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LOWER SEMI-CONTINUITY FOR A-QUASICONVEX
FUNCTIONALS UNDER CONVEX RESTRICTIONS

JACK SKIPPER AND EMIL WIEDEMANN®

Abstract. We show weak lower semi-continuity of functionals assuming the new notion of a “convexly
constrained” A-quasiconvex integrand. We assume .A-quasiconvexity only for functions defined on a set
K which is convex. Assuming this and sufficient integrability of the sequence we show that the functional
is still (sequentially) weakly lower semi-continuous along weakly convergent “convexly constrained” A-

free sequences. In a motivating example, the integrand is — det =T and the convex constraint is positive
semi-definiteness of a matrix field.
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1. INTRODUCTION

We will study (sequential) weak lower semi-continuity criteria for functionals of the form

ul—>/@f(u(m))dx

with respect to weakly converging sequences u,, — u in LP. With appropriate growth bounds for f, for instance
|f(v)] < C(1+ |v|P), we ask for which integrands f we have this lower semi-continuity property.

If one considers all sequences in LP then we need f to be convex. When we restrict the space of functions
further then one can weaken the requirements on f. It was shown by Morrey [13] that, considering only sequences
of gradients, it suffices to require f to be quasiconvex, that is,

1
10 < /Q ¢+ Vuo(e)) da

for all ¢ and all smooth w with compact support on a cube ). One can view this as a Jensen-type inequality
but for gradients only. On a cube, a function is a gradient if and only if its curl is zero and thus we obtain an
equivalent condition by considering weakly converging sequences in LP that are curl-free, i.e. curlu = 0, and
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thus assume that f satisfies
1
— d
1O < g L #C+ ut)a

for all ¢ and all smooth curl-free v with compact support on a cube Q.

In order to study other physical systems we can generalise these methods to study A-free systems with
A a linear, homogeneous, differential operator with constant coefficients and, in most cases, constant rank.
The A-free approach was introduced in the work of Murat [14] and Tartar [22, 23] studying compensated
compactness, and has applications in elasticity, plasticity, elasto-plasticity, electromagnetism etc. Dacorogna
[3] then established the corresponding notion of .A-quasiconvexity and showed it to be sufficient for lower
semicontinuity, and a variant of this quasiconvexity condition was later shown by Fonseca and Miiller [8] to be
sufficient and necessary for lower semicontinuity.

We say that B is a potential operator for the A-free system if B is a linear homogeneous differential operator
with constant coefficients, defined on the set of smooth periodic functions of zero mean into some R”, such that
im B = ker A. We know, for instance, that the gradient is the potential operator for curl-free systems. With the
recent work of Réita [15] one can derive potentials in the general A-free setting assuming A has constant rank.
However, on general bounded domains and for general linear constraints, it is not the case that for every A-free
u there exists a potential ® such that B® = w. This unfortunately restricts the results of this paper to the torus
(but see Rem. 2.11).

Anyway, using these potentials, one establishes a new definition for A-quasiconvexity of the form

FO < [ F(+BR) do

for all ¢ and ® € C°°(T?; R¥) where T¢ = R?/Z is the d-dimensional torus with unit volume. We will go into
more detail later as we will use and develop the tools in [15] for our own situation.

Many physical models fall into the constant rank A-free framework, but with a codomain restricted to a
convex set. There are examples from compressible fluids studying the Euler, the Euler-Fourier, and relativistic
Euler equations, models for rarefied gases (Boltzmann, discrete kinetic models, BGK), and other models for
electromagnetic fields in a vacuum and the mass-momentum tensor in the Schrédinger equation (see [16], Sect. 3).
In these cases it makes sense to consider the problem of A-quasiconvexity and (sequential) lower-semicontinuity
only for physically relevant values inside such a convex set. Let K C RY be a convex set with non-empty interior
(i.e. of full dimension), then we define K-.A-quasiconvexity and K-A-free sequences, in analogy to the standard
definitions, by adding the constraint that U € K for almost every x € T¢. We will define these terms more
rigorously later on. We can now state our main result of this paper.

Theorem 1.1 (Main Theorem). Let A be a homogeneous linear differential operator of constant rank and
K C RN a convex set with non-empty interior. Further let p > d and f : K — R be continuous and satisfy the
growth bound |f(z)| < C(1+ |z|") for some C >0 and some r < p. Then

liminf | f(U,)dx > f(U)dz
Td

n—oo Td

for every sequence (Uy,) € LP(T4RN) of K-A-free maps on Q that converges weakly in LP to U € LP(T%; RY)
if and only if f is K-A-quasiconvex.

Note that there are interesting cases where the constraint does not define a convex set: for instance, imposing
local non-interpenetration of matter in nonlinar elasticity, one assumes that det Vu > 0 almost everywhere.
This restriction models the assumption that under a deformation the matter will not change orientation or be
compressed to a point, see [1, 10] for more details.
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One potential use for these techniques would be in the area of convex integration. In [5] as in other examples
one has a functional used to control the sequence of sub-solutions and a convex set of values which each
sub-solution can take. In [5] lower semi-continuity is shown directly for the relevant functional.

1.1. Divergence-free positive tensors

One motivational result inspiring this paper has been [16]. For dimension d > 2 and the function F'(A4) =
(det A)ﬁ7 D. Serre studied the specific functional [, F(U(x)) dz, where Q is either a bounded convex domain

or the torus, and U : Q — R¥¢ a matrix field whose values are positive semi-definite. More specifically, he
considered symmetric, divergence-free, positive semi-definite tensors defined as follows:

Definition 1.2. Let © be an open subset of R?, then a DPT is defined as a locally integrable, divergence-free,
positive symmetric tensor x + U(x), that is, U € L} .(; RdXd) with the properties that

loc
U(z) € Sym} :={AcR™?: A=A A>0}

almost everywhere and divU = 0 (row-wise) in the sense of distributions.
For this functional on the torus a specific result of Serre was the following.

Theorem 1.3. Let the DPT x + U(x) be periodic over T%, with U € L*(T4;R¥*4). Then F(U) € L*(T%) and

there holds
/Td PU() de < F </T U(z) da:) .

This can be used to obtain a gain of integrability and can be applied to compressible fluid models to improve
the a priori estimates. These methods have been used recently in many cases, see [17-20].

For this specific F' and U, further questions were raised. In [16], Serre asks whether or not this estimate could
be improved to work for general LP. Specifically, he asks the following:

Problem 1.4. Let U € LP(T%; Sym}) and divU € LP(T%) with 1 < p < d. Defining % = is it true that

1_1
p 4’

det(U)7 € LY (T%)?

In [7] it is shown that there are counterexamples disproving this statement and thus that there exist many
Uin LP for 1 < p < 5% such that (det U)ﬁ € L'\ L' for all € > 0.
Another question, closely related to the results in this paper, is whether and for what U € LP this functional

is weakly upper semi-continuous. In the recent work [6], the space
X, :={A € L?(T% Sym}): divA € M(T%RY)}

is defined together with a weak topology such that Ay — A in X, if Ay — A weakly in L? and div Ay, AdivA
in the sense of measures. Then, the following is proved in [6]:

Theorem 1.5. Let p > d%il and {Uy}r C X, be such that Uy, — U in X,. Then we have

limsup/ (det Uk(oc))ﬁ do < / (det U(x))ﬁ dx.
k Td Td

Further, for the case of p = fiv explicit counterexamples are provided. This completes the picture of upper
semi-continuity for this specific functional and U a DPT.
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We see that if we let A = div, then this is a form of .A-quasiconcavity but on a restricted set for U, which
also has to be symmetric and positive definite. Thus, under strengthening of the assumption on the divergence
to div U,, = 0, this is a specific case of our problem we have set in this paper. In such a case, we can generate
a potential for symmetric divergence-free matrices where for the potential ® we have ||®||y1.» < C||U||L» for a
suitable integer [. Thus we can apply our general theory to the specific case above and obtain results (although
by our current techniques we need to require p > d, which is sharp for d = 2).

In Section 2 we will introduce notation and definitions so that we can state our main result (Thm. 2.5).
We will introduce Young measures and show that our main theorem can be reduced to showing that there
exists appropriate sequences of functions that generate homogeneous Young measures, similarly to the methods
of Fonseca and Miiller in [8]. We will introduce potential operators and potentials and justify an ellipticity
bound to gain Sobolev control for all the derivatives (Thm. 2.10). Finally, in Section 3 we prove the main result
by constructing the sequences of functions that generate the homogeneous Young measures we need. In the
Appendix A we calculate a specific example of a Raita potential and provide a different proof for deriving the
ellipticity control for the potential and that may be considered of independent interest and could be especially
relevant to problems involving domains with a boundary.

2. PRELIMINARIES

We want to show lower semi-continuity of the functional
10) = [ () da
T

from A-quasiconvexity of f. Here, U : T — RN and f: RY — R. By A we mean a k-homogeneous, linear,
differential operator A : C°°(T%; RY) — C°°(T4; R™),

A=) A%a,

|| =k

where A € Lin(RY,R™). Here, we sum over all d-dimensional multi-indices « such that |a| = k. We define the
associated Fourier symbol map

Algl =) A

|a|=k

for £ € R?. Here A is assumed to satisfy the constant rank property, i.e. there exists an r € N such that
Rank A[¢] = r for all £ € R?\ {0}.

We will have extra convex restrictions on the set of values our functions can take. The usual form of A-
quasiconvexity as stated in [8] reads as follows:

Definition 2.1. A function f : RY — R is said to be A-quasiconvex if
1@ < [ 1Cu) e

for all ¢ € RN and for all w € C*°(T%R") such that Aw =0 and [, w(z)dz = 0.

(Recall that the torus has unit volume.) Let K be a (not necessarily bounded) convex subset of RY with
non-empty interior (i.e. a convex set of full dimension, so to speak). We can add K into the definitions of
A-quasi convexity to obtain a convexly restricted form. For this, we assume there exists a potential operator
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for A, i.e. a linear homogeneous differential operator B of order I, defined on smooth periodic functions of zero
mean, with im B = ker A. Owing to [15], this will be the case if and only if A is of constant rank.

Definition 2.2. A function f: K — R is K-A-quasi convex if
Q< [ 1+ U@)ar (2.1)

for all U € C*(T%R") with [, U(z)dz = 0 and { +U(z) € K for almost every z and AU = 0, or, equivalently,
if

FO < [ F(C+Bo) de

for all ® € C>°(T%; R¥) with ¢ + B®(z) € K for almost every .

Remark 2.3. As in [8] Remark 3.3 (ii), if f is upper semi-continuous and locally bounded above and f(V) <
C(14|VP) for all V € K for some C > 0, then one can replace C* by L? in (2.1).

We see that this is the same definition with potentials as in [15] except we have asked for the restriction to
the set K.

Definition 2.4. We will define a function U € L} (T4 RY) to be K-A-free if U(z) € K for almost every z

loc

and U is weakly A-free, that is, AU = 0 in the sense of distributions.

Here we want to prove lower semi-continuity of an f that is K-.4-quasiconvex for weakly converging sequences
of functions U,, which are K-A-free.

Theorem 2.5 (Main Theorem). Let p > d and f : K — R be continuous and satisfy the growth bound |f(z)| <
C(1+ |2|") for some C > 0 and some r < p. Then

liminf [ f(U,)dz> [ f(U)dz
Td

n—oo Td

for every sequence (U,) € LP(T% RN) of K-A-free maps on  that converges weakly in LP to U € LP(T? RY)
if and only if f is K-A-quasiconvex.

Remark 2.6. Consider a Carathéodory integrand with explicit dependence on the domain, i.e., f : T x K — R
measurable in the first and continuous in the second variable. Under our previous assumptions on the second
variable one can even treat such integrands.

We will be using Young measures (parametrised probability measures) v, for € T¢. These are useful objects
that hold more information about the limit of weakly converging sequences of functions and a natural tool when
discussing lower semicontinuity. We will state a version of the fundamental theorem of Young measures which
demonstrates this link. Below is a modified version of the theorem by Fonseca and Miller in [8], see also [15].

Theorem 2.7 (Fundamental Theorem on Young Measures). Let Q C R? be a measurable set of finite measure
and let {z,} be a sequence of measurable functions Q — RN such that the sequence does not lose mass at infinity,

i.e., limpryoo sup,, |{|zn] > M}| = 0. Then there exist a subsequence (not relabelled) and a weakly*-measurable
mapt v : Q — P(RY) such that the following hold:

1. let D C RY be a compact subset, then supp v, C D for almost every x € Q if and only if dist(z,, D) — 0
M Mmeasure;

TThis means that = — Jan f(2)dvz(z) is measurable for every f € Co(RY).
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2. if f: QxRN = R is a normal integrand (Borel measurable in the first and lower semicontinuous in the
second variable), bounded from below, then

liminf/Qf(x,ZMm))de /Qf(x)d:c where  f(z) := (va, f(z,")) = f(z,y) dvg(y);

n—oo RN

3. If f is Carathéodory (f and —f are normal integrands), then

lim | f(x,z,(x))de = /Qf(x) dz < o0

n—oo Q

if {f(-,20(-))} is equi-integrable. In this case f(-,z,(-)) — f in L1(9).

Here v, is the Young measure generated by the sequence {z,}. The Young measure is homogeneous if there is
a Radon measure v € M(RY) such that v, = v for almost every = € Q. The growth bound |f(z)| < C(1+ |z|")
for C > 0, r < p is assumed so that {f(z,)} is equi-integrable. If {z,} is bounded in LP, f is continuous and
we assume the growth bound then f(z,) — f in L+, If {zn} is equi-integrable, then letting f = id we see that
zp — Z in L' (Q) where z(z) := (v,,id).

Theorem 2.8. Let p > d and {U,} be a weakly converging sequence in LP(T4;RYN) that is K-A-free and
generates the Young measure v = {v, },cra. Then for almost every a € T¢ there exists a sequence U, : T — RN
that is K-A-free, has mean (v,,1id), and generates the homogeneous Young measure v,.

Lemma 2.9. To prove the sufficiency part of Theorem 2.5 it is enough to show Theorem 2.8.

Proof. Let U, be a sequence that is K-A-free, converges weakly in LP to U, and generates the Young measure
V. Let a € T be such that the conclusion of Theorem 2.8 holds at a. From Theorem 2.8 there exists a weakly
converging sequence U, that is K- A-free and generates the homogeneous Young measure v,. As {U, } is bounded

in LP and f grows slower than the p-th power, the sequence {f(U,)} is equi-integrable, so we may apply the
Fundamental Theorem 2.7(3) to find that

o) = [ ey de = lim [ 50,

n—oo Td

> Tim £ (U(@)) = ((varid)).

Here we used the homogeneity of the Young measure for the first equality, the properties of f to see that {f(U,)}
is equi-integrable and Theorem 2.7 part (3) for the second equality, and finally Definition 2.2 and the remark
thereafter for the middle inequality. Thus, we see that (v, f) > f({vs,id)) for almost every = and so

lim inf f(Un)dx:/ oy > [ feidyar= [ jw)aa.

n—oo Td Td Td

where again we used Theorem 2.7 part (3) for the first and last equalities. O

Were it not for the pointwise convex constraint, we could use the theory of Fonseca and Miiller [8] to prove
Theorem 2.8. However, in order to generate the appropriate Young measure, they use a projection onto A free
elements which is formulated using Fourier techniques. This could destroy the convex constraint on the sequence
and thus invalidate Definition 2.2. Instead of using a (nonlocal) projection operator, we will focus on potential
operators (which are local).

We will define a sequence of functions that need to be smoothly cut off, and if this is naively done, it will
invalidate the A-free condition. In order to keep the sequence A-free, we will perform the cut-off at the level of
the potential functions and then apply the potential operator to ensure we remain A-free.
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From the work of Réita [15] for any linear, homogeneous differential operator A of constant rank and constant
coefficients, there exists another such operator B of order, say, [, such that ker A[¢] = im B[¢] for all € € R\ {0}.
Thus, on the torus, for any smooth function U with AU = 0 and zero mean, we can find a smooth potential ®
such that B® =U.

In order to use the construction in [15] for our method, we need the property that || @y, < C||U||Le for a
suitable choice of ®. Using Fourier techniques from [15], if AU = 0 in T% and U(0) = 0 then

O(x) =Y BIOU©)e™ ",
£#£0

where BT is defined in [15] and the Appendix A. With a simple use of Fourier multiplier theorems from [8] we
obtain that ||®||y» < C||U]||Ls. For a detailed proof, see [11].

Theorem 2.10. Let 1 < p < oo and let A and B be linear, homogeneous, differential operators, with constant
rank and constant coefficients and assume that

ker A[¢] = im BI[¢]

for all € € R4\ {0}. Then there exists a constant C such that for all U € LP(T%RN) such that AU = 0
and [;,Udz =0, there exists a ® € W'P(T%R*) (where | = 2k and k is the homogeneity of A) such that
[®@lwer < ClIU|Le-

An explicit example (for A = div in two dimensions) is given in Appendix A.3.

Remark 2.11. 1. Only on the torus is it true that for every A-free tensor U there exists a potential ® such
that B® = U. On a bounded domain or on R?, this is no longer the case: Consider the constraint AU = 0,
which satisfies the constant rank condition. It is not difficult to compute B = 0 for the corresponding
potential operator obtained from [15]. While, by Liouville’s Theorem, indeed every harmonic function on
the torus is identically zero, this is of course not the case on a bounded domain. Since our method relies
heavily on the existence of such a potential, it is, in the stated generality, restricted to periodic boundary
conditions.

2. Let us, however, indicate two ways to make statements in the spirit of Theorem 2.5 on certain domains.
First, on any open set Q C R?, if we assume the sequence to be obtained from a potential, then an
analogous result to Theorem 2.5 holds. This amounts to considering the functional ® +— fQ f(B®) dz
instead of U = [1, f(U) da. Such functionals were considered recently in [2].

3. For specific constraints .4, we can obtain a potential by Poincaré’s Lemma, as long as the domain is
contractible. To demonstrate this, let us consider the case of a symmetric divergence-free matrix field

U : Q — R**2Z, Writing
u v
7=(0 )

we see that U is symmetric and divergence-free if and only there exist ¢, : 2 — R such that

(u’ ’U) = (_82@7 al(p)7 (’U, w) = (—321#, 81¢)7
which in turn is the case if and only if 9 = —d1, which holds if and only if there exists ® : Q — R such

that ((p,w) = (782@,81‘1))
In summary, U is symmetric and divergence-free if and only if there exists ® such that

u=030, v=-0,0®, w=09D.
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Similar, but more tedious computations work in higher dimensions.
We have thus found a potential that allows us to prove Theorem 2.5 on any contractible domain for the
special case of DPTs.

3. PROOF OF MAIN THEOREM

Having developed all the tools needed, we can now prove the main theorem.

Proof of Theorem 2.5. Necessity. The easier part of the proof is the necessity of K-A-quasiconvexity for lower
semicontinuity. So suppose

liminf | f(U,)dx > fU)dz
Td

n—00  [pd
for every sequence (U,,) € LP(T¢;RY) of K-A-free maps on (2 that converges weakly in L? to U € LP(T%; RY).
We need to show that f is K-A-quasiconvex.
To this end, let ¢ € RY and U € C>°(T%; RY) with zero mean, such that ¢ + U € K almost everywhere. Set
Un(z) := ¢+ U(nz)

which converges weakly to the constant ¢ and satisfies the requirements for lower semicontinuity. Thus, using a
simple variable transformation,

» f(C+U(x)) dz =liminf | f(Un(z)) dz > f(C),

n—oo Td
as claimed.
Sufficiency. It suffices to prove Theorem 2.8.
First, we can assume that U, is bounded away uniformly from 0K. Indeed, for some § > 0 take Y € Int(K)
(which is non-empty by assumption), so that dy := dist(Y,9K) > 0, and define
Vos =1-0)U,—-Y)+Y.

This has the effect of shrinking the codomain of U, from K into K4 for some ¢’ > 0 (depending on § but not
on n) where

Ks = {z € K : dist(z,0K) > ¢'}.
Indeed, suppose to the contrary that, for given § > 0, there existed a sequence of points (Z;);en C K such that
dist (1 -9)(Z; —Y)+Y,0K) =0
as j — oo. Then, equivalently,
dist (Z;,0K") = 0, (3.1)
where

K =

K-Y X-Y
1-6 +Y':{ 1-6

+Y:X€K}.
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Consider the map 0K — 0K', X — Z := % + Y, which is a bijection. Fix Z € 0K’ and its preimage
X € 9K for the moment. By convexity of K and since K has full dimension, there exists a hyperplane H 3 X
that separates K and Z. We then have the estimate

and since this is positive and independent of Z, we conclude dist(0K’, K) > 0, in contradiction with Z; € K
and (3.1).

We also see that AV, 5 = (1 — 9).AU,, =0 for all n, V,, 5 € L” and by using ([8], Prop. 2.4) we see that V,, s
will generate (in the parameter n) a Young measure that converges, as § — 0, weakly* in? L2 (T9; M(RY)) to
the Young measure generated by U, . Using a diagonal argument, we see that Theorem 2.8 is true if it is true
for all sequences that are bounded away from 0K.

Secondly, we may assume without loss of generality that de U,dz = fw Udx =: U for all n € N: Otherwise,
consider instead the sequence

W, =U, —/ (U, —U)dz
']rd

and note that de Wy da = de U dz for all n € N, that by the weak convergence the integral of U,, — U converges
to zero and therefore W,, and U,, generate the same Young measure, and that W,, will take values in the interior of
K for sufficiently large n. Also, W,, remains A-free. Therefore, if (W,,)nen satisfies the conclusion of Theorem 2.8,
then so will (Uy,)nen-

Let now Z be a countable dense subset of L'(T%) and similarly, C be a countable dense subset of Cy(RY),
the space of continuous functions vanishing at infinity. We know that if U, generates the Young measure v,
then for any g € C, g(Uy,) = (va, g) in L>®(T%). Let Qo be the set of all Lebesgue points a € T¢ of U which are
at the same time Lebesgue points for the functions

w [ €7 v (€)
RN

and x +— (v, g) for g € C, so that in particular

iy [ 10ntrer) = gl e =0

Let ®,, be the potential for the sequence U,, — U (which has mean zero!), thus, B®, (z) = U,(z) — U.
Identifying the torus T¢ with a cube @Q, let X; be a sequence of positive smooth cut-off functions in C°(Q)
converging monotonically up to 1. Then for a fixed a € 2y we define a new family U; g, (R >0, j,n € N) by

Uj rn(z) := Blx;(#)R™'®,(a + Rz)] + U

for x € T¢ (recall [ is the order of the differential operator B).

We have assumed that U,, — U — 0 in LP, so by linearity of B and the compact embedding W' < C?¢ for
some € > 0 (recall the assumption p > d) we obtain uniform convergence of 9g®,, — 0 for |5] <1 —1.

We clearly see that, as B maps to the kernel of A,

A(Uj.rn) = AB[x;(x)R™'®y(a+ Rx)] +U) =0

2We denote by LS (T%; M(RY)) the space of weakly*-measurable maps from T? to the space of finite measures on RY. Tt is
dual to L' (T%; Co(RN)).
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for all j, R, n.
We can expand the expression to see that

Uj,R,n(x) :B[Xj (JT)R_Z(I)H(CL + Rl‘)} + U
=x,(x) (Un(a + Rzx) — U) +U

+ Z RI“=19,®, (a + Rz)B@P a5y, ().
lol+[B]=1,18]>1

One notices that the R~! was added so that it scales with the R gained from each differentiation, as the operator
B is homogeneous of degree [.

We will now show that the sequence U; g € LP(T?; R?) generates the homogeneous Young measure v,. For
ally € Z and g €C,

lim lim lim V(x)g(Uj rn(2)) dz

j—00 R—0n—00 [nd

- [ oo 064 1)) 0
+ Z RI=19,®,, (a + Rz)BP gy, (x)| dz
la|+]8|=1,181>1
= lim lim Y(x) /g [Xj(:r) (5 — U) + U] dvg+ g (§) dz

j—0o0 R—0 Jra

—tim [ 0@ [ 9[- 0) + 0] duafe)da

j—o0 Td
~t0) [ (e da,

where we used the uniform convergence of 9,®,,, the property that U, generates v, and the Lebesgue point
property of a.
We finally need to show that U; r.n(x) € K for almost every x. We see that

’Uj,R,n(x) — [xj(ac)Un(a +Rzx)+(1— Xj(x))U] | < Z Rla‘_laafbn(a + Rx)B(“’ﬁ)(’?ng(:v) .
lal+]B8]=1,|8]>1

The right hand side converges to zero uniformly (when the limit is taken in the order n — oo, then R — 0, then
Jj — 00), and the second two terms on the left hand side form a convex combination of vectors with values in K
and distance at least ¢’ from 0K. This ensures that U; g, (z) € K almost everywhere for sufficiently large n.
We can now use a diagonalisation procedure (choosing R = R(n) and j = j(n) appropriately) to find a
subsequence V;, (relabelled with index n) with all the properties shown above. This establishes Theorem 2.8
and thus Theorem 2.5.
O

APPENDIX A. SOME MORE ABOUT POTENTIALS

In order to use the construction in [15] we used the property that || @[y, < C||U||Lr for a suitable choice
of ®. Here we show another method to do this, in the spirit of Helmholtz decomposition, where we will need to
find another condition on ® that does not interfere with the property B® = U, yet creates an elliptic system
that will give us the above bound. We see that as B is another linear homogeneous differential operator with
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constant rank and constant coefficients, we can apply the theory of Raita again to find a linear homogeneous
differential operator with constant rank and constant coefficients G such that

kerB=im g

and so this will characterise the kernel of B. Now, any ® can be split into two parts & = ¥ + Gh, where ¥
is orthogonal to the kernel of 5. If we impose the condition Gh = 0, this will force & = ¥ and thus ¢ will
be orthogonal to the kernel of B. Further, by construction (see [15], Eq. (9) or the proof of Thm. A.1), G is
self-adjoint and so for all h € C2° we have

0= (Gh,®) = (h,GP).

Thus, having imposed Gh = 0, we obtain the condition G® = 0. This suggests that G& = 0 would be a suitable
condition to select only the ® that has no component in the kernel of B. Indeed we will show that this is enough
to control the full derivative of ® by U in LP for 1 < p < oc.

Further, B and G are self-adjoint (as will be seen in the proof of the following theorem), so in particular the
domain and target spaces of the respective Fourier symbols are the same, say W, while the target space of the
symbol of A is called V; see the following diagram:

g

o
=

w = W V
dLlkerB  U=B®  AU=0

Theorem A.1. Let 1 < p < 0o and let A, B and G be linear, homogeneous, differential operators, with constant
rank and constant coefficients and assume that

ker A[¢] = im B[¢] and ker B[¢] = im G[¢]

for all £ € Z2\ {0}. Then there exists a constant C' such that for all U € LP(T%RY) such that AU = 0 and
Jra U dz =0, there exists a ® € WHP(T%RF) (where | = 2k and k is the homogeneity of A) such that

B®=U
Ge =0,

and such that | ®|ywi» < C||U| Le-

Remark A.2. For the case of DPT's, it is possible to construct the potential operator “by hand” via successive
application of Poincaré’s Lemma, see Remark 2.11.

When U € C*°, we observe from Theorem 1 in [15] that from .4 we have the existence of B and G, and further
from the discussion at the beginning of this appendix we see that ® € C>(T%;R¥) exists such that B® = U
and G® = 0. Here we just have to prove the bound ||®||y1.» < C||U||Le, and the extension to L? then follows
immediately from an easy approximation.

Before we begin the proof, let us fix some notation. For a matrix M € R™*™ we define its pseudo-inverse
Mt € R™*™ as the unique matrix determined by the relations

MMM =M, MMM'=M! (MM)*=MM, (MM =MM,
where M* is the adjoint of M. Further, from [4], for a matrix M € R"*™ denote by

p(A) i= (=1)"(agA™ + a A"+ - +ay)
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the characteristic polynomial of M M*, where ag = 1. Define r = max{j € N: a; > 0}. Then, if r = 0, we have
that MT = 0; else

M" = —a ' M*[ag(MM*)" ™' +ay(MM*)" "2 + - + a,_11d, 0]
Proof of Theorem A.1. We can apply the theory in [15] to obtain the following formulas for B[¢] and G[¢]:

Ble] = ag, (€)[1d — A'[EJA[E]),

where af (£) is the ri" term of the characteristic polynomial of A[£].A*[¢] (and r, is the lowest order positive
coefficient of said polynomial), and similarly

Gl¢] = ab, (§)[1d — BIE]BIE]],

where a?, (€) is the r{" term of the characteristic polynomial of B[{]B*[¢] (and 7, is the lowest order positive
coefficient of this polynomial). Note this immediately implies the self-adjointness of the operators B and G.
Moreover, as remarked in ([15], proof of Thm. 2), r, and r, are independent of £ owing to the constant rank

property.
We want to represent G[¢] in terms of A[¢]. Firstly, we will expand BT[¢] and so obtain

B'[¢] = —(a?,) " (€)B*[€] [ab () (BIEIB )™ + af () (BEIB*[E)™ 2 + -+ + al, 1 ()1d]

— B*[€][ag (&) (BIEIB*[E)™ ™" + ai () (BIEIB[E)™ > + -+ + af, 1 (§)1d]BI¢]
= —[ag()(B*[E)BIEN)™ + a1 () (B EIBIEN™ ™" + -+ - + ay, 1 () B [EIBIE]].

Further observe that
BIEIB* €] = ap, (&)[1d — AT[EJAE])(af:, (&) [1d — AT[EJA[E)*
= (a7, )*()[1d — AT[EJA[E]] = a, ()BIE],
where we used the properties of the pseudo-inverse, and thus
Gle] = ay, ()1 + [ag()(ar, ) (€)[1d — AT[EJA]]
+ai(€)(ag,)? 2 (©)[1d — ATEJA[E] -+ ay,_1(6)(a, )*(€)[1d — AT[EJA[E]]]
)

J+
Id + [ag(€)(ar,)*™ (€) + a (€)(as )2”’ “(6)
r-1(©)(ar, )2 ()] [1d — AT[g] Ale]].

+
H
=)

Consider the system

then G[¢]®(£) = 0 implies that

—a, (6)8(€) = [ag(&)ar, )1 (&) + a} ()(ay, ) 3(E) + -+ + af, _y(E)af, (OIU(E)
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and thus

ab a’ 2rp—1 alla ag 2rp—3 a? = (1;} .
b6 = BRI ORI 4+ e O "

Note that the coefficient af (£) is a homogeneous polynomial in & (as can be seen by writing out the characteristic
polynomial of AA*, see also ([15], proof of Thm. 2). By construction, B[{] has the same homogeneity as af (£),
hence B[¢]B*[¢] has the homogeneity of (aZ (£))?; therefore, all terms in the numerator of (A.1) scale like
(a2 (€))**~'. But since a’,, being the 7;-th coefficient of the characteristic polynomial of B[¢]B*[¢], scales like

Ta

(a® (£))?™, we obtain from (A.1)

Ta

P C

[(§)] < |ag(§)||U(£)|' (A-2)

Finally, note that a2(£) is the last term in the characteristic polynomial of A[¢].A*[¢], which is a symmetric
matrix, and A is homogeneous and has constant rank. Therefore, a? is real valued and has order 2k in £. Thus
(A.2) simplifies to

f% ()

B(6)] <

so we can apply Calderén-Zygmund theory (see [9, 12, 21]) to conclude
[@llwerr < ClU||Lr.

We can use density of C* in LP and W?*P with the bound above to see that the estimate extends to U € LP. [

Finally, we give an explicit example of a potential operator for the divergence of a two-dimensional vector
field (though this also works in higher dimensions) in order to better illustrate the techniques from [15].

Example A.3. Let A = div in two dimensions. Then A[¢] = ¢7 and A*[¢] = € and so

A= (88 88)

We want to calculate the characteristic polynomial of this matrix so we must look at

* _ f E - )‘ f g o _ a a
det[A[¢]A*[¢] — A1d] = det [ 1&162 @é 2 A} =N — €A = (a)A\* + ().

From this we see that r, = 1 and

§

Alfg] = @g[agmw €])°]

and thus

Ble] = €2[[1d — gpldsﬂ — (1 — @),
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Similarly, we can apply the same method to B. We see that
det[BB* — AXId] = —(\? + |¢]*)) = afA? + &b

and so r® = 1 and we obtain that
1 1

and thus
Glé) = |é)*[1d - @(Wld @ e)(EP1d - £ )]
=2[PE®E— (E®E)2

We shall consider the system

B® =U
Go=0

and see that

BlE]D(€) = (|€]*Id — £ @ £)D(€)
GlE]R(€) = 216 @ & — (£ ®€)?)D(€)

U(©), (A.3)
€2 (E®&D(E) =0,

where in the penultimate step we used the identity (¢ ® €)% = |€|2¢ ® . But this entails (£ ® £)®(£) = 0 and
thus, using the first equality of (A.3),

(&) = €120 (9),

consistent with the proof of Theorem A.1.
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