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HIGH-ORDER HOMOGENIZATION IN OPTIMAL CONTROL BY
THE BLOCH WAVE METHOD*

AGNES LAMACZ-KEYMLING AND IRWIN YOUSEPT**

Abstract. This article examines a linear-quadratic elliptic optimal control problem in which the
cost functional and the state equation involve a highly oscillatory periodic coefficient A°. The small
parameter € > 0 denotes the periodicity length. We propose a high-order effective control problem with
constant coefficients that provides an approximation of the original one with error O(eM ), where M € N
is as large as one likes. Our analysis relies on a Bloch wave expansion of the optimal solution and is
performed in two steps. In the first step, we expand the lowest Bloch eigenvalue in a Taylor series to
obtain a high-order effective optimal control problem. In the second step, the original and the effective
problem are rewritten in terms of the Bloch and the Fourier transform, respectively. This allows for
a direct comparison of the optimal control problems wia the corresponding variational inequalities,
leading to our main theoretical result on the high-oder approximation.

Mathematics Subject Classification. 35B27, 35P05, 49J20.

Received November 9, 2020. Accepted September 2, 2021.

1. INTRODUCTION

Many modern key technologies call for mathematical modeling through partial differential equations (PDEs)
with macro- and microstructures. The simplest way to decode a microstructure is to consider periodic coefficients
with a small periodicity length £ > 0. In such a situation, the central question concerns the effective or asymptotic
behavior of the problem in the homogenization limit ¢ — 0. The periodic homogenization theory was mainly
developed in the late "70s focusing on the effective behavior of elliptic PDEs (see [6, 8, 31]). Since then, the theory
has been generalized to various types of equations and more complex models, including perforated domains [12],
high contrast media, and singular geometries [9, 29], just to mention a few.

The homogenization theory plays as well a profound role in the optimal control of PDEs with highly oscillatory
coefficients. Such problems are particularly encountered in electrical and electronic engineering applications
[34, 35], which require a substantial extension of the developed techniques by the homogenization theory. We
refer to [11, 16, 19-21, 23-27] for the interplay of homogenization and optimal control based on weak convergence
methods. In Kogut and Leugering [24], the concept of variational S-homogenization was proposed and analyzed
for the limiting behavior of an optimal control problem governed by a linear elliptic equation with control
and state constraints. Also, they developed the principle of fictitious homogenization [23] for optimal control
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problems in variable domains within the framework of variational S-convergence. In [25], the homogenization
of state-constrained semilinear optimal control problems was discussed and explored. From among many other
contributions, we refer to the monograph by Kogut and Leugering [27] for more insights into the topic.

The previously mentioned works mainly focus on the plain convergence behavior in the limit ¢ — 0. To the
best of the authors’ knowledge, only in [22] convergence rates and higher-order approximations for rapidly oscil-
latory optimal control problems are provided. This contribution derives and justifies the high-order asymptotics
for parabolic optimal control problems with periodic coefficients. The author uses a classical two-scale approach
by expanding the optimal control as well as the corresponding optimal state in a two-scale power series. This
is possible, since [22] does not include additional control or state constraints, i.e., the admissible control set
comprises a linear space of a certain regularity. Indeed, in the classical two-scale approach, higher-order approx-
imations are achieved by adding highly oscillatory terms to the effective solution, the so-called correctors, which
solve microscopic cell problems and characterize the oscillatory behavior of the original solution. While in the
setting of [22] this strategy is particularly suitable, it seems difficult to apply the classical two-scale approach
to optimal control problems with control or state constraints since adding correctors to the effective control
function in general will destroy its admissibility. To circumvent this difficulty, we propose the use of a spectral
method involving the so-called Bloch waves, which allows for a variety of L2-conditions in the admissible set.
Examples are provided in Section 1.2.

This paper is aimed at the high-order asymptotic behavior of a linear-quadratic elliptic optimal control
problem with e-periodic coefficients and e-dependent admissible sets. More precisely, we consider a symmetric
and uniformly elliptic coefficient matrix A € L>°(R™;R™*™) with n € N that is periodic with respect to the
unit cube Y := [0, 1]™. Setting A°(z) := A (), we introduce an energy functional E° : H*(R™) — R and a cost
functional J€ : L?(R") x H*(R™) — R as follows:

E(y) = | Vula) A°@)Vy(e) + ly(@)f d, (1.1)
and
Feuy) = B = i)+ 2 [ @) - via@P e+ 5 [ )P de (12)

with fixed constants 1, u2 > 0 and £ > 0. Furthermore, y5, € H LR™) and Yao € L?(R™) are given functions

denoting, respectively, the desired states with respect to the energy norm and the L?(R™)-norm. In view of
(1.2), our focus is set on the following linear-quadratic elliptic optimal control problem:

min J°(ue, ye)
over (ug,y.) € Uy x HY(R™) (P.)
st. — V- (A%(2)Vye(z)) + ye(z) = f°(x) + u(x) in weak sense on R".

In the setting of (P.), f¢ € L*(R") is a given function, and 0 # UZ, C L?*(R") is a convex and closed subset
representing the admissible control set. By a classical argument [30, 33], the optimal control problem (P.) admits
a unique optimal solution denoted throughout this paper by (u?,y?) € US; x H*(R™). Let us emphasize that the
admissible control set UZ; and the quantities f¢,yj5,, 95, feature highly oscillatory structures depending on e.
In particular, the numerical treatment of (P.) is ex%renfely costly since the fine scale, represented by the small
parameter € > 0, has to be resolved. The underlying e-dependence in (P.) will be specified in Assumptions 1.8
and 1.10.

More than two decades ago, Kesavan and Saint Jean Paulin [21] analyzed the effective behavior of a similar
linear-quadratic elliptic optimal control problem. They disregarded the role of the desired state and specified
the desired state in the energy norm to be zero, i.e., u2 = 0 and y3, = 0 in (1.2). However, differently from
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(P.), they allowed for a periodic coefficient B€ in the cost functional that may differ from the coefficient A®
in the state equation. The main contribution of [21] is the weak convergence for the optimal solution as € — 0
towards the solution of an effective optimal control problem with an effective state equation. The effective
coefficient A°f in the effective state equation corresponds to the classical effective coefficient from the periodic
homogenization theory, while the effective coefficient Bf in the energy functional is a perturbation of the
classical H-limit of B®. In the case A° = B°, that is relevant for us, one obtains A°® = B, Unfortunately,
since the convergence property holds solely in the weak topology, the approximation of the effective optimal
control problem could be far from precise. Indeed, from the classical homogenization theory, it is well known
that solutions to highly oscillatory problems exhibit highly oscillatory behavior, and the homogenization limit
provides an appropriate average of these oscillations. In order to obtain higher-order approximations, one has to
capture the fast oscillations by correcting the homogenization limit, wherefore results of this type are referred to
as corrector results. The ultimate goal of this paper is therefore to set up a corrector result of the following form:
Given M € N, we seek for a proper approximation of the optimal solution (u},y*) to (P.) satisfying the a priori
estimate (1.30) with error O(¢2). The key tool of our approach is the Bloch wave expansion (see Sect. 1.1)
serving as the fundament of the higher-order effective optimal control problem (P},) (see Def. 1.15) we focus
on in this paper. Based on the proposed effective model (P};), we are able to prove the desired corrector result.

The rest of of the paper is organized as follows. In the upcoming section, we recall the basics of the Bloch
wave expansion. In Section 1.2, we present the assumptions for the data involved in the optimal control problem
(P.). Section 1.3 formulates the effective optimal control problem (P},) and summarizes the main result of the
paper. The existence analysis of the effective model (Pj};) is performed in Section 2. Thereafter, the desired
approximation property of (P},) is established in Section 3. The final section is devoted to the analysis of an
alternative effective problem.

1.1. Bloch expansion

For the sake of completeness, we briefly motivate and collect well-known facts from the classical Bloch theory
in the context of homogenization, which can be found, for instance, in [13, 14, 17, 32].

The Bloch expansion is a generalization of the classical Fourier expansion. Every function v € L?(R"™;C) can
be written as

oa) = [ o emienag,
where 9(§) =[5, v(z)e~2™¢ dx denotes the classical Fourier-transform of v. Decomposing every ¢ € R” into
E=k+n with k € Z" andne Z:=[-1/2,1/2)",

one obtains

oa) = [ 3 otk e e ay,

Z ez

=:F=F(z)

where for every n € Z the function F(-,n) is Y-periodic with ¥ := [0,1]". It can thus be expanded in the
Y -periodic eigenfunctions to the following eigenvalue problem:

Definition 1.1 (Bloch eigenvalue problem). Let € Z = [—1, 2)" be fixed. Consider the operator

L(n) :=—(V + 2min) - (A()(V + 2min)) . (1.3)
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By the classical spectral theory, one finds a sequence of eigenvalues (1, (1))men, and corresponding Y-periodic
eigenfunctions (®,,(+;1))men, C Hy (Y;C) of L(n), such that

0<Xo(n) <Ai(n) <... with A\p(n) = 00 as m — oo (Bloch eigenvalues),
(@ (-5m))men, form a ONB of L(Z;C) (Bloch waves).

The subscript § tags spaces of periodic functions. Furthermore we define

Wi (237) 1= @, (2;7)e*™ 7 (quasi-periodic Bloch waves).

Note that the quasi-periodic Bloch waves solve the eigenvalue problem
=V - (A(@)Vwr(z;1)) = Am (n)wim (23 7).

This leads to the following classical result.

Proposition 1.2 (Bloch expansion). Every v € L?(R"; C) admits a unique expansion

v(x) =/Z > O () P (a5 7)™ dn=/Z > o (M)wm (37m) dn (1.4)

meENy meNy

with the Bloch coefficients
Om(n) = / v(x)e ™ S, (z;n)dx  for allm € Ny and n € Z. (1.5)

Furthermore Parseval’s identity holds

|owa@rae= [ 3 o an (1.6

meENg

Since the coefficient A%(x) = A (%) in (P.) is e-periodic, one needs to introduce rescaled Bloch waves:

1> € [ 1
@, (wim) = @ (Siem) . Xn(n) = SAn (o), (1.7)
Wiy @) = w (Zien) = O, (@)™ = @y, (Zien) 2, (1.8)
The scaling is designed in such a way that
=V - (A%(2) Vwy, (z3m)) = A, (n)wy, (23 m).

A simple calculation provides the following rescaled version of the classical Bloch expansion.

Proposition 1.3 (Rescaled Bloch expansion). Every v € L?(R";C) admits a unique expansion

o(z) = / D e (1.9)

meENp

500 = [ o B G do = [ o) () de. (1.10)
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Furthermore Parseval’s identity holds

v(z)|?dz = e 24n. .
[pepar= [ Y 1y

mENy

In what follows, we will frequently exploit that due to the eigenvalue property of w¢, the operator —V - (4°V)
acts on the rescaled Bloch expansion as a multiplier. More precisely, for v as in (1.9) one has

=V (A (2)Vo(z)) +o(z) = /Z/ D (L A ()85, () e, (5 m) dn (1.12)
€ meNy

provided —V - (A°Vv) € L3(R").

It is well known that in the homogenization process only the lowest eigenvalue, the ground state A\g(n), is
relevant. By classical perturbation theory it can be shown that \p(n) is simple and analytic in a neighbourhood
of 7 = 0. Moreover, one immediately finds that Ag(0) = 0 and that )¢ is even, wherefore all odd derivatives of
Ao vanish. Summing up, one obtains the following Taylor expansion:

Lemma 1.4 (Taylor expansion of the first Bloch eigenvalue). For every k € N there exists a 2kth order tensor
A5 = (A3, )i, .. g Such that for M € N

Xo(n) = (2m)2A% - n®% + (2m)* AL - n®t 4 -+ 2m)*M AL @M+ O (InPM ), (1.13)

where

n

A;k ’ 77®2k = Z (Azk)il7-~7izkni1 cr Mgy

Tl genns ior=1
It is a well-known fact in the Bloch theory that the second order tensor A3 € R™*™ coincides with the effective
coefficient A°ff from the classical homogenization theory. As shown, for instance in [4, 18], the tensors A}, can
be computed from periodic cell problems. The above expansion plays a major role in our analysis.

1.2. Assumptions

In this section, we introduce the assumptions for the given data involved in (P.), namely, the admissible
control set U;,; C L?(R™) and the functions f¢, Y51, and yg . Roughly speaking, we have to demand that the
data are well prepared to the periodic microstructure.

We recall that solutions to homogenization problems are characterized by some effective profile, the homoge-
nization limit, and fast lower order oscillations, which adapt the effective profile to the periodic microstructure.
These oscillatory corrections can be described by periodic cell solutions, the so-called correctors, which are
necessary to construct high-order approximations. In fact, there is an analogue to this adaption process in the
Bloch wave approach. As shown in [13, 14, 17], in a classical homogenization process only the lowest Bloch
eigenvalue A§ and the corresponding eigenfunction w§ play a role, while higher Bloch modes are negligible.
Moreover, it can be shown that the rescaled Bloch eigenfunction wf is in fact an adaption of the Fourier basis
function e2™'* to the microstructure (see [4]). In view of this, the following definition is reasonable.

Definition 1.5 (Adaption). Let f € L2(R";C) with the Fourier-transform f. Then, the adaption A*(f) of f
is defined as follows:

A (f) == F(mws (+5m) dn.

Z]e
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Remark 1.6. In [14] A° is referred to as the Bloch approximation. It is shown that A°(f) converges almost
everywhere to f and, assuming that f is sufficiently smooth with f decaying sufficiently fast at infinity, a
higher-order asymptotic expansion of .A°(f) holds

A (@) = f@) +oxV (2) - V@) + 5P (2) - D2 @) + O, (1.14)

where Y1), x) are Y-periodic corrector functions. In particular, the adaption A transforms a smooth, non-
oscillatory function f to an e-oscillatory function according to the periodic microstructure.

In our approach we will use the fact that the adaption operator A° preserves the L?-norm when applied to
functions that have compact support in Fourier space.

Lemma 1.7. Let f € L2(R™;C) have compact support in Fourier space, i.e., supp(f) € K with K C R™
compact. Let € > 0 be such that K C Z/e. Then

HAE(f)”Lz(R";C) = ||fHL2(]R”;C)~

Proof. Let € > 0 be such that K C Z/e. Then
ey = [ VPan= [ 1P dn = 14Dl
n €

where in the second equality we exploited that f is supported on K C Z/e and in the last equality we used
Parseval’s identity (1.11) and the definition of 4°. O

Let us now state the main assumptions for the given data and the admissible set UZ,; involved in (P.):

Assumption 1.8. There exist f,yq1,yq2 € L*(R") and a compact set K C R™ such that

fe=A(f) ya1=A(ya1) andygy = A"(yaz),

. ) ; (1.15)
supp(f), supp(Ja,1), supp(Ja,2) C K.
Moreover, the compact set K is assumed to be symmetric in the sense that
neK = -nekK. (1.16)

Remark 1.9.

(i) The condition that the Fourier transforms f ,9d,1,Ya,2 have compact support implies readily that
frYa1,va2 € HF(R™) for all k € N. Therefore, along with (1.16), it follows that their adaptions f¢, Ya.1>Ya.2
are real-valued and belong to H*(R"™), cf. [13, 14]. Also, notice that Assumption 1.8 demands that f¢, Yaa
and yg 5 are highly oscillatory according to the micro-structure. Actually this assumption is quite natural
as solutions to e-periodic coefficient equations such as the state equation in (P.) typically exhibit a highly
oscillatory behavior. We note that the assumption on the source term f having a compact support in
Fourier space is rather restrictive. It would be more natural to consider sources f in Schwartz space. The
strong decay would still be sufficient to exploit the analyticity of the lowest Bloch eigenvalue and to derive
high order estimates. We shall consider this case in our future work based on Schwartz space properties.

(ii) Relation (1.14) suggests that the difference A°(f) — f is typically of order e. For unprepared data, i.e.,
Ya.1 = Yd,1, Y52 = Yd,2, and f© = f, the effective model from Definition 1.15 below is therefore expected to
approximate the original problem only up to errors of order €. In fact, well-prepared data are necessary for
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many corrector results in the homogenization theory. See, for instance, [5, 7, 10] in the context of periodic
wave equations.

We now state the assumption on the admissible set U;,.

Assumption 1.10. Let K C R™ be as in Assumption 1.8. For the admissible set U, C L*(R"), we assume the
following:

(i) UZ, is convex and closed.
(ii) There exists ug € L*(R™) such that for every € > 0 one has A% (ug) € UZ,.
(iii) For every u € UZ,; with Bloch expansion

ucw:=j2k S, (), (3 m) dn,

meNy

it follows that the projection

WM:A%WWWMU (1.17)

lies as well in US,. In other words, (US,)x = {ux | ue U} C US,.

Remark 1.11. The second condition (ii) guarantees that (u?)e~o C L?(R") is uniformly bounded as shown
in Lemma 1.13. The third condition (i#i) demands that for every € > 0 the projection (UZ,;)x of U, in Bloch
space to the lowest mode m = 0 and n € K is a subset of U_,.

Remark 1.12. It should be underlined that the assumption on compact support in Fourier space is solely
considered for the data f,yq,1, and yq 2 (see Assumption 1.8). We do not impose such a compact assumption on
the admissible control set US; (see Assm. 1.10). Later on, our analysis (Prop. 2.2) eventually reveals that the
optimal control u} of (P.) turns out to be the adaption of some function with compact support K in Fourier
space.

For the rest of the article, € > 0 is always assumed to be sufficiently small such that K C Z/e. Furthermore
S. : L2(R™) — H'(R™) denotes the control-to-state operator associated with (P.).

Lemma 1.13. Let Assumptions 1.8 and 1.10 hold. Then, (u®)eso C L*(R™) is uniformly bounded, i.c., there
exists a constant C' > 0, independent of €, such that

|l L2ny < C Ve > 0.

Proof. According to Assumption 1.10, there exists an element ug € L?(R™) such that A°(ug) € UZ,. For this
reason,

K
§||u:\|%2(Rn) < J(ul, Seul) < J°(A%(ug), SeA®(ug)) Ve > 0. (1.18)
——

€

=5

Our aim is to find a uniform bound for the right hand side of (1.18).

Let iy be the Fourier transform of wug. By construction of A® (Def. 1.5), Proposition 1.3 yields that the
lowest-order Bloch-coefficient (m = 0) of A®(ug) corresponds to the Fourier transform g, while all higher-order
Bloch modes with m > 1 vanish. In the following, let C' > 0 denote a e-independent generic constant that can
vary from line to line. By Lemma 2.1 below, the right-hand side in (1.18) can be written as

N 2

f(n) + do(n) — Gaa(m|(1 + As(n)) dn + 28 /(Z |iio (n)[? dn

e/ g€ € H1
J* (A" (uo), ==
( ( 0) yO) 1 + )\8(7}) 2 Je)\K 1 + )\(8)(77)

2 .
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f(n) + to(n)
1+ A§(n)

&

+2K

2
N 2
~ () dn+@/( Mdnﬂ// o () d,
Z/e

2 Jizzenx (14 25(n))? 2

=¢ </Z/ ‘ﬁo(n)|2dn + /K |f(77)|2 + |Z)d,1(77)\2(1 +A5(n) + |?9d,2(77)|2dn>

<C (HU'OH%Q(R") + HfH2L2(Rn) + ||Z/d,1||§11(Rn) + ||?Jd,2HQL2(Rn)) )

where in the first inequality we used that A§ > 0. In the second inequality we used Parseval’s identity (1.11) and
exploited the fact that [} [ga,1(n)|*(1+ A§(n)) dn is controlled by the H'-norm of yg,1 (see [14] for details). [

Example 1.14. Let Assumption 1.8 hold. Then the following admissible control sets satisfy Assumption 1.10.

(1)
(i)

(iii)

Full space US,; = L?(R").
Bounds on the L?-norm of the control: For L > 0 let

Uza = {u € L*(R") | [lullz2n) < L}.
It is obvious that US, C L*(R") is convex and closed. The condition (ii) of Assumption 1.10 is satisfied

with ug = 0. The third condition is a direct consequence of (1.17) and Parseval’s identity (1.11).
Bounds on the L?-norm of the state: For L > 0 let

= {u e L2(R")

IScul| 2y < L} :

As the control-to-state operator S : L?(R™) — H'(R") is affine linear and continuous, the set U, C
L?*(R™) is convex and closed. The condition (i) of Assumption 1.10 is satisfied with ug = —f since
according to Assumption 1.8

Sc (A (=) =8(—f)=0 = A(-f)eU;; VYe>D0. (1.19)
The third condition of Assumption 1.10 follows from the formula (2.1) and Parseval’s identity (1.11)

implying [|Scuk ||L2®n) < [|Seullp2@ny < L for all u € Uygq.
Bounds on the energy of the state: For L > 0 let

= {u € L*(RM)

ES(Seu) < L} .

Since by (1.1) the energy functional £ : H*(R™) — R defines a norm on H'(R™), the set US, C L*(R")
is again convex and closed. Thanks to (1.19), the choice ug = —f satisfies again the condition (ii) of
Assumption 1.10. In view of (2.2) with gq,1 = 0, the third condition (UZ;)x C US, is again satisfied by
Parseval’s identity (1.11).

Adaption of a fixed set: Suppose that U C L?(R") is a convex and closed subset such that

Uga = {u eU|u(z)= / a(n)e*mine dn} (1.20)
K
is nonempty. We consider
ad = A (Uaa). (1.21)

In view of (1.20), it holds that US, = A° (Uuq) = (US,) k- Moreover, the condition (ii) of Assumption 1.10
is satisfied since A®(u) € U, holds for all u € Uyq and all € > 0. The convexity of UZ,; = A°(Uasq) C
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L?(R") follows immediately from the linearity of the adaption A° and the convexity of U and thus of
Uaa C L*(R™). To prove the closedness, let {y; }321 C U, be a sequence converging strongly in L?(R")
towards y € L2(R"), i.e.,

0= lim \yg( ) —y(@)]*dz = lim 195 (1) = G ()] dn, (1.22)

1 11) Z/e meNo

where g5 ., (resp. §,) denote the Bloch-coefficients associated with y; (resp. y) for all j € N. As Ug,; =

.AE( Uaa), we find a sequence {u;}32; C U,q such that y; = A%(u;) for all j € N, from which it follows due
to (1.20) that

O n K and 95, =0 VjmeN (1.23)
YioZ 0 i (z/e)\ K Yim =5V, ' '

Applying (1.23) to (1.22) yields

v = [ ity and i [ iy = g5 dn o (129
K j—o0
Introducing u(z) := [} 75( e?™m ¢ dn, the above convergence in the Fourier space implies that u; con-

verges strongly in LQ(R”) towards u. Thus, as U C L?(R") is closed, it follows by definition that u € U,q
and y = A°(u) € US,.

Note that pointwise conditions on u or y are not covered by our approach. However, since solutions to
homogenization problems typically exhibit a highly oscillatory behavior, pointwise conditions are not appropriate
in the framework of high-order homogenization.

1.3. Main results

In the following we will expand the optimal solution (u},y*) of (P.) in rescaled Bloch waves according to
Proposition 1.3. Our analysis consists of four steps: In the first step, see Proposition 2.2, we find that the optimal
solution (uX,y¥) is in fact an adaption:

ug = A%(ag) and o = A%(g7)

for some appropriate pair (a*,7*). In the second step, we simplify the (Fourier) expansions of @ and §* using
the analyticity of the lowest Bloch eigenvalue. Based on this first approximation, in our third step, we derive
an Mth order effective optimal control problem of the following form.

Definition 1.15 (High-order effective optimal control problem). Let Assumptions 1.8 and 1.10 hold. Then, for
every M € N, we define the high-order effective cost functional J3; : L2(R") x HM(R") — R as follows:

* * K
T (u,y) 1:%1 Ey(y —ya1) + %2 / ly(x) = ya,2(x)]* dz + 5/ lu(x)|? da, (1.25)
R'ﬂ n

M
= [ (Z 272 (Dry(e), Dry()),, + |y<x>|2> dr, (1.26)

k=1
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where the tensors A}, are as in Lemma 1.4 and

n
k k . * k k
<D y(x)vD y(x)>A;k T ‘ Z ( 2k)i1,~~,i2kazil:ci,z.“zik y(x) axik_*_l:z:ik_*_?..xi% y(x)
11,002 =1
Introducing A3, D?* := ZZP.”le(AEk)u ..... 2%832172 2iy, 0 WO consider the effective state equation
M
YD AL Dy () + y(2) = f(2) +ulx) (1.27)
k=1

and propose the following high-order effective optimal control problem:

min  Jy;(u,y)
over (u,y) € Uy x H*M (R") )
st. (1.27),

where the effective admissible control set U, is given by the inverse image of U;, under the adaption operator
A projected onto K,

= {ute) = [ e an| 40 € Uz (1.28)

In the fourth and final step, we show that (P};) admits for all sufficiently small € > 0 a unique optimal
solution (u};,yi,) € Uk, x H*M(R™), which relies on a reformulation of the problem in Fourier space (see
Prop. 2.8). As a main result, we prove in Proposition 3.3 and Corollary 3.2 that the optimal solution (u},,y}/)
to (P},) satisfies the error estimate

a2 — wiyll2gen) + 152 = yasll2qny < C*M (1.29)

for some e-independent constant C' > 0. We recall that the optimal solution to (P.) satisfies u} = A®(4}) and
yr = A°(gZ). Since the functions @}, u},, 9%, and y;, have compact support in Fourier space, Lemma 1.7 and

(1.29) yield our final result:
Corollary 1.16. For all € < ep; with ep; provided by Lemma 2.5, it holds that

luz = A% (uin) 2 @ny + 12 = A% (Wan) 2 ny < C*M. (1.30)

Let us comment on the high-order effective optimal control problem (P7},). This optimization problem still
depends on e. It can nevertheless be regarded as an effective model in the sense of the homogenization theory
since the coefficients A}, in the effective cost functional J;, and the effective equation (1.27) are e-independent.
Note that, for M = 1, (P},) coincides with the classical homogenization limit obtained in [21]. For M > 1
it can be understood as a higher-order approximation. The effective admissible set U}; may depend on ¢. In
Section 2.2 we determine U, corresponding to the admissible sets from Example 1.14.

Remark 1.17. As shown in Section 2.2 below the effective state equation (1.27) is well-posed for € > 0
lying below a certain threshold e,;. Such a threshold can only be found if the right hand side of (1.27) has
compact support in Fourier space. This is why the effective admissible set (1.28) is restricted to functions
with compact support K in Fourier space. In Section 4 we provide an alternative Mth order effective optimal
control problem which is well-posed independently of € and which has the same approximation quality as
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the one from Definition 1.15. In that situation the effective admissible set may be defined as (A%) ™" ( )=

{u € L2(R™) | A% (u fZ/e nw§(z;n)dn € Ugd} The difference to the admissible set U, from (1.28) is that

the Fourier transform of u € (A%)™" (U £,) is not restricted to the compact set K thus allowing for much less
regular controls. However, the effective optimal control still lies in the projected set UJ,.

In the following section, we derive and justify the effective model (P};), and in Section 2.2 we show that it
admits a unique optimal solution for all sufficiently small € > 0. Section 3 provides the central error estimates
and proves the approximation property of (P},). In this context a high-order approximation for the adjoint
state is obtained. In Section 4 an alternative effective problem is proposed, which is well-posed independently
of € and related to (P};) through an algebraic manipulation.

2. THE EFFECTIVE OPTIMAL CONTROL PROBLEM

In this section, we justify the Mth order effective optimal control problem (P};). The key steps in the
derivation are (1) rewriting the original problem in Bloch space and (2) expanding the lowest Bloch eigenvalue
in a Taylor series (see Sect. 2.1). In Section 2.2 we prove that for all sufficiently small € > 0, (P};) admits a
unique optimal solution.

2.1. Derivation of the effective model

As the first step, using Proposition 1.3, we expand the optimal solution (u},y}) to (P.) in the rescaled Bloch
waves as follows:

ui () = /Z X e ad i) /Z 3 it

meENg me&Ny

We then specify the Bloch expansion of the optimal state y*(z) and rewrite the cost functional J¢ in terms of
the Bloch transform.

Lemma 2.1. Let Assumptions 1.8 and 1.10 hold. Then, for every control u. € UZ, with Bloch coefficients tic m,,
the corresponding state y. := Scue satisfies the following expansion:

f +u’50 ) / Ue 0(7])
:n)d ————wi(x;n)d
/ T wg (z3m) dn + (Z/s)\K1+>‘6(77)WO(x n) dn

e m(n)
+/ e W (@in)dn,
Z/e zz:l 1+ )‘%1(77)

and the cost functional J¢ is given by

T (e, ye) = J (e m) = &jle(ﬁ&m) + %j;(ﬂ&m // Z [t (1) [ i,
Z/e

2
m€ENy
where
F(n) + tico(n) i e o (1) 2
YN n Ue 0T N Ue,0\T)
Ji (tie,m =/ = —Gaa(m)| L+ dn+/ T d
i (em) x| 1+ A§(n) a1(m)| ( o) (z/enk 1+ A5(n)

|6m
2.2
/Z/gzlw " (2.2)
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f(ﬁ) + ﬂ570(77)

(i) = | =0 Gasl)| dn+ [ L)
| 1HA50) (z/enk (L+A5(n))
me m(n)|2
* / T )z 2.3
Z/e mz>1 (1 + )‘fn(n))z 1 ( )

Proof. Thanks to (1.15), the Bloch coefficients of f* = A*(f),y5, = A*(y4,1),¥g2 = A°(ya,2) vanish for all
modes m € N, and for m = 0 they are given by

N f in K Ja1 in K a2 in K
feo = . Ya1,0 = . Ya,2,0 = . (2.4)
0 in (Z/e)\ K, 0 in (Z/e) \ K, 0 in (Z/e) \ K.
Now, the first claim (2.1) follows directly from (1.12) applied to ¥,
VAT + ) = [ (0 ) ) (25)
€ meNy

By comparing this expansion with the Bloch expansion of f€ 4 u. along with (2.4), the claim (2.1) follows. In
view of (2.1), the Bloch coefficients of y. are given by

f(n) +te0(n)

Gie m (1) Y in K
Jen = —=m Wy e N and i = +25() 2.
| 1+)‘$n(77) 7 M in (Z/E)\K
L4+ A5(n)

Making use of (2.6) and (2.4), the claim (2.3) follows directly from Parseval’s identity (1.11) applied to ye —yg o-
Finally, to prove (2.2), we apply (1.12) to y. — yg, and obtain that

— V- (A5 (@) V(ye —y31)(@)) + (ye — y51)(2)

=/K(1 + A5(m) (=0 — a1 ) (m)wi(a;m) dn + /(Z/ )(\1K+ A6(m)e.0(n)ws (1) dn @7

+é S (14 8, (1)) () () .

/€ m>1

Applying the Plancherel identity for the Bloch expansion to the scalar product (—V - (AE V(y. — y§’1)> +Ye —

Ya1Ye — yé,l)L2(Rn) and the scalar product of their respective Bloch representations given by (2.7), (2.6), and
(2.4), we conclude that (2.2) is valid. O

In the next step, we show that for the optimal control v} all Bloch modes with m > 1 or n € (Z/e) \ K
vanish.

Proposition 2.2. Under the assumptions of Lemma 2.1, it holds that

@m:/aom%@mm, (2.8)

f +u50 )

EESTOR wp (5 m) dn. (2.9)
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In particular, u* = A®(a}) and y*(x) = A°(gk) with

ﬁ:(x):/ ~ (7)) 27ri77-a:d77’ (2.10)

f +usO ) 2 in
et (). 2.11
/ 1+ X5(n) g ( )

Remark 2.3. As pointed out in Remark 1.12, we do not impose any compact assumption on the admissible
control set UZ;. As a consequence of Proposition 2.2, the optimal control of (P.) turns out to be the adaption
of some function @} with compact support K in Fourier space. This is a strong structural result deduced from
Assumptions 1.8 and 1.10. In particular only the lowest Bloch mode with n € K contributes to the solution of
(P.), which reduces the relation between the optimal control u* and the optimal state y* to the classical ansatz
of homogenization.

Proof. Our aim is to show that @f ,,(n) =0 for all m > 1 and all n € Z/e and that 4 o(n) = 0 for all n €
(Z/e) \ K. Indeed, from the representation formula for J° (Lem. 2.1), one directly concludes that for u € UZ,
the projection ug in the sense of (1.17) satisfies

J(u, Seu) > J(uk, Scuk)

with equality iff w = ug. Since by Assumption 1.10 the projection ug of every u € UZ, lies again in U:,, the
(unique) optimal control satisfies u} = (u})x, which is the claimed result (2.8). The statement (2.9) is then a
direct consequence of (2.8) and (2.1). O

Proposition 2.2 states that the optimal control of (P.) is an adaption u} = A°(a*), with the Bloch coefficient
u? o supported in K. In order to construct a first approximation for y*, we exploit the formula (2.9) and the
fact that the lowest Bloch eigenvalue A\ is analytic in a neighbourhood of n = 0 (¢f. Lem. 1.4). In particular,
for M € N arbitrary, we can expand

1 ) )
Ao(n) = 5 holen) =(2m)°A3 - n®* +22(2m) AT ™ + ..

(2.12)
4 52N1—2(27T)2MA;ZW X 77®2M + o) (€2M|,’7|21\/I+2) ,
where the error is of order ¢2M uniformly in n € K. With
P5i(n) = (2m)2A% - n®2 + 2(2m)2A% - n®t 4 - 4 2M2(2m)2M Ay @M (2.13)
we propose the following approximation for g*:
f + ua 0 ) 271—‘ .
It ap BEOR e dn. (2.14)

Indeed, the above function Y, app Provides a good approximation for ¢ in the following sense.

Proposition 2.4. Let € > 0 be such that 1 + Py (n) >0 for alln € K. Let g2 be as in (2.11), and let §3; .,
be defined through (2.14). Then there exists a constant C > 0 such that

152 = Gt .app | L2 (n) < C*.
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Proof. Using Parseval’s identity for Fourier expansions one finds

2

1 1
dn

L+X5(n) 1+ Py (1)

2
/ F) + ()P dn
L=(K) /K

15 = T appll2o ey = /K F) + o ()
1

1
< —
_H1+Aﬂm 1+ Py (n)

< CeM|f ity < 206 (e + 2 M) S €%,
(1.11) Lemma 1.13

where for the second inequality we exploited that the error between P§; and \§ is of order ¢2M uniformly in

nekK. O

By a direct calculation, the approximation ¥j; .., is a solution to the following (2M)th order constant
coefficient equation

M
Y D AL D s app(2) + Tagapp (@) = f(2) + T (2), (2.15)
k=1

where @ was defined in (2.10) satisfying u} = A°(a%). It is therefore reasonable to regard (1.27) as a candidate

for an effective PDE-constraint. The effective objective functional (1.25) can be justified as follows. Let u € U},
be a function with compact support K in Fourier space, i.e.,

wmzéﬁwﬁmmm.

We readily know that the Bloch coefficients . ,,, of the adaption A®(u) € UZ, satisfy 4., = 0 for all m > 1
and @, o = 4. Therefore, as a consequence of Lemma 2.1, we obtain

£ 5 5 o JelnN 2 f(n) + ﬂ(ﬂ) ~ 5
T ). SeA ) = () = [ TP )| (14 250
) , (2.16)
o fn) +a(n) K SN2
+7 p W —Ja2(n)| dn+ 5 /K |@(n)|* dn.

In order to find a candidate for the effective cost functional, we proceed analogously to the derivation of the
effective PDE-constraint by formally replacing all (1 + Aj(n))-terms in (2.16) by 1+ P§;(n). This leads to the
following candidate for the effective energy

2

B f)+am) .
ity <t [ | FEEEE )| 1+ i) an
) (2.17)
fh2 fn) +a(n) K X
JF? p W*yu(n) d77+§/K|U(77)‘2d77-

For all sufficiently small € > 0 and u € U, (see (1.28) for its definition), Proposition 2.6 below yields the well-
posedness of the effective state equation (1.27) and the explicit formula (2.22) for the corresponding solution.
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Applying (2.22), a direct calculation in Fourier space for (1.25) implies for all sufficiently small £ > 0 that

Tir(u,y) = T3 (@) (2.18)

holds for every u € U}, with the associated effective state y of (1.27). In this way, we obtain the effective model
(Ph)-
2.2. Well-posedness of (P},)

The goal of this section is to prove the existence of a unique optimal solution to (P},), provided that € > 0
is sufficiently small. The main difficulty lies in the well-posedness of the effective equation

Li(§) =Y _ e 2(=1)FAL, D () + j(x) = f(z) + u(z),
k

=1

where the highest-order operator Aj,,D?* might have no or even the wrong sign. Indeed, while A} is positive
definite, for A% it has been shown in [15] that this tensor is negative semidefinite. In particular, for M = 2,
(1.27) reads as

~A3D*j(x) + 2A DY () + () = f(2) + u(2).

This fourth-order equation is ill-posed for general right hand sides. However, in our setting, f and every control
@ € U}, have compact support K in Fourier space. Whenever ¢ > 0 is sufficiently small the effective equation
can be uniquely solved. The well-posedness is based on the following algebraic observation and the fact that the
first effective tensor A} is positive definite, i.e., A% - n®2 > X|n|? for some A > 0.

Lemma 2.5. Let K € R" be a given compact set and let M € N be fized. Let A > 0 be the ellipticity constant
of A3 as above. Then there exists epr > 0 such that for every 0 < e < epr and every N € N with N < M

Pn) > Sl for alln € K, (2.19)

where P§; is the polynomial defined in (2.13).

Proof. Since A% -n®? > \n|?, it is sufficient to prove that there exists some £); > 0 such that for every 0 < e <
ey and every N < M

A
E@mAL !+ SN 2m PN ALy PN = D (2.20)

Indeed,

N N
_ % k— *
D[R 22m)* ALy - | < (2m)N |y (Z (eln))*" IIA2k|> :

k=2 k=2

where ||A}, || denotes an appropriate norm of the tensor A%, . Since n € K varies in a bounded set, we can choose
em > 0 such that for every 0 < e < ey

N

M
2k—2 * k— *
(2m)*N Y (elnl)* 7 AS ] < 2m)*M Y (elnl)* 7 AL <
k=2 =2

A
al
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Then e); satisfies the requirements of the lemma. O

We emphasize that the threshold €3, depends on the compact set K, the order of approximation M and
the effective coefficients A%, ..., A%,,. With the above auxiliary lemma at hand we can now conclude the well-
posedness of the effective equation (1.27).

Proposition 2.6 (Well-posedness of (1.27)). Suppose that Assumption 1.8 holds. Let M € N and let ey be
as in Lemma 2.5. Then, for every 0 < & < ey and every u € L*(R™) with Fourier transform 4 satisfying
supp(@) C K, it holds that:

i) There exists a unique weak solution y € H*(R™) for all k € N to the effective state equation (1.27).
ii) The solution y satisfies the a priori estimate

191Z2 @y + MVYIL2@ny < 1F +ullf2gn)- (2.21)

Remark 2.7. By the definition of the effective admissible control set U}, in (1.28), every u € U, automatically
satisfies the requirement of Proposition 2.6.

Proof of Proposition 2.6. To show existence, let us consider

y(x) == TP ) d. (2.22)

As a function with compact support in Fourier space, 3 belongs to H*(R™) for all k € N. By a direct calculation
in Fourier space one finds that (2.22) is a solution to the effective equation (1.27). It remains to prove the a
priori estimate (2.21), from which uniqueness directly follows. Therefore note that the Fourier transform g of
every solution satisfies

(14 P)j=f+a.

Testing the above relation with §, taking into account f(n) = @(n) = §(n) = 0 for n ¢ K, and exploiting

Lemma 2.5 provides that

[ (e ge) wwPan < [ o imionan= [ o+ amitna

. A L/ 2 . X
< If + a9l 2 < 5 (1F + e + 19132

where ¢ denotes the complex conjugate of §. By Parseval’s identity one immediately concludes the desired
estimate (2.21). O

We have found that the PDE-constraint (1.27) is well-posed. To prove that the corresponding effective optimal
control problem (P3,) has a unique optimal solution, we reformulate (P},) in terms of the Fourier transform.
In the same manner the original problem (P.) can be rewritten in terms of the Bloch transform, which is
particularly important for the error analysis in Section 3.
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Proposition 2.8 (Reformulation of the optimal control problems). Let Assumptions 1.8 and 1.10 hold, and
let U, be the effective admissible set from (1.28). Then

Uad := {u € L*(K;C) |up € Uk, with up(z) = / () e2min dn}
K

(2.23)
= {ﬁ € L*(K;C)|up € (USy) k with up(z) = / a(n)wg (z;n) dn} .
K
Furthermore:
(i) The optimal control problem (P.) is equivalent to
e [ S +at)

JE(h) = —= e 14+ A§(n))d

min Je(a) =B [T g )| (14 250m) dn
) , (2.24)

2 fm) +aln) . "9/ SN2
— —_— dn+ - d
> e [T em Jaz ()| dn+ 3 | Jam)dn

in the sense that (uf,yr) solves (P.) if and only if the Bloch transform of u’ solves (2.24)
(i1) If 0 < & < epp with ey as in Lemma 2.5, then the effective optimal control problem (Py;) is equivalent to

e [ [f)+am) -
uréltljrnld Jy () == ?1 /K Tm = 9a1(n)| (1+ Py(n))dn
A (2.25)
pe | f)+aln) A
2 [ ) ane [t an

in the sense that (uh,yss) solves (Phy) if and only if the Fourier transform of u}, solves (2.25).

We emphasize that the set U in (2.23) may depend on e.

Proof. By virtue of (1.28), (1.17), and (U;,)x C US,;, we have A® (U},;) = (U:,;) k. Furthermore, since for
functions with compact support in Fourier space the adaption A° replaces the Fourier basis function e in
the expansion by the Bloch function w§(z;n), it follows that up = A°(up). In particular the two sets in (2.23)
are equal.

To prove (i), we note that by Proposition 2.2 the optimal control u} of (P.) lies in the projection (UZ,) k.
This fact along with A® (U};) = (UZ,;) k leads to

uy solves min J®(u,Scu) << ulsolves min J%(u,Su)
€ £
ueUg, ue(Ug, ) Kk

< ul = A% (uy) and uy solves 1%111]1 JE(A* (up), SeA® (up))
Uufp ad

Ny uZ :/ @*(n)w§(+;m) dn and 4* solves Am[i]n JE(4).
(1.28), (2.16), (2.23) K €044
The second claim (ii) follows immediately from (2.18) and the definition (2.23). 0

Remark 2.9. Due to its quadratic form, the effective energy jj\k/[ : L?(K;C) — R is convex and continuous.
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Finally we prove that the admissible set U,q defined in (2.23) is nonempty, convex, and closed. Together with
Remark 2.9 this yields the well-posedness of the effective optimal control problem (P7},) provided ¢ is sufficiently
small, i.e., e < ep and K C Z/e.

Proposition 2.10. Let U, satisfy Assumption 1.10. Then the set Usd defined as in (2.23) is nonempty, convex,
and closed in L*(K;C).

Proof. The set U,q is nonempty since for every u € U 24 7 0 the projection ug satisfies ug € (Ug,), with the
Bloch coefficient belonging to U,q according to (2.23).

In view of (2.23), the convexity of U,q € L2(K;C) holds if U, C L*(R™) is convex. By the linearity of the
adaption A° and the definition of U, (1.28), the convexity of U¢, C L?*(R™) implies immediately the convexity
of Uz, C L*(R").

Due to Parseval’s identity (1.11), strong convergence of functions in L?*(R") is equivalent to strong L>-
convergence of the corresponding Bloch transforms. Thus, it follows from (1.17), (US,)x C US,, and the
closedness of U, C L*(R") that the projected set (US,;) is closed in L?(R™), and so by (2.23) the closedness
of Upqg C L*(K;C) follows. O

Corollary 2.11. Let Assumptions 1.8 and 1.10 hold. Furthermore, let M € N and let ep; be as in Lemma 2.5.
Then, for every 0 < & < ey, the effective optimal control problem (P};) admits a unique optimal solution

(Whrs Yar)-

To conclude this section we specify the effective admissible sets Upq and U ~, corresponding to the sets from

Example 1.14. At this point, we recall that u € L?(R%; C) is real valued if and only if @(—n) = @(n). An analogous
statement holds for the Bloch transforms.

Example 2.12 (Effective admissible sets). Suppose that Assumption 1.8 holds. Let Uaq be defined through
(2.23) and U}, through (1.28).

(i) For U, = L*(R™) one has

Una = {L*(K:C) : it(—) = aln)},
wa={ue L*(R") |supp(a) C K} .

(ii) For U, := {u € L*(R™) | ||ul|p2(rn) < L} one has due to Pareval’s identity

Uaa = {0 € L*(K;C) | a(—n) = a(n), |all 2.0y < L},
Uz = {ue L*(R") [supp(d) C K and ||uf|z2mn) < L}.
(v) For U:,; = A®(Ugq) one has

Uaq = {@ € L*(K;C)| 4 is the Fourier transform of some u € Upg},
U:d = Uad.

The specification of the admissible sets for U7, from Example 1.14 in (iii) and (iv) is more subtle and does not
allow for a simple form at first sight.

(iii) For UZ, = {u € L2(R")

|Seull p2@ny < L} one obtains, using Lemma 2.1,

f+a
1+ag

Gua = { € PO ) =70 [ ], oy < 2
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= {u(m) = / ﬁ(n)e%m'r dn|a e Uad} )
K

(iv) For UZ, := {u € L*(R")

Ef(Scu) < L} one obtains, using again Lemma 2.1,

Jod = {u € L*(K;C) | a(—n) = a(n), Kwdn =< L}v

= {uo) = [ s anlie 0.}
K

The characterization of the effective set U,q for the above two examples uses the e-dependent Bloch eigenvalue
G- To derive a more practicable condition one can again replace A§ by its Mth order Taylor expansion Pj,. The
resulting approximative admissible set U é\g is close to U,q. Due to stability of the optimal control problem the
minimization can be performed on this approximative set without loosing the approximation quality. Recalling

that solutions to the effective PDE-constaint (1.27) have the Fourier transform ¢ = 71Jj_";32 , it follows that
M
(iii)

< L}
L2(KC) —

= {i e I2(K,©) li(—n) = 7}, I3l < L}

f+i
1—§—P]EW

(iv) In view of the definition (1.26) of E7,, denoting by F the Fourier transform, one obtains

F +a2(n)
——2d L
e 1Py S }

={ﬁ€L2(K;C)Iﬁ(—n)=ﬂ(n)7 / 17|2(77)(1+PX4(77))d77<L}

- {u € L3(K;C) | a(—n) = a(y), & = F(u) and E%;(y) < L, where y solves (1.27)} .

UM = {u € L*(K;C)|i(—n) = a(n)

3. ERROR ESTIMATES

Proposition 2.8 allows to rewrite the original and the effective optimal control problems in terms of the
Fourier/Bloch transforms. The fact that both minimization problems (2.24) and (2.25) are constrained by the
same admissible set U,q enables us to compare them by means of the corresponding variational inequalities.

In all what follows, we assume that the order of approximation M € N is fixed and that £ > 0 is sufficiently
small, i.e. € < epy and such that K C Z/e. We will see that the unique solution 4}, € Uad of (2.25) is a good
approximation the Bloch transform 47 ; of the optimal control u} of (P.), which is exactly the unique solution
to (2.24). This relies on the fact that the cost functionals J¢ and J%; in (2.24) and (2.25) differ only by the
factor 1 4+ A§, which in j;(/l is replaced by 1+ P§,;. As a consequence, the (unique) optimal control of (P},),
which is according to Proposition 2.8 given by

wyy(z) = /K a3y ()2 i dn, (3.1)
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and the corresponding optimal state y3,, given by the solution to the effective equation

M
3R 1)FAS Dy (@) + i (2) = fla) + ul (@), (3.2)
k=1

satisfy the desired approximation (1.29) with (@, ¢’) as in Proposition 2.2. Let us now prove our first main
result, which states the approximation property of 43,:

Theorem 3.1 (Approximation of the optimal control). Let 4}, € Uaq and Uy € Usd denote, respectively, the
unique solutions to (2.24) and (2.25). Then

4z —Warllz2(xic) < Cce*M (3.3)

for some e-independent constant C' > 0.

We emphasize that the constant C' in Theorem 3.1 may depend on the order of approximation M and the
compact set K.

Proof of Theorem 3.1. As the optimization problems (2.24) and (2.25) are convex with directionally differen-
tiable cost funcitonals, their solutions 47 ; and 4}, satisfy the following variational inequalities

| Re[(DF# (o) @ =G0 @)] an >0 for all i€ Ui, (3.4

/K Re [(Dj;y(am) () (@ — %)(n)} dn >0 forall @ € Uy, (3.5)

where Re denotes the real part and

L f+a f+ra . - N
DJ*(a) :==m <1+/\8_yd,1 + H2 1+)\8—yd,2 (L+25) 7! + K,

. fra f+a N
DJy (@) ==p (H—Pf/[yd’l + p2 ﬁ*ydz (1+Py)~ + k.

Taking @7 ; as a test function in (3.5) and 4}, as test function in (3.4), we obtain

/K Re [(ul ({I}iﬁ - Qd,l) + p2 ({IP — Ya 2) (1+P5) " + m%) (ato — @)} (n)dn >0,
/KRG |:(M1 (f;;,\a — Yd, 1) + p2 (f;f,\f - Qd,z) (L4+X5) "+ Ha:,o> (tp — ﬁ:,o)} (n)dn > 0.
Summing up the two inequalities provides
/ ‘“e o(n) =ty )|2 dn
<i ke (ﬁ P fliu&f) (820 - %)] () (3.6)

iy = (L Piias F o ite— (L 0us) o
+,U'2/KR6 (f u]\? ( M)yd,Q . ,0 ( O) d2> (U:70U7\4)‘| (n)dn-

1+ P;)? (1+X5)2
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Concerning the first term on the right hand side of (3.6) we note that

Fray [+aze o 1 1 1L

and thus, exploiting that

1 Ak A~k ~¥ ~ ¥ 1 A~k ~
1 —|—Pf4 (uM - uE,O) (uE,O - U’M) = 7W|UM - us,O‘2 <0,

it follows that

Fran, fHatg) — —
<1+ij\j_ 1"’;6 (Zo—ahy) | (m)dn

Hl/Re
K
1 1

< su —
= (& 1+ Po(n) 1+

<Ce®™ ||az o — il L2 o)l f + 4%

— D it = gl 1f + ol

L2(K;C)»

where in the last step we have used that |P§; (1) — A§(n)| < Ce*M uniformly in 7 € K. For the the second term
on the right hand side of (3.6) we argue analogously,

ug/Re
K

[+ — (1+ P§)jae fratyg— 1 +2)0a2) — ——
= ) * Nk d
< (1+ P5,)? 1+ X5)2 (us,o UM) () dn

1 1 R
< 2 (SUP ‘ . - . ) 4z o —warllz2cy If + 4ol (ke
neic | L+ Py ()2 (T+A5(m)2|) o0 TMIE OIS
1 1 o - N
+ su — U.og— U . .
H2 (neg ‘ 1+ A%(W) 1+ P]@(U) ') l c,0 M||L2(K,<C)||yd,2||L2(K,C)

<Ce™ iz, — iyllracice) (If + ol + ldaellze) ) -
Summing up,

RllUE o — tarll7e(rec) < CEM (2\\f+ ulollr2(xic) + HQMHL?(K;C)) aZ0 — dpllLz(xc)-

This is the claimed result (3.3), since by Parseval’s identity ||} |lr2(x;c) = |ulllz2@ny, and [[ufllp2@ny is

uniformly bounded (Lem. 1.13).

Exploiting Parseval’s identity along with (2.10) and (3.1), a straightforward consequence of Theorem 3.1 is
the following approximation property for the optimal control of (P},):

Corollary 3.2. Let 4} be as in (2.10). Then the unique optimal control wy, to (P},) satisfies
a2 = uhsll2eny < C*M (3.7)

for some e-independent constant C' > 0.

We next show that the solution y}, of (3.2) is the desired approximation of .
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Proposition 3.3 (Approximation of the solution to the PDE constraint). Let y;, denote the solution to the
effective equation (3.2) and let §* be as in (2.11). Then

192 = yasll L2 @ny < C*M (3.8)

for an e-independent constant C'.

Proof. In Proposition 2.4 we have already shown that the following function

f ) 27r7l T
yM app / 1 +Ps T dn.

satisfies ||yt — g}k\/[,appHLZ(R") < Ce?M | By triangle inequality it is sufficient to prove

||g7\/1,app - y?%”lﬁ(R") < C€2M
Indeed, ¥}y 4, solves the effective equation with right hand side f + a7, while y}, solves the same equation with
right hand side f + u};. By Corollary 3.2 one has ||(f 4+ %) — (f + ujy)|lr2rn) = [ — @iyl 2@n) < Ce*M.

Exploiting the linearity of the effective equation and the a priori estimate (2.21) from Proposition 2.6, one
directly concludes

1551, app = s ll2ny < 1T = uigllLa@ny < C*,

which was the claim. O

We conclude this section by discussing high-order approximations of the adjoint state corresponding to the
optimal control problem (P.). By standard arguments (cf. [33]), the adjoint state p} is characterized through
the following adjoint equation:

=V (ATVPD) +pE = (<Y (ATVYE = yan) + (02— yaa)) + 2yl — ya.)-
It can therefore be written as a sum
pr = (yr —va1) + peplq, (3.9)
where p? ; solves
-V (AEVPZJ) +Pi1 =Y — Yao- (3.10)

By Proposition 2.2 and (1.15), the right hand sides of (3.9) and (3.10) are nothing but p1.A%(§% — ya,1) + pa2pt
and A® (g% — yq,2). Therefore, analogously to the approximation results for u} and y, one can derive that

Ipz 1 — A (i) |2 @y < C*M

for p3, solving the Mth order approximate equation

M
> e H(—1)RAL D pis + Py = Yhs — Va2 (3.11)
k=1
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Summing up, the following Mth order approximation result is obtained for the adjoint state:

IpE = (1A% (Yar = Ya1) + 2 A (P3)) | 2y < C2Y,

whose proof is skipped for the sake of brevity.

4. A WELL-POSED EFFECTIVE PROBLEM

The effective optimal control problem from Definition 1.15 is well-posed only for € lying below the threshold
ey introduced in Lemma 2.5. In this section we provide an alternative effective problem which does not require
the smallness of €. To keep the presentation simple and to demonstrate the main principle we restrict ourselves
to second order approximations, i.e. M = 2. However by an induction argument the analysis can be extended
to higher-order approximations.

The central idea relies on the following formal calculation. For M = 2 the effective PDE constraint (1.27) in
one space dimension reads as

— A307y(x) + 2A305y(x) + y(x) = f(z) +u(@), (4.1)

with A3 > 0 and A} < 0 as shown in [15]. We thus formally have A30%y = y — f — u + O(g?). By rewriting
e2A30ky = 52%630&5833/) and formally replacing A302y in (4.1) by y — f — u we obtain the following effective
equation

*

- (3 -230) ) + o) = (104 2502 ) (1) + ulo),

which is well-posed, since A3 — 52%‘2} > 0. In this simple form the above replacement procedure is known as the

Boussinesq trick. In higher space dimension a similar, but more complicated calculation can be done. It has
been shown in [4, 17] that every tensor A} € R"*"*"*" allows for the following decomposition

AID* = —BsD*(A3D?) + B;D* (4.2)

with symmetric, positive semidefinite tensors B3 € R"*™ and B} € R"*"*"*" Proceeding exactly as in the one
dimensional case we end up with the following effective PDE constraint

— (A} +&°B3)D?y(z) + e®B; D'y (z) + y(z) = (Id — B3 D?) (f(z) + u(x)), (4.3)
which is well-posed independently of the choice of e. In the recent publication [3] the Boussinesq trick has been

generalized to arbitrary order M > 2 using an induction argument.

Proposition 4.1 (Well-posedness of the PDE constraint). Let u € L?(R™) be a given control with Fourier
transform @ and supp(d) C K.

i) There exists a unique weak solution y € H'(R™) to equation (4.3).
it) The solution y satisfies the a priori estimate

1Yl172(rny + 2M VYl F2@ny < CPIIf + ull T2 (g (4.4)

with a constant C depending only on K. Here A > 0 1is the ellipticity constant of A3, i.e. such that
AL -n®2 > \|n|? for every n € R™.
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Proof. Consider

Q5(n) := €*(2m)°B3 - n™?,
R3(n) := (2m)? (A2+€2]B3§) ¥ + % (2m) ' By - ™

By a direct calculation in Fourier space one finds that

o 1+Q§(77) r 2min-x
W)= [ ) + () dy (45)

is a solution to (4.3). Moreover, every solution § with Fourier transform § satisfies

(L+R5(n)g(n) = (1 + Q3(n))(f(n) + a(n)).

Multiplying the above relation with §, integrating over R™, taking into account f (n) = a(n) = g(n) =0 for
n ¢ K, and exploiting that B and B*, are positive semidefinite one finds

| @A) P dn < [+ RE@)limPE
= [ 4+ Q5@ + am)itn) dn < CIF + szl
<3 (CNF +aldacey + 190 ) -

The desired estimate (4.4) follows directly by Parseval’s identity. O

It is interesting to note how the prefactor iig? in (4.5) is related to the former prefactors 5= T PE and 7 T /\5,
see (2.22) and (2.16). Actually

(14 @Q5(m) (L + P35 (n) — (1 + R5(n))
=(1+¢*(2m)*B5 - n®*)(1 + (2m)%A5 - 0™ + 2(2m) AT - 1Y)
= (14 (2m)* (A3 +&”B3) - %% + €2 (2m) "By - ®*) + O(e)

* * * * (
=e2(2m)* (B; - n®°AL - n®* + AL - n®' =B - n®") + O(e!) "= O(e*),

where the error is of order ¢* uniformly in € K. In particular exploiting the fact that R§ and \§ are nonnegative,
we conclude that

1+Q5m) 1 ’:‘(1+Q5(n))(1+ ())—(1+R§(n)’
L+ R5(n) 1+ A5(n) (1+ R5(n)) (1 + A(m)
:'(1+Q5(n))(1+P€ n) +0(e ))—(1+Ré(n))‘
(14 R5(m)(1+A5(m)
<[(1+Q3(m) (1 + P5(n)) — (1 + R5(m)| + O(*)
=0(eh)

(4.6)

uniformly in 7 € K. We emphasize once more that the advantage of working with 1 +g§ instead of 5= PE is that

14+ R5 > 1 > 0 independently of ¢, while this is not the case for 1+ P§. In view of (4 6), it is reasonable to
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introduce the following effective cost functional in Fourier form to obtain a second order approximation of the
original cost functional J¢ from (2.16).

Definition 4.2 (Well-posed effective optimization problem in Fourier form). Let U,q be the effective admissible
set from (2.23) and let B%, B} be as in (4.2). Minimize the cost functional

2 15
53 (a) “1/ L )+ - gasto| 1l
! , (4.7)
/ Hi%z (n) +@(n) = Ja,2(n) d77+g/K|ﬁ(n)|2dn

in the set Uad.

Let us comment on the above optimization problem. The problem is well-posed independently of ¢ with a
unique minimizer u ; € Usg. Analogously to Theorem 3.1 we prove in Theorem 4.4 below that

10z o — @ ;llr2(reic) < Ce™.

Exactly as in Proposition 3.3 we then conclude, using the a priori estimate from Proposition 4.1, that

* L 1+Q6(7I) r ~ % 2mwin-x
i) = [ T ) + 5 )™ dy (1.9

satisfies the error estimate
lyz — y;jHL?(]R") < cet (4.9)

for some e-independent constant C. The optimization problem from Definition 4.2 is thus an alternative to
approximate the original problem up to errors of order e%. Its central advantage lies in the fact that it is
well-posed independently of e.

Remark 4.3 (higher-order well-posed approximations).

i) As shown in [3] the Boussinesq trick can be generalized to arbitrary order M € N. This fact can be used
to derive a higher-order effective optimal control problem that is well-posed independently of €.

ii) In [7] a different regualarization approach of the effective equation (1.27) is proposed which relies on
adding a high-order spatial derivative. [3] provides a brief comparision of both regularization methods.

We now prove the approximation property of the alternative effective optimization problem from Defini-
tion 4.2.

Theorem 4.4 (Approximation of the optimal control). Let ﬁ; ; € Uaq be the unique minimizer of f; and let

i € Uaa be the unique minimizer of J¢. Then
iz o — ﬁ;’j”LQ(K;C) < Cet. (4.10)

for an e-independent constant C'.

Proof. The proof follows the lines of Theorem 3.1. With

Lo fn 1+0Q5,,, .. . 1+Q 1+ Q5 .
DI2(U)1=M1<1+R§(f+u)—yd,1>+M2(1+R§(f+ w) — yd2)1+R§+KU7
2 2 2
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taking 4, as a test function in the variational inequality corresponding to fé‘ and 12; ; as a test function in
(3.4), one obtains

)

-‘rQE ~ %
i) - yd2) +R§+nu2f>

and

ftar N ftal . - ok e
/ Re |:(/~"1 ( 1+)\€ - yd,1> + p2 ( 1+)\€ yd72> (1 + )‘(E)) ' + HUE,O) (u2 i ua,O)] (77) d77 > 0.
e )

Summing up the two inequalities one concludes

/@/11
K

< [ Re[(REG i, - ﬁ(f vizg) (@ - ;)|

‘ 2

co(n) — a5 ;(n)| (n)dn

14+Q5 +Q5 ftal A - . .
+M2/KR6 K(Hﬁg (f — Y 2) 1+§%§ - <1+UA5’0 - yd,2> (1+X5) 1) (U:,o - USI)} () dn.
Since by (4.6) the difference between ﬂgé and H% is of order O(e*) uniformly in n € K, we can argue exactly
2 0

as in the proof of Theorem 3.1 to find

kllaz o(n) — @5 ;ll72 (ke < Octllado(n) — ay ;2 (x0):
which is the claimed result. O

We conclude this section by rewriting the minimization problem from Definition 4.2 as an optimal control

problem with PDE constraint (4.3). Unfortunately, the factor Hgggng in the first part of the cost functional I3

does not allow for a simple representation of the cost functional in the corresponding optimal control problem.

Proposition 4.5 (Reformulation as an optimal control problem). The minimization problem from Definition 4.2
15 equivalent to minimizing the cost functional

* H1
By =" [ (D= wa)@) Dw — ) @) ac
+e’ <D2(w —wa,)(x), D*(w — wd’l)(x)>BZ+A;B;+EZIB;]B;

+ (D (w = wa1) (@), D*w = w4) () g, + [0(x) = wa (2)?) d

K
+2 [ @) - a@)P o+ 5 [ fula)P s
Rn Rn»

in the set U}, under the PDE constraint (4.3). The functions w,wq 2 are determined through
—e?’BD%*w(x) + w(x) = y(x) and — 62B§D2wd72(:c) + wg2(x) = ya2(x),

where the composition of tensors is defined as
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(A3B3);, i.is.ia
(BiB3),,,

(A%)ir,is(B3)iz,is  and  (B3B3); 1, iis = (B3)iris (B3)is s
(BZ)il,i2,i4,i5(B;)is,ie"

In particular ﬁ;’f is the Fourier transform of the unique optimal control uj ;.

Note that the above definition is designed in such way that the composition of two symmetric tensors is
again sygnmetric. Hereby symmetry is understood in weak sense. We say that a 4-tensor A € R"™" and a 6-tensor
B € R* are Symmetric, if (A)ih’imis,m = (A)i37i47i17i2 and (B)i11i27i37i47i57i6 = (B)M,is,iaﬁihiz,is for all indeces

,i6 € {1,...,71}.

Proof of Proposition 4.5. The second and third part of the energy are clear due to Parseval’s identity. It remains
to justify the first part of I3. Indeed, denoting the Fourier transform of g by ¢, the first part on the cost functional
15 from Definition 4.2 reads as

L+ Q50 5 ) — gantn| E R
/‘1+R€n (f(n) + () = Ga1(n) Wg(n)d
-5 |?)(77)—?3d,1(77)|2mdn
— Jaa(n) . _
/‘ 1+ Q5(n) ’(1+Rz(n))(1+Qz(n))dn

: s : 9(n) Jaa(n)
By a direct calculation in Fourier space one finds that 305 () is the Fourier transform of w and T+O5 () the

Fourier transform of wgq,2. Moreover,

(1+ R5(n)(L+Q5(n))
=14+ (27r)2 [A; + 2521853] -n®% 4 52(27r)4 [IB%Z + ASBS + 521833]8;] n®t 4 54(277)6 BB - n®s,

which, together with Parseval’s identity, provides the claimed result. O
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