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A UNIFORM BOUND ON COSTS OF CONTROLLING SEMILINEAR
HEAT EQUATIONS ON A SEQUENCE OF INCREASING DOMAINS
AND ITS APPLICATION

L1yuaN WANG!? AND CAN ZHANGH?*

Abstract. In this paper, we first prove a uniform upper bound on costs of null controls for semilinear
heat equations with globally Lipschitz nonlinearity on a sequence of increasing domains, where the
controls are acted on an equidistributed set that spreads out in the whole Euclidean space RY. As
an application, we then show the exact null-controllability for this semilinear heat equation in R™.
The main novelty here is that the upper bound on costs of null controls for such kind of equations
in large but bounded domains can be made uniformly with respect to the sizes of domains under
consideration. The latter is crucial when one uses a suitable approximation argument to derive the
global null-controllability for the semilinear heat equation in RY. This allows us to overcome the well-
known problem of the lack of compactness embedding arising in the study of null-controllability for
nonlinear PDEs in generally unbounded domains.
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1. INTRODUCTION AND MAIN RESULTS

This paper is concerned with the null control costs for semilinear heat equations on a sequence of increasing
bounded domains in RY (with N € N), when the controls act on the interior subsets of these domains. Generally
speaking, the null control costs depend on the geometry of both control regions and whole domains where the
equations evolve. Nevertheless, the goal of this paper is to investigate the uniform upper estimate for null control
costs with respect to the varying domains. As an interesting application, we shall derive the null-controllability
of the semilinear heat equation in RY.

The general formulation of the problem could be stated as follows. Let T' be a positive time and let E be a
subset of positive Lebesgue measure in (0,7'). For each n € N| let w,, be a nonempty open subset of bounded
Lipschitz domain €2,, in R"V. Consider the following semilinear heat equation:

Orzn — Az + f(zn) = Xwn XEUn in Q,x (07 T)a
z2p, =0 on 09, x (0,7), (1.1)
2n(0) = 200,
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where 2o € L2(RY), u,, = u,(z,t) € L%(Q,, x (0,T)) is the control function, xz and y,, are characteristic func-
tions of E and control region w,, respectively. Throughout the paper, we suppose that f is a globally Lipschitz
function. Then, there exists a unique solution z, € C([0,T]; L2(Q,)) N L*(0, T; H} (2,,)) for the equation (1.1)
(c.f., [11], for instance).

Recall that for each n € N, the control system (1.1) is called exactly null controllable at the time T > 0,
if the following statement is true: For any zy € L2(RY), there is a control u, € L?(0,T;L?(2,)) so that the
corresponding solution z, to (1.1) satisfies that z,(T") = 0 in Q,,. Furthermore, the null control cost is the least
constant Cy, so that [[un||£2(q, x(0,1)) < Cnll20| 2@~y holds for all zg € L?*(R™Y). As mentioned at the beginning,
the constant C,, may depend on the geometry parameters of €2, and w,,.

The question whether or not a given control system is null controllable and obtaining upper bounds for the
associated null control costs, with respect to the time interval or control regions, are important topics in control
theory, both for linear partial differential control equations and abstract linear control systems. We refer the
reader to [1, 3, 9, 10, 17, 18, 25, 26, 28] and references therein for a wider discussion on this activated research
field.

Meanwhile, there are many fascinating works in the literature on the approximate or exact null-controllability
for the semilinear heat equations in bounded domains; see, for instance, [11, 13, 21]. Their proofs are usually
divided into two parts: (i) null-controllability of the linearized system; (ii) a fixed-point argument. The global
null-controllability was also proved for a class of nonlinearities for which blow-up phenomena may arise (see,
e.g., [2, 12, 15]).

To the best of our knowledge, there are very few works on establishing a uniform upper bound for the null
control cost for a partial differential controlled equation in varying domains.

In this paper, we shall restrict the control on an equidistributed set. We say a set as an equidistributed
set in RY if it contains a union of suitably distributed balls of fixed radius. Recently, there are many beautiful
existing results on the quantitative unique continuation for general elliptic operators on equidistributed sets (c.f.,
[10, 17, 23] and references therein). Meanwhile, we will consider the varying domains Q,, as an approximation
of RV, for the simplicity.

In order to state our main results, we first introduce certain standard notations. For each r > 0 and z¢ € RY,
B,.(x) stands for the closed ball centered at xg and of radius r; @, (o) denotes the smallest closed cube centered
at xo so that By(xg) C Qr(zo); int(Qr(z0)) is the interior of Q,(xo).

Let 0 < 11 < ry < 00. The following three assumptions will be effective throughout the paper:

oo

(Hy). There is a sequence {z;}32, C RV so that RY = UQW (@), Int(Qy, (z;)) N Int(Qry (x5)) = O for each

=
oo 7

i # j. Moreover, w = Uwi, where w; is an open set and B, (x;) C w; C By, (z;) for each i € N.
i=1

(Hy). For each n € N, Q,, £ int( U Qr, (a:,)) is convex, with Card (I,,) < oo. In addition, I,, C I, when
icly

n < m, and UQn:RN.

n=1

(Hs). The function f: R — R is globally Lipschitz, i.e., |f(s) — f(7)] < L|s — 7] for all s,7 € R with some
constant L > 0, and satisfies that f(0) = 0.

With regarding to the assumption (H;), we may say that the set w is an equidistributed set in RY. A
particularly example is a periodic arrangement of balls (see Fig. 1). Very recently, we have proved in [8] the
observability inequality and null-controllability on such kind of sets for the linear heat equation with time and
space dependent potentials in R™. It is worthing mentioning that the authors in [16] imposed a sufficient condi-
tion on the observation subdomain so that the corresponding observability inequality holds for the Kolmogorov
equation in the whole domain.
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©| 0|0 | 0| O
©| 0|0 | 0|0
©| 0|0 | 0| O
©O| 0|0 | 0|0
©O| 0|0 | 0|0

FIGURE 1. Example.

The first main result of this paper concerning the uniform upper bound on costs of controlling a semilinear
heat equation on increasing large domains can be stated as follows.

Theorem 1.1. Let (Hy),(Hz) and (Hs) hold. Let T > 0 and E be a subset of positive measure in (0,T). Then
there is a positive constant k = k(r1,72, E,T, L) so that for any n € N and any zo € L?>(RY), there is a control
up € L2RYN x (0,T)), with the uniform bound

lunllL2@®™ x 0,1)) < Kll20ll L2®N),
so that the corresponding solution z, € C([0,T]; L*(Q,)) to the following semilinear heat equation

Orzn — Azy + f(zn) = XwnQ, XEUn in L X (OaT)v
zn =10 on 0, x (0,T),
2, (0) = 2o m Qp,

satisfies that zp,(T) = 0 over Q.

Remark 1.2. Note that the control here is allowed to be activated on measurable sets of positive Lebesgue
measure in the time variable rather than on the whole interval. Such a kind of refined null-controllability is
useful in deriving the bang-bang property for the time optimal control problem of semilinear heat equations
(see, for instance, [21]).

Remark 1.3. Our argument does not allow us to establish a similar result for the global null-controllability of
slightly superlinearities as studied in [2, 12, 15].
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Remark 1.4. We do not know how to extend this result from an equidistributed set w to a more general thick
set. We refer the reader to Remark 1.7 of [8] for the difficulty.

Another motivation of this paper is to establish the null-controllability for the semilinear heat equation in the
whole space RY, when the control is acted on an equidistributed set. As already remarked in Remark 3.5 of our
recent work [8] on the null-controllability for the linear heat equation with bounded potentials, the linearized
plus fixed-point approach in [11, 13] cannot be directly applied in the framework of general unbounded domains
because of the lack of compactness of Sobolev’s embedding.

The authors of [7] studied the approximate controllability of a semilinear heat equation in an unbounded
domain O of RY, with control only acted in an open and nonempty subset, by an approximation method.
More precisely, they first considered the approximate controllability problem in bounded domains of the form
0, & O By, where B,, denotes the ball centered at the origin and of radius n; and then they showed that
the controls proposed in [11] restricted to O,, converge in some sense to a desired approximate control in O,
as n goes to infinity. One of main ingredients in their proofs is a qualitative unique continuation property for
the linear parabolic equation. Nevertheless, the technical proof of [7] (see also [6]) is not valid any more for the
null-controllability of a semilinear heat equation in R¥.

It is also mentioning that the authors in [4, 14] proved the null-controllability for some semilinear heat
equations in an unbounded domain O of RY, when the control is assumed to be distributed along a subdomain
w so that the uncontrolled region O \ w is bounded. The arguments therein are mainly based on a Carleman
estimate for the linear parabolic operator in bounded domains.

Recently, the authors in [23] (see also [10]) showed in a linear and abstract framework that if the sequence of
null controls associated to an exhaustion of an unbounded domain converges, then the solutions converge in the
same way to the limiting problem on the unbounded domain. This result allows to infer the null-controllability
on unbounded domain by studying the control problem on a sequence of bounded domains. In particular, it
recovers the null-controllability result for the linear heat equation in RY. The latter has been already established
well in [9, 25] independently.

Inspired by these works, we could utilize Theorem 1.1 to prove the null-controllability for a semilinear heat
equation in RY with the control acted on an equidistributed set w. In fact, since null controls in Theorem 1.1
are uniformly bounded, {u,},>1 has a weakly convergent subsequence with a limit « in L*(RY x (0,T')). Thus,
one may expect that such control maybe a null control for the corresponding semilinear heat controlled equation
in RV, Actually we have the following result:

Theorem 1.5. Assume that (Hy) and (Hs) hold. Let T > 0 and E be a subset of positive measure in (0,T).
Then, for each initial value yo € L*(RY), there is a control u € L?(0,T; L*(RN)) with an upper bound

lull L2~ < 0,7)) < Kllyollp2 @y,
so that the corresponding solution

Oy — Ay + f(y) = xoxpu in RY x(0,T), (12)
y(0) =yo in RN, ’
satisfies that y(T) = 0 in RYN. Here k is the same constant as in Theorem 1.1.

Remark 1.6. The well-posedness of such kind of semilinear heat equations in general unbounded domains is
stated without a proof in [4], for instance. We refer the reader to Definition 4.1 and Lemma 4.2 in Section 4 for
precise presentations.

Remark 1.7. Instead of RV, our considerations are valid as well for every set that can be approximated with
cubes such as the half space RV ™! x Rt and the infinite strip.

Remark 1.8. Our method does not rely on any compactness argument in the whole space RY.
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The rest of this paper is organized as follows. Section 2 is devoted to prove the uniform bound of control
costs for the linearized controlled system. Section 3 shows the proof of Theorem 1.1 by a fixed-point argument.
Finally, Section 4 presents the proof of Theorem 1.5.

2. THE LINEAR CASE

For each n € N, let ¢, be the solution to the following linear heat equation with a bounded potential
a€ L®RN x (0,T)):

Orpn — App +ap, =0 in  Q, x(0,T),
Yn =10 on 09, x (0,T), (2.1)
©n(0) = ¢o in  Q,,

with ¢o € L2(RYN).

We first state a uniform observability inequality for all solutions of (2.1) evolving in ,, for all n € N. Here
and throughout this paper, we simply write |la|/oc = [|a|| o &N x(0,7)); and write C(-) for a positive constant
depending on what are enclosed in the brackets.

Theorem 2.1. Assume that (Hy) and (Hz) hold. Let T > 0 and E be a subset of positive measure in (0,T).
Then there are constants C = C(r1,r2) and C = C(r1,r2, E) so that the following observability inequality

/ ‘(pn(.%',T)F dz é eaeC(T+THaHOC+HaHiC/3) /E/nﬂ ‘(pn(x,t)|2d$dt7 VSOO c 1‘/2(1&]\7)7

Qn

holds uniformly for all n € N.
Remark 2.2. Note that the two constants in the above theorem are independent of the sizes of domains.

Remark 2.3. Under the same assumptions as in Theorem 2.1, the following refined estimate is also true: There
are constants C' = C(r1,72) and C = C(ry, e, E) so that the L'-type observability inequality

||<)07L(T)||L2(Q") < eéeC(T+THaHoc+||a||ié3)/ /ﬂ |<pn(5€,t)|dl‘dt, Yo € L2(]RN)7
EJuNQ,

holds uniformly for all n € N.

As a direct consequence of Theorem 2.1, we present the linear version of Theorem 1.1 as follows. Consider
the following linear control system:

Orzn — Azn + azn = Xuna, XEUn 0 Q, x(0,T),
z2p =0 on 09, x (0,T), (2.2)
2,(0) = 2o in

where 29 € L?(RY) is an initial state and u,, € L?(€2, x (0,T)) is a control. For each n € N, we write z,,(; 20, uy)
for the solution to (2.2). By a standard duality method (see, for instance, [5], Thm. 2.42), we can easily obtain
the following null-controllability result with a uniform upper bound on control costs.

Corollary 2.4. Under the same assumptions of Theorem 2.1, for each n € N and zy € L*(RY), there is a
control u,, € L*(0,T; L*(RY)), with a uniform cost

C o C(T+Tllall o +all2L%)

lunll L2 (0,;02mNY) < € llzoll 2 &y,
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where the constants C and C are given by Theorem 2.1, so that z,(T; 29, upn) = 0 in Q.

2.1. Quantitative estimates of unique continuation

Before giving the proof of Theorem 2.1, we present the following quantitative unique continuation property
for all solutions of (2.1).

Proposition 2.5. Let (Hz) hold. Let 0 < r < R < 00 and § € (0,1]. Then there are a universal constant C' > 0
and three positive constants C; = C1(R,3),Cy = Cy(R,§) and v = v(r, R, 5) € (0,1) so that for any n € N, any
20 € Q, and any oo € L2(S2,), the solution , of (2.1) satisfies

Y

T
/ on (@, T)da < Cle[1+2c<1+¢>1<1+%+Han§£3>+%+2T|\anm/ / 22 (2, 1) dadt
Br(z0) N Qn T/2JQ2ry(x0) N2

1—y
<2 e, T)Pdz )
B, (z0) N2

where Ry = (1 + 26)R.
Remark 2.6. Note that the constants above are independent of the sizes of the domains £2,,.

The proof of Proposition 2.5 is very similar to the proof of Lemma 3.2 in [8]. For the sake of completeness, we
provide its detailed proof in the appendix. Based on Proposition 2.5, we then could obtain a global interpolation
inequality for solutions of (2.1) at one point of time variable.

Proposition 2.7. Assume that (Hy) and (H3) hold. Then there are two constants C3 = Cs(r3) > 0 and 6 =
O(r1,m2) € (0,1) so that for any n € N and any po € L*(2,,), the solution @, of (2.1) satisfies

J

Proof. According to Proposition 2.5 (where zg,7, R and 0 are replaced by z; € Q,,7r1,v/Nry and 1/2,
respectively) and the fact that Q,(z;) C B /g, (%), we obtain

/ \%@fwms/ (o, T) 2
mt(Qry (4)) BNy (z:) N

Gy el H2C 1ty HA+AT +|al| L)+ R T~ 42T all

0 1-60
‘(pn(l‘,T)de S eCS(T’1+T+TH(1H00+H(ZH%3) (/{k2 |800(x)2d1;) (/m |(‘0n($,T)2dx> . (23)

n n

T
<

/ <pfldxdt]
T/29Q, v, (@) N2

1-6
X

)

2/ oz, T)Pde
By (i) N O

where K1 2 161(7’2) >0,Ky 2 162(7’2) > 0and 6 £ 0(ry,r2) € (0,1). This, along with Young’s inequality, implies
that for each € > 0,

/ ou T)Pds
INt(Qry (x4))
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< O, lH2C s AT a2 +Ra T~ 42T a /
T/29Q 4wy, (Ti)

v2eo(1-o) [pu (2, T) da.
By, (2:) N Qn

By (Hz), we have

/ (o, T)2dz = 3 / (on(z, T)Pde
Qn

icl, t(Q'r‘Q (I ))

~ T
< eOR RO AT a2 +Ra T 2T ol § / / o2 dzdt
1/2JQ, 5, @) N

iel,

+2e—139(1—9)/m lon (2, T)2da.

Denote by

2

_ s [ onl@t) i (2,0) € Q x (0,T),
Pl t>:{ 0 it (z,¢) € RY\ Q) % (0,7T).

We can directly check that

/ / @ dadt
Q4\/77«2 (zl) ﬂ Qp

T

where K3 > 0. Then it follows from (2.4) that

| lenta 1P

n

) N T
S53,21;636[1+20(1+r;2)](1+4T—1+HaH3.</>3)+’<2T_1+2T||“”°°/ / pndadt
T/2 )0

+25—%(1 — 9)/ |on (2, T)|?dz for each ¢ > 0.
w

n

Notice that for any postive numbers a1, aq, a3z and 6 € (0,1),

a; < agaé 0

S ap <eag+ (1-— 9)9%6_%&; for each € > 0.

2 dzdt
ne

(2.4)
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The above equivalence, along with (2.5), implies

JRCERE

n

0
R T
< ,311336[1+20<1+r;2>](1+4T*1+\|a\|’;‘é3)+zczT*1+2Tnanoo/ /@idxdt] 26)
T/2 n '

1-60

X 2/ lon(z, T)|[*dz
w

Noting that

/ lon (2, 1)]? dz < e2llal\wt/ lo(x)|?dz for each t € [0, T,

n Qn

by (2.6), we deduce

0
[ onte s < [za/egzﬂeuww2n<1+4T1+|a|243>+w1+2Tlalwemaloo / w%dx}
Qp Qn
1-0
X 2/ lon(z, T)|>dx
w(
Hence, (2.3) follows from the latter inequality immediately. O

2.2. Proof of Theorem 2.1

Now, we are able to present the proof of Theorem 2.1 by using the telescoping series method. The proof is
similar to that of Theorem 1.1 in [8]. Here we only sketch the proof.

Proof of Theorem 2.1. Arbitrarily fix n € N. For any 0 < ¢; < t3 < T, by a translation in the time variable
and Proposition 2.7, we obtain from Young’s inequality that

Ki Ko
len(t)lZ2(,) < elnt)liz,) + pra SEE len(t2)l 22w, for each e >0, (2.7)

where K; 2 =8 (T+Tlall+al3%) [, 2 0y /(1 — §) and o 2 6/(1 — ).
Let [ be a density point of E, i.e., | € E and

i (=0l )N E] _

o—0 20

1.

According to Proposition 2.1 in [20], for each x > 1, there exists {1 € (I,T'), depending on x and E, so that the
sequence {lm, }m>1, given by

1
lpy1 =1+ H?(ll —1),



A UNIFORM BOUND ON COSTS OF CONTROLLING SEMILINEAR HEAT EQUATIONS 9
satisfies
I = lmg1 < 3|Eﬂ(lm+1a In)|- (2.8)

Next, let 0 < lpppo < lpa1 <t <l, <l <T.It follows from (2.7) that

Ki Ko _
len®Z2@,) < ellenllms2)liz@,) + pro s len (12w, for each e > 0. (2.9)
By a standard energy estimate, we have

||90n(lm) ||L2(Qn) < eTllallee ||‘Pn(t) HLZ(QTL)-

This, along with (2.9), implies

’Cl t—L
e ) 122,y < €214l <€Ilson(lm+2)||iz(gn) + et ||90n(t)||%2(wﬂﬂn)> for each & >0,

which indicates that

]C3 L
lon )iz, < ellonllma)lizi,) + e len@®llizwna,) for each & >0,

where K3 = (e2Tllal< )1+, Integrating the latter inequality over E ()(lms1,lm) gives

B (Yt ) lon(n) 1720,y < B[ Vmsrs o)l @n (ms2)lIZ2 0,
K: )C Im (210)
+ %e m+1*lm+2 / XEHSOn(t)HLz(wan)dt
€ b1
for each € > 0.
Since by, — lny1 = (k — 1)(I1 —1)/k™, by (2.10) and (2.8), we obtain
1 ]ES Ko Im
llen(l )||L2(Q ) = m SeimtiT i / XE”(:On(t)H%Z(wﬂQn)dt+€H90n(lm+2)”2L2(Qn)
m ) m—+1
3K./m IC3 ’Z 1 mt1 lm
< D1 (s )/z XEllen 720 e dt + ellenlm2)ll72q,)
m+41
for each ¢ > 0. This yields
lon(l )||L2(Q )
1 3Ks aft, (1, amtt) [hm 2.11)
22 [T a1 nandt + llen(inen) B,y (

o
T K IC2 U1

for each & > 0. Denote by d £ 2Ky /[r(ly — 1) (r — 1)]. It follows from (2.11) that

_ m+2 3 IC?’
%™ on(lm) 720, — € < -

1+a —ds™t2
€ n) =
K ’CQ Im41

[ n(tmt2)lZ2(0 XE||<Pn(t)H%2(wan)dt
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for each € > 0.

. _ m—+2
Choosing € = e~

in the above inequality gives
_ m+2
OB o (1) g
3 Ks

Im
—= xXellen ()72 o, dt-
K’CQ /771+1 ( ﬂ )

_ m+2
— g~ (2+a)ds ||50n(lm+2)”%2(ﬂn)

(2.12)

IN

Taking £ = \/(a+2)/(a+ 1) in (2.12), we then have

3 Ks

[ onllmi2) 220,y < 252 / xelon®) 220 ot
’CQ m—+1

— a)dk™ — a)ds™t?
e (2+a)d H@n( ) 2 —e (24a)d

Im ||L2(Q

Changing m to 2m’ and summing the above inequality from m’ = 1 to co give the desired result. Indeed,
e lellee = CGH )T 1o (T) |72 cr,
2
< e T (1)]1F 2 )

oo

_ a)dr2m — Q)dr2m +2
> (@ o ()20, — €W o (a3 2(a, ) )
m’/=1

3IC3 lom!
n dt
K’ICQ Z /l XE|¢n(t HLZ(wﬂQ )

2m/ 41

IN

| /\

3 Ks

—= x w1220, dt.
K1y Jo elle ()HL2( N Q)

IN

In summary, we finish the proof of Theorem 2.1. O
3. PROOF OF THEOREM 1.1
By a density argument, we can assume that f € C'. We will use the linearized result (i.e., Corollary 2.4)

and the Kakutani-Fan-Glicksberg fixed point theorem (see, e.g., [24], Thm. 1.14) to prove Theorem 1.1.
To this end, we first define

By (Hj3), we have that
la(r)] < L for all r € R. (3.1)

For each n > 1, we set

Kn £{¢ € L*(0,T; L*(2)) | ||§HL2(0,T;H3(QW,)) + 1€llwrz0,mm-10.)) < o}
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where ¢y > 0 will be determined later. For each £ € IC,,, we consider the following linear equation:

Oz — Az + a(g(x7t>)z = XwN Q. XEU in  Q, x (Oa T),
z2=0 on 90, x (0,T), (3.2)
z(0) = 2o in Q.

We simply write z(-) for the solution of (3.2). According to Corollary 2.4, there is a positive constant x =
k(r1,7r2, E,T, L) (independent of zg, n and &) and a control u so that

ullz2 0,72 @MYy < Kllzollz2@yy and 2(T) = 0. (3.3)
For each n > 1, we next define a set-valued mapping
®d, : K, — 2L OTL ()
by setting
®,(¢) = {z ‘ there exists a control u € L?(0,T; L*(R™))

so that (3.2) and (3.3) hold}7 & ek,.

One can easily check that @,,(£) # 0 for each £ € K,,.
The rest of the proof will be organized by several steps as follows.

Step 1. We show that K,, is compact and convex in L?(0,T; L?(£2,)), and that each ®,(£) is convex in
L2(0,T; L* ().

These can be directly checked.

Step 2. We claim that ®,,(K,,) C K.

Given £ € IC,,, there is a control u satisfying (3.2) and (3.3). By a standard energy estimate method and by
(3.1)-(3.3), we can easily check that

121l 20,3 (2,)) + 12w 0,mm-1(00)) < eill20llz2(.)s
for a positive constant ¢; (independent of zp, n and ). Hence,
z€ K, if ¢ = Cl”ZOHLZ(Qn).

Step 3. We show that Graph(®,,) is closed.
It suffices to show that z € ®,,(&), provided that

& €K, — ¢ strongly in L?(0,T; L*(2,))
and

2z € ®,(&) — 2 strongly in L*(0,T; L*(Q2,)).
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To this end, we first observe that & € IC,,, since IC,, is convex and closed. Next we claim that there exists a
subsequence of {¢};>1, denoted in the same manner, so that

a(€)ze — a(€)z strongly in L?(0,T; L*(2,,)). (3.4)

Indeed, since
& — & strongly in L*(0,T; L*(Q,)),

we have a subsequence of {¢},>1, still denoted by itself, so that

&o(z,t) — &(x,t) for ae. (x,t) € Q, x (0,T).
Then, by the definition of the function a, we conclude that

a(&e(z,t)) = a(é(x,t)) for ae. (x,t) € Q, x (0,T).

By this and (3.1), we can apply the Lebesgue Dominated Convergence Theorem to obtain that

la(€e)ze — a€)2)1720.1.22(0))
20la(€0)(ze = 2)1 220,02 (0y) T 20 (@(€e) = a(€))2)1 7207220,y

20|20 — 2l|72 07220,y + 20(a(€e) — a(€)2F20 1,220,
— 0.

IN A

This leads to (3.4).
Finally, for each £ > 1, since 2, € ®,,(&) C K, there is u, € L2(0,T; L2(RY)) with

[uellLz(0, 72~y < &ll20l| L2 @), (3.5)
so that
Orze — Azg + a(e(,1)20 = Xwn o, XEUe In Qy x (0,T),
Z(g)oz % " gazfn 0T (3.6)
2(T) =0 n
and
2ell 20,7512 (0)) + [[2ellwrzo. 1 m-1(02,)) < co- (3.7)

According to (3.5) and (3.7), there is a control u and a subsequence of {¢},>1, denoted in the same manner, so
that

up — u weakly in L2(0,T; L*(RY)), (3.8)

2z — 2 weakly in L*(0,T; Hy () [\ W"2(0,T; H (), (3.9)
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and
20(T) — 2(T) strongly in L*(Q,). (3.10)
Passing to the limit for £ — +o00 in (3.5) and (3.6), making use of (3.4) and (3.8)—(3.10), we obtain that z € ®,,(£).

Step 4. We apply the Kakutani-Fan-Glicksberg Theorem to end the proof.

From the conclusions in the above three steps, we find that the map ®,, satisfies conditions of the Kakutani-
Fan-Glicksberg Theorem. Thus we can apply this theorem to conclude that there exists z € K,, so that z € ®,,(2).
Then, by the definition of ®,, and using the fact that

a(z(x,t)z(z,t) = f(z(x,t)),

one can finish the proof of Theorem 1.1. O

4. PROOF OF THEOREM 1.5

1

For the sake of completeness’, we first consider the well-posedness of the following non-homogeneous

semilinear heat equation in R :

8ty_Ay+f(y):g in RNX(OaT)v (41)
y(0) = yo in RV, '

where yo € L2(RY), g € L2(RY x (0,T)), and the nonlinearity f satisfies the assumption (H3).

Definition 4.1. We say that y is a weak solution of (4.1) if

(1) y € L*(0, T H'(RY)) A W20, T; H~H(RY)) < C([0, T]; L*(RY)) and y(0) = yo;

(74) For each ¢ € H'(RY), the following equality holds:

Oy (t), V) g1 @y, mr@yy + (VY(t), V) 2wy + (F(y(1), V) 2@yy = (9(1), ¥) L2y

for a.e. t € (0,7).

Before presenting the proof of Theorem 1.5, we first state the well-posedness of (4.1) in the sense of the above
definition.

Lemma 4.2. Under the assumption (H3), for each yo € L>(RN) and each g € L*(0,T; L*(RY)), the equation
(4.1) has a unique weak solution.

Remark 4.3. The argument below is also effective in our proof of Theorem 1.5. Indeed, it is inspired by the
approach in Section 4.4 of [22] constructing weak solutions for the Navier-Stokes equations on the whole space.
The main idea there is to use solutions of the Navier-Stokes equations on a sequence of expanding bounded
domains as a sequence of approximate solutions on the whole space and show the convergence of such solutions.

Proof. For each n > 1, we shall consider the equation
OYn — Ayp + flyn) =9 in Q, x (0,7),

Yn =0 on 99, x (0,7), (4.2)
Yn(0) = yo in Qp,

TAlthough we believe that the existence and uniqueness of weak solutions for nonlinear heat equations in RN have been well
established in the literature, we did not yet find the exact reference with precise proofs.
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where Q,, is constructed as in (Hs). By (Hj), (4.2), and a standard energy estimate method, we can easily check
that

lynllz20,7;m1 (20)) + Ynllwrzorm-1(0,)) < C. (4.3)

Here and throughout the proof of this lemma, C' denotes a positive constant independent of n.
We extend ¥, to RY x (0,T) by zero and still denote this extension by %,. On one hand, by (4.3), there is a
subsequence of {n},>1, still denoted by itself, and y* € L?(0,T; H'(RY)), so that

Yn — y* weakly in L?(0,T; H*(RV)). (4.4)
On the other hand, for each M > 0, there exists a positive integer no(M) so that
H_l(Qn) C H_I(BM(())) and || . HH’I(BM(O)) S H . ||H—1(Qn) for all n Z ’no(M)

These, along with (4.3) and (4.4), imply that y* € W12(0,7; H=1(B(0))) and there is a subsequence of
{n}n>1, denoted in the same manner, so that

yn —y* weakly in L2(0,T; H'(RV)) (Y W"2(0,T; H~ ' (B (0))), (4.5)
and
Yn — y* strongly in L*(0,T; L?(By(0))). (4.6)
It follows from (Hgs) and (4.6) that
fyn) = F(y*) strongly in L*(0,T; L*(Bn(0))). (4.7)

Arbitrarily fix ¢ € C5°(RY x (0,7)). Let M > 0 be large enough so that the support of ¢ is contained in
By (0) x (0,T). Then for all n > ng(M), we have that

T

T T
*/ <ynaat50>L2(BM(0))dt+/ <VynaV50>L2(BM(O))dt+/ (f(Yn)s ©) L2(Bar (0))dt
i 0 0 (4.8)

= /0 (9, ) L2 (B (0))dL.

Passing to the limit for n — oo in (4.8), by (4.5) and (4.7), we obtain that

T T T
—/ / y* O dadt + / Vy* - Vi dzdt + / fly™)e dadt
qg) RN 0 JRN 0o JRN

g dadt,
o JrN

which indicates that

Oy™ = Ay* — f(y*) + g in the sense of distribution. (4.9)



A UNIFORM BOUND ON COSTS OF CONTROLLING SEMILINEAR HEAT EQUATIONS 15
Since Ay* — f(y*) + g € L*(0,T; H-Y(RY)), it follows from (4.9) that d;y* € L%(0,T; H~1(R")). Hence,
y* € L2(0,7; H'(RY)) (YWh2(0,7; H-H(RY)) € C([0,T]; L*(RY)). (4.10)
This, along with (4.9) and a density argument, implies that for each ¢ € H'(RY),

Oy (), V) -1 @y, 1wy + (VY™ (), V) L2y + (F(67 (1), ) 2@y = (9(1), V) L2 @) (4.11)
for a.e. t € (0,T).

We next show that

y*(0) = yo. (4.12)

To this end, we arbitrarily fix ¢ € C5°(RY). Let M > 0 be large enough so that the support of 9 is contained
in Bus(0). Set p(z,t) = (T — t)yp(x)/T. Then for all n > ng(M), multiplying both sides of (4.2) by ¢ and
integrating it over RY x (0,T), we obtain that

T

T T
—/ <?Jn75’t<ﬂ>L2(BM(0))dt+/ (Vyn7V%0>L2(BM(0))dt+/ (f(Yn), @) L2(Bas(0))dt
0 0

i (4.13)
= /O<gv<P>L2(BM(O))dt+<y071/)>L2(BM(0))-

Passing to the limit for n — oo in (4.13), by (4.5) and (4.7), we obtain that

T T T
_/ <y*78t90>L2(]RN)dt+/ <Vy*aV(P>L2(RN)dt+/ (f(Y")s @) p2@nydt
Jo 0 0 (4.14)
= / (9, 9) L2@™ydt + (Yo, ) L2y
0

Moreover, multiplying both sides of (4.11) by (T — t)/T and integrating it over (0,7T), we have that

T T T
_/ <y*aat90>L2(RN)dt+/ <Vy*aV<P>L2(RN)dt+/ (fW")s @) r2@nydt
9 0 0 (4.15)
= /<g,<p>L2(RN)dt+<y*(0),’(/J>L2(RN).
0

It follows from (4.14) and (4.15) that
(y"(0) — yo,¥) 2rnvy = 0 for each 1 € Ce°(RY),
which indicates (4.12).
By (4.10)—(4.12) and Definition 4.1, we see that y* is a weak solution of (4.1). Finally, we show the uniqueness
of the weak solution. WLOG, we assume that ¥ is also a weak solution of (4.1). According to Definition 4.1, it

holds that

Oc(y™ =) (), (v" = 9) () -1 @~y @) (4.16)
V=90, V" =D 0)) 2@y + (Fy* (1) = FHQ), (" =D (O)r2@ny =0 '
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for a.e. t € (0,T), and y*(0) = y(0) = yo. Integrating (4.16) over (0,t), we obtain that

t
15" = DOl n, < 2L / 15" = 5)()|2 2 ds.

By Gronwall’s inequality, we obtain from the latter inequality that y* = y.
In summary, we finish the proof of Lemma 4.2. O
Now, we are able to present the proof of Theorem 1.5.

Proof of Theorem 1.5. For each n > 1, according to Theorem 1.1, there is a control u,, € L?(0,T; L*(RY))
so that

Otyn — DYn + f(Yn) = XoXEUL 0 Q, x (0,T),

Yn =0 on 09, x (0,7), (4.17)
Yn(0) = yo in  Q,,
lwnll L2 0,522 ®NY) < Ellyoll L2 @y (4.18)
and
yn(T) =0 in Q,. (4.19)

By a standard energy estimate method, (Hs), (4.17) and (4.18), we can easily check that

lynll2 0,112 (02,)) + [Ynllwrzo,mm-1(0,)) < €, (4.20)
where C' is a positive constant independent of n.
We extend y,, to RY x (0,7) by 0 and still denote this extension by y,. By (4.20) and (4.18), there is a
subsequence of {n},>1, still denoted by itself, and (u*,y*) € L?(0,T; L*(RY)) x L*(0,T; H'(R")), so that
Yn — y* weakly in L?(0,T; H(R™)) (4.21)
and
u, — u* weakly in L?(0,T; L*(RV)). (4.22)
On one hand, by similar arguments as those in Lemma 4.2, we observe that y* is the unique weak solution of

(1.2) (where u is replaced by u*), and for each M > 0, there is a subsequence of {n},>1, denoted in the same
manner, so that

f(yn) = f(y*) strongly in L%(0,T; L*(B(0))). (4.23)

On the other hand, we arbitrarily fix 1 € C5°(RY). Let M > 0 be large enough so that the support of 1 is
contained in By (0). Set o(x,t) £ tip(x)/T. Then for all n > ng(M) (where ng(M) is the same integer as that
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in Lem. 4.2), multiplying both sides of (4.17) by ¢ and integrating it over RV x (0,T), we obtain that

T

T T
*/ <yn78t90>L2(BM(0))dt+/ (Vyn,V@w(BM(O))dtJr/ (f(Un), @) L2(Bas (o)) dt
Jo 0 0 (4.24)

= /0<XWXEum<P>L2(BM(0))dt*<yn(T),¢>L2(BM(0))~

Passing to the limit for n — oo in (4.24), by (4.19) and (4.21)—(4.23), we obtain that

T T T
_/ <y*78t<P>L2(RN)dt+/ <Vy*aV(P>L2(RN)dt+/ (f(Y")s @) p2@nydt
Jo 0 0 (4.25)
= / <XwXEU*790>L2(]RN)dt~
0

Moreover, since y* is the weak solution of (1.2) (where u is replaced by u*), we have that

T

T T
- / (o 0up) L2y dt + / (Vy*, Vo) L2y dt + / "), 0) p g dt
o 0 0 (4.26)

= / <XwXEU*a<P>L2(RN)dt—<y*(T)aT/1>L2(RN)~
0

It follows from (4.25) and (4.26) that (y*(T), %) 2@~ = 0 for each ¢ € C§°(RY). This implies that y*(T") = 0.
Hence, we finish the proof of Theorem 1.5. O

APPENDIX A.

First of all, we give two standard energy estimates for solutions of (2.1). Their proofs are adapted from
Lemmas 2.1 and 2.2 in [8], respectively.

Lemma A.1. There is a constant C1 > 1 so that for any o € L?(Q,,), the solution ¢, of (2.1) satisfies

T
max / wi(x,t)dx—&—/ / |Von(z,5)[*dads
te[T—71,T1 J B, (x0) N D T—71 J Br(w0) )

(A1)
< G [(R=7r)2+ (12— 71)" + [laf|oc] /T / 02 (, s)dzds,
T—r5 J Br(zo) N D
forall0<r< R< 400, 0< 7 <79 <T and xg € Q.
Proof. For simplicity we write B, = B,.(z¢) and Br 2 Bg(xg). Let n € C3°(Bpg) verify
0<n()<1in Bg, n(-)=1in B, and [Vn(-)| < C(R—r)"". (A.2)

Here and throughout the proof of Lemma A.1, C' denotes a generic positive constant. Let £ € C°(R) satisfy

0<¢() <L [€()<C(r—m)~" in R, (A.3)

£()=01in (—00,T — 7] and &(-) = 1 in [T — 71, +00). (A.4)
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Multiplying the first equation of (2.1) by n?¢2¢,, and integrating it over (Br (| Q) X (T —72,t) fort € [T — 71, T,
we obtain

1 t
o[ eodendes [ [ e, Psds
BRﬂQn T*TQ BRﬂQn

t t
= —2/ / 19,V - Vopdads +/ / n2ee o2 dads (A.5)
T*TQ BRan T*TQ BRﬂQn

t
—/ / a772§2<p%dxds.
T*TQ BRan

Applying Young’s inequality to the first term on the right hand of (A.5), we have

t
[ wewaeads [ [ e, Pdeds
BrN T—72 JBr(\Qn
t t
< 4/ / V&7 dads + 2/ / ¢ prdads
T*Tz BRnQn T*TQ BRnQn

t
-2 / / an*&2p? dxds.
T—12 JBRr n Qp

This, along with (A.2)—(A.4), implies that

t
/ o (x,t)dx + / / |V, |*dzds
By T—71 J B,
T
< C[(R—r)d—i—(w —7'1)71 + Ha||oo] / / goidxds for each t € [T — 1, T).
T—712 JBRr an

Hence, (A.1) follows from the last inequality immediately. O
Lemma A.2. There is a constant Cs > 0 so that for any o € L3(Q,,), the solution o, of (2.1) satisfies

T
max / Ve (z,t)Pde < Co(R™* 4+ 772+ |lal|%) / / @2 (z,5)dxds, (A.6)
BR(wo) nQn T—-2T B2R( 0) nQ

te[T—7,T]

n

forall0 < R < 400, 0 <7 <T/2 and xg € Q.
Proof. For each r' > 0, we write B,» = B,.(2¢). Let n € C§° (Bary3) satisfy

0<n() <1, [Va()] < CR™, |An()| < CR™® in Bipys (A7)
and
n(-) = 1in Bg. (A.8)
Here and throughout the proof of Lemma A.2, C' denotes a generic positive constant. Let £ € C°(R) verify

0<¢() <, [€()<Cr iR, (A.9)
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£()=0in (-0, T —47/3] and £(-) = 1 in [T — 7, +00). (A.10)
Denote by z £ nép,,. It is easy to check that

Orz — Az = (ng' — EAN — and)pn — 26V -V, in (Byrss (1) x (0,7),
z=0 on d(Byr/s(12) x (0,T), (A.11)
Z(T—4T/3):0 in B4R/3ﬂQn~

On one hand, for each t € [T — 7,T], we have

¢
—2/ / Az0szdads = / \Vz(z,t)2dr — / |V2(x, T — 47/3)|dz,
T—47/3 J Byg/s () Qn Byr/z (N Qn Bir/3Qn

which indicates

¢
/ |V2(z,t)|*de < / (Az — 0,2)%dxds for each t € [T —7,T).
Byr/z N On T—47/3 J Byry3z () Qn

This, along with (A.8) and the second relation of (A.10), implies that

T

max / Vo (z,t)|*de <
BrN 2

/ (Az — 0,2)2dxds. (A.12)
te(T—7,T] Bars N Qn

T—47/3

On the other hand,

T
/ / [(n€' — EAN — ané)p, — 26V - Vep,)” dadt
T—47/3 JByps N Qa

(A.13)
T
<sf [OPIE' + €802 + a®P€2) g2 + EVn2 Vg 2] dadt.
T—47/3 J Byrys N
By (A.13), (A.7) and (A.9), we get
T 2
/ / [(n€" — EAN — ang)pn — 26V - Vi, ]~ daxdt
T—47/3 J Barss N
(A.14)

T
< C(r?+R*+]al) / / @2 dadt
T—47/3 JByryz N 0

T
+CR™? / / |V |2dadt.
T—47/3 JByr/3 N n

According to (A.1) (where r, R, 71 and 7o are replaced by 4R/3,2R, 47/3 and 27, respectively), it is clear
that

T T
/ / Ve, Pdadt < C (77" + R7% + |lal|) / 2 dadt.
T—471/3 Burys NQn T—27 JBor ()
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This, along with (A.14), implies that
’ 2
/ / [(ng" — EAn — ang)en — 26V - Veoy]” dadt
T—47/3 JByr/s 00

T
<C (7'72 + R4+ Ha||§o) / / 2 dadt
T—2T1 BanQn

T
+CR™? (771 +R 2+ ||a||oo) / / gafldxdt
T—-21 BZRnQ,L

T
<C(r?+R*+|alX) / / @2 dadt.
T—-21 BZR nQn

Hence, (A.6) follows from the last inequality, (A.12) and the first equation of (A.11). O

In order to give the proof of Proposition 2.5, we need the following auxiliary lemma, which is similar to
Lemma 2.3 of [8] just replacing B, (x¢) by B.(z¢) N Qy in (A.15) below.

Lemma A.3. Let 0 < 2r < R < 400 and & € (0,1]. Then there are two constants Cs £ Cs(r,8) > 0 and
Cy 2 Cy(r,8) > 0 so that for any 0 < 17y < < T, 19 € Qp, @o € L?(,) with @o # 0, the quantity

C3
2/, 10,

ho = - -
In [(1 +Cy) (e[1+201(1+:2)](1+72171+|a||oo )+47 +2T||a|oo> J1— vy Jag o) nan #h(@0d2dE

(A.15)

By(zg) N 0n Pr(&T)de

(where @, satisfies the equation (2.1) with ¢o € L*(Qy,) \ {0}, and Cy > 1 is the constant given by Lem. A.1),
has the following two properties:

(4)
0< (1 +4C5T " + 2T |a]| oo + |\a||’§43) ho < Cs. (A.16)

(ii) There is a constant Cs £ Cs(r,8) > Cs so that

T 8
eZT”“”""/ / @2 (x, s)dzds < eHW/ O (x,t)dx (A.17)
T—72 JQRr(z0) N Biys)r(z0) N Q2

for each t € [T — min{7e, ho},T].

Proof. For each ' > 0, we write B,» £ B,/(zo) and Q,» 2 Q. (o). Since By, C Qr and

6251(1+r_2)[1+(7’277'1)_1+Ha”i</>3] > [7”72 + (2 — 7_1)71 + ”a”m] ,

by (A.1) (where R is replaced by 2r), we have

T 2
201 (14+r72) [ (r2—71) " +lall2L%] fT_T2 fQR N prdzxdt
(2, T)dz

fBT N o7
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T
1%772152T05L1@%d$dt

251 r 24 To — T 1ia 00
7 (ra =)™ ] SR e

Hence, (A.16) follows immediately from (A.15).
We now turn to the proof of (A.17). Let h > 0, B(z) = |z — x0|? and n € C§°(B(1+5)-) be such that

0<n() <1 in Bgys), and n(-) =1 in Biss/a)r-
Multiplying the first equation of (2.1) by e=#/"1?¢,, and integrating it over B145)r 2, we get

1d
2dt B(i45)r N0

= —/ ae P/ (e, )?d.
B(i4s)r N n

e P (npn)?de + / Ve - Ve o, )de
Bi4syr N2
(A.18)

Since
_ 1 — - -
V(e P on) = = e MoV + 267 o, Vi + e Vi,

by (A.18), we have

1d
2dt B4s)r N2

B 2 _ _
S/ e P IV ,| (hlw—xole B o] +2|Vnle ﬂ/@h)lwd) dx
B145)r N 2n

e P () de + / e MV, [Pda
B4s)yr N2

Hlallso / e B /M (pn) 2.
Baysyr N2

This, along with Cauchy-Schwarz inequality, implies that

d

_ 4(1 + 6)%r? _
< g e < | 2ol [ e Mg )
B(i4s)r N Qn B

2
h (14+8)r N 2

+4/ Vn|*e” /" gh de,
(B(1+5)T\B(1+35/4)7‘) N

which indicates that

d _ 4(1 + 8)%r2 _
gl g an < [ M ool [ ()
B+s)r N2 B14+5)r N2
27‘2
R | P2
B(i4s)r N Qn
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Here and throughout the proof of Lemma A.3, [|[Vnls £ ||V 1 .)- From the latter it follows that

Bays)

d [ (a2 gy Hm)t
e \ ‘ / e P e, da
de Bits)r N2
4(1+6)2r2 2 2
- +2]lallo )t 35/4)%r
< awpfpe (b o sane / P
Baysyr N2
Integrating the latter inequality over (¢,T"), we get
/ e~/ gy (2, T) P
B14syr N2
4(146)2-2
404922 ool ) (71 ~
< T / 0P o (3, D)2 (A.19)
B4s)r N2

4(146)2-2

T
T2 42 oo T—t E 2,2
+4e< 02 llalleo ) ( )||V17||g067(1+35’{4) / / 22 (2, 5)duds.
t B4s)r N2

We simply write by £ 4(1 4 §)%,by = (1 +35/4)? and b3 = (1 +6/2)2. Tt is clear that 1 < b3 < by < b;. Recall
that ¢ < T. We now suppose i > 0 to be such that

0<T— M <t
b1 -
Then by (T —t)/h* < (by — b3)/h and (A.19) yields
ba)r2
/ e_ﬂ/hl’rl(pn(m)T)de S 64L(b2 : ) eQTH(lHoo/ 6_6/h|7]<pn(x,t)|2dx
Btsyr N Qn Bisyr N2

—par2 (T
| 2 (2, 5)deds.
t B(145)r N 2n
Since n(-) = 1 in B,, the above estimate gives

_ r2
/ lon(z, T)2dz < e 2T lal / e B (z, 1) 2da
B, N2

B(1+6)r HQ% (A 20)
_ —1)2 :
+4||vn||g062Tnanoo67“3h” / / @2 (, s)dads,
t B(i4syr N n

whenever 0 < T — (ba — b3)h/by <t <T. Recall that hg < T from (A.16). We choose h as follows:

he b b1Cs/ (b2 — bs)

by — b3 In {(1 +Cy) (e[1+25’1(1+7}2)](1+72171+|a|2;é3)+4§'3+2T||a||00> 7y Japna, Phdedt

B @2 (z,T)dx
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with Cs £ (by — bs)(bs — 1)r2/by and Cy £ 4||Vn||%.. Then for any t € [T — min{ry, ho},T], we have
(A.21)

fg—fz fQRﬂszn 2 (x,8)dzds
(z,T)dz

wa-vr2 (T
4| V|2 el = 5 / / 2 (2, 5)dwds
t Bi4syr N2

O, e2Tllallss [T 2
Cye I fB(l-HS)ern 02 (x, s)dzds
: C
1 2 +Hlall %)+ 2R +2T lall o ]
JBrnan Pn

(1+ 54) (e[1+261(1+r12)](

1
- / @2 (x, T)dx.
B, N2
(In the last inequality, we used the facts that (1 +0)r < 2r < R and B(145), C @g.)

IN

e
Next, on one hand, by (A.20) and (A.21), we get

1

‘ !
)

(b —b3+1) (bg—bg)r?
2 L2088 )02 =230 o7 lalleo 2
) / oz, T)dx < e P10 e2Tlal / | (2, t)|"da
B, N B(4s)r N Q2n

(-
e
for each T — min {72, ho} < ¢t < T. On the other hand, by (A.15), we see
<e

>

o,

T
fT7T2 fQR Ao 02 (z, s)dzds
fB,. N @2 (z,T)dx

(by—bg+1)(bp—bgz)r?
b1 hg

which, combined with (A.22), indicates that
T
/ / 02 (x,s)dxds < e
T—72 JQrRMN 2

(1‘6

Lemma A.4. ([19] or [27]) Let r >0, A >0, T > 0 and x¢ € §,. Denote
2
e 1T=—+0 | ¢ € [0,T].

lz—zq

equations in convex domains. It plays the exactly same role as that of Lemma 3.1 in [§]
1

A
ey vy 7

|Vu(z,t)|>?Gy(x, t)dx
u(z, t)|2Gr(x, t)dx

For w e HY0,T; L*(B,(z0) ) N L?(0, T; H*(B,(z0) N Q) N HE (B (20) Q) and t € (0,T], set

Nty & L2200,
fB,,.(:vo) N,

The following two properties hold:

el | R
Bys)r N2

1) _Gs
e ho
for each T — min {7y, ho} < t < T. Since 2T|a]|soho < Cs (see (A.16)), the desired estimate (A.17) follows from

the latter inequality immediately with Cs £ 3C3 + (by — bz + 1)(by — b3)r?/b;.
Next, we introduce the following monotonicity of the generalized frequency function associated with parabolic

(A.22)

O

(A.23)

whenever / lu(x,t)|>dz # 0.
By (z0) 2
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(4)
1d 9 9
—— |u(z, t)|*Gr(z, t)dx + |Vu(z,t)|"Ga(z, t)dz
2dt Jp,(@0)nan B (20) N 2
- / w(z, )(9y — A)ua, )G (z, 1)z,
B, (20) (2
(i)
d 1 I5. [(Bru — Au)(x, 1) PG (z, t)da
7N>\,T(t) < 7N)\7r(t) + By (wo) N2 .
dt T—t+ A fB,,-(mo) na, [ul@ PGx(z, t)dz

We are now in a position to present the proof of Proposition 2.5. Its proof below is almost the same as that
of Lemma 3.2 in [8] by using Lemma A.4 instead.

Proof of Proposition 2.5. For each v’ > 0, we denote B, = B,/(xg) and Qv = Q,(x). Let x € C5°(Bg,)
be such that

0 <x(-) <1in Bg, and x(-) =1 in B(1y35/2)r-
We set u = x@,. It is clear that
Ou— Au = —au —2Vyx -V, — p,Ax in (Bg, ﬂ Q,) x (0,7). (A.24)

Furthermore, we define ¢ £ —2Vx -V, — o, Ax.

Step 1. Note that g is supported on {z : (14 30/2)R < |v — xo| < Ro}. Recall that x(-) = 1 in B145r. We
can easily check that

fBRO N2 U(I7 t)g(x, t)G)\ (IE, t)dz
T3, A, 1@, PG, Hda

_ lz—axgl?
f(BRo\B(1+35/2)R) N, X@n(—2VXx - Vo, — opAx)e” T3 dr

= |,7;—.7:0|2 (A25)
IBR no X¢n(z,t)|2e” T+ 0 dx
0 n
. 2
< e T—)ct1+)\ f(BRo\B(1+3s/2)R) N (2|<PnVX V| + |AX|<Pn) da
! fB(lJrS)R N2 90721(55» t)dx )
where ky £ [(1+36/2)R]?/4 — [(1+ 6)R]?/4. It follows from (A.25) that
J, u(z,t)g(z, t)Ga(z,t)dx
Bry Ny (AQG)

T, A0, [u(@, DG, H)de
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k1 2||VX||oo(fBRO N, @%(x,t)dm)%(fBRo nen |vSpn(x,t)‘2d$)% 18] fBRO . 2 (o)
fB(1+5)RﬂQ7L @2 (z,t)dw

< e T—t+x

Here [Vx[loo 2 VXL (Bry) and [|AX ]I 2 |AX] Lo (B, )-
On one hand, by Lemma A.1 (where r, R,y and 75 are replaced by R, 2R, T/4 and T'/2, respectively), we
have

T

/ 2 (z,t)dz < ka(1+ T + |lalloo) / @2 (x,s)dxds for each t € [3T/4,T],  (A.27)
Br, N Q% Bary Q2

T2

where ko = ko(R) > 0. By Lemma A.2 (where R and 7 are replaced by Ry and T'/4, respectively), we get

/ Vo, t)Pde
BRO m Qn

’ (A.28)
< ks(14+T72+ [|a]%) / @2 (x, s)dads for each t € [3T/4,T),
T/2 J Bary 2
where k3 £ k3(R) > 0. It follows from (A.26)—(A.28) that
fBRO na., @, t)g(@, )Gx(z, t)dz
I5n, A, (@ PGA(w, H)de
(A.29)

_ 3/2 T
o ks T2 4 al3) f1)5 [, o, 92 (@, 5)dads

< eT ToiFx
fB(le N 90% (xa t)dx

for each t € [3T/4,T],

where ky = ky(R,8) > 0.
According to (A.17) (where r, R, 71 and 75 are replaced by R,2Rg,T/4 and T/2, respectively), it holds that

T T
eZT”a””/ / p2dzds < eQT“a“‘”/ / @2 dxds
T/2 J Bary N T/2 JQary N

(A.30)
145 2
< ek ;. (z,t)dx for each t € [T — ho, T1.
BatsyrMN 2
Here, we used the fact that hg < T/4 (see (A.16)). This, along with (A.29), implies that
/ u(z, t)g(z, )Gy (x, t)dz e
Bro 90 < kqe” =i 61+Tg(1 +T72) for each t € [T — ho,T]. (A.31)

fBRo na, [u@ )PGA(z, t)dz

On the other hand, by similar arguments as those for (A.26), we have

ds

/ T [5 o 190 5) PG, 5)da
t fBRO an |u(x7s)|2G)\(x,S)d:E
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T — . _ 2
. / oy N | = 2VX Viou — 0n x| drﬂe_ P
t fB(1+5)RﬂQn |on (2, 5)[2de

</T 8IVXIZ S, e, IVonlPde + 21AXI% [, Ao, ende
- t

e T-stxds
fB(le N2 |<Pn($, s)|2d$

for each ¢ € [37'/4,T). This, together with (A.27) and (A.28), yields

/T S, (0, 196, )G, 5)da
S
K fBRo N, lu(z, 5)|?Gx(z, s)dz

! (A.32)
T Jr p2dads
< k(T al) [0 Pt
t fB(1+5)R ﬂQn “Pn(ﬁ, S)| dLE
for each t € [3T/4,T), where ks = ks(R,§) > 0. It follows from (A.30) and (A.32) that
/T fBRO N2 lg(x, s)PGa(z, s)dxd
s
¢ fBRO N |u(z, s)|2Ga(x, s)dx

(A.33)

IN

& T
k(14 772 fal)e B et [ e
t

é
< ks(1 +T72)61+ﬁ67 =t (T'—1t) for each t e [T — ho,T].

Step 2. In this step, the aim is to give an upper bound for the term ANy g, (T) (i.e., (A.42) below). By (i)
of Lemma A.4 and (A.24), we get

d 1 J5n, Ao, (0w + 9)(2,t)PGr(z, t)dz

—N, t)y < ———N t
ar ) S g e DG DA

which indicates that

fBRO N |(—au + g)(x, t)|? G (z, t)dx
fBRo na, [ 1) PGA(z, t)dz

fBROHQ,,L g(x,t)]?Gx(x, t)dx

fBRO N |u(x7t)|2G)\(1‘,t)dx>

@~ 4 N () < (T4 3)

<2AT—t+)) (IIaZo +
Integrating the latter inequality over (¢,T"), we obtain

T
ANao (T) < (T — t + \)Nogo () + 2llal% / (T — 5+ N)ds
t

|g(m, S)'ZG)\(QT, S)d.’E

lu(z, s)|2G(x, s)dxds'

T J,
+2/ (T —s4+)\) Bro (1€
¢ JBr, N2
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Hence, for any 0 < T — e <t < T (where € will be determined later), we have

J3m, (e, 196 9)PG(, 5)dz
fBRo N lu(z, 5)[?Gx(x, s)dz

A

ds.
BT 5

—— Ny, (T) < Ny g, (t) + 2¢l|al /% +2/

Moreover, by (i) of Lemma A.4 and (A.24), we observe that

lg/ |u(x,t)|2G>\(x,t)dac+NA’RO(t)/ |u(x,t)|2G)\(x,t)d:r
2dt /g, non

BRO an
—— [ aletlu@)PGr (e ds
BRO mQ

/, u(z,t)g(x, t)Gx(z, t)dx
S P—reT: RN
fBRO na, W@ PGA(z, t)dx [, na,

This, along with (A.34), implies

1d A
f—/ lu(, t)|? G (, t)d:r—i— ——N) RO(T)/ lu(x, t)|? G (z, t)dx
2 dt Brp, ﬂ Qn A BRO m Qp
< (ol 2el0l2) [ futr 0P 00 [ DG e
Br,

y <fBRonQn u(x,t)g (gc t)G)\ x,t) da? / fBRoﬂQ \g( 8)|?Ga(z, s)dz )

ds
S5y 2, [ DP G, D) T, oo, 62, 9) PG (, 5)dw

Next, on one hand, it follows from (A.31) and (A.33) that

ds

fBR na, W, t)g(z, t)Ga(z,1) dx / fBRonQn lg(x, 8)|?G(z, s)dz
fBR na. [w@ HPGA(z, t)dx fBRO(‘IQn |u(z, $)|2Gx(z, s)dx

05+k1

< ke(l4e)(1+T72)e” e o
£ Qpyen foreach 0 <T —e <t < T with ¢ € (0, ho),

where kg = kg(R,8) > 0. This, along with (A.35), implies that

55/ u(e, t)[?G(x, t)dz

A
< (M) ol = 220l - Quoen ) [ a6 (et
€ Br, N

which indicates that

d 62($NA,RO<T>fuauoof2snani;c2ho,a,x)t/
at 5

|U(I,t)2Gx(I,t)dl’] <0
Ro N2

27

(A.34)

(A.35)

(A.36)
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for each 0 < T'—e <t < T with ¢ € (0, hg]. Integrating the latter inequality over (T —¢,T — £/2), we obtain
e%N*vRO(T)/ (2, T — &/2) PG (e, T — 2/2)da
Bry N0
|u(z, T — €)|*Gx(x, T — &)da.

< esHaHoo-"ng||a”zo+5QhO,5,>\/
Br, N Q2
(A.37)

|lz—zq|?
u(z, T —¢e)]Pe” T dr
Bry N2

This yields
e i Na R (T) < ellalloo+2e2lall 2 +€Qng . .
o |z —wq]|
g —Jz—zol?
S5, o, 0@, T — 2/2) 2" 17340 da

On the other hand, by (A.27), we see
o —le=zgl? (145 R)? )

fBR() N juz, T — e)fPe” 5 dz < e fBR() N lon (2, T — ¢)|*dx
- fB(1+6)R N on(2, T —/2)2dz

- T

ka(14+ T + |lallo) Iz fQ2RU ne. Zdzdt

5)R)2
2e

‘/‘B(pﬂs)RﬂQn |(¢0n(x7T - E/2)|2dx

IA

_lz—=zgl2
fBR na lu(z, T — e/2)2e” 3E2FN da
0 "
A+ R)%
e

=1
O |

2
SR k(14 T o afla)et
e2Tlalls

which, combined with (i) of Lemma A.3 (where r,R,7; and 7o are replaced by R,2Ry,T/4 and T/2,
ol
(A.38)

respectively), indicates that
fBRoan |U(.’E,T—5)|2@_ (e <
|z —zq|? =
fBR ne |u(x, T — 5/2)|2€_W2’3*>dm
0 n
< kB (L)
(A.39)

Then, it follows from (A.37) and (A.38) that for each e € (0, ho],
AN g, (T) N
+ A 1+ 6)°R? C _
c 5||a||oo+252||a||go+8Qh0,5,,\+7( 26) +1+h—5+1n (ko (1+T71))].
0
Finally, we choose A = pe with p € (0,1) (which will be determined later) and & = kyho/[2(C5 + k1)] so that
(A.40)

<

Cs+ky (ufl)

P

= ke(l+e)(1+T72)e "o

Qho.ex (see (A.36)) satisfies
th,e,)\
ke (1+¢)(1+T72).

<
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Since € < hg, by (A.39) and (A.40), we get
ANN R (T) < 2[hollalleo + 2h3||allZ, + ke (1 +¢€) (1 +T72) he]
_ _ (A.41)
+2 [1 ke (14T + S+ 6)2R2} .

According to (7) of Lemma A.3 (where r, R, 71 and 72 are replaced by R,2Rg,T/4 and T'/2, respectively), it
is clear that

ho < Cs, ho < T, hoT|lallso < Cs and h|ja||?, < C3.
These, together with (A.41), derive that

EAN R, (T) < 2 [hoT |lallo + 2h5lall%, + Ko (1+ ho) (g + h5T—2)]

-~ Cs+k
+2 |ho + Cs + kaho (1 +T71) + =272 (1 + 6)2R?
1
<2 {53 +2C3 + kg (1 +53) (1 +5§)}
P N
+2|Cs + Cs + ko (1+03) T Sk L(1+6)2R?| .
1
Hence,
16\ (N 16 N ~
—— | =— + AN\ R, (T) ) < — | =C3+ AN\, (T) | < p(l+k7), (A.42)
r2 \ 4 r2 \ 4
where k7 £ kr(r, R,0) > 0.
Step 3. We claim that
9 _lz—=g|? 9 _lz—=g|?
lu(z, T)|"e” ™ da < lon(z, T)|"e” o da
Bry N B-NQn
(A.43)
o |2
+ (1 + k7)/ \u(x,T)|26J 5 da.
Bry 1 Qn
Indeed, since Bg, (), is convex, we have (see, for instance, [19])
1 le—=g|?
— |z — xo|?|u(z, T)|?e” dx
16X JB,, N,
N 9 _le—ag)? 9 _lz==gl?
< — lu(z, T)|?e™ 2 ~dxz + A |[Vu(z, T)|*e” 2 —da.
4 JBr, N0 Bry N

This implies

|z —=q|?

/ lu(z, T)|?e” = dx
BRD nQn
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|x7x0‘2 9 _lz==g|? 9 _le==gl?
< —— (@, T)[Fe” 3 "dz + |u(z, T)|%e dz (A.44)
(Bro\B,) N T B. N,
161 [N reeo? s
<T@ [ e s [ @ npe S an,
T 4 ' B
RrRo N2 BN

where in the last line, we used the definition of Ny g,(T) and the fact that v = ¢, in B, ()€,. Then (A.43)
follows from (A.44) and (A.42) immediately.

Step 4. End of the proof. B
We choose = 1/[2(1 + k7)]. Then, A = pe = k1ho/[4(1 + k7)(C5 + k1)]. By (A.43), we have

|z—zq|?

/ o, T)Pde < 0 / (e, T)Pe= "5 4
BRan BR()mQﬂ-

2 |z—zg|?
§2e%/ lon(z,T)[?e” a» da.
B. N9

This, along with the definition of hg (see (A.15), where r, R, 7y and 75 are replaced by R,2Ry,T/4 and T/2,
respectively), implies that

(1+k7)(Ctky) R?

/ [on (@, T)Pde < 2e " Faho / |on (2, T)*dz
BRan Bern

T
Jrs2 Jaun, N, Prdedt
fBR N lon (2, T)|?dx

(+k7)(Cs+k1)R?
k1C3

<la+cy (e[1+261<1+R2>1<1+4T1+|a|243>+“§3+2T|a|m)

><2/ lon(z, T)[2dz.
Brnﬂn

Hence, we can conclude that the desired estimate of Proposition 2.5 holds with

_ (14 k1)(Cs + k)R
Csky + (1+ k7)(Cs + k1) R?

€ (0,1).

In summary, we finish the proof of this proposition.
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