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A NOVEL Wt APPROACH TO SHAPE OPTIMISATION WITH
LIPSCHITZ DOMAINS

KrLAUS DECKELNICK!, PHILIP J. HERBERT? AND MICHAEL HINZE?*

Abstract. This article introduces a novel method for the implementation of shape optimisation with
Lipschitz domains. We propose to use the shape derivative to determine deformation fields which
represent steepest descent directions of the shape functional in the W *°-topology. The idea of our
approach is demonstrated for shape optimisation of n-dimensional star-shaped domains, which we
represent as functions defined on the unit (n — 1)-sphere. In this setting we provide the specific form of
the shape derivative and prove the existence of solutions to the underlying shape optimisation problem.
Moreover, we show the existence of a direction of steepest descent in the W*°— topology. We also note
that shape optimisation in this context is closely related to the co—Laplacian, and to optimal transport,
where we highlight the latter in the numerics section. We present several numerical experiments in two
dimensions illustrating that our approach seems to be superior over a widely used Hilbert space method
in the considered examples, in particular in developing optimised shapes with corners.
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1. INTRODUCTION

In the present work we are interested in the numerical solution of a certain class of shape optimisation
problems

min J (), Q € S,

where S denotes the set of admissible shapes to be specified in the respective application. A common approach
in order to calculate at least local minima of J consists in applying the steepest descent method by using the
shape derivative of J. More precisely, given a shape €2 € S, one determines a descent vector field V*: R” — R"
which is Lipschitz and satisfies J'(Q2)(V*) < 0 ([20], Sect. 5.2), then one sets Qnew = (id + aV*)(Q2) for a
suitable step size a > 0. A common approach in order to determine a descent direction V* employs a Hilbert
space setting. Let H be a Hilbert space with scalar product a(-,-), then V is determined by minimising

Vs a(V,V)+J(Q)(V),V e H.
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2 K. DECKELNICK ET AL.

A nice discussion of the pros and cons of this approach can be found in Section 5.2 of [1]. Typical choices
of H are the Sobolev spaces H™(R™;R"™), where one however needs to choose m sufficiently large in order to
obtain a Lipschitz transformation. Ideally, one would like to determine a Lipschitz vector field V* such that
HV*”WI,OO(Q;]RH) é 1 and

J(Q)(V*) = min T (Q)(V).

“VHWLOC(Q;Rn)Sl

However, compared to a Hilbert space, the functional analytic properties of the space of Lipschitz functions are
less favourable making this approach difficult both from an analytical and a computational point of view. In
this paper we aim to address this task in the special case that the admissible domains 2 C R™ are star-shaped
with respect to the origin so that shapes and their perturbations can be described in terms of scalar functions
f:S" 1= {z € R"||z| = 1} — R. The restriction to star-shaped domains allows for a deeper analysis at the
expense of generality and is regularly considered in shape optimisation, e.g. [5, 12].

In the described setting we consider the following model problem

. 1 2
gllrégj(Q) = 5/9 luq — z|“dz, (1.1)

where ug € H} () is the unique weak solution of
/ VuQ~V77dx:/ Fndx V€ Hy(Q) (1.2)
Q Q

and z € HY(D), F € L?*(D) are given functions on some hold-all domain D C R™. We note that this energy
and PDE problem are probably the most simple example of PDE constrained shape optimisation. Some simple
extensions might be to consider higher powers in the integrand of the energy, or parts of the domain which obey
a Neumann boundary condition. It is expected that the strategy we consider may be applied to more general
second order PDE constrained shape optimisation problems, in particular problems from elasticity. In Section
2 we reformulate (1.1) as a minimisation problem on a suitable subset of W1>°(S"~1) and calculate the shape
derivative in terms of the solutions of the state and adjoint equations. Furthermore, we prove the existence of an
optimal Lipschitz—continuous descent direction, for which we derive an explicit formula in the case n = 2. Using
a discrete version of this formula together with finite element discretisations of the state and adjoint equation
we obtain an approximation of the optimal descent direction which is used in the steepest descent method. The
numerical experiments, which are all two-dimensional, shown in Section 4 demonstrate that this novel approach
performs better than a very typical method which relies on H'-regularisation. Let us also mention that our
approach may be related to optimal transport, see [33].

There exists a vast amount of literature related to shape optimisation problems. We first mention the seminal
works of Delfour and Zolésio [9], of Sokolowski and Zolésio [39], and the recent overview article [1] by Allaire,
Dapogny, and Jouve, where also a comprehensive bibliography on the topic can be found. The mathematical
and numerical analysis of shape optimisation problems has a long history, see e.g. [4, 17, 29, 38]. With increasing
computing power, shape optimisation has experienced a renaissance in recent years [35-37], especially in fluid
mechanical applications [6, 14-16, 18, 19, 27, 32, 34]. A steepest descent method for the numerical solution
utilising a Hilbert-space framework for PDE constrained shape optimisation is investigated in [22]. A comparison
of numerical approximations of Hilbertian shape gradients in boundary and volume form is presented in [23]. A
particularly interesting Hilbertian method is considered in [24], based on Cauchy-Riemann equations, where the
authors have an example which is able to form corners. A downside they mention is that the method is quite
specific to two-dimensional shapes. A specific choice of Hilbert space would be reproducing kernel Hilbert spaces
which have been considered in [10], where an explicit form of the gradient is shown for certain kernels. Finally
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we recall that an extensive summary of the state of the art in numerical approaches to shape and topology
optimisation is given in Chapters 6-9 of [1].

2. ANALYSIS OF A MODEL PROBLEM

Let us begin by introducing some notation. The space of Lipschitz functions on S*~! is given as

CO,I Sn—l = u: Sn—l SR su |’U,($) — U(y)| <00y,
p
z,yeST—1 xAy d(I7y)

where d: S"~1 x S"~! — R is the intrinsic metric on S"~!. One may equivalently define C%*(S"~!) using the
standard Euclidean distance in the semi-norm. We will be using Lebesgue and Sobolev spaces on S*~!, equipped
with the (n — 1)-dimensional Hausdorff measure on S"~!. Since C%1(S"~1) =2 Wheo(S"~1) [13], the tangential
gradient V7 f is defined almost everywhere on S*~!. We give the explicit definition of the tangential gradient
by its definition on charts. Let ® C R®™! be open and bounded and X: © — S"~! be a C?-diffeomorphism
onto its image, U := X (0). Then, for almost every w € U,

n—1
Z gt I(f o X) 37X

NS ) —1
a0, o | °F @)

Vrf(w) =

4,j=1

where {91-}?:_11 are coordinates on © and g%/ is the ij element of the inverse matrix of G, which has elements g;; =

X 0X oL . . . . . . .
90, " 90, fori,j =1,...,n — 1. For more details on this parametric representation, see [8], in particular equation

(2.14). ‘We note that this definition is independent of the paramaterisation X as well as for f e whee(sn1)

VrfeL®E "), Vrf(w) -w=0ae onS" ' (2.1)

2.1. Reformulation and existence of a minimum

A bounded domain @ C R™ is star—shaped with respect to the origin if [0, z] C Q for every z € €2, where for
z,y € R", [x,y] :={z+t(y —z) € R" : t € [0, 1]}. Furthermore, Q is called star-shaped with respect to B.(0)
if [y, x] C Q for every y € B.(0) and every z € . For a bounded domain €2 that is star—shaped with respect to
the origin we denote by fo: S*~! — Ry its radial function given by

fow) :=sup{A >0 w e Q}, wesS" L (2.2)

It is shown in Lemma 2, Section 3.2 of [7] that if  is star—shaped with respect to 0, then it is star—shaped with
respect to a ball B.(0) if and only if fo € C%1(S"~!). We wish to show that a given positive function which
has bounded tangential gradient generates a domain which is star—shaped with respect to a ball. In order to
formulate this, we assign to a positive function f: S”~! — R the set

Qp={zeR"|z=0o0r|z| < f(wg),z #0}, where wzzi

w (2.3)

Clearly, f is the radial function of €2; and, if € is star-shaped, then 0, = €.

Lemma 2.1. Given f € W1>°(S"™1) with fy := rréin fw) >0 and L := ||V fl|lpe@sn-1). Then:
wesSn—1

(i) The function f satisfies

[F(ws) = f(wn)] < Ld(wr,ws) < LT | — wal. (2.4)
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(i1) Qy is star-shaped with respect to B.(0), where € = erf-(ifo'
(tit) Let ®y: R™ — R™ be defined by
wz)r, x#0,
B (z) ;:{ f(o) xio. (2.5)

Then @ is bi-Lipschitz from B onto Qy, where B = {z € R™||z| < 1}. In addition
D®¢(z) = f(we)] +we @ Vrf(wy) and det DPs(x) = f(wy)" a.e. in B, (2.6)

where (a ® b);; := a;b; for vectors a,b € R".

Proof. (i) For § € (0,1), let us extend f to the open set S5 := {z € R" : |z| € (1—6,1+0)} via f(z) := f(ws). It
is clear that f € CO1(Ss) =2 W1°(Ss) with weak derivative V f(z) = ﬁVTf(ww) for a.e. x € Ss. In particular

V()| = IV e fen)| < {25 2 € 55

-5
as well as fp — f = f uniformly on S"7! as p — 0. Let wy,ws € S"™1 and 7: [0,1] — S"~! be a curve with
n(0) = wy, (1) = wy and fol |n'(t)|dt = d(wy,ws), where d(-,-) is again the spherical metric on S"~!. Then

Denoting by fp the standard mollification of f we have that for p < g, fp € C’OO(Sg) and |pr\ < L. on Ss

folen) = foten)| = | [ 4, on)(t)dt] - ] / V00 -n’(t)dt] < =)

By first letting p — 0 and afterwards 6 — 0 we deduce (2.4), observing that d(w;,ws) < §lwi — wal.
(ii) Let z € Q5 \ {0}, y € Bc(0) and z =tz + (1 — t)y for some t € (0,1). We abbreviate Z = tz and have
1

< =2 -2+ |7
|z]

T z

11
L

‘ 2
— <=

|Z

wi — w.| = | — 2],

2l |2

which combined with (2.4) yields
lws) < 1(ws) = F@a)l + £(02) £ Ll =l + fws) < 7016 = 2+ £2)

& _ _tla|

Flws) Flwe) < t we obtain

Since wz = w, and

" IV -
o <le = 8]+ Ja] = 2 = 81+ i ) < s = 31+ o — 2]+ 07 ()
<=0l (1425 ) 411 < 0= 0L T o)
0 fo

S(]- - t)fO + tf(wz) § f(wz)a

therefore z € €2y by the choice of e.
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iii) Since f(w) > fo for all w € S*! it is straightforward to verify that ® is bi-Lipschitz from B to €.
f f
Furthermore, for = # 0

D®s(x) = f(wa)I + wa ® P(2)Vr f(we),
where P(z) := I — w, ® w, is the projection onto the tangent space T, S"~!. Observing that Vr f(w,) -2 =0

by (2.1) gives that P(z)Vr f(w,) = Vrf(wy) to conclude the form of D®¢. Using that w, ® Vr f(w,) is a rank
1 term with vanishing trace, we deduce (2.6). O

P
™

N

Remark 2.2. Lemma 2 of Chapter 3 in [7] shows that one may take e = . This value is different to

that which we have considered in (ii).

Using (2.6) together with a change of variables we infer that

1
Q2] :/ |detD® ¢ ()| do :/ f(w)"doyr™ tdr = l/ f(w)*doy,, (2.7)
B 0 Sn—1 §n—1

n

where we write do,, to be the surface element on S*~1. Let us fix p > 0,L > 0 and v > 0 with v > p"|S"71].
We define

F o= {f € WheEs" Nl > pin S| Vefllpe@n-y < L, - (w)*do, = ~}. (2.8)

Note that if f € F, then there exists @ € S"~! such that f(©)"|S"~!| = 7. By using the Lipschitz bound (2.4)
we obtain for every w € S*~! that

f(w) < f(@) + Ld(w,©) < (\S"_1|_1'y)% +7L =:R, (2.9)

so that all sets 2 given by (2.3) are contained in the hold-all domain D := Bg(0). Given F,z € L*(D), we
now define

J:F SR, J(f) = TQ) = %/ﬂ lu — 2[2da,
f

where u € H} () solves

Vu-Vnd:r:/ Fndr  Vne Hi(Qy). (2.10)

Qf Qf

Hence we consider the optimisation problem (1.1), (1.2) in the class S = {Qy | f € F}. In view of Lemma 2.1
and (2.7) the class of admissible domains consists of bounded domains of fixed volume, which contain B,(0) and

which are star—shaped with respect to B(0), where ¢ = #j_p. Let us next establish the existence of a solution
of the resulting optimisation problem.

Theorem 2.3. There exists f. € F such that J(f.) = minger J(f).

1
Proof. Since y > p"[S"!|, the function f := (|S*|~!4) " belongs to F, so that F is non-empty. Let (fi)ren C
F be a sequence such that J(fx) \,infrer J(f). By the theorem of Arzela-Ascoli and the fact that bounded
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sequences in L contain weak-* convergent subsequences, one has that there exists a subsequence, again denoted
by (fx)ken and f. € WHo°(S"~1) such that

fr = fo in C(S"Y) and Vrfy = Vo f, in L2(S"71).
Clearly f, > pin 8" and [i,_, fu(w)"do, = ~, while
IVT fill oo sn-1) < liminf [V fi|| oo gn-1) < L,
k—o0

therefore f, € F. Let us write Q5 = Qy, and 2, = Qg . We claim that Q — Q. in the Hausdorff complementary
metric, i.e. dpg, — dgg, in C(D), where d 4 denotes the distance function to the set A and (A is the complement
of a set A. In order to prove the claim we fix € D and choose z € 0, such that dgg_(2) = |z — 2|. Then
R > |z > fu(w.) = p. For zp = (1 + p || fs — full Lo (sn-1)) 2 we have w,, = w, and

2]

|zk| = |2| + ?ka — fallpoosn1) = fulwz) + 1 fx — full oo sn1) 2 fr(wz) = fr(wz,)-

Therefore, z;, € 0§, so that

|2 R
dog, () — dpg, (2) < o — 2i| — o — 2| < |z — 2| = ?ka — fallpeo(sn—1y < ;ka — fallpoo(sn-1y,

where R defined in (2.9) is the radius of the hold-all domain D = Bg(0). By exchanging the roles of fi and f.
and taking the maximum with respect to x we obtain

R
max |dgg,, () — dgo, (2)] < ;ka — fellzoegn-1y = 0, k — o0,

which shows that Q; — €2, in the Hausdorff complementary metric. Furthermore, according to Lemma 3, Section
3.2 in [7] the set Q. satisfies the cone condition and hence is locally Lipschitz. We may therefore deduce from
Theorem 4.1 in Chapter 8 of [9] that ug, — uq, in HJ(D). As a result J(f.) = limg_ o0 J(fx) = inf rex J(f)
which completes the proof. O

2.2. Calculating the shape derivative

We now fix

fewh(s" 1) with min f(w) > 0. (2.11)

weSn—1

In addition, fix F € L} (R"), z € H} (R"). These are defined on all of R™, rather than on a hold-all domain
whose size depends on ||V f]| e sn-1) and mingegn-1 f(w). Before we calculate a formula for the directional
derivative of J at f we transform the state equation to the reference domain B. To do so, define 4(x) :=
u(®s(z)), where u € H(2f) denotes the solution of (2.10) and ®; is given by (2.5). Clearly, Vu(®¢(x)) =
D®¢(x)"" Vi(z), where we think of the gradient as a column vector. Therefore, (2.10) translates into

[ Artvi) - Vi) ds = [ @i fw)de vie H(®) (2.12)
B B
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In the above Fy(z) = F(®;(x)) and Af(w,) = f(we)" D®s(x) " D®;(z)~*. Using the fact that

Do) = g (1= 0 )
we find that
va(wm) . va(wm) |VTf(wm)‘2

Af(ws) = f(wr)"”(l —wy ® ® wy + Wy @ wr). (2.13)

flws) flws) flwz)?

We wish to show that J has a Gateaux derivative at f in a direction g € W1°°(S"~1). We define the vector-field
V e C%Y(R";R") by

glwy)
V) =4 flw,)” Y #0, (2.14)
0, y=0.

Then, (id 4+ tV)(Qy) = (id +tV) o &;(B). For every x € B we have

(f(wz) +tg(wsz))z, = #0,

D) + 1V (B (a)) = { ) .

so that (id +tV)(Qy) = Q4.
We therefore have for ¢ # 0 that
J(f +tg) —J(f) _ Td+tV)(Qy)) — T(Qy)

p = ; : (2.15)

Since J is shape differentiable ([1], Prop. 4.4), the right hand side of the above converges to J'(Q2f)(V) as
t — 0 with J'(2f)(V') representing a linear mapping, see (2.16) and (2.18). Therefore we see that J is Gateaux
differentiable.

By adapting the proof of Proposition 4.5 in [1] to our situation we obtain the volume form of the shape
derivative as

j'(Qf)(V):/ (DV+DVt—divVI)Vu-Vpdx
Qf

1
+/ (s(uw—2)*divV — (u—2)Vz- V) dz — / FV - Vpda. (2.16)
Q 2 Q
s s
Here p € H{(§2y) is the solution of the adjoint problem

Vp-Vnde = / (u—z)ndz V€ Hy (). (2.17)
Qf Q

If in addition, u, p € H?(Q ), the shape derivative can be written in the well-known boundary form

7@nv) = [

1
((u—z)2+ 8u@p) V-vdsS, (2.18)
o9y

2 Ov Ov
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where v is almost everywhere the outward unit normal to ; and d.S denotes the surface element on 08¢, see
Theorem 4.6 of [1].

2.2.1. Mapping the volume form (2.16) to the reference domain B.
By changing variable in (2.16) we have

(J'(f),9) = /B(Dtbf)_l(DV—l—DVt — (divV) 1) 0 @4(D®s)*Vii- Vp f(w,)" da
+/ (%(a — 27)? (divV) o ®@f — (4 — 2f)VZs - (DRy) "'V 0 @) f(w,)" dz
B

—/ Ff(D@f)_1Vo<I>f-Vﬁf(wz)"dx, (2.19)
B

where Z¢(z) = 2(®(x)) and we have used (2.15). In the same way as above we obtain from (2.17) that p(z) =
p(P®s(x)) satisfies

/BAf(wr)Vﬁ(l’) -Vii(z) de = / (a(z) — 2 (2))i(2) fwe)" do Vi) € Hy(B). (2.20)

B
Differentiating the relation V(®¢(z)) = g(w, )z we obtain
DV(®(2)) D () = g(we)I +we @ Vrg(ws)

and hence

DVoq)f:(gIerx@VTg)(D(I)f) (g[ —wx®VTf+wx®VTg).

f

kﬁ\»-ﬂ

In particular we deduce that

(divV) o @ = trace DV o &y = n

f

as well as

DVOCI)f—i—DVto(I)f—diVVo(I)fI

1 1
Wy & VTf va & W + ZWe & ng + 7VTg & Wy

9
=fe-mi-4 I 7 7

f

A long, but straightforward calculation then shows that

(D®) ' (DV o®; 4+ DV'o®; —divV o @, 1) (Dq>f)—f

T @I+ n-3)L(woVrf+Vrfow,)+ (wm®ng+VTg®Wac)

T
+((4— )

f4

_2f (va VTg))WI @ Wy

f3
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Note also that

1
(D(I)f)ilvoq)f = }(Ifwz ® T)gm = %l‘ — |1’|%wz

If we insert the above identities into (2.19) and transform to polar coordinates we obtain

(J'(f),g) = /B(hfg + Hy - Vpg)de = /Snfl (ﬁfg + ﬁf . VTg)dow, (2.21)

where hy: B — R and Hy: B — R" are defined by

hy = (2= n) "0V T+ (4= 0) [V (Vi 0)(V5 - w) (2.22)
+(n=3) " (Vo f - Vi) (we - VD) + (Vo f - Vi) (w, - Vi)
(G0 = 20)? — Jal(i = 2) V2w — [2lFy Vb wa);

Hf = fn_g((vﬁ ' wx)va + (Vﬂ : wl)vﬁ) - an_4(v1l : wl)(vﬁ ' wz) va? (223)
while ﬁf: S S R, fIf: S*—! — R" are given by

1 1
hf(w):/o s" L hy(sw)ds, fff(w):/o s" " Hp(sw)ds.

From our assumptions on z and f we deduce that hy € L'(S"~'), Hf € L*(S"~';R").

2.2.2. Mapping the boundary form of the shape derivative to S"~!

As we intend to use formula (2.18) also for numerical purposes we transform it to an integral over the reference
boundary S*~! with the help of the mapping

@ pign-1: S — 09y, ws f(w)w.

A calculation of dS, the surface element on 99y, shows

D)2 /2
ds = flw)" (1 + w> do,, (2.24)

while

(D ()" (1+ va<w>|2)2 (o Y@

0 20)) = 1D ()] Fw)? Fw)

Since (Vuo @f)(w) = (DPs(w)) *Vi(w) we deduce that

) Vrf2\ ? e v
ot (1 ) o 2

_1 VTf2)5 B 7
_f(1+ ) - eV (o= )
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1 WTHQ =3 Vrf . Vrfou
== (1 +—F5 ) (w——")-(Vu - 7??)
1 |V f? %811
_(1+ z ) =,

where we have used that Vi - Vo f = 0 on 0B since @ = 0 on dB. For the function V' given by (2.14) we have
(Vo®s)(w) = g(w)w and hence by (2.1)

|va|2)é
2 g

(V-v)od; = <1+

After a change of variables in (2.18), using (2.24) as well as the formulae above we find

1 Ou 0 \vAp 3
((ﬁ»%f)2+(azaf)oq>f> (V-v)odyfrt <1+| ]{j) do,

oy sy

S§n—1
= / éfgdouh
Sn—1

where éf: S~ 5 R is given by

%

Vrf@)P) 20
Ow

e o™

(). (2.25)

2.2.3. A descent direction in the W -topology

We wish to consider perturbations which preserve the volume constraint fS”,l f(w)™do,, = v to first order;
we therefore introduce the following set of admissible perturbations

Voo(f) = {U c Wl’oo(Snil) : / f”flv dOw = O7 ||VT’U||Loo(Sn—1) S 1} .
§n—1

Before we show that there is a minimising direction in V(f), we have the following Lemma which shows
that the Lipschitz semi-norm is equivalent to the Lipschitz norm on Vi (f).

Lemma 2.4. Let f be as in (2.11). Then we have for all v € W1>°(S"~1) with fgn_1 F=1udo, = 0,
vl Loo (sn—1y < TV 1| oo (sn-1).

Proof. Since fS"—l " tvdo,, = 0 there exists w, € S"~! such that v(w,) = 0, which combined with (2.4) implies
that

T
[0]| oo sn-1) < Jax, [v(w) — v(wy)| < §HVTUHLOC(§"71) _max |w — wy|
< 7THVTUHL°°(S“*1)-
O

Theorem 2.5. Let f be as in (2.11). Then there evists g € Voo (f) such that (J'(f),g) = minyev_ ) (S (f),v).
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Proof. We adapt the proof of Proposition 3.1 in [30] to our setting. Let (vi)ren C Voo(f) be a sequence such
that (J'(f),vr) \inf,ev (5 (J'(f),v). Applying Lemma 2.4 gives ||vg|ly1.0n-1) < 7+ 1, therefore, as in the
proof of Theorem 2.3, one has that there is a sequence k; — oo as j — oo and g € Whoo(S"=1) such that

Vg; — g in C(Sn_l) and Vrug; X Vrg in LOO(S"_1>_

In particular we have that g € Vi (f). Furthermore, since hy € L'(S"~!) and Hy € L'(S"~1;R"),

(J'(f),9) = /S B (izfg + fIf -Vrg)do, = jlim (ﬁkaj + I:If - Vg, )doy,

— 00 §n—1

= jli}rgoU’(f),vkj) = Ue%/nf(f)(]’(f),w.

oo

O

In the case where f is regular enough, so that the boundary form of the derivative (2.18) exists, in particular
when & € L'(S"™'), one may show the existence of an optimal descent direction for the boundary form of the
derivative with the same argument as above.

Remark 2.6. We would like to establish a connection between Theorem 2.5 and a theory developed by Ishii
and Loreti in [25]. To do so, let us assume that hy € L>(S"1) and Hy € W1>°(S"~1;R"). Then we obtain
after integration by parts on S*~! that

(J'(f),v>:/Sn_l(ﬁf—VT-ﬁf+(n—1)ﬁf~w—cf"*1)vdow, v € Ve(f)

where VT . f{f = E:’L:l €; - VT(f{f)i and
c= ( fn—ldOw)il/ (ﬁf—VT-FIer(n—l)ﬁf-w)dow.
st sn—1

We note that the (n — 1)H; - w term arises from the mean curvature of S*~!, see Equation (2.16) of [8] for
example. If we let

qf == ilffvT~f{f+(n71)Hf~W7cfn71 (2.26)

we have gy € L*°(S"™!) and

(J'(f),v)y = /S » grvdo,, veVi(f), with /s » qsdo, = 0.

Let us consider for p > 2

1
gp = arg min {/ |VrvPdo, +/ qfvdow} .
{vewl,p(gnfl)‘ fgn71 fnflvdow:()} D Jgn-1 §n—1

By adapting the arguments of Section 5 in [25] to our setting it is then possible to show that there exists
a sequence p; — 00 as j — o0 and g € Voo(f) such that (gp,)jen converges to g uniformly on S"=1 and
(J'(f),9) = min,ey,_ () (J(f),v). As aresult, the optimal descent direction in Theorem 2.4 can be approximated
with the help of the solution of a p—Laplace problem. This relationship has been exploited with promising results
for a fluid dynamics application in [28] for domains that are not necessarily star—shaped.
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In this context we note that it is also possible to consider a minimiser over Hdélder functions, rather than
Lipschitz functions, which is done in [26].

2.3. Relation to optimal transport
Let us again assume as in Remark 2.6 that h; € L>°(S"') and Hy € W1H°(S"~1;R") and hence

(00 = [ apdon, v eValh).

where ¢y is defined in (2.26) and satisfies ¢y € L>(S""!) and [y, grdo, = 0. Abbreviating q]f =
max(qf,0)7q; = —min(gs,0) we have g5 = q? —qy as well as fSn,l q;{dow = fsn,l q;dow. In what follows
we assume for simplicity that both integrals are equal to 1. Then, pu* = q?dow are probability measures and

GO0 = [ ol =) vevE()

In order to see the link to optimal transport, it is convenient to consider a maximisation problem instead of a
minimisation problem. Since v — (J'(f),v) is linear, we may convert our existing minimisation problem, which
appears in Theorem 2.5 to a maximisation problem by a modification of signs. Observe that

max _(J'(f),v) =

max vdo 2.27
UEVoo(f) ver,oo(Sn—l)’”vTUHLoo(gn—l)Sl /S"_l qf “ ( )

where we have used that fgnﬂ gsdo,, = 0. Furthermore, it is possible to verify that
{’U S Wl,oo(Sn—l) | ||VTU||Loo(Sn—1) < ].} = Lipl,

where Lip; denotes the set of all v € CO(S"™1) with |v(z) — v(y)| < d(x,y) for all z, y € S*~L. As a result we
find with the help of (2.27) and the duality relation which appears in equation (3.1) of [33] that

venvli>(<f)<«f’(f),v> = max {/S vd(pt —p7) v e Lipl}
—win{ [ aute) [ e i) | (229

In the above,

O(pt, p7) :={p e P(S" ' x S 1) | (ma)pth = pF, (my)ptd = ™},

where P denotes probability measures and , and m, are the projections from S"~! x S*~! onto the first and
second components respectively. Thus, the problem in Theorem 2.4 (with min replaced by max) is the dual
of the optimal transport problem of minimising the cost of transporting u™ to u~ with the cost given by the
spherical distance. This relation to Optimal Transport will be exploited in Section 3.3 as a method to produce
an approximation of a direction of steepest descent.

2.4. Steepest descent for n = 2

The determination of the minimiser g in Theorem 2.5 is by no means straightforward. In what follows we
shall focus on the case n = 2 and write f(¢) = f((cos(¢),sin(¢))?) for f € W1>(S!) and ¢ € [0,27]. Since
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1/ (6)(—sin(e), cos(¢))t = Vo f((cos(¢),sin(4))!) we obtain the following form of (2.21):

= [ "(hp(0)0(6) + By (60 (6) db, v e WHE(0,2m). (2.29)

Here, hy(¢) = hy((cos(¢),sin(¢))"), Hy(¢) = Hy((cos(¢),sin(4))") - (—sin(¢),cos())" for ¢ € [0,27]. The
boundary form of the shape derivative, when sufficiently regular, can be treated analogously where one replaces
occurrences of h ¢ with 5 ¢ and replaces H ¢ with 0.

In this setting the set of admissible directions becomes

2
Vie(f) = { e WEEO.2m) | [ oo =0, 1 a~(0am < 1} .
0

In order to proceed and motivate our numerical approach we assume the situation of Remark 2.6, namely that
hy € L>(0,27) and Hy € er)é’ro (0,27). Then after integration by parts and using the condition fo% fodg =0
for v € V°(f), we obtain

: I PN oo Jo hs(9)ds
T (f),v) = / (55(6) = Hy(@) —cT@)(e)d6.  where o= L E0
If we let gy == hy — H} — ¢f € L>°(0,27) we have

27
(' (f)0) = /0 0 (B(d)dd, v e Vaulf),

as well as

| o= [ ha@ias—c [ Forao - Hyem + H0) =0
0 0 0

by the choice of ¢. Our aim is to obtain a function g € V. (f) such that

2m 2m
| a@aeas = min [ @@ (230)
To do so, we introduce
@
Go) =~ [ a(ty (2:31)
0

and note that G(27) = G(0) = 0. We have for any v € Vo (f) and any g € R

2 27 2
/ 45 (@)u(d)dp = — / G (6)u(9)dp = / G/ (6)do
0 0 0

- / (G(6) — B (6)dé > — / G() - Bldo. (2.32)

0 0
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In order to proceed we define as in p. 414 of [25]

M(r):=|{¢€0,2m): G(¢) <r},reR; [*:=sup{reR: M(r) <n}; (2.33)
O+ :={¢€[0,2m):G(¢) 2 57}, Oo:={d€0,2m):G(¢) = "} (2.34)
L 0. 10[=0, (2.35)

o 7IO+||O_O|‘O_I7 otherwise. ’

From the choice of 8*, we deduce from Lemma 3.5 in [25] that |k| <1 and set
@
30) = [ (xo- () = x0, (1) + kxo, (1) dt +a. (2.30)
0

where o € R is chosen in such a way that fo% 3(0)f(p)de = 0.

Proposition 2.7. The function § defined in (2.36) belongs to Voo (f) and satisfies

Proof. By the choice of 8* we see that fo% (xo_ () = xo, () + kxo,(t)) dt = |O_| = |O4|+k|Oo| = 0. Moreover,
g € Wp(0,2m) with [|g']| L 0,2x) < max(1, [k]) =1, so that g € Voo (f). Furthermore, for every v € Vo (f) and

setting 8 = B* in (2.32),

2 27
/ ar(B)o($)dé > — / G() — 5*]do
0 0
- / (G(6)— o — [ (Clo) - p7)ds

27 O+ 2
- / (G(6) — B)7 (¢)dé = / 4(6)3(6)do,
0 0

where the first equality follows from the choice of * in (2.33) and the definition of O in (2.34), and the second

equality follows from g’ = F1 in OL. Recalling that (J'(f),v) = OQW qr(@)v(¢)de for v € Voo (f), the result
follows. O

3. DISCRETISATION

3.1. Approximation of the shape derivative

We use the above ideas in order to set up numerical schemes in two space dimensions. To do so, we approximate
both the radial function f and the solutions to the state and adjoint equations with the help of continuous,
piecewise linear finite elements, but on grids that are independent of each other. Let 7, be a quasi-uniform
triangulation of (a subset of) the unit ball B, where By, := (UT€77,, T)O C B and the vertices on 0B, lie on 0B.
We define S}, to be

Sy = {in € C(By) | i = 0 on OBy, Ay € PH(T), T € T},
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where P!(T) denotes the set of polynomials on T of degree 1 or less. Next, given N € N, we set ¢; = 27%,2' =
0,...,N as well as

SN .= {5 e C(0,2n]) : Vj(gi1.00) € P ([diz1,04)),i=1,...,N,5(0) = 5(2m)},

the set of continuous, piecewise linear, periodic functions on [0, 27].

Given f € SV, we set f(w) = f(¢) if w = (cos(¢),sin(4))? and define 1y, p, € Sy, as the unique solutions of

/ Af(wm)Vﬁh . Vﬁh dx = / Ffﬁh f((,dz)2 d.’E; Vﬁh € S}“ (31)
Bh Bh

Aplwn)Vin - Vinde = [ (i~ 2)in fw.) do Vi € S, (3.2)
By By,

where the integrals are approximated with a quadrature which is exact on polynomials of degree 6 on
each of the triangles of 7j,. For convenience, we remind the reader that for x € B, = # 0, Af(w,) =

[(w)?DP(x) 1DP ¢ (x) 7!, where ®¢(z) = f(w,)r and w, = ra7» e recall that 2y = z o @5 and Fy=Fod;
on B. Let us use 4y, and pp, in order to define discrete versions of (2.22), (2.23) as well as (2.25):

3.1.1. Volume form of the shape derivative
Let h¢p: B, — R, Hypp: By, — R? be defined by

Vo f|?

hyn =2 7 (Vg - wg) (VB - wa) (3.3)
55 (Vo - Vi) - Vi) + (Vf - Vi) - Vi)
+f (@ = 27) = |2 (@n — 27)VZf - wo — €| Fy Vin - wa);

Hyn = 5 (Vi -00) Vi + (Vi -100) V) (3.4)
75Vt 0,) (Vi ) V.

Next, let hyp, Hyj € SN be given by

27
/ hyn(@)o(d)de = [ hpp(z)v(wy)de, Vo eSY;
0 By,
27
Hyp(@)o(d)dp = [ Hypp(x) - v(w,)wy dz, Voe SV,
0 By,

where, as above v(w) = 0(¢) if w = (cos(¢),sin(¢))* and (ay,a2)t = (—as,a1).

3.1.2. Boundary form of the shape derivative
Let &5, OB, — R be defined by
1

Ern = %(ﬁh — ) f + ?(1 +

Vo f|?
f2

Y (Vg - wi)(Vpn - wh),
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where wy, is the outer unit normal to 0B),. Let Ef,h € SN be given by

27

gf,h(d’)l_}(gb)dd) = gf,h(wx)v(wx)dox; vo e SN,
0 9By,

The functions h £,n and H . are approximations to those that appear in the formula (2.29). We therefore define
In(f): SN = R by

<MUMW=AW@mWM@+HmeWWW7Ueyv (3.5)

as an approximation to (J'(f),v). We further note that one can make the analogous definition based on the
boundary form, considering the linear operator

2m

Ern(@)v(d)de v e SV, (3.6)

0

Based on (3.5) or (3.6) the construction of a nearly optimal descent direction g € SV is given by one of the
methods described below: a) a discrete version of the approach of Section 2.4 (see 3.2), b) an application of the
Sinkhorn Algorithm from optimal transport (see 3.3), or ¢) a Hilbertian method (see 3.4).

Remark 3.1. An inspection of our discrete approach yields that we also could choose the function fe
Wé’gf(Oﬂw) instead of f € SV, and to consider I(f) in (3.5) as a linear functional on Wégf(o,wy which
would correspond to variational discretisation [21] of our shape optimisation problem. However, the evaluation
of integrals through the appearance of the functions f and Vrf in general requires quadrature rules. In the
variational discretisation approach this could be accomplished with replacing f by its Lagrange interpolation,

thus leading to the approach proposed in the present section.

3.2. Lipschitz formula

Since Hy, € Wz}éfo((), 27) we may use a discrete version of the approach described in Section 2.4 in order to

produce an approximate direction of steepest descent g € SV as follows: Fix € > 0 and define G € SN by

_ _ i _ 7 b pdt
G%%ZWMM—HM@_/(WwWﬁ% me=£ﬂ¥>~
0 Jo " fa
Fori=1,...,N and G; = G(¢;) we let
M; = Z 2 B :=max{G; : M; <wm:i=1,..,N}
N7 ) ) b

{7€{1,....N}G;<G:}
Oy ={ie{l,...,N}:G; 2Bxe}, Op:={1,...,.N}\(0OLUO_),
0, Oy = 0,
k=4 |0os1-l0_]

0o] , otherwise.

Finally, let g € SV be defined by

) 121 o
9(¢i) =a+ 5+ Y Xjeo. +Xj-1€0. — Xjeo, — Xj-1€0; *+k (Xje00 + Xj-1€00) » (3.7)

j=1
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where « is chosen so that fo% fg = 0 and we identify 0 = N. We now make some remarks on this discretisation:

— The sets Oy, O_ and Oq are not necessarily the natural discrete version of their counterparts in (2.34),
this is chosen to avoid the need to find the points which are identically equal to 8 and allow us to give
the function g as a discrete function in S™V.

— It may be preferable to choose the ¢ > 0 to depend on the discretisation and current state. For our
experiments we take

3 .
621\7(‘ max G; — min Gi>

i=1,...,N i=1,...,

3.3. Sinkhorn algorithm

In this section we aim to use a discrete version of the observation in Section 2.3 to obtain an approximate
direction of steepest descent g € SV. Abbreviating g7, := hyj — H}_h — cf we may write

27
(T(F). ) = / ar.0do.

Denoting by {¢1,...,¢n} the standard nodal basis of SV, where due to periodicity we require only N basis
functions, we have ¥ = Zf\;l () s If fozﬂ ofdp =0,

N 2m
(In(f),v) = Zaﬂ‘)(d)i), where a; := / grrpide, i=1,...,N.
i=1 0

Notice that a satisfies Z@Z\; a; = 0 because fo% qrndg = 0. Let N* := {i € {1,...,N}|a; = 0}. Let us
abbreviate C;; = d(¢;, ¢;), where

d(¢,9) = arccos(cos(d — 9)), ¢, € [0, 2n]
and set R(C) :={£ e RN |& — & < Cij, (i,j) € NT x N7} as well as
U(a) =S PERVNIP>0, Y Pj=a;,icN", Y Pj=-a;,jeN"
jEN-— ieENT+

We obtain a discrete version of (2.28) wia

max (I,(f),0) =maxq Y &+ Y ;&€ € R(C)

€SN NVa (f) el jen-

=min{ > Y CiP;|PeU(a)y, (3.8)

iENT jEN—

where the latter is a discrete optimal transport problem and the former its dual, which we solve with the help
of the Sinkhorn algorithm.
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For § > 0, the Sinkhorn algorithm minimises the regularised quantity

iENt jEN—

For notational convenience, let u!, ' € RY for [ > 0. Letting K;; = exp(f%Cij), u) =1 and v? =1 for i€
N7, j€ N~ and 0 otherwise, the Sinkhorn iteration is given by

Q; . —aj . _
ult = (K'Ul)i’Z eENT, wé“ = (KTZ‘JH)]'?] eEN
for [ > 0. The matrix (uéKijvg)(i,j)eN+XN_ corresponds to the primal solution, that is, will approximate the
optimal P;;. The vectors (§log(u}));en+ and (8log(v}));en- correspond to the dual solution in this algorithm,
that is, they will approximate the optimal &, with & ~ dlog(ul), &; ~ —610g(v§), (i,5) € NT x N~. For further
details on the Sinkhorn algorithm, we refer the reader to Section 4.2 of [31].
We set § = 0.05 and stop the iterations when either { = 2000 or \N%I Dient lai — >

and INilf\ Zj'EN— | —aj =X ien+ uéKij’UH <1076,
We finally define g € SV by assigning the following values at the vertices ¢;:

lye ol -6
jeN- uiKszj| <10

9(0s) = a+ inf (~dlog(v))+Cy), €N,
g(¢;) = sup (g9(¢i) —Ciy), jENT,
iENT

G(on) = +jé1}1vfi (=dlog(vh) + d(dr. ¢;)) ., ke{l,...,N}\(NTUN"),

where « is chosen to ensure that fozﬂ fgde = 0. We note that this method to assign g at the vertices is not the
natural way. We chose the method given above as we found it to give slightly preferable results for g both in
terms of the shape and of the evaluation of fo% qr.ngde. As we see, particularly from (3.8), a more natural way

would be to directly assign the dual variables a + §log(ul) to g(¢;) for i € N* and o — §log(vl) to g(¢;) for
j € N7, where « is again an additive constant to ensure the integral condition.

3.4. H' minimising direction

As outlined in Remark 2.6 our Lipschitz direction g from Proposition 2.7 can be obtained as the uniform
p-limit of the minimisers v* of

2m
1 _ _
veSV / E‘Ul|p + hf,hv + Hf7hv’d¢
0

such that fo% vf = 0. We rescale g, := ”(U*)'WL*P(O,Q«)
induced by the W!P-seminorm. In this setting the approaches commonly used in the literature so far correspond
to the Hilbert space case p = 2, see Section 5.2 of [1] for a detailed discussion, and also [11, 18, 23, 34-37],
which we here consider as a reference case for comparison of our approach. Of course, one may also do this for
the boundary form of the shape derivative, considering the minimiser of

so that [|g,, || »(0,2r) = 1, i-e. Gp is a direction in the topology

2
1 _
veste / §|U'|p + & nvde
0

such that fo% vf =0.



W1>° SHAPE OPTIMISATION WITH LIPSCHITZ DOMAINS 19

TSI
IR RAIRRIERR
R R R RIREIIRERT
g v AVAVAVAVAVAV, S VAV y Ay AV,
SRR ERIRSERIERNS

”
KK
7 'f"o

iz
g
4
2
0,
K/
DKy
R
5 >
o
SR
KK
i

2

K
5

X7
%05

ORSRERLLLLS

v
vavs

2%

&)
Q)
3

0

;

¥
,

2
%

%

0

KK
DL
s
X7
e

Q
Wy
)
RS

>,
2
”,
KL
o
i
X
KK

R
TERRIERS
SRKX
”
KL%
X5
R
e
K

Q
25
25
VAV vavAvaTe s,

5
4
S
Q0
KR8
SRS
"
2
KL

o
S
&
X

XK

2

KA

SISO KT

SRR
KOS KIREATALI T

LKA
SO

XS 2
RS
KNS
KO
RIS

8
o
%
KRS X

S
v K25

2 )
SRR
AIRAASS L LT

5
o
X
2
&S
S
O
S AYL
XS
Av«%:v

R
S
R
X

R
KRS
K

v

4
R
S

:
%
W
Q)
R
Q)
AV
3
3
T
XS
X

AV

AV AV Ay
X

Ny Ay Ay,
R

SRR
AVAVAY

KSR IAAKRI LI

AN Ay YAV AYAVAN L VA vaVAVAYS v aVe IS 1)

AR SER KRR

NRRRREEEERIS

%
D
D
R

Vivivas

FIGURE 1. Triangulation of the computational domain.

4. NUMERICAL EXPERIMENTS

The numerical experiments carried out in this section combine the following Armijo—type descent method
with one of the choices for a descent direction described in the previous section:

Algorithm 1: Our implemented Armijo algorithm
Given f € SV;
Solve for 4p;
Set E = %th(ﬁh — 2f)2f2;
for j =1,...,maxIt do
Solve for pp;
Construct descent g;
Set fOld = f;
for o€ {1/16,1/32,1/64,...}, and o > 107® do
Set f = fOld + og:;
Solve for ap;
if § [5, (in — 27)°f* < E+107°0(I4(f), g) then
Set B = 5 [p, (i — 27)° f%;
break;

We set maxIt = 250. In our numerical implementation, whenever we set f, we rescale it to have the same
square integral as the original domain. The images of the grids are created with ParaView [2] and our finite
element methods for state and adjoint equations are performed with DUNE [3]. The boundary has discretisation
with N = 512 and the triangulation Bj, is shown in Figure 1.

We use a log scale to plot the graphs for the energy throughout the iterations of the experiments. When
the energy is not expected to vanish, as in the experiments in Sections 4.1 and 4.2, we take away the lowest
energy value attained by any of the experiments from all of the data, this value appears in the y axis label of
the graphs. For the experiments in Sections 4.3 and 4.4, the energy is expected to become very close to zero. In
the legends for the graphs, we abbreviate ‘optimal transport’ to ‘OT".

When we give the images of the domains, we will display the image of 7;, under the map ®;. It is important
to recall that this is not the computational domain. Since the mesh does not deform, we do not need to worry
about degeneration, however it is worth mentioning that when the image ®;(75) has a low quality, one will



20 K. DECKELNICK ET AL.

FIGURE 2. Final domains for the experiment in Section 4.1 with Lipschitz optimal transport
descent (left), Lipschitz formula descent (middle) and H! descent (right).
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FiGUrE 3. Graph of the energy for the iterates in the experiment in Section 4.1.

expect that the finite element approximations become poor, in much the same way as for a degenerate mesh.
In practice, when this happens one may wish to remesh 7 in certain ways, or the boundary mesh.

4.1. An experiment with FF =0

For this experiment, we set F(x1,22) = 0 and z(z1,22) = |1 + 22| + |1 — @2|. Since F' = 0 it follows that
u = 0, therefore when considering the boundary form of the shape derivative which appears in (2.18), we see
that when the boundary of the domain is in a level-set of 22, the energy will be critical over directions which

2
preserve the volume. When starting with f = 1, we expect the final domain to be the square (—@, @) . After
250 iterations, the Lipschitz optimal transport method with the boundary form of derivative gives the domain
on the left of Figure 2. The method using the Lipschitz formula with boundary form of derivative terminated
after 103 iterations, the domain at this point is given in the middle of Figure 2. At this point, the resulting shape
has very low energy and is very close to the shape we expected to be minimal. The result of 250 iterations of the
H' method is given on the right of Figure 2. A graph of energy throughout the iterations is given in Figure 3. A
graph of the magnitude of the discrete directional derivative throughout the iterations is given in Figure 4. The

Lipschitz formula method with volume form of the derivative terminated prematurely after only 18 steps, far
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FI1GURE 4. Graph of the magnitude of the discrete directional derivative for the iterates in the
experiment in Section 4.1.

FIGURE 5. Zoom on the top right ‘corners’ of the final domains for the experiment in Section 4.1
with Lipschitz optimal transport descent (left), Lipschitz formula descent (middle) and H*!
descent (right).

from the minimum shape. The Lipschitz optimal transport method with volume form of derivative terminated
after 121 steps, where we see that this energy has already become very low. One may see that the corners from
both the Lipschitz methods are highly developed, whereas they are rather curved for the H' method, this is
highlighted in Figure 5 which gives a zoom on the corners of Figure 2.

4.2. An experiment with —Az = 4F
For this experiment we set F(z1,72) = 1 and 2z(z1,22) = 1 — 27 — 23. We notice that —Az = 4F and that

2
z vanishes on the unit circle. We start this experiment with f representing the square (f@, @) , which is
shown in Figure 6.

In this experiment we provide the domain after 15 iterations, this appears in Figure 7. This is given as such
comparisons are of interest in practical applications, where computation time is a limiting factor. We see that
even after only 15 iterations the shapes are close to a circle, with both the Lipschitz methods outperforming

the H! methods significantly.
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FIGURE 6. Initial domain for the experiment in Section 4.2.
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FIGURE 7. Domains after 15 iterations for the experiment in Section 4.2 with Lipschitz formula
descent (left) and H' descent (right) with the volume form (top) of the shape derivative and

the boundary form (bottom).

After 250 iterations, the Lipschitz optimal transport method with volume form of the shape derivative gives
the domain on the left of Figure 8. The H' method with volume form of the shape derivative prematurely
terminated after 31 iterations and the domain at this point is shown on the right of Figure 8. A graph of
energy throughout the iterations is given in Figure 9. A graph of the magnitude of the discrete directional
derivative throughout the iterations is given in Figure 10. We note that both H' methods terminate early, the
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descent (left) and H' descent (right) with the volume form of the shape derivative.

FIGURE 9. Graph of the energy for the iterates in the experiment in Section 4.2.
It is seen that the corners appearing in the H' method, which are artifacts of the original grid, cause difficulties

for the H' method, whereas the Lipschitz methods were able to remove them. These artifact corners also make

the corners. We also see that both varieties of the Lipschitz methods with the boundary form of the shape
For this experiment we set F'

boundary form of the shape derivative after 110 iterations and the volume form of the shape derivative after
31. We postulate that this termination happens because the H! regularising methods are struggling to remove
derivative terminate prematurely. The Lipschitz formula method terminated after 28 steps and the Lipschitz
optimal transport method after 14. One might attribute this to the Lipschitz methods struggling with the
boundary form of the shape derivative.

started with f = 1. After 250 iterations, the Lipschitz optimal transport method with volume form of the shape

)
these facts is that there is a domain which attains zero energy, the square

an appearance in Figure 2 of
4.3. An experiment
that —Az = F and that z
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FicURE 10. Graph of the magnitude of the discrete directional derivative for the iterates in
the experiment in Section 4.2.
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FiGURE 11. Final domains for the experiment in Section 4.3 with Lipschitz optimal transport
descent (left) and H! descent (right) with the volume form of the shape derivative.

derivative gives the domain on the left of Figure 11 and after 250 iterations the H' method with volume form
of the shape derivative gives the domain on the right of Figure 11. A graph of energy throughout the iterations
is given in Figure 12. A graph of the magnitude of the discrete directional derivative throughout the iterations
is given in Figure 13. It is seen that the method using the Lipschitz formula with the boundary form of the
derivative terminates early, after 19 iterations. We note that this method, despite early termination, has a lower
energy than all but one other method and we attribute the early termination to the fact that its energy has
become so low.

Here we see that none of the methods perform particularly well, however it is clear that the Lipschitz methods
are outperforming the H' methods in terms of energy minimisation and in terms of the sharpness of the corners.

4.4. An experiment with known minimum which is not a Lipschitz domain

For this experiment we set F'(z1,z2) = 1 and

1 1 . 1)\? 1\%\ 1

z(x1,29) = = — —min | [ 21

8 4
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FI1GURE 12. Graph of the energy for the iterates in the experiment in Section 4.3.

Lipschitz OT Volume
Lipschitz OT Boundary
Lipschitz Formula Volume
Lipschitz Formula Boundary
H1 Volume

H1 Boundary

10° 4

1071 .

Magnitude of the Directional Derivative

10—2 .

0 50 100 150 200 250
Iterations

FI1GURE 13. Graph of the magnitude of the discrete directional derivative for the iterates in
the experiment in Section 4.3.

We see that away from 21 = 0, —Az = F'. Therefore it is expected that the double ball, B(y,, %) UB(y_, %)
for y4 = (i%,(})t is a minimising domain, since it should attain zero energy. Notice that this double ball is
not a Lipschitz domain and that the f which represents the domain has zeroes, therefore this experiment does
not fit into the theory we have presented. After 73 iterations, the Lipschitz formula method with volume form
of the derivative gives the domain on the left of Figure 14 and the H'! method with volume form of the shape
derivative gives the domain on the right of Figure 14. A graph of energy throughout the iterations is given in
Figure 15. A graph of the magnitude of the discrete directional derivative throughout the iterations is given
in Figure 16. We note that the Lipschitz formula method with volume form of derivative terminates after 73
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FIGURE 14. Final domains for the experiment in Section 4.4 with Lipschitz formula descent
(left) and H' descent (right) with the volume form of the shape derivative.
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FI1GURE 15. Graph of the energy for the iterates in the experiment in Section 4.4.

iterations, where one might attribute this to how close to the optimal shape it appears to have attained.
We see that all methods seem to cope relatively well. Both of the Lipschitz methods appear to perform much

better than the H' method at forming the cusp and the domain appears more circular.

4.5. Comments on experiments
Over all of the experiments, we see that the Lipschitz methods outperform the given H! method. Regularly

for the Lipschitz approach, the formula method appears better than the optimal transport method, but lacks the
capability to be generalised to higher dimensions. We note that many more algorithms for solving the optimal
transport are available and perhaps others may be better suited to this problem.

It is also worth mentioning the difference in CPU time it takes to calculate the directions for each of the
different methods. Both the Lipschitz methods are slower than the H! method for a single evaluation. In the
experiment which appears in Section 4.2, we displayed some of the domains produced after 15 iterations; we
also calculated the time taken for the 15 iterations. We report only on the time taken when using the volume
form of the derivative. The Lipschitz optimal transport method took approximately 382 seconds, the Lipschitz
formula method roughly 87 seconds and the H' method took about 68 seconds.

With regards to these comparisons, it is noteworthy that the code has not been developed with efficiency
in mind. First of all, we expect that the parts which are not solver related can be made significantly faster. In
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FIGURE 16. Graph of the magnitude of the discrete directional derivative for the iterates in
the experiment in Section 4.4.

terms of finding the directions for descent, we expect that the Lipschitz optimal transport method can be made
significantly more efficient in practice.

In practice, it is of course worth considering that one might wish to apply a number of iterations of a H'
method in order to get a first outline of an optimised shape quickly, then swap to a more expensive Lipschitz
method to finish. This strategy may be of particular relevance in higher dimensional examples where one no
longer has access to the formula approach.

5. CONCLUSION

In this article we introduce a novel method for the implementation of shape optimisation with Lipschitz
domains. We propose to use the shape derivative to determine deformation fields which represent steepest
descent directions of the shape functional in the W topology. The idea of our approach is demonstrated
for shape optimisation of two-dimensional star-shaped domains. We also highlight the connections to optimal
transport, for which discretisation methods are available. We present several numerical experiments illustrating
that our approach seems to be superior in the considered examples over the existing Hilbert space method
discussed, in particular in developing optimal shapes with corners and in providing a quicker energy descent.

Acknowledgements. This work is part of the project P8 of the German Research Foundation Priority Programme 1962,
whose support is gratefully acknowledged by the second and the third author.
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