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EXTENDED MEAN-FIELD CONTROL PROBLEM WITH PARTIAL
OBSERVATION*

TIANYANG NIE AND KE YAN**

Abstract. We study an extended mean-field control problem with partial observation, where the
dynamic of the state is given by a forward-backward stochastic differential equation of McKean-Vlasov
type. The cost functional, the state and the observation all depend on the joint distribution of the
state and the control process. Our problem is motivated by the recent popular subject of mean-field
games and related control problems of McKean-Vlasov type. We first establish a necessary condition
in the form of Pontryagin’s maximum principle for optimality. Then a verification theorem is obtained
for optimal control under some convex conditions of the Hamiltonian function. The results are also
applied to studying linear-quadratic mean-filed control problem in the type of scalar interaction.
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1. INTRODUCTION

The stochastic differential equations (SDEs) of McKean-Vlasov type were introduced by Kac [23] in 1956 as a
stochastic model for the Vlasov-kinetic equation of plasma. In recent years, mean-filed games have become very
popular subjects since the pioneering work of Lasry and Lions [24-26] and simultaneously Caines, Huang and
Malhamé [20]. Since then, the research of mean-field models has wide applications in many fields like finance
and economics. The related McKean-Vlasov type stochastic control problems attract the attentions of many
researchers, see for example Andersson, Djehiche [3], Buckdahn, Djehiche and Li [10], Carmona and Delarue
[16], Li and Liu [29], Meyer-Brandis et al. [33], Shen et al. [40], Tembine et al. [42] and the references therein.
The readers are referred to the monographs of Carmona and Delarue [17] and Bensoussan et al. [6] for an
overview of McKean-Vlasov type control problems.

The above mentioned literatures about McKean-Vlasov type stochastic control problems are considered under
the assumption that the stochastic noises are observed completely. However, in the real-world, usually controllers
can only get partial information at most cases. Thus the stochastic control problems with partial observation
are extensively studied, see e.g. Bensoussan [4], Tang [41], Wu [48], Xiong [49] as well as Wang, Wu and Xiong
[45, 46]. We refer the readers to Caines and Kizikale [14], Huang, Caines and Malhamé [21], Sen and Caines
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[38, 39] for the investigation of mean-filed games with partial observations. Concerning the mean-field control
problems with partial observation, the readers are referred to Hafayed, Abbas and Abba [19], Li and Fu [2§],
Ma and Liu [31], Wang et al., [43], Wang et al. [47] and the reference therein. These papers are all focus on the
mean-filed interaction of scalar type. Recently, Buckdahn et al. [12] studied mean-filed non-Markovian stochastic
optimal control problems with partial observation, where the coefficients depend on the conditional law of the
state. Moreover, in their continued work [9], Buckdahn, Chen and Li introduced the partial derivative with
respect to the measure and considered a general mean-filed stochastic optimal control problems with partial
observation, where they do not need any regularity of the coefficients neither in the control variable nor with
respect to the law of control process.

To the best of our knowledge, the control problems for partially observed forward-backward stochastic differ-
ential equations (FBSDESs) of mean-field type is quite a new topic, and only some special cases have been solved.
For example, Li and Liu [29] considered an optimal control problem for fully coupled FBSDEs of mean-filed
type but without partial observation; Meherrem and Hafayed [32] studied stochastic optimal control problem for
general McKean-Vlasov-type FBSDEs driven by Teugels martingales, associated with some Lévy process having
moments of all orders, and an independent Brownian motion. Ma and Liu [31] introduced a linear quadratic
optimal control problems for partially observed FBSDEs of mean-filed type; Wang et al. [43] investigated an
optimal control problem derived by mean-field FBSDE with noisy observation, where the drift coefficients of the
state equation and the observation equation are linear with respect to the state and its expectation. Partially
observed optimal control problems for FBSDEs with scalar type mean-filed interaction were studied by Liu and
Fu [28].

We mention that, except the paper by Buckdahn et al. [9], the mean-filed interaction are given only through
the distribution of state of the problem. However, in many practical applications, it is necessary to study the
extended case where the interactions are given through the joint distributions of state and control. For example,
motivated by the problems involving the minimization of variance, Yong [50] studied linear quadratic optimal
control problems for mean-field SDEs, in which both the state and the cost functional allow to depend on the
expected value of the control, then the feedback optimal control is obtained through two Riccati equations.
Motivated by certain application to economics such as production of an exhaustible resource, Graber [18]
extended the work of Yong [50] to study linear quadratic control problems for mean-field SDEs with common
noise involving the expected value of the control. Along this direction, Li et al. [30] investigated linear quadratic
control problems for mean-field backward stochastic differential equations (BSDEs). Let us mention that the
works of Graber [18], Li et al. [30], Yong [50] are all focused on linear quadratic problem including expected
value of the control but not the distribution of the control. For the case that with nonlinear dynamic and joint
distribution of state and control, it is recently studied by Acciaio, Backhoff-Veraguas and Carmona [1] and
Pham and Wei [37]. In fact, Pham and Wei [37] studied the close-loop feedback control for such mean-field
SDEs through dynamic programming principle and related Bellman equations, and they also give applications
to mean variance portfolio selection and a systemic risk model. Without the restriction on close-loop feedback
control, Acciaio et al. [1] established the stochastic maximum principle for the extended control problems of
mean-field SDEs via a probabilistic approach, and they also study the weak formulation and the applications
to optimal liquidation with market impact.

In view of the wide applications in finance and economics of above extended mean-field control system, the
purpose of this paper is to study the maximum principle of the extended mean-field control problem with partial
observation, where the state and the observation both depend on the joint distribution of the state and the
control process. More precisely, the state dynamic is given by the following mean-field type forward-backward
system

dxt :f(t7 Tty Ut, E(mta vt))dt + U(ta Tty Ut, E(-'I;t, Ut))th + 6_(t7 Tty Ut, E(.’L‘t, ’Ut))thU7
_dyt :g(tu Tty Yty 2ty Eta V¢, E(xh Yt 2t Etv /Ut))dt - thWt - th}/;fa (11)
2(0) =zo, y(T') = ®(x7, L(z7)),
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and Y(+) is the observation process given by

(1.2)

d}/;g :h(t, Tty Uty E(Q?t, Ut))dt + thv,
Yo =0,

where v(+) is a control process adapted to the filtration generated by the observation process Y (). Throughout
the paper, for any given process {v; }c[o,7], We denote it briefly as v(-). In light of the nonlinear filtering theory
(see [4, 12]), we assume that there exists a reference probability space (2, F,F,P) on which (W (:),Y (")) is a
multi-dimensional standard Brownian motion. The symbol £ stands for the law of the given random element
under P. By inserting (1.2) into (1.1), we get

dazy =[f(t, z¢, ve, L(xr,v1)) — T(t, Tt ve, L4, ve) )R(E, T4, 01, L(X,04))] dE
+ o (t, xt, v, L(xg, v)) AWy + G (E, 4, 04, L(24, v4))d Y,
—dyr =g(t, 1, Yt, 2, 2t, Ve, L(Tt, Yt, 21, 2o, v¢) )t — 2,dWy — Z,dY7,
x(0) =z9, y(T) = ®(xr, L(zT)).

(1.3)

Under suitable assumptions, equation (1.3) has a unique strong solution (z(-), y(-), 2(-), 2(+)) for each v(-) € Uqq
(see Rem. 2.2), where U,4 denotes the set of admissible partially observed controls defined clearly in Section 2.
If we introduce

¢ 1t
pr = exp{/ h(s,zs,vs, L(xs,vs))dYs — 5/ |h(s,ms,vs,£(xs,vs))2ds} (1.4)
0 0

and define a probability measure PV s.t. dP" = p7dP, then under suitable assumptions on h (e.g. h is bounded),
according to Girsanov’s theorem, (Q, F,F,P¥, z(-),y(-), 2(-), 2(-), Y (-), W(:), W¥(-)) is a weak solution of system
(1.1)—=(1.2). Then our associated cost functional can be given by (see e.g. [41, 46] for the case without mean-field
term)

T
J(v(-))=E" [/ l(t7pta$t7ytaztvzta'Uta£(xt7ytaZt>ztvvt))dt+X(pTa$T7£($T))+7(y0)] , (1.5)
0

where EY stands for the expectation w.r.t. the probability space (Q, F,F,P?). Our partially observed optimal
control problem is to seek u(-) € Uyq s.t. J(u(-)) = inf,(yep,, J(v(-)). The aim is to establish Pontryagin’s
maximum principle and verification theorem which will give respectively the necessary condition and sufficient
condition for the optimality.

Let us summarize the difficulties of above problem and our contributions. In this paper, we study an extended
mean-field control problem with partial observation, where the dynamic of the state is given by an FBSDE of
extended McKean-Vlasov type and the state is partially observed via a process whose dynamic is also in extended
McKean-Vlasov type. Thus, the model of our paper is novel, it contains the partial observation structure and
the joint distribution of the state and the control, which leads to several difficulties. The main difficulties and
innovations of this paper are as follows:

(I) The first difficulty we meet to get the maximum principle for our problem is the partial observation struc-
ture. In our paper, inspired by Wang, Wu and Xiong [45, 46|, we consider that the state and observation
are defined on a reference probability space (2, F,F,P) (see (1.1) and (1.2)), but the cost functional is
defined on probability space (92, F,F,P¥) (see (1.5)). In this kind of model, because of the interdepen-
dence of control process and observation processes, we can not use the classical method to construct
adjoint process and variational equations.



4 T. NIE AND K. YAN

To solve this problem, we adopt the methods of Tang [41]. On the one hand, we transform the original
partial observation problem to classical problem on the reference probability space by Girsanov’s transfor-
mation and the dimensional extension, then we construct new adjoint processes and variational equations
for the state and the observation. On the other hand, due to the application of Girsanov’s transformation,
the coefficients [ and x in cost functional (1.5) will be multiplied by p (see (2.8)), which leads to the
necessity of high order estimates and high order convergence results of variational equations when we
derive the variational inequality, see Lemma 3.2, Lemma 3.4 and the proof of Lemma 3.6.

(IT) The second difficulty is the joint distribution dependence of state dynamic which is a mean-field
FBSDE. On the one hand, when we take the variation of control u(-), the joint distribution of w(-)
and (x(-),y(+),2(+), z(-)) will change accordingly, which leads to the failure of classical variational method
to be applied. To solve this problem, we need use the L-derivative w.r.t. probability measure, especially
the partial L-derivatives because of the dependence of joint distribution. In this case, we can obtain new
adjoint equations and variation equations, which are both mean-field FBSDEs (see (3.11) and (3.13)),
and we give the existence and uniqueness of solutions for variation equations and adjoint equations, see
Theorem 3.1 and Remark 3.8.

On the other hand, as we mentioned in (I), we need high order estimates of variation equations which can
compose a mean-field FBSDE, see (3.1). Fortunately, it is possible to obtain the high order estimates of
(3.1) since this mean-filed FBSDE is not fully coupled. However, due to the existence of mean-field term, it
requires subtle calculations and skills, especially for the higher order estimates of the mean-filed backward
equation, see the explanation in the first paragraph of the proof of Lemma 3.4, Appendix A.3. Indeed,
we first establish the L? estimates of the variational equations and then use it to obtain the desired LP
estimates. Finally, with the help of high order estimates, we can obtain the related variational inequality
which allows us to establish the Pontryagin’s maximum principle under the reference probability space.
(III) The third difficulty is how to obtain the verification theorem. We emphasize that due to the partial
observation structure, when transferring the original control problem to associate equivalent problem,
the coefficients | and x in the original cost functional (1.5) will be multiplied by p. So it causes that
the convexity assumptions of Hamiltonian function can not be satisfied if [ and x in the original cost
functional (1.5) do not depend on p, see Remark 4.2 and Remark 5.1. However, one can observe that if [
and x are allowed to depend on p, then the convexity assumptions (see (H.3) and (H.4)) may hold. That
is the reason why our [ and x depend on p in (1.5).
Moreover, due to the existence of the joint distribution, we should introduce a new convexity assumption
of the Hamiltonian function, see (H.4), then we can establish the verification theorem of extended mean-
field control problem under such new convexity assumption. Furthermore, to illustrate the verification
theorem, we also give a linear quadratic example which provides an optimal control.

The organization of this paper is as follows. In Section 2, we formulate the extended mean-field problem
with partial observation. We also review some preliminaries about L-derivative. In Section 3, we establish a new
type Pontryagin’s stochastic maximum principle. Section 4 provides a verification theorem under new convexity
assumption. Section 5 considers two kinds of examples, scalar interaction model and linear-quadratic model. In
the appendix, we give the detailed proofs of some lemmas of Section 3.

2. FORMULATION OF THE PROBLEM

Let (2, F,F,P) be a filtered probability space satisfying the usual conditions, here we denote F = {F; }o<i<7.
Suppose that (W (-), Y (-)) is a standard R™ x R valued Brownian motion defined on above reference probability
space, where Y (-) is the observation process. Let FW := {FV}o<;<r and FY := {F} }o<i<r be the natural
filtration generated by W (-) and Y (-) respectively, and augmented by all P-null sets, and let F := {F}""* }o<i<p
be the natural filtration generated by (W(-),Y(-)) and augmented by all P-null sets.
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For a given filtration G = {G; }o<i<r, we denote by Hé’" the space of all R™-valued, G-progressively measur-
able processes 7)(+) on [0, T] such that E fOT ne|2dt < +-00. We shall also denote by Sg" the set of all continuous

processes 7(-) € Hz" such that E [supte[oﬂ |Tlt‘2} < +o0.

Let (E,d) be a Polish space. The o-field £ equipping E is assumed to be the Borel o-field B(E). We use the
notation Pa(E) for the space of probability measures with finite second moments over E. Then we can define
the 2-Wasserstein distance Wa(p, i1 ) on Po(E) by

2

;7€ Pa(E x E) with marginals p and ,u/} .

Wa (g, 1) :=inf{ </ExE d(x, y)?r(de, dy))

Then (P2(E), W3) is a Polish space. Moreover, one can systematically equip Pz (E) with its Borel o-field and
characterize real valued Borel measurable functions on Py(E), for more details, see [[17], Chap. 5]. Noting that
if £,¢ are E-valued random variables of order 2 (An E-valued random variable ¢ is order of 2 means that
E[d(&o,&)?] < oo for one, and hence for all & € E), we have

Wa(L(€), L(£) < [El¢ — €'[)M2,

where we recall that £(§) stands for the law of £ under P. Moreover, if F is Euclidean space, then by applying
Corollary 5.4 of [17] and Hélder’s inequality, one also have

B¢ — BE'| < Wi(L(€), L(€)) < Wa(L(€), L(€)) < [El¢ — €)2/2.

We consider the following extended mean-filed type FBSDE:

dl’t :f(t7 Tty Ut, £($t, ’Ut))dt + O'(t, Tty Ut, E(.’I}t, ’Ut))th + 6’(t, Tty Uty E(.’L‘t, ’Ut))thU7
—dyr =g(t, Te, Yt, 2t 2oy Vi, L(Tes Yt 26, 24, v1))dE — 2edWy — 2,dY3, (2.1)

z(0) =zo, y(T) = ®(z7, L(27)),

where the coefficients f : [0,7] x R™ x R*¥ x Po(R™ x RF) = R", o : [0,T] x R™ x R* x Py(R" x RF) — R*m,
7 :[0,T] x R® x RF x Py(R™ x R¥) — R"*? and g : [0,T] x R® x Rl x R>*™ x RIX4 x R* x Py(R™ x R! x
RIXm x RIX4 x RF) — R! are measurable functions. Here v(-) is a control process belonging to U,q which is
the set of FY-progressively measurable processes v(-) taking values in a closed-convex set U € R¥ such that
supyejo,7) E [[ve]!] < +oo.

In our problem, the state process (z(-),y(-), 2(*), Z2(+)) can not be directly observed. Instead, we can observe
a related process Y (-) which is governed by the following SDE

{ d}/t :h(t, T, Uty ,C(Zl?t, ’Ut))dt + thv’ (2 2)

YO :Oa

where h : [0, 7] x R" x R* x Py(R™ x RF) — R? is a measurable function. For each v(-) € Uyq, as explained in
the introduction, if we define the stochastic process p(-) as the solution of the following SDE

{ dpe =pih(t, s, ve, L(x4,v¢))dY, (2.3)

Po :17



6 T. NIE AND K. YAN

the system (2.1)-(2.2) has a weak solution (2, F,F, PV, 2(-),y(-), 2(-), 2(-), Y (-), W(-), W"(-)), where dP" = ppdP,
see Remark 2.2 for more details. Then the cost functional is given by

T
J(v(-))=E" [/ Ut pes e, Yes 2t Zes Ve L(@4, Yty 265 2o, v0) )AE+x (prs 21, L(27)) +7(90) | (2.4)
0

where E? is the expectation w.r.t. the probability measure PV. Note that, in above framework, yq is deterministic,
so it is not necessary to have L(yo) in 7.
Now, let us formulate our extended mean-field partially observed control problem.
Problem (EMFPOC). Find u(-) € Uyq such that J(u(-)) = inf,yey,, J(v(-)) subject to (2.1)-(2.4).
Then u(-) is called an optimal partially observed control of Problem (EMFPOC).

2.1. Partial L-differentiability of functions of measures

Due to the appearance of the joint distribution of the control and state process in our extended mean-field
partially observed control problem, we use the concept of L-derivative w.r.t. probability measure introduced
by Lions, see e.g. [15-17]. For the convenience of the reader, in this subsection, we briefly recall the definition
of L-derivative and the concept of joint differentiability for functions depending upon a point in R? and a
probability measure in P2(RP). We refer the readers to [17] for more details.

Let (Q2, F,P) be a probability space which is rich enough in the sense that for every pu € Po(RP), there is a
random variable X € L?(Q;RP) with law u (i.e. Px = u). Let us consider a function f : R? x Pa(RP) > (x, ) —
f(x, 1) € R. We call f is jointly L-differentiable at (z,u) if there exists X € L?(2;RP) with Px = u such that
the lifting f : R? x L2(;RP) 3 (2, X) — f(z,Px) € R is jointly Fréchet differentiable at (z, X) and we denote

[Df](z, X) as the Fréchet derivative of f. Thanks to self-duality of L? spaces, [Df](x, X) can be viewed as an

element D f(x, X) of RY x L?(Q;RP) in the sense that

[Df](z, X)(Y) =E[Df(z,X)-Y] forall Y €R?x L*(;RP).

Then we can introduce the partial derivatives in z and p of f, respectively as R? x Po(RP) 3 (z, u) — O, f(z, 1) €
R? and R? x P5(RP) 3 (z,u) — 0, f(z, p)(-) € L*(RP, u; RP). The partial Fréchet derivative of f in the direction
X is given by R? x L?(;RP) 3 (z,X) = Dx f(z,X) = 9, f(z,Px)(X) € L*(Q;R?). Thus the random variable

Df(z,X) can be represented as

Df(x,X) = (0xf (2, Px)(X), 0uf (x,Px)(X)).

We call the functions 0, f(-,Px)(-) and 0, f(-,Px)(-) which is defined on R? x R? and valued, respectively, on
R, RP, the partial L-derivatives of f at (z,Px). We often use the fact that joint continuous differentiability in
the two arguments is equivalent to the partial differentiability in each of the two arguments together with the
joint continuity of the partial derivatives (see e.g. assumption (H1) in next subsection). Here, the joint continuity
of 9, f means the joint continuity w.r.t the Euclidean distance on R? and the 2-Wasserstein distance on Pa(RP).
The joint continuity of J,f is understood as the joint continuity of mapping (z,X) — 9,f(z,Px)(X) from
R? x L2(;RP) to L?(Q; RP).

The above discussions can be applied to the coefficients of Problem (EMFPOC) (see [1] for similar
discussions). For example, let & be a generic element of Py(R™ x R¥) and u € Po(R™) and v € Po(R¥) be the
marginals of £&. For each fixed t € [0, 7], if the function f : R? x Po(R" x R¥) 3 (z,¢) — f(z,€) € R is jointly
differentiable at (&), there exists a pair of random variable (X, V) € L*(Q;R™ x RF) with £(X,V) = ¢ such
that the lifting function fof f given by

iR x L2(Q;R™ x RF) 5 (2, X, V) = f(z, X, V) = f(z, L(X,V)).
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is Fréchet differentiable at (2, X, V). The Fréchet derivative [Df](x, X, V) of the lifting function f at (z, X, V)
can be viewed as an element D f(z, X, V) of R? x L?(; R™ x R¥) which can be represented as

Df(x, X, V) = (0uf (2, L(X, V)X, V), 0, f (2, L(X, V)X, V), 0, f (2, L(X, V) (X, V),

where the functions 0, f(-, L(X,V))(-, ), Ouf (-, L(X,V))(+, ), Ou f (-, L(X,V))(+, -), are partial L-derivatives of f
at (z,L£(X,V)) which are defined on R? x R™ x R¥ and valued, respectively, on R?, R" RF. Similar discussions
can be applied to the coefficients o,a, g, h,l,m and .

Finally, we introduce the following notations. Let (Q, F,P) be a copy of the probability space (Q, F,P). For
any random variable (z,v) over (2, F,P), we denote by (&, 7) are independent copy of of (z,v), but defined over
(Q, F,P). The expectation E[-] = fQ()d]fD acts only over the variables endowed with a tilde.

2.2. Assumptions and reformulation of the problem

We denote 7 as a generic element of Py(R™ x Rl x R>*™ x RIXd x R¥) et g € Po(R") |, pg € Po(RY),
pz € Po(R>™), iy € Po(RXY), us € Po(RF) be the marginal distribution of 1, and & € Po(R"™ x R¥) be the
joint margin distribution of 7 on the first and the fifth components (i.e. joint distribution of p; and us).
Throughout the paper, we give the following standing assumptions (similar assumptions are given in [1, 16]).

(H.1) The functions f,o0,5,h are differentiable w.r.t. (z,v) for each fixed ¢ € Po(R" x R¥), &, h are uni-
formly bounded. For each t € [0,7] the mappings (z,v,&) — 0.(f,0,5,h)(t,z,v,§) and (x,v,§) —
Ow(f,0,0,h)(t,x,v,&) are continuous . The functions f,o,5,h are L-differentiable w.r.t. & and the
mappings

R™F x L2(Q;R™) 3 (2,0, (X, B)) =0y, (f, 0,5, h)(t,z,v, L(X, B))(X, B)
c L2<Q7Rn><n % Rlxmxn % Rlxdxn % Rdxn)

and

R x L2(O;R™F) 5 (2,0, (X, B)) =0, (f, 0,5, h)(t, 2, v, L(X, B))(X, B)
c LZ(Q.RnXk % Rlxmxk % Rlxdxk % Rdxk)

are continuous for each t € [0,7]. For each fixed n € Po(R™ x Rl x R*™ x R4 x RF)| the func-
tion g is differentiable w.r.t. (x,y,z,2,v) , and for each t € [0,T] and ¢ = z,y, 2, Z,v, the mappings
(x,y,2,Z,v,m) — Oypg(x,y, 2,Z,v,m) are continuous. Moreover, the function g is L-differentiable w.r.t. 7,
such that for j =1,2,3,4,5, and g=n+Il+Ixm+Ixd+k, g =1xn,qg=10x1,qg=10x (I xm),
qs =1 x (I xd), gs = x k, the following mappings from R? x L?(Q;R?), respectively, to L?(Q; R%),

('r7y7 Z’ 271)7 (X7 Y7 Z’ Z? B)) H 6ujg(t’ Jj’ y) Z’ 57U7£(X’}/’ Z7 Z’ﬁ)(X’Y?Z) Z’ ﬁ)

are continuous for each ¢ € [0,T]. The function & is differentiable w.r.t. , and the mappings (x, u1) —
0, P(x, 1) is continuous for any ¢ € [0, T]. The function ® is L-differentiable w.r.t. p1, and the mapping

R"™ x L*(Q;R™) 3 (2, X) = 9, ®(z, L(X))(X) € L*(Q; R*™)

is continuous. The derivatives 0;(f, 0,5, ®, h, g), 0yg, 0.9, Ozg and 0,(f, 0,7, g, h) are uniformly bounded,
and

/]Rn |8M1<I)(x’ﬂl)(x,)‘Zdul(Il>7 / |auz(f7 Ua5'7h)(t7x?”?5)(‘T’7v/)|2d£(xl7vl)v 1= 175

Rn+k
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as well as for j =1,2,3,4,5
/]R X (Exm)X (1xd) XK \@ng(t,m,y,z,Z,v,n)(x’,y’,z’,Z',v’)|2dn(x’7y’,z',z’,v’)

are uniformly bounded. Moreover, (f,o,5)(t,0,0,d0) and ¢(¢,0,0,0,0,dy) are uniformly bounded where
0o is the Dirac measure at 0.

(H.2) For each fixed € Po(R™ x Rf x R*™ x RI*4 x RF) the function [ is differentiable w.r.t. (p, z, v, 2, 2, v).
For each t € [0,T] and ¢ = p,x,y, 2, Z, v, the mappings (p, z,y, 2, Z, v, 1) +— Oyl(p,z,y, 2, Z,v,7n) are con-
tinuous. The function [ is L-differentiable w.r.t. n, such that for j = 1,2,3,4,5, and g=1+n+1+1 X
m+lxd+k,q=n,q=1,4g=10xm,q=1xd, gs =k, the following mappings, from R? x L?(2;R?),
respectively, to L?(2;R%),

(p’x’y72327v7 (X7Y7Z’ Z?ﬂ)) +_) aﬂjl(t7p7x’yﬂz72’v7£(X’Y;2723/8)(X7Y7Z3 Z?ﬂ)
are continuous. Similarly, the function y is differentiable w.r.t. x, the function ~ is differentiable w.r.t.
y, and the mappings (p,,p1) — Ozx(p, 2, 1) and y — 0yy(y) are continuous. The function x is L-
differentiable w.r.t. p1, and the mapping

RY™™ x L2(Q;R™) 3 (p, 7, X) + 9, x(p, x, L(X))(X) € L*(Q;R™)

is continuous. Moreover, there exist a constant C' > 0 such that for 7 =1,2,3,4,5, ¥ =p,z,y,2, 2,0, it
follows that

0u,1(t, py 2y, 2, Z,0,m) (&, Y, 2/, 2 ,0") | L2 ) + |00l py 2y, 2, Z,0,m)|
SO+ pl + 2| + |yl + 2] + [2] + |v] + Wa(n, do)),

0 X (@5 ps 1) (@) [ L2 () + 102X (5 2, p1)| < C(L+ |p| + [x] + Wa(p1, o)),

0yy(y)l < L1+ [yl),

Where Ha;tjl(tap7x7y7Z727’U’n)(x/’y/azlazl7vl)|‘%2(n) denOteS that

/ e 10,,1(t, p, x,y, 2, Z,0,0) (@Y 2 2 0 Pdn (el y 2 2 0)
RHX X Xm) X X X

and Haﬂl X(p? €T, ul)($/)|‘%2(ul) = fRn |8IL1X(p7 €, Ml)(x,)‘Zdﬂl (1'/) MOI‘GOVGI‘, we suppose that l(ta 07 07 07 Oa 07 07 50)
is uniformly bounded.

Remark 2.1. In assumption (H.1), the continuity of the mapping

R L R™F) 5 (2,0, (X, B)) =0y, (f,0,7, h)(t,z, v, L(X, B))(X, B)
c L2(Q7Rn><n X Rlxmxn x Rlxdxn x Rdxn)

means that for (z,v, (X, 8)) € R"¥ x L2(Q; R" %) and (y, u, (Y, a)) € R"* x L2(Q; R™*+*) such that |y — x|? +
lu—v]2 +E|lY — X|? +E|a — 8] — 0, we have

IE|alh (fa a,&,h)(t,y,w/l(Y, O‘))(K a) — aﬂl(f? Uva'ah)(t’x7U’£(X7 ﬁ))(X, 5)‘2 — 0.

Other continuity assumptions of the related mappings can be understood similarly.
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Remark 2.2. Under assumption (H.1), one can show that system (2.1)—(2.2) has a weak solution. Indeed, by
inserting (2.2) into (2.1), we get

dazy =[f(t, z¢, ve, L(xt, v1)) — T(t, Tt, ve, L4, ve) )R(E, T4, 01, L(X,v4))] dE
+ o (t, xt, v, L(xg, v)) AWy + G (E, 4, 04, L(24, v4))d Y,
—dyr =g(t, x4, Y, 2, 2t, Ve, L(Tt, Yt, 2t, 2o, v¢) )t — 2,dWy — Z,dY7,
z(0) =z9, y(T) = ®(xr, L(zT)).

(2.5)

Noticing that the first equation in (2.5) is a forward SDE of McKean-Vlasov type. By applying Theorem 4.21
of [17] (see also Prop. 1.2 of [22]), we know that for each given v(:) € Uyg, it has a unique solution z(-) € Sz™.
Moreover, by recalling that sup,¢o 7 E|vg|* < 400 and the uniformly boundedness of (f,a,5)(t,0,0,5,), one
can show that E [supte[oﬂ |xt|p} < 400, for any 2 < p <4 (see Prop. 1.2 of [22]).

Once we solved the first equation, i.e. z(+) is given now, then the second equation in (2.5) will be a mean-field
BSDE. By applying similar methods in the proof of Theorem 4.23 of [17] (the dependence on the distribution of
z(+) will not arise additional difficulties, see e.g. [7]), one can show that it has a unique solution (y(-), z(+), z(+)) €
S?F’l X H]%’lxm X Hf{le. Moreover, similar to the proof of Lemma 3.4 in the appendix, one can show that

I[‘:[Sllpte[o,T] |ye|P + (foT |2¢|2dt)P/? + (fOT \5t|2dt)p/2} < +oo, for 2 <p < 4.

Finally, recalling the definition of p(-) (see (1.4) or (2.3)) and the boundednees of h, it follows that
p(-) is a martingale satisfying E {supte[O,T](|pt|p+|pt\_p] < 400, for any p > 1. Define dP¥ = prdP,
then (Q, F,F,PY,z(-),y(-),2(-), 2(-), Y (-), W(-), W?(-)) is a weak solution of system (2.1)-(2.2), according to
Girsanov’s theorem.

Let us now reformulate the cost functional (2.4). According to Bayes’ formula, the cost functional defined as
in (2.4) can be rewritten as (noticing that y(yo) is deterministic)

T
J(”()) :E[/[; ptl(t7ptaxtayhZt7ztaUta‘c(xtvytazbztavt))dt+pTX(pT7xTa£(xT)) +7(y0):| (26)

We mention that, under assumptions (H.1)-(H.2), we have |J(v())| < 400, i.e. the above cost functional is
well defined. This can be obtained easily from the assumptions on the coefficients [, m,y and the integrability

property of p(-), (), y(-), 2(-), 2(-) (see Rem. 2.2).
We introduce the following notations for dimensional extension

v ) 5 (1) (). x4 o)

S o ph(t,x,v,f) o 0

B, X,0,8) '<o<t,x,v,5> o FOXvO = b o 0.6) — a(t,z,0,Oh(t2,0,6))
G(tﬂX7y’Z727U7T’) ::g(t?m?y7z’2’vﬂn)7 L(t’X7y’Z727U7T’) ::pl(t7p7x7y’z7271}77’)’
M(X, 1) = px(p, @, p1).

Then equations (2.1) and (2.3) can be compressed into the following form

dX; =F(t, Xy, ve, L(zy,v,))dt + Z(t, Xt ve, L(,0,))dAW; + B(t, Xy, vg, L(4, v¢))dY;
—dyy =G (t, X¢,ys, 2e, Ze, Ve, L(X4, Yi, 205 2o, 0¢) )dE — 2,dWy — Z,dY, (2.7)
X(0) =Xo, y(T)=®(zr, L(zT)),
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and the cost functional (2.6) can be represented as

T
J(v()) = E{/o L(t, X4, ye, 2, Ze, 00, L(T4, Ypo 205 2o, 00) )dt + M (Xp, L(27)) + ’Y(ZUO)} . (2.8)

Then Problem (EMFPOC) becomes to the following equivalent minimization problem: to minimize J(v(-))
over v(+) € Ugq subject to (2.7) and (2.8).

3. STOCHASTIC MAXIMUM PRINCIPLE

In this section, we will derive a necessary condition for optimal control in type of Pontryagin’s stochastic
maximum principle. For simplicity, we set n =1 = k = m = d = 1. The arguments hold similarly for the
multi-dimensional case.

3.1. Variational equations

Let u(-) be an optimal control and (X (-),y(+), z(-), Z(-)) be the corresponding trajectory. Let v(-) be such that
u(-) + v(+) € Uaq. Since Uyq is convex, then, for any 0 < e < 1, u®(-) = u(-) + ev(+) is also in Uyg. To simplify
symbols, we set

§o o= L(wg,ue), M= L(w4, Yty 20, Ze,ue), Oy = (Xt7ut7§t)7 9; = (g, ug, &),

’
Qg 1= (qf'tayhztazt,ut)? @t = (Xtayt7zt72t,utant)7 @t = (xt7yt7zt72t,utant) = (at777t)-

One can check that, for i = 1,5, j =1,2,3,4,5 and ¥ = x,y, 2, Z, v,

0 0
8)(”””:( 0 8uf(1,6,) — 0a0(t, 0))h(t, 6,) — o(t,6,)0:h(t, 0)) )
0
Bu (1 00) = ( By f(t,8,) — BT (t,0,)h(t,0;) — 5(t,6,)uh(t, ;) )
0
Oui ' (1:6)() = ( By (1,6 — By, (1, 6,)(I(t, 6)) — (1, 0,0, (1, 6,)() )

255000 = (0 gy ) 25000= (g0 ) 0000 =( 4 0o )

- ~{ R(t,0)) pduh(t,0;) - [ pduh(t,0;) - N PO (t,0,)()
axz(t,et)< o aza(t,ef) >,8v2(t,9t>< aua(t,ef) >,8w2(t,0t)()< 8;6@795)(.) )

IxG(t,01) = (0,029(t,0})), 9u;G(t,04)(-) = By 9(t,01)(-),  OypG(t, 1) = Byg(t, ©})
OxL(t,01) = (I(t,O1) + pdpl(t, Or), pdsl(t, Or)),

Ou; L(t, ©4) (1) = pOu,; U(t,01)(-),  OyL(t, Or) = pdyl(t, 1),

Ox M (X, L(z7)) = (X(X, L(zT)) + pOpx(X, L(zT)), pOux (X, L(zT))),

Opuy M (X, L(z7))() = pOuy x(X, L(z7)) (")

Recalling that (€, F,P) is a copy of (€2, 7, P). For any random variable z over (2, F,P), & denotes an independent
copy of x defined over (2, F,P). The expectation E[] acts only over the variables endowed with a tilde. Then
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we can introduce the following variational equations

X} = (OxF (00X} +0uF(t, 000t + BlDyy F(t, 00) (5o, ) 71] + BlDus F (¢, 00) (e, )] ) dt
+ (BXZ(t, 0:) X} + 8y (t, Ot )ve + B[Oy, B(t, 02) (&1, 1) Z1] + E[Bus B(t, ot)(@,at)mw AW
+ (axi(t, 00)XE + 0uS(t, 00)vr + B0, S(t, 00) (&0, 1)L ] + E[B,us (t, Qt)(a“:t,ﬂt)f;t]) v,
— dy! = (0:G(t,©0)z} +0,G(t,00)y} +0:G(t, 003 + 0:G(t, 00)7 + DuG(t,O1)ur (3-1)
R0, G(t, 00)(6)L] + B[Oy, G(t, O1) (6)71] + E[Ops G(t, O1) (ét) 5L
+E[0,,G(t,0,)(61)E}] + B[0,, G(t, Gt)(&t)fzt]>dt — 21w, — zldY,

X§=0, yh=08:9(xr, L(xr))zk +E[Ou, ®(xr, L(xr))(Er)EH],

1
where we used the notation X} := < Ztl ), and & = (¢, Y, 2t, 2t, U) is an independent copy of a; =
t

(@, Y, 205 2oy ug).

Theorem 3.1. Let assumptions (H.1)-(H.2) hold, then mean-field FBSDE (3.1) admits a unique solution
(X)), 21 (), 21()) € SPMT x S2F x H2™ x Y satisfying that for any 2 < p <4 and 0 < o < p,

T
E| sup [P+ sup |olP=0 + sup [yifP + ( / |22 20/ 4 ( / 2 Py
t€[0,7) +€[0,T] +€[0,T] 0 C

T
\ < +o00. (3.2)
)

Proof. The first equation of (3.1) can be decomposed into the following two equations

do} =(pih(t,07) + piOuh(t, 01)a} + prduh(t,07)or
+ peBl0yy At 0,)(Fe, )] + prElOus h(t,0) (3¢, 5) 4] ) AYe, (3:3)
po =0,

and
do} = ((9a(t,6)) = 5(t,0,)0:1 (1, 6,) = h(t,0,)0:5 (¢, 0,))w}

+ (Do f(t,60,) — 5(t,0,)Duh(t,0,) — h(t,0,)0,5(t,0,))vr

+ B[Oy £(t,07) (Fe, @)FL] — 5 (t, 0,) B[Oy, Alt, 0,) (Fe, Te)37]

— h(t,0,)E [0, 5 (t, 0,) (Fe, ) 2F] + E[Ops £ (£, 0;) (&1, i )r]

)
(@, )] = h(t, ) B[O (1,0,) (1, )] )

. (3.4)
—a(t,0,)E[Ou5h(t, 0,

+ (920 (t, 02} + Buor(t, 0,)vt + BlDyy 0 (8, 0,)(Be, ) 71] + BlDyus 0 (8, 07) (e, )] ) AW

+ (aza(t, 0,)at + 8,5 (t, 0, )vr + B[O, 5(t, 0,) (&, 1) EL] + E[0,u5 5 (¢, 0,) (E1, ﬂt)ﬁd) v,

1 _
zy =0.

Noticing that 2!(-) does not depend on p!(-), it means that (3.3) and (3.4) are partially coupled. This allows us
to solve (3.4) first and then solve (3.3). Indeed, similar to the proof of Theorem 4.21 of [17] and Proposition 1.2
of [22], under assumption (H.1), we can show that equation (3.4) has a unique solution z'(-) € Si™ satisfying

E [supte[O’T] |x,}|p} < 400, for 2 < p < 4. Concerning equation (3.3), from the boundedness of the derivatives
of h and the integrability of z*(-), p(+),v(+), one can find that equation (3.3) is a standard SDE with uniformly
Lipschitz coefficients, then it has a unique solution p!(-) satisfying E [supte[oﬂ |p%|p} < 400, for 2 <p < 4.
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Now let us focus on the second equation of (3.1) which is a mean-field BSDE. Noticing the boundedness of
0,G, 0,G, 0:G and the followings inequalities

) <o (@re)”,

) <o (@re)”,

- L - ~ 1/2 1/2 _ 1/2
B[0,.G(t, 0)(@)3| < (E10,.G(t,00)(@0)?) W) <o (B

~~
=h
<

&=
I3
Bl

[8(0,,G(t, ) (@)3H]] < (ElausG@»@t)(dt)F)l/z (

=i

IR
Rl

10, G(t,0.)(@)3]| < (El%ﬁ(t,@ﬂ(dﬂf)lm (

where we have used the assumption (see (H.1)) that, for j = 2, 3,4,

Lo gty 2 n )@ T Py )
RTLX X(IXm)X(IX X

are uniformly bounded. A careful inspection of the proof of Lemma 3.1 of [8], or Theorem 3.1 of [13] and
Theorem 4.23 of [17], above bounded properties allow us to use the arguments in [8, 13, 17] to prove our mean-
field BSDE has a unique solution (y'(-), 2'(-), 2 (-)) € S2* x H2"™™ x H2"*?. Moreover, one can show that, for
2 <p <4, E[sup,cor [y P + (fOT |23 |2dt)P/? + (fOT |2}2)P/2dt] < +oc. Indeed, this will need subtle analysis,
but the procedures are almost the same as the proof of Lemma 3.4, so we omit it here. O]

Now let us denote (X°(-),4°(-), 25(+), 2°(+)) as the trajectory corresponding to u®(-). We set

£ £ € e,1
el _ Ty — Tt 1 el _ Pt — Pt 1 yel Xi— Xy X! — o
Ty == — %y, P = — Pt t T T T Ay = el |
5 5 € t
£ 1> =€ =
el Y Yt 1 el Rt — X 1 el _ At TR

Yy - Yir 2t - R A - 2t

and the following notations will be used in the sequel of the paper

o] i=my 4 Naf — z) = 2+ de(z) +250), w)d = w4 AU — wy) = ug + Aewy,

VST AW ) = vt Al ), AT = a A - a) = o+ de(e 4 20,

Z?’E =2+ ANZ — ) = 2 + de(F + zoh), ozi"s = (zi"s,y;"s, zt)"s,ét)"s, ui"s),

O (X 3, 24 1 e L 2 ) = o )
(B0 (e 21 £ 2 ) = 02, (e,

(
(@t)E ::(va yfa Zf? Etav uf? E(va yt87 Zt57 étav u?)) = (P?; afa [:(af)),
()7 :==(

xi,yf,zf,Ef,uf,ﬁ(xf,yizf,éf,ui)) = (ai’ﬁ(ai))

The following expansion is useful for the proof of following lemmas. For given (z,v) € L?(; R"**) and (z,v) €
L2(Q;R™¥F) it follows that (by denoting z* := Z + Az, v* := ¥ + \v)
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1
o+ z,v+79,L(x,v)) — p(Z,0, L(T, 1)) :/O dd>\<p(;1: o, L(z?, v))dA

1 1
:/ Dpo(a™, v*, L(z, ) - zdA —|—/ Dpp(x™, v, L(z*,v?)) - vdA
0 0

1 o 1 S
+ / E[0,(z, v, L(x*, o) (@, vr) - ] + / E[0,p(z*, v, Lz, v™)) (@, v) - 5]dA.
0 0

We have following lemmas for variation equations whose proofs will be given in the appendix.

Lemma 3.2. Suppose assumptions (H.1) and (H.2) hold, then we have

ImE sup |XO')2=1limE sup (|p§’1|2+|xf’1\2) =0.
e=0  o<i<T e=0  o<t<

Moreover, for any 2 <p <4 and 0 < gq < p, it follows that

limE sup (27" + 1o [77%0) = 0.

e—0 0<t<

Lemma 3.3. Suppose assumptions (H.1) and (H.2) hold, then we have

limE

e—0

T
sup \yf’1|2+/ (=52 + 120 )dt] =0.
0

0<t<T

Moreover, we have the following p-order convergence result.

Lemma 3.4. Suppose assumptions (H.1) and (H.2) hold, then for any 2 < p <4,

T p/2
. 6,1p g,12 =€,12 _
+ Z dt =0.
limE | sup (/ (1% ?) )

limE | sup |y

13

(3.8)

Remark 3.5. We also have the following high-order boundedness result (see (A.14), (A.20) and (A.49) in the

appendix), for any 2 < p <4 and 0 < g9 < p, there exists a constant C' independent of & such that

E | sup (|81 + [yi'|P + |p5!

T p/2
o PTE)+ (/ (2P + 1zt )dt> <cC.
0<t<T 0
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3.2. Variational inequality and maximum principle

Let us first compute the Gateaux derivative of the cost functional.

Lemma 3.6. The functional u(-) — J(u(-)) is Gdteaux differentiable in the direction v(-), and its derivative is
given by

d
307 () +ev()

e=0

L(t, @t)Ztl + 8UL(t, @t)vtl

n|

T
:E/ [8XL(t, O1) X} + 0y L(t,0)y; + 0.L(t,0,)2; + 0
0
B0y L(t, 00)(0)&)] + B[O, L(t, 0,)(é1)7) + Eld L(t, O) (@) 3)] (8.10)
+ B0, Lt 00)(60) 3] + Bl L(L, 0,)(@0) 5] |t

+E [(%{M(XT, L(x7)) X7 + E[0,, M(XT, ﬁ(xT))(fT)flT}] + 9yy (o) -

Proof. Recall that the cost functional is defined by (2.8), using notations above Lemma 3.2, we have

a () — T(u()
/WO )| =1y -
~ lim °E { / [L(t,05) — L(t, 0,)]dt + M(X5. L(z7)) — M(Xr, L(xr)) +7(y5) - V(yo)} .

Let us focus only on the term lir% %IE fOT [L(t,©%) — L(t, ©;)]dt, and other terms can be tackled in a similar way.
E—

By using similar expansion as (3.6), we have

T
lim 1E/ [L(t,0%) — L(t, ©,)]dt
e—=0 ¢ 0
T
:E/ {aXL(t,@t)Xt1 + 0y L(t,0,)y; + 0. L(t,04)2} + 0:L(t,0,)Z + 9, L(t,0;)v,
0
+E[0,, L(t, ©0)(6) %] + E[0,, L(t, ©0)(64) 1] + ElDyus L(t, ©) (ce) 2]

+E[6M4L(t,@t)(dt)§t1]+E[8“5L(t,@t)(~) dt+hmIE/ As(t
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where

b [ B0 L0 00N+ a5 - BId Lt 002t ay
0

T / B[O, L(t, (00™) (0 ) () + 571)] — Eld L(t, ©0) (@)1 | dA

(0, L1, (0)) () (G + 22)] — E[0,,,L(t, ©,)(@r) 2] dr

+/0 -E[5M4L(t, (O™ (@) (E + 21)] — El0,, L(, ©,)(G:)2] | dX

+ 1 E [<8H5L(t, (©)™) (%) — 8, L(t, @t)(dt)) @t} dx.

To prove (3.10), we only need to show that lirr%) E fOT A3 (t)dt = 0. By noticing Lemmas 3.2 and 3.4, it is sufficient
e—

to show the uniformly integrability of A§ (¢). Let us now only focus on the uniformly integrability of the term
Ox L(t, (©)M) (X} + X1), the argument for other terms will be similar. From assumption (H.2), one can check
that dx L(t, (0:)M°)(X} + X;") is dominated by

Cllptl + o2 DA+ Clpi| + 1o )PAY2 + Cllpt + o7 ) (g ] + |25t A2
where

A= Y A+ P +ERIP+ERDT) + Y L+ ERl? +EElyi | + e Elys ),

PY=p,T,Y,2,Z Y=w,y,2,Z

Then from Lemmas 3.2 and 3.4, estimate (3.9) and E[sup,c(o 7 |p¢[?] < 400, for 2 < p < 4, as well as the
following inequalities, for ¢ = p,z,y,2,2, d = x,y,2, 2, as € — 0,

Nl

T 1 T 2
B [ (ot + 17 -1 Pt < (B sup (ol +165")*) " (B < / Iw§’1|2dt> ) =0,
0 te[0,T] 0

2dt — 0,

T T
E / b1+ 1677 Bl Pt < st (1o +167") / Ejg:!
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at)')! o,

T 2 T
3
E [ (o + 1ok + o 02105 e < (B sup (ol + lok -+ 15 D°) " (B( [ 1ot
0 t€[0,T) 0

T T
,1 ,1 1 1
E/ (Il + 1641+ 15 D2 - Bl "l < B sup (Il + ol + 1o |>2-/ E[¢5dt - 0,
0 s 0

t€[0,T)

r 1 1 1 % T 1 % %
E / o (U Jonl? + o )t < (B swp o' ?) " (B( / (L gl + [ef ' Pat) *) " o,

t€[0,T)

r £,112 g,1 513% r e,1 %
B[ 1P el D < (B su 16 )* (B[ bl + et a) ) o,

t€[0,T)

we can get the uniformly integrability of dx L(t, (0¢)»¢)(X} + X'). The proof is complete. O
Remark 3.7. From above proof, one can find that we need p-order (p > 2) estimates of both the states and
variational states, the second-order estimates are not enough.

To derive the maximum principle, we introduce the following adjoint equation which is a mean-field FBSDE
(recalling the notations at the beginning of Sect. 3.1).

_JaT 3 0 T Te -
—dp = {aXF(t, 0:)p: + (EK%F(@ 5 (e, Utmt”) + OXS(t, 0, ks + O S(t, 0, )t
0 0 0
" <I~E[<8H1Z(taét)(xt,vt)7I;?t>]) * <I’E[<a,hz(t,o})(mt,w),;;tﬂ) - (%G(t,@t)) 1

(. 0 T 3 0
(EmG(t, ) () - th> TOxL(t,O0) + (E[amw, 1))

dg; = [%G(t, O4)a: + E[0,,,G(t, ©¢)(aw) - Ge] — 9y L(t, ©;) — E[0,,, L(t, ét)(at)ﬂ dt

> } At — kW, — kY,

+ {@G(ﬂ 04)q: + E[0,, G(t, O¢) () - @] — 0-L(t,©;) — B[O, L(t, ét)(at)]} aw, (3.11)

+ [0:6(t 000 + B0, Gt 61) @) - ] = 0:L(1,©0) — B[0,, L1, 1) ()] ¥,

pr =0xM(Xr, L(er)) + (E[amM@T?c(mT))(xTn)
0 0
- (am(w,ﬁ(xm) ar - (E[amq><ch,c<xT>><xT) - dﬂ) ’
qo = — W(yo)-

Remark 3.8. Mean-field FBSDE (3.11) is partially coupled. In fact, the equation of ¢(-) does not depend on
(p(-), k(-), k(-)) and it is a mean-field SDE with uniformly Lipschitz coefficients which can be uniquely solved.
The equation of p(-) is a mean-field BSDE whose coefficients satisfy random Lipschitz condition (by noticing
that the coefficients related to X is not uniformly Lipschitz due to the apperance of p). With assumptions (H.1)—

(H.2), by noticing E [supte[o,T](|Pt|p + |Pt|_p} < 400, for any p > 1, we can combine the classical methods of

BSDEs with random Lipschitz coefficients (see e.g. Thm. 5.23 [35]) and the methods of mean-field BSDEs with
uniformly Lipschitz coefficients (e.g. Thm. 4.23 of [17] and [7])), to show that (p(-), k(), k(-)) can be uniquely
solved.
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Now, we define the following Hamiltonian function H mapping from [0,7] x R?T1 x Rl x R>™ x RIXd x
ko« PQ(R” % R! x RIXm « RIxd Rk) % R* 1 « R % R(n+1)><m % R(n+l)><d to R,

H(t,X,y,2,2,0,n,p,¢.k k) = (F(t,X,v,8),p) — (G(t, X,y,2 %,0,1),q)

i i (3.12)
+tr[k B, X, v,6)] +tr[k B, X, 0,6 + L(t, X, v, 2, Z,v,1),

where ¢ € Po(R™ x R¥) is the joint margin distribution of € Py(R™ x R! x RIX™ x R4 x R¥) on the first and
the fifth components. Then we can rewrite the adjoint equation (3.11) as

—dp; = [8XH(t, O, q, k, k) + < O H(t, ét;oﬁ, ik ];)(at)])] dt — kdW, — kdY;
dgy =~ |0, H(t, 04 p, 0, k. k) + E[0,, H(t, 0435,k k) ()] |
— [0-H (0030, 0, K, ) + B0, H(t, 613 5,d,F, k) (0)]| W,
— [0-H (t, 0030, 0, K, F) + B0, H(t, 613 5.4,k k) ()] | Vs, (3.13)

0
pr :a;M(XTa ,C((ET)) + (E[a/nM(XT, E(‘TT))(IT)}

N—

- (amq>(xT(v)£(“7T))) - (]E[amq’(fT,ﬁ(OxT))(xT) ‘QT]) ’

qo = — yV(yo)-

We now state the Pontryagin’s stochastic maximum principle for optimal control of our Problem
(EMFPOC).

Theorem 3.9. Let (H.1) and (H.2) hold, if u(-) is an optimal control and (X(-),y(-),z(-),z(:)) is the
corresponding trajectory, and (p(+),q(-), k(-),k(:)) is corresponding adjoint process satisfying (3.13), we have

E KavH(t,@t,pt,qt,kt,l;:t) +]E[GMSH(t,ét,ﬁt,qt,]%t,]:ﬁ)(at)]) (1) - ut)’}'ty} > 07 Yv € []7 a.s. a.e. (314)

where we recall

Q1= (ft,ynzt’ftyut) N = »C(Oét), O = (Xt7yt,2t75t,utﬂ7t) = (ptaatvnt)'
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Proof. Let us first apply It6’s formula to (X}, p;), we derive

T
E(pr, X1) :E/O (0, F(1.0,)v1. ) + 0,1, O)arat — D L(t, 0 X}
(0,3

+ {0, (t, 00) v, ki) + (0,2 (t, 0y )vg, Kt

+E[0,,G(t,00) ()@t — E[0,, L(t, ©1)(au)]

+ (B0, F(t,00) (F1, 00)01), po) + (B[O, S (8, 00) (e, B1) 1), be)

+ (B0, 2(t, 0:) (4, 00) 0], ke

+ (B[O, F(t,0,) (&4, 00)&1 ), pe) — B[O, F (£, 0,) (e, ve), i) )y

+ <I~E[8H12(t,9t)(it,ﬁt)£%], ki) — IE[(@HIZ(t,ét)(xt,vt), /;Jt>]xt1

+ (B0, S(t, 00) (1, 8) ), k) — B0, 2 (8, 00) (4, v1), ’:Ct>]l’ﬂdt

By noting that “tilde random variables” are independent copies of the “nontilde variables”, we apply Fubini’s
theorem and obtain

E [ (B[O, F(t,0,) (4, 00)&], pe) — B[O, F (2, at)(xtvvt)vﬁt>]xf:| =0,
E [ (E[0,, S(t, 00) (&1, 70) 7L, Ke) — [<a,“z(t,9t)(mt,vt),ict>]mt} =0,
E [ (B[, 5(t, 00) (e, ) FL], ) —]E[(@Hli(t,ét)(xt,vt),lict>]:1ct} -0

Then by recalling pr in (3.13), we have
E |0x M(Xr, L(27)) X} + B0, M(Xr, L(21))(@1)3}]
~0,0(ar, L(wr))areh — B0, ®(@r, L(zr)) @r)arl} ]

:E/ [< F(t,00)ve, pe) +6IG(t7@t)th% - 3XL(t,®t)Xt1
0

_ _ (3.15)
+ (0uX(t, 0)ve, k) + (02 (t, 0r)vg, ki)
+ E[0,, G(t,0) ()@t wf — E[0,, L(t, O¢) (o))
+ (E[0us F(t, 0:) (&, 00) 0], pe) + (B[O S(t, 0) (e, )T, K
(Bl S(t, 00) (0, 50)00), R
Similarly, by applying Itd’s formula to (y},q:), and with the help of Fubini’s theorem, we have
Elqryt — qoyp)]
=E [0,1(yo)ub + 0,0 (w7, L(wr)arah + Eldy, (wr, L(or)) (br)7hlar |
T
= — E/ [%G(t, @t)x%qt + (%G(t, et)’l)t(h + 8yL(t, @t)ytl + aZL(t, @t)Ztl + 85L(t, @t)ztl (316)
0

+E[0,, G(t, 00)(an)3;]g: + E[0,, G (t, ©4) (é) T g
+E[0,, L(t, ©0) (an)lyt + El0,, L(t, ©0) ()2 +I~E[8H4L(tvet)(at)]ztli|dt'
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Now from Lemma 3.6, (3.15), (3.16) and Fubini’s theorem, we obtain

d

o JEO) = J(()
de

e—0 £

J(u() +ev())

, e=0 )
:E/O [(31;F(t79t)vt’pt> + <E[61L5F(ta et)(jt7ﬁt)ﬁt]apt> + <61)E(t7 Gt)’[}t, kt>

+ (B0, 5, 00) (1, 80) 1), ke) + (0S8, 00)ve, k) + (B0, (8, 00) (F1, 80) ), k)

- 8UG(t, @;)tht — IE[@MSG(t, @t)(dt)ﬂt]qt + &,L(t, @t)vt + E[@MSL(t, Gt)(dt)@t] dt

T ~
—E / (0uH (8,00, s a1, i, o) + B0, H (1, 0, B G, K, ) ()] ) ot
0

Since u(-) is optimal, we have J(u®(-)) > J(u(+)), for any € > 0, which yields that

a () — ()
270 )| = tim -

>0

)

and then for arbitrary v(-) such that u(-) + v(-) € Uygq, it follows that

T ~
0 SE/ (a'UH(t7 ®t7pta qt, kta kt) + E[8M5H(t7 Gtaﬁta qta kt7 kt)(@t)]) Utdt
0
(3.17)

T ~
:E/ ]E {(avH(taetaptaQtakt’kt) +E[aﬂsH(t7@taﬁ7ﬁt7qtakt7kt)(at)]) Ut
0

]-‘ty} dt.

Since Uyq is convex, for any given v(-) € Ugq, we may choose the perturbation u®(-) = u(-) +e(v(-) —u(-)), which
is still in U4, and then from (3.17), we have for any v(-) € Uyq,

T =~
]E/ E {(&)H(ta@t;pta%aktvkt) +E[3;45H(t,9t,ﬁt,(§t7kt,kt)(at)]) (v — Ut)’]:,gy] dt > 0. (3.18)
0
For any given v € U (deterministic), we set
A = {(ta w)’E |:<8UH(t7 @tvptv qt, kta ];;t) + E[ausH(t7 ét7ﬁt7 dh l;;ta ét)(at)]) (U - ut)‘]:tyi| < O} )

by choosing a modification if necessary, we know that A is a FY -progressively measurable set. Now, we take
v1(-) = vlalgs + u(-)laclps, where Es C [0,T] is any Borel measurable set with |Es;| = d, then we know
v1(+) € Ugq. From (3.18) we get

T -
]E/ [E K&;H(t,@t’ptﬂnkt,kt) + E[0,, H(t, O, P, Gt ki, kt)(at)> (v— Ut)‘]:tY} IA} Ig;dt = 0,
0
where we used the fact that I4 is ) -adapted. Thus, from Lebesgue differentiation theorem, we have

E [E [(31;H(t7 O, pt, 1, Ky %t) + E[ausH(t, étaﬁta qt, ];Zt, Zt)(“ﬁ]) (v —u)

}-ty} IA} >0 a.e.,
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which together with the definition of A indicates that E[I A(t,w)} = 0, a.e. Consequently, we deduce that
I4 =0, a.s. a.e., which yields that for any v € U,

E [(31)H(t, O, Pt Gt ki, kt) + ]E[@%H(t,ét,ﬁtaﬂt,/;nlzft)(at)]) (v — Ut)’]:ty] >0 as. ae. (3.19)

By noticing that the left hand side of (3.19) is continuous w.r.t. v , we obtain (3.14). O

Remark 3.10. Inspired by Proposition 4.6 of [16], our Pontryagin’s stochastic maximum principle, i.e. Theo-
rem 3.9 can be generalized to the case that U is an open set which maybe non-convex. In this case, following
similar methods of of [16], we can show that

E 8’L)H(ta®taptaQt7kt7Et) +]E[ausH(tvétaﬁtadhlz‘lt)]:ct)(at)]‘fgj} = 07 a.s. a.e.

4. VERIFICATION THEOREM

We have established Pontryagin’s maximum principle which gives a necessary condition for the optimal
control, see (3.14) in Theorem 3.9. In this section we will show that (3.14) is also a sufficient condition for
optimality under the following convexity assumptions.

(H.3) The function + is convex. The function M is convex in the sense that

M(Xaﬁl) - M(X7M1) > <6XM(XMU/1)?X _X> +I~E[<8M1M(X7M1)<'%)’i’ _‘%”

for all X, X € R*!, and pa, fin € Po(R ”), and any Z, & which are R™-dimensional square integrable
random variables in (€, F,P) satisfying £(&) = fi1, £(Z) = 1.

(H.4) The Hamiltonian function H satisfies the following convexity condition: for any ¢ € [0,7] and II :=
(p, ¢, k, k) € R**1 x RE x ROvEDXm o RADXA for any A := (X, 9,2, %,0) and A := (X, y, 2, Z,v) which
belong R x REx RX™ x R4 % RF, any 77,7 € PQ(R” x RE x REX™ x RPX4 5 RF), and any (Z, g,z zZ,0)

H(t, N o', 1I) — H(t,A,n, 1)
>(0x H(t, A, 1), X — X) + (9, H(t, A, n,10), 5 y>+<8 H(t,A,n, 1), 2 — 2)
+(0:H(t,A,n,10), 2 — Z) + (8, H(t, A, n,II), +E[(0,, H(t, A, T)(&), 7 — 7)]
+E[(0u, H(t, A,n, I)(a),§ — §)] +E[(9, H(tAn, I)(a), 2 —
+ B[O, H(t, A, T)(@), 2 — 2)] + E[(9, H(t, A, 7, T1)(@), & — 9)].

\_/\_/
Nl

~

[

Theorem 4.1. Suppose (H.1)-(H.4) are satisfied. Let u( ) € Uaa be an admissible control, (X (-),y(-),2(-), z(-))
be the corresponding trajectory, and T1(-) := (p(+),q(-), k(:), k(-)) be the corresponding adjoint process satisfying
(3.13). If (3.14) holds, then u(-) is an optimal control, i.e. J(u(-)) = inf,(yey,, J(v(-)).

Proof. Let u(-) € Uyq be any admissible control and (X (-),%(-), 2(-), Z(-)) be corresponding trajectory, II(-) :=
(5(-), 4(-), k(-), k(-)) be corresponding adjoint processes satisfying (3.13). We recall the notations at the beginning
of subsection 3.1 and we use similar notations for the variables with the symbol “check” above. On the one
hand, by denoting H(t) := H(t, Oy, p;, qi, ki, k) and applying It6’s formula respectively to (X; — X;, p;) and
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(y+ — Ut, q¢) (recall (2.7) and (3.13)), we have

T ~
IE<)(T - XTapT> = 7]}3\/ |:<Xt - Xta aXH(t)> + <Xt - Xta E[aﬂlH(ta ®t7ﬁt7 Qta kta kt)(at)}>:| dt
0

+ ]E/T [(F(t,0:) = F(t,00),pe) + (Z(t,00) — 3(t,0), ke) + (S(8,0;) — £(t, 04), ke)] dt,
0
and

(4o — %o, q0) :]E/O [(yt — 36, Oy H (1)) + (Yo — U1, [0, H (¢, O, Bt Gt K, /:ft)(at)M dt
T ~
T IE/O (21— 20,0 H(D) + (21— 20 B0y, H(E 61,1 o ) ()] o
+B [ ({5 = 2.0.H(0) + (5= 2 B0, H (. Ord. i i) )] a

T
+E/ <qt7G(t7@t) - G(t7ét)>dt
0

On the other hand, from assumption (H.3), by using Fubini’s theorem and (3.13), we have

E[M(Xr, L — M (X7, L(i1))]
|:<6XM XTa ))7 Xr — XT> + EKaﬂlM(XTv E(xT))(SET)7 Ir — ‘%T>}
=E [(0x M (Xr, L(wr)), Xr — Xr) + Bl(0 M(Xr, £(o7))(27), 27 — 7)]]
=E[(XT — XT7PT>]

and similarly,
(o) —v(F0) < (Oyv(¥0), Yo — Jo) = —(¥o — Yo, q0)-

Next, from assumption (H.4), we have

H(t, O, pe, qus ke, ky) — H(t, Oy, b, o, ke, k)

<(OxH(t), Xt — X¢) + (O, H(t), yr — Ge) + (0. H(t), 20 — %) + (0:H(t), 2 — %)
+ B[O, H(t, O, pr, qe, ki, k) () (X — X)) + E[0p, H (t, O, pe, qu: ke, ki) (64) (G — )]
+ B[O, H (L, Or, pr, v, Ko, ko) (G0) (2 — )] + B0, H(L, O, pr, qu ke, ) (60) (2o — 22)]
+ (D H (), ur — ) + [0y, H(t, O, pt, e, e, k) (@) (@ — e ).

21
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Then, it follows from (2.8) that

J(u()) — J(a(-))
=E [M(XT, L(zr)) — M (X1, L(E7)) +7(y0) — (o) + /0 (L(t,©) — L(t,0y)) dt]
=E [M (X7, L(z1)) — M(X7, L(E7)) +7(y0) — V(0)]

T _ T B
+E/ <H(t7@taptaQt7ktakt) _H(tvgtaptaqt7kt7kt)) dt+E/ <G(ta@t) _G(t,@t),Qt>dt
0 0

- E/T [(F(t,0,) — F(t,0:),pe) + ((¢,0;) — 2(t,00), ke) + (S(t, 0¢) — S(t, 0;), Ky )] dt.
0

With the help of above inequalities and Fubini’s theorem, we have

T ~ —_ ~
J(u(-)) = J(u(-)) < ]E/o ((&H(t)’ ug — Ug) + B[O H(t, O, pt, qr, ke, ke ) (&) (U — ﬂt)]) dt

T ~
= E/ E [(Hv(ta @tvp7 q, kv ]%) + E[a/l5H(t7 @t7ﬁ7 qa ku k)(at)]) (ut - 'vat)
0

FY } dt <0,
where the last inequality comes from the maximum principle (3.14). Thus, u(-) is optimal. O

Remark 4.2. In this paper, we consider an optimal control problem with partially observable information
in which the state is governed by a nonlinear mean-field type FBSDE. The cost functional depending on the
joint distribution of the state and the control is defined on probability space (2, F,F,P?). The structure of our
problem is inspired by Wang, Wu and Xiong [45], and we adopt the method of Tang [41] in our paper, the
main feature of this method is that we reformulate the cost functional by Bayes’ formula, which transforms the
cost functional into the one defined on the reference probability space (Q, F,F,P) (see (2.6) or (2.8)) and in
additional, the term p is multiplied. This method is different from the one of Wang, Wu and Xiong [45].

In this formulation, the cost functional (2.6) contains p. If the coefficients [ and x in the cost functional
(2.6) do not depend on p, then one can check that the mappings (p,z,y, 2, Z,v,n) — pl(t,z,y, 2, Z,v,7n) and
(p,x) — px(z,u1) are usually not convex. Fortunately, if we allow [ and x depend on p, then it is possible
to make sense that the convexity assumptions (H.3)-(H.4) hold (one simple example is that I(p, z,y, 2, Z,n) =
%(|gc|2 +ly2+ 212 + 1212 + [v|> + n]?) and x(p, z, 1) = %(|3§|2 + |p]?)), then we can get the verification theorem.

5. EXAMPLES

In this section, we will give two examples to illustrate our results. Comparing with the existed literatures
concerning McKean-Vlasove type stochastic control problems and partial observation problems, one can find
that our maximum principle can deduce the related results in [1, 3, 16, 18, 19, 28-31, 41, 46, 50] in the case of
convex control domain. This means that our results are actually an extension of the classical case.

5.1. Scalar interactions

The case of scalar interactions is of particular interest and has been widely investigated, see e.g. [3, 10, 27—
31, 50]. Usually it can be dealt by using standard calculus without using L-derivatives. In this subsection, we
will derive Pontryagin’s maximum principle in scalar type interactions by using our Theorem 3.9.
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In order to simplify notations, we suppose that n =1 =k =m =d = 1. We set (¢, z,v,§) = 7; and
h(t,z,v,&) = hy, where 6; and h; are bounded deterministic functions depending only on ¢. We also set

F(t2,0,6) = folo, / o), ot 2,0,6) = ool 0, / o7dE), B(r, ) = Do, / 6% dp),
g(t7x’y’ Z’ 271)7,'7) :go<x’y7 z7 2) ’U,/wgd’r])) l(t7p7m7y7 Z7 2’ U’ ’rl) - lo(p7l’7y7z7 27v7/wldn)7

x(p, x, 1) =Xo(p,x,/¢xdu),

where fo, 00 are defined on R x U x R, ¢f, ¢ are defined on R x U, ® is defined on R x R, ¢® is defined on
R, go is defined on R* x U x R, [ is defined on R® x U x R, and 99,4 are defined on R* x U, xq is defined
on R3, ¢X is defined on R. By noticing that for functions b: R? — R, r : R — R and any ¢ € L?(Q;R?), we
consider R(Py) := b(E[r(¢)]), then we have 0,R(Py,y) = b'(E[r(9)])(9yr)(y), here b’ denotes the derivative of b.
By setting oy = (¢, yt, 2¢, Ze, Ut ), =5 1= B9 (x4, yt, 26, Zt, ur)] and ZL = E[p! (x4, yt, 2¢, Z¢, ut )], then the adjoint
equation (3.11) becomes

(5.1)

—dp1 s =[hikr e + lo(t, pry ar, EL) + pedplo(t, pry a, E2)]dt — ki dW; — Ky ¢d Y3,
p1,1 =xo0(pr, zr, E[¢X(x1)]) + prdpXo(pr, 1, E[9X (27)]),

—dpas :{pQ,tasz(xtﬂ ug, Blo! (e, r)]) + Elpa,e0c fo (e, e, Bl (we, ue)])] - 0op” (24, ur)
+ ko 10000 (w1, u, BT (w4, w)]) + Elkea, 0co0(Fr, e, Blp? (w1, u)])] - Oup” (4, ur)
— @020 (t, s, B ) — E[Gi0c, go(t, 6, EY)] - 0x1% () + peDalo(t, pr, o, E})
o+ B0, lo(t, prs e, 2] - 020" () bt — b dW, = oY,
P27 =p1uxo(pr, 27, Bl9X (27)]) + Elprdex (pr, 21, B[0X (21)))] - 020 (21)
— 0, @0 (27, E[¢® (wr)]))ar — B[O (27, E[¢® (x1)])] - 020" (w7),

(5.2)

dg: = {aygo(ta s, 29)gr + E[Gi0c, 90(t, 61, E7)] - 8,07 () — pdylo(t, pr, o, E)
— piB[0c,lo(t, pr, 6, E1)) - ayl/Jl(Oét)}dt + [@go(t, o, EY)ar — pi0:lo(t, pr, o, E1)
+ Elg:0c, g0t &1, Z0)] - 0.0 (ar) — pEl0g, (¢, e, G0, E1)] - 0:0' () | W
+ [D=g0(t. 00, Z)a + Blad,go(t, 6o, =) - 00 (o)
— peO:lo(t, pr, au, Eb) — peE[Oc,lo(t, pr, 64, ZL)] - 6z¢l(at)} dY;,

qgo = — y’Y(yo)-
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According to Theorem 3.9, the necessary condition (3.14) for optimality will be

E[{pZ,tava(xtﬂutvE[¢f(xt7ut)]) — @0 go(t, g, BY) + k2,00u00 (¢, ug, B[ (24, uy)])
+ pe0olo(t, pr, o, Z4) + E[po,10c fo (@4, e, Elp! (24, we)))] - Ouip” (e, ue)
— E[Gi0¢, 9o (t, @, EY)] - 0ut? (o) + Bk, 10c00(E1, e, Blp” (w1, ur)])] - Oup” (w1, )
+ B0 Lo(ts puy 6, 2] 0! (@)} - (v = w)|FY] 20, Ww e U, as. ace.

(5.4)

Noticing that the equations (5.1) for p;(-) and (5.2)) for pa(-) are decoupled (due to the assumption h(t, z,v, &) =
ht). Moreover, one can find that p;(-), k1(-) and k1(-) do not appear in (5.4).

5.2. Linear quadratic case

In this subsection, we will consider linear quadratic (LQ) partially observed optimal control problem. Let us
consider the following linear forward-backward system with scalar interaction.

day =(f1a20 + fouBay + f300 4 faBo)dt + ¢, dW, + & dW,
—dyy =(91,0¢ + g2,Bxy + 93,09 + 94,0 By + 95,020 + 96,02 + 97,000 + g8 Evy)dt
— 2, dWy — 2, dYs,
z(0) =z0, y(T) = ¢ra7 + ¢p2Kar,

(5.5)

where the observation process Y is given by dY; = h,dt + dW;, with Yy = 0. We introduce p; =
exp{fé5 hedY, — %fg |h5\2ds} which is the solution of SDE: dp; = p;h:dY;, with pg = 1, and we define the

probability measure P¥ by dP? = ppdP.
Then we give the following cost functional

T
1
J(’U()) :Ev |:/ ; [Lth? + Lg)t(El‘t)Z + Lgytth + L4,t(Eyt)2 + L5,tvt2 + Lg)t(E’l)t)2] dt
0 t

1
+ 7(M1$?r + My (Ezr)?) + ’ng],
T
which can be rewritten as

T
J(v(+)) :E{/ [Ly a7 + Lo (Exy)® + Lawy; + Lat(Eye)® + Ls v7 + Lo ¢ (Evy)?] dt
0

+ Myzr + Ma(Exr)? + 7y0]~

Here, all the coeflicients are uniformly bounded and deterministic, L; ; is positive function and L; ; is uniformly
bounded, for 1 =1,2,3,4,5,6, and M;, M,y are positive constants.
We notice that, in such case, we have
1
lp,x,y,2,2,n) = ;(lez + Ly(Ex)® + Lsy® + La(Ey)? + L5v* + Le(Ev)?),
L(Xaya 2, Z, 77) = leQ + LQ(]E:E)Q + L3y2 + L4(]Ey)2 + L5U2 + Lﬁ(Ev)z = lla

1
x(psz, 1) = ;(M1$2 + M(Ex)?), M(X, 1) = Miz® + Ma(Ex)? = x4,
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where X = (Z) It is easy to check that L =1y and M = x; satisfy assumption (H.2), but I and x do not

satisfy assumption (H.2). However, one can check that Lemma 3.6 still hold (the proof even become very simple
since there is no term p in L and M), and then the maximum principle (see Thm. 3.9) works.
To apply Theorem 3.9, we rewrite the state as

dX; =(F1: X + Fo 4 EXy + F3 400 + Fy B + Fy)dt 4+ CidW, + CidYs,
—dys =(91,02¢ + 92,482y + 93,090 + 94, Bye + 95,020 + 96,1EZ + g74v¢ + g5, Evy)dt
— 2 dWy — z,dYy,
X(0) =Xo, y(T) = ¢rar + ¢p2Bar,

L Pt o 0 0 L 0 L 0 ~ Ptht L 1 . .
where X; := (M) V= (0 fi,t) V= <_Ctht) ,Cy = (Ct ,Cp = z, , Xg = - . In this setting,
the Hamiltonian function is of the form

H(t, X7 Y, =z, 27 v,p,q, ka E) :<F1,tX + F2,tEX + FS,tU + F4,t]EU + Ftap> + <Cta k> + <Ct7 I_€>
= q(91.47 + 92.4Ex + 931y + 94+ By + 9542 + g6 +E2 + g7 4v + g5 +Ev)
+p [L1a® + Loy (Bx)* + Ls 1y + Lay(By)® + Ls 10* + Le ¢ (Ev)?] .

The adjoint equations will be given by

—dp1 ¢ :htl_fl,tdt — k1 dW; — Efl,tdYt,
p1,7 =0,

—dpa ¢ :{fl,tp2,t + fo,.4Ep2] — 91,090 — 92,4E[q] + 2L ¢ + 2L2,tE[$t]}dt
— ko 1AWy — ko dYy,
po, 7 =2Myxp + 2MoE[zr] — d1gr — 02E[g7),

and

dqt = [93,## + g4,tE[qt] — 2L3,tyt - 2L4’tE[yt} dt + g5,tq1§th + gG,tE[qt]Cnfh

do = — 27Yo-

According to Theorem 3.9, if U = R, the necessary condition for optimality (3.14) will be

E[f&tpzt + fa4E[pa,e] — 97,41 — 984Elar] + 2L5 yur + 2L6,tE[ut]‘]-"tY] =0, a.s. a.e.

Taking expectations, we obtain

1

Bju] = ——
) 2(Lsy + Let)

{(fs + fa.0)Elp2.] — (g7, + 98,0)Elae] },



26 T. NIE AND K. YAN

and the optimal control should satisfy

Uy =

1
_ 2L5’t {f37tE [plt}‘/—"g/] — g7,t]E [qt|}"ty]}

1 (Lsifay — Lot fan L5 98+ — L6197t
- Elpo,¢] — E[g] ¢-
2054 Ls;+ Le s L5+ Le+

(5.6)

Finally, one can also check assumption (H.3) and (H.4) hold, then the verification theorem yields that the control
u(+) given by (5.6) is indeed an optimal control.
Furthermore, by inserting (5.6) to the following Hamiltonian system

doy =(f1,02¢ + foiBoe + f30us + fa1Bus — Che)dt + cedWy + ¢,dYs,
—dy, =(g1,42¢ + 92.. Bz + g3.4yt + 94, Byt + 95,020 + g6 1Bz + g7, 0us + gs 1 Euy )dt
— thWt — th}/i,
—dpa ¢ :{fl,tm,t + fo,iE[p2¢] — 91,06t — g2,4Elqe] + 2Ly 2 + 2L2,tE[:Et]}dt
k 5.7
— ko1 dW; — ko ,4dYs, (5.7)
dg = [gs,tqt + 94.4Blq:] — 2L3.y: — 2L4E[y] |dt + g5.:q:dW; + g6.:E[q:]dY,

LU(O) =0, y(T) = ¢1xT + ¢2ExT7
9 = =270, p21 =2Mizr +2MoE[xr] — ¢19r — $2E[gr].

one will obtain a fully coupled mean-field FBSDE, once we obtain p;; and ¢, we can then get the optimal
control through (5.6).

Moreover, one can also try to write the optimal control u(-) given in (5.6) as the feedback of the filtered state
Elz:|FY], Ely| FY ], E[z|FY ], E[z|F) ] and the expectation of the state E[z;], E[y;], E[z], E[Z] through Riccati
equations. Due to the complicated coupled structure of (5.7), usually it is not easy to find such feedback optimal
control, the interesting readers are referred to e.g. [28, 30, 49, 50] for some special cases.

Remark 5.1. If the cost functional is given by

T
TO) =B [ [t + (B +1a 02 + (B + b0? + 1o ()] o

+myag + mo(Exg)? + Vyo}

which can be rewritten as

T
T) =E[ [ o1t + 1B + Lo + 1aa(B)? + 1507 + 1o (Bo?]
+ pr(mixt + mo(Exr)?) + 72/(2)} ;

one can also apply Theorem 3.9 to obtain that the optimal control should satisfy

1
_ %{f&tE[pZ,t‘ftY] - g7’t]E|:qt|ftY}}

1 l —1 l —1
_ { 5,tf4,t 6,tf37tE[p ’t] _ !5,t98,t fﬁ,z&g7,tﬂ3[qt]}7
2p4l5,4 Ist + 1o Is; + 1o

Uy =

(5.8)
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where the adjoint equations will be
—dpa ¢ :{fl,tp2,t + f2.Elpa] — 91.4a — 92,¢E[qe] + 2peli pxe + 20t12,t]E[33t]}dt

— ko dWy — kg dYs,
po. 7 =2maprar + 2meprElrr] — d1gr — ¢2E[gr].

dg; = [QS,tQt + 94, Elq]) — 2p¢l3 1y — 2ptl4,t]E[yt]} dt + g5.:q:dWs + g6+ E[q:]dY,

9 = — 27Yo-

27

However, in this case, assumptions (H.3)-(H.4) fail, then we can not apply verification theorem to affirm that

the control given by (5.8) is indeed an optimal control.

APPENDIX A.

A.1 Proof of Lemma 3.2

Step 1. Let us first show that lim E sup |xfl
e—0 0<t<T

2 =0. We set

(0,)° = (a, u, L7, u)), (0™ = (a0, £y 07 )),
where
T = 4 NS — ) = @+ de(zh +25), w)C = g 4 AU — up) = up + Aewy.
Then from (3.4) and the forward equation in (2.7), we have

dzst = (v — o7 h(t,60,) — oG (t,60,) — o7 )AL + of AW, +07dY;, 25t =0,

where for o = f, h, 0,5,

’ /

]
7, 6(ta (et)e) - 5'(t’ 9;) € L 5(t7 (et)e) - 6(t7 91/5) "\Ne !
" - ARE(t) = Bt (6)°) = h(t,6))] .

v =
t
9

(A1)

(A.2)

(A.3)

Let us compute the term v, for ¢ = f, h, o, 5. Recalling the notations in (3.5) and (A.1), and for ¢ = f, h,0,7

and ¥ = v, z, i = 1,5, denoting

AQYE(t) =0pp(t, (0,)°) — Dyep(t, 0;)

A@ﬁ;e(t) ::8#7‘, Qﬁ(t, (0;)/\’6)(‘%?,87 ut)\’s) - aﬂz cp(t, 9;)(‘%157 ’at)'

(A.4)
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we obtain from the expansion (3.6) that

t,(0,)7) — o(t,0, ' .
f:%’( (6:)°) — (1, 6;) — Oup(t,0,)xt — Ouip(t, 0,0t

— E[0,, (t, 0,) (T, 1) 7)) — B0 0(t, 0,) (T, 1) 0]

1 —
= [ ooty nitans [ B[, ete 0063 07 an
0

(A.5)

1 1
/ AN Bzt + / AN (t)vpd\ + / E [Agyf(t)E;] dX + / E [Ap)s (8)5:] dX.
0 0

Thus, by using the inequality ]]:Z[f(f’] < (E|X|?)z(E[Y]?)2 and uniformly boundedness of 0,¢,0y¢ and
Jgnsn 10 cp(a,v,8) (2!, v')|2dé (2, v'), i = 1,5, (see assumptions (H.1)), we get

1
[0f| <Clag| + C(E|x7 )2 + (/ (1A= (t)] + |A<Pﬁ’5(t))d>\) (| + Jve])
0
L s s (A.6)
([ |@aczor) + (BaceoP)’] ) (@ + @i
0
Next, let us analysis v7" := wAhs (t). From the expansion (3.6), we have
— 1 7
7" =ARE(t) (/ 0, (t,(0,)°) - (x} + a5 dA+/ 0ua ( vtdA)
0
1
+ AR ) [ Bt () ) - (3 + 5 A
1
+ A0 [ B0t (6)) @ ud ) - 3N
0
and similarly, we also have
o7 M| <ClARE )] (Jue| + | + 25 + (Elue?)? + (Bl 2)? + (Bl [2)?). (A7)

From (A.2), by using Burkholder-Davis-Gundy (BDG) inequality, we obtain for any S € [0, T7,

S
B sup (o' < CE [ (1ol P+ [h(t 6D + ol o(t. 00 + 107 " + o7+ )
<t< 0

and with the help of (A.6), (A.7) and the boundedness of & and h, we have

T S
E sup |25 < C]E/ |A5(t)|2dt+CE/ |25t 2dt, (A.8)
0<t<S 0
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where

AS(t) = /O Yo (A )]+ 120 (NN + AR D] | (2] + Jvel)

p=f,0,0,h

1 N i :
+ /0 > [(fEIAwﬁ’f(t)F)z + (BlAgk(0)P) ]d)\+|AhE(t)|
e=f,0,0,h

[ @lat )t + Elof)?]

Thus the Gronwall’s inequality yields that

T
E sup o5 < CE / A% () [2dt. (A.9)
0

0<t<T

Now let us focus on Af. On the one hand, the uniformly bounded assumptions of h,d,p,d,¢ and
Jansn 0pp(a, 0, ) (', 0")[2dE(2",0"), i = 1,5, yield that

1
/O S (AgE)] + A < (hdr+ (AR | <G,

=f,0,0,h
-~ (A.10)
1 } s i ;
/O > {(Eﬁwﬁf(tﬂz) +(IEIA<pﬁf(t)\2) }dAJrAhE(t) <cC
p=f,0,6,h

Thus from sup E(|zf]? + |v]?) < 0o (see Rem. 3.1), and (A.9) and (A.10), we obtain that, there exists a
0<t<T

constant C' independent of ¢ such that

E sup |z <C. (A.11)
0<t<T

On the other hand, by using (A.11) and sup E|z}|? < oo, we have
0<t<T

lim Bz} — 2% = A2 lim E|2§ — ;]2 < 2 lim A2e2E[|25" 2 + |2} 2] = 0,
e—0 e—0 e—0
By using that
lim Elu) — ug|?> = A2 lim E|uf — u]? < lim A2?E|v,|?> = 0,
e—0 e—0 e—=0

and the continuity assumptions of h, d,p, 0,p, as well as the continuity of the mappings, i = 1,5,

R™F 5 LX(QR™) 3 (2,0, (X, B)) =0, (f, 0,5, h)(t, 2,0, L(X, B)) (X, B)
c LZ(Q,Ran % Rlxmxn % Rlxdxn % Rdxn),
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we have that for each ¢ € [0, 7],

1
/ > (A (1)) +1A) = (B))dA + |AR ()] 50, as e — 0,
0 _
p=Ff,0,0,h

[ >

p=Ff,0,0,h

(A.12)
{<E|A<p’\’5(t)|2> e (Em@;;(tw) ] A+ ARED)| | 50, ase 0.

M1

Then by using (A.10), and (A.12) and sup E(|z{|? + |v¢|*) < oo, from dominated convergence theorem, we
0<t<T

obtain lir%EfOT |A%(t)|?dt = 0. Consequently, noting (A.9), we get
e—

limE sup |25'% =0. (A.13)
e—0 0<t<T

Step 2. We can further show that for 2 < p <4,

1 : 1
E sup |z;"[P<C, and 1limE sup |a}’
0<t<T e=0  g<t<T

P =0. (A.14)

Indeed, from (A.2), by using Burkholder-Davis-Gundy (BDG) inequality, we obtain for any S € [0, T,

p/2

S
P <CE / (|vtf|2+|vzh<t,et>2+|v?a<t,et>|2+|vf’h|2+|v;’|2+|v;’2)dt] ,
0

1
E sup |z}
0<t<s

and with the help of (A.6), (A.7) and the boundedness of & and h, we have

T p/2 s
E sup |25\ <CE (/ |A6(t)|2dt> +CE (/ x§’1|2dt>
0<t<S 0 0

T p/2 S
<CE ( / |As(t)|2dt> +CE / 5P,
0 0

and Gronwall’s inequality yields that

p/2

T p/2
E sup |z5'|P < CE </ |A€(t)|2dt> . (A.15)
0

0<t<T

Then on the one hand, from (A.10), (A.15) and sup E(|z}P + |v]P) < oo, for 2 < p < 4, we have
0<t<T

E sup |z{'|? < C. On the other hand, by using (A.10), (A.12) and sup E(|z}[? 4 |v:|P) < oo, for 2 < p < 4,
0<t<T 0<t<T

P/2
from dominated convergence theorem, we obtain liH(l) E ( fOT |A€(t)|2dt) = 0. Consequently, noting (A.15), we
e—
get

limE sup |z5'[P = 0. (A.16)
e—0 0<t<T
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Step 3. Let us study pi''. From (3.3) and the forward equation in (2.7) (or (2.3)), we have
dpf’1 = af’hdYt.

Here, we denote

h(t, (0,)°) — ph(t, 0, , , ,
ol =Pt (¢, (6,) )6 pihlt,6,) (p%h(t,&t) + pi0uh(t,0,)xt + psOyh(t, 0,)v;

+ [0, h(t, 0,) (Te, 1) 7] + piElD,us h(L, 0,) (F0, ﬁt)fft])

e — p)(h(t, (6.)) — h(t,0, ,
_(pi = o) (,(Et) ) —h(t,0,)) o h(t,6) + et

=(p;" + pHARE(t) + pi h(t,0,) + pevl,

’

where we recall ARS(t) := h(t, (6;)°) — h(t,6;) and v} are given in (A.3) and (A.5). Then by using (A.6) and
similar to the proof in Step 1, one can show that

S T S
2 ¢ 0]1«:/ lafh2dt < O]E/ |A§(t)\2dt+0/ B0 2dt, (A17)
0 0 0

g,1
E sup |p;
0<t<S

where (recalling (A.4))
I3 L I3 1 g1 e,112 1
A5(t) =lAREB)llpt + pr (I + Bl 2)?)

! e AEe e 331 v
o (/ (AR (1)) + |ARY (1) )dA + A <t>) (It + o))

Thus from (A.17) and Gronwall’s inequality, it follows that

T
B sup |5 < CE [ las(Pr
0<t<T 0

On the one hand, from the boundedness assumption of d,h,Ouh, Oy, h, 0, h, and the following integrability
condition (see Step 2, Rems. 2.2 and 3.1),

sup E(|zf [P + [vg]? + |25 ) < 00, 2< p <4,
0<t<T

A.18
Bl sup (|od? + 1 7] < o0, p> L, and E[ sup [ol]"] < o0, 2< p <4 A
te[0,T] te[0,T]
we can show that EfOT |AS(t)|*dt < C and thus
E sup |pf'2 < C. (A.19)

0<t<T
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On the other hand, similar to Step 1, by using (A.16) and dominated convergence theorem, we can prove that

2=0.

: T . ) B . e,1
Ty B Jo [A5(0FdE =0 and thus i B sup |,
Finally, we also have

s p/2 T
E sup |of'|? < CE < / |af’h|2dt> < CE < / |A2<t>|2dt>
0<t<S 0 0

and Gronwall’s inequality yields that

p/2 S
+c/ E|ps ! Pdt,
0

T p/2
E sup |p5'P < CE < / |A;<t>|2dt> ,
0

0<t<T

and from the integrability condition (A.18), similar to previous Steps, one can show that for any 2 < p < 4

(note that p is strictly less than 4), we have

E sup |pp'P <C,
0<t<T

and moreover lim E sup [p{"'[? = 0. We complete the proof.
e—0 0<t<T

A.2 Proof of Lemma 3.3

(A.20)

We use the same notations in the proof of Lemma 3.2. From the backward equations in (3.1) and (2.7), we

have
—dypt =ofdt — 5N AWs - Z0NAY;, Yt = el
where
v ::G(t’ (©) )E_ G(t,0) _ 0:G(t,00)x; — 0,G(t,0:)y; — 0.G(t,0:)2} — 0=G(t, 047}
— 0,G(t,0,)v; — [0, G(t,0,)(d:)F;] — E[0,,G(t, ©1)(d)3}]
— E[0,, G (t,01)(6n)2]] — E[0,,G(t, ©)(61) 2] — E[0,,, G (¢, O1)(ae) 3]
and

o2 = 2T £(7)) - @ LED) o b(ar, £lar))ab — oy, O(ar, £lar) (@1)Eh).

(A.21)
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Let us first calculate v&. Recall the notations at the beginning of subsection 3.1 and by using similar expansion
as (3.6), we have

of = / Deg(t, (O)) )27 dA + / 111«:[6”19@ (©))*)(a ")z | da
/ (1.0 i+ | E (900t (0)) (02| ax
/ D.g(t, (01)7%)z5 A\ + / 'E [0t (€)@ )2 | ax
/ Dzg(t, (©,)™)z 1 dX + /O E _%g(t, O ) (@M)z | dr+ G5t + G52,

where for ¢ = v, x,y,2,2, and j = 1,2,3,4,5, we denote

Ag)E(t) :=0yg(t, (0)™°) — Byg(t, ©,),

Ague(t) =0,,9(t, (O (@)"%) = D, 9(t, ©,) (1),

AS(H) / (1802 (1) + 1Ag2= (O] + 1Ag) < (6)] + |Ag2* ()] + [Ag2= (1)) ax,

_ [ 25: (IE|A 9 )1/2 ),
(R
and
Gyli= /O 1 [AgXE (o + AgXe (D} + Ag)=(D)y} + Ag2< ()= + Ag> ()2}
SAT() (Joel + || + lyi | + 126 ] + 121)
and

1
G? .= /0 E [Agye ()] + Aghf (0 + Agp ()2 + Aghf(t)z + Ag)= () | dA
_ 1/2 . 1/2 ~ 1/2 . 1/2 L 1/2
<as(o ((BiatP) "+ (BR) "+ (BR) "+ (BE) " (B0R) ).

Consequently, with the help of assumption (H.1), we have

|761

E 2 <C (! + |+ 15 P2+ CE [Jaf"[2 + g2 + |25 + 127 2]
+ CIAS )P (|t + k| + |22] + 2] + [od)? (A.22)
+ CIASOPE(|2? + |yt 2 + 1202 + 12117 + o).

Similarly, for v$, we have

1 1
v = / 81(I)($T,£(I‘T)).'I}§lld)\ —|—/ E {8,“@(9@, E(xT))(xa\wa) b 1] d\ + 7 by ¢§’2,
0 0
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where

ool / D), L)) — 0, B(ar, Llar))| whd),

@&‘2

\

2] (9n00) £6ADEF) - uter. L) ) 7 o
With the help of assumption (H.1), we can show that

e |? < Clz5' | + CE|ad

51%|l2r]* + ClAPElar [,

where

(xT ?‘C(xT )) = 0 ®(z7, L(z7))| dA,

E |0 (a7, L)) (@7%) = O ®(ar, L(wr)) (@)

971/2
] dA.

Step 1. We first show that there exists a constant C' which does not depend on € such that

T
| 0P 410 ot < CE (I + 1P + |E2P).
0

e,112
E | sup |y;
0<t<T

where

V2 e . 12
Ioi=lo! |+ (ER5H2) 7 + 185 lleh] + 1A5] (Elokl?)
T

T
I :/ |Ai<t>|<|x%|+\y3\+|z3|+|23|+|vt|>dt+/0

To prove this, we recall (A.21) and apply It6’s formula to |yt€’1|27 then we have for any 0 <r < T,

T
|yel|2 / (| 51|2+|—51
Thus

T T
Elyo'|? + E / (2512 + |2 2)dt = Bud[? + 2E / yelofdt.

T

T
5 dt + / (Elz5 )b,

T T
e =|of P42 [ yitofde—z [P EAW Ay,

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)
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From (A.26) and BDG inequality, we have

T
E sup |y < Efo2] + CE / e o€ dt
T

r<t<T
T 1/2 T 1/2
+CE (/ lys! 2dt> +CE </ |yf’1|2|zf’1|2dt> .

By noticing (A.22), and using

T T 2
K 1
E/ yi [ ]dt <oE sup [yt P+ —E / [eldt )
r 2 << 2K ,

(A.28)

2|25

we have
2
r g1 .G e,112 c 2 2 C r e,112\1
E [ |y llof|dt <CKE sup |y, |* + =E (IL[* + |L°) + = (Ely;"[7)=dt
r r<t<T K K 0

T C T 2
+01E/ |y§’1|2dt+EE /(|zf’1|+\2f’1|)dt (A.29)

C T 2 o T 9
i (/ (E|Zt€’1|2)5dt> + </ (Ezf’1|2)édt>

Then by using

T 1/2 . 1 T
E( / |yf’1|2¢t|2dt> < 5B suwp i+ o E [ ot

0<t<T

T 2 T
and / (E|gpt|2)§dt> < 2TE/ |o¢|?dt, and then by taking & small enough, we imply from (A.23), (A.28)

and (A.29) that

T T
E sup [y < CE <|Io|2+|112+|12|2+ / (zf71|2+|z?’1l2)dt>+01E [ e,
r<t< 0 T

and then Gronwall’s inequality yields

T
E sup |y;'|* < CE <|Io|2 + 0|2+ | I +/ (2P + 12
0<t<T 0

2)dt> . (A.30)

On the other hand, applying following inequality for ¥; = |A5(¢)| >

1

1 1 ,1 1
|A§(t)| Za=x17y17217217v(]}2|a’t‘2)2, |$§ | a‘nd (]E|CE§ |2)2?

a=zlyl 21zl v |at|a

T T
B [l llvddt <E sup oi] [ lunlat,
r r<t<T T
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and for ¢ = 251,251 (E|z*

2)z (E|z51?)2, (E|y='|?)2, (noting that 2ab < ka2 + 1p2)

T | 1 T | K T
B [ litllodde <o [ it Pae+ 58 [ ot

we have, by noticing (A.22),

24¢

T T
B[4 of dt<cE[sup |yf’1|<|11|+12|>}+0E |
r <t<T r

. (A.31)
+/€C’E/ (2012 + 1201 ?)de.
From (A.23), (A.27) and (A.31) and by taking s small enough, we have that
T
Blyi P+ [ (s 15 e
T
§CE|10|2+01E{ sup |ygt| (|1 + |12)} +C]E/ lye ! [Pdt
0<t<T r
and Gronwall’s inequality yields that,
Ten 1 1
sup Ely;|” +E/ (12" + |2 [*)dt < CE|Io|* + CE [ sup [y | (11| + [Ra]) | -
0<t<T 0 0<t<T
By using 2ab < ka® + 1b? once again, we get for arbitrary x> 0,
1 T 12
sup Ely; |2+E/ (12517 + 120" )t < kE ,Sup Iy (Hol* + 1> + [12?). (A.32)
0<t<T 0

By combining (A.30) and (A.32) and by choosing x > 0 small enough we can obtain (A.24).
Step 2. Now, let us prove (3.7). Noticing (A.24), it only need to show that

. 2 2 2y _
gl_%]E(\IM + | L]” + |[I2]7) = 0.

On the one hand, from assumption (H.1), it follows that there exists a constant C independent of ¢ such that
Af(t) + A5(t) + A5+ A < C,

and by recalling (A.25) and the integrability of 2!, y!, 21, 21, v, 251 (see e.g. (A.18)), there exists a constant C
independent of € such that

T
El Sup lys |2+/ (|25 |2+|_€1| )de| < C. (A.33)
0<t< 0
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Moreover, standard arguments for mean-field SDEs and BSDEs, (see e.g. Thm. 4.21 of [17] for SDEs and
Lem. 3.1 of [13] for BSDEs), allow us to show the following continuous dependence on the paramaters/coefficients

T
mE | sup <|X5—Xt\2+\yf—yt|2>+/ (125 — =l? + |7 — Z[2)dt| =o.
e—0 0<t<T 0

Then, from the continuity assumption of 0,9, 9,9, 9,9, we have that (here L is the Lebsegue measure),

AS(t) + A5(t) 250, ase — 0,

Ag—%AiLO, as € — 0.

By Lemma 3.2, the integrability of z!(-),y'(-),2z'(-), 2!(-),v(-) and dominated convergence theorem, we can
obtain

lim E(|Io)? + |I|* + |I2|*) = 0.
e—0

A.3 Proof of Lemma 3.4

We mention that since g depends on the law of z(-), Z(+), it will be a little complicated to obtain the related LP
estimate. This is mainly due to the fact that it will appear simultaneously the terms [E fOT |yt\p_1(E\zt|2)%dt and
EfOT |ye|P~2|2¢|?dt. In fact, to give the LP estimate of y(-), z(+), 2(+), usually we apply It6’s formula to |y:|P (see
e.g. Thm. 4.4.4 of Zhang [52] for the case without mean-field term), which will yield the terms E fOT |ye|P~2|2¢|2dt
and EfOT lye|PH(E| 2 |2) 2 dt, see (A.36) and (A.38) below. With subtle analysis on such terms, we need first
establish the L? estimate and then use it to obtain the desired LP estimates.

We use the same notations in the proof of Lemma 3.2. Recalling (A.21) and applying 1t6’s formula to |y; 1 |7,
where 2 < p < 4, (note that for simplicity, we assumed that y is one-dimensional, so the mapping y — |y|?
belongs to C2(R;R). For multidimensional case, one should first consider |¢ + 55! |7, and then let ¢ — 0), we
have for any 0 <r < T,

T
. plp—1 2], e,
e e s P et
" (A.34)

T T
=lzl “’/ et Py o dt — p / et PRy (2 AW + 2 Y.
s s

Then we have

-1 T T
By + 22 Vg J I e A R o R R O L )

r

From (A.34), and with the help of BDG inequality, we have

T
E sup |y P < ERRP + CE / e P oS |t
r<t<T -

T 1/2 T 1/2
+CE (/ yf’1|2p2|zf’12dt> +CE (/ |yf’1|2p22t€’1|2dt> :

(A.36)
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By noticing (A.22), the term ]EfOT ly+|P~1(E|2|?)2dt appear in the right hand side of (A.36)
We will first show that for any 2 < p <4,

1p+</OT<|zf

(A.37)

p/2
+1E P )dt) < CE (|Lo|” + [L[P + [12[7)

€,
E | sup |yt
0<t<T

where Iy, I1, Iy defined by (A.25).
On the one hand, using similar arguments as in Step 1 of the proof of Lemma 3.3, we apply follow-
5 \If’ll, (Elzg'?)? and
Tt )

ing inequality for vy = [AT()] 2o ,pr y1 o1 s, el [AS(E)] s yo o1 o1 o (Elae?)2,
| D amat gt ot o (Elal )%, (noting the Young’s inequality yields ab = (ax)(2) < b= L(ak)7=T

T 1 p— ]. p 1 1 T P
E/ ly 1P~ el dt < kPTE sup |y [P+ —E / [he|dt
p r<t<T DKP r

T

and for ¢ = 251, 25!

T
_ K 1
B [ e ol <GE sup Y 5B [ e
r r<t< r

and

0<t<T

1/2 r
K _
) §E sup |yt P + E (/ |yt8’1|p 2¢t2dt) ;
0

T
E(/ lyp!
0

choosing x small enough, we obtain from (A.22), (A.23) and (A.36) that

T
E sup |5 [P <CE[|L]? + L + L") + CE / e Pt
r<t<T r
T P
+c</ |1y )i+ (Bl >2}dt>

T
+CE [ 3R P e P

€112 (A.38)

2%+ (Elef

Noticing that from (A.24), we have

(/TT [(H'Elyf’1

T /2
< <1E / (2 + 25 + |26 )dt)

<C[E(|]? + L +L)%)]" < CE (L) + |L]P + |LP),

4+ @l D)+ P )ﬂdt)
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thus (A.38) yields that

T
E sup |y [P <CE [/l + L + "] + CE / e Pt

r<t<T r

T
+CE/ I el (EAa AR EA P

and using Gronwall’s inequality, we obtain

0<t<

On the other hand, by using

T T
E/ et P )t <E Z“f%'yf’l'pfl/ eldt,

T r<t< T

and for ¢ = 251, 251 (noting that 2aP~1b = Qa%(a%?b) < KaP + LaP=2p?)

T L 1 T 1
B[ itpodd <5 B [ [ i

from (A.35), we have

T T
B [ el < OB | sup 4P (0 + 1| + CE [ 1 par

+ CE

T
sup |yst[P- 1/ [(H*llyf’1
s

r<t<T

%+ €l + B dt]
+ncuz/ e P22 + | Pt

From (A.23), (A.35) and (A.40) and by taking x small enough, we have

/ st P~
g

Ely: [P + (I8 + 120

T
SCE/ lyst

T
up, i /0 (Elyi )8 + (Bl + B2 )é}dt]

)dt

"+ CE [ sup_Jy; P71 (1] + ”2')]
0<t<T

+CE
0<t<T

T
E sup i _C]E[Ifol“r|11|p+\f2|”]+C]E/ [ (e e S L
0

39

(A.39)

(A.40)
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and Gronwall’s inequality yields that, for any 0 <r < T

T
sup Elyf’llpJfE/o e (Era RN A B

0<t<T
<CEITP +CE | sup 146"~ (16 + L) (A1)
0<t<T
1 1 ’ 112y 112\ 112\2
HOB| sup i | @t + @t + @l al
0
By using ab = (ka)(b/k) < f + (b/“) , we get for arbitrary k > 0,
p—1
E[ sup yg '[P (1] + |I2|)} <KE sup |y '[P+ CoE (L + | 127) (A.42)
0 0<t<T
and by noticing (A.24), we also have
e,11p—1 r £,112y2 e,112y2 e, 112\ 1
E| swp '~ [ [ElP D)+ D+ @D a
0<t<T 0
T P A
<KE sup |y;! P + CLE (/ {(E\yf‘I?)% + (Elz5 %)% + (E|2§’1|2)ﬂ dt) (A.43)
0<t<T 0
<KE sup |y;t P + CLE (|Lof” + |1 + |12]7).
0<t<T

(A.44)

g1

Now inserting (A.42) and (A.43) into (A.41), we obtain
sup By, / e P22 P+ 120 P)de < RE sup [yt P 4 CRE ([Lof” + [ 1P + |12]7)
0<t< t<T

By combining (A.39), (A.44) and by choosing x > 0 small enough, we can obtain
P < CE (Il + L] + 5P, (A.45)

E sup |y
0<t<T

Finally, setting p = 2 in (A.34), we have

T T T
[t e e = BP = i Pz [ aptefar-2 [ it taws 4 s ave,
0 0
and with the help of BDG inequality and (A.45), we get
T p/2 p/2
E(/ (2 |2+sz’1|2>dt> SCE(|IO|P+|11|p+f2|p>+oE</ 557 1o |dt>
0

o/ (A.46)

T
+CE (/ e P 4 (22 >dt>
0
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. T 571 G p/2 .
Let us first estimate E (fo lyz " | |vg |dt> . By using

o 1 1 T 2
/ ly; " |9 ]dt < 5 Sup e 1° + B / [eldt |,
0 0<t<T 0

_ .51 ze,1
and for ¢ = 25, 25",

T T L K T
[ ittodar < o [Cwitpas 5 [ oPas om s i [ ok
0 0 0<t<T 0

we have, (by noticing (A.22) and (A.24))

T p/2
E </ i ||vf Idt) <CE sup |y;' [P + CE(|Lo|P + | L[” + |I2[7)
0 0<t<T

; pf2 (A.47)
+ kCE (/ (252 + 1250112 )dt) :
0
. T, €12 2 _e,112 p/4
Now let us estimate E ( [ [y;|* (|2 24 12212)dt) . In fact, we have
T p/4 1 . T p/2

B [ W PGP+ <o oE s WP SR (P ) L (A

0 26 o<t<T 2 \Jo

By inserting (A.47) and (A.48) into (A.46), and choosing k small enough, we have

T p/2
E(/ (252 + |20 )dt) <CE ([Io]P + |L|P + |I2|P) + CE sup |y |P.
0 0<t<T

Then by noticing (A.45), we can obtain (A.37).
Finally, similar to Step 2 of the proof of Lemma 3.3, by using p-integrability of z1(-),y'(-),
21(),21 (), v(-), 251 (+) (see (A.18)), we can prove that there exists a constant C' independent of € such that

0<t<

T p/2
B | sup P+</<z |+r“>w> <c (A.49)
0

Moreover, the continuity assumption of 9.9, 0,9, 9,, g, and dominated convergence theorem as well Lemma 3.2
yield that

lim E(|To|? + |11 [P + |I2|?) = 0.
e—0

Finally, by noticing (A.37), the proof is complete.
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