ESAIM: COCV 27 (2021) 103 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv /2021099 WWW.esaim-cocv.org

GLOBAL EXACT CONTROLLABILITY OF IDEAL
INCOMPRESSIBLE MAGNETOHYDRODYNAMIC FLOWS
THROUGH A PLANAR DUCT

MANUEL RISSELY*® AND YA-GUANG WANG?

Abstract. This article is concerned with the global exact controllability for ideal incompressible
magnetohydrodynamics in a rectangular domain where the controls are situated in both vertical walls.
First, global exact controllability via boundary controls is established for a related Elsasser type system
by applying the return method, introduced in Coron [Math. Control Signals Syst. 5 (1992) 295-312].
Similar results are then inferred for the original magnetohydrodynamics system with the help of a
special pressure-like corrector in the induction equation. Overall, the main difficulties stem from the
nonlinear coupling between the fluid velocity and the magnetic field in combination with the aim
of exactly controlling the system. In order to overcome some of the obstacles, we introduce ad-hoc
constructions, such as suitable initial data extensions outside of the physical part of the domain and a
certain weighted space.
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1. INTRODUCTION

The property of global exact controllability by means of boundary controls has been proved for perfect fluids,
which are described by the incompressible Euler equations, already more than two decades ago for various kinds
of bounded domains under employment of the return method introduced by Coron in [7]. For instance in [6, §]
Coron obtains controllability for two dimensional simply- and multi-connected domains while the situation
of three dimensional multi-connected domains is treated in [16] by Glass. However, in the context of ideal
incompressible magnetohydrodynamics, which contains the incompressible Euler system coupled in a nonlinear
way with the induction equation for the evolution of the magnetic field, similar results on controllability are not
available up to the present moment. The goal of this work is to make a first step in this direction for the very
particular case of a rectangular domain.

Let Q C R? be the bounded rectangular domain Q := (0, L) x (0, W) with boundary I' := 9Q and outward
unit normal denoted by n = (ny,ns) as well as tangential field 7 := (ng, —n1)’. The length L > 0 and width

Keywords and phrases: Ideal incompressible magnetohydrodynamics, boundary control, global exact controllability.

1 School of Mathematical Sciences, Shanghai Jiao Tong University, Shanghai 200240, P.R. China.
2 School of Mathematical Sciences, Center for Applied Mathematics, MOE-LSC, CMA-Shanghai and SHL-MAC, Shanghai Jiao
Tong University, Shanghai, 200240, P.R. China.

* Corresponding author: manuel.rissel@sjtu.edu.cn

© The authors. Published by EDP Sciences, SMAI 2021

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/cocv/2021099
https://www.esaim-cocv.org
https://orcid.org/0000-0002-4833-4056
mailto:manuel.rissel@sjtu.edu.cn
https://creativecommons.org/licenses/by/4.0
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W > 0 are hereby fixed and the controlled part of the boundary I'y C I" consists of the two vertical walls:

Ty = ({0} x (o,W)) u ({L} X (O,W)).

We consider in {2 the following equations for an ideal incompressible magnetohydrodynamic flow with velocity
u = (u1,u2)’ € R? and total pressure p € R, in the presence of a magnetic field H = (Hy, Hy)' € R%:

du+ (u-Vju—uH-VH+Vp=0, inQx(0,7),

OoH+ (u-VH- (H-V)u=0, in Qx (0,7),

div(u) = div(H) =0, in Qx (0,7), (1.1)
u-n=H-n=0, on (I'\Iy) x (0,7),

u(-,0) =ug, H(-,0) = Hy in Q.

Above, the vector fields uy and Hy are the prescribed initial data at time t = 0 and g > 0 stands for the
magnetic permeability. Moreover, the set I'g C I', as specified before, represents the controlled part of the
boundary through which trajectories may be influenced by applying boundary controls, and the objective is
then to reach a prescribed final state (ur, Hy) within any small but fixed time T > 0, that is

u(,T)=up, H(-,T) = Hp in Q. (1.2)

As further discussed below in Remark 2.3, the boundary controls are obtained in an implicit way and do not
explicitly appear in the system (1.1).

By employing characteristic variables, sometimes called the Elsésser variables, defined as z* := u + ,/uH
and z~ := u — /uH, the above control problem (1.1)—(1.2) can be transformed into the following system:

Ozt +(z= - V)zt +Vpt =0, inQx(0,7),

Oz” 4+ (zt-V)z=+Vp =0, inQx(0,7),

div(z™) = div(z™) = 0, in Q x (0,7), (13)
zT-n=2z"-n=0, on (I'\Tg) x (0,7), )
z%(-,0) :Z(j): = ug + /uHy, in Q,

2=, T) =25 = ur = /pHr, in Q.

Hereby, (1.3) is equivalent to (1.1)—(1.2) as long as Vp'™ = Vp~, which however would impose requirements on
the controlled solutions along I'y. Indeed, by taking the divergence in the equation for H and also by multiplying
with n along T, one can obtain for the difference ¢ := (2\/z)~*(p™ — p~) that

Aqg =0, in Qx (0,7),
8,—1(] = — sign(nl)(atHl + (u181 + UQaQ)Hl — (H181 + Hgag)ul), on I'g x (O,T)7 (14)
g = 0, on (T'\ To) x (0,7).

In this article we shall prove the small-time global exact boundary controllability for the Elsésser system (1.3)
whereby the obtained solutions may have the property Vp™ # Vp~. We are not able to verify for our controlled
solutions that Vp™ = Vp~ holds, and for the sake of drawing conclusions regarding the original system (1.1) as
well, our remedy is to allow for a pressure like corrector V¢ in the induction equation, see Theorem 2.2 below.
We leave it as an open problem whether in our controllability result the harmonic contribution g actually satisfies
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V¢ = 0 or not. One possible approach for showing V¢ = 0, which is under ongoing investigation, would be to
establish suitable well-posedness results for (1.1) with non-characteristic boundary conditions at T'y.

2. MAIN RESULTS AND OUTLINE OF THE WORK

For m € Ng :=NU {0}, n € N, a € (0,1), the Holder spaces of R"-valued functions f = (f1,..., fn)’, in the
case n = 1 written as f, on a bounded domain O C R* are denoted by (C™(O;R™), || - [lm,a,0), Where

|0°£(x) — 0°%(y)]

Iflmeo:= > supld’f(x)|+ D sup

X — o
0<|8]<m X0 IBIZmX,’(};fyO | yl
Above, | - | is the Euclidean norm in R and if n = 1, the short form C™®(0O) might be used. Furthermore,

L?, D' and C™ stand for Lebesgue spaces with p € [1,00], the spaces of distributions and m-times continu-
ously differentiable functions, m > 0, respectively. Regarding the domain €2, the following space is occasionally
employed:

Cl (G R?) := {f € C™ (G R?) | div(f) =0in Q,f -n=0o0nT\To}.

O’,Fo

Moreover, concerning spatial derivatives, the following notations are mainly used:

~ 0P, with B € (N0)2, for spatial derivatives in general and 0" (9, if m = 1), [ = 1,2, for the partial
derivatives of order m € Ny in direction e;, where (ej, es) is the standard orthonormal basis of R2.

— V and div denote the gradient and the divergence respectively.

— If ¢ is a differentiable scalar function of two variables and v = (vq,v2)" a differentiable vector field of two
variables, then V¢ := (02, —01¢)" and curl(v) := O1vy — Dav.

The main results proved in this article are stated in Theorems 2.1 and 2.2 below.

Theorem 2.1. Let the integer m > 3 and the control time T' > 0 be fized. Then, for all initial- and final data
(zd, 2y ,25,27) € CTf’i(Q;RZ)‘L, there exists a solution (z%,z~,p*,p~) to the control problem (1.3) such that

(2,2, p,p7) € [CO([0,T); CH* (@ R?)) NL®([0, T); €™ (4 R?))]” x D'( x (0,1))%. (2.1)

Regarding the original system of incompressible ideal magnetohydrodynamics (1.1), we conclude the following
small-time global exact controllability result.

Theorem 2.2. Let the integer m > 3 and T > 0 be fized. Then, for all initial- and final data (no, Ho, ur, Hr) €
CZ}O; (Q;R?)?* there exists a solution

(wH,p,q) € [CO([0,T]; CH(R?)) N L2([0, T); C™* (@ R?))]” x D'(2 x (0,1))?,

with q(-,t) being for each t € [0,T] a harmonic function as in (1.4), to the system

Ou+(u-Viu—puH-VH+Vp=0, inQx(0,T),
OH+(u-VH-(H-V)u+V¢=0, inQx(0,7),

div(u) = div(H) =0, in Q2 x(0,7T), (2.2)
u-n=H-n=0, on (T'\Ty) x (0,T),

u(-,0) =ug, H(-,0) = Hy in Q,
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and fulfilling the terminal condition
u(-,T)=ur, H(-,T) = Hr in Q. (2.3)

Remark 2.3. Instead of constructing the controls acting on I'g explicitly, (1.3) and (2.2) are treated as under-
determined problems. There are thus different possibilities for choosing boundary controls by means of suitably
restricting solutions to T'y. This approach has been discussed for instance in [6, 8-10]. In the present case, a
natural example for such a choice of controls in the Elsdsser system would be

zt-nand z~ -non Iy x (0,1) such that [, z*-ndl'= [ 2z~ -ndl =0,
zT on {x €Ty|z (x) n(x) <0}, (2.4)
z~ on {x €y |z"(x) - n(x) < 0}.

Since our results include the existence of solutions, knowing uniqueness renders the given approach already
meaningful. For this purpose, one can use L? energy estimates for the difference Z* = z*1 — z%2 of two
solutions z¥%, i = 1,2 to (1.3), having the same data:

1Z 122 ) (8) + 1272 () (1)

t

< QmaX{ sup |25 g (5), sup ||Z"2||c1<m(8)} / {||Z+|Ii2(m(5) +1Z7 20 (5)| ds,
s€[0,t] s€[0,t] 0

for all 0 <t < T. Due to (2.4), the boundary terms which appear when deriving the above formula by means

of integration by parts either vanish or have a good sign.

Remark 2.4. The assumption m > 3 in Theorems 2.1 and 2.2 is employed in (5.33). But also at other points of
Section 5, for the sake of applying Banach’s Fixed Point Theorem, the given data has to be of higher regularity,
say C22(Q;R?) compared to C°([0, T]; C1:@(£2; R?)) for a corresponding controlled solution, which can likewise
be observed in related works such as [14, 16].

Remark 2.5. The choice of a rectangular domain allows us to write (4.4), which is essential for using the
weight wy, in Section 5 (for example in the estimate (5.22)). The crucial part in (5.22) is the possibility of making

wi (¢) fol wi(8) 72 ds arbitrarily small by increasing k > 0. Hereby, the squared inverse of the weight inside of the
integral is due to (4.4) and we could not obtain such a weight that also works for wy(t) fol wi(s)"tds.

2.1. Related literature and outline of the proofs

Up to our knowledge, the question of exact controllability for incompressible ideal magnetohydrodynamics
and the corresponding Elsédsser systems has not been addressed in the mathematical literature before. This is in
contrast to the situation for perfect fluids with H = 0, where global exact controllability for the incompressible
Euler system has been shown for instance in [8] by Coron, in [16] by Glass and with Boussinesq heat effects
taken into account by Ferndndez-Cara et al. in [14].

In the case of magnetohydrodynamics involving viscous fluids, we can name for instance the work [22] by Tao
concerning local exact controllability for compressible magnetohydrodynamics in a planar setting with controls
on the whole boundary. Moreover, for incompressible fluids, Badra obtains in [2] local exact controllability
to trajectories. Previous results in this direction have been achieved in [3] by Barbu et al. and by Havarneanu
et al. in [17, 18]. Moreover, Anh and Toi in [1] establish local exact controllability for a magneto-micropolar fluid
model and Galan studies in [15] approximate controllability by means of interior controls in a three-dimensional
torus.
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Regarding basic well-posedness results for ideal incompressible magnetohydrodynamics in bounded domains,
we refer to the study [20] by Schmidt and to further results in this direction which have been shown by Secchi
n [21]. Moreover, in the article [5] by Bardos et al., long-time a priori estimates in Holder norms for solutions
in the full space case have been given.

In the absence of magnetic fields, when the Navier-Stokes or Euler equations are considered, many results
on controllability have been obtained so far. Recent progress, open problems and further references may for
instance be found in the articles [10, 11] by Coron et al., which are concerned with global exact controllability
for incompressible Navier-Stokes equations. With respect to compressible models we refer to [12, 13] by Ervedoza
et al. and to [19] by Molina.

For proving Theorems 2.1 and 2.2 we follow in particular the approach of [8, 14], but face several obstructions
in the details when it comes to ideal magnetohydrodynamics:

— The strong nonlinear coupling of the equations for u and H in (1.1) seems to prevent the strategy of [14],
where the return method for the Euler equations is adapted to account for the additional coupling due to
Boussinesq heat effects. In order to avoid loss of regularity in the fixed point iteration, we work with the
system (1.3) instead of (1.1).

— Employing the formulation (1.3) has the drawback that the idea of flushing the domain with zero vorticity,
as previously used for instance in [8, 14, 16], is challenged by the coupling terms.

— How to meet the requirements imposed by the induction equation at the controlled boundary parts, see
(1.4), while allowing in- and outflow? This leads to the presence of Vg in (2.2).

In order to transship some of the mentioned hindrances, we work on the linearized level with suitably defined
initial data in a nonphysical part of an extended domain and moreover introduce a certain weight that enables
sufficient estimates, despite the presence of inhomogeneities and modified data in the linearized systems. Finding
this weight heavily relies on the special geometry of the domain, which allows for a very simple return method
trajectory that is compatible with the nature of the coupling terms.

This article is organized as follows. In Section 3, a return method trajectory is introduced and some auxiliaries
are presented. In Section 4, Theorems 2.1 and 2.2 are established under the assumption that a certain local
null controllability result holds. The main part of this article is then concerned with proving this local result in
Section 5.

3. PREPARATIONS AND NOTATIONS

In this section, following the idea of [8], a return method trajectory for (1.1) is introduced and several auxiliary
results will be recalled. For technical reasons, given a positive constant [ > 0, the non-physical extensions €21, 2y
and Q3 are, as depicted in Figure 1 below, defined via

Qo= (=L, L+1) x(=l,W+1),

and such that Q C Q; C Q,, Oy C Q3, with Q1 C {x = (21,72) € R? |0 < 25 < W} and Q3 C R?, both being
bounded open sets with smooth boundary and outward normal vectors denoted again by n. Moreover, let
~v € C*=([0,1]; [0, +00)) be a non-negative smooth function such that

— supp(y) € (0,1),
— v(t) = M for all ¢ € [1/4,3/4] where M > 0 will be specified below.

Then, with x € C5°(Q3) denoting a smooth cutoff function satisfying x(x) = 1 for x € Q, we define

vi(x,t) == y(t)x(x)e; = <7(t)8<(x)), (x,t) € Q3 x [0,1].
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FI1GURE 1. A sketch of the rectangular domain 2 and its extensions, while the arrows indicate
y(x,t).

and in particular, the functions (¥, H,p,q) which are given by

y(x,t) =y*(z,t), (x1)€Qx][0,1],
H(x,t) :=0, (x,t) € Q x[0,1],
p(x,t) = —x1dn(t), (x,t) € 2 x[0,1],
q(x,t) = (x,t) € Q x[0,1],

where x = (21, 22)’, solve (2.2) with T =1 for the data ugp = ur = Hp = Hr = 0.
Henceforth, let Y(x,s,t) denote for (x,s,t) € Q3 x [0,1] x [0, 1] the flow corresponding to y* which solves
the ordinary differential equation

{dty(x s,t) = y* (V(x, 5,1), 1), (3.1)

Y(x,s,8) =x.

That (3.1) admits a unique solution is due to the global Lipschitz condition satisfied by y*. Notably, Y makes
every point in )5 leave this domain until ¢ = 1 as long as M > 0 is sufficiently large, which is a result that in
greater generality may be found in [8, 16].

Lemma 3.1. The constant M > 0 can be chosen large enough, such that Y(x,0,1) ¢ Qy for all x € Q.

Proof. Temporarily denote Y(x,t) = Y(x,0,t) and let 6 be the projection R? 5 (21, x3) + 1. Because of

9 (0(3))(x,1) = v(O)x(V(x,1)),

combined with x = 1 in Qy and ~(t) = M for ¢t € [1/4,3/4], one can find M > 0 large enough in order to
guarantee 6(Y(x,1)) > L+1 for all x € Qy. However, by construction one has 6(€22) = [~[, L + (], which implies
for all x € Q9 that Y(x,1) & Qo. O

As in Lemma 6 of [14], the following extension operators are introduced.

Lemma 3.2. There are linear continuous extension operators m;: C°(Q;RY) — C(Qg;RY), i € N, such that
7i(£)), = £ and supp(m;(f)) C Qs for every £ € CO(Q;R?) and such that m; maps C™P(Q;R?) continuously into
C™B(Q3;RY) for all integers m >0 and B € (0,1).

A detailed proof for the following result can be found in Lemma 7 of [14].
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Lemma 3.3. For z € C°(Q x [0,1];R?) denote by 3 the extension 3 := y* + my(z — ) and by Z(x,s,t) for
(x,8,t) € Q3 x [0,1] x [0,1] the corresponding flow, which solves

{C‘litZ(x,s,t) = 3(Z(x,5,1),1),
Z(x,s,8) =x.

Then, there exists a small v > 0, such that ||z = ¥||cogx(o,1) <V implies Z(x,0,1) ¢ Qy for all x € Qs.

The next lemma can be found in Lemma 1 of [4], see also Lemmas 1-2 of [14], and will be employed mainly
in form of Remark 3.5 below.

Lemma 3.4. For T >0, m € Ny consider functions z € C°([0, T]; C™*(Q3;R?)), v € C°([0, T]; C™+1*(Q3))
and g € C°([0,T]; C™(Q3)) with the properties

z-n=0, on 093 x [0, 7],
v+ (z-Viv=g, inQ3x(0,T).

Then dyv € CO([0,T];C™(Q3)). Moreover, with a constant K = K(a,k) > 0 and 1% denoting the right
derivative in time, it holds for t € (0,T') that

d 106 )l o 19(5 Dllo,a,00 + @l VZ(, ) llo,a,05 [0( ) ]l0,0,0 m =0,
y U Imya,Q3 =
de+ ° Hg('vt)”m’a,ﬂs + K(a7 k)”z('vt)”m,a,ﬂs Hv(ﬁt)”m,a}ﬂw m > 1.

Remark 3.5. In the context of Lemma 3.4, for all ¢ € (0,T") one has the following estimate:

-]g Hg(" 8)||0704793 ds + ||’U(', O)| 0,04793,) e” Jo I2C9) .0 dsa m =0,
1905y 43+ 10, 0) oy ) €58 TNy 85, > 1,

H’U(" t) ”m,a,Qs <

Hereby, it is enough to assume that v € C°([0, T]; C™<(€Q3)) due to regularization.

4. PROOFS OF THE MAIN RESULTS

In this section, Theorems 2.1 and 2.2 are concluded based on the assumption that a local controllability
result, namely Proposition 4.2 as stated below, is true. The verification of Proposition 4.2 is postponed at this
point and shall be carried out later in Section 5.

By choosing 7" =1 and z% = 0 one obtains, through applying the curl operator in (1.3), the control problem

Ot + (z - V)it =g+, in Q x (0,1),
O~ +(zt-V)j~ =g, in 2 x (0,1),
curl(zt) = j T, curl(z™) = 5~ in 2 x (0,1),
div(z®) =div(z™) =0, in 2 x (0,1),
zT-n=2z -n=0, on (I'\ Ty) x (0,1), (4.1)
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Denoting the components of z*+ as z+ = (zli, zQi) the coupling terms g+ are given by
= 02T Ozt 4 092f 0oz — 01270125 — 0125 0h25 . (4.2)

Utilizing the assumption that both of z+ and z~ are divergence free, the functions g* may in all of Q x [0, 1]
be represented in the following way:

g5 = — (0127 — 027) (0125 + Da2) 43)
- ((912:5E - 8121;:)81211i - (6221i - 822:?:)312:1i )
Since ¥ = (¥, ¥,) is constant in all of  with respect to the spatial variables, we can rewrite (4.3) as
g5 = = (Oiz — =)0 (z —To) — (Orzf — 0121) 0221 —T) (4.4)
— (012 — 0123)01(28 —T1) — (G221 — 02])D1 (21 — 7).

Remark 4.1. Writing the coupling terms in the form (4.4) will allow us in Section 5 to employ the weight wy,
defined in (5.1). Instead of introducing (4.2) and then transforming via (4.3) to (4.4) it would be shorter, and
sufficient for the proofs later on, to write directly

2
=3 Vi~ AAE ) (4.5)

However, (4.3) is valid for more general domains where the return method trajectory would be less simple and
displays a structure that might be useful for the general case. Since, comparing with (4.5), the expression (4.4)
is closer to (4.3), we choose to employ (4.4) from now on.

The following local null controllability result, established later in Section 5, constitutes the main step for
proving Theorems 2.1 and 2.2.

Proposition 4.2. Let m > 3 be fized. There exists a constant § > 0, such that if the initial data (z0 ,Zg ) €
CZ’FO; (Q; Rz) satisfy the constraint max{||zd || m.a.0: 12y | m.a.0} < &, then the system (4.1) admits a solution

(zT,27,57,57) of reqularity

(zt,z7,5%,57) € [CO([0,1]; CV* (5 R?)) NL>([0,1]; C™* (4 R ))]
x [CO([0,1]; C¥*(€)) N L>>([0, 1]; C™~ 1 (Q ]

with z7(x,1) =2z (x,1) = 0 for all x € .

By construction, there are p™,p~ € D'(Q x (0,1)) such that (z,z7) obtained in Proposition 4.2 together
with (p*,p~) satisfy (1.3) for the case of zero final data and the final time being fixed to T = 1.

Assuming first that Proposition 4.2 is true, we show now how to deduce Theorems 2.1 and 2.2 with the help
of a scaling and gluing argument, as for instance in [8, 14, 16].
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Proof of Theorems 2.1 and 2.2. We only verify Theorem 2.2, since the arguments for Theorem 2.1 are along
the same line. We note that if (u, H, p, q) solve (2.2), then this is also true for (@, H, p, §) defined by

= —u(x,T—1),
= —H(x,T—1),
= px,T — 1),
= q(x,T —t).

(4.6)

Next, the time interval [0,77] is split into two parts [0,7'/2], [T//2,1] and a number 0 < e < 7'/2 is chosen so
small that the modified initial data ag := eug, Hy := ¢Hg and final data ur := eur, Hy := eHp satisfy

max {||flo + ViHo |l ia,0, [T — iAHo| a0, 87 + VEHT |[71,0,0, 07 — \/ﬁﬁTHm,a,ﬂ} <3,

where 5 > 0 is the constant introduced in Proposition 4.2. This leads, by applying Proposition 4.2 with T' =1
to solutions (u*, H*, p*,¢*) and (u*™*, H**, p**, ¢**) to (2.2), obeying

(u*, H")(-,0) = (uo(+), Ho(")),
(u*7H*vp*aq*)('71) = (0’07070)7
(u**’H**)<'7O) = _(uT(')aHT('))a
(u*, H** p** ¢**)(-,1) =(0,0,0,0).

Here, the functions p*(-,1),¢*(-,1),p** (-, 1) and ¢**(-,1) might be nonzero constants at first, but we modify
them to be zero as well. In order to utilize the reversibility in time, which was outlined in (4.6) above, we define

{(uu’ Ha7pa7qa) (Xat) = (6_111*’ 6_1H*a 6_2p*7 6_2q*) (X,G_lt), (X7 t) € Q x [07 6]7

(u*, H* p% ¢*) (x,t) := (0,0,0,0), (x,t) € A x [¢,T/2],
as well as
(u®, H") (x ( “lut e THY) (x, e (T — 1), (x,1) € Qx [T —¢,T],
(pb ) ( “2p 6’2 **) (x,e YT —t)), (x,t) € A x [T —€,T7,
(u b,H,p q)(x t) :=(0,0,0,0), (x,t) € Qx [T/2,T — €],

and observe that the functions

“(x,1), (x,t)€Qx[0,T/2],

b(x,t), (x,t)€Qx[T/2,T),
HYx,t), (x.t)€eQx[0,T/2],

Hx 1) = {Hb(x,t), (x,t) € Q x [T/2,T),

p(x,t) ==

0,7/2],
T/2,T],
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solve the control problem (2.2) — (2.3). O

5. PROOF OF THE LOCAL NULL CONTROLLABILITY RESULT

This section is devoted to proving Proposition 4.2. The first step is to define a certain map F' on a suitable
subset of a Banach space such that a fixed point of this map will be a solution to (4.1). The next task is then
to assure that this map is a well defined self map and contractive. The idea for using this kind of fixed point
argument is similar to [8, 14, 16], however most parts are carried out in a different way due to the peculiarities
of ideal magnetohydrodynamics.

5.1. Definition of a fixed point space

In what follows, A € C>°([0,1];[0,1]) is such that A(t) = 1 for t € [0,d] and A(¢t) = 0 for ¢ € [2d, 1] with
arbitrary but fixed d € (0,1/2). Let then the space X be given by

X = {z e C°([0, 1]; 0™ (3 R?)) ‘ div(z) = 0in Q x (0,1),z-n =0 on (I'\ Ty) x (0, 1)} :

and define for k£ > 0 large, which will be fixed later, the weight function

—k
wi(t) == ( + ) , (te€]0,1]). (5.1)
Next, we introduce a set X, , on which we shall construct a fixed point iteration below,

X = {(z+,z) € Xt x X~ | max wip(t)|z% - Fllm.anlt) <v, 25(-,0) = 25 in Q and z5(-,1) =0 in Q} .

t€0,1]

Above, v > 0 is the small constant from Lemma 3.3 and X, . is not empty as long as ||zg ||.0.0 and ||2g ||f.0.0
are, depending on k, chosen to be small enough. Indeed, if this is the case, one has

(¥ + Az, ¥+ Azg) € Xy

The definition of X, ; above is motivated mainly by the following requirements:

— In view of the return method trajectory (¥,H = 0,p,q = 0) one should have for each (z",z7) € X, an
estimate of the form

max wi ()27 — 27 || m.a0(t) < max wp(t)|zT —F+Y — 2 |lmaa(t) < 2v.
te[0,1] te[0,1]

— Elements of X, ;, should be near enough to ¥ such that Lemma 3.3 can be applied.

— The weight should guarantee that for the map F' defined below a fixed point can be found, but it has to be
compatible with the previous requirement and satisfy for instance wy(t) > 1 for all ¢ € [0, 1]. In particular,
wy, as defined above obeys 1 < wy(t) < 400 for each choice of ¢ € [0,1],k > 0 and for every fixed ¢ € [0, 1]
one has as k = +oo that

) / wk1<s> = kil wb:ii?w - wﬁ%})] = kil G*;)k <§+§)k+ 0.
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Moreover, for all ¢ € [0, 1] it holds that

wi(t) /01 ﬁds = w’“(t)gkil |:w2k_|1.1(t) a W2k—i1(0)]
K 2k
< %Sﬁ (; i ;) (; - 213> (; - é) (5.2)

k
< O k(%
- 2k+1 64

)
2k+1

< — 0, as k — +o0.

In order to make use of (5.2) later on, the representation (4.4) for g* in Q x [0,T7] is essential.
— Elements of X, x should be uniformly bounded in C°([0,1]; C"™(2;R?))? by some constant depending
only on fixed objects like v and y. This is satisfied since ¥ is fixed and for (z*,z7) € X, x one has

IN

+ + = =
max ||Z7 || t max wg(t)||z™— — 5 t) + ma 5 t
te[Oﬁ] || ||m,a,$2( ) te[O,)% k( )H YHm,a,Q( ) e 0)5%] Hyllm,a,a( ) (5 3)

IN

Tl saa(t).
V+g€n[g§} 151 7,0,2(t)

5.2. Construction of a fixed point map

On X, we define a map F by assigning to a given pair (37,3~) € X, & the value F(3F,3~) through the
following steps.

Step 1. Let 3* = (37,3F) denote the extensions of 3T to Qs, defined with the operators from Lemma 3.2 by

In particular, this means that 3* = y* in Q3 \ Q3 and 3% = 3% in Q. Moreover, for (x,s,t) € Q3 x [0,1] x [0,1],
the flow maps corresponding to 3% are denoted by Zi(x, s,t) = (Zli (x,s,t), 2,’2jE (x,5,t))’. With the help of the
Cauchy-Lipschitz Theorem, they are defined through the ordinary differential equations

(5.4)

%Zi(x,s,t) = 3i(zi(xa S;t)at)7
ZH(x,s,5) = x.

Step 2. Corresponding to g* as represented in (4.4), and for the purpose of linearizing (4.1), we denote the
following extended versions of the coupling terms by

G* = = (0137 —157)0(55 —v3) — (O] — 9ai)da(i —yi)

— (0133 — 0133)01 (1 — ¥7) — (0237 — 0237)01 (37 — ¥7)-

By using the continuity of the extension operators from Lemma 3.2, G* obey for all ¢ € [0, 1] the estimate

”Gi”ﬁlflﬂﬂz

IN

Cls* =3 @) [I3" = Vilmaal) + 137 = Yllmnaolt)] (5.6)
_ _ _ 2 .
< CI" = Vllimao®) + 137 = Fllm.aolt)]

N
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The functions G* are related to the representation for g% in (4.4) only in Q x [0, 1], where the vector fields 3t
are divergence free and the spatial derivatives of ¥ vanish. In (Q3 \ Q2) x [0, 1] one observes that G= = 0, since
3T = y* holds there.

Step 3. In this step suitable extensions joi for CNurl(z(?) are introduced in order to guarantee that a fixed point
of the map F' will vanish at the final time. Let O C 3 be an open set with the following properties:

- @ - Qg \QQ

— There exist open Ot C O and O~ C O with ZX(0%,0,1) = ;.

— The set O is independent of the above choice of (T,37)eX vk, hence it is independent of the fixed point
iteration later on.

dist(O,Qy) > ¢ > 0 for arbitrarily small but fixed ¢ > 0.

The existence of a set @ with the properties (1)—(4) is implied by the following points:

— The constant v > 0 that appears in the definition of X, j, is chosen sufficiently small such that Lemma 3.3
guarantees that

[(YV(©2,0,1) U Z7(©2,0,1) U 27 (02,0,1)] N = 0.

— If every particle that resides in Q5 at time t = 0 is transported by Z% to be at time ¢ = 1 at a point of
Q3 \ Qo, then all particles which occupy € at time ¢t = 1 must originate, due to the continuity of Zj[7 in
some open set contained in Q3 \ Q.

— By the previous considerations and the fact that dist({23 \ Q2,91) > 0 is a fixed quantity, one can choose

O C Q3 )\ Q independently of (37,37) € X, .

Therefore, one may introduce independently of (37,3~) € X, » a smooth cutoff function ¥ € C5°(€3) such that
X(x) = 0 when x € Qy and X(x) = 1 for x € O. The extended data j3 is then for each x € Q3 defined by

JE (%) = curl(ma(z3)) (x) — )Z(X)/O G*(2%(x,0,0),0)do. (5.7)

The proof for the next auxiliary lemma is postponed until the construction of F' is complete.
Lemma 5.1. For o € [0,1] and a constant C(v,y*) > 0, which is independent of the choice of (37,37 ) € X, ,

the following estimate is valid:

|GE(27(-,0,0),0)]| < C(vy")

ﬁl*l,a,ﬂg -

|G=(-,0)]| (5.8)

’ﬁ’L*l,O{,Qg .

Together with Lemma 5.1, the extended data jgt defined above in (5.7) is seen to satisfy the following
properties:

— j& e ¢ ha(Qy), since

IN

1
||j[:)t||m—17a793 CA ||Gi(Z:F('aan—)ao—)HTh_l,a’Q?’ do + C||Z6t||ﬁ’t,oé,9

IN

1
C) [ 160y, 7+ Clt

where the constant C' > 0 depends on 72 and ¥, but not on the choice of (37,37) € X, .
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— By the properties of w5 from Lemma 3.2 and the cutoff function x, one has

175" lm- 1,002 < Cllzg llim,a.0-

While the generic constants C' > 0 or C'(v,y*) > 0 can depend on several fixed objects such as the extension
operator 7 or m > 3, we mostly choose to only point out the v- and y*- dependence in order to indicate when
the properties of X, ;. are used for obtaining some estimates.

Step 4. Consider the following linear transport equations corresponding to (4.1):

{atji 6T V=G Qs x (0,1), 59)

7E(-0) = 45 (), in Q.

They admit unique solutions j* € C°([0, 1]; C™~1%(Q3)), since 3% (x) - n(x) = 0 for all x € Q3 such that in
(5.9) no boundary conditions are required.

By the special choice of initial data in (5.9), the unwanted contributions from the source terms G* in (5.9)

are canceled at time ¢ = 1. More precisely, for each X € Q;, due to the definition of the sets O, there exist
unique elements x* € OF with Zi(xi, 0,1) = x and by using the flow maps Z7 one has

1
1) = (T, 0) + / GH(ZF(x7,0,5), 5) ds
0

= /1Gi(z¥(xi70’s)’s) ds—/lgi(sz(XI’O,S),S) ds (5.10)
0 0

= 0.

Thus, at time ¢t = 1 the terminal condition j¥(x,1) = j7(x,1) = 0 is satisfied for all x € £;.
Step 5. Next, the functions (z,z27) € C°([0, 1]; C™*(Q2;;R?))? are obtained by solving the div-curl systems

(5.11)

curl(z®) = jF, div(z*) = div (\m2(z7)), in Q x [0,1],
7z* -n=(y* + Ima(z)) - n, on 99 x [0,1].

Namely, z* are given in Q; x (0,1) via z* = VieE +y* + )\7r2(z(jf) where ¢*(-,t) solve the elliptic equations

(5.12)

{—Asoi(»t) = (1) — A(t) curl(ma(z3))(-),  in Qi
eE(-,t) =0, on 09);.

The extension 2; was introduced to state the above Poisson equations in a domain with smooth boundary.

Step 6. Finally, we set F(37,37) := (z",27), where z* := thz and z~ = Zl;, with Z* being the functions
constructed in the previous step. Due to the properties of y* and A, at ¢ = 1 one has

{(y*(-, 1) + A(1)ma(zg)(-) -n() =0, on 99,
div (A(1)m2(z3)())) = 0, in 09,

and since j*(-,1) = 0 in ©; by (5.10), one obtains z*(-,1) = 0 in ©; from (5.11), hence z*(-,1) = 0 in .
Moreover, we note that (I'\ ['g) € 99Q; by definition, thus z* satisfy the boundary conditions of the set Xu k-

It remains for this section to show Lemma 5.1.
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Proof of Lemma 5.1. The objective is to verify (5.8) in the context in which Lemma 5.1 is stated. Hereto, the
task is to estimate for the composite function = — G*(Z¥(x,0,0),0),

— the CY norms of all spatial derivatives up to the order m — 1,
— and the C%“ - seminorm of the (i — 1)-th order spatial derivatives,

by upper bounds of the form C(v,y*)||GE(-,0)||_, .0, Hereto, with the help of a multidimensional Faa di
Bruno’s Formula (or Arbogast rule), one may write

.l 2 #1(B)
9"GE (2% (x,0,0),0) = Z i [a‘m'a‘mlaﬂ (27(x,0,0),0) [TI] ( (0% Z7F] (x,o,a)> .
TEP, =1 B
(5.13)
We borrowed this formulation from Theorem 3.2 of [23], where the notations are explained and proofs can be
found. Briefly, P,; contains all partitions 7: N2\ {(0,0)} — N2 of the multi-index x € N3\ {(0,0)} which satisfy
S i1 Y Bi(B) = k. Moreover, 7! :=[[47(8)! and || := 5 71(B), | = 1,2, for 7 € Py.
The formula (5.13) implies that, a51de of combinatorical quantities which can be moved into the constant
C(v,y*) > 0, it is enough to estimate two types of terms:

~ E(-,0) :=[0PG*] (Z7(,,0,0),0) for all B € N3, |8] <m — 1.
~ OPZF(,0,0) forall B N3, [B] <m—1and! € {1,2}.

Hereby, the first kind of term shall always be bounded by C(v,y*) HGi("U)Hm—l,a,an while the second type
of term needs to be fully included into C(v,y*). The key for keeping the constant C(v,y*) independent of the
particular choice of (37,37) € X, 1 is that elements of X, , as shown in (5.3), allow a uniform bound depending
only on fixed objects such as v and y*.

We begin with the first type of term and obtain for 3 € NZ, |8| < m — 1, by taking into account that the

flows ZT never leave Q3, the estimate

B0 {‘ [OPG*] (27 (x,0,0),0) — [0PG¥] (Z*(y,O o) ‘ ‘Z$ x,0,0) — Z7(y,0, 0')‘ }
o0, = Sup

e 27(x.0.0) ~ 27(7.0,0)|" -l
-+ sup HaﬁGi] (x,0)|
x€EQN3
< o, (1 T sup |vz¢(x,o,a)|“)
R xEQ3
< O(Vv y*) HG:‘:(VO—)H,;L_LQ,S% .

Above, the constant C(v,y*) = C(v,y*, o, m) > 0 is obtained from the ordinary differential equations (5.4) for
Z7, which lead for i,1 € {1,2} to

5.14
9Z2%(x,0,0) =e, (5:14)

{dtaz F(x,0,t) = V35 (27 (x,0,1),1) - 0,27 (x,0,1),
and which can in turn be integrated in time from 0 to o, such that by using the Gronwall inequality it yields

sup
x€N3

VZT(x,0, a)’ < Cexp (/137 [1.0.0:(0))
) (5.15)

Cexp ([l37 =¥ [l1,0.0:(0)
Cexp (v + [ly* 10,0 (0)) -

INIA
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It is left to move the second kind of term from (5.13) into a constant C'(v,y*) > 0. Since X, j, provides a
uniform bound with respect to the higher norm || - ||,4,0, this can be done by obtaining for all 3 € N2, |3| < rn,
I € {1,2}, estimates of the form

sup 8BZZ:F(X,O,O')‘ < C(v,y"). (5.16)

x€N3

For this purpose, one can employ again the defining ordinary differential equations for ZF, namely

%GBZJF(X,O,J) =P [37(Z27(-,0,0),0)] (x). (5.17)

We shall do this inductively:

— Assume that |3] < 1 in (5.16). By the Chain Rule, since |3| < 1, (5.17) with initial conditions corresponds
either to (5.4) or (5.14) and one has by integrating in time

N (od N |
sup Z ‘6ﬁZl¥(x,0,o)’ <C(Q3) + C’(V,y*)/ sup Z ’3ﬁ2f(x,0,s)
xehs IB1<1,1=1,2 0 x€Q3 1B|<1,1=1,2

Bl
ds,

where C(v,y*) > 0 includes in particular a bound for all appearing factors of the form

)

B(0) = | 0757 ] (27(.0,0),0)

with some 3* € N2, |3*| < 1, since the flows ZT never leave (23 and one can for all x € (3 estimate

E(x,0) < sup
xEQ3

0757 ] (. 0)| < v+ 1y 0

— Now assume, that for all |3| < 7 a bound as in (5.16) holds. Then, by integrating (5.17) in time and from
Fad di Bruno’s Formula like in (5.13), one has

sup Z ’anzﬁt(x,o,a)lé /ch sup Z V(x,s,k,1)| ds, (5.18)

x€Q | 1o x€Qs | 1o

where
K! 71| ali2| F] [ 2F 2 1 5o #:(8)
V(x,s,k,1) = ‘ Z Tl {31 95 "3 } (2 (X,O,s),s)HH (,@' (0P 2] (X,07s)> ’
#rep, Y =1 !

In the above formula for V(x,s, k,1), if |3] = m, then #;(3) = 1 for ¢ = 1,2. This fact comes from the
requirement on the partitions 7 to satisfy 212:1 >3 Bm(B) = k. Therefore, all terms with exponent
71(B) > 1 can be integrated into a constant C(v,y*) by means of the induction assumption. Moreover,
with the same explanation as in the first step of the induction argument, the terms of the form

o157 | (27 (x,0,5),9)
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can likewise be estimated by C(v,y*). In conclusion, (5.18) simplifies to

s > [0REF(x,0,0)| < Cluy) + Cy) / s > |0RZT(x,0,9)|| ds,
0

X€Q3 | =12 X€Q3 | i=1,2

and using Gronwall’s inequality completes the estimate.

5.3. Existence of a fixed point

The goal of this sectioniis to show that F(X, ) C X, and that F is a contraction with respect to the
topology of C°([0,1]; C1*(Q;R?))?, which allows then to conclude Proposition 4.2. The main steps hereto are
stated in Lemma 5.2 below.

Lemma 5.2. There exists a possibly large k = k(v,y*) > 0 and a small number 6 = §(v,k,y*) > 0, depending
on v,k and y*, such that the following statements are true, provided that ||zJ ||m.a.0 + |Zg [|m.a.0 < 6:

- F(Xu,k) g Xz/,k-
— There exists a constant k € (0,1) such that for all (371,371),(312,5372) € X, 1 one has

[1FGH 371 = FGH2%572)Ix < wllGTh 371 = (672572 x,

with the notation

(6. )l = s (€.l cr.oqnays () = max {IF]10t) + gl 0.0())

The proof of Lemma 5.2 shall be given in Section 5.4 below. First, we conclude Proposition 4.2 under the
assumption that Lemma 5.2 holds. Indeed, then F' is a contraction and uniformly continuous on X, ; with
respect to || - ||x. Therefore F' can be uniquely extended to a continuous map F': X, , — X, , where X,

denotes the closure of X, ), with respect to || - || x. Moreover, F is a self-map of X, r and contractive in the norm
| - lx. Hence, with the help of Banach’s Fixed Point Theorem, F' admits a unique fixed point (z+,27) € X, 1,
see also Theorem 3 of [14]. By the construction of F' and the definition of the set X, j, this fixed point is a
solution to (4.1) with z*(x,1) =z (x,1) = 0 for all x € Q. In order to verify z* € L>°([0, T]; C"™%(; R?)), let
(27,2, )nen C X, 1 be a sequence obeying

(z},2, )0 — (27,27 ) in || - || x, as n — +oo.
Then, by the definition of the set X, , there is a uniform bound R > 0 such that for all n € N it holds

+ -
_ t) + 5 t) <R,
tren[gﬁ] 1Z3y [l7,0,0() tren[(?,}f] 12, [l,0.0(t) <

which yields (z%,z7) € L([0, T]; C"™<(; R2))2.
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5.4. Proof of Lemma 5.2 (1): F is a self map of X,

Let (37,37) € X, x be arbitrarily fixed and based on this choice denote 3%, ZE g*, ©*, z* and z* from
the construction of F as previously. In particular, (5.12) implies for each time ¢ € [0, 1] that

div(V+ieE) =0 in Q
“i( 7 ) L e (5.19)
Vop* - n=0,0F =0, ondQy,

and thus || V0" a0, (1) < C| curl(VE05)|l7-1.0.0, (t). Accordingly, for all ¢ € [0,1] one can deduce that

(Bl = Flnaalt) = @u)]E - ¥ lnaal)

ATl + Ol e 520)
(Ol (V) 110 (0) + 1(8) 2
e

£) (15 1.0, (8) + 125 0] -

Wi

IN A I/\

In order to estimate ||5%||7_1.a.0,(t) for t € [0, 1], one can employ Remark 3.5 and obtains

17 v () < 15 lm-10.04()

t t
exp (C [ (37 [lm-1,0,0(s) ds IG* 1,000 (5) ds + 1176 -1,
0 0 (5.21)

t
Cl,y") U IG¥[li7- 1,005 (5) ds + IIJ'SEIIml,a,szgl ;
0

IN

IA

where C'(v,y*) > 0 includes the terms coming from the estimate

t
exp (o [ 17100409 ds)
0

IN

t
exp (c | 115 = has009) + 151000 ds)
0

o (€ [ 1+ 15l s ).

Thus, by inserting the definition of jo in (5.7) into (5.21) and applying Lemma 5.1 one gets

IN

t
1% It () < Clyy™) [ / 1G nr.02a () s + 12 2 + / 1G 1.2y (5 >d}

* ! wk( )2 = F = 2

< CvyY) 5 15" = Vllna.0(s) + 137 = Flaaals)] ds

0 wk(s)

1
. wi(s - - 2 .
+0003") [ (15— Flhnnals) + 15 = Flnaals)]” ds+ Cy )l e
1
1

< * d * + o £l
= C(V7y )/O wk(s)g S+O(V7y )”ZO || oY)

(5.22)
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Next, for all ¢ € [0,1], the estimates (5.2), (5.20) and (5.22) yield

1
_ % 1 .
wi(t)|lz" = ¥llm.at) < Clry )wk(t)/ —— ds+ C(v, y")wr(t) |25 a0
0o wi(s)
Cv,y*) .
< 7Y 7
- 2k+1 Jrc(l/,y )wk( )HZO HmaQ

Thus, provided that k is sufficiently large depending on v and y* and as long as ||z= || 4.a.q is sufficiently small,
depending on v, y* as well as on k, one arrives at

wie(®)]zF = ¥llm.an(t) < v,

and F(X, ) C X, 1 is proved. O

5.5. Proof of Lemma 5.2 (2): F is contractive with respect to || - || x

Following the construction of I above, for i = 1,2, we assign to arbitrarily fixed pairs (37%,37") € X, the

corresponding extensions 3%! and then according to (5.5), (5.9) as well as (5.12) the functions G, j&¢ @+,
z+7. In particular, the differences J* := j*1 — j%2 gatisfy
T + (T V)IF+ (T —5T2) - V)52 =G - GF2, 0 in Q3 x (0, 1), (5.23)
JE(,0) =35 () = 4 2 0), in Q, '
whereas jgt’l — joi’2 vanish only in €5 but not necessarily in Q3 \ Q2, and where
GE' - GF? = — (057! - 03 {(813;1 —0133%) + (Da31" — 323?’2)}
— (91357 — Ory3) (3151 =00 + (917 - alﬁ’l)_
— (0577 = Oy]) [(0157" = 05T?) + (01577 — 015
(05" - duyl) [((913 oot + (01572 - 05T (5:24)
— (O~ 0uyh) [ (D31 = 0a5F7) + (02377 — D3]

+(0137° = 0 ) {3132’ - 313;2}

+ (aléli’Q - alﬁ’l) [azﬁ’2 - 3231%2} .

From the definition of X, 1, since each term in (5.24) contains a factor that can be bounded by 2||3**
one has with a constant K; > 0, which is independent of (37%,37%) € X, 1, i = 1,2, for all ¢ € [0, 1] that

WG ~

(t) <vKy (I3 =512

L) + 137" =37 1e0() - (5.25)

The goal is now to estimate for each ¢ € [0, 1] the quantity

D(t) := 2" — 2" 1a0(t) + 27" — 27|l aa()-
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Hereto, from (5.23), using the idea of (5.19) and Remark 3.5, one has

D(t) < € (V™ = Ve 20, () + 9507 = V™20, (1)
< O (Il lo,a: (¢ +HJ ll0,a,02: () (5.26)
< 0(|J+||0a93 (1))
< I (1) + ()+I+()+I ()+I (t) + I3 (¢),
where
1) = Cy) [ 57 (T2 100 (5) ds,
)= Clny) [ 6 (5) ds.
IF(t) = Clvy )/1 [GEHZET(,0,5),s) — GE2(ZF2(-,0,5) ||OOth ds.
0

Hereby, in I (t) the extended initial data defined in (5.7) has been taken into account. Let from now on € (0, 1)
be an arbitrary but fixed constant. Then, with Ko := max{1, C(v,y*), C(v,y*)}, where C(v,y*) is the constant
from the last line of (5.22), the terms I (t) obey

1
1
IF(t) < K3 / ——d & Fl_ ,F2 .
tos 3| T s+ 16 e | mae 157 =3 lo.aa) o
K
< — t).
- 6treng}§] w0 (t)

For obtaining (5.27), we may have increased k and reduced ||zZ ||2.q.0, Which is justified since K» does not

depend on the choices for 37 and 3%, 4 = 1,2, but only on fixed objects such as the domain, v and y*. Next,
for estimating the two terms I3 (t), one can use (5.25) in order to obtain for all ¢ € [0, 1] that

~ o [Fwr(s
() = Clny") / Ky Gt _ G2 o (s) ds

wi(s)
1
1
< KiK. —d 2|y aalt =1 572 a0l (5.28)
< ik | [ s as| o {157 =52+ 57 = 57 nal)}
K —_— —_— [E—
< % max (57T~ 51 00() + 1577 - 52wl }
t€[0,1]

where we may again have increased k and reduced ||zZ ||2..0. Since the calculations regarding I (t) are longer,
let us assume at first the following bounds to be true as well:

Lemma 5.3. After possibly increasing k and then reducing ||z ||2.0.0, for all t € [0,1] the terms IE(t) satisfy

K R -
150 < § e {1577 =372 heal) + 1577 =37 an() }-
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Under the assumption that Lemma 5.3 is valid, one can sum up all the estimates for I 1i, IQi, Igt and complete
the proof for Lemma 5.2 (2) by observing that

I|FGH1,371) — F(372,5372)|x = max D(t)
t€(0,1]

 max {577 = 572000 + 1577~ 32 a0}
te[0,1]

= st - (%52 x.

IN

O
It is left to verify Lemma 5.3.
Proof of Lemma 5.3. We employ for every ¢ € [0, 1] the estimate
|65 HEZT0,0,8) = GH2(ZT2(,0,0),1) .0, < A* (1) + B0, (5:29)
where
A (1) = || GEYET(,0,0),0) = GEHET2(,0,6), )| g,
BE(t) = [|GEH(ZT(,0,0),8) = GE2(ZT2(,0,6), 1) 0 g, -

We begin with treating B*(t) and thereto write G*(x,t) := G&1(x,t) — GH2(x,t). Since the flows ZT2
always remain in {3, one can estimate

[}

B:I:(t) < { ‘ [gi] (Z¢72(X7 0,t),t) — [gi] (Z%Q(y’ 0, t),t)‘ ‘Z$,2(X’ 0,t) — ZJF’Q(y,O,t) }
< sup § _
*yghs 272(x,0,1) - Z72(y,0,1) x—y]
+ sup |[6*] (x,0)| (5.30)
xells3

< Mo, (14 50 [V27200]7).

Then, with the aid of (5.25) and considerations similar to (5.15), it is possible to choose a constant K5 =
Ks3(v,y*) > 0, which does not depend on (37,374 € X, s, ¢ = 1,2, such that

wu()B=(1) < K max {157 =52 a() + 157" = 5720} (531)

Concerning A*(t) we first apply the Chain Rule and the Mean Value Theorem in order to estimate the
C(Q3)-norm of GHH(ZF1(-,0,t),t) — GHLZF2(-,0,t),t), which results in

A%(t) < sup [2T(x,0,1) — ZF2(x,0,8)| |G |10, (1)
xEN3

+ Y sup [|[VGEN(ZTY) 92T - VGEN(Z2T?) 0,27 (x,0,1)], (5.32)
1:1,2)(693

=AY (1)

where |GEH(ZT") -0, Z7"| (x,0,t) is short for |GEH(Z7"(x,0,t),t)- Z7"(x,0,t)|. Then, by taking into
account that the flows Z% cannot leave 3, and using the Mean Value Theorem again, one has for AT (t)
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that
AE) < sup Hvai’l(z“) (ZF - 2F2 4 ZFY _yetl(2F2). aleF’z‘(x,O,t)}
1=1,2 %€
< Y sw [|[VEENETY  a(ET - 27Y)|(x,0,0)
l:172x693
+ ‘(VGi’l(Z”F’l) VG (ZF2). GZZ:F’Q‘(X,O,t)} (5.33)
< ClGE raan(t) Y sup [T (x,0,6) - 2T (x,0,8)|
1=1,2%€
F G a0 (8) Y sup alzw(x,o,t)"zjﬁl(x,o,t)—zw(x,o,t),
1=1,2%€

noting that [[GF1|2.4.0, (1) < [|GF Y —1.0.04 (t) since m > 3. Hence,

wr(AT(t) < K4y sup ZF1(x,0,t) — Z272(x,0,1)|,

I=1.2 x€Q3

NZT(x,0,t) — 8ZZ:F’2(X,O7t)‘ + K4 sup
x€EQN3

(5.34)
where K; = K4(v,y*) > 0 comes from estimating wy(t)||GF||—-1.0.0,(t) using the properties of X, as
previously and by applying estimates similar to (5.15) for including

sup AZT(x, Oyt)‘ < Cexp ([[37%]1,0,0: (1) < Cexp (372 = (10,04 () + |y
xcils

|1,a,Q3 (t)) y

into K as well. Therefore, by inserting (5.34) into (5.32), with a constant K5 = K5(v,y*) > 0 which depends
on the same quantities as K, and is independent of (31%,37) € X, , ¢ = 1,2, it holds that

wp()AE(t) < K5 sup [Z2T1(x,0,t) — Z2T2(x,0,1)| + K5 Z sup
x€Q3 =12 x€€Q3

(Q)IZ$’1(X, 0, t) — 853¥’2(x, 0, t) .

(5.35)
In order to further estimate (5.35), we first note that due to the definition of the flow maps Z* one has for
(X, t) € Q3 x [O, 1] that

G200 - HEx0.0) =551 (EF (x,0.0),1) - 352 (252(x,0,1), 1), (5.36)
Z+1(x,0,0) — 252(x,0,0) =0,
and for [ = 1,2, 7 = 1,2 that
49,25 (x,0,1) - $0,25%(x,0,t) = V37 (25 (x,0,1),1) - 251 (x,0,1)
_Véitﬂ(zi,?(x’ Oa t)v t) : alZi72(Xa 0, t)a (537)

Q251 (x,0,0) — 9, 2%2(x,0,0) =0.

Thus, integrating in (5.36) — (5.37) from 0 to ¢, and using again the Mean Value Theorem as well as the
properties of the respective flows, shall in the sequel allow to appropriately bound the following quantities:

- WEx,t) = |25 (x,0,t) — 25%(x,0,t)

)
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Wlil(x t) ‘&Zi '(x,0,t) — GZf’Z(X,O,t) ,for i, 1 € {1,2}.

Starting with W, and using the approach from (5.30) for 35! — 352, one has the estimate

t
Wit < [ [551(25 x,0.0)9) — 552252 0x0,5),5)| s
0

IN

t
[ 1@ 0,00, - 55252 0,0,5),5) 4 551 (B 20,0,5).5) - 553252 x,0,5), ) ds
0

IN

t
/0 {1155 1 00 ()W (5, 8) + 11577 = 552,00 (5) } ds.
Concerning the terms Wii’l, i,1 € {1,2}, we obtain from (5.37) by integration and the reasoning of (5.15), that

t
W) < [ |V @5 0,090, 9) - 9ZH (1,0.5) = VT AEH2,0.5).) - 02H2(0.0,9) s

= / ‘V;,i 1 Zi 1 (x,0,s),s) [&Zi’l(x,(),s) falZi’Q(x,(),s)]

{Vgi 1(Zi 1(x, 0,s),s) — V;,fE’Q(Zi’Q(x,O7 s), s)} . 8lZi’2(x, 0, s)‘ ds

< /Ot {||3i’1 s) |25 (x,0,5) — B, 25%(x,0,5)|
|V (B (x,0,5),8) = V5 (ZF(x,0,),5)|
+ ‘ [Vgi 1(2F2(x,0,5), s) — V;,i 2(25%(x,0,5), s)} L 252 (x,0, s)‘ } ds
< cny) | W )+ W3]+ 155 (Wi, 5) 551 — 55710 (5)}

(5.38)
Above, we also used the idea of (5.30) in order to estimate

||V3i’1(zi’1(x70,8)»8) . <llz™ (s) <Cv,y"),
1 2
I3 (Z25%(x,0,5),8) = V5, *(252(x,0,9), 8) .00 < ||3jc’1 i 211,09 (5)-

Accordingly, there exists a constant Kg = Kg(v,y*), which does not depend on F and F for i = 1,2, such
that (5.38) implies for all ¢t € [0,1] and [ € {1,2} that

2 t 2
> W) < Ko / { W ) + 155" = 552 a0 (s) f ds,
i=0 0 =0

which allows the application of Gronwall’s inequality in order to obtain for [ = 1,2 that

2
Do W) = Kalvy”) max 35! =55 1a(0) (5.39)
=0
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As a result of (5.35) and (5.39) one gets for A*(t) with a constant Kg = Kg(K5, K7) > 0, independent of
(3+7i’5_7i) c Xl/,k:v Z = 1,27 that

wr()AF(1) < Ks e 377 =37 [La0). (5.40)

In total, by combining (5.40) and (5.31) in (5.29), one arrives for all ¢ € [0, 1] at

1
I(t) = C(wy*)/ [GFHET(,0,5),5) = GFA(ZT2(-,0,5),5)[g 0., 5
= C(uy* >/ () G (20,5, 5) - GEA(ZTA(,0,5) +)g,0,0, 99
o wi(s) (5.41)
< Ky U ] féloa’ﬁ {7 =5 %ha0®) + 37" =372 lLaa(®)}
K
<k —1_ .2
< G {Ilz —3" O+~ —3 ()},

with Ko = Ko(v,y*) not depending on (3%,3~) € X, &, which allows to increase k and reduce ||z |2.q.0 again,
if needed, in order to have the last inequality in (5.41). O
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