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CUT TIME IN THE SUB-RIEMANNIAN PROBLEM ON THE
CARTAN GROUP*

ANDREI ARDENTOV! **® AND EERO HAKAVUORI?

Abstract. We study the sub-Riemannian structure determined by a left-invariant distribution of
rank 2 on a step 3 Carnot group of dimension 5. We prove the conjectured cut times of Yu. Sachkov
for the sub-Riemannian Cartan problem. Along the proof, we obtain a comparison with the known cut
times in the sub-Riemannian Engel group, and a sufficient (generic) condition for the uniqueness of
the length minimizer between two points. Hence we reduce the optimal synthesis to solving a certain
system of equations in elliptic functions.
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1. INTRODUCTION
1.1. Background

The sub-Riemannian Cartan group C is the nilpotent model for all sub-Riemannian problems with growth
vector (2,3,5). As a consequence of the non-integrability results of [9, 14], it is the only free nilpotent group
with step three or greater for which the Hamiltonian system of the Pontryagin Maximum Principle (PMP) [17]
is Liouville integrable.

A geometric description of the optimal control problem in the sub-Riemannian Cartan group can be given in
terms of the generalized (dual) Dido problem: Given two points a,b € R? and a fixed “shoreline”, i.e., a curve
4 connecting b and a, fix a desired oriented area S € R and a desired center of mass ¢ € R?, see Figure 1.
The problem is to find the shortest curve  connecting a and b such that the region of the plane bounded by
the curves 4 and ~ has an area equal to S and the center of mass c.

In this paper, we consider the equivalent simplified problem where 7 is the straight line connecting b and a.

A closely related problem is that of optimal control in the sub-Riemannian Engel group E with the growth
vector (2,3,4). The geometric description of the Engel problem is the same as in the Cartan case, except instead
of fixing the center of mass, we fix a line on which the center of mass should lie.
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FIGURE 1. Geometric formulation of the problem.

In both the Cartan and Engel groups, application of the PMP leads to a complete description of the geodesics.
This is due to the fact that all the (injective) abnormal trajectories are straight lines, so there are no strictly
abnormal trajectories. The normal extremal trajectories in both the Cartan and Engel cases project to Euler
elasticae in the plane. Conversely, every elastica lifts to an extremal trajectory in the Cartan group and, if
suitably rotated, also in the Engel group [6, 18].

A key part of the optimal synthesis is to understand when each extremal trajectory loses its global optimality,
i.e., to understand the cut times. In this paper, we consider all extremal trajectories to be parametrized by arc
length.

Definition 1.1. Let ¢: [0,00) — M be an arc length parametrized extremal trajectory in a sub-Riemannian
manifold M. The cut time t.u(q) is the maximal time T such that ¢: [0,7] — M is a minimizing geodesic.

When M is the Cartan group C or the Engel group E, we will also use the notation t$ () or tE (), where
the elastica v: [0,00) — R? is the projection of a Cartan or Engel extremal trajectory.

The Euler elasticae can be inflectional, non-inflectional, critical, or straight lines. For both the Cartan and
Engel problems, straight lines and critical elasticae are optimal for all time, so the study of the cut time reduces
to studying lifts of inflectional and non-inflectional elasticae.

Upper bounds for the cut time are provided by Maxwell times.

Definition 1.2. Let ¢: [0,00) — M be an extremal trajectory in a sub-Riemannian manifold M. A point ¢(t)
is called a Mazwell point if there exists another extremal trajectory ¢ # ¢ such that G(t) = ¢(t). The instant ¢
is called a Mazwell time.

In the Engel case M = E, the cut times are solved in [8]. A key ingredient to identify the cut times is
the description of a discrete group of symmetries and their Maxwell times [6].

For the Cartan case M = C, the analogous discrete dihedral group of symmetries is described in [20]. This
group of symmetries is generated by a symmetry !, which reflects an elastica in the center of its chord, and
a symmetry €2, which reflects an elastica in the perpendicular bisector to the chord (up to an additional
rotation). A detailed description of the Maxwell times corresponding to these symmetries is given in [19]. Based
on numerical evidence, it was also conjectured that these times are in fact the first Maxwell times.

In the Engel case, a similar cut time conjecture was proved in two steps:

(1) Study the first conjugate times [7].
(2) Prove uniqueness of the geodesics connecting the initial point with every point before the obtained Maxwell
point (or the first conjugate point) [8].
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In the Cartan case, we use the same steps to validate the conjectured cut times. For the first step, bounds for
the conjugate times have been obtained recently in [23]. Our main goal is to complete the second step and hence
obtain the cut times in the Cartan case.

1.2. Main results

Theorem 1.3. In the generalized Dido problem, if the desired enclosed area S is nonzero and the center of mass
does not lie on the perpendicular bisector to the line segment from a to b, then there exists a unique minimizer
connecting the points a and b.

In [8], the analogous result is proved by a case-by-case study of an explicit parametrization of the geodesics.
In the Cartan case, we are able to give a sufficient reduction of the technical analysis so that one case follows
from continuity of the parametrization (see Lem. 3.7), and the most difficult case can be obtained using the
results of [8] for the Engel group (see Lem. 3.8). See also Theorem 4.2 for an alternate description of Theorem 1.3
using coordinates on the Cartan group.

Consequently we verify the conjectured cut time of [19] in Theorem 4.3. That is, we obtain the following.

Theorem 1.4. For every extremal q in the sub-Riemannian Cartan group, the cut time is equal to the first
Mazwell time of q or the limit of Mazwell times of extremals q, converging to q. Moreover, the first Mazwell
time for each extremal is the first Mazwell time corresponding to one of the symmetries ' or 2.

In the case when the cut time is equal to the limit of Maxwell times of nearby extremals, the results of [23]
imply that the cut time is in fact equal to the first conjugate time.

Definition 1.5. Let ¢: [0,00) — M be a geodesic in a sub-Riemannian manifold M. For any ¢ € [0,00), let
gp: [0,00) = M be the geodesic ¢, (t) = q(t + ¢). The geodesic ¢ is called equioptimal if tcus(q) = teut(gy) for
all ¢ € [0,00). The sub-Riemannian manifold M is called equioptimal, if all of its arc length parameterized
geodesics are equioptimal.

As a consequence of the formula for the cut times in the Engel case in [8], the Engel group is equioptimal.
The analogous equioptimality result in the Cartan case is given in Corollary 4.4.

Every arc of an elastica that is optimal for the Engel problem is also optimal for the Cartan problem, so
the Cartan cut times are never smaller than the Engel cut times. We show that, up to a constant factor, there
is also a converse bound.

Theorem 1.6. There exists a constant ( < 2 such that for any elastica v: [0,00) — R? that is rotated so that
it lifts to an extremal trajectory for the Engel group, we have

tcht (7) < tSlt (7) < C ' tglt (7)

See Figure 2 for a visual description of the longest optimal arcs of inflectional and non-inflectional elasticae
starting from the point of minimum absolute curvature. The values k; and kg refer to certain critical values of
the parametrization of inflectional elasticae, see Section 2.2 for details.

1.3. Structure of the paper

In Section 2, we cover the basic definitions of sub-Riemannian geometry and cover relevant known results
for the Cartan and Engel groups. In Section 3, we prove our most important technical result, Proposition 3.2,
stating that a certain restriction of the sub-Riemannian exponential mapping is proper. In Section 4, we obtain
our main results and describe properties of the Cartan and Engel cut times along with their visual comparison.
We discuss some related open problems in Section 5. In Appendix A, we give formulas for the first Maxwell
times as the roots of certain equations depending on elliptic functions.
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FIGURE 2. Family of longest optimal inflectional and non-inflectional elasticae in the Engel
case (gray arcs), and in the Cartan case (unions of gray and black arcs).

2. PRELIMINARIES

In this section, we give the formulation of the sub-Riemannian problems on the Cartan and Engel groups
and describe previously obtained results for both problems.

2.1. Optimal control problem

A left-invariant sub-Riemannian problem on a Lie group M with two-dimensional control (uy,us) € R? can
be formulated as follows:

G =u1 X1 +uxXo, q€ M,
q(0)=1d, ¢(T)=q,

1(q() = /OT Ju? + u2 dt — min, (2.3)

/\A
Ore
N =
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where the vector fields X; and X, on M are left-invariant and generate the Lie algebra of M the terminal
time T is not fixed. By left-invariance, there is no loss of generality in assuming that the initial point ¢(0) is
the identity Id.

The solutions of the problem (2.1)—(2.3) define the sub-Riemannian distance as d(Id, q) = {(q(+)), where g is
the optimal curve connecting Id with q. The optimal control (u(t),u2(t)) and the desired trajectory ¢(t) can
have arbitrary time parametrization, so, without loss of generality, we assume that all solutions are parametrized
with constant speed /u? + u3 = const. By the Cauchy-Schwarz inequality, it follows that the sub-Riemannian
length minimization problem (2.3) is equivalent to the action minimization problem with a fixed terminal time 7":

/T M dt — min. (2.4)
0

As mentioned in the introduction, application of the PMP to problem (2.1), (2.2), (2.4) leads to a description
of the geodesics. When M is the Cartan or the Engel group, all abnormal geodesics are simultaneously normal,
so we consider only normal geodesics.

Normal geodesics are solutions to the Hamiltonian system

A=HQ), AeT*M, (2.5)
given by the maximized Hamiltonian function

H(X) = = (hi(\) + h3(N)), hi(A) = (A Xo), i=1,2, (2.6)

DN =

with normal extremal controls u;(\) = h; ().
Arc length parameterized geodesics are projections of extremals A; with H(A;) = 1/2. The initial cylinder is
defined by

C={\eTHM|HO) =1/2}.

Integration of (2.5) gives the parametrization of all (arc length parametrized) extremal trajectories, defining
the exponential mapping

Exp: N =C x[0,00) = M,
Exp(\t) = ¢

Definition 2.1. The cut time teu(A) is the time when the extremal trajectory corresponding to the covector A
loses its global optimality:

teut(A) = sup{T > 0 | Exp(\, ) is optimal for ¢t € [0, T]}.

Definition 2.2. A point gr = Exp(A,T) is called a conjugate point for the point Id if v = (A, T) is a critical
point of the exponential mapping. The instant T is then called a conjugate time along the extremal trajectory
qt = EXp()\, t)a te [07 OO)

Definition 2.3. A point ¢r of an extremal trajectory g; = Exp(A,t) is called a Mazwell point if there exists
another extremal trajectory ¢ = Exp(\,t), ¢ Z G, such that gr = ¢p. The instant T is called a Mazwell time.

We denote the first conjugate time by t:;oni()\) > 0 and the first Maxwell time by ti;,x(\) > 0 for

the corresponding trajectory Exp(),t). The significance of the Maxwell and conjugate times is the following
result:
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Theorem 2.4 ([1], Thm. 8.72). For each X\ € C such that the trajectory Exp(\,t) does not contain abnormal
segments, we have

teut(A) = min (£, (A), tapax (A)).-

A common reason for Maxwell points to appear along a trajectory is a symmetry.

Definition 2.5. A pair of mappings
S: N — N, S:M —->M
is called a symmetry of the exponential mapping if
S o Exp(v) = ExpoS(v), v €N,

and the first mapping S preserves time.
Definition 2.6. Let S be a symmetry of the exponential mapping. The Mazwell set corresponding to S in the
preimage of the exponential mapping is
MAXg = {v € N | S(v) # v,Exp(v) = ExpoS(v)}.
The set of fized points corresponding to S is

FIXg ={v € N |S(v) =v}.

The first Maxwell time does not always correspond to any symmetry S of Exp, as can be seen for instance
in the affine on control Euler’s elastic problem [4]. However, the first Maxwell time corresponds to a symmetry
of Exp in each of the fully studied left-invariant sub-Riemannian problems on the following groups: the Heisen-
berg group H(3) [24]; the groups SO(3), SL(2) with axisymmetric metrics [10]; SE(2) [22]; SH(2) [11]; the Engel
group E [8]. In this paper, we prove that the same is true for the problem on the Cartan group C.

2.2. Known facts about the Cartan case

The control system (2.1) for the left-invariant sub-Riemannian problem on the Cartan group can be specified
more explicitly in coordinates as follows:

= Uy, (27)
= U2, (28)
Pt + ugx, (2.9)
2
2 2
b= ™ ;y , (2.10)
2 2
W= —up ;y : (2.11)

where ¢ = (2,7, z,v,w) € C = R5.
The family of all normal extremal trajectories of the problem is parametrized by the cylinder

CC={NeTjClHWN) =1/2} = {(0,c,,8) € S' x Rx R x S | a >0},
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where «, 3 represent polar coordinates. The cylinder C'© is further decomposed into subsets as follows:

CC=U_,CP, CfnCP=0,i#j, A=(0cap),
CC={NeCC|a#0,FEc(~-a,a)},
C€={AeCC|a#0,Fc(a,+x)},
CE={AeC®|a#0,E=a,c#0},
CC={NeC®|a#0,E=—a,c=0,0—3=0},
CE={AecC®|a#0,E=a,c=0,0 - =r},
CE={AeCC|a=0,c4#0},
Ce={NeCC|a=c=0},

where E = % — accos(f — B) is the energy of the mathematical pendulum:
0 =c, ¢ = —asin(d — B), a=p8=0. (2.12)

For each value of the constants «, 8, the pendulum trajectory (6, c;) defines a trajectory in C via the expo-
nential mapping Exp©(\,t) = ¢;, where A = (0, ¢, a, 8) and (6, ¢) := (6, cp) € S} x R, is the initial point of
the pendulum trajectory.

Elliptic coordinates A = (¢, k,, 3) on the sets CC,i = 1,2,3, were intruduced in [18] for the explicit
parametrization of Exp®. The parameter ¢ is the motion time of the pendulum (2.12) from the point of
stable equilibrium. The parameter k is a reparametrization of the energy E:

AeCFP = k= E;(;ae(o,l),
el = k== ¢ (0,1),

E+a
AeC¥ = k=1

The projections of Exp®(A,t) to the plane (z,y) for A in CC, C€, and CS are inflectional, non-inflectional,
and critical Euler elasticae respectively. When A\ € C’fm =Ccfu C’f U C7C the projections are straight lines
parametrized by A € S}. The projections for \ € CE are circles parametrized by A = (6,c¢),c # 0.

Remark 2.7. If A € CS UCE;, then t$,(\) = co. For A € OF U CS U CE, the cut time tC, () is finite.

cut cut

A two-parameter group of continuous symmetries of the exponential mapping is formed by dilations and
rotations

O (0,¢,00, ) > (0, c/p, o/, B, pt), >0,

Ot (2,y,2,0,w) - (e, py, 1° 2, P, pw);

R, :(0,c,a,p,t) > 0 —n,c,a,8—mn,t), nest,

R, : (z,y,2,v,w) — (zcosm + ysinn,ycosn — xsinmn, z,

veosn + wsinn, wcosn — vsing).
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There is also a dihedral group of discrete symmetries G = {Id, ', &2, €3 = ! 0£?} of Exp®, which is described
in [20]. In terms of the (x,y) projection, the symmetry ' reflects an elastica in the center of its chord; the symme-
try €2 reflects an elastica in the perpendicular bisector to the chord up to an additional rotation; the symmetry &3
reflects an elastica in the chord up to the same additional rotation. Those symmetries generate the correspond-
ing Maxwell sets MAX,; := MAX,: and the corresponding sets of fixed points FIX; := FIX,: in the preimage of
the exponential mapping. For a detailed description of MAX;, FIX;, see [21]. Denote the unions of these sets by

MAX = U, MAX;, FIX =U}_ FIX;.
Lemma 2.8 ([19], Cor. 2.2, Cor. 2.4, Cor. 3.1, Prop. 3.5).

(A1) € MAXUFIX <= Exp®(\t) e C/,
where

C'={(z,y,2z,v,w) € C |2V =0},
2, .2
V = a0+ g — W
A function t: C€ — (0, 4+oc] for the minimal Maxwell time corresponding to the symmetries £', €2 is defined
in [19]. It gives an upper bound for the first Maxwell time and hence the cut time, i.e.,

tC

cut

\) < tiax(V) <t(N), VA e CC. (2.13)

As mentioned in Remark 2.7, t(A\) = oo for A € C§ UCS,. Elsewhere using dilations ,,, we define the renor-
malized function pt(\) = tod,, (A) so that one period of the corresponding elastica has unit length. The explicit
dilation factors ) and the resulting function ut are

Ja

e - "= 1 () = b (k) = min{t5(6). £ (4)}.
recg = pin = %ffzk), pt(N) = ta(k) = tY (k),
e - =1 t3) = t:(0) = £ (0),

where K (k) is the complete elliptic integral of the first kind and t%(k), t} (k),tY (k) correspond to the minimal
times with vanishing z or V. Explicit formulas are given in Appendix A.
To prove our main theorems, we need the following bounds for t; and t,.

Lemma 2.9. The Mazwell times t; (k),t} (k) satisfy

ke [0, ko) = t3(k) € (1,3/2), tV(k) e (1,2),
k= ko = ti(k) = t7 (k) = 1,
k€ (ko,1) = t3(k) € (1/2,1), tV(k) € (1,2).
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The first Mazwell time t1(k) satisfies

_ ti(k)’ ke (Oa kl] u [kOa 1),
talk) = {tlv(k), k € [k1, ko),

where ko = 0.909 and k; ~ 0.802 are roots of certain equations in elliptic functions and satisfy t3(k) =t} (k).

Proof. Follows immediately from Corollary 2.1, Proposition 2.2, Proposition 2.5 of [19]. O
Lemma 2.10. The first Mazwell time to(k) satisfies

kel0,l] =  to(k)eL,2).

Proof. By Proposition 3.2 of [19], we have tJ (k) € (1,2) for all k € (0,1).
Moreover, by Proposition 3.4 of [19], we have also

1< lim ty (k) < 2.
k—0

Finally, by Lemma A.1, there exists k < 1 such that t} (k) < 3 for all k < k < 1. It follows that %Hnl ty (k) <
—
% < 2, proving the statement of the lemma. O

Theorem 2.11 ([23]). For each A\ € C€
t(\) <tl (N

conj

By equation (2.13) and Theorem 2.11, the subset
N={(\t) e C®x[0,00) | t <t(\)}

in the preimage of the exponential mapping describes all the potentially optimal geodesics.
To prove that all these geodesics are indeed optimal, we study the restriction of ExpC to the following set:

N := N\ (FIXUMAX),
Exp(N) c C, C=C\C ={(z,y,2,v,w) € C|zV #£0}.

2.3. Comparison with the Engel cut time

Let us recall the known facts about the solution for the sub-Riemannian problem on the Engel group E
that we are going to use in the study of Exp | 5. The control system (2.1) for the left-invariant sub-Riemannian
problem on the Engel group can be specified by equations (2.7)—(2.10), i.e., we have a natural projection

TE: C*}Ea 7TE(ZL'7y,Z,U,UJ): (x,y,z,’u).
The family of all normal extremal trajectories of the problem is parametrized by the cylinder
CE={\EcThE|H\®) =1/2} = {(§,c,0) € S* x R x R}.

We also define a projection between the cylinders

g : CC¢ = CF, mr(0,c,a,8) = (0, ¢, ).
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The cylinder in the Engel case also has a decomposition CE = U7_; CE | see [6] for the details. This decomposition
satisfies

CEn{a>0}=m(CEN{B=0}), i=1...T.

The case a < 0 is symmetric to the case a > 0.

Lemma 2.12. Let ¢ = EXpC()\C,t),t > 0 be an extremal trajectory for the sub-Riemannian problem on C
with \C = (0, ¢, B) € CC. Then Exp®(7g(A\C),t) = Tg(q:) is an extremal trajectory for the sub-Riemannian
problem on E, where

TE = TE © RB_.,T/Q.

Proof. Follows directly from the explicit formulas for the exponential mappings in the Cartan case [18] and
in the Engel case [6]. O

Theorem 2.13 ([8]). For each covector A\ € CE, let uy be the dilation factor such that the corresponding elastica

has a unit length period. The normalized function putE, : CE — (0,+o00] for the cut times in the Engel group
has the following form:

« . R
re ok - \= e piZ(3) = min{1, 65 (k).
AeCF i B =1
€ 3 = Hx = 2]@K(l€)7 /J’tcut( )_ ’
c
AeCy = pa = |27l pteu(A) = 1.

If the projection of a Cartan extremal trajectory is optimal in the Engel group, then the Cartan trajectory
must be optimal as well. Hence we have the inequality

tS.(0C) > tE ong(\C),  WAC e CC. (2.14)

cut

As a consequence of Lemmas 2.9 and 2.10, we can bound the conjectured cut times in the Cartan group by
the corresponding cut times in the Engel group:

Lemma 2.14. There exists a constant 1 < ( < 2 such that for every \C € CF U CE, we have

t(AC) < - th (A,

cut
where \E := 7g(\C).
Proof. Since 7g(CF) C CE, we find that
min {5 (k), ¢} (k) }
= min {t3(k),1}
ta(k), \eCy.

t(AC) , AeCF,

teus (AF)
Therefore, if we set

- 2 (k), to (K }
¢ maX{krg[gﬁ] 1(k) nax 2(k)
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the inequality t(\€) < ¢ - tE, (\PF) follows, so it remains to show that ¢ < 2.
This bound follows from the earlier estimates on t; and ty. Namely, we get the bounds maxje,1) t5 (k) <
and maxge(o,1) t2(k) < 2 from Lemmas 2.9 and 2.10.

Meores

3. PROPERNESS OF THE SUB-RIEMANNIAN EXPONENTIAL MAP
Definition 3.1. A map f: X — Y is proper if f~1(K) C X is compact for any compact set K C Y.
The goal of this section is to prove the following result.
Proposition 3.2. The restriction Exp®: N - C of the sub-Riemannian exponential is a proper map.
For the proof of properness, the following notion is convenient.

Definition 3.3. Let X be a topological space. A sequence (z;);en € X is said to be escaping if it eventually
exits any compact set. That is, for any compact set K C X, there exists jo € N such that for j > jj, we have
T € X \ K.

Recall that in metric spaces properness is characterized by preserving escaping sequences. That is, if f: X —
Y is a continuous map between metric spaces X and Y, then f is proper if and only if f(z;);en C Y is escaping
for every escaping sequence (2;)jen C X.

Remark 3.4. When referring to escaping sequences, we use the notation (A,,t,) — ON and Exp€ (\n, tn) —
OC. The boundaries N and C are understood inside the one-point compactifications of C€ x [0, 00) and C
respectively, in order to also handle the case when (A, t,) — oo.

The proof of Proposition 3.2 is given in Section 3.2 by considering two types of escaping sequences (A, t,) —
ON. B

The first case is when the sequence (¢, ),en stays bounded. Then the claim that Exp(A,, t,) — 0C will follow
by continuity by considering a (possibly abnormal) limit of the corresponding trajectories ¢t — Exp(Ay,t).

The second case is when (¢,)nen is instead unbounded. Then the proof is more involved and follows by
comparison with the known cut times in the Engel case. To make this comparison easier, we consider two
simplifications in Section 3.1. First, we reduce to the dense subset of the points (\,t) € N with A € CE U CY.
Second, using the rotational symmetry of the sub-Riemannian exponential map, we further reduce to A =
0,¢,a,B) € CF UCS with B = 0.

3.1. Reduction to rotated generic elasticae

A priori we have to consider escaping sequences (A,,t,) — ON with arbitrary X, € C€. However, since
CEUCE is dense in C€ = CE U---UCE, such sequences are well approximated by escaping sequences with
A\, € OF U CE. More precisely, we have the following lemma.

Lemma 3.5. Suppose X and Y are boundedly compact metric spaces, f: X — Y is a continuous map, and
U C X is a dense subset. Assume that if (u;);eny C X is an escaping sequence and uj € U for all j € N, then
the sequence f(uj)jen C Y is also escaping. Then f is proper.

Proof. Let (z;)jen C X be any escaping sequence. We need to verify that f(x;)jen C Y is also escaping.
By continuity of the function f and denseness of the subset U C X, there exist points u; € U such that

dx(.r]‘,u]') < 1/] and dy(f(l‘]),f(u])) < 1/] Vj e N. (31)

If K C X is any compact set, then by bounded compactness of X, also the set

B(K,1)={zxe X |d(z,K) <1}
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is compact. If for some j € N, we have z; ¢ B(K,1), then u; ¢ K by (3.1). Therefore the assumption that
(xj)jen C X is escaping implies that (u;)jen C X is escaping.

By the assumption of the lemma, the sequence f(u;);en is escaping. Arguing exactly as before with the role
of z; and u; taken by f(u;) and f(z;), we see that bounded compactness of Y and (3.1) imply that f(z;),en
is escaping. O

Lemma 3.6. Suppose that Expc(ﬁn,cn,an,o,tn) — dC for any escaping sequence (O, cp,n,0,t,) — ON
in N. Then Expc()\n,tn) — OC for any escaping sequence (A, t,) — ON in N.

Proof. If (Ap,tn) = (On, Cny i,y By tn) — ON is an escaping sequence, so is the rotated sequence Rg_ (An, tn)nen-
Since Rg, (An,tn) = (0n — Bn, Cny an, 0,t,), the assumption of the lemma implies that

Ech(en - 61’7/7 C’I’L7 anyoytn) — 86.

Rotations preserve both the coordinates z and V, so the set C and its boundary dC are invariant under
the rotations. It follows that

EXpC()\na tn) = R—ﬂn o Expc(en - Bna Cn, Oln, O, tn) — 66

3.2. Proof of properness

We will next conclude the proof of Proposition 3.2 that the restriction Exp®: N — C of the sub-Riemannian
exponential in the Cartan group is proper. The proof splits into two cases based on boundedness of (¢, )nen-

In the bounded time case, we show that the sequence is escaping by considering a limiting trajectory of
the extremal trajectories t — Exp(\,, t).

Lemma 3.7. Suppose (A, tn)nen C N is an escaping sequence with (t,)nen bounded. Then any limit point of
the sequence Exp®(\,,t,) is contained in C' = {2V = 0}.

Proof. Fix T > 0 such that ¢,, € [0,T] for all n € N. Consider the family of normal trajectories ¢, : [0,7] — C,

qn(t) = Exp®(\,, 1) with controls w,, = (11 ,, u2.,). Denote by eth (M) the Hamiltonian flow of (2.5). Then the
controls u,, are given by the linear Hamiltonians h; (see (2.6)) as

Uj,m (t) = hl (etH()\n)) .

In the Carnot group setting, the flow of the Hamiltonian is the right translation of the initial covector A,.
By left-invariance, we may write the above using the adjoint map Ad, i.e., the differential of the conjugation,
as

win(t) = (e (A,)) = An(Ad%(t) X) i=1,2. (3.2)

Let q € C be a limit point of the sequence of points Expc()\n, t,) € C. Up to taking a subsequence, we may
assume that Expc()\n,tn) — q. Since the trajectories g, are all 1-Lipschitz curves through ¢,(0) = Id, up to
taking a further subsequence, we may assume by Arzela-Ascoli that there exists a limit trajectory g : [0,7] — C
such that ¢, — goo uniformly. R

If the sequence (\,)nen of covectors is bounded in C€, there exists a limit point (\,,t,) — (A, %) € N.
The assumption that (A,,,)nen is escaping in N implies that (A1) € N \ N = MAX UFIX. By Lemma 2.8,
q=Exp(\,f) € C.
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Suppose instead that the sequence (\,)nen of covectors is unbounded in C€. Let (a,)neny C (0,00) be
a sequence such that there exists a finite non-zero limit Ao := lim a, A, € T7;C. The assumption that (A, )nen
n—oo

is unbounded implies that necessarily a,, — 0.
Rescaling (3.2) by the factors a,, € (0,00), we find that each trajectory g, satisfies

ann (Ady, 0 Xi) = anuin(t) =0, i=1,2.
By continuity, we conclude that the limit trajectory ¢, satisfies
wo(Adgo Xi) =0, i=12,

Hence, the trajectory ¢ is abnormal (see for instance [13], Cor. 2.14).
Since the only abnormal curves are horizontal lines, we see that ¢ is contained in {z = V = 0}. Finally,
since t,, € [0,T] for all n € N, by uniform convergence, we conclude that

q= hm Gn(tn) = goo( lim t,),

n—oo

so the limit point q is contained in C’. O
In the unbounded time case, we show that the sequence is escaping by comparing to the distance on the Engel

group.

Lemma 3.8. Let (A\S t,)nen C N bea sequence with t, — oco. Then d(Id, Expc()\g,tn)) — 00.

Proof. By Lemma 2.14, there exists a constant ¢ € [1,2) independent of AS such that t(\S) < ¢ - B (\E),

where AE = 75(\9). By assumption (AS,t,) € N, so

t < t()‘c) < C tcut( )

Denote the trajectories by qn( ) := Exp®(A\C, ) for short.
If tB . (AB) < ¢, < ¢-tEB,(AE), then, by the triangle inequality, we can bound

A(1d, g0 (ta) = d(1d, 4u (tE () ) = d(ga (8 VD)) 4 (t2))-

Since the trajectories g, (t) are 1-Lipschitz and optimal on the interval [0,tE, (AE)], the above can be further
estimated by

2-9

A(ld, g (ta)) 2 (2= )t ) 2 =

th.

On the other hand, if ¢, < t2,(AF), then the trajectory is already optimal in the Engel group, and hence is also

optimal in C. That is, we have
d(Id, Qn(tn)) =tn.

In either case, the assumption that t,, — oo implies that d(Id7 qn(tn)) — 00 as n — 0o. O

Up to taking subsequences, Proposition 3.2 follows by combining Lemmas 3.7 and 3.8.
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4. CUT TIME

We now have all the ingredients to verify the conjectured cut times of [19].

4.1. Proofs of the main theorems

The first result is the uniqueness of geodesics for the points C= {(z,y,2z,v,w) € C| zV # 0}, where V =
v —yw — (22 + y?)z/2.
Theorem 4.1. ExpC: N = C is diffeomorphism.

Proof. The group S' of rotations R, acts freely on both N and C. Since the rotations are symmetries of

the sub-Riemannian exponential Exp ' N — C it follows that the exponential descends to a well-defined
smooth map Exp N /St — C/St. Slnce the action on C is free, it suffices to prove that the quotient map Exp
is a diffeomorphism.

First, by Proposition 3.2, the exponentlal Exp®: N — C is proper, so Exp is proper as well. Second, by
Theorem 2.11, the Jacoblan of Exp€ is nonzero everywhere in N, so also the Jacobian of Exp is everywhere
nonzero. The clalm then follows by the Hadamard Global Diffeomorphism Theorem ([12], Thm. 6.2.8) once we
show that the connected components of C /St are simply connected.

The connected components of C /St are all homeomorphic to the subset

(~30+ ={(z,y,2,v,w) € C |z=0,y>0,2>0,V >0},
which further homotopy retracts to the level set
Coz = {(z,y,2,v,w) € Coy | 2z =2}
For any (z,y,z,v,w) € 602, the function V' has the simplified expression
Vix,y, z,v,w) = y(w —y).

That is, for points in 602, we have V' > 0 if and only if w > y. Hence (~302 is convex and, in particular, simply
connected, so the same is true for the connected components of C/S!, concluding the proof of the theorem. [

Theorem 4.1 gives the following coordinate version of Theorem 1.3.

Theorem 4.2. If q = (z,y,2,v,w) € C is such that z # 0 and zv + yw — M # 0, then there exists
a unique minimizer from Id to q.

Using Theorem 4.1, we confirm the conjectured cut times of [19], proving also Theorem 1.4.

Theorem 4.3. For A € C€, we have

tC

cut

() = t(\). (4.1)

Proof. The case A € C§ UCS, when t(\) = +oc0o follows by equation (2.14).
If A € CF UCS, then we have a finite t(\) € (0,00) with (X, (X)) € MAXUFIX. Points (A,t) € FIX are

described by the equation sn7cn7 = 0 [19], where 7 is given by

AeCFC = T:\/a<ga+%>,
reof = TZ%(QO-F%)
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Since the zeros of the equation are isolated with respect to t, there exists € > 0, s.t. (A, t) ¢ MAXUFIX for all
t e (t(\) — € t(N).
Therefore, for such ¢, we have ¢ = Exp©(\, t) € C. By Lemma 2.8 and Theorem 4.1, v = (A, t) is the unique
solution to Exp(r) = ¢ among all the potentially optimal geodesics v € N. By continuity, (), t(\)) is optimal.
The case A € CE follows from the case A € CF, since t()\) is continuous for A € CF UCE by Proposition 3.4
of [19]. O
Proof of Theorem 1.6. By Theorem 4.3, t€, = t. Hence by Lemma 2.14, the inequality

» Yeut T

tewe (A7) < 15 (AF) < ¢t (AF) (4.2)
holds for all A€ € C€ U CE, where \F = 715 (\C).

By continuity of t on CF U CS U CE, inequality (4.2) extends also to A€ € CF. On the other hand, by
Remark 2.7, tS (\C) = tE, (AE) = co elsewhere, so the claim holds for all A¢ € CC. O

» Ycut cut

4.2. Properties of the Cartan and Engel cut times

As a consequence of the description of the cut time given by Theorem 4.3 we obtain the following.

Corollary 4.4. The function tS,: C€ — (0, +0cc] has the following properties:

cut *

C

- tcut
_¢C

cut

(N\) depends only on the Casimirs E, «. In particular, the Cartan group is equioptimal.
(M) is homogeneous with respect to dilations:

S 08,(\) = p-tS,(\)  for all X € CC.

Remark 4.5. The function tE

ot (A) has the same properties.

Now consider the functions t5,(A€), tE (A\F) for the most general cases when A€ = (p,k,a,8) € CFC,
ME = (¢, k,a) € CE i = 1,2. Both functions depend only on the parameters k, , where k determines the shape
of the elastica on the plane (z,y) and the parameter a changes the size of the elastica. Normalizing the full period
of the elastica to unit length by the dilations d,,, , we compare the corresponding cut times utE, (k), utS, (k) for
the problems on the Engel and Cartan groups, see Figure 3. The corresponding optimal elasticae are shown in

Figure 2.
Remark 4.6. Numerical calculations show that the optimal bounds for the constant ¢ in Lemma 2.14 are given
by
Ae P = tS
recSuce = tS

£(0) - tee (A®)

;/(0) ’ tf}ut ()‘E)7

with AF := 7g(\C), where t7(0) ~ 1.430 is the first positive root ¢ = t7(0) of sin(nt) = 7t cos(nt); the value
t3(0) ~ 1.465 is the first positive root ¢t = t¥ (0) of

cos(mt) (2m?t? — sin®(wt)) = mtsin(nt).
Note that t (0) is the cut time for the Cartan geodesics projecting to the circle with unit circumference.

5. OPEN QUESTIONS

Our work opens three immediate avenues of further research.
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case ( case (%

Mtcut<k) MtCllt(k)
T — 32

1/2 1/2

k k

ki ko 1 0.2 0.4 0.6 0.8 1

FIGURE 3. Normalized cut times tE, (k) (gray), t$, (k) (black) for general types of elasticae:

cut cut
inflectional (left); non-inflectional (right) with circle when k = 0.

Our study reduces the boundary problem (2.1)—(2.3) in the general situation of the Cartan case when q €
C to finding the unique root (A, t) € N of the five-dimensional system of equations Exp€(\,t) = q. Using
the continuous symmetries, it is possible to reduce the number of equations of the system to three. Software for
solving a similar three-dimensional system of equations is described in [16]. By means of nilpotentization, such
software is useful for approximate solving of sub-Riemannian problems with growth vector (2, 3,5). An iterative
algorithm based on nilpotent approximation was developed in [15] to find the approximate solution of a generic
(2,3,5)-problem and applied for two such problems: the plate-ball problem and suboptimal control of a wheeled
robot with two passive off-hooked trailers. See also [3, 5] for suboptimal control of a robot with a single trailer
via nilpotent approximation with the sub-Riemannian Engel group.

We can also conclude that the cut locus in the sub-Riemannian problem on the Cartan group Cut C C lies in
the domain of fixed points of the symmetries £!, €2, i.e., Cut C C'. However, a complete description of the cut
locus and the multiplicity of the solutions for q € C’ remains unknown and requires a separate investigation.

The study of the corresponding sub-Riemannian spheres and their singularities are of interest to specialists
in various fields of mathematics. Numerical evidence allows us to suggest that the sub-Riemannian distance and
the spheres are not subanalytic in the Cartan case similar to the flat Martinet and Engel cases [2, 8].

APPENDIX A. FORMULAS FOR THE FIRST MAXWELL TIMES

Here we give the relevant formulas from [19] used in Section 2. Additionally, we formulate and prove
the technical Lemma A.1 required for the proof of properness.

c : 2(F) — PiK) 4V iy py(K) : ;
In the case A € CT°, the first Maxwell times t§(k) = RO (k) = siccry corresponding to the symmetries

e, &2 respectively are defined by the first positive roots p = p?(k),p = p} (k) of the equations f7(p,k) = 0,
YV (p, k) = 0, where

fi(p,k) =snpdnp — g1(p) cnp, g1(p) = 2E(p) — p,

4
(p,k) = 3 dnpsnp(gf(p) —p—201(p)(1 — (2 —6cn®p)k?) + 8k snp cnpdnp) +4cnp gi(p)(1 — 2k*sn’p),
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sn, cn, dn are Jacobi elliptic functions; E(p) is the composition of the incomplete elliptic integral of the second

kind with the elliptic amplitude (the inverse function to the incomplete elliptic integral of the first kind). We do

not write the second parameter (elliptic modulus) for short, since it always coincides with k for every function.
We define the function t§(k) at £ =0 as

z p— 1. z pr—
t7(0) k_1>m+0t1(k:) -

where p = p%(0) is the first positive root of the equation

fi(p,0) =sinp — pcosp = 0.

In the case A € CS, the first Maxwell time t (k) = ’};(/((:)) corresponding to the symmetry €? is defined by
the first positive root p = pY¥ (k) of the equation f3 (p, k) = 0, where

4
Y (p, k) =3 (dnp(8k2 en?psn?p + g3 (p)(3 — 65n2p)) +cnpsnp

x (93(p) = K*p — 202(p) (4 + K(1 — G50 p)))>, 92(p) = 2E(p) — (2 = k*)p. (A1)

\%4
In the case A € CS, the first Maxwell time tY (0) = 220 (orresponding to the symmetry 2 is defined by

™

the first positive root p = pY¥ (0) of equation f) (p,0) = 0, where

1Y (p,0) (32p? — 1) cos(2p) — 8psin(2p) + Cos(6p)).

Lemma A.1. There exists a value k < 1 such that f3 (p,k) has a root in the interval p € (K (k), 3K(k)] for
all k < k < 1. In particular, tY (k) < 3 for all k<k<l.

Proof. In equation (18) of [19], it is shown that f) (K (k),k) < 0 for all 0 < k < 1. Therefore, it suffices to show

that there exists some k < 1 such that f3 (3K (k),k) >0 for all k > k.
We consider the asymptotics of expression (A.1) as k — 1 when p = p(k) = %K(kz) — 00. Since E(p) — 1 as

k — 1, there exists some large enough k < 1 such that, whenever k < k < 1, we have the bounds

1
—2p < ga(p) < —5P-

Note that for all 0 < k < 1, we also have
cnp <0, 0<snp<l, 0 < dnp. (A.2)

_ Using the above estimates, we obtain bounds for the various parts of expression (A.1). Namely, for all
k < k <1, we have

8k*cn®psn®p > 0, 95(p)(3 — 6sn’p) > —12p°,

1
93(p) — k'p < —2p”, —2g5(p) (4 + k(1 — 650 p)) < 20p.
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With the above four inequalities along with the sign information of (A.2), we deduce the lower bound

1 80
¥ (p,k) > —16p*dnp — gp?’ cnpsnp + 3 Ppenpsnp. (A.3)

For p = 3K (k), we have the explicit expressions

(1—k2)L/4 dnp

VI+VIi—k  J1+dilp

dnp = (1 — k%)V4, cnp=—

Since dnp — 0, snp — 1 and p — oo as k — 1, we may further assume (increasing k if necessary) that, for
k < k < 1, we have the additional bounds

IN

1 80
snp <1, p® —16p* — 3720

24

N | =

1
3 dnp < —cnp < dnp,

With these extra conditions, we conclude from (A.3) that

1 1
£y (p, k) > —16p* dnp + Ep?’ dnpsnp — ?pdnpsnp > dnp(ﬂp3 — 16p° — ?p) >0

forall k < k < 1. O

Acknowledgements. The authors wish to thank Yu. Sachkov for fruitful discussions during the project.

[1]

2]

3]

REFERENCES

A. Agrachev, D. Barilari and U. Boscain, A comprehensive introduction to sub-Riemannian geometry. from the Hamiltonian
viewpoint, With an appendix by Igor Zelenko. Cambridge Studies in Advanced Mathematics, vol. 181, Cambridge University
Press, Cambridge (2020).

A. Agrachev, B. Bonnard, M. Chyba and I. Kupka, Sub-Riemannian sphere in Martinet flat case. ESAIM: COCV 2 (1997)
377-448.

A.A. Ardentov, Controlling of a mobile robot with a trailer and its nilpotent approximation. Regul. Chaotic Dyn. 21 (2016)
775-791.

A.A. Ardentov, Hidden Maxwell stratum in Euler’s elastic problem, Russ. J. Nonlinear Dyn. 15 (2019) 409-414.

A.A. Ardentov and A.P. Mashtakov, Control of a Mobile Robot with a Trailer Based on Nilpotent Approximation. Autom.
Remote Control 82 (2021) 73-92.

A.A. Ardentov and Y.L. Sachkov, Extremal trajectories in a nilpotent sub-Riemannian problem on the Engel group. Sb.
Math. 202 (2011) 1593-1615.

A.A. Ardentov and Y.L. Sachkov, Conjugate points in nilpotent sub-Riemannian problem on the Engel group. Sovrem. Mat.
Prilozh. No. 82 (2012). J. Math. Sci. (N.Y.) 195 (2013) 369-390.

A.A. Ardentov and Y.L. Sachkov, Cut time in sub-Riemannian problem on Engel group. ESAIM: COCV 21 (2015) 958-988.
I.A. Bizyaev, A.V. Borisov, A.A. Kilin and 1.S. Mamaev, Integrability and nonintegrability of sub-Riemannian geodesic flows
on Carnot groups, Regul. Chaotic Dyn. 21 (2016) 759-774.

U. Boscain and F. Rossi, Invariant Carnot-Caratheodory metrics on S3, SO(3), SL(2), and lens spaces. SIAM J. Control
Optim. 47 (2008) 1851-1878.

Y.A. Butt, Y.L. Sachkov and A.I. Bhatti, Cut locus and optimal synthesis in sub-Riemannian problem on the Lie group
SH(2). J. Dyn. Control Syst. 23 (2017) 155-195.

S.G. Krantz and H.R. Parks, The implicit function theorem, Birkh&user Boston, Inc., Boston, MA (2002).

E. Le Donne, R. Montgomery, A. Ottazzi, P. Pansu and D. Vittone, Sard property for the endpoint map on some Carnot
groups. Ann. Inst. H. Poincaré Anal. Non Linéaire 33 (2016) 1639-1666.

L.V. Lokutsievskii and Y.L. Sachkov, On the Liouville integrability of sub-Riemannian problems on Carnot groups of step 4
and higher. Sb. Math. 209 (2018) 672-713.

A.P. Mashtakov, Algorithms and software solving a motion planning problem for nonholonomic five-dimensional control
systems. Progr. Syst.: Theory Appl. 3 (2012) 3-29.



CUT TIME IN THE SUB-RIEMANNIAN PROBLEM ON THE CARTAN GROUP 19

[16] A.P. Mashtakov, A.A. Ardentov and Y.L. Sachkov, Parallel algorithm and software for image inpainting via sub-Riemannian
minimizers on the group of rototranslations. Numer. Math. Theory Methods Appl. 6 (2013) 95-115.

[17] L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze and E.F. Mishchenko, The mathematical theory of optimal processes,
Translated from the Russian by K.N. Trirogoff; edited by L.W. Neustadt. Interscience Publishers John Wiley & Sons, Inc.
New York-London (1962).

[18] Y.L. Sachkov, Exponential map in the generalized Dido problem. Sb. Math. 194 (2003) 1331-1359.

[19] Y.L. Sachkov, Complete description of the Maxwell strata in the generalized Dido problem. Sb. Math. 197 (2006) 901-950.

[20] Y.L. Sachkov, Discrete symmetries in the generalized Dido problem. Sb. Math. 197 (2006) 235-257.

[21] Y.L. Sachkov, The Maxwell set in the geneealized Dido problem. Sb. Math. 197 (2006) 595-621.

[22] Y.L. Sachkov, Conjugate and cut time in the sub-Riemannian problem on the group of motions of a plane. ESAIM: COCV
16 (2010) 1018-1039.

[23] Y.L. Sachkov, Conjugate time in the sub-Riemannian problem on the cartan group. J. Dyn. Control Syst. (2021).

[24] A.M. Vershik and V.Y. Gershkovich, Nonholonomic dynamical systems. Geometry of distributions and variational problems,
in Current problems in mathematics. Fundamental directions, Vol. 16 (Russian), Itogi Nauki i Tekhniki, 5-85, 307, Akad.
Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow (1987).

Subscribe to Open (S20)

A fair and sustainable open access model

This journal is currently published in open access under a Subscribe-to-Open model (S20). S20 is a transformative
model that aims to move subscription journals to open access. Open access is the free, immediate, online availability
of research articles combined with the rights to use these articles fully in the digital environment. We are thankful to
our subscribers and sponsors for making it possible to publish this journal in open access, free of charge for authors.

Please help to maintain this journal in open access!

Check that your library subscribes to the journal, or make a personal donation to the S20 programme, by contacting
subscribers@edpsciences.org

More information, including a list of sponsors and a financial transparency report, available at:
https://www.edpsciences.org/en/maths-s2o-programme



mailto:subscribers@edpsciences.org
https://www.edpsciences.org/en/maths-s2o-programme

	Cut time in the sub-Riemannian problem on the Cartan group
	1 Introduction
	1.1 Background
	1.2 Main results
	1.3 Structure of the paper

	2 Preliminaries
	2.1 Optimal control problem
	2.2 Known facts about the Cartan case
	2.3 Comparison with the Engel cut time

	3 Properness of the sub-Riemannian exponential map
	3.1 Reduction to rotated generic elasticae
	3.2 Proof of properness

	4 Cut time
	4.1 Proofs of the main theorems
	4.2 Properties of the Cartan and Engel cut times

	5 Open questions
	Appendix A Formulas for the first Maxwell times

	References

