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A SPHERICAL REARRANGEMENT PROOF OF THE STABILITY
OF A RIESZ-TYPE INEQUALITY AND AN APPLICATION TO AN
ISOPERIMETRIC TYPE PROBLEM*

GIACOMO ASCIONE**

Abstract. We prove the stability of the ball as global minimizer of an attractive shape functional
under volume constraint, by means of mass transportation arguments. The stability exponent is 1/2 and
it is sharp. Moreover, we use such stability result together with the quantitative (possibly fractional)
isoperimetric inequality to prove that the ball is a global minimizer of a shape functional involving both
an attractive and a repulsive term with a sufficiently large fixed volume and with a suitable (possibly
fractional) perimeter penalization.
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1. INTRODUCTION

In recent times different works focused on shape functionals of the form
E(E) = P(E) + Va(E),

where P is the (de Giorgi) perimeter and

Vi (E) = /E /E L dedy (1.1)

|z — y

is the Riesz potential with a € (0, N). The most famous case is given by N = 3 and « = 2. It is linked with
Gamow’s liquid drop model (see [29]) for the stability of atomic nuclei (see [9] for a review on the problem).
Such problem has been studied independently in [32, 33] up to dimension 7 and in [31] for any dimension and
«a = 2. In all those papers, the authors prove that, up to a critical volume, the ball is the minimizer of the mixed
energy described by Gamow’s liquid drop model. In [3] the same result is obtained for general Riesz potential
in any dimension. On the other hand, a non-existence result in the Coulombian case (i.e. @ = 1) in dimension
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3 has been shown in [32, 33, 36] for sufficiently big volumes. Let us recall that in [3] it is shown that there
exists a critical volume m; such that the ball is the unique minimizer of the mixed energy for |E| < m; and is
not a minimizer for |E| > my, while in [36] another critical volume my is found such that € does not admit a
minimizer for m > ms. From now on, let us denote by m; and ms the optimal constants such that for |E| < m;
the minimizer is a ball and for |E| > mq the minimizer does not exist. In [10] the two constants m; and mq are
conjectured to be equal. Up to now, it has been shown in [21] that, as m < mg, a minimizer still exists (but it
is not proved to be a ball). The best known lower bound on mgy has been achieved in [20]. The non-existence
results have been generalized for different values of « € (0, N). As far as we know, the best bound on « for
which such result holds has been provided in [24].

In [18], the isoperimetric inequality for fractional perimeter has been used to prove the existence of a minimizer
as |E| < mz, with some critical volume mgy > 0, for the functional

G(E) = PS(E) + Va(E)7

where, for s € (0, 1),

_1-s
Py(F) = ————dxzd 1.2
WN-1 / /]RN\E |z — y|NJrs Y (12)

is the fractional perimeter and « € (0, N), while, for s = 1, P, := P is the classical perimeter. Moreover, the
authors prove that there exists a critical volume my such that the unique minimizer of (E) is a ball if |E| < m;.
We remark that their results provide uniform bounds for s varying in a compact subset of (0,1]. Let us also
recall that some variations of the liquid drop problem in presence of an attractive term have been also considered
in [25, 34, 37].

Another similar problem, with both an attractive and a repulsive term, is given by the spherical flocking
model. Such problem consists in the minimization of the mixed energy

E(E) = &5(E) + Va(E),

:/E/E\g;_mﬁdxdy (1.3)

for 8 > 0, with fixed volume |E| = m > 0. A first approach to such problem, for 8 = 1, is given in [7]. As for
the liquid drop model, the energy functional in this case presents a repulsive term V, which is maximized by
the ball and an attractive term &g that is minimized by the ball (by Riesz’s rearrangement inequality, see also
[38] for more general inequalities of such type). The interaction between attractive and repulsive potentials has
been widely studied. The existence of a global minimizer for the energy € when it is extended to L! functions
has been proved in [8]. On the other hand, in [7], the existence of a minimizer is shown for |E| > m; where my
is a certain critical volume, while it is also shown that if |E| < my, for a certain critical volume mg > 0, € does
not admit any minimizer. Finally, in [23], it has been shown that if |E| > ma, for a certain critical mass mg > 0,
then the ball is a global minimizer of € for o € (1, N), while the ball is not even a critical point if « € (0,1].
Last result is proved by using Christ’s theorem [11] to achieve quantitative versions of the inequalities involving
the Riesz potential V,, and the shape functional &g.

Another strategy to prove a quantitative version of the isoperimetric inequality involving the Riesz potential
V4 has been exploited in [28]. Such strategy is made up of two main steps:

where

— Proving the result for nearly-spherical sets (this part is common with [23] and has been exploited in [22]);
— Using mass transportation arguments to show that, for any measurable set E, V,(E) can be increased by
transporting it into a nearly spherical set F, with the same mass.
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In this paper we want to prove, by using a similar strategy, a quantitative version of the isoperimetric inequality
concerning &3:

G5(E) > &5(B[ El)), (1.4)

where BJ[|E|] is a ball with the same volume as E. In particular, for a measurable set F with |E| = wy, denoting
the Fraenkel asymmetry by

d(F) = min |[FAB(z)|,

zERN
where B(x) is the unit ball centered in x, and the deficit by
Dp(E) = 64(E) - 65(B),

where B is a unit ball, we propose a different proof of the following result (that is [23], Thm. 5):

Theorem 1.1. For any N > 2 and 8 > 0 there exists a constant C(N, ) > 0 such that for any measurable set
E CRY with |E| = wy it holds

5(E) < C(N,8),/D5(E). (1.5)

Although we follow closely the strategy of [28], the generalization to our case is not achieved via a direct
mirror-symmetric argument. Indeed, there are two main difficulties that arise in such adaptation. First, a
preliminary detailed study of the properties of the eigenvalues of a Marchaud-type integral defined on the
sphere is needed. Such a study, as far as we know, was not available in the literature. Let us recall that for
the Riesz operator and the hypersingular Riesz operator on the sphere, the spectral study is carried on in full
details in Chapter 6 of [43] while the case 8 = 0 is considered in Section 5 of [22]. The latter is used to obtain
the quantitative version of the Riesz inequality in [23]. On the other hand, both the Riesz operator and the
hypersingular Riesz operator on the sphere have been used in [18, 28] to prove, respectively, the fractional
isoperimetric inequality and Riesz inequality with the Riesz potential in the nearly-spherical setting. In these
cases, the authors rely on the monotonicity of the eigenvalues of the involved operators. However, the ones of
the Marchaud-type integral are not generally monotone. Hence, not only we have to explicitly evaluate them
(by means of a standard application of the Funk-Hecke formula), but we also need to better understand their
behaviour to overcome the lack of monotonicity. Second, in the mass transportation argument an extra difficulty
in order to reduce to the nearly spherical case is due to the fact that the integrand of &4 is an increasing function
of the distance between points. Despite most of the arguments of [28] can be mirrored, some of them are needed
without reverting the inequality. This is solved either by proving the desired upper bounds on bounded sets, or
by relying on a milder form of weak* continuity. Clearly, an additional step in the mass transportation argument
is required.

Let us also stress out that the exponent 1/2 is sharp, and it is achieved, as in [6], by considering sets
constructed starting from the unit ball, by removing an annulus whose outer boundary is the unit sphere and
then adding an annulus whose inner boundary is the unit sphere and whose volume is the same of the removed
part.

With this result in mind, we then consider a mixed energy with two different attractive terms:

6(l?) = 65(E) + Vu(E) +8PS(E)

with s € (0,1], @« € (0, N) and 8 > 0. Using the result proved in [23], we have in particular that if « € (1, N),
there exists a critical mass m; > 0 such that, for any € > 0 and any m > m;, € admits a minimizer among
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measurable sets with fixed volume m. Moreover, there exists another critical mass ms > my such that, if
m > meg, the ball is the unique minimizer of & under the volume constraint. On the other hand, by using the
result proved in [18] we have that, for any o € (0, N) and € > 0, there exists a mass mgo > 0 such that if m < myg
the ball is a minimizer of . Here, we complete the above picture by proving the following result:

Theorem 1.2. Let N > 2, a € (0,N), 8 >0, s € (0,1]. Then there exists a positive constant my > 0 (depending
on a, 3,8, N ) such that for any m > my the ball B[m] of volume m is the minimizer of the shape functional

¢ =64+V, +cP;,

under the volume constraint |E| = m for e > g9 > 0, where gy depends on m, 3,5, N.

To prove such result, we will follow the line of [18].

After some preliminaries on trasport maps, given in Section 2, next section is devoted to a thorough study
of the eigenvalue problem for a Marchaud-type fractional integral on the sphere. Then, Section 4 contains a
stability result for the functional &g in the case of nearly-spherical sets, while in Section 5 we complete the
proof of Theorem 1.1 using a mass transportation argument. Finally, in Section 6, we prove Theorem 1.2 for
the aforementioned mixed energy.

2. PRELIMINARIES AND NOTATIONS ON TRANSPORT MAPS

Let us introduce some notions that will be useful in what follows. First of all, let us recall the definition of
transportation map between two probability measure, as given in [46].

Definition 2.1. Let (X, u), (¥,v) and (,P) be probability spaces. A coupling of y and v on (Q2,P) is any
random variable (X,Y") defined on (2 x Q,PxP) with X : @ = X and Y :  — Y such that the law of X is u
and the law of Y is v.

A coupling is said to be deterministic if there exists a measurable function 7' : X — Y such that T'(X) =Y
and v = Typ (where Ty is the push-forward of measures induced by T'). In such case, T is said to be a transport
map between p and v.

Without referring to random variables, this definition can be easily extended to any couple of finite measure
spaces (X, u) and (), v).

A particular case is given by finite measures on RY (for some N) that are absolutely continuous with respect
to the Lebesgue measure. Let us denote by £V the Lebesgue measure, while we will denote as |E| the measure
of any Borel set E. Let us consider then two non-negative L! Borel functions f, g and the measures p = fd £V
and v = gd LV,

We say that a Borel function 7 : RV — R¥ is a transport map between f and g if it is a transport map between
p and v. In particular 7T is a transport map between f and ¢ if and only if for any continuous non-negative
function ¢ : RV — R it holds

/ o(2)9(=)dz = / S(TW) fW)dy. (2.1)
RN

RN

Formula (2.1) is called a change of variable formula induced by the transport map 7.

Finally, we say that for any two finite measure Borel sets H and K of equal measure, T : RY — R is a
transport map between H and K if and only if it is a transport map between the characteristic functions f = yx
and g = xg. Actually, T is also a transport map between the uniform distributions on K and H, as they are
defined as Pg := "%‘ldﬁN and Py := I%’ld/lN.

Now let us focus on invertibility of transport maps, referring to [1]
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Definition 2.2. A transport map 7 : RN — R between two non-negative L' Borel functions f,g is said to
be invertible if there exists a Borel function 77! : RY — R with the property that T(T~!(z)) = z for almost
any point z such that g(z) > 0 and T~*(T(y)) = y for almost any point y such that f(y) > 0

Given any two non-negative L! Borel functions f, g, there always exists at least one invertible transport map
(see Sudakov’s Thm. in [1]).

Let us give an example of construction of a transport map between two finite measures on R2. Let us consider
1 and v two finite measures on R? such that p is absolutely continuous with respect to £2. First one can define
the first marginal of g and v as, for any Borel set A C R,

w1 (A) = p(A x R) v1(A) =v(A xR).

Since p is absolutely continuous with respect to £, then p; does not admit atoms. Let us consider the distri-
bution functions F; and Gy of 1 and vy and let us construct 77 = G5~ o F1, where G5~ is the right-continuous
inverse of (G;. Then T7 is a transport map between u; and v; called the increasing rearrangement of p; over vy.

As next step, by disintegration of measures (see, for instance, [14]), we can construct the families of conditional
measures ji2(|r1) and vo(-|y1) such that for any Borel set A C R?, denoting by A,, = {z2 € R: (x1,72) € A}
the section of A for fixed x1,

/R/Axl pi2(dxa|zy)p1 (day) // 2(dyz|y1)vi (dyr).

Finally, for any z; € R fix y1 = T1(z1) and define T5(+|x1) as the increasing rearrangement of uo(-|z1) over
va(-|y1). Then the map T'(z1,x2) = (T1(z1), Ta(x2|x1)) is a transport map between p and v, called the Knothe-
Rosenblatt rearrangement.

This kind of construction can be reproduced also in a more general context than R x R, as we will define in
what follows a sort of radial Knothe-Rosenblatt rearrangement.

3. THE FRACTIONAL INTEGRAL ON THE SPHERE AND ITS EIGENVALUES

As we stated in the introduction, we want to exploit an alternative proof (with respect to [23]) to the stability
of balls as volume-contrained minimizers of the shape functional &g defined in equation (1.3) for 8 > 0, which
makes use of some Fuglede-type results and mass transportation. As one can see from [18, 28], some estimates
on the eigenvalues of an integral transform on the sphere are mandatory.

Let us recall the definition of fractional integral (of conformal type) on a sphere SV =1 C R as given in [41].
For any function v € LP(S™) (in our case p = +oc) we define the fractional integral of u over SV~! of order
B+ N —1as

o) =278 [ o —ePuant (o

for any 8 € (1 — N, +00). A study of the eigenvalues of g when 8 € (1 — N,0) has been already carried out in
[18], so let us focus on the case § > 0. In this case we have the following result.

Proposition 3.1. Let us denote by Sy the space of the k-th spherical harmonics. Then for any 8 > 0 and
Yy € S with k > 0 it holds

KslYi](w) = 0k gYi(w)
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where

g N4 (ﬁ+12\7—1> T (ML)

I
Ors = (N — Dwn_1(—1)F
T (% _ k) T (ﬂ+2é\772 +

(%) o
k

and wy_1 s the measure of the N — 1-dimensional unit ball.

Proof. Let us first observe that for any w, & € SV~ it holds
w—gf =25(1-w-9)%

so that for any function u € L>°(SV~1) we have

where

B
2 .

Kp(t) = (1-1) (3.3)
Since we have expressed g in terms of an integral kernel that depends only on the scalar product between two
points of the sphere, we can use Funk-Hecke formula (see, for instance, Theorem A.34 of [42] or [15]) to state
that the eigenfunctions of Kg are the spherical harmonics and to determine the eigenvalues. Precisely, for any
k > 0 there exists a 0 g such that for any Y;, € S, it holds Kg[Yy] = 0k sY%.

First of all, let us determine 6y 5. To do this, we can use Formula 7.311.3 of [30] to obtain, recalling that S
is the space of constant functions on the sphere

o= [ Kol OHY(E)
1

:(N—l)wN_1/ (1-1)

-1

et (et ()
r

21— 12" dt

2 2
B+2N—2
(=5=)

To determine the eigenvalues 6y g for k > 1 we have to introduce the spherical polynomials P : [-1,1] — R,
k=0,1,..., defined by the Rodrigues’ formula (see [42], Cor. A.28)

Pu(t) = (—;)k m(l — ) (i)k (1 — $2)k+757 (3.4)

= (N — l)wN_1

Precisely, the family {Py, k > 0} of the spherical polynomials is the unique family of functions on [—1,1]
satisfying the following properties (see [42], Prop. A.27):

— Py is a polynomial of degree k;
- P(1)=1;
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7
— For any ky # ko, Py, and Py, are orthogonal with respect to the weigthed Lebesgue measure (1 —#2) T,
i.e.
1 2 N-3
/ P ()P, () (1 — 2) "2 dt = 0.
-1
The eigevalues ) g are then achieved via the following formula (see [42], Eq. (A.7.2))
1 2 N-3
Orp = (N — 1)wN,1/ Kg(t)(1 —t*)"= Py(t)dt. (3.5)
-1
To evaluate the previous integral, we need to distinguish between the cases N = 2 and N > 3. Let us start with
the second one. In this case, let us introduce the Gegenbauer polynomials C’,i‘ [-1L,1] > R, for k=0,1,... and
A > 0, defined by the Rodrigues’ formula (see [42], Eq. (1.6.9))

oM = ( 1>k T2\ + k) (A + 1)

A .
—— 1—t)2 2 (=) (1—tH) Mhz,
2 k!F(2/\)F(>\+k+%)( ) (dt) ( )

Comparing the previous formula with Formula (3.4) we get (see also [42], Eq. (A.6.13))

Put) = e g e (1)

N-2 N-—2
By using the relation C, * (—t) = (=1)*C, * (t) (see [42], Eq. (1.6.10)) and Formula 7.311.3 of [30] we achieve

Hkﬁ = (N — 1)wN1M/

1-i1—) 07 (Ot
-1

(N = Dwna( 1)k2ﬁ+2§4r<w2vl)r(]v21)r(ﬁ2+2)
— Dwn-1(—

P (282 - k)1 (222 4 g

Concerning the case N = 2, let us define the Chebyshev polynomials Ty (t) by the Rodrigues’ formula (see [42],
Eq. (1.6.16))

Ti(t) = (—;)k F(,ﬁ;)m (i) (1—2)m=3,

Again, comparing the previous formula with Formula (3.4) we get Py (t) = Tr(¢) (see also [42], Eq. (A.6.13)).
Now let us consider 8 # 2m for any m € N. By using Formula 7.354.6 of [30] one achieves

2 2 723 2 ? Y

B+1 (3.6)
2 4F3<k’k’ﬁ+1’5+2.1 B+2 ﬂ+2_1>
) 2



8 G. ASCIONE

where, according to Formula 9.14.1 of [30], ,Fy, is the generalized hypergeometric series defined as

o0 y4

_(ap); 27
PFq(al,...,ap;bh...,bq;z):Zihfl( h)]—

=0 HZ:1(bh)j 7!

and (a); is the Pochhammer symbol defined as

By using the definition, it is easy to check that

1 21 2 2 1 21
4F3 7k7ka6+ 7ﬂ+ ;755+ 7ﬂ+ 71 :3F2 7kak7ﬁ+ 76+ 77;1 .
2 2 2 2 2 2 2 2

Now, by Saalschutz’s Theorem (see [44], Sect. 2.3.1) and then, by Formula 2.3.2.5 of [44] we have

)’f (1+§7k)k _ (7§)k
) (%_k)k (1+g>k (%)k

(SIS

B+1 B+2 1 (
F _ ki.if'l —
3 2< ka ) 2 ) 2 727

By definition, it holds

while, by using Euler’s reflection formula, we get

( /3) (k-3 . T(%)

B RG]

Substituting all these equalities back to (3.6) we achieve (3.1). Finally, we can extend the formula to the case
B = 2m for some m € N by continuity (setting 1/c0 = 0). O

2

Remark 3.2. Let us observe that for any N > 2 if § = 2m for some m € N then 6, 3 =0 for £k > m + 1.

By exploiting the behaviour of the involved I' functions, we can show a recursive formula for the eigenvalues
0%.5-

Proposition 3.3. It holds

5k
Okt1,8 = 55—k (3.7)
: B+2N—2 ;
=S+ k

and then, for any k € N, one has |0k41,8| < |0k,5|. In particular it holds |0x11 5] < 0o,
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Proof. First of all, by Remark 3.2, we have that if 3 = 2m for some m € N the sequence 6, g is definitely 0.
Thus let us suppose that 5 # 2m for any m € N. Let us set

Cp = (N — w1223 <B+N—1> r (N— 1) r <ﬂ+2>

2 2 2
1 (3.8)

U (252 — k)T (22822 4 1)

Hk.p =

in such a way that 0y 5 = (—1)¥Cgus . Hence, it is only necessary to show the recursive formula and the bounds
for pix,5. We have
1 B

p— 2 .
F(%—k—l)r(iﬁ“év_g +k+1) FEEN=Z P

Hk+1,8 =

Moreover, taking the absolute value, we have

i
|bk1,] = ng\uk,ﬂ
2

+

and we conclude the proof observing that for any k& € N it holds ‘ﬂ_;k‘ < 5+2N2_2+2k. O

Concerning the asymptotics of ) 3, we can show the following result, as a consequence of the recursive
formula (3.7).
Corollary 3.4. It holds limy_, o 0.3 = 0.
Proof. We have

9 k- B¥2N=2 k(B+N—1
T (0 /] PR R TR s S R 1imM:ﬂ+N—1>1,
k—+o00 |9k+1,,8 k—+oco k — g k—+oco k — g
that, by Raabe’s test (see, for istance, [4], P. 33), implies |6x,5| — 0. O

Remark 3.5. The previous Corollary is, in general, true for any spherical convolution operator (see [43],
Lem. 6.2).

3.1. A Marchaud-type fractional integral on the sphere

Together with K3, we can consider also the fractional integral on the sphere defined as

Zplul(w) = 2/ o — €17 (u(w) — u(€)dHYH(E).

SN-1

Let us observe that for 8 € (1 — N, 0), this operator reminds of Marchaud fractional derivative (see [17]) so we
will refer to Zg as a Marchaud-type fractional integral.
Since we have already determined the eigenvalues of Kg, it is easy to determine the ones of Z3.
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Corollary 3.6. Let us denote by Sy the space of the k-th spherical harmonics. Then, for each k > 0 and
Y, € Sk it holds

ZpYi](w) = Ak pYe(w)
where
Mg =215 (005 — Ok ).

Hence, in particular, it holds limy_, { oo Ak g = 21+5 0o.8.

Proof. Just observe that for any u € L>°(S¥~1) it holds
8
Zg[ul(w) = 22 (B pu(w) — Kplu](w)).
O

Now, by using the recursive formula proved in Proposition 3.3 for 1z 3 defined as in (3.8), we obtain a formula
to obtain an expression of A; g in terms of pg g.

Lemma 3.7. Defining 55 = 21+§C5, where Cg is defined as in (3.8), it holds

_ —2j
Aig = IARIEEE o G kA . .
ke =Cp | 14+ (=1) ]1;[()5+2N_2+2j 10,8 (3.9)

Proof. By the recursive formula proved in Proposition 3.3, we have

72‘7

H,B+2N—2+2]”

Thus, by recalling that for any k& > 0 it holds 0y 5 = (—1)*Csuk s and Ay g = 21+§(007g — 0k,3) we complete
the proof. O

Now let us argue concerning the supremum of the eigenvalues. We have the following result.

Proposition 3.8. For any 8 > 0 it holds A\ g = maxy>g A,3. Moreover, for any k > 2 it holds

Ag— g =>Dg>0 (3.10)
where
2—p
~ — € (0,2
Brio,sCp N se0,2)
- (B—2)(8—4)
— MmNty P >4

and @3 is defined as in Lemma 3.7.
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Proof. Let us first observe that Ag g = 0 for any 8 > 0. Moreover we also have f9 g > 0 and 65 > 0, thus

=~ B
Mg = 14—
1.8 Cﬁ( t 3N 9 to,p > 0

Moreover, for any k > 2 we have, recalling (3.9),

A g — :5Lu 1_(_1)k+11ﬁ&
LT ARG TP g N — 20 i BH2IN—2+2

k—1 .
~ B 3 1B — 2j]
o/ A (S i (N . '] E—
=YBg 1 aN oMo Eﬂ+2N—2+2j =5

since 5+|26N_772%|+2J <1 for any j < k — 1. Thus we have that A\ g3 = maxy>¢ A g-

Now let us show relation (3.10). First of all, let us work with 8 < 2. If 5 € (0, 2) then we can show that (Mg g)k>1
is a decreasing sequence. Indeed, we have, since 8 — 25 < 0,

~ —9j % —
U g aN = 1;[1[3+2N72+2j I grav—agak )t =0

J

k—1

Ak = Aot1,p =
Hence we have that, for 8 € (0,2), it holds
B ~ 2-p
MB— s> Mpg—Apg=——"—"— 1——+).
18 = Akp 2 Mg = Az = g Cstiogs 12N
Now let us consider 5 = 2. We have A\, g = éﬁuoﬁ for any k > 2 and then

~ 1 ~
ALg = Akg = Mg — Capiop = Ncﬁ#o,ﬂ

Let us now consider 3 > 2. Exploiting A2 g we have

- B3 - 2) ~
Y8 =Cp (1 B (ﬂ+zN)<6+2N2>> Hop < Cptio,

Now let us show that the sequence (Mg g)g>2 is increasing. To do this let us observe that

k—

B(B—2)

: B—2j 2k — B 5
(B+2N —2)(5+2N) gﬂ+2N—2+2j X<+6+2N—2+2k>“0>0'

Aer1,8— kg = (1) Cs

Let us also recall, by Corollary 3.4, that Ay g — 5’5;10’5 as k — 400 to achieve that, for any k > 2

B0 sCps

Mg —Mes > Mg — Capop = BraN-—2
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Now let us consider 8 = 4. Then for any k& > 3 it holds Ay 3 = 65/10,/3 obtaining again the previous estimate.
Finally, for 8 > 4, we have

A BB+2)(B+4) =
A3 = Cnp (1 TE TN —2)(5 1 2N)(B+ 2N + 2)) Ho,p > Cnplios

while, with the same strategy as before, we can show that (A; g)k>3 is a decreasing sequence. Hence we have,
for any k > 2,

A= Akpg = A — Az =

Buo,sCs (1 . (B=2(B-9 )
B+2N -2 (B+2N)(B+2N +2)

concluding the proof. O

Remark 3.9. In the proof of the previous Proposition we exploited the initially oscillatory behaviour of the
eigenvalues Ay g for f < 4. To conclude the study of the eigenvalues of Zg, let us show that this initially
oscillatory behaviour actually holds for any 8 > 2 (as opposed to what happens in the case 8 < 0, see [18]).
Precisely, let Ao g 1= C’gﬂo 8, Where Cg is defined in Lemma 3.7. Thus, from equation (3.9), we get

Aeg — A ﬁ:(_l)kﬂﬂoﬁlﬁ&.
' ' ' j=05+2N—2+2J

Observing that for k < g + 1 it holds H;:é % > 0, we have

(—1)k()\k7ﬂ — )\00”3) <0, Vk < g + 1,

that is to say that the first (g} eigenvalues oscillate around the limit value Ay g. If 8 = 2n for some positive
integer n, then equation (3.9) tells us that Ay g = Ao g for any k > g + 1. Otherwise, for k > g + 1, setting

k(8) = 4], one gets

B
A N W k(B +1
br1p = kg = | (-1 H5+2N—2+2j
_~ Yy % — 3
)R8 B 1).
| =D H ByaN_—2+2j | \BraN—2+42k |
j=k(B)+1
Being 8 — 2j < 0 for any j > %(ﬁ), it follows that (—1)*~ k(8) H —B=% __ > (. Thus, we finally get

j= k (B)+1 BH2N—2+2j

(D) O (N1 g — Aeg) > 0,

that implies that the sequence (Ax ) ) monotonically (increasing or decreasing depending on the parity of

- k>k(B
k(B)) converges towards Aso, 3.
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4. A FUGLEDE-TYPE RESULT FOR &3

As a first step to prove Theorem 1.1, we want to obtain a Fuglede-type result for the functional &4. Let us
first recall the definition of nearly-spherical domain (see [26] for the definition or [27] for an almost complete
survey on quantitative isoperimetric inequalities).

Definition 4.1. Let us denote by B the unit ball of RV centred at the origin. We say that a set £ C RY is
nearly spherical if there exists ¢ € (0,1) and u € L°(SV 1) with [ull e (grv-1) < 1 such that, up to a translation,
E =L, ,, where

Eiy={zcRY: x=pz, 2 SN pec(0,1+tu(z)]}. (4.1)

Let us observe that while in the usual definition of nearly spherical set (see [26]), it is required that u €
Whoo(SN=1) here we do not need to assume the Lipschitz continuity of the function u. Such assumption will
be instead needed as we approach the problem with the mixed energy, as we will see later.

Concerning nearly-spherical sets, we want to show the following result, where Dg(E) = G3(F) — &4(B).

Theorem 4.2. Let 8 > 0. There exist two constants 9 > 0 and C(N, 8) > 0 with the property that if t € (0,¢9),

u € Lo(SN=1Y) with [wllpo gn-1y < 1 and E,, is a nearly spherical set as in (4.1), such that |Ey,| = wy and
the baricenter of Ey,, is at the origin, then

D5(Era) 2 CN, B ulfasn1) -
Let us observe that Theorem 4.2 actually implies Theorem 1.1 in the nearly spherical context. To see this,

let us first recall the definition of (non-normalized) Fraenkel asymmetry as, for any measurable set E such that
|E| = wy, denoting by B(x) the ball of radius 1 and centre x € RY and by A the symmetric difference,

§(E) = inf |EAB(z)|

z€RN

Thus, for a nearly spherical set F; ,, we have the following chain of inequalities:

5(Era) < |BeuAB| = ltullpasn-sy < tv/Neow llull g1

obtaining the desired implication.

Another quantity we will work with is the following semi-norm on L>(S™~1): for 8 > 0 and for any u €
Lm(stl)

u)% = w — &P u(w) — w(@)PdHN Hw N=1g).
= [ e ) — u@P R )Y

Let us observe that for 8 € (=N, 0), this actually reminds of a Besov semi-norm on S¥~1.
The first easy observation we can show gives us the link between this semi-norm and the Marchaud-type
fractional integral.

Lemma 4.3. Let B € (—N,0) and u € L>®°(SV~1). Then
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Proof. Let us just observe that

/sm /gM'“’ — &P u(w) — u(©)PAHYHw)d HNT(€)
— [ [ e 6P ) — @@ M @ )
SN-1 JgN—-1
w — Bu —ulw))u N71w N-1
[ L e O — ue)uar @ n @

thus equation (4.2) follows from Fubini’s theorem and the definition of Zg[u]. O

To show Theorem 4.2 we need the following preliminary result that will make use of the aforementioned
seminorm.

Lemma 4.4. Fiz 8 > 0. Then it holds

(B+ N)(B+2N)
NwN

A= &3(B). (4.3)

Proof. Let us first observe that it holds
®s(B) = [ Jo-yPds (1.4)
B

by exploiting the fact that the integral fB |z — y|?dx is constant with respect to .
Now let us consider S7 the space of spherical 1-harmonic function. A basis for Sp is given by the coordinate
functions w + w; for i = 1,..., N. In particular, it holds, by equation (4.2),

[wl]% = /\1,5/ w?d,HN_l(W).
SN*I
On the other hand, by definition,
wli= [ [ e— Pl - gPart  @ant e,
SN*I SN*I
Hence, for any i = 1,..., N, we obtain the identity
Mg [ = [ e P - PR @) HY ).
SN-—1 gN—1 JgN—1
Thus, summing over ¢, we get
M sNwy = / / |lw — &[PP2AHY T w)d HY (6.

SgN—1 JgN—1

Now let us define the function L : S¥~! - R as

0O = [ - ePran ),
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Let us also define 4(z) = ﬁ|z|ﬁ"‘2 so that V{(z) = |z|?2. This leads to

L(¢) = /SN_l Vi(w— &) - wd B (w) — /SN_l Vi(w— &) - &dHY (w). (4.5)

Now let us denote by V., the tangential gradient and with 6%@ the normal derivative. Hence we can split

ol
ov(w)

Viw—-& =V l(w—-¢&) + (w—&w.

Thus, also recalling that [w|? = 1 and V(w - &) = &, we have, by equation (4.5),

L) = /S O =1 —w AU (w) - / Vollw—€) Volw OAH I w).  (46)

N-1 81/(w) SN-1

Now we need to study the two integrals separately. Let us define the functions A, B: S¥~1 = R as

A©) = [ GO0 - 0an @)

B(&) = /SN_l Vil(w—E) - Vi(w-OdHYN " Hw).

Concerning A, we have, by the divergence theorem,
A6 = / Viw—¢€) V(1 —w-&)dw +/ Al(w =1 —w - §)dw.
B B

Observing that Al(w — &) = (B+ N)|jw —&|?, V(1 —w - €) = —¢ and recalling that VI(w — &) = |w — &5 (w — &),
it holds

A(@:/B|w—5|ﬂ<1—w-s>dw+<ﬂ+N>/B|w—£|ﬂ<1—w-£>dw
— N+ [ - P - w0 e,
B

Concerning B, by integration by parts on S™V~1, we have
BEO =~ [ Mo 08m(w 01w

where Agn-1 is the Laplace-Beltrami operator on S™~1. In particular, since the first eigenvalue of —Agn_1 is
N —1 and it is achieved for functions in 81, we have —Agn-1(w &) = (N — 1)w - €. Thus, by also using the
definition of ¢,

N -1

BO) =55

/ o — 672w dHY T (w).
SN-—1
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Hence, by using the fact that L(§) = A(£) + B(£), we have
_ P —w O YL _elP+2, . ca N1
O = (B+N+1) [ o=gf-w-dv=F05 [ o—e - can (o)

Integrating both sides on SV~! and using Fubini’s theorem we have
NwN)\1,ﬁ=(B+N+1)/ / |w—§|5(1—w-§)dHN_1(£)dw
BJsn-1

555 o L e e i @t o).

Concerning the first integral, we achieve, by using the divergence theorem and recalling (4.4),

SN 1
:/BA€(§ w
@+ [ Ww-glae= T vym)

and then

_ (B+N)B+N+1) 8 N_ N—
Mg = Nwy ®s(B) - NwN B-FQ /sN 1/51\1 1 w—¢ +2w-§d7—l 1(w)d7—[ 1(5) (4.7)

Now we need to evaluate the second integral in terms of ®(B). To do this, let us set G1(z) = |2|? and, observing
that VG1(z) = B|z|?~22, we achieve, by using the divergence theorem,

/B'“’ —¢fdw = %/Bvcmw 6 (w— &)dw

1 .
——B/BGl(w—é“)dlv(w—f)dw
!
B Jon-1

N T Bl — ) wd B
5 [l e g [ P - g )

Gi(w = &)(w &) - wdH" H(w)

Integrating both sides in B, multiplying by 8 and using Fubini’s theorem, we have
G+ 00s(8) = [ [ Il 9 wdsan )
Setting Go(z) = |2|°+? and arguing as before, by the divergence theorem, we get

J 16—l =) wit = o [ VGa(e—w)-wie

=513 [ Gale =) wdHY g
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=53 o el wa g,
Hence we finally obtain
~B+B+M B = [ [ e e wa i OaH ). (1.9
Formula (4.3) follows by using identity (4.8) in equation (4.7). O

Now we are ready to prove the main Theorem of this section.

Proof of Theorem 4.2. Since in the rest of the proof u will be fixed, we shall simply write E; instead of E .
Let E; be the nearly spherical set in consideration. Then we can write, by coarea formula,

Gs(E;) = /E . |z — y|Pdady
L) ()
(ron(E) ()

~ o L [ e = pstr + e
X (1 tu(w)) ™ (1 + tu(@)NrV Nt dpdrd HY TN (€A HY T (w).

Concerning the one-dimensional integrals, we can use the change of variables 7 = r(1 + tu(w)) and p = p(1 +
tu(§)) to achieve

1+tu(w)  pldtu(€) N1 N1
I T N e e L G ®)
N—-1 N-1 0 0

Recalling that w? = ¢2 = 1, it is easy to check that |Fw — p€|? = |F — p|? + 7plw — £|? and then

1+tu(w)  pl4tu(€) ) oo 8
esey= [ [ [ [ e el )t
SN-1 JSN-1 Jo 0
x PN N apdr dHN THE) dHY THw).  (4.9)

Now let us recall that for any a,b > 0 and any symmetric function f(7,p) one has

[ * §(r. p)dpr = | [ st prdpar+ | b / ’ f(r. p)dpr - / b / " f(r. p)dpr.

The integrand in (4.9) is symmetric in 7 and p thus we can apply the previous decomposition to achieve

1+tu(w)  plitu(w) ) o\ 8
ooy = [ [ [ el - g
SN-1JSN-1 Jo 0
x PN N Yapdr dAHY THE) dHY T (w)
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1+tu(€ 14+tu(€) 5
- 7/ / / / (I — ol + rplw — £%)3
SN=1 JSN—-1 J1ttu(w)

+tuw
x PN N apdr AHN HE) dHN THw) i= AL (Ey) + Ao (Ey).

Let us work with A;(E;). Applying again the change of variables 7 = (1 + tu(w)) and g = p(1 + tu(f)), we
obtain

amy= [ [ - g

N=1pN=1dpdr dHN 71 (&) d HY ~H(w).
Observing that |w — €2 = 2(1 — w - £) we set

141
8 — _
K(w-¢) :/ / (Ir = pl? + rplw — €2)2rN "1 pN"1dpdr,
0o Jo

— w- N-1
vim [ K 9am )

and observe that ~ is a constant with respect to w to achieve

AL(E) = / (1 + tu(w)) 2N aHY 1 (),
SN-—1
Now we need to evaluate . To do this, let us observe that As(B) = 0 and then it holds

&3(B) = Ai(B) = Nywy

and then vy = 6”(3) . Thus we finally achieve

Ay (By) = ";‘;ﬁ) /SM@ T tu(w)) A HY " w).

Concerning As(E;), we apply the change of variables 1 4+ ¢ = 7 and 1+ tp = p and we obtain

(80 = =50

where

u(€) pu(€)
/ / / / FA+tF1+tp,w—&)dpdrdHY 1) dHN 1 (w)
SN—-1 JgN-1

and

B _ _
frop,p) = (Ir — p|> +rplp>)zrN =1 pN 1,



STABILITY OF A RIESZ-TYPE INEQUALITY 19

With some cumbersome calculations, one can show that for ¢ small enough, w, £ € SY¥~! and 8 > 1 it holds

d ~ ~
&f(1+tr,1+tp,w—§)§0

while, for § < 1, we have
d _ -
G/ I+thw—¢<Ci+ CotP A + 7))V 11+ tp)V L.

In both cases, we can differentiate inside the integral so to get 0 < ¢'(t) < C ||u||ioo(SN,1). Moreover, by Lagrange
theorem, we know that there exists s € (0,¢) such that

g(t) = 9(0) +tg'(s) < g(0) + Ct [[u]| e gn 1y -

However, by definition of g, we have

00 = [ [ e e lule) — u(@ PR @) d ) = [

and then

t2
As(Ey) > —g[u]% —Ct? Hu“iw(sN—l) )

for a suitable constant C' > 0 independent of u. Finally, we obtain that

®5(B) 842N 14/ N—1 0 31112
@5() = G2 [ (1t tu(w) AR ) = Sl = Ol sy

On the other hand, it holds

os(8) = [ an i)

thus

Dp(Er) >

B+2N N-1 2 3 2
> Now /SN_l((1+tu(w)) — DAHY M w) = S[ul} — CE [ullf e gn-1) -

Moreover, we have

B+2N)(B+2N —1)
2

(1 + tu(w))? 2N — 1> (B + 2N)tu(w) + ( t2u?(w) = CF [[ullf e (gn 1)

for some constant C, hence (being also ||U||ioo(sN—1) < ||uHi°°(SN_1))

63(B 2N 2N —1
055 2 XD (¢ [ anan o)+ EEZEELR fulfons

t2

2
- 5[“]23 - Ct? l[ullfeesv-1y-
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On the other hand, the condition |E;| = wy implies

[ (@ ) - pand i) =0
SN*I

and then there exists a constant C' > 0 independent of w such that

N -1

2 3
t? Hu||L2(sN71) -cr ||u||Loo(sN71) )

t/ u(w)d HN " Hw) > —
SN—l
hence we get

B+ 2N)(B+ N)t? t2

&5(B)( 2 2
D,(B) > 2 R e L ey
Finally, by equation (4.3), we achieve
> t? A\ 2 2 3012
Dp(Er) = o\ L8 Hu”m(stl) —[ulp) —Ct HUHLOO(SN*l) . (4.10)

Now we need to estimate [u]3 and ||“||i2(sN—1) in terms of spherical harmonics and (Ag,g)r>0. Thus, for each Sy,

let us consider Yy, = {Y4;}<d(x) orthonormal bases of S, where d(k) = dim Sy, and ay, ; the Fourier coefficients
of u to write

+o0 d(k)
u(@) =D ar; Vi j(w).
k=0 j=1
Since )y are orthonormal bases, we get
+o0 d(k)
2
[ullL2(snv-1) = Z Z aj ;-
k=0 j=1

On the other hand, by equation (4.2), we also have

400 d(k)

[u]% = Z Z )‘k,ﬁaz,j'

k=1 j=1
By using the estimate given in Proposition 3.8, we get

oo d(k)
ALp ”UHiQ(SN—l) —[u]f > Z Z()\l,ﬁ — A\kp)ag

k=2 j=1

n
2
> Dg ||u||L2(SN*1) — Dy | aj + Zaij

j=1

However, from the volume constraint |E;| = wy we easily get a3 < Ct? ||u||i2(sN71) and, from the barycenter

constraint (the fact that the barycenter of E; is the origin), we also have a7 ; < Ct* ||u||iQ(SN_1) for some
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constant C. Thus, we can always chose ¢ small enough to have, for any t € (0,¢9),
D
2 8 2
ALg Hu||L2(sN—1) - [U]% 2 9 ||U||L2(5N—1) .

Using last inequality in equation (4.10) we achieve

tzDg
4

2 2
Dp(Er) 2 [l (sn-1) + Ot ullfe (gx-1y -

Finally, we can consider £y small enough to obtain

D o
Dp(Er) 2 7 Jullfagsn—)

concluding the proof. O

Remark 4.5. Since C(N, ) = %, by equation (3.11) it holds

Bortoo P26~ 72 =0 %8
where
~ N -1 3N41
Cy¥ =8(N +2)(N - 1)wy_1T <2> 2 =5 ,

(4.11)

C% = (N) Y (N —1)%wy_12V72T <N?1>

and we used the asymptotics of the ratio of Gamma functions (see [45]).

5. REDUCING TO A NEARLY-SPHERICAL SET
In this section we want to prove Theorem 1.1 by using the following strategy:

— We show that if the asymmetry is big (in the sense that there exists a constant g > 0 for which §(E) > p),
then also the deficit is big and then Theorem 1.1 follows in such case;

— If the asymmetry is small, then we show we can construct a nearly-spherical set whose asymmetry and
deficit are controlled by means of the asymmetry and the deficit of the original set: for such kind of sets
we proved Theorem 4.2 and then Theorem 1.1 follows.

Let us first extend the definition of &4 to couple of functions in L*(RY). Let f,g € L'(RY) and define

Ss(t.) = [ [ F@ato)le sl dady.

We will actually restrict to the case f,g € L1(R™;[0,1]). Moreover, let us denote &g(f) := &4z(f, f) for any
function f € LY(RYN;[0,1]), 84(E, H) := &3(xE, xu) for any couple of Borel sets E, H C RN with xg and xg
their respective characteristic functions. It is also obvious that &g(E) = &g(xg) = &3(E, E) for any Borel set
E C RY. Let us also denote by B,.(x) the ball centered in x with radius r > 0, B, when z = 0 and B(x) when
r=1.

Before executing our plan, we need some technical estimates on &g and a form of weak™ continuity.
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5.1. Estimates on &g

The majority of the estimates we are going to show are actually corollary of Riesz inequality (see [40]). A first
easy corollary of this inequality is given by the case in which one of the involved functions is radially symmetric
and decreasing with respect to the modulus. In such case, since its radial decreasing rearrangement coincides
with the function itself, the inequality can be restated as follows:

Proposition 5.1 (Riesz inequality for decreasing functions). Let f,g : RN — RT be two measurable
functions and h : Rt — RT be a decreasing function. Then, denoting by f* and g* the radial decreasing
rearrangements of f and g, it holds

/RN /RN h(lz = yl) dZdy</ / )h(|z — y|)dzdy. (5.1)

Moreover, if h is strictly decreasing and f = g € LY(RY), then equality holds in (5.1) if and only if f = f*.

Let us stress that we considered in the previous Proposition only a particular equality case, while the general
one is considered for instance in [5].

This is the main tool adopted in [28]. However, in our case, h is an increasing function. Thus we need to
prove a similar inequality in this setting.

Proposition 5.2 (Riesz inequality for increasing functions). Let f,g : RY — Rt be two measurable
functions and h : Rt — Rt be an increasing function. Then, denoting by f* and g* the radial decreasing
rearrangements of f and g, it holds

/]RN /RN Mz =~ yl)d=dy 2 / / )h(|z — y[)dzdy. (5.2)

Moreover, if h is strictly increasing and f = g € LY(RY), then equality holds in (5.2) if and only if f = f*.
Proof. Let us fix m,n € N and define the following functions

fn=(fAn)xs, gn = (g An)xs,

By definition, we have that f,, g, € L'(RY;R") and k,, is decreasing and non-negative, thus we can use Riesz
inequality in the form (5.1) to obtain

Lo [ @0tz =uazay < [ [ Fi)g7 (= = vz,

Now, by using the definition of k,, and the fact that any function is equimeasurable with its radial decreasing
rearrangement (and L! is a rearrangement-invariant Banach space), we easily obtain

[ [ Gtz vbazay> [ [ i@z - sy

Now let us observe that f,, 1T f and so f: 1 f* (see [39], Prop. 7.1.12), the same holds for g and also h,, 1 h,
thus we can send m — 400 and n — 400 to achieve equation (5.2) by monotone convergence theorem.

Now let us suppose that h is strictly increasing, f = g € L*(RY) and equality holds in (5.2). We want to
show that f = f* by using the equality case for equation (5.1). However, since h could be unbouded, we have
to introduce some auxiliary functions. Being A monotone, it is locally of bounded variation and then it admits
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a distributional derivative p that is a Radon measure on [0,400). Let us also consider a Borel function s on
[0, +00) such that 0 < s(z) < 1 p-a. e. and

+oo
/ s(z)du(z) =1
0
and let us define
ha(t) = /[) (r)dp(r), hat) = /Mu — s())dp(r).

First of all, let us observe that hj(t) + ha(t) = h(t) for all but countably many ¢. Being h strictly increasing,
we know that p is a positive measure. This, together with 0 < s < 1 p-a.e., leads to the fact that h; is strictly
increasing for ¢ = 1,2. Thus, by (5.2) we get

/ / hi(|z — y[)dzdy > / (2)f*(Yhi(]z — yDdady, i=1,2. (5.3)
RN JRN
Let us suppose that

hi(|z — y|)dzd y)hi(|z — y[)dz=d
L [ r@rwmz=shazay> [ [ rer @ - vz

Summing the previous inequality with the one in (5.3) for ¢ = 2 and using the fact that h; + he = h almost

everywhere, we get
L [ stz =shazay> [ [ e wnds - s,
RN JRN

which is a contradiction with the equality in (5.2). Hence, it holds

h —y|)dzdy = y)h —yl|)dzd
L [ r@rmiz=shazay= [ [ rer @ =y

Being 1 a positive measure, we have

—+o0
ha(t) = /[ | SI(r) < | s =1,

thus we can consider the strictly decreasing positive function k(1) = 1 — hy(7) to achieve

/RN /RN k(|2 — y|)dzdy —/ / k(|2 — y[)dzdy,

concluding that f = f* by Proposition 5.1. O

Now that we have this result, we can show some lower bounds on the functional &4. First of all, we have the
following lower bound.
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Lemma 5.3. Let 8> 0. Then, for any positive measurable function g : RN — Rt it holds

/ o(w)lylPdy > / o)yl dy. (5.4)
RN ]RN

In particular, for any finite measure Borel set H C RYN, it holds

_ 18 wN PPN
/I:v \dy_BJrN ; (5.5)

where r = (%) v Finally, for any finite measure Borel sets G, H C RY, it holds

&3(G, H) = |G|7(|HI), (5.6)
where
Nwliﬁ}t/N B+N
T(r) = 75111\7 roN

Proof. Let us first observe that arguing as before on the sequence of functions g, = (g A n)xp, , we just have
to show inequality (5.4) on bounded functions of compact support. Let us then suppose there exists a constant
M > 0 such that ¢ < M and suppg C Bys. Fix ¢ € (0, 1) and define f(z) = WN%XBE(Z), observing that f* = f.

Thus, choosing h(t) = t? for > 0, we can use inequality (5.2) to achieve

/ g(y)/ Iy—ZIﬁdzdyZ/ g*(y)/ ly — z|%dzdy.
Bu B Bum B.

=

By dominated convergence theorem (that we can use being g and g* bounded and so |y — z|?, since y € By,
and z € B, C By), we have, taking ¢ — 0,

/ g(y)lylﬁdyZ/ 9" ()y|’dy,
BM BM

which is inequality (5.4). Formula (5.5) follows by considering g(y) = xm(x 4+ y). Indeed in such case we have
9*(y) = xB,.(y) and then

/Ix—y\ﬂdyz/ g(y)lylﬂdyZ/ g*(y)\ylﬁdy=/ lyldy.
H RN RN B,

Finally, integrating both sides of equation (5.5) on G we get inequality (5.6). O

Now we let us show a similar lower bound on the functional &4 applied on functions.

Lemma 5.4. Let 8> 0. Then, for any function g € L*(RY;[0,1]) it holds

Nw
By > N N+p 5.7
[ sty = 25, 6.7
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1
gl @y ™ ;
where r = (%) . Moreover, it holds

®s(g) > &5(By) (5.8)

and equality holds if and only if g is the characteristic function of a ball.

Proof. To prove inequality (5.7), we just observe that
slylPdy— [ (1= go)lyl°dy

/ o(w)lylPdy — / ylPdy = /
RN B, RN\ B, .

E/H%N\Brg(y)rﬁdy—/ (1—g(y)r’dy

r

=17 (lgllps — wnr™) =0.

Concerning inequality (5.8), we need to introduce some other tools. For any function 6 € L' (R”; [0, 1]) we define

1
r(0) = (M> " and = XB, - We claim that:

WN
— For any f,0 € L}(R™;[0,1]) such that f = f* and 6 = 6*, it holds

~

65(f?6> > @5(f,9)

and, if f = f, equality holds if and only if § = 0.

If we show this claim, we have both inequality (5.8) and the equality condition. Indeed, let us observe that
g = g* since r(g) = r(g*) and, by using Riesz inequality, we have

G5(9) = 65(g,9) > G5(9",9%) > 63(7,9") > 65(7,9) = G3(B,).

Moreover, if equality holds, then &z(g, g) = &g(g*, g*), which is true if and only if g = ¢* by and the charac-
terization of the equality case in Riesz inequality (see Prop. 5.2), and &4(g, g*) = ®3(g,9), which is true if and
only if ¢* = g; thus g =g = x5,

Now let us prove the claim. To do this, let us observe that for any ¢ > 0 and any |z1| = |z2| = t, one has
[5ly —21|°dy = [ |y — 22|°dy. Thus the function

wlt) = [ ly=aldy, Jo =t (59)
B
is well defined. Since we can choose any z € RY, such that || = t, let us consider x = te; to write
vlt) = [ v~ terldy.
B

From the last formulation, it is easy to observe that ¢ (t) is a C! function and, for any ¢ > 0,

W(t) = /B Bly — ter]2(t —yn)dy > B /B lyn — 1172t — y1)dy > 0.
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Now, for any function f € L*(R™;[0,1]) with f = f*, let us define, for p > 0,

0=[, [ IO

and let us show that (y is increasing. To do this, let us fix p; < p2 and define g = x5, + xB,,,. — XxB,, for
some € > 0. Let d(g) > 0 be solution of the equation

(o1 +6(e)™ = pY + (p2 + )N = py
and observe that lim,_,g+ d(¢) = 0. It is also easy to check that

*

g =9+ (XB,,45s = XB,,) = (XBp,1c = XB,,)

By Riesz inequality we have ®g(f,g) > &3(f,g*). By explicitly writing this relation and denoting A, =
By, 45\ By, and A,, = B,,, . \ B,,, we have

/A,, /RN f(z)|z—y5dzdy§/Ap /RN F(2)|2 — y|Pdedy.

However, by definition of §, we have that |A, | = |A,,| and thus we can divide both term of the previous
inequality by this measure and send ¢ — 0 to get (7(p1) < {;(p2). Thus we have shown that (y is increasing.

The case f = fis more interesting, since we can actually show that (; is strictly increasing. Indeed, in such
case, f = xpj, for some R > 0 and then we have

= / / |z — y|ded’HN_1(y) = RN/ / |Rw — y|5dwd7{N—1(y)
oB, JBg oB, /B
= RN+ﬂ/ / jw —nl” dwd HV () = RN+8y (%) .
0B, /B

Now let us assume f = f* and 6 = 6* in L}(R";[0,1]) and let us fix 7 = r(#). Since § = *, we know that 6 is
radially symmetric, thus let us set 8(p) = 6(y) as |y| = p. Then, by coarea formula, we get

oot~ atr)= [ [ [ 00—l —sPazn ar
- / C1()(0(p) — (p)) N ~dp
= [ ooV o [ o)t - bl N
> (r(r) (/Tm 0(p)Nwyp™~'dp — /OT(l - 9(,0))NwNpN‘1dp)

= () (I = Ol = 101 @z, ) = O,

concluding that &z(f,0) > &3(f, é) On the other hand, if f = fand Gs(f,0) = &z(f, é), it holds



STABILITY OF A RIESZ-TYPE INEQUALITY 27

) T —+00
Cr(r) (/ 9(p)NwNpN‘1dp—/O(1—9(p))NwNpN‘1d,0) = /O Cr(p)(0(p) — 0(p))NwypN~dp

which is true, being (¢ strictly increasing, if and only if 6 = @\, concluding the proof of the claim. O

Now let us observe that, in the case we have an invertible transport map between two sets, the difference of
the energy can be controlled in terms of the transport map.

Lemma 5.5. Let F1, Ey C By for some R > 0 be two Borel sets such that |Ey| = |Es| and 8 > 0. Suppose
® : E1 — Es is an invertible transport map. Then there exists a constant C' depending only on R, B and N such
that for any Borel set E5 C Bpr it holds

| Bg(E1, E3) — 6g(Es, E3)| < C(R,(,N)|E3|” [E ly — @(y)|dy, (5.10)

where

amin{1,1+ﬂNl}. (5.11)

Proof. Being ® an invertible transport map, we can suppose, without loss of generality, that ®g(Ey, E3) >
&g(Es, E3).
Let us first assume 8 > 1. Then, by Lagrange’s theorem, we get

ly — 27 = |®(y) — 2|° < BRR) |y — 2(y)]. (5.12)

Integrating inequality (5.12) over E3 and F; we complete the proof in the case § > 1.
Now let us consider 8 € (0,1). Fix y € E; and observe that, if |y — z|® — |®(y) — z|® > 0, it holds

ly — 2° — |®(y) — 2|° < BID(y) — 2|7y — @(y)]-
Integrating over Fs to get
[ =sae— [ o) -2 < gy - el [ (o) -1
E3 FE3 E3

s&@—@@»@lww*mv

BN N+8—1
= |y — O(y)| —
ly (y)INJrB_lwzvp
BNwyY
w B—1
_ ) YN E 1+~
ly (y)INJrﬁ_l\ s T,

where we considered p > 0 such that |F3] = pMwy. Integrating both sides of the last inequality in E; we
conclude the proof. O

5.2. The functional &3 and the weak™ convergence in L*°

As we stated before, we need to obtain some form of weak* continuity. However, L! is not the dual of any
space. To avoid this problem, let us observe that we fixed the range of the functions: indeed, we have by definition
that L'(RY;[0,1]) € L*>°(R™;[0,1]). Thus we can use as weak* convergence the one on L>(R"; [0, 1]).
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However, even in this case, the eventual non-compactness of the support of the involved functions could
create some problems. Hence we need to introduce the truncated functional

&} (o) = [ [ a@n)lle ol AME) dady,

with @g/f(f) = 62/[(]‘, f) for any f € LYRY;[0,1]), @%(E,F) = 6%()@,)@) for any measurable sets
E,F C RY and (’52/[(E) = (’5?3/[(E,E) for any measurable set E C RY. Moreover, let us denote its deficit
by @g/[(E) = Qig/[(E) - 624(3). Since the function hp(t) = (¢ A M%)B is increasing, we have by Riesz
rearrangement inequality that 3324 (E) > 0 for any Borel set E such that |E| = wy.

Concerning the truncated energy, let us observe that if M > 2 then 0524(3) = ®&g(B). Moreover, since if
My < My then hyy, < hy,, it holds &3 (E) < 6 (E).

By monotone convergence theorem, one also obtains lim s 1 oo 052/1( f) = 63(f), thus we can also conclude
that for any M > 0 it holds 62/[ (f) < ®&p(f). Now we are ready to prove the following weak* continuity Lemma.

Lemma 5.6. Let {fn}nen C LY (RYN;[0,1]) be a sequence of functions such that f, = f in L= (RN;[0,1]) and
[ fullL@yy = [fllLy ey Then

®s(f)= lim lim 66 (fn)-

M —+o00 n—+o00o
Proof. Fix ¢ > 0 and observe that, being f € L!(R¥;[0,1]), there exists a radius R > 0 such that

fRN\BR f(z)da < e. By using both the convergence || fullp1mny = [ fllpiry) and fn X f in Lo(RY), we get

lim folz)dz = lim fr(z)dz — lim fo(z)dz

n—-+o0o RN\BR n——+oo RN n——+oo B

= / flx)dx — flx)dz = / flz)de <&,
RN Br RN\Bg

hence, for n big enough, we achieve [pr, 5 fn(z)de <e.
Now, for any function g € LO"(RN) let us define g(z,y) = g(x)g(y) that is a function in L>°(R?Y). We have

that fn BN f and in particular QSB (faxegr) — (’55 (faxBg)-
On the other hand, since fRN\BR f(z)dz < €, it is easy to check that

65 (f) = &5 (fxpr) < 2¢ [l M

and the same holds for f,.
We achieve, for n big enough,

|65 (f) — &5 (f)l < 2eM (|| fllps @y + [ fnllii@ny) + 165 (fXBr) — 65 (faxss)l
and then, sending n — 400,

hmsup|®5 (f) — 624(fn)| < 45MHf||L1(]RN)'

n—-+00
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Since € > 0 is arbitrary, we can send it to 0™ to obtain

lim &Y (f,) = &5 (f).

n—-+oo

Finally, taking the limit as M — 400, we conclude the proof. O

5.3. The big asymmetry case

Now that we have some estimates and continuity properties for &3, we can work on the first part of our plan.
As first step, we need to show a rough deficit estimate as the asymmetry is big enough.

Lemma 5.7. There erists a constant & := (N, 3) > 0 such that for any Borel set E C RN with |E| = wy and
0(E) > 2(wn — &) it holds

B _ 9B

Proof. Note that

®s(B) = / / |z — y|Pdady < 2°w%.
BJB
On the other hand, given a ball B(x),

B(z)\ Bl = wy — |B@) 0 B| = |E\ B) = P

Let k£ € N the minimum number of balls of radius 1 covering Bs. Then, given x € F, we have from the above
estimate |Bs(z) N E| < k€. Hence

5 () > / dz / l — ylPdy > 3| E|(|E| - k).
e JE\Bs(w)

Thus if ¢ is sufficiently small, depending on N and £, we have
G5(E) — 65(B) > 3Pwy(wy — k&) — 28wk = (3° — 29)wi — 3Pwnke > 0
O

Now that we have a rough deficit estimate, we can refine such estimate to show that we can reduce to the
small asymmetry case.

Lemma 5.8. For any p > 0 there exists n = n(u, 8, N) > 0 such that for any set E C RN such that |E| = wy
and 6(E) > p it holds Dg(E) > 1.

Proof. Let E, be such that |E,| = wy and Dg(E,) — 0. We want to show that §(E,) — 0.
By the concentration compactness Lemma (see [35]), there exists a non-relabeled subsequence E,, such that
one of the following properties hold:

— vanishing: For any R > 0 it holds lim,, sup,cp~ |Ey N Br(z)| = 0;
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— dichotomy: There exists A € (0,wy) such that for every e > 0 there exist R(¢) and two sequences of sets

E} E} C E, with E} C Bp(.) such that
|E,A(ELUE?)| <¢ dist(EL, E?) — +o0 (5.13)
1En] = Al <e |En] —wy + Al <e.

— tightness: For any ¢ > 0 there exists R = R(g) > 0 such that limsup,,_, . [E, \ Br(0)| <e.

Let us exclude the case of a vanishing sequence. Indeed, if R = 1 we have for any n

0(Fn) = inf |E,AB(z)|=2 inf |B(x)\ En|= 2wy —2 sup |B(z) \ Ey|
z€RN z€RN zERN

hence 6(E,) — 2wy, which is a contradiction to D(E,) — 0 by Lemma 5.7.
Let us now exclude dichotomy case. Let A € (0,wy) be such that (5.13) holds. Consider two balls with volume

|EL| and |E2|, hence with radii
1/N 1/N
po (BN (BN
,n WN ) 2,n WN .

In particular, since the energy is minimized on balls, we have

®p(E;) > B 64(B)
and then

s (En) + G5 (E) > (BT + Ry ") 65(B).

Now let us estimate &5(E}, E2). Let d,, = dist(E}, E2) and observe that

Gs(Ey, ) > dn| B, || B3
Thus we have

®s(Ea) > (Ry, + Ry ™7) 85(B) + )| B E7,

hence ®3(E,,) — 400 which is a contradiction.

*

This proves that we are in the tightness case. By Prohorov’s Theorem (see [2]), up to a subsequence, xg, — f
in L>°. Moreover, tightness implies also that || f| = lim,— 4o [ XE, ||, = wn. By Lemma 5.6 we have

Gs(f) = lim lim &3 (E,).

M —+o00 n——+o00

Let us fix M > 2: we have
D (En) := B} (Ey) — 64(B) < 64(E,) — 65(B) = D(E,)
hence ”DM(En) — 0. Thus, in particular,

lim &4 (E,) =63 (B)

n——+0o
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and then

Gs(f) = &5(B),

that implies f = xp(;) for some z € RY,
Finally, we have

limsup 6(E,) < limsup |E,AB(2)| = 2limsup |B(z) \ F,| =0
n—-+o0o

n—-+4o00o n—-+4o0o
by the L> weak™ convergence of xg, t0 Xp(2)- O

From last Lemma, we conclude that we can always reduce to the case in which asymmetry is small. Now
that we have reduced to this case, we can study the construction of the better nearly-spherical set.

5.4. Construction of the nearly-spherical set

The second part of the plan follows the same ideas of [28]. However, since Lemma 5.5 is proved only for
bounded sets, we need a preliminary step. Summarizing the plan:

— First we prove that we can trap our set in a ball of a certain radius (independent of the set itself) without
changing the asymmetry and controlling in a suitable way the deficit;

— As second step we fill the holes of our set in order to obtain a new set that is uniformly close to a ball of
radius 1, without changing the asymmetry and reducing the deficit;

— As third step, we show that if equation (1.5) still does not hold, then we can move some other mass of
the set to construct a nearly-spherical set around a certain ball such that the deficit at most duplicates
and the symmetric difference with respect to the chosen ball controls the asymmetry;

— Finally, observing that the barycentre of the previously constructed set depends continuously on the choice
of the centre of the ball, we can construct it in such a way that the barycentre of the new set coincides
with the centre of the chosen ball.

Let us formalize the first step of this procedure.

Lemma 5.9. There erist three positive constants R, K and 6o depending only on N and 3 such that for any Borel
set E CRY with |E| = wy and 6(E) < & there exists a set E C Bg such that |E| = wy, Dp(E E) < K93(FE)

and §(E) = 8(E). Moreover, §(E) = |[EAB|.

Proof. Let us observe that since 6(E) < d, arguing as in the proof of Lemma 5.7, we have |E'\ B(z)| < %0, where
B(z) is the optimal ball for the asymmetry, i.e. 6(E) = |[EAB(z)|. Moreover, the operator &g is translation-
invariant, hence we may assume z = 0. We also have |[ENB| > wy — %0, thus we can choose dy to be so small
such that [E'N B| > &% where kr > 1 is to be defined in what follows.

Now let us consider the ball Bg where R > 0 is to be specified later and the annulus A := Br \ B and let us
split F in three parts:

Ey=ENB, FE,=E\Bgp,  E;y=EnNA.

Now let us consider another annulus A = By r\ B r. As
2 3

|A\ B3| > wy <<1+§>N <1+§>N> _ %

[\
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we can choose dg so small that

A R\M\ & &
wN<<1+2> —(1+3) >—20>2°.

Thus, since |Ea| < %“, there exists Ey C A\ B such that |Ey| = | Es|. Then we define E = (EU E,) \ E,. Before

estimating Dg(E), let us show that we can choose kg, hence dy, so small that |Es| < CDg(E) where C' is a
constant depending only on N, 5.

To do this, let us recall that z(E) = D5(E) + &5(B) and then, using the fact that E = Ey U Es U E3, we
have

Gp(F) > 63(E1 U Es) +265(E, Ey)
from which we obtain
Gg(E2, E1) < Dg(E)+ G5(B) — &p(E1 UE3) — 63(E1, Es).

Now let us observe that, denoting by B a ball with measure |B| = |E; U Es| = wy — | Ea|, we have, by minimality
of the ball,

B\ 2R
5(F1 U Ey) > (“’N") 65(B)
WN

and then, since |Es|/wy < 1,

244
6[3(E2,E1) S@B(E)-i- (1— (1—|f;;|> ) @ﬁ(B)—QSﬁ(El,Eg)
< Eﬁ(E) + <1 — (1 — |f]i|) ) @ﬂ(B) — @B(El,Eg)
< D4(E) + | By (jv - 'fN') 65(B) — 65(Ey, ).

Now let us observe that, since |Ey| > 2 and d(Ey, Es) > R,

RPw
Bs(Ey, Es) > | Bo||[ By |R® > RN|E2|, (5.14)
thus it holds
2 RBw E
6 5(Ez E) < Dp(E) + | ( by(B)— LN | %(B))
w kr Wy
Now we want
2 RS
= 84(B) - —N <1 (5.15)
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that is equivalent to say

RA wjzv

kp< -— N
B> 964(B) +wy

Rﬁwjz\,

1
. ]
6, (Bron 1, that is to say R > (m> . We set R =

For kg to exist, we have to ask =
N

1
9 (wﬁ(wﬂ) " 42 and choose kx > 1 such that (5.15) holds. We have

N

O(En, 1) < D5(E) + Bal (-1 - 25 05(8)) < D5(8),

By using again equation (5.14), we get

k
|Bs| < 22

< pro=2(B).

Now we can estimate D(FE). To do this, let us observe that

< Dg(E) + 65(B) +264(E, Ey).

G4(E) < 64(E) + G3(E,) +264(Ey, By) + 26 4(Es, Ey)

Let us recall that, by construction, diam(F) < 2R, hence
&4(E, Ey) < 2°RPwy|Es| < 2°kp Dp(E).
Thus we finally get
B(F) < (1+ 27 ) Dy (B) + 64(B)
and then D5(E) < (1 + 2°1kg) D(E). Setting K = (1 + 2°+1kp) we have the estimate on the deficit.
Let us observe that EAE C RN \ By g/3 and, in particular, we have |[EAB| = |[EAB| = §(E). On the other
hand, for any = € RY such that |z| < R/3 it holds
|EAB(z)| = |EAB(z)| > §(E).

Finally, if |z| > R/3, then, chosen any y € RY such that |y| = £, [BAB(z)| > |B\ B(y)| := C1, where C does
only depend on R and N. Thus we have

|EAB(z)| > |BAB(z)| — |[EAE| — |[EAB(z)| > Cy — 36.

Since we have fixed R, we can chose do small enough to have Cy — 369 > do, to obtain |IEAB(z)| > §(E). Then,
taking the infimum on x € R we obtain §(E) = §(E). O

Now that we have shown that we can reduce to the case in which £ C Bg for some universal radius R > 0
(if 6(E) is small enough), let us proceed with step 2 of our plan. So, let us show the following Lemma.
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Lemma 5.10. Fize € (0,1). Then there exists a positive constant 6. > 0 such that the following property holds:
if E C Br, where R is defined in Lemma 5.9, is a Borel set such that |E| = wy and 6(E) = |[EAB| < 0., then
there exists a Borel set E such that |E| = wy, By_.» C E C B2, DB(E) <Dg(FE) and §(E) = 6(E) = |EABI.
Proof. Fix € € (0,1) and observe, as before, that if 6(E) < d., we have |E\ B| < %ﬁ. We divide the following
proof in two parts: first we move the part of E that is outside B; .2 inside this ball, defining a new set E; then
we use the mass in E; \ By_.2 to fill the holes in F1 N B;_.2, defining the set E.

Arguing as in the proof of Lemma 5.9, if we consider G = E \ B2, it holds |G| < 0., and, for J. small
enough, there is enough room to construct a set G C Ay \ E, where 4; = Bl+§ \Bl+§’ such that |G| = |G|.

Define the set £, = (EUG)\ G and observe that |E;| = |E|. Now let us show that &5(E;) < &3(E). To do
this let us observe that

Gs(E) < 63(E) + 65(G) + 265(B,G) + 264(E \ B,G) — 264(B,G) + 264(B \ E,QG).
Now let us observe that, being F C Bp,
65(G) +284(E\ B,G) +264(B\ E,G) <|G|5: (42R)" + (2+£2)7).

Moreover, we have, recalling the definition of the function % given in equation (5.9) and the fact that it is a
strictly increasing function,

04(5.6) = [ wllehas <lclo (1+5).
®5(5,G) = [ wllal)ds > Gl (1+2).

obtaining

2

B5(E1) < 65(E) + |G| <¢ (1 + ‘2) — (1 +%) + 6. (42R)% + (2 +52)ﬁ)) .

Finally, we can chose d. small enough to have

2

) (1 + 2) —p(1+e?) +6. (42R)P +(2+%)7) <0

and then 65(E1) S @g(E)

Now we want to modify again E; in such a way to fill with some mass the holes in B;_.2. To do this, let
us consider the set H = By_.2 \ B with measure |[H| < %. Concerning the mass of E; contained in Ay =
Bi_c2/3\ Bi_z2 /2, since |4\ Ey| < %, we have |43 N Eq| > wy — %. Thus we can choose d. small enough such
that we can define H C Ay N E with |H| = |H]|.

Now let us define E = (E; U H) \ H and observe that |E| = wy. Arguing exactly as before we get (P (E) <
Gp(Er) < Gp(E).

Let us observe that, by construction, EAE C B1—% U (]RN \ Bl+%>' By the way we modified the set, we
got |[EAB| = |EAB| = §(E).

In general, for any z € RV with |z| < % we have |[EAB(z)| = |[EAB(z)| > 6(E) while for || > % we have

|EAB(z)| > |BAB(z)| — |BAE| — |EAE| > |BAB(z)| — 36,
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hence, since [BAB(z)| > C for some constant C depending only on ¢, one can choose 6. < < to have |EAB(z)| >
8., concluding that §(E) = 6(E) and the optimal ball is still B. O

Now that we can construct a set that is uniformly close to a ball, let us show that if (1.5) is not verified
with a sufficiently large constant, we can reduce to a nearly-spherical set. Before doing this, we need to show a
preliminary result that will ultimately lead to the nearly-spherical set.

Lemma 5.11. There exist two constants €1 € (0,1) and C>0 depending only on >0 and N such that for
any € € (0,e1), any E C RY with |E| = wy and any z € RY such that By_.(z) C E C Byy.(2) one of the
following properties holds:

— E satisfies estimate (1.5) with the constant C;
— There exist two functions uf : SN=1 — [0,¢) such that the set

E.={z+tx: t€[0,1—u;(2))U(L,1+uf(z)), zeS" '}

has volume |E.| = wn, satisfies Dg(E.,) < D3(E), 6(E,) > @ and the functions u¥ depend continuously
on the parameter z.
Proof. Let us consider the quantities, for any z € SV—1

“+00 1
Mj(x):/ tN"xp(z + tz)dt and M;(x):/ tN g g (2 + ta)dt.
1 0

These two quantities are continuous functions of z € RY and then, defining u* by

uf(z) = (NMS(z)+ 1)V —1land 1 — (1 —ul (2))N =1— (1 — NM (2))~,

z
we know that the latter depend continuously on z € RY and
1+uj’(x) 1
/ tN=tdt = M (x) and tN=ldt = M ().
1

1—uf (z)

Now let us construct F. as declared and let us consider the following sets

Gt = (E\E.)\ B(:) G* = (EL\ B)\ B(:)

G~ = B(z)N(E.\ E) G~ =B(z)N(E\E.)

observing that G* C By,.(z) \ B(z) and G~ C B(z) \ By_-(z) by definition. It is not difficult to check that
|E.| = wy. Indeed, we have

1—u; (2) 1+u; ()
|E| :/ (/ thldH/ tNldt> dHN ()
SN—-1 0 1
1 1+u (x)
:/ <1/ tN*IdtJr/ tNldt> dHN-1
SN-1 1—u, (x) 1

_ /SM (/01 VL1 — xpon (2 + tx))dt
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+oo
/ V-1 RN\E(z+tx)dt>d7{N Y(z)

+<>o
/ / xe(z + te)dtd HY " (z) = | E|.
SN 1

Being |E,| = |E|, then we have |E. \ E| = |E \ E.| and, in particular |GF| = |GF|.
Let us define H, = Gt UG~ and K, = GT UG~ By definition |H | = |K,|. Now let us define the following
transport map from H, to K,. For y € H,, we define ®,(y) = p(y) == + 2z where, if |y — 2| > 1, we have

ly— ZI

ly—z| _ (y) _
/ XEN\E <z N ) tN-1qr = / XB\B! (z+t y—z > V=14
1 : ly — 2| ! : ly — 2|

and if |y — 2| < 1

1 1
/ XB\E (z+t )tN Lqt = / XB\E: (z—l—t y—= ) #N-1qg.
y—== ly — 2] e(y) : ly — 2|

This map is actually simple to describe by words. Both H, and K, are constituted by a part that is inside
the ball B and a part that is outside the ball B. The map ®, actually considers the angular coordinate of y
with respect to the ball B(z) (i.e. its projection on dB(z)) and modify its radius in such a way to send the
part outside B in H, to the one outside B in K, and the same for the inside, while preserving the volume of
the part that is moving. This is actually a generalization of a Knothe-Rosenblatt rearrangement as described
in Section 2 by means of radial and angular components of the sets (hence with respect to the 1-dimensional
Lebesgue measure on R and the N — 1-dimensional Hausdorff measure on S ~1). In particular, ® is an invertible
transport map between H, and K.
Now let us work with the energies of E, and E. We have

Gp(EL) = 65(E) + 65(H., E) + Sg(H., E) — &5(K., E) — 65(K., EL).
Let us split everything with respect to the ball B(z) to achieve

®3(E;) — 65(E) =265(H., B(2)) —265(K., B(2))
+8p(H., E\ B(2)) — 63(K., E\ B(2))
+ ®5(H., EL\ B(2)) — 65(K., EL\ B(2))
+63(K,, B(2) \ EL) — 65(H., B(2) \ E)
+63(K,,B(z) \ F) — ®3(H,,B(2) \ E).

By using equation (5.10) we obtain

B(E) — 65(EL) > 265(K., B(z)) — 265(H., B(2)) — 2055‘/ ly — @(y)|dy,

z

where « is defined in equation (5.11) and C; > 0 depends only on 8 and N.

Now let us also observe that for y € H, it holds == = % However |®,(y) — z| = ¢(y) > |y — z|.

\y Z\ i
Being 1 increasing and C' we have

P(12:(y) — 2)) = (ly = 2[) = cely — -(y)]
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where c. = mingep ¢ 144 %' (t). Integrating this relation over H, we get

5(K-, B(2)) — 65(H., B(2)) > c. / Iy — B2 (y)[dy

z

and then

4(E) — 65(EL) > 2 (co — C107) / ly— ®.(y)[dy. (5.16)

z

Being ¢ continuous near 1, as ¢ — 0 we have that ¢. — 9/(1) > 0, hence we can consider ¢; small enough to
have ¢, > 0 and then . small enough to have c. — C162 > 0 and finally &z(E) > &g(EL).

Let us remark that up to this point we have not used the fact that E does not satisfy equation (1.5). So now
we have to show that one of the properties hold. In particular, let us suppose that §(E.) < §(E)/2. Thus there
exists a ball B’ such that §(E.) = |B'AE.| < @. We claim that F satisfies equation (1.5).

To do this let us first observe that

d(E) < |EAB'| < |EAE.| + |ELAB'| < |EAEL| + §(E)/2
and that

!/
g [BAEL _ o(E)
2 4

Now let us argue by slicing H,. Fix v € S¥~1 and let G, = H N vR be the section of H, in direction v. Let
us split this set in the part interior and exterior to the ball B(z), i.e. G, = G} UG, where G} = G, \ B(z)
and G;, = G, N B(z). Now, let us observe that, by construction, (E., \ B) N vR is the segment (1,1 + u} (v))v.
Thus, by construction, G* NvR is in this segment and G N VR is outside the segment. A similar argument
holds for G~ and G~. Thus, if we set L™ = H'(GF), since the subset of G} made by those points for which

+ +
|D.(y) —y| > LQ" has length at least LTV, we have

/G+ @ (y) — yldH' (y) > (?)2 .

v

Arguing in the same way, we have

and then summing

/G,, D (y) — yldH' (y) > <L2;>2+ (?)2 § %3

where L, = ’HI(GV). Now let us reconstruct the measure of H, in terms of the sections. We have, by Coarea
formula,

|H.| < (1+5)N*1/ L,dHN 1 (v)

gN-1
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<(1+ e)N_lx/NwN\// L2dHN " (v)
SN*I

(142N \/8NwN\//SN / CyldH ) HY L)

1-|—8
\/SNUJN\// — yldy.

(1—6 T

However, we also have |H,| > @, hence

5(E) <alte) \/8NwN\/ / ~ yldy.

(1—5 =)

On the other hand, we have shown in equation (5.16) that

/H 1. (y) — yldy < C(64(E) — B4(EL)) < CDs(E)

where, for ¢ and §. small enough, C is a universal constant. Thus we have, for ¢ small enough,

3(E) < C\/D5(E)

where C' is some universal constant. This completes the proof. O

Now that we have proved this intermediate step, we can use an approximation of the functions u* by a
locally constant function to construct the nearly-spherical set we are searching for.

Proposition 5.12. There exists a positive constant £1, depending only on N and (3, such that for any e € (0,e1),
for any E C RN with |E| = wy, E C Bg, where R is the radius defined in Lemma 5.9, and for any z € RY
such that Bi_.(z) C E C Bi14.(2), one of the two following properties hold:

- E satisfies estimate (1.5) with the constant C defined in Lemma 5.11;

— There exists a set E, that is nearly-spherical around B(z), E, = z + Ey ,,, where Ey ., is defined in (4.1),
u; depends continuously on z, |u:|j«@v-1y) < €, Dp(E.) < 2D5(E) and |EAB(2)| > @. Moreover,
the baricenter Bar(z) of E. depends continuously on z.

Proof. Let us suppose E does not satisfy inequality (1.5) with the constant C defined in Lemma 5.11. Let us
consider the set E’ defined in Lemma 5.11 and u¥ : SV=1 — [0,¢) as before

Being uF non-negative, there exist two locally constant functions uF, close in L>®°(SV~1) to uf as much
as we want, with values u, on a family of finitely many measurable sets U; € S¥—1 such that diam(U;) <

2z,
min{u,,u_,} whenever mln{u u, ;} > 0. Now we define E as
: :

2,17 2,17

El ={z+tx: te 0,1 -u; (z))U(l,1+u](z)), z €SV '},

Note that we can choose uzil in such a way that |E”| = wy and so that uF depends continuously on z.

By Lemma 1.5, we have D(E.) < Ds(FE), hence, since 4F can be chosen uniformly close to uf as we need,
8(E7)
7

we may assume that Dg(E.) < 2904(E). For the same reason we may also assume that §(E7) >
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Now let us construct the nearly spherical set, E To do this, let us work locally on each U;. If min{u:i, uz_l} =

0, then we define, for any w € U, u,(w) = ; if uf; = 0. On the other hand, if min{u}

uz u_;} >0 we can
subdivide U; in two sets L; and R; such that

2,17

HY L) (L~ (L= )Y) = HY T (R)(L+uf ) = 1)

and define u, as u,(w) = xr,ul, — xr,u,; for w € U;. Moreover, since we have chosen uziz in such a way that
4+ depend with continuity on z, also u, is continuous with respect to z.
Finally, let us define FE, as

E.={z4+0+pz:xeSV ™ —1<p<u.(2)}

Note that E, is nearly spherical. Moreover, observe that since u, depends continuously on z, then also Bar(z)
is a continuous function of z.

By construction we have |E,| = wy. Let us first work with the symmetric difference of E, with respect to
the ball B(z). To do this, let us consider the different contributes of E, and E!' outside and inside the ball, as

F=E.\B(z), D=B()\E., F=E/\B(z), D=B(z)\E,

since the behaviour of u, is different depending on the sets U; in which it is defined, it can be useful to consider
the cones K; with vertices in z and such that K; N 9B, = z + U;, and define

F,=FnK;, D;=DnK,;, F,=FnK; D;=DNK;.

By construction of u,, we have —u; < u, < uJ on the whole sphere so in particular F' C Fand D C l~)
In particular, the same inclusions hold for any Fj, FZ, D;, D However, F; is empty if and only if u =0,

which implies also that F is empty. If it is not, then let us distinguish two cases. If u,; = 0, then F F;.
Otherwise, it holds min{u_, Z’Z} > 0, and then we have

Fi=(L; UR;) x (1,1 +ul,).
On the other hand, we have u, = —u_, for x € R; and u, = u , for x € L;, hence
Fy=Li x (1,1 +uf,).

With the same reasoning on D; we obtain:

D - lNDi mm{uz 2,u;i} =0

T\ R x (T —ug ;1) min{u} Uy p >0

while, if min{u] i 1). Hence, if min{u]
|Di| +|Fi| = |Dy| + |-

Now let us consider the case in which min{u;"

Z'L’

uz;} >0, Dy = (L URy) x (1 —uz,,1

Z,1)

u, ;+ =0, then we easily obtain

u_;} > 0. We have

ZZ’

il + [Di = HN L) (A +uf )Y = 1)+ 1Y TR - (1 —ugy)Y)
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while

B+ 1Di] = (ML) + HY T R+ uf )Y = 1) + (1= (1= ug)V)).
From these two relations it is easy to check that

Fi| + |D;
7+ > PP

for any ¢. Finally, summing over i, we obtain

[BIAB()|  8(EY)  3(E)

>

Now let us work with &g(E,). To do this, we need to construct an invertible transport map between F; \ F;
and D; \ D; only for i such that min{u; u;i} > 0, since in the other case we have the equalities F; = F; and

z,17
D; = D;. First let us remark that, by construction, |F; \ F;| = |D; \ D;|. By definition of R; and L;, we have
1-(1—u_ )V
(I4uf )N -1
can construct an invertible transport map between them. In particular, let us construct a Knothe-Rosenblatt
transport map 7; between R; and L; that preserve such norms (thus by disintegration and conditioning). More
precisely, defining

that x g, and XL, admit the same L' norm with respect to the Hausdorff measure HNL, thus we

(PRI - ) W - )V
gi(t) = 1Y (Ly)

we can construct the transport map @; : E \F; — E \ D; as
CI)Z(tI/) = gl(t)Tl(V) Yv € Ri, te (17 1 +’LL;L7,L)

In particular, this is an invertible transport map and the volume distortion caused by the Knothe-Rosenblatt
(1=u_ )N
rearrangement 7; (which preserves instead the L*(#" ') norms of xg, and %XL) is balanced by the

distortion on the interval given by g; (to preserve the volume of the whole set |F; \ Fj| onto |D; \ D).
Moreover, 7;(v) is a transport map on the sphere, so |7;(v)| = 1. Thus we have

ly| — |®s(y)| =t — gi(t) > min{u;,u;,} > diam U;.

On the other hand we have, since g;(t) <1
ly = Pi(y)| < [t = g:(t)| + g:(D)|v — 7 (v)]
< (lyl = [®:)]) + gi ()] = i (v)]
< (lyl = [®i(y)]) + diamU;
< 2(Jy| = |2i(y)])-

We can glue all the ®; to construct a transport map P : F \F — D \ F.
Now we are ready to evaluate the energy of F,. To do this, let us observe that

G4(El) — ©4(E.) =264(B,F\ F) —264(B,D\ D)
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+64(D,D\ D) —&3(D,F\ F)
+64(D,D\ D) —&4(D,F\ F)
+64(F,F\ F)—®3(F,D\ D)
+64(F,F\ F)—®3(F,D\ D).

By equation (5.10) we know that

&3(D,D\ D) —64(D,F\ F)+ 65(D,D\ D) — &4(D,F\ F)
+ ®3(F,F\ F)—&3(F,D\ D)
+ ®3(F,F\ F)— &3(F,D\ D)

> Cy((1+e)N — (1)) / Iy — (y)|dy,
F\F

for some constant C; depending only on 8 and N and « defined in (5.11). On the other hand, denoting by
Ce = Minge(1—c,14¢) ¥’ (t), we have, arguing as in Lemma 5.11,

4(B,F\ F)— 64(B,D\ D) > c. /ﬁ\Fy—cmyndy

hence

Bs(EY) ~ ®5(E2) = (cc ~ Crl(1+2) = (1-2)%)) [

B\

ly — ®(y)|dy.

As € — 0 we have that c. — 1’(1) > 0, hence we can consider ¢ small enough to have c. — Cy((1 +¢)N — (1 —
£)M)* > 0 and finally

®s(EY) — G4(E.) >0,
that implies
Da(B.) < Dp(B") < 204(E).

O

Now we turn to the fourth step of our plan. To do this, we have to show that the function Bar(z) admits a
fixed point. Since this can be done by means of Lemmas 2.14 and 2.15 in [28], we omit the proof.

Lemma 5.13. Under the hypotheses of Proposition 5.12, we can construct the set E, in such a way that
Bar(z) = z.

5.5. Proof of Theorem 1.1
Now we have all the tools we need to prove Theorem 1.1.
Proof of Theorem 1.1. Let us consider €7 as defined in Proposition 5.12 and ¢y as defined in Theorem 4.2.

Fix € € (O,min {51, %‘3,1}) and define §. > 0 as in Lemma 5.10. Now consider Jy as in Lemma 5.9 and fix
w1 € (0,min{d,, dp}). Fix R as in Lemma 5.9 and consider n > 0 as in Lemma 5.8 associated to this p.
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If §(E) > p, then ®g(E) > n and we have

S(E) < 2wy < 2\% D4(E).

Now suppose 0(E) < u. Then, since §(F) < dp, by Lemma 5.9, we can construct a set E C Bp such that
§(E) = 6(E) and SB(E) < KD3(FE) where K depends only on $ and N. Now, by Lemma 5.10, since ¢ < d,
we can construct a set B/ with By_. C E' C By, D3(E') < D(E) < K D3(E) and 6(E') = §(E) = 6(E).

If this set satisfies (1.5) with the constant C defined in Lemma 5.11, we conclude the proof. Otherwise, we
can use Proposition 5.12 (since £ < £1) to construct a nearly-spherical set E” with volume |E”| = wy and
barycentre in the origin (by also using Lemma 5.13 and then translating the set in such a way that z = 0). In

particular, |E"AB| > @ and Dg(E") < 2K Dg(E). Moreover, since € < £, we can write
EB'={zecRN: x=pz, 2€ SV pec(0,1+tu(2)]}

with [Jufly e gn-1) < 1/2 and t € (0,€0). Thus, by Theorem 4.2, we know that there exists a constant C' such

that
|[E"AB| < C\/Ds(F)

concluding the proof. O

Remark 5.14. Comparing the constant C(NN, 3) in Theorem 1.1 with the one in Theorem 4.2 we obtain, by
Remark 4.5, C(N, ) > 8%?”, where Dg is defined in equation (3.11). The latter inequality, together with
Remark 4.5, implies

Cy28p "% - c9.8
INZE T > 1 fC(N N >
Nwp =7 gg%)& C( 75) Nwy — ’

liminf C(N, B)
B—00

where 2 and C are defined in Formula (4.11).

6. THE MINIMIZER OF A MIXED ENERGY WITH A PERIMETER PENALIZATION
Now let us consider the mixed energy functional
E(F) = 63(F) 4+ cPs(E) + Vo (E) (6.1)

for measurable sets £ C RY, where 8 >0, ¢ > 0, a € (0,N), s € (0,1], P, is the fractional perimeter defined
in equation (1.2) for s € (0,1), P, := P is the classical perimeter and V,, is the Riesz potential defined in
equation (1.1). We want to find a minimizer of € under the volume constraint |E| = m. Let us first recall
that Ps (for s € (0,1]) satisfies the following isoperimetric inequality (see [19]), setting |E| = m and for fixed
s €(0,1],

Ps(E) > Ps(B[m]),

while the Riesz potential is maximized by the ball, i.e. for any « € (0, N), by Riesz rearrangement inequality,
it holds

Va(E) < Va(B[m]),
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where B[m)] is the ball of volume m and the equality holds in both inequality if and only if F is a ball. We want
to show that there exists a critical mass mg such that if m > mg, the ball is a minimizer of (6.1) for £ > &,
where €9 may depend on m. Note that if & € (1, N) this result follows from [23] where it is proved that there
exists a critical mass mg such that, if m > mg, then the ball of mass m is a minimizer for the mixed energy
&g +V,. On the other hand, by the result proved in [18] we the note that the ball is a minimizer for s € (0, 1],
a € (0,N), >0 and any € > 0 if the mass is sufficiently small.

However, still in [23], it has been shown that the characteristic function of a ball is not a critical point for
&5 +V, when a € (0,1) for the problem when relaxed on L' functions. Thus, from this observation, by Theorem
4.4 of [7], we can conclude that the ball cannot be a minimizer for &z +V,, for any mass constraint m.

Hence, what we aim to show is that if we add a penalization to the functional &z +V,, with the (possibly
fractional) perimeter, the new penalized functional admits a minimum when the volume constraint m is above
a critical mass mg, and that the ball is actually a minimum over a second critical mass m;.

The first thing we have to show is the actual existence of the minimizer. To do this, let us consider the shape
functional

€n(E) = B3(E) + Vo(E) + £(m)Py(E)

B+s

1
where e(m) = (%) " and let us show that there exists a minimizer for it as m > mj. The same exact proof

will show that there exists a minimizer for €(E) as m > myq if € > e(m).

1+ B+s
Lemma 6.1. Let N > 2, a € (0,N), >0, s € (0,1] and set e(m) = (ﬂ) " Then there exist two positive

wN
constants mgy and Ry depending on «, 3,s, N such that for any m > mg it holds

inf{&,,(E): |E|=m}=inf{ &, (E): |[E|=m, ECB 1 . (6.2)
(©n(B): |B1=m) { E ()NRO}

In particular problem (6.2) admits a minimizer.
Proof. Let us set

v =inf{&,(E): |[E|=m}

and mo > max{wy, 1}. Consider m > mq and let us recall that 5+ N > a. Moreover, let us observe that

We have
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Fix any Borel set E such that |E| = m and €,,(E) < v+ V,(B[m]). Thus we have, by using the isoperimetric
inequalities involving V,, and P,

Ds(E) _ 2 (ﬂ)% Va(B) = Va(E) + £(m)(Ps(B[m]) — P.(E))
&s(B[m]) ~ (m>2+%

1
Now let us consider A = (%) ¥ in such a way that F, = AE satisfies |E,| = wy. Moreover, we can translate

. Ds(E. D4(E
E, so that 0(E,) = |E.AB|. We have, by equations (1.5), (6.4) and the fact that 6‘;((3)) = 613(‘*3([”)1]),

B+N—« 2
|E,\ B| < |E.AB| < C (ZVQ(B)(C:LV) v ) :

for some constant C7 depending only on 5 and N. We can set

wr\ EE 2 _BtN-a
n=C1(2va(B) (2F) —: Cym™ ", (6.5)

2N
where C; depends only on 3, «, N and consider mgy > (% 7Y 0 such a way that for any m > mg it holds

n < £X. By the Truncation Lemma for the fractional perimeter ([18], Lem. 4.5) if s € (0, 1) or for the classical
perimeter ([18], Lem. 5.1) if s = 1, we know there exist two constants C3 and Cy depending on N and s and a
radius r, € [1,1+4 C3n~] such that

E.\ B
P,(E.NB,,) < P,(E,) — M
CyNwnn~
If we define rp = 5= we have
AV|E\ B,
MN=P(ENB,,) <\N=°P,(E) - #ﬁh
C4NLUN77N
that is to say
X*|E\ B,,|
P(ENB,. )< P,E) - —>—"2 6.6
(ENBy,) < PuE) ~ Gt )

Now let us set u = %, p=(1—u)"~ and F = u(ENB,,). It holds, by definition, |F| = m. Let us observe,

in particular, that

_ |E\ By _ |Ei \ By, <
m WN T wN

<1
U —.
-2
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Let us consider any exponent k& > 0. Then, by Lagrange’s theorem and the fact that u < % we obtain

k<14 %2%“% (6.7)
By using (6.7) with k = N — s and (6.6) we have
P,(F) < <1 + NJ\;S2N§‘“+1u> P,(E) — (1 + NA?SzNN"S“u> m (6.8)
Concerning &4(F'), we have, by using (6.7) with k = 2N + 8,
Bs(F) < <1 + QNA;F 622sz+"+1u> ®5(ENB,,) < (1 + Wz”ﬁ“u> Bs(E). (6.9)
Finally, for V,,(F'), we have, still by (6.7) with k = a + N,
Va(F) < (1 + N; O‘2Nz¢"+1u) Vs(ENB,,) < (1 + N; O‘z”;“ﬂu) Vs(E). (6.10)

Combining inequalities (6.8), (6.9) and (6.10) we get
€n(F) < €(B) + Crun(E) —elom) (14 220 w1y ) LA Bl
CyNwnn~

where Cj5 is a constant depending on N, «, 8, s. Being m > wy, inequality (6.3), together with the fact that

En(F) < v+ Vu(B[m]), implies

¢n(E) <2 (m)%g ¢, (B).

WN

|E\B, .| % 1 14 55
Hence, recalling that u = —_"2, A =wim™~, e(m) = (%) and 7 is defined in (6.5) we get

p— 7£ S —
€n(F) < €n(E) + 25|\ Byylm S wy ¥ €, (B) - Com™ ¥+ 57 B\ B, |
_o_ B
= € (E) + |E\ B, |m" Ruwy ™™ (205 &, (B) — Cow? X m

s(B+N—a)
2N2 ) R

where Cj is a suitable constant depending on «, 3, s, N. Choosing

2N2
s(B+N—-«a)

205 ¢, (B)

mo
245
CGLUN

and m > mg, we conclude that
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In particular it holds F' C B,,,, with

L
N

. 1 7[-}+N2—o¢ %
A WN

Moreover, we have, by (6.7) with k =1,
1 1 1 _BiNa m v m v

urg < (1 + N2N) (14 C3Cm, 2N ) () =: Ry ()
WN

where

_B+N—-«a

1 1 L
Ry = (1 + N2N) (14 C5C mg 2N ) (6.11)

depends only on N, a, 3, s. Being also |F| = m, we have that

’y:inf{(‘fm: |[E|=m,ECB

(J;V)}VRO}'

Now let us show that there exists a minimizer. To do this, let us consider a minimizing sequence E;, C B

2~

(&5) Tro

with

This implies in particular

v+1

Py(Ep) < Sm)”

By precompactness in L' of uniformly bounded sequences with respect to the classical perimeter (see [16]), for
s =1, and with respect to the fractional perimeter (see [13]), for s € (0,1), and lower semicontinuity of the
involved shape functionals we conclude the proof. O

Now that we have proved that &, admits a minimizer for m > my, let us show that such minimizer is actually
a ball when m > my (where m is a certain critical mass). To do this, we first need to show that, up to suitable
rescaling, minimizers of &,, are quasi-minimizers of the (possibly fractional) perimeter.

B+s

Lemma 6.2. Let mg be as in Lemma 6.1, m > mg and e(m) = (% " Consider E a minimizer of &,
with |E| = m and such that E C B 1, where Ry is defined in Formula (6.11). Then the set E, = AE such

_m N p

(WN ) 0

that |E.| = wy is a A-quasi minimizer of Ps for some constant A depending on B, «, s, i.e. for any measurable
set F with E,AF CC Bg(z) for some x € RN and R € (0,1) it holds

Py(E,) < Py(F) + A|E,AF). (6.12)
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1
Proof. By |E,| = wy we know that A\ = (WWN) N <1, since m > mgy > wpy, see the proof of Lemma 6.1, and
e(m) = A"N=8=3. Being E a minimizer of &,, under the volume constraint |E| = m, we get

€, (E) < €, (B[m]) = X2V P &5(B) + ANV (B) + AV Te(m)Py(B)
that implies

e(m)Py(E) < A7V 7F(85(B) — B4(Ex)) + A~ (Va(B) = Va(B.)) + A~V oe(m) Py(B)
<A NTV(B) + ANV Ee(m) Py(B),

where we also used the isoperimetric inequality on & 3. Multiplying last relation by A2V +8 we have
Py(E,) < ANt~V (B) + Py(B) < V. (B) + Ps(B).

Now let us consider any measurable set ' C RY with E,AF CC Bg(z) for some R < 1. If P,(F) > P,(E,)
equation (6.12) is already verified. Thus, let us assume Ps(F') < P;(E.). Then we have, from the fractional (or
classical if s = 1) isoperimetric inequality

N

i (i) < (5) < (05E) e

Let us first consider the case [F| < “¥. Then |FAE,| > “¥ and we can find A big enough and independent of
m in such a way to obtain

AON L ATTOVa(B)

N > =(m) + Ps(B). (6.13)

Indeed we have

being A < 1, hence

2(Va(B) + Pi(B))

WN

A>

satisfies inequality (6.13). In this case equation (6.12) follows.

Assume now |F| > “X and recall that E,AF CC B(z) for some z € RY. Since E, C Bg, if B(x) N Bry4+1 =
(0, then E,AF is separated from FE,. If s = 1, this implies P(F) > P(F,), which is a contradiction with the
assumption P(F) < P(E,). Moreover, if s < 1, we have, by definition of fractional perimeter,

2(1 —
PP = B + PFAR) = 202 [ [ ey sy,
WN-1 JFAE, JE,

Concerning the last integral, since E, C Bg,, FAE, CC B;(z) for some z € RN and B;(z) N Bg,+1 = 0, it
holds |z —y| > 1 for any z € E, and y € FAFE,. Hence, we get

[ o= u N andy <wnipar,
FAE, «
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and then

2(1—s)wN|FAE |

WN-1

Ps(E.) < Ps(Fy) +

thus equation (6.12) holds for A > 20=s)wn

WN -1

2l

On the other hand, if By () N Bry1 # 0, then F C Bp,+5. Now let us define 1 = (%l) . in such a way

that |uF| = m. Being E a minimizer of &,,, we have

E(m)PL(E) < e(m)u = Py(F) + pN Vo (F) = Va(B) 4+ 520 &4(F) — ©5(E)
— elm)uN " PUF) + N (Va(F) = Va(B.)) + ()N — DVa(B)
PN (O4(F) — B5(E.)) + ()N 7 — 1) 84(E).

Multiplying last inequality by A2V*+# and using the fact that A < 1, we get

Py(E,) < Py(F)

(WY~ DP.(F)
OV (F) = Va(BL)
()N — 1)Va(E.) (6149
)N (&5(F) — 64(E.)

(

()47 —1) G5 (E).

+ o+ +

First of all, observe that |F N E,| < |Ei| = wy and |F'\ E«| < |Bi(z)] = wy, hence |F| < 2wy and then
—wy <wy — |F| < |E.AF|. Thus, in particular, —% < ‘*’NT‘IFl < 1. Moreover |F| > =, thus we get, for any
v>N,

—|F\ ¥ 3 —|F
(Ap)? = (1+MN|F|||> <14 (2% —1) ‘WNH’
v 1
<1422~ —1)—|E.AF]|.
WN
This leads to the following estimates

o 1
()Nt -1 <22 F - 1>—|E*AF|,

)2V —1 < 2(22+N - 1) |E AF|,

that are respectively used to obtain an upper bound on the fourth and sixth summand of (6.14), together with
the fact that V,(E,) < Vo (B) and 64(E,) < 28RITN w2

On the other hand, we can use Bernoulli’s inequality to achieve
s |ELAF|

WN

OYOR

)

that is used to obtain an upper bound on the second summand of (6.14).
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Concerning the third summand of (6.14), we use equation 2.11 of [33] (see [18], Eq. 5.9 for a more precise
statement involving the perimeter), obtaining

Vo(F) — Va(E,) < C1|E.AF], (6.15)

where (' is a constant depending on N and «. Concerning the fifth summand, recall that F' C Br,4+3, where
R =Ry + 3 and E, C Bg,, so that it holds F'U E, C Bg,+3. Thus we have

Gp5(F) — Gp(Ey) = Bs(F, F\ Ey) + &g(F, F N E, ) B5(Es)
< Gp(F F\ Ey) + Bp(F, Ey) — G5(E.)
= O4(F, F\ B,) + ®s(F\ By, E,) + &4(F N E,, E,) — 4(E,)
< ®4(F,F\ E,) + 64(F \ E., E,)

// |z —y |ﬁdxdy—|—/ / |z — y|Pdzdy (6.16)
F\E. F\E.

< |F||IF \ E.|(2(Ro +3))° 4+ wn|F\ E.|(2(Ro + 3))°
< 2%(Ro+3)°((Ro + 3)N + L)wn|F \ E.|
< Cy|E.AF|,

where Co := 2°(Ry + 3)%((Ro + 3)Y + 1)wx > 0 is a constant depending on N, 3, a, s. Hence, we conclude, by
using all the upper bounds we obtained, that there exists a constant C3 > 0 depending on N, 3, «, s such that

thus equation (6.12) is verified by taking A > Cj3. Finally, if we take

)

A>max{2(V0‘(B)+PS(B)) 2(1 — s)wy C}
B WN WN_1 s “3

we conclude the proof. O

Now that we have shown that minimizers of €,, are quasi-minimizers of the perimeter (up to a rescaling),
we can use this property to improve the regularity of the minimizers of &, and finally prove Theorem 1.2.

Proof of Theorem 1.2. In this proof, given E of finite measure,
3(E) = min {|EAB,(2)]; = € RN, |B,| = |E|}.

First of all, let us observe that if the ball B[m] is the minimizer of &,, then, by the isoperimetric inequality, it
is obviously the minimizer of € for any € > £(m). Thus, let us work directly with &,,.
Let us argue by contradiction. Let us suppose there exists a sequence my, > mq such that mj, — +ooc and Ej
are minimizers of &,,, for which §(Ep) > 0 for all h € N. By Lemma 6.1 we can assume Ej, C B(Mh)% for
mp Ro
“N
any h € N. Being Ej minimizers of the &,,, , we have

P.(Ey) ~ P(Blmy) _ 2 () 7 Va(B) ~ ValB1) + (Go(Blmi]) — GalE))
P(Blmal)
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By the sharp quantitative isoperimetric inequality for the fractional perimeter (see [18], Thm. 1.1) when s €
(0,1), or for the classical perimeter (see [27] for a survey) when s = 1, we also have

~ 2
PL(Ew) ~ Pu(Blma)) _ , (3(Ew)
P, (Blma)) ZC(wh>

where the constant C' depends only on s and N. Thus, sending h — +o0o and observing that 3+ N — a > 0,
we have 5‘(5:1') — 0. Being all the quantities involved translation-invariant and scaling-invariant, we may assume

3(Bn) _ 8(Bn.) _ |En-AB|
[En] —  wn wN

Since Ej . C Bpg, for all h and Ps(E} .) are equibounded, by precompactness of the perimeter, up to a not
relabelled subsequence, we may assume that Ej, . — E with |E| = wy. Moreover, since §(E}, ) — 0 we have
that £ = By. Then, since Ej, , are A-quasi minimizers of P, by Lemma 6.2, by a well known regularity result
(see [18], Cor. 3.6 for s € (0,1) and [12], Props. 2.1 and 2.2 for s = 1) we have that for h large E} . is an open
set of class C! and that Ej, . — B; in C!. This means in particular that, for h large, Ej, . are nearly-spherical
sets B := E1 4, asin (4.1) with u, € C1(SV~1) such that limj_q [unllcrgn-1y = 0.

Now let us denote

, where Ej, , is given by A\, E}, in such a way that |Ej, .| = wn.

2 = (1-s) Y12 N1 N-1
[[ T /BB/BB |{E— |N+25 1dH ( )dH (y)

WN -1

and set, for any function u € Wh(SN=1) [[u]}? := ||VTu||iz(SN,1). By Theorem 2.1 of [18] for s € (0,1) and
Theorem 1.2 of [26] for s = 1, we know that

Py(Ey.) - P(B)
P.(B)

> C((fun]) e + llunlfecsy-1)) (6.17)

for some positive constant C' > 0.
On the other hand, we have, by minimality of Ej, and the fact that &g(B[my]) — Gg(Ep) <0

5(mh)(Ps(Eh) - Pb(B[mh])) < Vu(B[mh]) - Va(Eh)
and then,

Ps(En,») = Ps(B) _ Ps(En) — Ps(B[ma])
P(B) Ps(B[ma])
Va(B[mn]) — Va(En) (6.18)
e(mn) Ps(B[ma])

< Omy PN (Vo (B) = Va(En))

for some positive constant C' > 0.
Now, by Lemma 5.3 of [18] we have

Va(B) = Va(Bns) < C([[un]liza + llunlZasn-1)).
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Let us observe that, for s € (0, 1), it holds

a 2
[un))ia = H /SN 1/SN 1 |x_y|N( i' AHN " (@)d HY " (y)

1+a colul@) —u@)® ona v
_ « sid d
/SN 1 /SN 1 y| ‘x _ y‘N+s H (Z‘) H (y)

1+a

< o2 funl e

For s = 1 we have to use a different argument that we briefly discuss here. Precisely, if we consider the operator
I, such that for any v € C*(SN~1) it holds

fau(m):2/s 711(37)— u( )dHN L),

No1 [T =y

we can rewrite
2 .= u(x Nau T N=ig).
[[u]]ilf'l _/SN*1 ( )I ( )dH ( )

Now fix uyp, denote by Xk « the eigenvalues of fm such that for each £ > 0 and Y € Sy it holds fa [Yi](z) =
)\k oYy, and set, for each Sy, an orthonormal basis Vi, = {Ys, j}]<d . We have

+oo d(k)

=D > anwYe (@)

k=0 j=1
and then

+oo d(k)

e =20 Mty

k=0 j=1

The explicit form of )\k o is provided, for instance, in equations (7.4) to (7.6) of [18]. Let us recall from equation
(7.17) of [18] that )\Q o =0 and )\k+1 o > )\k o- On the other hand, from equation (7.11) of [18], we have

+o00 d(k)

_ 1.2
*E E /\kah,k,ja

k=0 j=1

where A} = k(k + N — 2). In particular, it holds limg_, 4o J\—l
k,r:v
Ay = Ao,a = 0. Thus, there exists a constant C' > 0 depending only on N and « such that )\k,a < C)x,lc, leading

to

oo d(k) oo d(k

[[un 21a ZZAkaahkj<CZZ/\kahkj: [h]]

k=0 j=1 k=0 j=1



52 G. ASCIONE

In general, we conclude, for any s € (0, 1], that
Va(B) = Va(Bns) < C([lun]lise + llunlZasn-1)).

and then

Ps (Eh,*) - PS(B)
Py(B)

< Omy "N ([[un] s + unllge(sv-ry)- (6.19)

Thus, from (6.17) and (6.19) we get the following inequality
0<C< mz_ﬂ N

where C' is a suitable constant. Sending h — 400 we get a contradiction.
Hence we know that there exists m; such that for any m > m; the minimizer must satisfy §(E) = 0, i.e. it
is equivalent to a ball. O

Acknowledgements. The author would like to thank Prof. Nicola Fusco for his fundamental support. Moreover, he would
like to thank Prof. Rupert Frank and the anonymous referee for their useful comments that really helped improving the

paper.

REFERENCES

[1] L. Ambrosio, Lecture notes on optimal transport problems, in Mathematical Aspects of Evolving Interfaces. Springer (2003)
1-52.
[2] P. Billingsley, Convergence of Probability Measures. John Wiley & Sons (2013).
[3] M. Bonacini and R. Cristoferi, Local and global minimality results for a nonlocal isoperimetric problem on RY. STAM J. Math.
Anal. 46 (2014) 2310-2349.
[4] T.J.I. Bromwich, An Introduction to the Theory of Infinite Series. Vol. 335. Merchant Books (1908).
[5] A. Burchard, Cases of equality in the Riesz rearrangement inequality. Ann. Math. (1996) 499-527.
[6] A. Burchard and G.R. Chambers, Geometric stability of the Coulomb energy. Calc. Variat. Partial Differ. Equ. 54 (2015)
3241-3250.
[7] A. Burchard, R. Choksi and I. Topaloglu, Nonlocal shape optimization via interactions of attractive and repulsive potentials.
Indiana Univ. Math. J. 67 (2018) 375-395.
[8] R. Choksi, R.C. Fetecau and I. Topaloglu, On minimizers of interaction functionals with competing attractive and repulsive
potentials, vol. 32 of Annales de UInstitut Henri Poincare (C) Non Linear Analysis. Elsevier (2015) 1283-1305.
[9] R. Choksi, C.B. Muratov and I. Topaloglu, An old problem resurfaces nonlocally: Gamow’s liquid drops inspire today’s research
and applications. Notic. AMS 64 (2017) 1275-1283.
[10] R. Choksi and M.A. Peletier, Small volume-fraction limit of the diblock copolymer problem: II. Diffuse-interface functional.
SIAM J. Math. Anal. 43 (2011) 739-763.
[11] M. Christ, A sharpened Riesz-Sobolev inequality. Preprint arXiv:1706.02007 (2017).
[12] M. Cicalese and G.P. Leonardi, A selection principle for the sharp quantitative isoperimetric inequality. Arch. Ratl. Mech.
Anal. 206 (2012) 617-643.
[13] M. Cozzi and A. Figalli, Regularity theory for local and nonlocal minimal surfaces: an overview, in Nonlocal and Nonlinear
Diffusions and Interactions: New Methods and Directions. Springer (2017) 117-158.
[14] C. Dellacherie and P.-A. Meyer, Probabilities and potential. Bull. Am. Math. Soc. 2 (1980) 510-514.
[15] R. Estrada, The Funk-Hecke formula, harmonic polynomials, and derivatives of radial distributions. Boletim da Sociedade
Paranaense de Matemdtica 37 (2017) 143-157.
[16] L.C. Evans and R.F. Gariepy, Measure Theory and Fine Properties of Functions. CRC Press (2015).
[17] F. Ferrari, Weyl and Marchaud derivatives: a forgotten history. Mathematics 6 (2018) 6.
[18] A. Figalli, N. Fusco, F. Maggi, V. Millot and M. Morini, Isoperimetry and stability properties of balls with respect to nonlocal
energies. Commun. Math. Phys. 336 (2015) 441-507.
[19] R. Frank, E. Lieb and R. Seiringer, Hardy-Lieb-Thirring inequalities for fractional Schrodinger operators. J. Am. Math. Soc.
21 (2008) 925-950.
[20] R.L. Frank, R. Killip and P.T. Nam, Nonexistence of large nuclei in the liquid drop model. Lett. Math. Phys. 106 (2016)
1033-1036.


https://arxiv.org/abs/1706.02007

STABILITY OF A RIESZ-TYPE INEQUALITY 53

[21] R.L. Frank and E.H. Lieb, A compactness lemma and its application to the existence of minimizers for the liquid drop model.
SIAM J. Math. Anal. 47 (2015) 4436-4450.

[22] R.L. Frank and E.H. Lieb, A note on a theorem of M. Christ. Preprint arXiv:1909.04598 (2019).

[23] R.L. Frank and E.H. Lieb, Proof of spherical flocking based on quantitative rearrangement inequalities. Preprint
arXiv:1909.04595 (2019).

[24] R.L. Frank and P.T. Nam, Existence and nonexistence in the liquid drop model. Calc. Variat. Partial Differ. Equ. 60 (2021).

[25] R.L. Frank, P.T. Nam and H. Van Den Bosch, The ionization conjecture in Thomas-Fermi-Dirac-von Weizsécker theory.
Commun. Pure Appl. Math. 71 (2018) 577-614.

[26] B. Fuglede, Stability in the isoperimetric problem for convex or nearly spherical domains in R™. Trans. Am. Math. Soc. 314
(1989) 619-638.

[27] N. Fusco, The quantitative isoperimetric inequality and related topics. Bull. Math. Sci. 5 (2015) 517-607.

[28] N. Fusco and A. Pratelli, Sharp stability for the Riesz potential. ESAIM: COCV 26 (2020) 113.

[29] G. Gamow, Mass defect curve and nuclear constitution. Proc. Royal Soc. London A 126 (1930) 632-644.

[30] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products. Academic Press (2014).

[31] V. Julin, Isoperimetric problem with a Coulomb repulsive term. Indiana Univ. Math. J. (2014) 77-89.

[32] H. Kniipfer and C.B. Muratov, On an isoperimetric problem with a competing nonlocal term I: the planar case. Commun.
Pure Appl. Math. 66 (2013) 1129-1162.

[33] H. Kniipfer and C.B. Muratov, On an isoperimetric problem with a competing nonlocal term II: the general case. Commun.
Pure Appl. Math. 67 (2014) 1974-1994.

[34] D.A. La Manna, An isoperimetric problem with a Coulombic repulsion and attractive term. ESAIM: COCV 25 (2019) 14.

[35] P.-L. Lions, The concentration-compactness principle in the Calculus of Variations. The locally compact case. Part 1. Ann.
UInstitut Henri Poincaré (C) Non Linear Analysis 1 (1984) 109-145.

[36] J. Lu and F. Otto, Nonexistence of a minimizer for Thomas-Fermi-Dirac-von Weizsicker model. Commun. Pure Appl. Math.
67 (2014) 1605-1617.

[37] J. Lu and F. Otto, An isoperimetric problem with Coulomb repulsion and attraction to a background nucleus. Preprint
arXiv:1508.07172 (2015).

[38] R.E. Pfiefer, Maximum and minimum sets for some geometric mean values. J. Theor. Probab. 3 (1990) 169-179.

[39] L. Pick, A. Kufner, O. John and S. Fucik, Function Spaces, 1. Walter de Gruyter (2012).

[40] F. Riesz, Sur une inegalite integarale. J. London Math. Soc. 1 (1930) 162-168.

[41] B. Rubin, The inversion of fractional integrals on a sphere. Israel J. Math. 79 (1992) 47-81.

[42] B. Rubin, Vol. 160 of Introduction to Radon transforms. Cambridge University Press (2015).

[43] S. Samko, Hypersingular Integrals and Their Applications. CRC Press (2001).

[44] L.J. Slater, Generalized Hypergeometric Functions. Cambridge Univ. Press (1966).

[45] F.G. Tricomi, A. Erdélyi et al., The asymptotic expansion of a ratio of gamma functions. Pacific J. Math. 1 (1951) 133-142.

[46] C. Villani, Vol. 338 of Optimal Transport: Old and New. Springer Science & Business Media (2008).

Subscribe to Open (S20)

A fair and sustainable open access model

This journal is currently published in open access under a Subscribe-to-Open model (S20). S20 is a transformative
model that aims to move subscription journals to open access. Open access is the free, immediate, online availability
of research articles combined with the rights to use these articles fully in the digital environment. We are thankful to
our subscribers and sponsors for making it possible to publish this journal in open access, free of charge for authors.

Please help to maintain this journal in open access!

Check that your library subscribes to the journal, or make a personal donation to the S20 programme, by contacting
subscribers@edpsciences.org

More information, including a list of sponsors and a financial transparency report, available at:
https://www.edpsciences.org/en/maths-s20-programme



https://arxiv.org/abs/1909.04598
https://arxiv.org/abs/1909.04595
https://arxiv.org/abs/1508.07172
mailto:subscribers@edpsciences.org
https://www.edpsciences.org/en/maths-s2o-programme

	A spherical rearrangement proof of the stability of a Riesz-type inequality and an application to an isoperimetric type problem
	1 Introduction
	2 Preliminaries and notations on transport maps
	3 The fractional integral on the sphere and its eigenvalues
	3.1 A Marchaud-type fractional integral on the sphere

	4 A Fuglede-type result for `39`42`"613A``45`47`"603AG
	5 Reducing to a nearly-spherical set
	5.1 Estimates on `39`42`"613A``45`47`"603AG
	5.2 The functional `39`42`"613A``45`47`"603AG and the weak* convergence in L
	5.3 The big asymmetry case
	5.4 Construction of the nearly-spherical set
	5.5 Proof of Theorem 1.1

	6 The minimizer of a mixed energy with a perimeter penalization

	References

