0, y(T ) = φ1xT + φ2ExT ,

(5.5)

where the observation process Y is given by dYt = htdt + dW̄t, with Y0 = 0. We introduce ρt =

exp
{∫ t

0
hsdYs − 1

2

∫ t
0
|hs|2ds

}
which is the solution of SDE: dρt = ρthtdYt, with ρ0 = 1, and we define the

probability measure Pv by dPv = ρTdP.
Then we give the following cost functional

J(v(·)) =Ev
[ ∫ T

0

1

ρt

[
L1,tx

2
t + L2,t(Ext)2 + L3,ty

2
t + L4,t(Eyt)2 + L5,tv

2
t + L6,t(Evt)2

]
dt

+
1

ρT
(M1x

2
T +M2(ExT )2) + γy2

0

]
,

which can be rewritten as

J(v(·)) =E
[ ∫ T

0

[
L1,tx

2
t + L2,t(Ext)2 + L3,ty

2
t + L4,t(Eyt)2 + L5,tv

2
t + L6,t(Evt)2

]
dt

+M1xT +M2(ExT )2 + γy0

]
.

Here, all the coefficients are uniformly bounded and deterministic, Li,t is positive function and Li,t is uniformly
bounded, for i = 1, 2, 3, 4, 5, 6, and M1,M2, γ are positive constants.

We notice that, in such case, we have

l(ρ, x, y, z, z̄, η) =
1

ρ

(
L1x

2 + L2(Ex)2 + L3y
2 + L4(Ey)2 + L5v

2 + L6(Ev)2
)
,

L(X, y, z, z̄, η) = L1x
2 + L2(Ex)2 + L3y

2 + L4(Ey)2 + L5v
2 + L6(Ev)2 = l1,

χ(ρ, x, µ1) =
1

ρ

(
M1x

2 +M2(Ex)2
)
, M(X,µ1) = M1x

2 +M2(Ex)2 = χ1,
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where X =

(
ρ
x

)
. It is easy to check that L = l1 and M = χ1 satisfy assumption (H.2), but l and χ do not

satisfy assumption (H.2). However, one can check that Lemma 3.6 still hold (the proof even become very simple
since there is no term ρ in L and M), and then the maximum principle (see Thm. 3.9) works.

To apply Theorem 3.9, we rewrite the state as


dXt =(F1,tXt + F2,tEXt + F3,tvt + F4,tEvt + Ft)dt+ CtdWt + C̄tdYt,

−dyt =(g1,txt + g2,tExt + g3,tyt + g4,tEyt + g5,tzt + g6,tEz̄t + g7,tvt + g8,tEvt)dt
− ztdWt − z̄tdYt,

X(0) =X0, y(T ) = φ1xT + φ2ExT ,

where Xt :=

(
ρt
xt

)
, Fi,t :=

(
0 0
0 fi,t

)
, Ft :=

(
0
−c̄tht

)
, Ct :=

(
0
ct

)
, C̄t :=

(
ρtht
c̄t

)
, X0 :=

(
1
x0

)
. In this setting,

the Hamiltonian function is of the form

H(t,X, y, z, z̄, v, p, q, k, k̄) =〈F1,tX + F2,tEX + F3,tv + F4,tEv + Ft, p〉+ 〈Ct, k〉+ 〈C̄t, k̄〉
− q(g1,tx+ g2,tEx+ g3,ty + g4,tEy + g5,tz + g6,tEz + g7,tv + g8,tEv)

+ ρ
[
L1,tx

2 + L2,t(Ex)2 + L3,ty
2 + L4,t(Ey)2 + L5,tv

2 + L6,t(Ev)2
]
.

The adjoint equations will be given by

{
−dp1,t =htk̄1,tdt− k1,tdWt − k̄1,tdYt,

p1,T =0,


−dp2,t =

{
f1,tp2,t + f2,tE[p2,t]− g1,tqt − g2,tE[qt] + 2L1,txt + 2L2,tE[xt]

}
dt

− k2,tdWt − k̄2,tdYt,

p2,T =2M1xT + 2M2E[xT ]− φ1qT − φ2E[qT ],

and dqt =
[
g3,tqt + g4,tE[qt]− 2L3,tyt − 2L4,tE[yt]

]
dt+ g5,tqtdWt + g6,tE[qt]dYt,

q0 =− 2γy0.

According to Theorem 3.9, if U = R, the necessary condition for optimality (3.14) will be

E
[
f3,tp2,t + f4,tE[p2,t]− g7,tqt − g8,tE[qt] + 2L5,tut + 2L6,tE[ut]

∣∣∣FYt ] = 0, a.s. a.e.

Taking expectations, we obtain

E[ut] = − 1

2(L5,t + L6,t)

{
(f3,t + f4,t)E[p2,t]− (g7,t + g8,t)E[qt]

}
,
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and the optimal control should satisfy

ut =− 1

2L5,t

{
f3,tE

[
p2,t

∣∣FYt ]− g7,tE
[
qt
∣∣FYt ]}

− 1

2L5,t

{L5,tf4,t − L6,tf3,t

L5,t + L6,t
E[p2,t]−

L5,tg8,t − L6,tg7,t

L5,t + L6,t
E[qt]

}
.

(5.6)

Finally, one can also check assumption (H.3) and (H.4) hold, then the verification theorem yields that the control
u(·) given by (5.6) is indeed an optimal control.

Furthermore, by inserting (5.6) to the following Hamiltonian system

dxt =(f1,txt + f2,tExt + f3,tut + f4,tEut − c̄tht)dt+ ctdWt + c̄tdYt,

−dyt =(g1,txt + g2,tExt + g3,tyt + g4,tEyt + g5,tzt + g6,tEzt + g7,tut + g8,tEut)dt
− ztdWt − z̄tdYt,

−dp2,t =
{
f1,tp2,t + f2,tE[p2,t]− g1,tqt − g2,tE[qt] + 2L1,txt + 2L2,tE[xt]

}
dt

− k2,tdWt − k̄2,tdYt,

dqt =
[
g3,tqt + g4,tE[qt]− 2L3,tyt − 2L4,tE[yt]

]
dt+ g5,tqtdWt + g6,tE[qt]dYt,

x(0) =x0, y(T ) = φ1xT + φ2ExT ,
q0 =− 2γy0, p2,T = 2M1xT + 2M2E[xT ]− φ1qT − φ2E[qT ].

(5.7)

one will obtain a fully coupled mean-field FBSDE, once we obtain p2,t and qt, we can then get the optimal
control through (5.6).

Moreover, one can also try to write the optimal control u(·) given in (5.6) as the feedback of the filtered state
E[xt|FYt ],E[yt|FYt ],E[zt|FYt ],E[z̄t|FYt ] and the expectation of the state E[xt],E[yt],E[zt],E[z̄t] through Riccati
equations. Due to the complicated coupled structure of (5.7), usually it is not easy to find such feedback optimal
control, the interesting readers are referred to e.g. [28, 30, 49, 50] for some special cases.

Remark 5.1. If the cost functional is given by

J(v(·)) =Ev
[ ∫ T

0

[
l1,tx

2
t + l2,t(Ext)2 + l3,ty

2
t + l4,t(Eyt)2 + l5,tv

2
t + l6,t(Evt)2

]
dt

+m1x
2
T +m2(ExT )2 + γy0

]
which can be rewritten as

J(v(·)) =E
[ ∫ T

0

ρt
[
l1,tx

2
t + l2,t(Ext)2 + l3,ty

2
t + l4,t(Eyt)2 + l5,tv

2
t + l6,t(Evt)2

]
dt

+ ρT (m1x
2
T +m2(ExT )2) + γy2

0

]
,

one can also apply Theorem 3.9 to obtain that the optimal control should satisfy

ut =− 1

2ρtl5,t

{
f3,tE

[
p2,t

∣∣FYt ]− g7,tE
[
qt
∣∣FYt ]}

− 1

2ρtl5,t

{ l5,tf4,t − l6,tf3,t

l5,t + l6,t
E[p2,t]−

l5,tg8,t − l6,tg7,t

l5,t + l6,t
E[qt]

}
,

(5.8)
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where the adjoint equations will be


−dp2,t =

{
f1,tp2,t + f2,tE[p2,t]− g1,tqt − g2,tE[qt] + 2ρtl1,txt + 2ρtl2,tE[xt]

}
dt

− k2,tdWt − k̄2,tdYt,

p2,T =2m1ρTxT + 2m2ρTE[xT ]− φ1qT − φ2E[qT ].

dqt =
[
g3,tqt + g4,tE[qt]− 2ρtl3,tyt − 2ρtl4,tE[yt]

]
dt+ g5,tqtdWt + g6,tE[qt]dYt,

q0 =− 2γy0.

However, in this case, assumptions (H.3)-(H.4) fail, then we can not apply verification theorem to affirm that
the control given by (5.8) is indeed an optimal control.

Appendix A.

A.1 Proof of Lemma 3.2

Step 1. Let us first show that lim
ε→0

E sup
0≤t≤T

|xε,1t |2 = 0. We set

(θ
′

t)
ε = (xεt , u

ε
t ,L(xεt , u

ε
t )), (θ

′

t)
λ,ε = (xλ,εt , uλ,εt ,L(xλ,εt , uλ,εt )),

where

xλ,εt := xt + λ(xεt − xt) = xt + λε(x1
t + xε,1t ), uλ,εt := ut + λ(uεt − ut) = ut + λεvt. (A.1)

Then from (3.4) and the forward equation in (2.7), we have

dxε,1t = (vft − vσ̄t h(t, θ
′

t)− vht σ̄(t, θ
′

t)− v
σ̄,h
t )dt+ vσt dWt + vσ̄t dYt, xε,10 = 0, (A.2)

where for ϕ = f, h, σ, σ̄,

vϕt :=
ϕ(t, (θ

′

t)
ε)− ϕ(t, θ

′

t)

ε
− ∂xϕ(t, θ

′

t)x
1
t − ∂vϕ(t, θ

′

t)vt

− Ẽ[∂µ1
ϕ(t, θ

′

t)(x̃t, ũt)x̃
1
t ]− Ẽ[∂µ5

ϕ(t, θ
′

t)(x̃t, ũt)ṽt],

vσ̄,ht :=
σ̄(t, (θ

′

t)
ε)− σ̄(t, θ

′

t)

ε
∆hε(t) :=

σ̄(t, (θ
′

t)
ε)− σ̄(t, θ

′

t)

ε

[
h(t, (θ

′

t)
ε)− h(t, θ

′

t)
]
.

(A.3)

Let us compute the term vϕt , for ϕ = f, h, σ, σ̄. Recalling the notations in (3.5) and (A.1), and for ϕ = f, h, σ, σ̄
and ψ = v, x, i = 1, 5, denoting

∆ϕλ,εψ (t) :=∂ψϕ(t, (θ
′

t)
λ,ε)− ∂ψϕ(t, θ

′

t)

∆ϕλ,εµi (t) :=∂µiϕ(t, (θ
′

t)
λ,ε)(x̃λ,εt , ũλ,εt )− ∂µiϕ(t, θ

′

t)(x̃t, ũt).
(A.4)
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we obtain from the expansion (3.6) that

vϕt =
ϕ(t, (θ

′

t)
ε)− ϕ(t, θ

′

t)

ε
− ∂xϕ(t, θ

′

t)x
1
t − ∂vϕ(t, θ

′

t)vt

− Ẽ[∂µ1
ϕ(t, θ

′

t)(x̃t, ũt)x̃
1
t ]− Ẽ[∂µ5

ϕ(t, θ
′

t)(x̃t, ũt)ṽt]

=

∫ 1

0

∂xϕ(t, (θ
′

t)
λ,ε)xε,1t dλ+

∫ 1

0

Ẽ
[
∂µ1ϕ(t, (θ

′

t)
λ,ε)(x̃λ,εt , ũλ,εt )x̃ε,1t

]
dλ

+

∫ 1

0

∆ϕλ,εx (t)x1
tdλ+

∫ 1

0

∆ϕλ,εv (t)vtdλ+

∫ 1

0

Ẽ
[
∆ϕλ,εµ1

(t)x̃1
t

]
dλ+

∫ 1

0

Ẽ
[
∆ϕλ,εµ5

(t)ṽt
]

dλ.

(A.5)

Thus, by using the inequality Ẽ[X̃Ỹ ] ≤ (Ẽ|X̃|2)
1
2 (Ẽ|Ȳ |2)

1
2 and uniformly boundedness of ∂xϕ, ∂vϕ and∫

Rn+k |∂µiϕ(x, v, ξ)(x′, v′)|2dξ(x′, v′), i = 1, 5, (see assumptions (H.1)), we get

|vϕt | ≤C|x
ε,1
t |+ C(E|xε,1t |2)

1
2 +

(∫ 1

0

(|∆ϕλ,εx (t)|+ |∆ϕλ,εv (t)|)dλ
)

(|x1
t |+ |vt|)

+

(∫ 1

0

[(
Ẽ|∆ϕλ,εµ1

(t)|2
) 1

2

+
(
Ẽ|∆ϕλ,εµ5

(t)|2
) 1

2

]
dλ

)[
(E|x1

t |2)
1
2 + (E|vt|2)

1
2

]
.

(A.6)

Next, let us analysis vσ̄,ht :=
σ̄(t,(θ

′
t)
ε)−σ̄(t,θ

′
t)

ε ∆hε(t). From the expansion (3.6), we have

vσ̄,ht =∆hε(t)

(∫ 1

0

∂xσ̄(t, (θ
′

t)
ε) · (x1

t + xε,1t )dλ+

∫ 1

0

∂vσ̄(t, (θ
′

t)
ε) · vtdλ

)
+ ∆hε(t)

∫ 1

0

Ẽ[∂µ1
σ̄(t, (θ

′

t)
ε)(x̃λ,εt , ũλ,εt ) · (x̃1

t + x̃ε,1t )]dλ

+ ∆hε(t)

∫ 1

0

Ẽ[∂µ5
σ̄(t, (θ

′

t)
ε)(x̃λ,εt , ũλ,εt ) · ṽt]dλ,

and similarly, we also have

|vσ̄,ht | ≤C|∆hε(t)|(|vt|+ |x1
t |+ |x

ε,1
t |+ ((E|vt|2)

1
2 + (E|xε,1t |2)

1
2 + (E|x1

t |2)
1
2 ). (A.7)

From (A.2), by using Burkholder-Davis-Gundy (BDG) inequality, we obtain for any S ∈ [0, T ],

E sup
0≤t≤S

|xε,1t |2 ≤ CE
∫ S

0

(
|vft |2 + |vσ̄t h(t, θ

′

t)|2 + |vht σ̄(t, θ
′

t)|2 + |vσ̄,ht |2 + |vσt |2 + |vσ̄t |2
)

dt,

and with the help of (A.6), (A.7) and the boundedness of σ̄ and h, we have

E sup
0≤t≤S

|xε,1t |2 ≤ CE
∫ T

0

|∆ε(t)|2dt+ CE
∫ S

0

|xε,1t |2dt, (A.8)
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where

∆ε(t) :=

∫ 1

0

∑
ϕ=f,σ,σ̄,h

(|∆ϕλ,εx (t)|+ |∆ϕλ,εv (t)|)dλ+ |∆hε(t)|

 (|x1
t |+ |vt|)

+

∫ 1

0

∑
ϕ=f,σ,σ̄,h

[(
Ẽ|∆ϕλ,εµ1

(t)|2
) 1

2

+
(
Ẽ|∆ϕλ,εµ5

(t)|2
) 1

2

]
dλ+ |∆hε(t)|


·
[
(E|x1

t |2)
1
2 + (E|vt|2)

1
2

]
.

Thus the Gronwall’s inequality yields that

E sup
0≤t≤T

|xε,1t |2 ≤ CE
∫ T

0

|∆ε(t)|2dt. (A.9)

Now let us focus on ∆ε. On the one hand, the uniformly bounded assumptions of h, ∂xϕ, ∂vϕ and∫
Rn+k |∂µiϕ(x, v, ξ)(x′, v′)|2dξ(x′, v′), i = 1, 5, yield that

∫ 1

0

∑
ϕ=f,σ,σ̄,h

(|∆ϕλ,εx (t)|+ |∆ϕλ,εv (t)|)dλ+ |∆hε(t)|

 ≤ C,
∫ 1

0

∑
ϕ=f,σ,σ̄,h

[(
Ẽ|∆ϕλ,εµ1

(t)|2
) 1

2

+
(
Ẽ|∆ϕλ,εµ5

(t)|2
) 1

2

]
dλ+ |∆hε(t)|

 ≤ C.
(A.10)

Thus from sup
0≤t≤T

E(|x1
t |2 + |vt|2) < ∞ (see Rem. 3.1), and (A.9) and (A.10), we obtain that, there exists a

constant C independent of ε such that

E sup
0≤t≤T

|xε,1t |2 ≤ C. (A.11)

On the other hand, by using (A.11) and sup
0≤t≤T

E|x1
t |2 <∞, we have

lim
ε→0

E|xλ,εt − xt|2 = λ2 lim
ε→0

E|xεt − xt|2 ≤ 2 lim
ε→0

λ2ε2E[|xε,1t |2 + |x1
t |2] = 0,

By using that

lim
ε→0

E|uλ,εt − ut|2 = λ2 lim
ε→0

E|uεt − ut|2 ≤ lim
ε→0

λ2ε2E|vt|2 = 0,

and the continuity assumptions of h, ∂xϕ, ∂vϕ, as well as the continuity of the mappings, i = 1, 5,

Rn+k × L2(Ω;Rn+k) 3 (x, v, (X,β)) 7→∂µi(f, σ, σ̄, h)(t, x, v,L(X,β))(X,β)

∈ L2(Ω;Rn×n × Rl×m×n × Rl×d×n × Rd×n),
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we have that for each t ∈ [0, T ],∫ 1

0

∑
ϕ=f,σ,σ̄,h

(|∆ϕλ,εx (t)|+ |∆ϕλ,εv (t)|)dλ+ |∆hε(t)|

 P−→ 0, as ε→ 0,

∫ 1

0

∑
ϕ=f,σ,σ̄,h

[(
Ẽ|∆ϕλ,εµ1

(t)|2
) 1

2

+
(
Ẽ|∆ϕλ,εµ5

(t)|2
) 1

2

]
dλ+ |∆hε(t)|

 P−→ 0, as ε→ 0.

(A.12)

Then by using (A.10), and (A.12) and sup
0≤t≤T

E(|x1
t |2 + |vt|2) < ∞, from dominated convergence theorem, we

obtain lim
ε→0

E
∫ T

0
|∆ε(t)|2dt = 0. Consequently, noting (A.9), we get

lim
ε→0

E sup
0≤t≤T

|xε,1t |2 = 0. (A.13)

Step 2. We can further show that for 2 ≤ p ≤ 4,

E sup
0≤t≤T

|xε,1t |p ≤ C, and lim
ε→0

E sup
0≤t≤T

|xε,1t |p = 0. (A.14)

Indeed, from (A.2), by using Burkholder-Davis-Gundy (BDG) inequality, we obtain for any S ∈ [0, T ],

E sup
0≤t≤S

|xε,1t |p ≤CE

[∫ S

0

(
|vft |2 + |vσ̄t h(t, θ

′

t)|2 + |vht σ̄(t, θ
′

t)|2 + |vσ̄,ht |2 + |vσt |2 + |vσ̄t |2
)

dt

]p/2
,

and with the help of (A.6), (A.7) and the boundedness of σ̄ and h, we have

E sup
0≤t≤S

|xε,1t |p ≤CE

(∫ T

0

|∆ε(t)|2dt

)p/2
+ CE

(∫ S

0

|xε,1t |2dt

)p/2

≤CE

(∫ T

0

|∆ε(t)|2dt

)p/2
+ CE

∫ S

0

|xε,1t |pdt,

and Gronwall’s inequality yields that

E sup
0≤t≤T

|xε,1t |p ≤ CE

(∫ T

0

|∆ε(t)|2dt

)p/2
. (A.15)

Then on the one hand, from (A.10), (A.15) and sup
0≤t≤T

E(|x1
t |p + |vt|p) < ∞, for 2 ≤ p ≤ 4, we have

E sup
0≤t≤T

|xε,1t |p ≤ C. On the other hand, by using (A.10), (A.12) and sup
0≤t≤T

E(|x1
t |p + |vt|p) <∞, for 2 ≤ p ≤ 4,

from dominated convergence theorem, we obtain lim
ε→0

E
(∫ T

0
|∆ε(t)|2dt

)p/2
= 0. Consequently, noting (A.15), we

get

lim
ε→0

E sup
0≤t≤T

|xε,1t |p = 0. (A.16)
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Step 3. Let us study ρε,1t . From (3.3) and the forward equation in (2.7) (or (2.3)), we have

dρε,1t = αρ,ht dYt.

Here, we denote

αρ,ht :=
ρεth(t, (θ

′

t)
ε)− ρth(t, θ

′

t)

ε
−
(
ρ1
th(t, θ

′

t) + ρt∂xh(t, θ
′

t)x
1
t + ρt∂vh(t, θ

′

t)vt

+ ρtẼ[∂µ1
h(t, θ

′

t)(x̃t, ũt)x̃
1
t ] + ρtẼ[∂µ5

h(t, θ
′

t)(x̃t, ũt)ṽt]
)

=
(ρεt − ρt)(h(t, (θ

′

t)
ε)− h(t, θ

′

t))

ε
+ ρε,1t h(t, θ

′

t) + ρtv
h
t

=(ρε,1t + ρ1
t )∆h

ε(t) + ρε,1t h(t, θ
′

t) + ρtv
h
t ,

where we recall ∆hε(t) := h(t, (θ
′

t)
ε) − h(t, θ

′

t) and vht are given in (A.3) and (A.5). Then by using (A.6) and
similar to the proof in Step 1, one can show that

E sup
0≤t≤S

|ρε,1t |2 ≤ CE
∫ S

0

|αρ,ht |2dt ≤ CE
∫ T

0

|∆ε
ρ(t)|2dt+ C

∫ S

0

E|ρε,1t |2dt, (A.17)

where (recalling (A.4))

∆ε
ρ(t) :=|∆hε(t)||ρ1

t |+ ρt

(
|xε,1t |+ (E|xε,1t |2)

1
2

)
+ ρt

(∫ 1

0

(|∆hλ,εx (t)|+ |∆hλ,εv (t)|)dλ+ |∆hε(t)|
)

(|x1
t |+ |vt|)

+ ρt

(∫ 1

0

[(
Ẽ|∆hλ,εµ1

(t)|2
) 1

2

+
(
Ẽ|∆hλ,εµ5

(t)|2
) 1

2

]
dλ

)
·
[
(E|x1

t |2)
1
2 + (E|vt|2)

1
2

]
.

Thus from (A.17) and Gronwall’s inequality, it follows that

E sup
0≤t≤T

|ρε,1t |2 ≤ CE
∫ T

0

|∆ε
ρ(t)|2dt.

On the one hand, from the boundedness assumption of ∂xh, ∂vh, ∂µ1h, ∂µ5h, and the following integrability
condition (see Step 2, Rems. 2.2 and 3.1),

sup
0≤t≤T

E(|x1
t |p + |vt|p + |xε,1t |p) <∞, 2 ≤ p ≤ 4,

E[ sup
t∈[0,T ]

(|ρt|p + |ρt|−p] < +∞, p ≥ 1, and E[ sup
t∈[0,T ]

|ρ1
t |p] < +∞, 2 ≤ p < 4,

(A.18)

we can show that E
∫ T

0
|∆ε

ρ(t)|2dt ≤ C and thus

E sup
0≤t≤T

|ρε,1t |2 ≤ C. (A.19)
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On the other hand, similar to Step 1, by using (A.16) and dominated convergence theorem, we can prove that

lim
ε→0

E
∫ T

0
|∆ε

ρ(t)|2dt = 0 and thus lim
ε→0

E sup
0≤t≤T

|ρε,1t |2 = 0.

Finally, we also have

E sup
0≤t≤S

|ρε,1t |p ≤ CE

(∫ S

0

|αρ,ht |2dt

)p/2
≤ CE

(∫ T

0

|∆ε
ρ(t)|2dt

)p/2
+ C

∫ S

0

E|ρε,1t |pdt,

and Gronwall’s inequality yields that

E sup
0≤t≤T

|ρε,1t |p ≤ CE

(∫ T

0

|∆ε
ρ(t)|2dt

)p/2
,

and from the integrability condition (A.18), similar to previous Steps, one can show that for any 2 ≤ p < 4
(note that p is strictly less than 4), we have

E sup
0≤t≤T

|ρε,1t |p ≤ C, (A.20)

and moreover lim
ε→0

E sup
0≤t≤T

|ρε,1t |p = 0. We complete the proof.

A.2 Proof of Lemma 3.3

We use the same notations in the proof of Lemma 3.2. From the backward equations in (3.1) and (2.7), we
have

− dyε,1t = vGt dt− zε,1t dWt − z̄ε,1t dYt, yε,1T = vΦ
T , (A.21)

where

vGt :=
G(t, (Θt)

ε)−G(t,Θt)

ε
− ∂xG(t,Θt)x

1
t − ∂yG(t,Θt)y

1
t − ∂zG(t,Θt)z

1
t − ∂z̄G(t,Θt)z̄

1
t

− ∂vG(t,Θt)vt − Ẽ[∂µ1
G(t,Θt)(α̃t)x̃

1
t ]− Ẽ[∂µ2

G(t,Θt)(α̃t)ỹ
1
t ]

− Ẽ[∂µ3
G(t,Θt)(α̃t)z̃

1
t ]− Ẽ[∂µ4

G(t,Θt)(α̃t)˜̄z1
t ]− Ẽ[∂µ5

G(t,Θt)(α̃t)ṽt]

and

vΦ
T :=

Φ(xεT ,L(xεT ))− Φ(xT ,L(xT ))

ε
− ∂xΦ(xT ,L(xT ))x1

T − Ẽ[∂µ1
Φ(xT ,L(xT ))(x̃T )x̃1

T ].
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Let us first calculate vGt . Recall the notations at the beginning of subsection 3.1 and by using similar expansion
as (3.6), we have

vGt =

∫ 1

0

∂xg(t, (Θ
′

t)
λ,ε)xε,1t dλ+

∫ 1

0

Ẽ
[
∂µ1

g(t, (Θ
′

t)
λ,ε)(α̃λ,εt )x̃ε,1t

]
dλ

+

∫ 1

0

∂yg(t, (Θ
′

t)
λ,ε)yε,1t dλ+

∫ 1

0

Ẽ
[
∂µ2g(t, (Θ

′

t)
λ,ε)(α̃λ,εt )ỹε,1t

]
dλ

+

∫ 1

0

∂zg(t, (Θ
′

t)
λ,ε)zε,1t dλ+

∫ 1

0

Ẽ
[
∂µ3

g(t, (Θ
′

t)
λ,ε)(α̃λ,εt )z̃ε,1t

]
dλ

+

∫ 1

0

∂z̄g(t, (Θ
′

t)
λ,ε)z̄ε,1t dλ+

∫ 1

0

Ẽ
[
∂µ4

g(t, (Θ
′

t)
λ,ε)(α̃λ,εt )

˜̄
zε,1t

]
dλ+Gε,1t +Gε,2t ,

where for ψ = v, x, y, z, z̄, and j = 1, 2, 3, 4, 5, we denote

∆gλ,εψ (t) :=∂ψg(t, (Θ
′

t)
λ,ε)− ∂ψg(t,Θ

′

t),

∆gλ,εµj (t) :=∂µjg(t, (Θ
′

t)
λ,ε)(α̃λ,εt )− ∂µjg(t,Θ

′

t)(α̃t),

∆ε
1(t) :=

∫ 1

0

(
|∆gλ,εv (t)|+ |∆gλ,εx (t)|+ |∆gλ,εy (t)|+ |∆gλ,εz (t)|+ |∆gλ,εz̄ (t)|

)
dλ,

∆ε
2(t) :=

∫ 1

0

5∑
j=1

(
Ẽ|∆gλ,εµj (t)|2

)1/2

dλ,

and

Gε,1t :=

∫ 1

0

[
∆gλ,εv (t)vt + ∆gλ,εx (t)x1

t + ∆gλ,εy (t)y1
t + ∆gλ,εz (t)z1

t + ∆gλ,εz̄ (t)z̄1
t

]
dλ

≤∆ε
1(t)

(
|vt|+ |x1

t |+ |y1
t |+ |z1

t |+ |z̄1
t |
)
,

and

Gε,2t :=

∫ 1

0

Ẽ
[
∆gλ,εµ1

(t)x̃1
t + ∆gλ,εµ2

(t)ỹ1
t + ∆gλ,εµ3

(t)z̃1
t + ∆gλ,εµ4

(t)˜̄z1
t + ∆gλ,εµ5

(t)ṽ1
t

]
dλ

≤∆ε
2(t)

((
Ẽ|x̃1

t |2
)1/2

+
(
Ẽ|ỹ1

t |2
)1/2

+
(
Ẽ|z̃1

t |2
)1/2

+
(
Ẽ|˜̄z1

t |2
)1/2

+
(
Ẽ|ṽt|2

)1/2
)
.

Consequently, with the help of assumption (H.1), we have

|vGt |2 ≤C(|xε,1t |+ |y
ε,1
t |+ |z

ε,1
t |+ |z̄

ε,1
t |)2 + CE

[
|xε,1t |2 + |yε,1t |2 + |zε,1t |2 + |z̄ε,1t |2

]
+ C|∆ε

1(t)|2(|x1
t |+ |y1

t |+ |z1
t |+ |z̄1

t |+ |vt|)2

+ C|∆ε
2(t)|2E(|x1

t |2 + |y1
t |2 + |z1

t |2 + |z̄1
t |2 + |vt|2).

(A.22)

Similarly, for vΦ
T , we have

vΦ
T =

∫ 1

0

∂xΦ(xT ,L(xT ))xε,1T dλ+

∫ 1

0

Ẽ
[
∂µ1

Φ(xT ,L(xT ))(x̃λ,εT )x̃ε,1T

]
dλ+ Φε,1t + Φε,2t ,
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where

Φε,1t :=

∫ 1

0

[
∂xΦ(xλ,εT ,L(xλ,εT ))− ∂xΦ(xT ,L(xT ))

]
x1
Tdλ,

Φε,2t :=

∫ 1

0

Ẽ
[(
∂µ1Φ(xλ,εT ,L(xλ,εT ))(x̃λ,εT )− ∂µ1Φ(xT ,L(xT ))(x̃T )

)
x̃1
T

]
dλ.

With the help of assumption (H.1), we can show that

|vΦ
T |2 ≤ C|x

ε,1
T |

2 + CE|xε,1T |
2 + C|∆ε

3|2|x1
T |2 + C|∆ε

4|2E|x1
T |2, (A.23)

where

∆ε
3 :=

∫ 1

0

∣∣∣∂xΦ(xλ,εT ,L(xλ,εT ))− ∂xΦ(xT ,L(xT ))
∣∣∣dλ,

∆ε
4 :=

∫ 1

0

[
Ẽ
∣∣∣∣∂µ1

Φ(xλ,εT ,L(xλ,εT ))(x̃λ,εT )− ∂µ1
Φ(xT ,L(xT ))(x̃T )

∣∣∣∣2
]1/2

dλ.

Step 1. We first show that there exists a constant C which does not depend on ε such that

E

[
sup

0≤t≤T
|yε,1t |2 +

∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

]
≤ CE

(
|I0|2 + |I1|2 + |I2|2

)
, (A.24)

where

I0 :=|xε,1T |+
(
E|xε,1T |

2
)1/2

+ |∆ε
3||x1

T |+ |∆ε
4|
(
E|x1

T |2
)1/2

,

I1 :=

∫ T

0

|∆ε
1(t)|(|x1

t |+ |y1
t |+ |z1

t |+ |z̄1
t |+ |vt|)dt+

∫ T

0

|xε,1t |dt+

∫ T

0

(E|xε,1t |2)
1
2 dt,

I2 :=

∫ T

0

|∆ε
2(t)|

[
(E|x1

t |2)
1
2 + (E|y1

t |2)
1
2 + (E|z1

t |2)
1
2 + (E|z̄1

t |2)
1
2 + (E|vt|2)

1
2

]
dt.

(A.25)

To prove this, we recall (A.21) and apply Itô’s formula to |yε,1t |2, then we have for any 0 ≤ r ≤ T ,

|yε,1r |2 +

∫ T

r

(|zε,1t |2 + |z̄ε,1t |2)dt = |vΦ
T |2 + 2

∫ T

r

yε,1t vGt dt− 2

∫ T

r

yε,1t (zε,1t dWt + z̄ε,1t dYt). (A.26)

Thus

E|yε,1r |2 + E
∫ T

r

(|zε,1t |2 + |z̄ε,1t |2)dt = E|vΦ
T |2 + 2E

∫ T

r

yε,1t vGt dt. (A.27)
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From (A.26) and BDG inequality, we have

E sup
r≤t≤T

|yε,1t |2 ≤ E|vΦ
T |2 + CE

∫ T

r

|yε,1t ||vGt |dt

+ CE

(∫ T

r

|yε,1t |2|z
ε,1
t |2dt

)1/2

+ CE

(∫ T

r

|yε,1t |2|z̄
ε,1
t |2dt

)1/2

.

(A.28)

By noticing (A.22), and using

E
∫ T

r

|yε,1t ||ψt|dt ≤
κ

2
E sup
r≤t≤T

|yε,1t |2 +
1

2κ
E

(∫ T

r

|ψt|dt

)2

,

we have

E
∫ T

r

|yε,1t ||vGt |dt ≤CκE sup
r≤t≤T

|yε,1t |2 +
C

κ
E
(
|I1|2 + |I2|2

)
+
C

κ

(∫ T

0

(E|yε,1t |2)
1
2 dt

)2

+ CE
∫ T

r

|yε,1t |2dt+
C

κ
E

(∫ T

r

(|zε,1t |+ |z̄
ε,1
t |)dt

)2

+
C

κ

(∫ T

r

(E|zε,1t |2)
1
2 dt

)2

+
C

κ

(∫ T

r

(E|z̄ε,1t |2)
1
2 dt

)2

.

(A.29)

Then by using

E

(∫ T

r

|yε,1t |2|φt|2dt

)1/2

≤ κ

2
E sup

0≤t≤T
|yε,1t |2 +

1

2κ
E
∫ T

r

|φt|2dt,

and

(∫ T

r

(E|ϕt|2)
1
2 dt

)2

≤ 2TE
∫ T

r

|ϕt|2dt, and then by taking κ small enough, we imply from (A.23), (A.28)

and (A.29) that

E sup
r≤t≤T

|yε,1t |2 ≤ CE

(
|I0|2 + |I1|2 + |I2|2 +

∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)
+ CE

∫ T

r

|yε,1t |2dt,

and then Gronwall’s inequality yields

E sup
0≤t≤T

|yε,1t |2 ≤ CE

(
|I0|2 + |I1|2 + |I2|2 +

∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)
. (A.30)

On the other hand, applying following inequality for ψt = |∆ε
1(t)|

∑
a=x1,y1,z1,z̄1,v |at|,

|∆ε
2(t)|

∑
a=x1,y1,z1,z̄1,v(E|at|2)

1
2 , |xε,1t | and (E|xε,1t |2)

1
2 ,

E
∫ T

r

|yε,1t ||ψt|dt ≤E sup
r≤t≤T

|yε,1t |
∫ T

r

|ψt|dt,
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and for φ = zε,1, z̄ε,1, (E|zε,1|2)
1
2 , (E|z̄ε,1|2)

1
2 , (E|yε,1|2)

1
2 , (noting that 2ab ≤ κa2 + 1

κb
2)

E
∫ T

r

|yε,1t ||φt|dt ≤
1

2κ
E
∫ T

r

|yε,1t |2dt+
κ

2
E
∫ T

r

|φt|2dt,

we have, by noticing (A.22),

E
∫ T

r

|yε,1t ||vGt |dt ≤CE
[

sup
r≤t≤T

|yε,1t | (|I1|+ |I2|)
]

+ CE
∫ T

r

|yε,1t |2dt

+ κCE
∫ T

r

(|zε,1t |2 + |z̄ε,1t |2)dt.

(A.31)

From (A.23), (A.27) and (A.31) and by taking κ small enough, we have that

E|yε,1r |2 + E
∫ T

r

(|zε,1t |2 + |z̄ε,1t |2)dt

≤CE|I0|2 + CE
[

sup
0≤t≤T

|yε,1t | (|I1|+ |I2|)
]

+ CE
∫ T

r

|yε,1t |2dt

and Gronwall’s inequality yields that,

sup
0≤t≤T

E|yε,1t |2 + E
∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt ≤ CE|I0|2 + CE
[

sup
0≤t≤T

|yε,1t | (|I1|+ |I2|)
]
.

By using 2ab ≤ κa2 + 1
κb

2 once again, we get for arbitrary κ > 0,

sup
0≤t≤T

E|yε,1t |2 + E
∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt ≤ κE sup
0≤t≤T

|yε,1t |2 + CE(|I0|2 + |I1|2 + |I2|2). (A.32)

By combining (A.30) and (A.32) and by choosing κ > 0 small enough we can obtain (A.24).
Step 2. Now, let us prove (3.7). Noticing (A.24), it only need to show that

lim
ε→0

E(|I0|2 + |I1|2 + |I2|2) = 0.

On the one hand, from assumption (H.1), it follows that there exists a constant C independent of ε such that

∆ε
1(t) + ∆ε

2(t) + ∆ε
3 + ∆ε

4 ≤ C,

and by recalling (A.25) and the integrability of x1, y1, z1, z̄1, v, xε,1 (see e.g. (A.18)), there exists a constant C
independent of ε such that

E

[
sup

0≤t≤T
|yε,1t |2 +

∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

]
≤ C. (A.33)
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Moreover, standard arguments for mean-field SDEs and BSDEs, (see e.g. Thm. 4.21 of [17] for SDEs and
Lem. 3.1 of [13] for BSDEs), allow us to show the following continuous dependence on the paramaters/coefficients

lim
ε→0

E

[
sup

0≤t≤T
(|Xε

t −Xt|2 + |yεt − yt|2) +

∫ T

0

(|zεt − zt|2 + |z̄εt − z̄t|2)dt

]
= 0.

Then, from the continuity assumption of ∂xg, ∂vg, ∂µjg, we have that (here L is the Lebsegue measure),

∆ε
1(t) + ∆ε

2(t)
P×L−→ 0, as ε→ 0,

∆ε
3 + ∆ε

4
P−→ 0, as ε→ 0.

By Lemma 3.2, the integrability of x1(·), y1(·), z1(·), z̄1(·), v(·) and dominated convergence theorem, we can
obtain

lim
ε→0

E(|I0|2 + |I1|2 + |I2|2) = 0.

A.3 Proof of Lemma 3.4

We mention that since g depends on the law of z(·), z̄(·), it will be a little complicated to obtain the related Lp

estimate. This is mainly due to the fact that it will appear simultaneously the terms E
∫ T

0
|yt|p−1(E|zt|2)

1
2 dt and

E
∫ T

0
|yt|p−2|zt|2dt. In fact, to give the Lp estimate of y(·), z(·), z̄(·), usually we apply Itô’s formula to |yt|p (see

e.g. Thm. 4.4.4 of Zhang [52] for the case without mean-field term), which will yield the terms E
∫ T

0
|yt|p−2|zt|2dt

and E
∫ T

0
|yt|p−1(E|zt|2)

1
2 dt, see (A.36) and (A.38) below. With subtle analysis on such terms, we need first

establish the L2 estimate and then use it to obtain the desired Lp estimates.
We use the same notations in the proof of Lemma 3.2. Recalling (A.21) and applying Itô’s formula to |yε,1t |p,

where 2 ≤ p ≤ 4, (note that for simplicity, we assumed that y is one-dimensional, so the mapping y 7→ |y|p
belongs to C2(R;R). For multidimensional case, one should first consider |ζ + yε,1t |p, and then let ζ → 0), we
have for any 0 ≤ r ≤ T ,

|yε,1r |p +
p(p− 1)

2

∫ T

r

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt

=|vΦ
T |p + p

∫ T

r

|yε,1t |p−2yε,1t vGt dt− p
∫ T

r

|yε,1t |p−2yε,1t (zε,1t dWt + z̄ε,1t dYt).

(A.34)

Then we have

E|yε,1r |p +
p(p− 1)

2
E
∫ T

r

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt = E|vΦ
T |p + pE

∫ T

r

|yε,1t |p−2yε,1t vGt dt. (A.35)

From (A.34), and with the help of BDG inequality, we have

E sup
r≤t≤T

|yε,1t |p ≤ E|vΦ
T |p + CE

∫ T

r

|yε,1t |p−1|vGt |dt

+ CE

(∫ T

r

|yε,1t |2p−2|zε,1t |2dt

)1/2

+ CE

(∫ T

r

|yε,1t |2p−2|z̄ε,1t |2dt

)1/2

.

(A.36)
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By noticing (A.22), the term E
∫ T

0
|yt|p−1(E|zt|2)

1
2 dt appear in the right hand side of (A.36).

We will first show that for any 2 ≤ p ≤ 4,

E

 sup
0≤t≤T

|yε,1t |p +

(∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)p/2 ≤ CE (|I0|p + |I1|p + |I2|p) , (A.37)

where I0, I1, I2 defined by (A.25).
On the one hand, using similar arguments as in Step 1 of the proof of Lemma 3.3, we apply follow-

ing inequality for ψt = |∆ε
1(t)|

∑
a=x1,y1,z1,z̄1,v |at|, |∆ε

2(t)|
∑
a=x1,y1,z1,z̄1,v(E|at|2)

1
2 , |xε,1t |, (E|xε,1t |2)

1
2 and

|
∑
a=x1,y1,z1,z̄1,v(E|at|2)

1
2 , (noting the Young’s inequality yields ab = (aκ)( bκ ) ≤ p−1

p (aκ)
p
p−1 + bp

pκp )

E
∫ T

r

|yε,1t |p−1|ψt|dt ≤
p− 1

p
κ

p
p−1E sup

r≤t≤T
|yε,1t |p +

1

pκp
E

(∫ T

r

|ψt|dt

)p

and for φ = zε,1, z̄ε,1

E
∫ T

r

|yε,1t |p−1|φt|dt ≤
κ

2
E sup
r≤t≤T

|yε,1t |p +
1

2κ
E
∫ T

r

|yε,1t |p−2|φt|2dt

and

E

(∫ T

0

|yε,1t |2p−2|φt|2dt

)1/2

≤ κ

2
E sup

0≤t≤T
|yε,1t |p +

1

2κ
E

(∫ T

0

|yε,1t |p−2|φt|2dt

)
,

choosing κ small enough, we obtain from (A.22), (A.23) and (A.36) that

E sup
r≤t≤T

|yε,1t |p ≤CE [|I0|p + |I1|p + |I2|p] + CE
∫ T

r

|yε,1t |pdt

+ C

(∫ T

r

[
(E|yε,1t |2)

1
2 + (E|zε,1t |2)

1
2 + (E|z̄ε,1t |2)

1
2

]
dt

)p

+ CE
∫ T

r

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt.

(A.38)

Noticing that from (A.24), we have

(∫ T

r

[
(E|yε,1t |2)

1
2 + (E|zε,1t |2)

1
2 + (E|z̄ε,1t |2)

1
2

]
dt

)p

≤C

(
E
∫ T

r

(|yε,1t |2 + |zε,1t |2 + |z̄ε,1t |2)dt

)p/2
≤C

[
E
(
|I0|2 + |I1|2 + |I2|2

)]p/2 ≤ CE (|I0|p + |I1|p + |I2|p) ,
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thus (A.38) yields that

E sup
r≤t≤T

|yε,1t |p ≤CE [|I0|p + |I1|p + |I2|p] + CE
∫ T

r

|yε,1t |pdt

+ CE
∫ T

r

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt.

and using Gronwall’s inequality, we obtain

E sup
0≤t≤T

|yε,1t |p ≤ CE [|I0|p + |I1|p + |I2|p] + CE
∫ T

0

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt. (A.39)

On the other hand, by using

E
∫ T

r

|yε,1t |p−1|ψt|dt ≤E sup
r≤t≤T

|yε,1t |p−1

∫ T

r

|ψt|dt,

and for φ = zε,1, z̄ε,1, (noting that 2ap−1b = 2a
p
2 (a

p−2
2 b) ≤ κap + 1

κa
p−2b2)

E
∫ T

r

|yε,1t |p−1|φt|dt ≤
1

2κ
E
∫ T

r

|yε,1t |pdt+
κ

2
E
∫ T

r

|yε,1t |p−2|φt|2dt,

from (A.35), we have

E
∫ T

r

|yε,1t |p−1|vGt |dt ≤ CE
[

sup
r≤t≤T

|yε,1t |p−1 (|I1|+ |I2|)
]

+ CE
∫ T

r

|yε,1t |pdt

+ CE

[
sup
r≤t≤T

|yε,1t |p−1

∫ T

r

[
(E|yε,1t |2)

1
2 + (E|zε,1t |2)

1
2 + (E|z̄ε,1t |2)

1
2

]
dt

]

+ κCE
∫ T

r

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt.

(A.40)

From (A.23), (A.35) and (A.40) and by taking κ small enough, we have

E|yε,1r |p + E
∫ T

r

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt

≤CE
∫ T

r

|yε,1t |pdt+ CE|I0|p + CE
[

sup
0≤t≤T

|yε,1t |p−1 (|I1|+ |I2|)
]

+ CE

[
sup

0≤t≤T
|yε,1t |p−1

∫ T

0

[
(E|yε,1t |2)

1
2 + (E|zε,1t |2)

1
2 + (E|z̄ε,1t |2)

1
2

]
dt

]
,
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and Gronwall’s inequality yields that, for any 0 ≤ r ≤ T ,

sup
0≤t≤T

E|yε,1t |p + E
∫ T

0

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt

≤CE|I0|p + CE
[

sup
0≤t≤T

|yε,1t |p−1 (|I1|+ |I2|)
]

+ CE

[
sup

0≤t≤T
|yε,1t |p−1

∫ T

0

[
(E|yε,1t |2)

1
2 + (E|zε,1t |2)

1
2 + (E|z̄ε,1t |2)

1
2

]
dt

]
.

(A.41)

By using ab = (κa)(b/κ) ≤ (κa)
p
p−1

p
p−1

+ (b/κ)p

p , we get for arbitrary κ > 0,

E
[

sup
0≤t≤T

|yε,1t |p−1 (|I1|+ |I2|)
]
≤ κE sup

0≤t≤T
|yε,1t |p + CκE (|I1|p + |I2|p) , (A.42)

and by noticing (A.24), we also have

E

[
sup

0≤t≤T
|yε,1t |p−1

∫ T

0

[
(E|yε,1t |2)

1
2 + (E|zε,1t |2)

1
2 + (E|z̄ε,1t |2)

1
2

]
dt

]

≤κE sup
0≤t≤T

|yε,1t |p + CκE

(∫ T

0

[
(E|yε,1t |2)

1
2 + (E|zε,1t |2)

1
2 + (E|z̄ε,1t |2)

1
2

]
dt

)p
≤κE sup

0≤t≤T
|yε,1t |p + CκE (|I0|p + |I1|p + |I2|p) .

(A.43)

Now inserting (A.42) and (A.43) into (A.41), we obtain

sup
0≤t≤T

E|yε,1t |p + E
∫ T

0

|yε,1t |p−2(|zε,1t |2 + |z̄ε,1t |2)dt ≤ κE sup
0≤t≤T

|yε,1t |p + CκE (|I0|p + |I1|p + |I2|p) . (A.44)

By combining (A.39), (A.44) and by choosing κ > 0 small enough, we can obtain

E sup
0≤t≤T

|yε,1t |p ≤ CE (|I0|p + |I1|p + |I2|p) . (A.45)

Finally, setting p = 2 in (A.34), we have∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt = |vΦ
T |2 − |y

ε,1
0 |2 + 2

∫ T

0

yε,1t vGt dt− 2

∫ T

0

yε,1t (zε,1t dWt + z̄ε,1t dYt),

and with the help of BDG inequality and (A.45), we get

E

(∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)p/2
≤CE (|I0|p + |I1|p + |I2|p) + CE

(∫ T

0

|yε,1t ||vGt |dt

)p/2

+ CE

(∫ T

0

|yε,1t |2(|zε,1t |2 + |z̄ε,1t |2)dt

)p/4
.

(A.46)
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Let us first estimate E
(∫ T

0
|yε,1t ||vGt |dt

)p/2
. By using

∫ T

0

|yε,1t ||ψt|dt ≤
1

2
sup

0≤t≤T
|yε,1t |2 +

1

2

(∫ T

0

|ψt|dt

)2

,

and for φ = zε,1, z̄ε,1,

∫ T

0

|yε,1t ||φt|dt ≤
1

2κ

∫ T

0

|yε,1t |2dt+
κ

2

∫ T

0

|φt|2dt ≤ CE sup
0≤t≤T

|yε,1t |2 +
κ

2

∫ T

0

|φt|2dt,

we have, (by noticing (A.22) and (A.24))

E

(∫ T

0

|yε,1t ||vGt |dt

)p/2
≤CE sup

0≤t≤T
|yε,1t |p + CE(|I0|p + |I1|p + |I2|p)

+ κCE

(∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)p/2
.

(A.47)

Now let us estimate E
(∫ T

0
|yε,1t |2(|zε,1t |2 + |z̄ε,1t |2)dt

)p/4
. In fact, we have

E

(∫ T

0

|yε,1t |2(|zε,1t |2 + |z̄ε,1t |2)dt

)p/4
≤ 1

2κ
E sup

0≤t≤T
|yε,1t |p +

κ

2
E

(∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)p/2
. (A.48)

By inserting (A.47) and (A.48) into (A.46), and choosing κ small enough, we have

E

(∫ T

0

(|zε,1t |2 + |z̄ε,1t |2)dt

)p/2
≤CE (|I0|p + |I1|p + |I2|p) + CE sup

0≤t≤T
|yε,1t |p.

Then by noticing (A.45), we can obtain (A.37).
Finally, similar to Step 2 of the proof of Lemma 3.3, by using p-integrability of x1(·), y1(·),

z1(·),z̄1(·), v(·), xε,1(·) (see (A.18)), we can prove that there exists a constant C independent of ε such that

E

 sup
0≤t≤T

|yε,1t |p +

(∫ T

0

(|zε,1t |2|+ |z̄
ε,1
t |2)dt

)p/2 ≤ C. (A.49)

Moreover, the continuity assumption of ∂xg, ∂vg, ∂µjg, and dominated convergence theorem as well Lemma 3.2
yield that

lim
ε→0

E(|I0|p + |I1|p + |I2|p) = 0.

Finally, by noticing (A.37), the proof is complete.
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