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RIESZ BASIS PROPERTY AND EXPONENTIAL STABILITY FOR
ONE-DIMENSIONAL THERMOELASTIC SYSTEM WITH VARIABLE
COEFFICIENTS*

BAo-ZHU Guob?** AND HAN-JING REN!

Abstract. In this paper, we study Riesz basis property and stability for a nonuniform thermoelastic
system with Dirichlet-Dirichlet boundary condition, where the heat subsystem is considered as a control
to the whole coupled system. By means of the matrix operator pencil method, we obtain the asymptotic
expressions of the eigenpairs, which are exactly coincident to the constant coefficients case. We then
show that there exists a sequence of generalized eigenfunctions of the system, which forms a Riesz
basis for the state space and the spectrum determined growth condition is therefore proved. As a
consequence, the exponential stability of the system is concluded.
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1. INTRODUCTION

It is known that the derivation of the classical heat equation presumes the conducting body to be rigid and
hence ignores the interaction between thermal effects and mechanical effects. Since many engineering processes
are controlled by the temperature, the generalization of the heat equation which incorporates the effect of
thermo mechanical coupling and visa versa has been studied by many authors in the last a few decades. A typical
phenomenon for thermoelasticity is that the heat dissipation alone is used as a control to stabilize exponentially
the thermoelastic system through in-domain and boundary weak connections. A simple one-dimensional linear
thermoelasticity for a homogeneous and isotropic body was derived ([3], p. 3) by incorporating the effect of
thermo mechanical coupling and the effect of inertia, which is described by

gt (2, 1) — Uge (2, 8) + 10, (2,t) = 0, 0<z<1,t>0,
Op(z,t) + rug(z,t) — kOyy(x,t) =0, 0<z<1,t>0, (1.1)
u(0,t) = u(1,t) = 6(0,t) = 6(1,t) =0, t>0,
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where u(x,t) represents the displacement of the string vibration, 6(z,t) represents the absolute temperature,
and k > 0 represents the thermal conductivity. The coupling constant r > 0 which is a measure of the mechanical
thermal coupling present in the system is generally much smaller than one. The exponential stability of system
(1.1) was first obtained in [17] by frequency domain multiplier method. In [4], the distribution of eigenvalues
of system (1.1) was studied, and the Riesz basis property of the system was obtained in [5]. There are some
computation errors in [4, 5], which were corrected in a recent monograph ([9], Sect. 3.6). By taking the memory
effect into account, the second equation of (1.1) was replaced by

01 (x,t) + rug(x,t) — (k* O0pp)(z,8) =0

in [25], where the sign * represents the convolution product, and the exponential stability was obtained as
well. The exponential stability and analyticity of abstract linear thermoelastic system were studied in [16]. An
interesting fact presented in [6] is that the first real eigenvalue of system (1.1) associated with heat equation
must be greater than the first eigenvalue of the pure heat equation, guessed from physical point of view in
[20]. This explains clearly the interaction of the mechanical-thermal coupling. The heat makes coupled system
exponentially stable and conversely, the vibration of the string increases the temperature of the object.

In this paper, we consider system (1.1) with variable coefficients described by

uge (2, t) — (a(@)ug(z, b))y + rl.(x,t) =0, 0<z<1,t>0,
Op(z,t) + rug(z,t) — (k(x)0y(z, ), =0, 0<z<1,t>0, 12)
w(0,t) = u(1,t) = 6(0,t) = 6(1,t) = 0, t>0, ‘

u(z,0) = up(z),ut(x,0) = ui(x),0(x,0) = Og(z), 0<z<1,

where a(z) > 0 represents the velocity of the wave subsystem and k(z) > 0 represents the thermal conductivity,
both are varying with spatial variable. The total energy of system (1.2) is given by ([3], p.4):

1
B(t) = % /0 2 (x, ) + a(@)u(z, £) + 02(x, £)]da. (1.3)

Formally, the derivative of E(t) with respect to time ¢ satisfies

B(t) = 7/0 k(2)62(z, t)dz, (1.4)

which shows that F(t) is non-increasing with time. However, the right-hand side of (1.4) depends only on
the gradient of temperature which is considered as controller and does not depend on the elastic subsystem
explicitly. Such a weak coupling gives rise to a serious problem for the stability of system (1.2). Although the
frequency domain multiplier method developed in [17] might be applicable to obtain the exponential stability of
the system, some other profound problems like the spectrum-determined growth condition cannot be answered
by the multiplier method. To tackle this problem, we adopt the Riesz basis approach. First, throughout the
paper, we always assume that

a(x), k(x) € C?0,1]. (1.5)

Our goal of this paper is to show that the variable coefficients thermoelastic system (1.2) is a Riesz spectral
system in the energy state space. This follows from the following several facts: (a) the system is well-posed and
the system operator has compact resolvent; (b) the spectrum of the system consists of two branches: one branch
has an asymptote which is parallel to the imaginary axis from the left side and the other distributes along the
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real axis like 1-D heat equation; (¢) the generalized eigenfunctions of the system form a Riesz basis for the
state space and therefore the spectrum determined growth condition holds. The latter implies the exponential
stability of the system.

The difficulty in spectral analysis for the current system is caused by the variable coefficients. A classical
method of finding the asymptotic eigenvalues was introduced in Section 4 of [18] which consists of two steps.
The first step is to transform the “dominant term” of the eigenfunction into a uniform “dominant term” by
space scaling and state transformation, where no variable coefficient is involved any more, and the second step
is to approximate the eigenfunctions of the system by those of the uniform “dominant equation”. This approach
has been successfully used in dealing with the Euler-Bernoulli beam equations with variable coefficients in
[7, 12, 24]. However, this approach is not applicable to the thermoelastic system investigated in this paper
because the “dominant term” of the eigenfunction cannot be transformed into a uniform form. In [21], the
eigenvalue problem of a Timoshemko beam was written as Y’ = AA(z)Y from which the polynomial operator
pencil method can be applied. While, the eigenvalue problem of the thermoelastic system is equivalent to
Y’ = A\, 2)Y where A and z in A(\, z) are inseparable. This results in failure of the method used in [21] to
deal with the thermoelastic system. The essential reason behind is that the thermoelastic system is a coupled
system consisting of a wave subsystem and heat subsystem, and the eigenvalues of the two subsystems are of
different orders. We therefore first transform the eigenvalue problem of (1.2) into a first order matrix differential
equation and find out the explicit asymptotic expression of the matrix fundamental solutions by introducing an
invertible matrix function and using the asymptotic technique for the first order matrix differential equation,
referred to as the matrix operator pencil method (see, e.g., [22, 23]). This method has been used to spectral
analysis for system of coupled partial differential equations in [13, 26]. However, there is a remarkable difference
between [13, 26] and the present one in the process of investigation, that is, the invertible function matrix
defined in [26] either associates with the eigenvalues only or the spatial variables only [13], while in present
paper, the invertible matrix function is associated with both eigenvalues and the spatial variable. This is caused
by the fact that the eigenvalues in those systems discussed in [13, 26] are of the same order, which is not true
for thermoelastic systems (1.1) and (1.2).

The remaining part of this paper is organized as follows. In the next section, Section 2, we transform
system (1.2) into an evolution equation in the energy Hilbert space and the well-poseness of the system is
concluded. Asymptotic estimation of the eigenvalues is presented in Section 3. Based on the asymptotic eigen-
values, Section 4 is devoted to calculating the asymptotic expression of the corresponding eigenfunctions. The
Riesz basis generation of the system is developed in Section 5, which leads to the spectrum-determined growth
condition. As a consequence, the system is shown to be exponentially stable, which covers the main result of
[17] on exponential stability of constant coefficients thermoelastic system as a special case.

2. WELL-POSEDNESS OF THE SYSTEM

We consider system (1.2) in the state Hilbert space H = HJ(0,1) x L2(0,1) x L?(0,1) with the inner product
defined by

1
(X1, Xo) = / l[a(2) fi(2) f5(2) + 91(2)g2(2) + h1(2)ha(z)]dz
0
for all X; = (fi,9:,hi) € H,i = 1,2. Define the system operator A : D(A)(C H) — H by

A(f,9,0) " = (g(x), (a(z)f'(x)) — b (x), =7g' () + (k(x)h/ (2))) T,V (f,9,h) T € D(A),
D(A) = {(f,9,h)T € (H* UHY) x H} x (H} UH?)}
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If we set X = (u(-,t),us(-,t),0(,t)) ", then system (1.2) can be formulated into an abstract evolution problem
in H:

d =
{th(t) AX(t),t >0, 22)

X(O) = (UO7U1,00)T.

Theorem 2.1. Let A be defined by (2.1). Then, A is dissipative in H. Moreover, A~! erists and is compact
on H. Therefore, A generates a Cy-semigroup of contractions on H and o(A), the spectrum set of A, consists
of isolated eigenvalues only.

Proof. For X = (f,g,h)" € D(A), we compute

(AX, X) =((9(2), (a(2)f'(x))" = A (x), =g’ () + (k(x)h' (2))) ", (f(2), g(x), h(x)) ")

+a(x) f'(2)g(2)lg — vh(@)g()lg + k(2R (2)h(z)]y

1 R
:/0 d'(x)a()f'(z) — a(z) f ()9 (z) + vh(z)g (x) — 79 (x)h(z) — k(z)|W (z)|*dz.

On account of k(x) > 0, it holds
1
Re(AX, X) = —/ k()| (2)[2dz < 0.
0

This shows that A is dissipative. For any (¢,1,w) " € H, we seek (f,g,h)" € D(A) such that

A(f,g,0)" = (¢,0,w)7,

which yields

g9(x) = ¢(z),

(a(@)f'(z))" =AW (z) = ¢ (2),
=79 (x) + (k(2)h (2))" = w(z),

f(0) = f(1) = g(0) = g(1) = h(0) = h(1) = 0.

Substituting the first equation of (2.3) into the third one, we obtain

(k(@)h (2))" = w(z) + ¢/ (x).
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By h(0) = h(1) = 0, a direct calculation gives

2) = i Js S ande + [ w5 (v6() — 76(0) + k(0)h'(0)) de,
W(0) =~ prstorge [Jo Jo $8ande + g i (56(0) —79(0))de]

To obtain f(z), we solve

{ (a(2)f'(2))" = () + b (2),
f(0) = f(1) =0,

to obtain

x) = [ J5 Ldnde + [ -k (vh(€) — vh(0) + a(0) f'(0)) dé,
1/0) = e [Jo Ji 5@ ande + J; g (h(e) —vh(0))de]

where h(z) is given by (2.4). We thus obtain a unique solution (f,g,h)T such that A(f,g,h)" = (¢,,w)T,
which in turn implies that A~! exists and is bounded. Moreover, by the Sobolev embedding theorem ([1],
Thm. 4.12, p. 85), A~! is compact on H and thus o(A) consists of isolated eigenvalues ([14], Thm. 6.26, p. 185).
Therefore, A generates a Cp—semigroup of contractions on H according to the Lumer-Phillips theorem ([1 ]
Thm. 4.3, p. 14).

)

Corollary 2.2. Let A be defined by (2.1) and let T(t) be the Cy-semigroup generated by A on H. Then, T(t)
is asymptotically stable on H, i.e.

lim |T(6)X| =0, VX € H.
t—o00

Proof. From Theorem 2.1, it suffices to show that there is no eigenvalue on the imaginary axis ([15], Thm. 3.26,
p. 130). Assume that A\ = it € 0(A) with 0 # 7 € R and X = (f,g,h)" € D(A) is the corresponding
eigenfunction satisfying AX = irX. Then, (f(-), g(+), h(:)) satisfies the following differential equations:

g(x) =it f(x), 0<z<l,
(a(x)f'(x))" — ' (x) = irg(x), 0<z<l, 25)
—vg'(z) + (k(z)h/(z)) =ith/(x), 0<z<l, .

f(0) = f(1) = 9(0) = g(1) = h(0) = (1) = 0.

Since
1
Re(irX, X) = Re(AX, X} = — / () |1 (@) 2da = 0,
0

it has h/(-) = 0 which together with h(0) = 0 gives h(-) = 0. From the third equation of (2.5), we have ¢’(-) =0
which together with ¢g(0) = 0 leads to g(-) = 0. Hence, (a(-)f'(:))’ = 0 which together with f(0) = f( )=10
gives f(-) = 0. We have thus proved that (2.5) admits only null solution which contradicts that (f,g,h)" is an
eigenfunction. Therefore, there is no eigenvalue of A located on the imaginary axis, proving the theorem. [
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3. SPECTRAL ANALYSIS

In this section, we consider the eigenvalue problem for system operator A. For any (f,g,h)" € D(A) and
Rel <0, let A(f,g,h)T = A(f,g,h)". Then, g(x) = A\f(x), and f(-) and h(-) satisfy:

(a(z) f'(x)) —h'(z) = N f(a),
(k(z)h' () —yAf'(x) = Ah(z), (3.1)
F(i) = h(i) = 0,i = 0, 1.

X

A direct calculation transforms (3.1) into a coupled system of second order ordinary differential equations:

F(@) = —2E (@) + 25 f(2) + 251 (x),

‘ / (3.2)
(@) = 725 (@) — W (2) + ().

In order to solve these equations, we shall use matrix operator pencil method which is a standard technique for
the asymptotic expression of eigenpairs. Setting A = p? in (3.1), let

o= (f,f,hh)T.

Then, (3.2) becomes a first order matrix differential equation:

TP (2, p)(x) = ¥ (2) — M(z, p)(x) = 0, s
TR(z, p)d(x) i= W(0)D(0) + W (p)B(1) =0, '
where
0 1 0 0
S w0
Mz,p)i= | 0 e , (3.4)
0 vp° p> _K(2)
k(z) k(z) k(x)
and
1 0 0 0 0 00O
00 0 0 10 00
0,y _ 10y _
00 0 O 0 01 0
In the sequel, we diagonalize the leading term for p in (3.4). Define a matrix P(z, p) by
1 1 1
__pr p __r P’
P(]} ) \ k(z) Vk(x) va(z) va(z) (3 6)
LU PVEE) VR ale) el | :
y Y k(z) k(z)
_ot _e 0% vp°
¥ ¥ k(x) k()
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It is easy to check that for Rel < 0 and A = p?, the matrix P(x,p) is invertible when \ # — . A direct
computation gives that
2 _ Ya(@)y/k(=) k(@) k(z) _ vk (x)
272 +2p%k(x) 2k(z)2p>+292a(z)p  2k(x)?p*+272a(z) 2k(z)p*+2v2p?
72 "/2‘1(3’3)\/ k() ___apk(z)y/k(x) o vk(x)
P 1(93 p) = 272 +2p%k () 2k(z)?p°+2v2%a(x)p 2k(x)?pt+2v2a(x) 2k(z)pt+2v2p? (3.7)
’ ka(w) _ PQ\/ a(x)k(z)? _ YV a(z)k(x) vk (x) ’
272+2p%k() 2k(z)2pT+27%a() 2k(2)2pT+27%a(z)  2k(z)pT+272p?
p’k(x) P>/ a(@)k(z)? vV a(@)k(x) k()
2v2+2p%k() 2k(z)?pt+2v2a(z) 2k(z)?p*+2v2a(x) 2k(z) pt+2v2p?
where \ = p? £ — W and Re\ < 0. Transform ®(z) through
U(z,p) = P~ (x, p)@(x). (3.8)

Taking the derivative of (3.8) with respect to = and substituting ®'(z) given by the first equation of (3.3), we

obtain:

¥ (z, p)
or

SECL Ry

where Z/W\(x p) = P~ (x,

— P (.p) [Moc,p) n

p)M (z, p)P(x

P

OP(z, p)

OP(z,p)

] ¥(z, p),

P-l(x,m] P(a. p)U(x. p)

(3.9)

By using power series expansion, we find that M (x,p) and

P~Y(z,p)2 ( 2.0) have the following asymptotic expression as lp| — oc:
— 1
M(z, p) = Mi(z)p? + Ma(2)p + Ms(x) + M5(x); +0(p™?), (3.10)
and
_ OP(x,
P, ) 22D gy a) 4 M)+ O(7) (311)
where
0 0 0 0 - kl( ) 0 0 0
00 0 0 o 1 0 0
Mi(z)y=]10 0 ——2 0 , My (z) = k() ) (3.12)
0 0 O“W . 0 0 00
Va(z) 0 0 0 0
_K(=z) _K(=)
2k(x) 2k(x)
_K(z) _K(=)
2k(x) 2k(x)
Mg(l‘) = Va(z)+k (z) Va(z)+k (z) _ ~? _d(x) a'(x) ~2 s (313)
2k(x) 2k(x) 21/a(z)k(z) 2a(z) 2a(x) 2¢/a(z)k(z)
E(z)—va(@) k(z)—a(@) 2 4 d@) ~? _d (@)
2k(x) 2k(z) 2v/a(z)k(z) 2a(z) 2+/a(z)k(z) 2a(z)
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2 2

—r - 0 0
(1) k(z) 2’6(96)\{16@)
. 0 0
Ms(z) = i z)\/k(m . o) 2k(w)\/ (x) 2 N (3.14)
2\/(1(1 \/k‘(l Qk(l)\/k(l 2\/a(x \ k(x) 2k(a:(\)/k(7;)
a (T 0 0
2\/a(z \/ 2k(z)\/ 2k(z)\/ 2+/a(z)\/k(z)
and
wE Eeg 0 0 g ¢ 99
k@) K@ 0 Va@k @) y/a@H (2)
M4(.’,U) = R A a’(x) a’ (z) ,MG(SC) = _2k(z)«/kk(m 2k(r)\/kk(z 00 . (315)
0 0 ~Ta@ dal@ Va@k @) a@k @)
0 0 a/(z) _ a(x) 2k(2)y/k(2) 2k(2)\/k(z)
da(x) 4a(x)
Thus,
oY(zx, 1 _
PULL) — (3 )g? + Ma(w)p + Ma(e) = Ma(e) + (M (o) — Ma() S + O 2] W(w ). (3.16)

On the basis of these transformations, we are now in a position to find a asymptotic expression for the
fundamental matrix solution of system (3.9).

Theorem 3.1. Let A be defined by (2.1). Then, A = —%; ¢ o(A) for any x € [0,1]. For ReX <0, let M\(x,p)
and Pil(x,p)% be given by (3.10) and (3.11) respectively, and for x € [0,1], set

E(1‘7 p) = dlag[F1($, p)’ FQ(x7 p)7 F3($, p): F4(.13, p)]? (317)
where
Fi(z,p)=e RN FQ(SU p) = epfO 7© 6 5.18)
3.18
2
Fy(w,p)=¢ " 10 V0% Fy(a,p) = & T Ve
Then, there exists a fundamental matriz solution \il(w,p) for system (3.9), which satisfies
8\11(33,p) — 1 OP(z,p),+
—— =M - P — | 1
$20) — 3z, )~ P (2 0) T e ), (319)
such that for large enough |p|,
(. p) = (‘1’0(1‘) 4 22, T2 ) E(z,p), (3:20)

where

Yo(z) := diag [q1(2), q1(2), g2 () Q1 (2), g2(2) Q2 ()] , (3.21)
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and all entries of \i/z(x) are uniformly bounded in [0,1], i =0,1,2,---. Here,
5(0) 34 o) /4 s 2 e a2
m@:(ég>’%@:(%;>7Qmwwjﬂﬁww?@mﬁwﬁwww“ (3.22)
x a(x

are uniformly bounded in [0,1].

Proof. We first assume that A = p? # —% for any z € [0,1]. Substituting (3.12) into (3.10), we obtian

2 = diag < — P P - i o
My()p” + My(x)p = d g{ Vi@ @) \/a(x)’\/a@v)}’

which is a diagonal matrix. It follows that E(-, p) given by (3.17) is a fundamental matrix solution to

OB _ (01s()p + o)) B, ),

in which the right-hand side involves the higher order terms of p from the right side of (3.19). Now we look

for a fundamental matrix solution of (3.19) given by (3.20). Taking the derivative of both sides of (3.20) with
respect to x leads to

W:(ﬁlg(x)+wﬁf§®+wi(ﬁ+'“>E(%P)

+ (\i/o(a:) +

Comparing it with the right-hand side of (3.19):

P
(\ilo(x) n ‘I’lém) + q’ngx) + ) E(z, p),
and letting cach coefficient with same power of p of both hands be equal, we arrive at
o (x) M, (x) = M, (x)¥o(), (3.23)
o (x) My(z) + Uy (2) My (x) = My () Uo(z) + M, (2) 0y (), (3.24)
Uy (2) My (z) + Wy (z) My (z) + Uh(z) = (Ms(z) — My(x)Po(x) + Ma(2)¥y () + My (x) Wy (x), (3.25)

Uy () Ma(z) + U3(2) M (2) + ¥ (2)

= (Ms(x) — Mg (2))¥o(x) + (M (z) — My(2))¥:(x) (3.26)
+Ma(z)Wa(z) + My (2)Vs(),
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According to the argument in [22], we conclude that there is an asymptotic fundamental matrix solution
U (-, p) for system (3.19). The proof will be accomplished if the leading order term Wo(-) is given by (3.21).
Indeed, Wo(-) can be determined by (3.23), (3.24) and (3.25), and then ¥, (-) can be obtianed by (3.24), (3.25),
(3.26) and the W(-) obtianed above. Similarly, ¥;(-), 7 = 2,3, ... in (3.20) can also be deduced if the coefficients
of p=% i=2,3,...1in (3.10) and (3.11) are given.

Now we find the leading term (). Let us denote ¢;;(-) as the (i, 7)-entry of the matrix Wo(-) with 7,7 =
1,2,...,6. Substituting M;(-) given by (3.12) into (3.23), we can obtain that the entries ¢;;(-) of Wo(-) satisfy

cij(z) =0 if 1<i<2,3<j<4,
cij(x) =0 if 3<i<4,1<j<4,i#j.

Substituting them and M;(-) and M»(-) given by (3.12) into (3.24), we have c12() = c21(-) = 0 immediately.
Hence, Wo(-) = diag{c11(+), c22(), ¢33(+), caa(-)} can be found by substituting into (3.25) as

ey (z) = —%&)011(@,

chy(w) = =S e (),

() = — VA (),
cha(x) = QVZ@;kk(g)a/(z)C44($)-

The (3.21) then follows from ¥,(0) = I. This completes the proof of the theorem. What left is to check whether
2

A= —ﬁ is an eigenvalue of A. For any fixed xg € [0, 1], we solve AX = AX with X = (f,g,h)" and \ = —ﬁz)
to obtain

9(2) = — 52 f ()
(a(@) f' (@) — Ah' () = — s g(a), (3.27)

2

=79 (@) + (k(2)h (2))" = — g5y ().

Setting ® = (f, f/,h,h’) T, the (3.27) equals a first order differential equation system:

P’ () = M(x)®(x), (3.28)
where
0 1 0 0
e ol 0 e)
e Zo)alx alx alx
M(z) := 0 0 0 1
0 ¥? __ )
k(zo)k(x) k(zo)k(x) k(x)

It is easy to check that M(z) is continuous in [0,1]. Hence, we obtain the existence and uniqueness of the
solution for (3.28) under the boundary conditions f(0) = f(1) = h(0) = h(1). Meanwhile, as f(-) = h(-) =0isa

solution of (3.28), system (3.27) has only null solution which contradicts that A = —% is an eigenvalue. [
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Note that in the process of proving Theorem 3.1, \ill() is of the following form:

d11 (x) d12($> 0 0
@1(1’) _ d210(37) d220($) d330(1,) 8 ; (329)
0 0 0 d44 (x)

and the explicit expressions of the nonzero terms can be obtained by (3.26), which are not listed here. By virtue
of the transformation for ¥(-, p) in (3.8), we obtain immediately the relationship between systems (3.9) and
(3.3) as the following Corollary 3.2.

Corollary 3.2. For ReX < 0, let \i/(~,p) given by (3.20) be a fundamental matriz solution of system (3.9).
Then,

b(x, p) = P(x, p) ¥(z, p) (3.30)

is a fundamental matriz solution for the system (3.5).

Next, we estimate asymptotically the eigenvalues of system (2.2). By the fundamental matrix obtained in
Theorem 3.1, A = p? € o(A) if and only if p satisfies

A(p) = det (TRfﬁ(x,p)) =0, peC, (3.31)

where the operator T is defined in (3.3) and ®(, p) is any fundamental matrix of TP (z, p)®(x) = 0, which is
similar to [22].

By Theorem 3.1, any eigenvalue A = p? # —ﬁ; for any € [0, 1]. Substituting (3.20) and (3.30) into (3.31),
the boundary condition in (3.3) implies that

TRb(x, p) = WO(p)P(0,p) (0, p) + W' (p) P(1,p)¥(L, p), (3.32)

where W0(p) and W1(p) are given by (3.5). Using (3.5) and (3.6), a direct computation gives

1 1 1 1
0 0 0 0
WO(p)P(0, p) = ;
(P)P(0,p) p3p1 —P3P1 —p2 D2
0 0 0 0
and

0 0 0 0
1 1 1 1
P*ps  —pps —ps pa

where

, = valy (3.33)
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For notational simplicity, set
laly = a+ O(p~).

Since Uo(0) = I, and E(0, p) = I, a direct computation gives

(11 [1]1 (1 [1h
=~ 0 0 0 0
WO(p)P(0,p)¥ (0, p) = )
()P (0, ) ¥ (0, p) Pg[p1h —PS[plh —[p2]1 [p2]1
0 0 0 0
and
0 0 0 0
Wl(p)P(l,p)\T/(l,p) _ Fl[gf)h F2[gs]1 FgQ(l)[Pﬁh F4Q(2)[P6h ’
PP Filpsps)i  —p*Falpsps)i  —F3Qu[paps)i  FaQa[pape)i
where
3/4 oy 1/4 Lo [ e g
p5:<%) 7p6:(a(7(1);> 7F1:epom 7F2:epom )
2 2
Fy = epr fOl 1/:(5) d€7 Fy = ep2 01 \/:(5) d€7 Ql = ei fol 2\/a:£)k(§) dg’ Q2 = efol 2\/aZ§)k(§> dg.
Therefore,
[1]x (1)1 [1]1 (11
= Filpsh Fslps| F3Q1[ps)1 F1Q2[ps)1
A(p) = det(TED(z, p)) = !
(p) ¢ ( (x ,0)) pg[pl]l —03[171]1 —[p2]1 [p2]1

PPFilpspsli  —p*Falpsps)i  —F3Qilpapeli  FaQ2[paps)i

This leads to the following Lemma 3.3.
Lemma 3.3. Let A be defined by (2.1). For any p € C, A = p? € o(A) if and only if p satisfies

A(p) = det(T"®(x, p)) = 0,

where A(p) is given by (3.35).
Theorem 3.4. Let A be defined by (2.1). Then, the eigenvalues of A contain at least two families:

{An, Aty € NFU {A2n,n € N} C 0,(A),
where A1, and Aoy, have the following asymptotic expansions:

Atn = —ppiz + ipanm + O ()
Aoy = —pEn?m? + O(1),

2
with py = fl — ¢, oy = ———, 3 = ——L—— and n being the positive integers.
0 2¢/a(©)k() (f& : df) (fol 6] ds)

Va(g)

(3.34)

(3.35)

(3.36)
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Proof. Since all eigenvalues are symmetric to the real axis, we only need to consider those A which lie in the
second quadrant of the complex plane:

Ni=pipeS:= {pe((:ﬂgpgz}.
4 2
It is easy to check that for any p € S,
Re(—p) <0, Re(p?) < 0. (3.37)
Since the positive functions a(-) and k(-) are bounded, a direct computation shows that p;(i = 1,2,...,6)
and Q1, Q2 are constants and |F}|, |Fy| are not larger than 1, according to the expressions of p;(i = 1,2,...,6),
Q;(j=1,2) and Fi(k=1,2,...,4) given by (3.33) and (3.34).
By multiplying some factors, we make each entry of the determinant A(p) be bounded as |p| — oo:
[ Fi[l]y Fy[1]: (1)1
¢ Fi[ps] [ps] Q1[pe] F4Q2[p]
p 11Ps5]1 P51 11P6]1 42|61
Ap) = .
F\F, () i —Fip — s Falpea s [Py (3:38)
Filpsps)i —[paps)i —25Qilpapeli 5 FaQa[paps)
Denote S = &1 U Sy with
Si={peClr/d<argp <3n/8}, So={pecC|3n/8 <argp<m/2}. (3.39)
When p € &1, we have
Re(—p) = —|p| cos(arg p) < —|p|cos(37/8) < 0.
Thus, there exists a positive constant C; such that
|Fy| = O(e~C1IPh) | Fy| = O(1) as |p| = oc. (3.40)

It is easily seen that

6 (11 0 Fy[1]; i 1)1
A = | T Qe Qb o,
0 —[pspsh 0 0

From this, we see that A(p) = 0 if and only if

P11 0
0 —[pspsh

Fy[1]; [1]1 (-3
Qilpslr  FiQ2psh | G

which is equivalent to

(@1 — F7Q2) [p1pspsps]i = O(p™?).
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Since @1, Q2 and F are bounded, there holds

201 _1 g o 42 d
F? = o’ Jo Zom € _ @ +0(p ) =e Jo Tatore % +0(p7h). (3.41)
2

Since the solutions of the equation

1 ~2

202 [ L _d — d
e’ o 72 ‘. Jo Jtore %

are given by
Ain = 2, = —pifiz + iponm, n € Z,
it follows from Rouché’s theorem that the solutions to (3.41) are in the form
Mn = ph, = —pi1pio + iponm + O(n~1),n € Z and |n| — oo, (3.42)

and hence

_1)3/4
pm = (i + o T oery (3.43)

Similarly, when p € Sa, it is easy to verify that
Re(p?) = |p|” cos(arg(p®)) < |p|? cos(3m/4) < 0,

Thus, there exists a positive constant Cs, such that

|| = O(1), |Fy| = O(e= 217" as |p| — oo. (3.44)
Now
p° A Fl[g;]l IE?S]; Q1 [(1)76}1 [1(11 _3
FFy (n) = [p1)1 —Fi[pi)1 0 o |TOW)
Filpsps]i  —[pspsh 0 0

Hence A(p) = 0 if and only if

[p1]1 —Fipis

Filpsps)i  —[pspsh =0(p™?), (3.45)

’ 0
Qilps)r O

which is equivalent to

(F? = 1)Q1[p1pspsps]i = O(p~?).

Therefore, F satisfies

—2p [t 1 _q
Fr=c @ o1 o
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which gives
pan = ipgnm +0(n~), nez. (3.46)

Therefore, the second branch of eigenvalues \a,, = p3,, has the asymptotic expression given by (3.36). The proof
is complete. O

Notice that the asymptotic expressions (3.36) are exactly the same as those obtained in Section 3.6 of [9],
for the eigenvalues of the thermoelastic system with constant coefficients, which given by

AMn = =3 +inm — 29271 il—‘; +0 (%),

nm

Ao = —kn?7? + (4+ k) + O (2).

However, we do not know whether Ay, are real until Corollary 5.6 in Section 5.

4. ASYMPTOTIC BEHAVIOR OF EIGENFUNCTIONS

In this section, we shall consider the asymptotic expression of eigenfunctions which are solutions of (3.2)
with respect to eigenvalues given in Theorem 3.4.

Theorem 4.1. Let A be defined by (2.1) and {Ain,Ain,n € N} U {Xapn,n € N} be a subset of o,(A). Let
Ain = p3,, and oy, = p3,, with p1, and pa, being given by (3.43) and (3.46) respectively. Then, there are two
families of asymptotic eigenfunctions of A:
(1) One family { X1, (x) = AL fin(2), fin(2), AL hin(2)) T}, where Xy, is the eigenfunction of A correspond-
ing to the eigenvalue \i,, has the following asymptotic expression:

1

.
T(x) cos(an(z)),isin(an(x)), 0) +0(n=3/?) (4.1)

(Ao fln (@), Frn(2), A B (2)) T = (

as n — 0o, where

x 1 ) xT 1 xT 72 =
an(x) = ponm —d i pgpe ——d¢ — —d O(n™ ). .
(@)= / e (MH/O e / PN 5>+ (). (42)

(2) The other family {Xon(x) = (Ag) fon(2), fan (), Agthon(x)) T}, where Xa, is the eigenfunction of A
corresponding to the eigenvalue Aoy, has the following asymptotic expression:

.
()\gnlfén(l‘),fgn(l‘),)\;llhgn(m))—r = <0,0,sin (Mgnﬂ'/o \/% + O(n_1)>> +0(n™h (4.3)

as n — o00.

Proof. Suppose that ®(z) = (f(x), f'(x), h(z),h'(x)) " is the solution of (3.3) with respect to the eigenvalue
A\ = p?, we can obtain the i-th component of ®(x) by taking the determinants of the matrices which are replaced
one of the row of TR®(z, p) in (3.32) with the i-th row of the fundamental matrix ®(xz, p) given by (3.30) so
that the determinants are non zeros. To obtain the eigenfunctions which are solutions of the eigen system (3.1),
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it is sufficient to calculate f(x), f'(x) and h(x), namely the first three components of ®(x). From (3.30), we
obtain the fundamental matrix solution of system (3.9) as

®(z, p) = (Bi, By)

with
lzl(xm)ql(m)[lh sz(ff,p)ql(fﬂ)[lh
- —\/@R(%P)Ch(x)[lh k(z)F2($7P)Q1(33)[1]1
PRy (@, p)pr(@)ar (@)1 —p* B, p)pr (@) (@)1 |
— 5 Fi(z, p)qu (2)[1h — 5 Fy(x, p)qu (2)[1h
and
Fs(z, p)Q1(x)q2(7)[1]x ( P)Q ( )a2(z)[1]1

where p;(z) = ¥ ],CY(QE), po(x) = ka( 7~ and other functions are defined by (3.18) and (3.22) respectively.
In the sequal, we calculate the elgenfunctlons associated with eigenvalues given by (3.36). Replacing the
second row of TE®(z, p) by the first row of ®(z, p), we obtain

A @l Faon@llh P el e aoa@

_ 1\Z, p)qi(T)[L]1 20T, p)q1(Z) L)1 3(Z, p)1(2)q2(Z)[L]1 4z, p)J2(T)g2(x)|1]1

f(@,p) = P’ [ph —p’[p1h —[p2]x [p2]1 ' (44)
P’ Fi[psps) —p® Fa[psps|1 —F5Q1[papsi F1Q2[papsh

From the expression of p = p1,, given by (3.43), we have

wufmfcfmdam n=1/?) wuzmr’f g o n=1/?)

Fl(ff P1n) = ,F1F2($,P1n) = : , (4.5)

iponm [T —2— dé+0(1) ip le
Fy(x,prp) = = 0 Ve@® FiFy(z,pin) =€ :

and the estimations ||Fy(z, p1n)|| = Ox(n~Y*) and || Fy Fy(z, p1n)|| = Ox(n=/%), where O,(n~'/*) means that
102 (0= 4[| 1210,1) = O(n=1/4).

Substituting Ai, = p?,, with p1, given by (3.43), it is seen that j/’;l z) = f(x, p1n) satisfies:
g Pin Pin &

B8 fun(2) = D8 f (@, pan)
n

(1 Fi[1 Fu[l]1 (1
Fi(z, pin)q1(z)[1]1 FiFa(z, pin)qi(2)[1 - FulFs(z, p1n)Q1(2)g2(@) (11 Fi(z, p1n)Q2(z)q2(2)[1]1
- [p1]1 —Fipis — i Fulp2lu - [pela

Fi[paps]1 —[psps)1 *é@l[pzlpﬁ]l F4Q2 [pape]1
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By the estimations (3.40) and (4.5), it follows from the boundedness of p; (i =1,...,6), Q;,Q;(x) (j = 1,2)
that

F16F4 Jin(z) = F16F4 f(z, pin)
Pin Pin

[p1]1 0 Fy[1]; [1]1 .
B 0 —lpspsh || Fuls(z, p1n)Q1(z)q2() (1)1 Fa(z, p1n)Q2()q2(z)[1]1 +0(p1y)

= —Fuiqe() (Fu(z, p1n)Q2(x) — F3(z, p1n)Q1(2)) [p1p3ps]i + O(n=3/2).

Substitue Fi(z, p1),% = 3,4 and @Q,(x),j = 1,2 given by (4.5) and (3.22) to obtain

?FLI fin(z) = ZEGFZlf(%Pln) = —2iFyq2(x) sin(an(x)) [p1psps) + O(n~/?), (4.6)
1n

1n

o T 1 . T 1 T 72 1
where a,(z) = ponm | —mdf +1i <u1u2 Jo T@(T)df IN 2\/@“5)%) +O0(n™1).

From the expression of p = pa, given by (3.46), we have

—ipusnm dé+O(n~t —ipgnm dé+O0(n~ 1t
Fl(]),an):e M3 fo \/W £+ ( ) F1F2(x,p2n)— M3 f \/W 3 ( )

(4.7)

—unn’ [ s d5+0(1)

2.2 2
—pinm fo

Fy(z, pan) = e F4F3($7P2n) =e

and the estimations |Fy(z,pa2n)| = O(n71) and ||FyF3(z, p2n)| = Or(n~!), where O,(n~!) means that
102(n~ Y L2po,1) = O(n™1).

Similarly, we can obtain fg\n(x) = f(z, pan) corresponding to Ao, = p3, as follows:

F14F4 f{2\n($) = F14F4 f(% p2n)
Pan Pan

[1]x Fi[1h Fy[l] (11
o | Fr(@pm)a@) - P, pon)q (@)U FaFs(@, pon) Q1 (2)g2(2) (11 Fa(w, pan)Qa(2)g2(2) (11
= Pon [p1)1 —Fi[pi —$F4[P2]1 pn[pzh
Fi[psps]1 —[psps) _éQl[p4p6]l fF4Q2[P4p6}

y (3.44), (4.7) and the boundedness of p; (i =1,...,6) Q;,Q,(z) (j =1,2),

IS fon (@) = Z554 f (0, pon)
Pan Pan

2 [p1)x —Fi[pis 0 11 1
= pPan Fi[psps]i  —[psps) ‘ FiFs(z, p20)Q1(2)q2(2)[1]1 Fa(z, p2n)Q2(x)q2(x)[1]1 + O(p2y,)-

By (3.45) and the estimation ||FyF3(x, pan)| = Ox(n~1), we conclude that

Bl ) — ff‘*f@,p%) — 0(p31)0u(n™Y) + O(n~) = O(n~Y). (48)

In the following, we look for f/(z), the second component of ®(x). Replacing the second row of TR<i>(x, )
by the second row of ®(z, p), we obtain

(1)1 (1)1 [1]1 [1]1
_ pFi(z,p)a1(x) [1] pF2(z,p)q1(x) [1]1 _ PPF3(2,p)Q1(x)q2(x) [1]1 P2 F4(z,p)Q2(z)qz () [1]1
=] TS S T o A
P P11 —p P11 —[p2)1 2]1

0° Fi[paps)1 —p® Falpaps)h —F3Q1[paps)1 FyQ2[paps)
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Substituting p = p1, into (4.9), we obtain )\fnlfi\n(x) = A;,1f'(x, p1n) corresponding to eigenvalue A, = p?,,,
which satisfies

BENATT (@) = BEX (@, p10)

P1
1], Fi[1]; Fyl) [1]1
_ Fi(z,p1n)q1(2) (1] F1Fy(x,p10)q1 (%) M, - FuF3(z,p1n)Q1(2)q2() 1], Fu(2,p10)Q2(w)q2(2) [1]
_ prny/b(@) prny/b() e Vo)
[Pl]l —IF [?91]1 [P2] o3, LPZ]
Fi[psps)h —[p3ps)1 %[MPG] F4 2 [p4p6]

By (3.40), (4.5) and the boundedness of p; (i =1,...,6) Q;,Q;(z) (j =1,2), we have

1211F4 /\1n fln( )= I:;GF4 /\1_n1f/(3«"vpln)
n 1in

Fy[1]y (11
_ |k 0 FiFy(ep)@i (@) 1)) Falwpin)Qa()ax() ) +0(p12)
0 _[]93]95]1 [a(z) 1 /a(x) 1
= TR (Fu@ p1n)Qa (@) + Fa(, prn)Qu(@)) Iprpsps]y + O(pr,)

Substitute F;(x, pin),i = 3,4 and Q;(x),j = 1,2 given by (4.7) and (3.22) to obtain

FiF, — Fi F, F, T
14 fln()_ 164)‘177,1f(71n):_2 4Q2()

Pln Pin a(x)

cos(an (z))[p1psps) + O(n=3/?). (4.10)

Similarly, we substitute p = pa,, into (4.9) and obtain A’ f2n( ) = Ayt f' (2, p2n) corresponding to eigenvalue
Aopn = p3,,, which satisfies

BT (@) = BEOG (@, )

P2
[1]1 Fi[1]y Fy(1]; [1]1
_ Fi(z.p2n)aa(z) 1], Fy Py (%,p20)q1 (2) 1] _ FuF3(m,p2n)Qi(2)g2(x) (1], Fa(x,p2n)Q2(x)q2(x) 1]
_ ,0% P\ k(z) panr/k(z) a(z) v G(I
" [p1)1 —Fi[piy —Z[Pz] i —[p2h
Fi[p3ps) —[p3ps) [p4pﬁ] Féj [paps)1

By (3.44), (4.7) and the boundedness of p; (i =1,...,6), Q;,Q;(z) (j = 1,2), we have

I:)lF4 A2n f2n( ) = I:)lélih AQ_;f/(xaan)

2n

_F 0 (1)1
= 2, P P11 1lpih _ FyF3(z,p20)Q1 (%) g2 (x) 1] Fa(2,p20) Q2 (2)q2(x) [1] +0(p3, )
Vpspsli —[papsh Ja@) ! Vale) '

By (3.45) and the estimation ||FyF3(x, pan)| = Oz (n~1), we conclude that

FF, .,

BF i @) = B0 (e pan) = 0(03,)00(n71) + O(n) = O(n). (4.11)

2n 2n
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_ Finally, we look for the third component of ®(z). Replacing the third row of TR®(z, p) by the second row of
®(x, p), we obtain

h(z,p) = ’Bl,éz (4.12)
with
[%]1] [%]1]
5 Filps) Eyps
B = PS[Pl 1 —p [ 1l
PP (x, p)p1(x)qu(x)[1]y  —p* Fa(z, p)p1(z)qi(x)[1]1
and
(1] 1]
By — F3Q1[ps]1 F1Q2[ps]1
—[p2)1 [p2]1
—Fs(z, p)Qu(2)p2(z)g2()[1]1  Fulz, p)Q2(2)p2(2)g2(z)[1]1
For notational simplicity, denote
[1]x 1]y
Bi(z,p) = F[%ih B 55[1711]1 (4.13)
Fi(z, p)p1(@)q1(z)[1]1  —F1F2(z, p)p1(w)qr ()1
and
ol Fidal
Ba(, p) = B é;f;ﬂll ‘153561 ! (4.14)
_PRad@n@e@ ), FlenQlnr@et )

as two matrix functions of (z, p).
Substituting p = p1,, into (4.12), we obtain A7, hln( ) = At h(x, pin) corresponding to eigenvalues A1, = p?,,,
which satisfies

FiFy | — Fy _ 1 (= -
AN (@) = =5 AL, pra) = —— |Bi(@, p1n), Bi(z, pin)| -
1n in in

By (3.40), (4.5) and the boundedness of p; (i =1,...,6) Q;,Q;(z) (j =1,2), we have

Flll;})\ 1h1n( ): %A;;h(m,ﬂln)
Fa[1]y (1]:
Qilps]r  FaQ2[pe]s

1 [p1]1 0
o1 | Fi(z, pin)p (@)@ (@)1 —F1Fe(z, prn)pr (@)qa (z)[1]1

= [plpa] pl( )1 () Fi Fa(z, p1n) (FEQ2 — Q1) + O(p,?).

+ O(Pm)
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By (3.41) and the estimation ||F} Fo(x, p1,)|| = Oz (n~'/*), we conclude that

Y F. nE, _ _ _ _
AN B () = 220 (2, pin) = O(p12) 04 (n™ V%) + O(p12) = O(n~3/2). (4.15)
1in 1n

Similarly, we substitue p = pa, into (4.12) to obtain )\gnlh/;(ac) = M\ h(z, pan) corresponding to eigenvalues
Ao = p3,,, which satisfies:

FFy i — FBFy _ - -
T A han(@) = =05 h(@, pan) = | Bi(@, pan), B, p20) (4.16)
2n 2n

y (3.44), (4.7) and the boundedness of p; (i =1,...,6) Q;,Q,(x) (j =1,2), we have

B han(@) = B (2, pan)

[ ]1 —Fl[p1]
Fi(z, p)pr(z)q(z) 11 —FiFa(z, p)p1 ()@

1P F1Q1p1(7)q1 () (Fa(w, p2n) — F1($aﬂ2n))+0(/72n)-

Substitue F;(x, pay),i = 1,2 given by (4.7) to obtian

S han(@) = DG, pan)
(4.17)

— 2ipsFiQupa)as (o) sin (e [} AL+ 0 + (),

By W, (z) given by (3.29) which is the coefficient matrix of p=! in the fundamental matrix solution ¥(z, p) given

by (3.20), a direct computation gives that the first two items of the asymptotic expression of factor [p1psps]1 in
(4.6) and (4.10) are the same. Combining with the expressions of A\J,} fin (), fin(2), A" hin,(2) given by (4.6),
(4.10), (4.15) , respectively, and setting

ALY fin(2) RF pdle)
X1, = n B ! & |
1 )\—ffhl(:():v) —2F4q2(2) p®[p1p3ps)i /\‘{IES()CU)

we obtain the first family of eigenfucions Xy, corresponding to A1, which satisfies (4.1). Similarly, combining
with the expressions of Ay,! fan (), fon(x), A han () given by (4.8), (4.11), (4.17), respectively, and setting

Ao fon(@) F, Az fon ()
Xon = x = — n(z ;
? )\7]”1222(”():17) 2ip1peQ1p1(z)q1 (2)p? /\flz@(\gx)
we get further the second family of eigenfunctions Xs,, corresponding to Agy,, which satisfies (4.3). O

5. RIESZ BASIS PROPERTY AND EXPONENTIAL STABILITY

In this section, we shall use the asymptotic expressions of eigenpairs obtained in Section 3 and Section 4 to
prove that there exists a sequence of generalized eigenfunctions of operator A, which forms a Riesz basis for H.
Furthermore, the exponential stability of the system can be determined by its spectrum distribution.
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Before continuing, we recall some notations. For a closed operator A in a Hilbert space H, a nonzero X € H
is called a generalized eigenvector of A, corresponding to an eigenvalue A of A, if there is an integer m > 0 such
that (A —A)"™X = 0. If m =1, X is just an eigenvector. A sequence {X,,}>2; C H is called a Riesz basis for
H if there exists an orthonormal basis {e,}52; in H and a linear bounded invertible operator T such that

TX,=¢€,, n=12---.
To prove the Riesz basis property of our system, we recall two associated results. The following Lemma 5.1
comes from [2].

Lemma 5.1. Let {\, € C,n € Z} be a sequence satisfying both of the following conditions:
(1) sup, [lm(An)| < M;
(2) sup, [Re(A,) — nw| < 7w/4;

where M is a positive constant. Then, the sine system {sin \,z,n € Z;} and the cosine system {1,cos \pz,n €
Z.} are two Riesz bases for L*(0,1).

The succeeding Lemma 5.2 comes from [10].

Lemma 5.2. Let A be a densely defined closed linear operator in a Hilbert space H with isolated eigenvalues
{2y and o,.(A) = 0. Let {¢;}32, be a Riesz basis for H. Suppose that there is an integer N > 1 and a
sequence of generalized eigenvectors {1;}2  of A such that

oo

D i = 6ill* < o (5.1)

i=N
Then, there exists M(> N) number of generalized eigenvectors {1, }121, of A such that {1, }11y U {0} 44
forms a Riesz basis for H.

To prove the Riesz basis property for the operator A defined by (2.1), we define a linear subspace of L?(0, 1)
by

1
12(0,1) = {g e 20.1) [ Halgte)ds = o} )= i (5.2)

With the inner product in L?(0, 1) defined by

(fq) = / b(a) f (2)g(@)de,

there holds an orthogonal decomposition of L?(0,1):
L*(0,1) = {1} ® L§(0,1).
Then, for any f € L?(0,1), a simple computation shows that there exists a unique direct sum decomposition

fol b(z) f(z)rdz

f(x):C+g(x),g€L0(0,l),C= folb(x)dx

(5.3)

where b(x) is given in (5.2).
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The following Lemma 5.3 is trivial from decomposition (5.3).
Lemma 5.3. Let {\,} be the sequence defined by Lemma 5.1. Decompose
cos A\t = Cp, + gn(2), g € L2(0,1), C, = O(n™1). (5.4)
Then, {gn(z)} forms a Riesz basis for L3(0,1).

Proof. The conclusion is trivial by (5.3) and we only need to notice that

fol b(z)cos \pzdr  — fol b (x) sin A\pzdx + b(1) sin A, o)
= = - n .
fol b(z)dx An fol a(x)dx

n

O

Lemma 5.4. Let A\, satisfy the conditions of Lemma 5.1 and C,, be defined in Lemma 5.3. Then, the vector
family {Y,, = (cos Az — C,,isin \,2) " }2°; forms a Riesz basis for the space L2(0,1) x L2(0,1).

Proof. Based on Lemma 5.1 and Lemma 5.3, it is easy to check that

0 cos Az — O, o
sinA\,z /' \ 0 et

constitutes a Riesz basis for L2(0,1) x L%(0,1). Hence, the sequence

cos \px — C), cos \px — C),
sin A\, x ’ —sin A,z neN

also forms a Riesz basis for L3(0,1) x L?(0,1). We introduce an invertible bounded operator T} = ( L O. )

which produces

cos\pz —Cp T cos A\px — O, cos\pz —Cp T cos \pz — Cpy
—isin A,z -t sin A\, x ’ isin A,z -t —sin A,z ‘
The conclusion then follows straightforwardly. O

Theorem 5.5. Let A be defined by (2.1), and let X1,,, Xop, be the two families of eigenfunctions given by (4.1)
and (4.3) respectively. Then, { X1, Xon,n € Z4} forms a Riesz basis for H the state space of the system (1.2).

Proof. By the bounded invertible mapping:

1>(f, 9, h)T = (v a(x)f’,g7h),

the state space H is mapped onto L3(0,1) x (L?(0,1))2. The above map is also needed for constant case, which
corrects an error for (3.271) of [9]. To complete the proof, we only need to prove that {T2X1,,ToXon,n € Z4 }
forms a Riesz basis for L3(0,1) x (L?(0,1))2. Set

B Jo \/;(T)df

1 1
Io e

21 =z

z 1
(2) = o /0 N
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and

SRR ok
o VE©) [ —r

zo = z9(x) = u3

By (4.1), (4.3) and the space scaling above, the sequences {T2X1,,n € Zi+} and {T2Xo,,n € Z4} are
transformed into two equivalent sequences in L(0,1) x (L?(0,1))?:

Yip = (cos(nmzy +iby(21) + O(n™ 1)), sin(nrzy + b, (21) + O(Tfl)),O)—r +0(n™%?) as n — oo, (5.5)
and

Y2 = (0,0, sin(nrzy + (7(Tfl))T +0(n™ 1) as n — oo, (5.6)
where b, (21) = 121 — fo Td{ with z; ! being the inverse of z1(x).

As for a(+), k(-) € C?[0,1], it is easy to check that sup,, |b,(z1)| is bounded and both of the real parts in (5.5)
and (5.6), nmz; + O(n~1) and nmze + O(n~1), satisfy the second condition of Lemma 5.1. By Lemma 5.4, we
conclude that

{(cos(mrzl +iby(21) + O(n™1)) — Cp,isin(nrzy +iby(21) + O(rfl)))T ,n € Z+}
forms a Riesz basis for L3(0,1) x L?(0,1) with associated C,, = O(n~!) in terms of Lemma 5.3, and
{sin(nrzo +O(n™ ")), n € Z,}

forms a Riesz basis for L?(0, 1).
Denote Y1, = {(cos(nmzy +iby,(21) + O(n™1)) — Cy,isin(nmzy +iby(21) + O(n™1)),0) ", n € Z; } and Y, =
{(0,0,sin(nwz; + O(n™*))",n € Z, }. It is obviously that {171:, Yan,n € Z+} forms a Riesz basis for L3(0,1) x

(L?(0,1))2. By the expressions of Y3, and Ya, given by (5.5) and (5.6) respectively, there exists an N > 0 such
that

oo o0

>[I0 = Vil 4+ [¥an = Vaul?] £ 3 0(n72) < oc.
n>N n>N
The proof is completed by applying Lemma 5.2. [

It is noted that since the eigenvalues are symmetric about the real axis, theoretically, {2, } are also eigenval-
ues of A. However, since the two families of asymptotic eigenfunctions of operator A, which correspond to the
two branches of eigenvalues {\i,,, A1, € N} U{)a,, n € N} given by Theorem 3.4, are used in forming a Riesz
basis for H only, all Ay, with sufficiently large n must be real. We therefore obtain the following Corollary 5.6.

Corollary 5.6. Let A be defined by (2.1). Then, the eigenvalues of A consist of two families:
o(A) = 0p(A) = {Mn, Ain,n € N} U{Aa,,n € N},

where A1, and Aoy, are given by (3.36) in Theorem 3.4, and Aoy, are real for all sufficiently large n.
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As a consequence, we obtain the following Theorem 5.7 which covers main result of [17] on exponential
stability as a special case.

Theorem 5.7. Let A be defined by (2.1). Then, the spectrum-determined growth condition holds for et:
w(A) = S(A) where w(A) = inf{w| there exists an M such that ||et|| < Me“'} is the growth bound of the Cy-
semigroup, and S(A) = sup{Re(A\)|\ € o(A)} is the spectral bound of A. Furthermore, the Co-semigroup et is
exponentially stable:

le®*]] < Me,

for some M,w > 0.

Proof. The spectrum-determined growth condition is a direct consequence of Theorem 5.5. By the expressions
of A1, and Agy, given by (3.36), we have

lim Re(A1n) = —pip2, and lim Re(Ag,) = —oo.
n—o0

n— o0

By Corollary 2.2, there exists a positive constant w > 0 such that
S(A) = sup{Re(A\)|) € 0(A)} < —w.

The exponential stability then follows from the spectrum-determined growth condition, which is similar to
[8, 10, 11]. O

REFERENCES

[1] R.A. Adams and J.J.F. Fournier, Sobolev Spaces. Academic Press, Amsterdam, second edition (2003).
[2] B.T. Bilalov, Bases of exponentials, cosines, and sines formed by eigenfunctions of differential operators. Differ. Equ. 39 (2003)
652-657.
[3] A. Day, Heat Conduction within Linear Thermoelasticity. Springer-Verlag, New York (1985).
[4] B.Z. Guo and S.P. Yung, Asymptotic behavior of the eigenfrequency of a one-dimensional linear thermoelastic system. J.
Math. Anal. Appl. 213 (1997) 406-421.
[5] B.Z. Guo, Further results for a one-dimensional linear thermoelastic equation with Dirichlet-Dirichlet boundary conditions.
ANZIAM J. 43 (2002) 449-462.
[6] B.Z. Guo and J.C. Chen, The first real eigenvalue of a one-dimensional linear thermoelastic system. Comput. Math. Appl. 38
(1999) 249-256.
[7] B.Z. Guo, J.M. Wang and G.D. Zhang, Spectral analysis of a wave equation with Kelvin-Voigt damping. ZAMM Z. Angew.
Math. Mech. 90 (2010) 323-342.
[8] B.Z. Guo, Riesz basis approach to the stabilization of a flexible beam with a tip mass. SIAM J. Control Optim. 39 (2001)
1736-1747.
[9] B.Z. Guo and J.M. Wang, Control of Wave and Beam PDEs — The Riesz Basis Approach. Springer-Verlag, Cham (2019).
[10] B.Z. Guo and G.D. Zhang, On spectrum and Riesz basis property for one-dimensional wave equation with Boltzmann damping.
ESAIM: COCV 18 (2012) 889-913.
[11] B.Z. Guo and K.Y. Chan, Riesz basis generation, eigenvalues distribution, and exponential stability for a Euler-Bernoulli beam
with joint feedback control. Rev. Mat. Complut. 14 (2001) 205-229.
[12] B.Z. Guo, Riesz basis property and exponential stability of controlled Euler-Bernoulli beam equations with variable coefficients.
SIAM J. Control Optim. 40 (2002) 1905-1923.
[13] Z.J. Han and G.Q. Xu, Spectral analysis and stability of thermoelastic Bresse system with second sound and boundary
viscoelastic damping. Math. Methods Appl. Sci. 38 (2015) 94-112.
[14] T. Kato, Perturbation Theory for Linear Operators. Springer-Verlag, Berlin, second edition (1976).
[15] Z.H. Luo, B.Z. Guo and O. Morgiil, Stability and Stabilization of Infinite-Dimensional Systems with Applications. Springer-
Verlag, London (1999).
[16] K.S. Liu and Z.Y. Liu, Exponential stability and analyticity of abstract linear thermoelastic systems. Z. Angew. Math. Phys.
48 (1997) 885-904.
[17] Z.Y. Liu and S.M. Zheng, Exponential stability of the semigroup associated with a thermoelastic system. Quart. Appl. Math.
51 (1993) 535-545.



RIESZ BASIS PROPERTY AND EXPONENTIAL STABILITY FOR ONE-DIMENSIONAL THERMOELASTIC SYSTEM 25

[18] M.A. Naimark, Linear Differential Operators, Part I: Elementary Theory of Linear Differential Operators. Frederick Ungar
Publishing Co., New York (1967).

[19] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer-Verlag, New York (1983).

[20] M. Renardy, On the type of certain Co—semigroups. Comm. Partial Differ. Equ. 18 (1993) 1299-1307.

[21] M.A. Shubov, Asymptotic and spectral analysis of the spatially nonhomogeneous Timoshenko beam model. Math. Nachr. 241
(2002) 125-162.

[22] C. Tretter, Spectral problems for systems of differential equations y’ + Agy = AA1y with A-polynomial boundary conditions.
Math. Nachr. 214 (2000) 129-172.

[23] C. Tretter, Boundary eigenvalue problems for differential equations Nn = APn and A-polynomial boundary conditions. J.
Differ. Equ. 170 (2001) 408-471.

[24] J.M. Wang, G.Q. Xu and S.P. Yung, Riesz basis property, exponential stability of variable coefficient Euler-Bernoulli beams
with indefinite damping. IMA J. Appl. Math. 70 (2005) 459-477.

[25] J.M. Wang and B.Z. Guo, On dynamic behavior of a hyperbolic system derived from a thermoelastic equation with memory
type. J. Franklin Inst. 344 (2007) 75-96.

[26] J.M. Wang, G.Q. Xu and S.P. Yung, Exponential stabilization of laminated beams with structural damping and boundary
feedback controls. SIAM J. Control Optim. 44 (2005) 1575-1597.

Subscribe to Open (S20)

A fair and sustainable open access model

This journal is currently published in open access under a Subscribe-to-Open model (S20). S20 is a transformative
model that aims to move subscription journals to open access. Open access is the free, immediate, online availability
of research articles combined with the rights to use these articles fully in the digital environment. We are thankful to
our subscribers and sponsors for making it possible to publish this journal in open access, free of charge for authors.

Please help to maintain this journal in open access!

Check that your library subscribes to the journal, or make a personal donation to the S20 programme, by contacting
subscribers@edpsciences.org

More information, including a list of sponsors and a financial transparency report, available at:
https://www.edpsciences.org/en/maths-s2o-programme



mailto:subscribers@edpsciences.org
https://www.edpsciences.org/en/maths-s2o-programme

	Riesz Basis Property and Exponential Stability for One-Dimensional Thermoelastic System with Variable Coefficients
	1 Introduction
	2 Well-posedness of the system
	3 Spectral analysis
	4 Asymptotic behavior of eigenfunctions
	5 Riesz basis property and exponential stability

	References

