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LP-VARIATIONAL SOLUTIONS OF MULTIVALUED BACKWARD
STOCHASTIC DIFFERENTIAL EQUATIONS

LUCIAN MATICIUCY*® AND AUREL RASCANU?

Abstract. We prove the existence and uniqueness of the LP-variational solution, with p > 1, of the
following multivalued backward stochastic differential equation with p-integrable data:

—dY: + ay\I/(t,th)th > Ii('L‘7 Y't, Zt)th — thBt, 0<t<,
Y‘f' = 777

where 7 is a stopping time, @ is a progressively measurable increasing continuous stochastic process and
0y is the subdifferential of the convex lower semicontinuous function y — ¥(¢,y). In the framework
of [14] (the case p > 2), the strong solution found it there is the unique variational solution, via the
uniqueness property proved in the present article.
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1. INTRODUCTION

The study of the standard backward stochastic differential equations (BSDEs) was initiated by E. Pardoux
and S. Peng [18]. The authors have proved the existence and the uniqueness of the solution for the BSDE on
fixed time interval, under the assumption of Lipschitz continuity of the generator (¢,y,z) — F (t,y,z) with
respect to the variable y and z and the square integrability of F' (-,0,0) on Q x [0, T] and respectively of  on €.
The case of BSDEs on random time interval have been treated by R.W.R. Darling and E. Pardoux [5], where
it is obtained, as application, the existence of a continuous viscosity solution to the elliptic partial differential
equations (PDEs) with Dirichlet boundary conditions. The more general case of reflected BSDEs was considered
for the first time by N. El Karoui et al. [8].

In this paper, we prove the existence and uniqueness of a new type of solution, called LP-variational solution,
in the case p > 1, of the generalized backward stochastic variational inequality (BSVT for short) with p-integrable
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data:

T

Yt+/ sz:n+/ [F(s,YS,ZS)ds+G(s,YS)dAS]—/ Z,dB,, t>0,
t t

AT AT tAT (11)

dK; € 9 (Y,) dt + 0y (V) d4;, on Ry,

where d¢ and 9 are the subdifferentials of two proper convex lower semicontinuous (l.s.c. for short) functions
¢ and ¥ and {A; : t > 0} is a progressively measurable increasing continuous stochastic process.

We prove the uniqueness property of the solution on a random time interval [0, 7] ; the existence is obtained
also on a random time interval, but first in the case of a deterministic time interval, i.e. 7 =T > 0, and it is
made using the Moreau-Yosida regularization of ¢ and 1 and a mollifier approximation of the generators F' and
G.

In fact, we will define and prove the existence and uniqueness of the LP-variational solution for an equivalent
form of (1.1):

T

Yt+/ dK, =n+ H(s,YS,Zs)dQS—/ Z,dB,, t >0
tAT tAT tAT (12)

th € 3y\11 (t,Yt) th7 on R+,

with Q, H and ¥ adequately defined.

The second condition in (1.1) says, among others, that the first component Y of the solution is forced to stay
in the set Dom (9¢) N Dom (9¢) . The role of K is to act in the evolution of the process Y and also to keep YV’
in these domains.

We emphasize that, unlike the case p > 2, in the case 1 < p < 2 it is not possible to obtain the boundedness

p/2
of the term ]E( fOT e2Vr |V, (r, Yf)|2dQT) , which is essential in order to obtain a strong solution, where W,

is the Moreau-Yosida’s regularization of W. Therefore we propose a generalization of the strong solution and
we give the definition of the solution using an inequality (instead of a equality) involving only the function
¥ and not the subdifferential operator 0¥. However, under this kind of definition, we were able to prove the
uniqueness property (even if the solution (Y, Z) satisfies an inequality).

We mention that the presence of the process A is justified by the possible applications of equation (1.1)
in proving probabilistic proofs for the existence of a solution of PDEs with Neumann boundary conditions on
a domain from R™. The stochastic approach of the existence problem for multivalued parabolic PDEs, was
considered by L. Maticiuc and A. Rdscanu [13, 15]. We emphasize that if the obstacles are fixed, the reflected
BSDEs becomes a particular case of the BSVI of type (1.1), by taking ¢ as convex indicator of the interval
defined by obstacles. In this case the solution of the BSVI belongs to the domain of the multivalued operator
Op and it is reflected at the boundary of this domain.

The standard work on BSVI in the finite dimensional case is that of E. Pardoux and A. Réscanu [19],
where it is proved the existence and uniqueness of the solution (Y, Z, K) for the BSVI (1.1) with A = 0, under
the following assumptions on F': continuity with respect to y, monotonicity with respect to y (in the sense
that (y —y, F(t,y,2) — F(t,y,2)) < aly’ — y|?), Lipschitzianity with respect to z and a sublinear growth for
F (t,y,0). Moreover, it was shown that, unlike the forward case, the process K is absolute continuous with
respect to dt. [20] the same authors extend these results to the Hilbert spaces framework.

We mention that assumptions of Lipschitz continuity of the generator F' with respect to y and z and the
square integrability of the final condition and F'(¢,0,0) (as in articles El Karoui et al. [8] and E. Pardoux and
S. Peng [18]) are sometimes too strong for applications (see, e.g., D. Duffie and L. Epste [7] and El Karoui et al.
[9] for the applications in mathematical finance and P. Briand et al. [3] and A. Rozkosz and L. Stomiriski [24]
for the applications to PDEs). A possibility is to weaken the integrability conditions imposed on 7 and F or to
weaken the assumption which concerns the Lipschitz continuity of the generators. In P. Briand and R. Carmona
[3] or E. Pardoux [17] it is considered the case where the generators are Lipschitz continuous with respect
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to z, continuous with respect to y and satisfy a monotonicity condition and a growth condition of the type
|F (t,y,2)| < |F(t0,2)] + ¢ (|y|]), where ¢ is a polynomial or even an arbitrary positive increasing continuous
function.

We recall that the previous assumption was used [17] in order to prove the existence of a solution in L2.
This result was generalized by P. Briand et al. [4], where it is proved the existence and uniqueness of LP

solutions, with p € [1, 2], for BSDEs considered with a random terminal time T : in the case p € (1, 2], if n € LP,
T

T
/ |F (s,0,0)|ds € LP and / sup|y <, [ (s,9,0) — F' (5,0,0)|ds € L', for any r > 0, and if F is Lipschitz
0 0 -

continuous with respect to z, continuous with respect to y and satisfies a monotonicity condition, then there
exists a unique LP solution. In the case p = 1 similar result is proved if T is a fixed deterministic terminal time
and under additional assumptions.

We also note that the study of the reflected BSDEs was the subject, e.g., of the papers: J.P. Lepeltier et
al. [12] (in the case of the general growth condition with respect to y and for p = 2), S. Hamadéne and A.
Popier [10] (in the case of Lipschitz continuity with respect to y and for p € (1,2)). Studies made, roughly
speaking, under the assumptions of [4] are, e.g.: A. Aman [1] (in the case of a generalized reflected BSDE and
for p € (1,2) ), A. Rozkosz and L. Stomiriski [23] (for p € [1,2]) and T. Klimsiak [11] (in the case of BSDE with
two irregular reflecting barriers and for p € [1,2]).

Our paper generalizes the existence and uniqueness results from [19] by considering the LP solutions in the
case p € (1,2), the Lebesgue-Stieltsjes integral terms, and by assuming a weaker boundedness condition for the
generator F' (instead of the sublinear growth):

T P
def
E(/O Fp#(s)ds) < 0o, where Fp# (t) = supyy <, | F(t,y,0)] . (1.3)

We remark that article [14] concerns the same type of backward equation as in our study (and under similar
assumptions), considered in the infinite dimensional framework and for p > 2. [14] the existence and uniqueness
of a strong solution is proved. In addition, it is also introduced the variational solution and it is proved the
existence of this type of solution.

More precisely, Theorem 5.5 generalizes the results from [13] for p = 2 and Theorem 5.8 generalizes (except
the Hilbert spaces framework) the results from [14] for p > 2. We emphasize that the assumptions on F' and G
are weaker to those adopted [14]; also the form of our hypothesis is more simplified (and therefore more easily
to be verified) with respect to those from [14].

Finally, let us notice that our main results (the uniqueness provided by Cor. 4.2 and the existence of a
variational solution provided by Thm. 5.5) hold true in the case of infinite dimensional spaces (with minor
changes in their proofs and using the suitable framework of [14]).

In this paper we use the following notation: (9, F,P) is a complete probability space, the set N'= {4 €
F :P(A) =0}, {Fi},>, is a right continuous and complete filtration generated by a standard k-dimensional
Brownian motion (By),~, -

SP [0,T] is the space of (equivalent classes of) continuous progressively measurable stochastic processes
(p-m.s.p. for short) X : Q x [0,7] — R™, if p > 0, and such that Esup;c( 1 | X¢|” < oo, if p > 0. The notation
SP is the space of (equivalent classes of) continuous p.m.s.p. X : Q x [0,00) — R™ such that, for all ' > 0, the
restriction X’[O’T] belongs to SE, [0,T]. For other details, e.g. metrics, see Section 1.1.4 of [21].

AP (0,T) is the space of p.m.s.p. X : Q x [0,T] — R™ such that fOT |X,|°dt < oo, P-as. if p =0 and
E(fOT |Xt|2 dt)p/2 < 00, if p > 0. The notation A?, is the space of p.m.s.p. X :  x [0,00) — R™ such that, for
all ' > 0, the restriction X‘[o 7] belongs to AP, (0,T). For other details, e.g. metrics, see Section 2.1 of [21].

The article is organized as follows: next section is dedicated to the presentation of the assumptions needed
in our study. In the third section we present an intuitive introduction and the definition of the notion of LP-
variational solution. The next section deals with proof of the uniqueness and continuity properties. The fifth
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section is devoted to the proof of the existence of our type of solution both in the case of a deterministic and
random time interval. The Appendix contains, mainly following [21], some results useful throughout the paper.

2. ASSUMPTIONS AND DEFINITIONS

At the beginning of this subsection we introduce the assumptions about equation (1.1).

We consider throughout this paper that p > 1.

(A1)
(A2)

The random variable 7 : Q — [0, 00] is a stopping time;
The random variable 7 : @ — R™ is F.-measurable such that E |n|” < co and (£,¢) € S, x AP _, is the
unique pair associated to n given by the martingale representation formula (see [21], Cor. 2.44)

Et:n_/ (sdBs, t2>0,P—a.s,
t

(2.1)
&=E"n and (=1 ()¢
(or equivalently, & =n — (sdBs, t >0, P-as.);
tAT
The process {A; : t > 0} is an increasing and continuous p.m.s.p. such that Ay = 0 and
E (eO‘AT) < oo, forany a,T > 0; (2.2)

v, : R™ — [0, +00] are proper l.s.c. functions, d¢ and 9y denote their subdifferentials and we suppose
that 0 € d¢ (0) N O (0) (or equivalently 0 = ¢ (0) < ¢ (y) and 0 = (0) < (y) for all y € R™);
In addition, we suppose that

em+vY ) <oo, P—as;

The functions F: @ x Ry x R™ x R™** 5 R™ and G : Q x Ry x R™ — R™ are such that F (-,-,y, 2),
G (-,-,y) are p.m.s.p., for all (y,z) € R™ x R™** F(w,t,-,-), G (w,t,-) are continuous functions, dP ®
dt-a.e. and, P-a.s.,

/OT Fp# (s)ds + /OT G’f (s)dAs < o0, forall p,T >0, (2.3)
where
Ff (w,s) def SUp|y(<, | F (w, 8,9,0)] Gf (w, $) def SUp|y <, |G (w,8,9)] ; (2.4)
Let
ny L (p—1)A1 and A€ (0,1). (2.5)

Assume there exist three p.m.s.p. p, v : Q@ xRy - R, £: Q x Ry — Ry, such that

T T

1

E exp (p/ <uj +t5 Zi) ds +p/ ujdAs) < oo, forall T >0, (2.6)
0 Tp 0
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and for all t > 0, y,3y/ € R™, 2,2/ € R™*F P-as.

W =y, F(t,y,2) = F(t,y,2)) < e y' =yl
(W =y, Gt,y) = Glt,y)) < v |y —yl*, (2.7)
|F(t7yazl) - F(tvya’z” < gt |Z, - Z| .
We define
Qt =t + At )
and let {a; : t > 0} be the real positive p.m.s.p. such that a € [0, 1] and
dt = Oltth and dAt = (1 — ozt) th .

Let us introduce the functions

H (ty,2) = 1.1 (1) [ F (t,9,2) + (1 — ag) G (1,9)]

(2.8)
def
U (t,y) = Lo, (t) [y (y) + (1 — ae) ¥ (y)] -
Obviously, from (2.7) we see that
<y/ - yaH(tayla Z) - H(t,yv Z)> < 1[0,7’] (t) [,U,tOlt + (1 - Oét)} |y/ - y‘Q ’ (2 9)
|H(t,y,2") — H(t,y,2)| < 1o (t) as by [2" — 2] .
Here and subsequently
def ¢ 1 2 K
Vi = 10,7 (r) | pr + —— € )dr + 10,7 (r)v.dA, (2.10)
o 2npA o
and
(+) det [* 1 ¢
Vt — / 1[07.,.] (’/‘) ([Lj + 2\ é?) dr +/ 1[077.] (7") I/,;LdAr. (211)
0 Np 0

By assumption (2.6) we clearly have, for all T > 0,

Eexp (pVr) <E (supre[O’T] epVT> < Eexp (pV7£+))

T 1 T (2.12)
< Eexp (p/ (uj—kz )\€§> ds+p/ z/jdAs> < 0.
0 Tp 0

Remark 2.1. Assumption (2.6) is necessary for some estimates throughout the proofs.

Remark 2.2. Usually, the monotonicity coefficients p;, v and the Lipschitz coefficient ¢; are considered deter-
ministic constants. But in many concrete cases the coefficients are stochastic processes (may depend on w and
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t); for instance, if we take, as a simple example, in one dimensional case, a BSDE with the generators

~ a 7 (b+1)/2
F(ty,z)= aBtt# (y— f1 (Bwy)) + %J‘é (2),
¢ By | B[
G (t.9) = o (1= fa (B,

where @,b,é >0and 0 <a<1, -1<b<1l,0<é<land 0<a,8<1, 1/2 < v < 1 are some suitable
constants and f1, fa, f3 are three derivable and nondecreasing functions.

In this case we obtain the monotonicity coefficient functions u; = &B;LB”EL , U = E( fﬁfiﬁf and the Lipschitz
. . b| B, | (P+1)/2
coefficient function ¢, = == 75—
We deduce that the condition
T 1 T
E exp p/ (|us + éi) ds +p/ lvs|dAs | < oo, forall T >0, (2.13)
0 2npA 0
is satisfied if
3pa 1 3pé \Yr 1 3ph?> 1
L 2'7( pe ) <_—  and Py < s (2.14)
l—a ™ 2 1—7 2T 1—8npA
since we have (2.2) and
1

E(exp (dSUPte[o,T] \Bt|2)) <oo iff a< —=

(for the details see, for instance, [6], Thm. 4.1).
Therefore, under above restrictions, our assumption (Ag — 2.6) is satisfied.

Definition 2.3. The notation dK; € 0,V (¢,Y;) dQ; means that K is an R™-valued locally bounded variation
stochastic process, @ is a real increasing stochastic process, Y is an R™-valued continuous stochastic process
such that fOT VU (t,Y;)dQ; < oo, P-a.s., for all T > 0 and, P-a.s., for any 0 <t < s

[ w0 -vear)+ [(wev)aQ < [ 00y)aQ, forany ye O RGR™.
t t t

Remark 2.4. The condition 0 € d¢ (0) N 9y (0) does not restrict the generality of the problem, since from
Dom (0p) N Dom (7)) # 0 it follows that there exists ug € Dom (9p) N Dom (9¢) and g1 € d¢ (ug), o2 €
OY (up). In this case equation (1.1) is equivalent to

v+ / AR, =+ / [F(s, Vo, Z)ds + G(s, V2)dA,] - / 2.dB,, P-as,
t t

AT AT tAT

dK, € 8¢(Y;)dt + 0(Y;)dA,, for all t > 0,
where

Yt::Yt—uo, Zyi=Zy, fi=mn—1p
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and

P (s,y,2) = F (ty +uo,2) — o1, G(s,y,2) =G (t,y+ug) — oz,
b (y) = ¢ (y +uo) — (to1,y) — » (uo) , %/AJ() Y (y + uo) — (to2,y) — ¢ (uo),
04 (y) = 0 (y +uo) — o1, OV (y) = O (y + uo) — oz

and
dK; = dK,; — fig1dt — Giged A, .

Let € > 0 and the Moreau-Yosida regularization of ¢ :

def . i 2 . m
<,0€(y)—1nf{26 ly—v|"+p@):veR }7 (2.15)

which is a C*-convex function. ot
The gradient Vi, (z) = d¢. (z) € ¢ (J- (z)), where J. (z) = & — eVp.(z) and the next inequalities are
satisfied

(@) |Je(x) = Je ()| < |z —yl,
() Ve () = Ve (y)| < £ -y, (2.16)
(©) ¢:(y) = Mwu (v))

and

— {0, Ve (1) — Vigs (0)) < (2 +0) (Vi (), Vips(v) < “1°

Vo) +Ves)?]  (217)

(for other useful inequalities see, e.g., [14], inequalities (2.8)).
Since 0 € d¢ (0) we deduce that

(0 ) <p(Je(u) <@ (u) <gp(u), forany ueR™,
0)=0, Ve.(0)=0, and g, (0)=0. (2.18)

We introduce the compatibility conditions between ¢, and F,G.

(A7) Foralle >0,t >0,y € R™, z € Rmxk

(1) (Ve (y), Ve (y)) = 0
(ii) (Ve (y),G (t,y) < \ WG (Ey)l, P-as, (2.19)
(@ii) (Ve (y), F (ty,2)) < Ve WIF (ty,2)], P—as.

Example 2.5.

(a) If ¢ = 1) then the compatibility assumptions (2.19) are clearly satisfied.

(b) Let m = 1. Since Vg, and V1), are increasing monotone functions on R, we see that, if y - G (¢,y) < 0 and
y- F(t,y,z) <0, for all ¢,y, z, then the compatibility assumptions (2.19) are satisfied.
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0, ifyé€la,b],

d
Yoo, ifyélab], o

(b) Let m = 1. If ¢, : R — (—o00, +00] are the convexity indicator functions ¢ (y) = {

- 0, ifye€ed]
¢(y)—{ +oo, ify ¢ e d

(see (Ag)), then Vi (y) = L[(y = b)" — (a—y)"], and Veoe (y) = L[y —d)" — (c—9)].

Assumption (A7 — i) is clearly fulfilled; the remaining compatlblhty assumptions are satisfies if, for example,
G(t,y) >0, fory <a, G(ty) <0, for y>b, and, respectively, F'(t,y,2) >0, for y < ¢, F(t,y,2) <0, for
y>d.

)

where —0o < a < b < oo and —oo < ¢ < d < oo are such that 0 € [a,b] N ¢, d]

3. INTUITIVE INTRODUCTION OF LP-VARIATIONAL SOLUTIONS
For a > 0, let us define the space V¢, of the m-dimensional local continuous semimartingales M such that
for all T' > 0,

E (SUPre[o,T] eVr |Mr|a) <oo, ifa>1 (3.1)

and given by

/ N,dQ, + / R,.dB, or equivalently

(3.2)
M; = Mr + / N.dQ, - / RdB,. My=7.
t t
where y € R™ and N : @ x R = R™, R: Q x Ry — R™** are p.m.s.p. such that for all T > 0 :
T a T a/2
E(/ eV |NT|dQ,.> +E(/ eV |Rr2dr) <00, ifa>0 (3.3)
0 0

and
T T
/\Nr|er+/ IR |>dr < oo, P—as., ifa=0.
0 0

For an intuitive introduction, let (Y, Z,U) be a strong a solution of (1.1) or (1.2), that is Y, Z, and U are
p-m.s.p., Y has continuous trajectories,

T T
/ |Zr|2d7“+/ U, dr < 0o, P—a.s., foralT >0,
0 0
and the following equation is satisfied, for all T' > 0,

T T T
Y, —|—/ dK, =Yr —|—/ H(r,Y,, Z.)dQ, —/ Z.dB,, P—as., foralltel0,T],
t t t
dK, = U,dQ, € 8, (r,Y,)dQ, ,
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and
o P
V1Y, — & +/ Ve (70— P dr —Fs 0, ast— oo,
t

For ¢ € (0,1] we define

def e if1<g<2,
0g =01p2) (a) = { 0, otherwise. (3.4)
Let g € [1,2], ng =L (g— 1) Al=q—1, M €V, of form (3.2) and
def 2 1/2
r (|0, - viP +6,) (35)

By Ito’s formula applied to (I';)? we deduce, using inequality (6.4) from Remark 6.2, that, for all 0 < ¢ < s and
for all ¢ € (0,1],

q

(T + 3 / ()" (ng 1My = Vo +6,) R, = Z,Pdr — g / (T)* (M, ~ Y., U, dQy)
t t

2
< Ty + q/s (T (M, =Y, N, — H (r, Yy, Z,))dQ, (3.6)
t

—q /t ) (T, (M, — Yy, (R, — Z,) dB,),

where Utth € ay\I’ (t, Y;g) th .
Using the subdifferential inequality

<MT - }/ry Utth> + v (Ta Y;) er S v (’I“, M’l‘) er

we get, from (3.6),

(To)" + %/t ()" (ng [My = Yol + 6, ) IR, = Z,[*dr + q/t (T)72 0 (1, Y,) dQ,
< [ E)TVEM)AQ g [ ()M, < YN~ H (Y, Z))Q, (3.7)
t t

—q /t (T (M, — Yy, (R, — Z,)dB,).

Remark 3.1. Let 6 >0, p > 1 and ¢ € {2,p A 2}. We have

npE(p—1)A1<g—1=(g—D)A1=n, <1

and moreover

—ifg=pA2,thenn,=q¢q—1=(p—-1)Al=ny,and 0, =5 1,<2;
— if ¢ =2, then np, <1 =n4 and §;, = 0.
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3.1. Definition and preliminary estimates

Following the approach used for the forward stochastic variational inequalities from article [22], we pro-
pose, starting from inequality (3.7) and using nq(FT)q_2 < (0! (ng |M, — Y, ? + 84), the next variational
formulation for a solution of the multivalued BSDE (1.2).

Definition 3.2. We say that (Y;, Zt),5 is an LP-variational solution of (1.2), where p > 1, if:

~Y: QxR =>R™and Z:Q xR, — R™F are two p.m.s.p., Y has continuous trajectories satisfying
E (supyejo. " [Y2l?) < o0 (3.8)

and

T p/2 T p/2
E (/ eV | Z,|? dr) +E (/ AV (1, Y;) er> < 0, (3.9)
0 0

where V' is defined by (2.10);
- (}/ta Zt) = (é-tact) = (nﬂo)a for t > 7 and

V. = v, 24 \"/?_P
VT Yy — x| + (/ 2 | Zs — G| ds) BN (3.10)
T T—o0

(where (&, () are provided by (2.1));
— let Ty be defined by (3.5), i.e. Ty = (|M; — Yt|2 + 6q)1/2; then, for every ¢ € {2,p A2} and ¢ € (0,1], it
holds

(') + @ /t )% R, — Z,|* dr + q/ts T2 (r,Y,)dQ,

< (T +gq / ()T (r, M) Oy + g / ST My — Yo Ny — H (1Yo, Z))d0r (3.11)
t t

—q /t ) (T,)"* (M, — Yy, (R, — Z,)dB,),

for any 0 <t < s < oo and M € V9, of form (3.2), i.e. My = M + ftT N,dQ, — ftT R,dB, .

Remark 3.3. For ¢ = 2 inequality (3.11) becomes
\M; — Y| +/ R, — Z,)* dr + 2/ T (r,Y,)dQ,
t S t S
S |Ms _Y;|2 +2/ \I/(T, Mr) er+2/ <Mr _YraNr _H(T7K"72r)>er (312)
t t

—2/ (M, —Y,,(R, — Z,)dB,), P—as.,
t

which is exactly the definition of the variational solution in the case p > 2 from article [14] (since, in this case,
q€{2,pA2} means g =2).

Remark 3.4. As we see above, in the case p > 2, inequality (3.11) from Definition 3.2 should be satisfied only
for ¢ = 2.
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But in the case 1 < p < 2, we ask inequality (3.11) to be satisfied for ¢ = p and also for ¢ = 2 (in order
to obtain the existence of a solution (Y,Z) € S?, x AP ). This is due to the fact that, without inequality

(3.11) accomplished for ¢ = 2, we are not able to obtain the estimates for the term E( fOT e2Vr | 2,2 dr)p/2 (see
inequality (3.17)) and therefore the fact that ¢ — fot e?Vr (T,)P 72 (Y, Z,dB,) is a martingale (see Prop. 3.7).

Proposition 3.5. Let {L; : t > 0} be an arbitrary continuous bounded variation p.m.s.p.. Then inequality (3.11)

from Definition 3.2 is equivalent to

etle (T, + q/ts et (1) AL, + 2n, /ts b ()2 (R, — Z,|2dr
+q / et ()17 (1Y) dQ,
<e )+ q/ el ( 2 (r, M,) dQ,
t
/ et (012 (M, = Yy, N, — H (1, Y, 2,))Q,

*‘1/ et ( T’)q ? <Mr Yr,(RT - Zr) dBr>,

t

for any g € {2,p A2}, 5 € (0,1], 0 <t < s < oo, and M € VY, of form (3.2).
Proof. Let T > 0 be arbitrary and 0 <t < s < T. Let M € V9, of form (3.2) be such that
T
/ U (r,M,;)dQ, < o0, P—as..
0

(3.11) = (3.13):
We remark that the stochastic process

t t
A 2@ [ a2 p g2y )20 (r,Y,) dO,
I [y R - 2P ar g [ 007 aQ
t t
_q/ (Fr)q_Q‘l’(Tv Mr) d@, _Q/ (Fr)q_2<Mr -Y,, N, _H(T7Yrvzr)>er
0 0
t
+ q/ (T2 (M, —Y,, (R, — Z,)dB,)
0

is a local semimartingale, and from (3.11) it follows that

— (Ft)q — At

is a continuous nondecreasing stochastic process.
Therefore, I'? = [I'? — A] 4+ A is a local semimartingale and, for all 0 <t < s < T,

edhs (FS)q — el (Ft)q = / d [eqLT (Fr)q}
t
—q [ (et @y, [ etair)t-a e [ etan,
t t t

(3.13)
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> q/ etbr (1,)1 dLr+/ edtrdA,,
¢ ¢

which clearly yields (3.13).
The implication (3.13) = (3.11) is proved in the same manner. Let

¢ -1) [t _
Roma [ e @otar, + WD [atey2in, - 2 ar
0 0
t t
+q / et (0172 (1Y) dQ, — q / et (012 (1, M,) dQ,
0 0
t
- Q/ eqLT(FT)q_2<MT - }/7"7 NT' - H (Ta }/'I"a ZT‘)>dQ7"
0

t
- q/ et (1) (M, — Yy, (R, — Z,)dB,).
0
Then t — (eLfl"t)q — A, is a continuous nondecreasing stochastic process and

(Ts)! = (T)! = /t d [equ" (eL"Fr)q]

— 7q/ e~ 9br (eLTFT)quT +/ e~ g {(eLTFr)q — Ar} +/ e~ 9L dA,
t t t

> _Q/ (FT')(I dLr+/ eiqud[\.,-.
t t

Remark 3.6. In the following results we will often use the continuous bounded variation p.m.s.p. {V; : ¢t > 0}
given by (2.10) in the place of {L; : ¢t > 0}.

Proposition 3.7. Let (Y;, Z;),~, an LP-variational solution in the sense of Definition 3.2 and ¢ = p A2, and
M € Vi, of form (3.2). Then

t
t— / e (1)1 (M, — Y,, (R, — Z,)dB,)
0

18 a continuous martingale.
If moreover

T PA2
IE(/ eVr |H(r,YT,Z,)dQT> < 00,
0
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then, for all T >0, M € V4, of form (3.2), and for all stopping times 0 <o <0 <T':

6
eV (L) + q B~ /

[ea

1 0 _
e (0))! dV, + % E77 / eV (0) 7 [Re = Z, " dr

0
+ B / Ve (0,)172 0 (r,Y,) dQ,

0
< BP0 ()" + g B / eV ()20 (r, M,) dQ,

s

(3.14)

0
+ qE]:g / qur (Fr)q_2<Mr ~Y, N, — H (7«7 Yr,Zr)>de P—a.s..

Proof. We have

- 1/2 T 1/2
E [/ e2qu (FT‘)QQ*ZI |M'r- _ Yr|2 |Rr _ Zr|2 d'f’] < E / quVr (FT)QQ*Q ‘Rr _ Zr‘2 d’l"|
0 0

(a-1)/2 T 1z
<E[supre[o,ﬂ (el (10, = Y +8,) )-( /0 em‘iRT—ZTler) ]

) q/2\ 1@"1/a T ) a/2
< [IE (supre[O’T] e?Vr <|M7 =Y "+ 6q) )} E(/ eV R, — Z,| dr)
0

< 00,

1/q

since, from (2.12),
(6,1)‘1/2 E (SUPre[o,T] quT) < oo, foralT >0
and inequalities (3.1),(3.3), (3.8) and (3.9) hold.

Consequently, the stochastic integral ¢ — fot eV (T,)7 2 (M, —Y,, (R, — Z,)dB,) is a continuous martingale.
We also have

T
E/ Ve (D)2 (M, — Y, Ny — H (1Y, 2,))] dQ,
0

T
<E / eV (L) (NG| + | H (1, Yy, Z,)]] dQ,
0

) a/2\ 1@=1/a
< [E <SuPre[o,T] et (|Mr Y |"+ 5(1) )]

1/q

<E

N+ [H (1,0, Z,)] erﬂ

' lE(/OT eV (INo| + | H (1, Yr, Z,)]] erdr> q]

< 0.

Hence, using inequality (3.13) with L = V| inequality (3.14) follows. O
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Remark 3.8. From Section 3 (see the proof of inequality (3.7)) we see that a strong solution (Y, Z,K) €
SO x AY . x A2 of BSDE (1.2), such that (3.8), (3.9) and (3.10) are satisfied, is also an LP-variational solution.

m m
Conversely, we have the next result.

Corollary 3.9. If (Y,Z) is an LP-variational solution of BSDE (1.2) with ¢ = =0, V is a continuous
nondecreasing process and

T PA2
E(/ eV |H (r,Y,, Z,)| er) < oo, forallT >0,
0

then (Y, Z,0) is a strong solution of BSDE (1.2).
Proof. By Corollary 2.45 of [21] there exists a unique (M, R) € SZ,[0,T] x A? _, (0,T) such that

T T
M, =Yrp —|—/ H(r, Y., Z.)dQ, —/ R,dB,
t t

and

T 3
Esup,.¢jo,7) eV | M, |7 + E(/ " |R,|? dr)
0

<C,E

T q
edVr |Yr|? + (/ eVr H(T,YT,ZT)MQT) ]
0

forg=pA2.
With this M inequality (3.13) becomes (since ¥ = 0) P-a.s.

et (0" +¢ / eV ()7 dV, + gnq / e (T,)"? R, — Z,)* dr
t t

S
< (L) =g [ () (O - Y (R, - 2,)dB),
t

for any § € (0,1] and 0 <t < s < o0.
By Proposition 3.7, the stochastic integral is a martingale and therefore we obtain, using the last inequality
with s =T, for all 0 <t < T, P-a.s.
1
( \Mr _ Y7-|2 n 1)(2—(1)/2

T
e?Vt (0) + gnq Eft/ eVr IR, — Z.|*dr < (6,)"2 EFved'7, (3.15)
t

since Mp = Yr and V is nondecreasing.
Passing to limit as § — 04 we obtain, by Fatou’s Lemma, for all 0 <t < T, P-a.s.

—1 T 1
e 0, — vy L4 Eft/ iV s [Re = Z[Pdr =0,
2 t (IM, =Y, " +1) I
which clearly yields (M, R) = (Y, Z) in S, [0,7] x A? _, (0,T), hence

T T
th = YT +/ H (T’, )/7‘7 ZT‘) er - / ZrdBr .
t t
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O

Proposition 3.10. Let M € VY, of form (3.2). Let Y : Q@ xRy — R™ and Z : Q x Ry — R™** be two p.m.s.p.
such that Y has continuous trajectories and P-a.s.,

T T
(1) / V" |R, — Z,>dr —l—/ 2V (r,Y,)dQ, < oo, for all T >0,

0 0
(ZZ) \I’ (’I", Mr) S quQ\I/ (r, Mr) 5
(iii) (M, —Y,,NYdQ, < |M, — Y,|dL,, a.e.r € [0,T],

with L an increasing and continuous p.m.s.p. with Ly = 0.
I. If inequality (3.11) holds for ¢ = 2, then, for all a > 0 and for any stopping times 0 < o < 6 < oo,

0 a/2 0 a/2
Efv( / e®V" |R, —ZT|2dr) +Efv( / 2w (r, Yr)er>

0
< Ca)\ E}—a [Supre[oﬂ] eaVT |Mr - }/;‘a + (/

a/2
eer,MT)er)
0 a/2
+</ eVT|MTYr|[dLr+|H(r,Mr,Rr>|er}> } (3.16)

0 a/2
<20, \E7* [supre[gye] eV M, — Y, |" + (/ eV (r, M,) er)
0 a 7
+</ eV [dLT+|H(T,MT,Rr)|er]> ] P— a.s..

In particular, for vy =0,N =0,R =0 (hence M =0) and L =0, it follows
0 a/2 0 a/2
E7- (/ e?Vr |ZT|2dr) +E”° (/ e?Vru (r,YT)dQT>
0 a/2
supcio 1+ ([ e 1 (0,001 40, (3.17)

6 a
< 20, B lEfv st 1 ([ (0,010, ) ] P as.

< C’a,/\ E]:g

II. If inequality (3.11) holds and for some fized stopping times 0 < o <0 < o0,1<qg<a

E (sup,cpoq) e M, — Y, [*) < o0, (3.18)
then
B sup, gy V" (M, = Vi

9
< OxgaE” {e“v“’ My — Yo|* + </ eVr

a/q
M, =Y, |77 1,50 9 (1, M,) er) (3.19)

0 a/q
+(/ edVr | M, — YT\q_l [dL, + |H (r, M., R;)| dQT]) }, P— a.s.
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and

0

a/q
B (supecgoq |80, = ¥, 17) + 57 ([ e 0t - ¥ g Ry - 2

0 a/q
+E7- < / eV | My — Y, |97 1pg 2y, W (T,K)er)

, o2 (3.20)
< Chrga BT [eaVe |Mp — Yp|* + (/ eV 14520 (r, M,.) er>
6 7 a
+</ eV [dL, + |H (r, M., R,.)| er]> ], P— a.s..
In particular, for vy =0,N =0,R =0 (hence M =0) and L =0, it follows
0 a/q
R~ SUP;¢[0,0] eV |V |* < O ga B | Vo |Yg|* + (/ e |V, |97 |H (r,0,0)] dQT> (3.21)
and
¢ 2 2 “/a
B (subecgo e 1" ) + B ([ e 10 1y, (22 )
0 a/q
—HEf"(/ eV |Y, |72 1M,r¢n,\1/(r,yr)er> (3.22)

< Cxga E”°

0
eV |Yo|® + </ evr
(e

Proof. Using the monotonicity of H we have

(r,0,0)] er>a] .

<Mr - Yra _H <r7 Yr7 Zr) dQ’r>
= <MT - Yr‘a _H (7’, M?”v RT) dQ'r‘> + <M'r - Yl“a H (’I", M’r‘a RT) - H (7", }/7‘7 Z’I“) dQ'r‘>

< [M, — Y, ||H (r, My, R,)|dQy + | M, — Y, [?dV, + @ |R — Z,|*ds
= |M, — Y,||H (r, My, R,)| dQ, + (T,)? AV, — 6, dV, + 22 \R — Z,|” ds.
If we suppose that (3.11) is satisfied, then
e+ L) [y p, 2, ar
b, (rm Mg [0 dQ,
t
<)+ [ Vb [ )7 1500 (000,
t

+q Fr)q * M, = Y| [dL, + |H (r, My, R,)| Q]

K
q/ )2 (M, — Yy, (R, — Z,)dB,).
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forall 0 <t < s < oo.
Since ¢ € {2,p A 2}, we have (see Rem. 3.1)

ng —npA >ng(1=A)=(¢g—1)(1-]A)

and therefore we deduce, using a stochastic Gronwall’s type inequality for the previous inequality (see, for
instance, [16], Lem. 12),

R (r) 4 an(l—)\) /t Ve (T,) T2 R, — Z,2dr + 45, /t eV ()12 aV,
TR (r,Y,) dQ,
< et (n)q vaf e () 12 W (7, M)AQ, (3.23)
/ eV rr)q 2\M, — Y,|[dL, + |H (r, My, R,)|dQ,]
g / eV ()72 (M, — Y, (R, — Z,)dB,).
t

I. Writing (3.23) for ¢ = 2 we get

2V |Mt—Yt|2+(1—/\)/ ezVT|RT—ZT|2dr+2/ V0 (r,,) dQ,
t

t

/ V" (r, M,)dQ, + 2/ Ve |M, — Y, |[dL, + |H (r, M,, R,)| dQ,]
t

t

—2/ Vo (M, — Yy, (R, — Z,)dB,), P — as.,
t

for all 0 <t < s < oo, which yields (3.16), by Proposition 6.3 from the Appendix.

II. Using Fatou’s Lemma, Lebesgue dominated convergence theorem and the continuity in probability of the
stochastic integral we clearly deduce from (3.23), as 6 — 04, that:

eV My =Y+ 5 (g = 1) (1= ) / VM, — YT Ly, By - o dr
t
1q / e M YT Ly U (1Y) dQ,
t
< etVs|M, - Yi|" + q/s e My = Y, |"7F 1420 W (r, M,)dQ, (3.24)
t
waf Ve M, — V[ L, + H (r M, R,)] Q)]
t
—q/squr M, — Y, |"" (M, = Y, (R, — Z,)dB,),
t
since T, W |M, —Y,| 1as,v, , P-as., for all > 0.

Using Proposition 6.4 and Remark 6.5 we get (3.19) and (3.20). O
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4. UNIQUENESS AND CONTINUITY OF LP-VARIATIONAL SOLUTIONS

In order to prove the uniqueness of the variational solution it is sufficient that inequality (3.11) from
Definition 3.2 is satisfied only for ¢ = p A 2. The both cases ¢ € {p A 2,2} are necessarily for the existence of

a solution (the case ¢ = 2 is needed for obtaining the estimates for the term E(fOT 2V | Z,|? dr)p/2 (see also
Rem. 3.4).

Theorem 4.1 (Continuity). We suppose that assumptions (Ay — Ag) are satisfied. Let (Y, Z),(Y,Z) be two
LP-variational solutions of (1.2) corresponding to (1, I:I) and (7}, H) respectively, where H and H have the same
coefficients p, v, L.

Then, for any stopping time 0 < o < 7, it holds, P-a.s.,

.
Yy = Talt e B [ - Ty |2 - 2P
o

sEﬂquwwmquﬂ/ eV |Y, = Y[ H (r, Y, Z,) — H(r, Yy, Z,)|dQ,

(4.1)
< EF7etVr | — |t
(g—1) T R o ~ L a1/q
+Cox [E77 (Ayr) ] /e [EFU (/ e \H(r, Yy, Z,) — H(r, Yy, Z, |dQ) } ,
where
T .\ q T ~ q
Ao =it + i+ ([ e[ 0.0,0)10Q0) + ([ i (.0.0) o, ) (4.2)
and cq x, Cgx > 0.
Moreover, for all 0 < a < 1,
. - 1 N . @
Esup, 14|V, — Y;|% + (¢ — 1) E< - — — V1|7, — ZT|2d1")
el 0 (eVe|Vy — Yyl + 1)
< Esup;ep eV |V = Y[ + (¢ — 1) ( quT\Y Y, |72\ Z, — Z,| dr) (43)

< Cagn (B[ — )"
+Ca)q})\ [E (AU)T):IC“(Q_l)/q . (E(/ eVr
0

where Ay r is given by (4.2) and Cyqx > 0.

R R ~ o a\ @/q
(’r)YraZT)_H(TaY;aZT)’dQT> ) 9

Corollary 4.2. Under the assumptions of Theorem /.1 the uniqueness of the LP-variational solution holds.

Proof. The uniqueness property of the LP-variational solution follows clearly from continuity property (4.3).
Indeed, if 7 = 77 and H = H, we conclude, from (4.3), in the case ¢ > 1, that Y=Y in SO and Z=7Zin
A(r)nxk O
Remark 4.3. We also notice that both results (uniqueness by continuity property (4.3) and existence of a
variational solution, by Thm. 5.5) hold true in the case of infinite dimensional spaces without any major change
in their proofs; the suitable framework is that from [14].

Proof. Step 1. Obtaining of inequality (4.8) for an approzimation M¢
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Let M € V4, of form (3.2) and, following (3.5), we define
Py = (M, - Vo2 +6,)"* and T, = (M, - Vi|? +6,)">.
Let T' > 0 and the stopping times 0 < ¢ < # < T A 7 such that
0 q
E(/ Y 20|+ (Y, Z,)] 4@, ) < oo, (4.4)

Using (3.14) (which is an equivalent form of (3.11)), we deduce that

6
[quv(fa)uquv(fg)Q]+q1Efv/ eV [(T,)7 + (T,)]dV,

g

6
+ganfv/ e (02 Ry = 2" + ()72 Ry = 2, ar

[4
ram? [ R ) + (R T e,

Let

S 1 1 N -
|Mr_yr|2 S %B|MT_YT|2+%|YT_ T|2a

~ 1 1 N -
|M’I”7YT|2 S %5|Mr Yr|2+%ﬁ|yr* r|2

and therefore
(T 2R, — 2, + ()12 |R, — Z,|
= (1M, —Yr|2+5q)(q 2)/2\3 ~ 2, + (M, =V, ? +6,) P R, - 2,
1+ﬂ ](qQ)/2

T Indeed, for any a,b € R and any 8 > 0, we have, by Young’s inequality,

Y]

-2+ g g, (R =2, +|R, = 2,

1 1
(a+b)2:a2+b2+2ab§a2+b2+ga2+,8b2: (1+B) a?+ (1+8)b?
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since 1 < ¢ < 2.
Hence

148 (a=2)/2 . (4.6)

Let 0 <e <1 and

Mf:iEff/ooe—Qr?i” Y, dQ,, t>0
t Q r T = U.
£ tVe

Then, by Proposition 6.12, (M®, R®) € Sk, x AP _ is the unique solution of the BSDE:

1 T T
Mf:M;+Q—/ l[s,w)(r)(}ﬁ*Mf)erf/ REdB,, forany T >0, tel0,T],
€ Jt t

limy oo E|M5 — &p|P =0
and

(a) |[Mf| <E7tsup,5¢|Y;|, P—as., forallt>0,
(b) lim.,oMf=Y,, P—as., forallt>0,
(¢) lime o Esup,epq |M7 —Yi" =0, for all T > 0.

We will replace now in (4.5) M by M¢, R by R® and N by N¢ = é 1c.o0) (r) (Y, — M) . This is possible since
our M¢ is from VP and of form (3.2).
We see first that, for any r > ¢,

1 eV 1 e _ Vv Y € Y €
7@(YT_MT)>_2QE<M Y., (Y, — M:) + (Y, — M)

N N ~ 1 ~ N N
[0 = Vo2 4 MF = VIME = Vo] = 5 [IMF = Yol = |MF = Vi M7 =V
€

(M7 =Y, N7) = (M ~ Y,

1
<
2Q-

r

and similarly

1
2Qe

(Mg = Yy, NP) < oo 1M = Vo] = [MF = Y| (M5 = Y5

Therefore

(D)7 2(M; = Yo, N7 + (D)7 2(M; — Y, Ny)

(Mg = V22 4 6,) 22 Mz — ¥ NEY + (M7 — Vo2 +6,) 22 (s — ¥, ND)
-1 - —2)/2 - ~ —2)/2 -
aor L1M7 = Yo 6 PPN < T (1M -V 40,) g

[Ivg = ] = M - | <0,

(4.7)

IN
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since we have, for all a,b >0, >0 and § > —1/2,
[(a2 +§)ﬁa— (v* +5)Bb} (a—b) >0.

We use inequalities (4.6) and (4.7) and inequality (4.5) becomes:

et £y 4 e (E5)7) + 87 [ Lo [(E + (2] av,

o

0 (¢—2)/2
1 1 N ~ N -
_’_%nq]E]:g/ qur |:—gﬁ|M’f_Yr‘2+l—ﬁ|YT_YT|2+6q:| ‘ZT_ZT|2dr
0
B [ (B0 ) + ()T 4, (48)

0
< BT [ ([5)1 4 e (05)7) + g BT [ et (05172 4 (F)72] W (r. M) Qs

o

0
B [ e (92 (ME — i B0 Y2, 20) + (8520~ Yo (Y2, 2] dQ

Step II. Working with a sequence of stopping times

Let 0 < u < v and the stopping times v* = Q; !, u* = Q, !, where Q! is the inverse of the function
r— Qp:[0,00) = [0,00).

Let, for each k,i € N*, the stopping times?

ay = inf {u >0: 3V, +sup,cp.q eV Y, — Yo| + SUD,¢[0,u] ey, — Yy —|—/ 2V | Z,2dr
0
+/ V| Z, [2dr +/ Ve H(r, Yy, 2,)1dQ, +/ Ve H(r, Yy, Z,)dO,
0 0 0

+ / 2V (r, ¥;)dQ, + / VU (r,Y,)4Q, > k.
0

0

and define
up =0 Au" ANagp and vp; =0 AV A gy

(in which case (4.4) is satisfied).
We consider in (4.8)

oc=uy and 0=v;,,;

Z The notation $V, means the total variation of the function V' € BVj,. (R4;R) on the interval [0,¢]. For details see Section
6.3.5 of [21].
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and passing to liminf.\ o we obtain (using Prop. 6.12, Fatou’s Lemma and Lebesgue dominated convergence
theorem):

~ q/2 Vit 1, . - a/2
_ 2—|—5q> —|—2qu“2/ eVr <4 |Y7-_Yr}2+5q) dv..
uj;
vE L (q—2)/2
. ki 1 ~ ~ ~ ~
+%nqﬂz%/ etV (J“@ Y, —YT|2+5Q) \Z, — Z,|?dr
e L (a—2)/2 A )
+¢E “72/ e?Vr (4 Y, — Y + 5q) {\I/(r, Ye) 4+ ¥(r, YT)} d@r
ug
Fuy o1V o
<2E"™ ( Yar,, — va +5>
oL (g—2)/2
. k4i 1 - ~
+qE]:“k/ edVr <4 Yr}/?“|2+6q) 22U (r,Y,)dQ,
uj;

[ L (e-2/2
+§E u;;/ quT <4 |5/1}/7"|2+5q> <Y7"7}/T‘7H(ra}/7‘72'r‘) 7H(T7YT7ZT)>dQT"
uj,

By Fatou’s Lemma, as as f — 0, we deduce that the previous inequality holds true also for g = 0.
We remark now that

1 1.- . .
20 (r,Y,) =2V (r, 3Yr + 5YT) <U(rY,)+¥(rY;)
and

Y, = Yo, H(r,Y,, Zy) — H(r, Yo, Zp) + H(r, Yy, Z,) — H(r, Yy, Z, ))er

<Y, = Yo, H(r, Yy, Zo) = H(r, Yy, 2,))dQ, + |V, = Y, [V, +7IZ ~ Z,[*ar.

Hence

q/2 UZ+¢ 1 . _ (g—2)/2
2¢4Vi ( |Vor — ) +2q5quuz/ etVr (4 Y, — V2 +5q) v,

k

¢ L e L (@-2/2
+ 1 (ng —npA) E “2/ edVr (4 Y, — Y, |* + 6q> | Z, — Z,|*dr
ug
a/2
? +5>

q_F 'Ult:ﬁ»i 1 . _ (qu)/Z R ~ . . " ~ N "
+1g k/ e <4|Yr—m2+5q> ¥V — Vo H(r, ¥y, 20) — H(r, Vo, 2,))d0Q, .
uj

<2E *qV ( Y*

Vhgi Uk+

Step III. Passing to the limit
Since g € {2,p A 2}, we have (see Rem. 3.1)

ng—npA >ng(1=XA) =(¢g—1)(1-X),
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passing to lim, ,— ., by Fatou’s Lemma and Lebesgue’s dominated convergence theorem and using the
continuity of the natural filtration {F, : > 0}, it follows that

- i ) q/2
s (o)

9/\Olk+i 1 . B (q 2)/2
+2¢0, B / e <4 Y, = Yo + 5q) v,
oo
q 9/\ak+i 1 . ~ (q 2)/2 . -
1 @—D1-N Ef/ o (4 ¥, ~ Vo + 5q) 2, ~ Z,[*dr (4.9)
oNag
1. _ ) a/2
< 2E.F(7/\(yk quB/\akJri (4 ’YQ/\ak+i — 1/9/\04k+i + (Sq)
9/\ak+i 1 . _ (qil)/2 . . N -
sqmmoe [ (LN TP a,) A2 - A 2)]aQ
oNag

Passing to the limit, as § — 04, by Fatou’s Lemma for the left-hand side and inequality
1 . . (q—2)/2 )
3 <4mn +5q> <9,

and by Lebesgue’s dominated convergence theorem for the right-hand side we get

Ve ¥ \/ q
eq TNk |Y0'/\ak - Yo/\ak|

q 9/\ak+i R N . -
L g1 (1- ) Efmk/ VY — V|72 |2, — Z,2dr

2 Nag
Aok 4.10)
Vorar s |V 4 (
< EForar edV0rokti YQ/\OUCH - Ya/\akﬂ"

9/\Otk+i R N R R R ~ R R
+gEFoo / VY, — VY A (r, ¥y, 2,) — A (r, Yy, 2,)]dQ,

Nag

Passing to the limit successively, lim; o, , limg_ oo and limr_, , in (4.10), we obtain (using Fatou’s Lemma
and Lebesgue dominated convergence theorem via condition (3.8)), for any stopping times 0 < o < 0 < 7 and
P-a.s.,

2
eV Y, — Y, |" + q71) (11— IEff’/ eI Y, = Y, |72 Z, — Z,|?dr
) 7 (4.11)
gEfvqu0|?0—%|q+q1Efo/ eV Y, = Y| H (r, Yy, Z,) — H(r, Yy, Z,:)]dQ,

o

(we also used the continuity of the natural filtration {F, : r > 0} ).

From (4.11) we obtain conclusion (4.1) if we use Holder’s inequality and boundedness property (3.22) from
Proposition 3.10 and inequality |Y;, — YV, |* < 2471 (|Y;]7 4 |¥;]9).
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Applying now a stochastic Gronwall’s type inequality provided by Proposition 6.6, we infer from (4.11) that,
forall0 < a <1,

E SUPr¢[q,0] eV

A~ ~ 6 ~ ~ ~ ~ [
Y, =Y |* 4 (g —1)° E(/ VY, = V172 |2, Z,f2ar)

alg—1)

< Cqan (Eeqw‘% — Y/—elq)a + L (E(/ (3Vr|f:f(7“7 ?T7ZT) — .H(?”,Y;«,ZAT)MQT)(I) 41 ,

where L is a constant such that, see inequality (3.22),
Esup,po.r ! Yr — Yo|? <27 Esup,cpo1 e?r (|Y,]? 4 [Y,]9) < L.

Hence conclusion (4.3) follows. O

Remark 4.4. We notice that if we have the uniqueness of Y and if we multiply (4.9) with 6'~%/2 then the
uniqueness of Z follows also from (4.9) by taking é — 04 .

5. EXISTENCE OF THE SOLUTION

5.1. Existence on a deterministic interval time [0, T

The existence of a LP-variational solution will be proved firstly in the case of a deterministic time interval,
.e. T=T>0.

The proof of the main result of this section (see Thm. 5.5) will be splitted into several steps. The main idea
is to use firstly more restrictive assumptions (more precisely, (5.1), (5.2), (5.3) and (5.4)) in order to obtain the
existence of a strong solution (see Lem. 5.1); this is only an intermediate step and we will renounce to these
assumptions.

Lemma 5.1 (Strong solution). We suppose that assumptions (Ag — A7) are satisfied. Let V) be given by
definition (2.11). In addition we assume that:

(i) there exists L > 0 such that
Il +em+¢m+b+F ) +G ()<L, aetel0,T], P-as; (5.1)

(3) there exists 6 > 0 such that

E exp [(2 +9) VTH)] < 00; (5.2)
(#4) there exists L > 0 such that
+) 2 T e .

leVr " + (/ Ve (FF (r)dr + G (1) dAT)> <L P-as; (5.3)

0

(iv) for® po dof (CxL)'/2 > 0 it holds

T 21/ () # 2 # 2

B[ [(FWO (r)’dr+ (GT,, (1)) dA,.] < . (5.4)

3The constant C) := C3,x , where Cs y is given by (6.35).
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Then the multivalued BSDE

T T T
Vo [k =n+ [ HGY.Z)d0. - [ 248,
t

t t
dr, =uMat+ uPaa,,
uMdt € 0p (V) dt and UPdA, € 9y (Y,)dA,, te]0,T],

has a strong a solution (Y, Z,U(l),U(Q)) € 5% x AV sk X A% x A% such that

T T
E sup 2V Y, >+ E/ 2V | Z,|? dr + E/ 2V |U,£1)|2dr + E/ 2V |U£2)|2dAT < 00.
rel0,T] 0 0

Proof. Step 1. Approximating equation
Let 0 < € < 1. We consider the approximating BSDE

T T T
Yy +/ V, U (r,Y)dQ, =n+ | H.(r,YF,Z5)dQ, 7/ Z:dB,, P—as., tel0,T], (5.5)
t t t

where

WE (1) S g e (y) + (1= o) e () Lpo.2) (Ar),

)1
Vy U« (ry) = [ar Ve (y) + (1 — o) Ve (y)] 1[0,%] (Ar), (5.6)
def
H. (r,y,2) = [o Fo (1,y,2) + (1 — o) Ge (1,9)] 1[0,%] (4,),
where ¢. and 1. are the Moreau-Yosida’s regularization given by (2.15) and F.,G. are the mollifier

approximations defined by Section 6.4.
By properties provided by (6.50), Remark 6.13 and (2.16), and by assumption (5.1) we see that the function

def .
(I)E (Ta Y, Z) = HE (Tv Y, Z) - quj (T7 y)
is a Lipschitz function:

|(I)€ (T, Y, Z) - (be (rag7 2)|

. k(1+4, R K ~
< {ar (& IZ—ZH(T> Iy—y|)+(1—ar) = [y =1l

1 o1 .
+Larly=l+ L= an) =l | 1 (4)

kL +rx+1 . k+1 A .
< {argg ly =9+ (1 —ar) —= ly =gl + Lar |z = 2]} 10,3 (4r)
HL+KZ+1
s[ ly y|+Larz—z|} 1o (4,).

If we use the above properties of ®. , the presence of the indicator 1, 1, (4,) in the definition of ®. , assumption
(5.1) and properties (6.49) and (6.50—a) of the mollifier approximations of F and G, we see that the assumptions
of Lemma 5.20 in [21] are satisfied for any p’ > 2 arbitrary fixed.
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Therefore equation (5.5) has a unique solution (Y, Z¢) € S2 [0,T] x Afrlxk (0,T) and consequently, for any
P =2,

Esup;cpo,1) Y|P < oo (5.7)

Step II. Boundedness of the approximating solution
Remark that, by property (6.51), since n, < 1,

<Y—tsa t Y;EvZE) >th
= (Y&, Fo (6,Y7, Z7) ) 1,1y (Ae) dt + (Y7, Ge (1, Y7) ) L,1) (Ar) A4,
— (Y7, Ve (YF) ) 10,1 (At) dt — (Y5, Vibe (Y¢) ) Lpg,21 (Ar) dA,
NpA
< [T EF 0+ (e + 55 L) e T P an+ (vl GE () + o Y2 da,
- A
< Ye| A (0 Qe+ [Ye P v + | Z7 P dr,
where
HY (t) = aFFE (1) + (1 - a) GE (1),
By Young’s inequality and assumption (5.2) and (5.7) we have
Esup,epo.r ' [V7* < E[(exp2Vi") supyepo.r V7T
2 + g < (4+26)/6
< |:M]E6Xp (2 =+ 5) Vrzg ) —+ mEsuptG[O,T] D/t |( + )/ (58)
< 00,

therefore, by Proposition 6.8 (our main stochastic Gronwall’s type inequality), we have

T T ~ 9
E7 | sup | ve| +/ 2V 72 P dr} < Oy ET De Ul + (/ T () dQ, ) }
t

relt,T)

(Cx = (O35, where Cs y is given by (6.35)).
From the above inequality we get, using (5.3) and property (6.49), that, P-a.s., for all ¢t € [0, 7],

(+) 1/2 - B
(@ e < e el < [ (supen |47V )] T < (D)2 = o

T
b)) E 2V, Z€2d)<*2,
(b) (/0 e |Z7 |7 dr ) < pg (5.9)
(€) |F-(t,YE Z0) < 4| Zf |+ FY 5 (1), |G (6.YF)| < G s (1)),

(@) |Hor Y5 Z0)] < [an (6125 + L, (0) + (= an) Gy ()] 10,2 (4)).

Step III. Boundedness in L? of V¢f and V*©
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Using the stochastic subdifferential inequality (see [21], Lem. 2.38, Rem. 2.39)

) R ) . e . e
AV o (Ve) < 2V o (vE) + /V (Ve (Y), &.(r, Y7, 22)) dQ,

t

7/ VT (V. (YE), Z5dB,), 0<t<s<T
t
(and similar inequality for ¢.) and following the ideas from [13], [14] and Section 5.6.2 of [21], we deduce that:

e o (YF) + (YY)
+ / e [ Ve (V) + (Vu(Y7), Ve (V) + (1 — ) [V (V)2 4,
(5.10)

< VT (oo (YE) + 9o (YE)] + / TV (Vi (V) + Ve (VE), He (1, Y7, Z2)) dQ,

S
= [ (Do) + VL(¥0). ZidB)
t
The compatibility assumptions (2.19) and inequality (6.49) yield for |y| < pg :

(Ve (y), Fe(t,y, 2))
B /B(o ) (Vbe(y) = Vbe(y — ew), F (t,y —eu, B (2))) 1 (€| F (t,y — eu, 0)]) p (u) du

+/ (Ve (y — ew), F (£, — eu, Be (2))) Lo (& |F (y — 0, 0)]) p (u) du
B(0,1)

<2 [ Jeul 1P (6~ 0B ()] Loy G IF (b — 20, 0)) p () d
B(0,1)
[ IVl = 2l IF (b = 2 5 ()] L) 1P (8 — 20, 0)) p () da
B(0,1)

<IFL )+ [ (Vely - u) - Toulw)] + 96 0)]

B(0,1)
| F(t,y —eu, B (2))] Loy (e |F (t,y — e, 0)]) p (u) du
<P (8 y.2) + (14 Vo)) [P (8 y.2) = 2+ [Vee(y)]) [F. (ty, 2)

<2L |2l + 2Rk, (1) + (Ve (v)| (D 12] + Ly, )

and similarly

(Vioe(y), Ge(t.y)) = (2+ [V (y)]) G, (t,y) < 2GT 5 (8) + V(9| GT. 5, (8).
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Hence, using the above inequalities and the definition of H.(¢,v, z), we have, for any |y| < g,

(Ve (y) + Ve (y), He (s, y, 2))
= (Ve (y) + Ve (y), asFe (s,y,2) + (1 — as) Ge (s,9)) 1[0,%] (Ar)
<ap 24 2[Ve())) [F]. (6 y,2) + (1 = ar) (24 2[Ve(y)]) |G, (¢ y)

< a5 Vo) + 1 3(1F (1,,2))°] + (1= a0) [3 190 + 143(1G. (1.3))°].
Using (2.18) we deduce inequality
B2t (p(VF) +va(¥7)) ) SE(2F (o) +v(m) ). (5.11)

On the other hand,

t
M; = / 2V (Ve (YS) + Vi (YS), ZEdB,) is a martingale. (5.12)
0

By Young’s inequality and assumption (5.2) we have

T
+) (+) 2 d 2+6)/8
]E/O ' dQ, <E(e2VrQr) < 55 Bexp (2+9) vt el SRR PN (5.13)
and
E(e2Vr" < 2LE(e2 14
(€7 (p(n) +v(n)) <2LE(T ) < oo (5.14)

Therefore, using inequalities (6.49), (5.9—a) and (5.11)—(5.14), we deduce from (5.10) that, for all 0 <t < s < T,
2v,H € 2v, P ey, L Ty =Nt =Nt
B oo (V7) + B (V) + B | e[|Vl (V) Pdr + Vo (Y7 A,
¢
)
<E[e2 (p(n) +w()|
T v 2 Ty 2
+E/ 2V (1 +3(|F|, (r, Y, 25)) ) dr +E/ 2V (1 +3(1G1. (rYy)) ) dA, (5.15)
t ¢
)
<E |27 (o(n) + (n)|

T T
+E / 2 (14612 |22 + 6(Ff,, ()] dr + B / A [143(GY,, (1)?] a4,
t

t

Therefore, by assumption (5.4) and (5.9-b),

(+) (+)
(a)  sup [Eezvt e (Y) + Ee?V: %(Yf)] < Cpo,L.T
te[0,T
<7 (5.16)

T
O B[ Vo) Pdr 4 V0P| < G
0

(Cpo,L,1,x is independent of ¢).
Step IV. Cauchy sequence
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Let ¢,0 € (0,1]. We have
T T
_yf:/ dKf’5—/ (Zf—Zf)dBr7 P —a.s.,
t t

with
dK=0 = [Hs(r, Y, Z2) — Hy(r, Y2, 20) — [V, 08 (r, YE) — V, 00 (r, V,9)] }d@r
= o [Fe(r Y5, Z7) = Fo(r, Y, Z))] 1y 1) (Ar) dr
(1 0p) [Celr¥7) = Colr.YP)] 1y (A7) dA,
ap Fy(r, Y7, 20) (10,2 (Ar) = T, 1) (A1) )dr
4 (1—a,)Gs(r,Y7) (1[0%] (Ar) = 1)1 (A7) )dAr
= [Vipe (V) = Vs (V)] dr — (1 = o) [Voe (V) = Vs (V)] dA,

By inequalities (2.17) and property (6.52—c) and (5.9—a) we have (since n, < 1)
(V7 YJLAKES) AR 4 |V = YHANGS 4|V — VI Pav) + 2125 — 23 Par
< (1+2po)d (RS + NE°Y) + Y — V2 )2dv,H) + % |5 — Zz°2|2dr,
where

AR = |e = 8| [} e — 8] + 2Ff,, (1) + 26, 1Z5|| dr + e = 8] [ |e = 8] + 2GE, ;, ()] a4,

a—i—é €+6

+

(IVee(Y)1? + Vs (V7)) dr +

(VoY) + [Ves(Y?)?)dA,
and
ANE? = [2f Je =014 60|20 Appng ) (127] + A2) Lo
(B, 1)+ 6 Z2]) La s ey (Fp, (1) + AL [
[2y+ le — 61+ G s (1) Lins o) (GFopy (r )+AT)} dA, .

By (5.8) and Proposition 6.8 we get
Ie) T v T v
Esup,cpor e’ [V =Y + E/ V2 = Z0Pdr < CA]E/ eV d (R + N2°)
0 0

Boundedness assumptions (2.2), (2.6), (5.1), (5.2), (5.4) and (5.9-b), (5.16—b) yield

T
lim. 5_,0 E / 2 (RE° + N =0 (5.17)
0
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(also the calculus for obtaining (5.8) is useful).
For instance, if we denote

def

(t) =, F7,

Y o @)+ (1= o) GT, (1),

we deduce
T (+) # # T (+)
E/O o2V |:F1+/30 (r)dr + G7,;, (r) dAT} = E/O o2V Hl#Jrﬁo (r)dQ,

T QU (H) [ 9 1/2 T ) 1/2
= <E/o “ (H1+ﬁo (r)) er) <]E/0 e2Vr er>
T (+) 2 9 1/2 - 12
< \/i(E/ e2Ve [(Ffﬁﬁo (r))"dr+ (Gﬁrﬁo (r)) dAr:| > (E62VT QT)
0

which is finite, using assumption (5.4) and inequality (5.13).
For instance, for any a > 0,

T T
B[ utare o aa) <5(5 7 arsvtaa) )
0 0

(2+a)/a

2 (+) a /T + +
<—EF 2 —EK d dA,
<spgEeweraVi e E( [ e san)

On the other hand, by Holder’s inequality,

T (2+a)/a
E</ (,ujerrujdAr))
0

2+a

<]E(/OT (1t dr + v+ dA,) >k> "

2+a 2+a

< (@ ak <E(epf5<ur dr+urdAr>)> .
p

IN

where N* 5 k = [2-%(1] +1 > 252 gince

a

k!
af < — P, forany a>0,p> 1.

Hence EfOT 2V (i dr + vt dA,) < .

For instance,

T T
B[ 012 Ly (2] + AV < L+ ) B [ 7 |20] (28] + Ar)ar
T (+) 2 T
=L(e+9) (]E/ eV | 22| dr—HEZ/
0

Vi | 28] A, dr>,
0

since

Z% + A,
a2+ 4) < 5 < gy (220 4.4,) L forany v

e’ts



LT —VARIATIONAL SOLUTIONS OF MULTIVALUED BSDES 31

On the other hand,

T o () 5 1 T 21 () 512 1 T ov(H) 49
E e“’r |ZT’ATdr§f]E e“’r }Zr| dr+ -E e“’r Az dr
0 2 Jo 2 Jo
1 T 2V | s T 2 (H) 42
<SE [ Tz ar v SE (7 43)
2" J, 2
<!g /T V|20 dr 4 2 Eexp 2+ 6) VD + 0 EAH2/
=27 /o " 2446 T 246 T
< IE/TeQVT(H ‘Z5’2dr+7Eex 2+ Vy —l—LEeﬁ%AT
=27, r 2145 P 245 '
Hence EfT 2V 0 |22 Li1n2 o) (|22| + Ay) dr — 0, as e,6 — 0.

Using the sumlar calculus for the other quantities, conclusion (5.17) is completely proved.
Step V. Passing to the limit
Consequently there exists (Y, Z) € SO, x A2 ., such that

Esup,.¢jo,1] e? |YE Y|P+ E/ 2v, |Z8 — Z.]*dr =0, ase — 0.
0

From (5.16) there exist two p.m.s.p. UM and U®)| such that along a sequence &, — 0, we have

(+) (+)
GV €V

Ve, (Yor) — UM, weakly in L2 (Q x [0,T],dP ® dt; R™),

T, (vo) —

eVH)U(Q), weakly in L? (Q x [0,T],dP ® dA;R™) .

Passing to limit in the approximating equation (5.5), for € = &, — 0, we infer

T T T
Voo [ U:4Q =n+ [ HY.2)4Q, - [ 2,48, P as
t t

t

where

de

U = [, U+ (1—a,) U], for r € [0,77.

Since V. (y) € 0p (y — eV (y)) then for all E € F,0<t<s<T and X € 52 (0,7

/ <62V<+> o (Y), X, — Yan>1Edr+E/ e2v;+>(p(yrsn_gv%(yren))lEdr
t

< E/ eQV'fmgo(Xr) 1gdr.
t

Passing to liminf,,_,., in the above inequality we obtain US € 0p(Ys), dP ® ds-a.e. and, with similar
arguments, Ul? € o(Yy), dP® dAs-ae.
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We conclude that (Y, Z,U) € S°, [0,7T] x A°

mxk

[0, 7] x AY [0,T] is a strong solution of

T T T
Yt+/ (UM ds + UPdA,) :77+/ [F(s,Y;,ZS)ds+G(s,YS)dAS]7/ Z,dB;,
t t t

for any t € [0,T7, (5.18)
UM € dp(Y,), dP®ds—ae and U®P edy(Y,), dP®dA,—ae., on [0,T].
Moreover, from (5.9),
(+) .. 2\1V/2
(@) ¥l <" i] < [B7 (sup,epm [V [*)] T <o,
(5.19)

T
(b) E(/ O |Zr|2dr>§ﬁ8.
0

From inequalities (6.49) and (5.9—a) we have

(1FI. (n Y7, 22))* <202 Z5)” +2(Ff 5, (r)? and
(IGL (nY7))" < (61, (1)

and therefore, passing to liminf._,( in the first inequality of (5.15) and using (6.50—b) and Fatou’s Lemma and
Lebesgue’s dominated convergence theorem, we have

;E/T 62Vr(+) |:‘U,£1) ’2d7" + ’UT(2)|2dAT}
0

T
<E [ (p(n) +v(n)| +]E/ eV (1461212, + 6|F (1, Y, 0)) dr (5.20)
0

T (+)
+E/ A (14316 (nY,)) dA,.
0

O

The next result, Proposition 5.2, provides the proof for the existence of a variational solution but under some
still strong hypotheses (more precisely, assumption (5.3) of Lemma 5.1 is relaxed and becomes (5.21) and we
have added (5.22) and (5.23)).

Proposition 5.2. We suppose that assumptions (Ay — A7) are satisfied. Let V) be given by definition (2.11).
In addition we assume that:

(i) (see (5.3)) there exists L > 0 such that

T 2 .
S ([ 0.0)dr 416 (01 d4,)) < L (5.21)
0

(1) there exists a € (1 4+ nyA, p A 2) such that

T %a
(a) IE(/ Zids) < 00,
0

T a (5.22)
(b) IE[ /O A7 (Fﬁﬁo(s)ds—l—Gﬁﬁo(s)dAs)} < o0,



LT —VARIATIONAL SOLUTIONS OF MULTIVALUED BSDES

where* po ot (CyL)V/2;

33

(iii) there exists a p.m.s.p. (Or),5q and, for each p > 0, there exist an non-decreasing function K, : Ry — Ry

such that
FF)+G¥ (1) <K,(©), aetec[0,T], P—as.
Then the multivalued BSDE
T T T
Y; +/ dK, = 7]+/ H(r,Y,, Z.)dQ, 7/ Z.dB,, P—a.s., foralltel0,T],
dK, :t U,dQ, € 8y\11t(r, Y,)dQ. t

has a unique LP-variational solution, in the sense of Definition 3.2.
Moreover, for allt € [0,T], P-a.s.,

T p/2
B (sup,er [ Yi[") + BT < / e (o (Vo) ds + 9 (Y,)dAy) )
t

F g 2v () 2 o/
+E” e*’s | Zs|"ds
0

T P
Vi [l ¢ ( [ e ar ro0ar+ 16,0 dA,.>)
t

< CpaET

Proof. Step 1. Approzximating equation
Let t € [0,7], n € N* and

Be=t+ A+ el + el + 6+ VD + FEL () +GEL, (8) + 6.

Consider the BSDE

T T T
v+ / UM Qs =™ + / H™ (s, Y, 2{")dQs - / Z{dB,, te[0,1],
t t t

U =, UM + (1 - a,) UZY
U™ € gp(Y™), dP@ds—ae and UZ™ caypy™), dP®dA, —ae.,

where

n) def
1™ L 10 (Il + o () + 4 () + V),

n def n def
F (t,y,2) = F(t,y,2) Lom (B:) and G (t,y) = G (t,y) 1o, (Be),
H® (s,y,2) & a,F™ (s,4,2) + (1 — a,) G™ (s,y).

If we denote

def n) def n) def
= 1[O,n] (5t) i, Vt( ) 1[O,n] (ﬁt) Vi, €§ = 1[o,n] (50 Ly,

TThe constant C) := C3,x , where Cs y is given by (6.35).

g™

(5.23)

(5.24)

(5.25)
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then we have

(= 9. HO) (19,2) ~ HO(15.2)) < (™ + (1 - ) o) [y~ §

Of course,
™| < n Lo (Inl + VA7),
< n o (Be), [ <0l (B), 67| < nlpm (B,
Fl(n)# (t) — SuP|u\§1 |F(n) (t, U,O) | S n 1[0,11] (ﬁt) 5
G (t) = supjy <1 |G (8 u) | < ko (Br).
Let

0, ::inf{TZO:rJrAquV,,(JF) >n}.

We have 19 ) (8:) < 10,6, () and therefore

t
() def m L e\ T () +
Vi _/o {(Hr +2np)\ () ) dr + (v(™) dAr:l

t 1 9 +
~ [ o 30 [ (10 + gy () v a0

t
1 o\ F
< 1 . - L, d TdA,
< [t 50| (5 + gy (007) v,
:V(JF) <V'0(n)§n

tAO, —

and
n, T n 2
eV’I(" ,+)n(n) |2 + (/ EVT( ) (Fl(n)# (T) dr + Gg")# (7“) dAr))
0

TAOy 2 -
< n?e?™ 4 nle™ (/ (dr + dAT)> <n?e® (1+n?) = L
0

and, for every p > 0,
FM# (t) + GO () < [FF () + GF (1)] 1o, (Br) < Ky (04) 1o, (Br) < K ().

Therefore assumptions (5.1)—(5.4) are satisfied.

Hence, by Lemma 5.1, there exists a unique (strong) solution (Y™, Z(™ U™) e 89 [0,7] x A%, (0,T) x
A% (0,T) of BSDE (5.25).
Step II. Boundedness of the approximating solution
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We have
<}/t(”)’ H(n) (t, }/t(”)7 Zt(n)) (")>th
< [(atﬂt+(1_at)1’t+at o )\é ) .01 (Be) Y n)‘
X . (5.27)
i Lo (B) 5 |20+ 1H™ (2,0,0) [V, 4@
< |y ™|dN, + ;Y(”>| vt 4 2 > 12 at,
where
t
Ny = / ([F (r,0,0)] dr + |G (r, 0)| dA,] . (5.28)
0

Since by (5.19), for all ¢ € [0,T], P-a.s.,

)12 () (n) 12 (n,4) 2 T 5
VP < [P S BT (suprg |V ) < L™ = ()

and |7](”)| < |n], we deduce, using the stochastic Gronwall’s type inequality provided by Proposition 6.8, applied
o (5.27), that, for all t € [0,T],

T
B (sup,eqr [ V) + B (/ 2V |Z£")|2dr>
t

T 2
< C)\ E.Ff |:’€V( +>"7’2 + (/ evr(n,#»)dNT) :l
t
T 2
< C,\E* [|eVT(+)17|2 + (/ evﬁ)dNT) ]
t

(the constant Cy := Cy » , where Cs  is given by (6.35)).
Therefore, by assumption (5.21) we have, for all ¢ € [0,T], P-a.s.,

@ 1< [0 < [B7 (supegn |41 P)] 1 < @002 = o,
T (5.29)
(b) E/ e2VT("’+) |Z7§n) |2d?" < ﬁ% .
0

Step III. Cauchy sequence
Let n,i € N* arbitrary fixed. We have

. T
) oy / (U — Umag,
t
T
="t — ) / (B0 (s, 00, 2000) = O (s, ¥, 207) ) Q.
t

T
—~ / () — z{M)dB,.
t
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We recall the property

<Ys(n+i) _ )/;(n)’ U§n+i) _ U§”>>dQS > 0.
On the other hand

<Y(n+i) _ Ys(”),H("”) (57 ys(nﬂ’)7 Z§n+i)) _ g )( y(n )>ng

:S<ys(n+i) _ YS(”),H“L”) (S,}/'S(Tl+i)’Z§n+i)) _ H(n+z)( Y(n) Z("))>dQ5
L (YD) _y ) ) (5 y )z ) (5 y ) zm) )>ng
< 1jo,n+41 (Bs) (Msds + vsdA, + ﬁézds) |yt —ym? 4 T2 \Z("“) QI
-FHYH“—ié“\hmﬂHMﬁJ—-mWMﬁJ|@JZ?W+Pﬁ(@ds+G§<@dAg
< [V Y| L0y (Be) (61207 + FJ () ds + G, (5) dA,)

+ [y~ Paven + 1 7o _ 70 s,
since
|1[0,n+i] (ﬂs) - l[O,n] (ﬁs)| < l(n,oo) (Bs) (530)

and

npA +a —1

npA < ngA',  with X := 21

€(0,1)

(where a is given by assumption (5.22) and n, := (a—1)Al=a—1).
By (5.29—a) and Proposition 6.8 and Holder’s inequality we obtain:

T a/2
Esup,cjo,r e v >‘Y(n+z) vl +E(/ eaVSH)‘Zs(nﬂ) B ZS(n)FdS)
0
v a
< CanE [ [l Loy (I + V)
T a
+C’a7,\E</ VD 1000y (B) [6 |2 ”)|d5+F#( )ds—|—G7§i (s)dAs} )
0

V(+)

a
< CapE [t 9] 1 o0y (In] + Vi) +2“10Q,AE( / L ,00) (B:) s yz<”>|ds)
0

a

+zhw%AE([few“ HMM&>(A<>ds+G#<>¢%))

(+)
< CopE [V wmemm+%“ﬂ

(/T 2V V) g2 - (8)d )2(/Tezvs<n,+> 702 ds)"‘]
0 0

T a
7 V(+) # 4
+ OGJ\E(/O L(n,00) (Bs) (Fﬁo (s)ds+G7 (s) dAs) >

< Ca,)\ IA/% E [l(n,oo) ( |77| + VT(’—H)]

+ C;, ,\E
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T T2 25& T 3
(V(+) V(n +)) ) ( QVS(n,Jr) n|2 )
E(/ o (B2)d ] lﬂz | ez pas

T a
+C,’17,\E< /0 Y Lo (By) (F;f (s)ds + GZ (s) dAS)> .

+ i

Step IV. Passing to the limit
Hence there exists (Y, Z) € S9, [0,7] x A% _, (0,T) such that

() Vil <" Wil <(CaD)/2 = po, forallte[0,T], P-as.,
T
.. (+)
G B[ izl
0 (5.31)

T (+) 2 o/2
Ys"—Ys“—HE(/ eV 7 — 7, ds) } =0,
0

(jv) (YiZ)=(n,0), forallt>T.

c.. . (+)
(Jj7) limp—e |:ESUpse[O,T] eV

Using (5.25) and assumption (A4) we deduce
(VM) dt + (Y, ™)dA, < (v o )Vae+ (v, Uy A,
and therefore
()t + (V) dd + (" 1O (1Y, 7)) — U )aq
< (" 5O @, v, Zt(“))>th

S |:(Oét/,bt+(1—0[t)yt+06t2 )\g ) 1[0n (Bt |Y(n)|
A n
Lo (B) 5= 2077 + [H™ (2,0,0) || |da,

< [V )an; + vy + %“ 1z Pa

where N is defined by (5.28).
Also by (5.29) and assumption (2.6) we have

T T
E sup,¢jo, 1) PVi }Y(n)|P < ppEexp< / <|Ms| + €2> ds +p/ |1/s|dAs> < oo
0 0

Hence, by Proposition 6.8, we deduce that, for all ¢ € [0, 7],

T p/2
EF (SUPse[t,T] eV v |p) +E” ( / 2V <<P(Ys(”))d8 + w(Ys(”))dAs))
t
2

Fi T v (n)|? v/
+E7 eV | ZM | ds (5.32)
t

T p
< Cp,)\ E]:t lel"@ng) |T]‘p —+ </ 6V5(+)dNS> ] s P —a.s..
t
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By Remark 3.8 and inequality V; < V;(Jr), we see that (Y(”),Z(”)) , as a strong solution of (5.25), is also an
LP-variational solution on [0, T] for (5.25).

Hence, for

ge{2,pA2}, 0,=01p0(q) and T = (M, — V™| 456,)"

it holds
(T 4 4 (QQ— 1) / (TN R, — 20| dr + q/k (T 120 (r, V) dQ,
t t
< (rim)* +q/ (T 172w (r, M,) dQ,
t

; (5.33)
+q / (TN 20, — YN, — H(r, Y™, 207))dQ,
t

—q / (T2 (M, — Y™, (R, — Z(M)dB,);
t

for any 0 <t < s < oo and M € V9, of form (3.2), i.e. My = Mz + ftT N,dQ, — ftT R,dB, .

By convergence result (5.31—3j7) and assumptions (A4 — Ag) we can pass to liminf,_, . (on a subsequence)
in (5.32) and (5.33) to conclude that (Y, Z) is also an LP-variational solution on [0,7] and inequality (5.24)
holds. O

Corollary 5.3. Let the assumptions of Proposition 5.2 be satisfied. If we consider the particular case p = 1) = 0,
then the BSDE

T T
Yt:n+/ H(r,Yr,ZT)dQT—/ Z,dB,, P—a.s., tel0,T], (5.34)
t t

has a unique strong solution (Y,Z) € Sk, [0,T] x AP, (0,T).

Proof. Based on the results from (5.31) and assumptions (A4 — Ag) we can pass to limit lim,,_, ., in the approx-
imating equation (5.25) with ¢ = ¢ = 0 and UM = U®) = 0 to infer that (Y, Z) satisfies (5.34). From (5.24)
and assumption (5.21) we get (Y, Z) € S, [0,T] x AP _, (0,T). Moreover by (5.31—j)

[Y:| < po, forallte[0,T], P—as.

O

Another consequence of the proof of Proposition 5.2 is the existence of a strong solution under weaker
conditions than those of Lemma 5.1.

Corollary 5.4. Let the assumptions of Proposition 5.2 be satisfied. In addition we assume that:

B[4 (o) +w(m)| < oo,
T 2V<+)
E/o e d@, < oo, (5.35)

T
(#41) E/O 2V |F# )|2dr+|G§)(7’)|2dAr)<oo
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Then the BSDE
T T T
Y; +/ dK, =Yr +/ H(r,Y,, Z,)dQ, —/ Z.dB,, P-—a.s., foradltel0,T],
t t t
dK, = UWdr + UPdA,
UNdr € 9¢ (Y,)dr and UPdA, € 9y (V,)dA,
has a unique strong a solution (Y, Z,UM, U(Q)) €89 x A% . x A% xAY such that
T T )
E supeo,7) Ve |y, ? —HE(/ e?Vr ZT|2dr> +E</ ezV"|U£1)| dr>
0 0 (5.36)

T
+E</ e2V"|U7E2)|2dAT> < oo
0

Moreover

Vi < eV Vi < po, forallt€[0,T], P— as..

Proof. We are in the framework of the proof of Proposition 5.2. We can deduce again inequality (5.15) and
therefore, using (5.29),

E / " v U Par + U Paa, |
0

DN | =

T
<E 27 (o) + w(n™)) | + ]E/ 2 (14622 20 4 6| F ) (r, Y, 0) )
0

r (n,+) 2
+E/ eV (1+3]G<”>(r, v, )dAT
0

T
<E [€2VT<+> (<p(n)+¢(77))} —HE/ e2v£+> (dr +dA,) +6L2[)3
0

T T
+6E/O VS (r) |2dr+31E/0 V|Gt () [aa.,

where V"% is defined by (5.26).

Hence, using assumptions (5.35), there exists (Tj(l), U(Q)) € A% (0,T) x A%, (0,T) such that, on a subsequence

still denoted by {U(l’"),U(Q’”); n e N*}, we have, if we denote (U(l),U@)) def (e‘VH)U(l),e_VH)U(Q)) €
A% (0,T) x AY, (0,T) :

VI ) eVmU(l), weakly in L? (2 x [0,7T],dP ® dt; R™),

VU@ s VP U@ weakly in L2 (Q x [0,T],dP ® dAy; R™) .
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and, passing to the limit,

;]E/T 62Vr(+) |:‘U,£1) ’2d7" + ’UT(2)|2dAT}
0

T
<E [ezVTH) (p(n) + w(n))} + ]E/O e <1 +6L%|Z," +6|F (1Y, O)|2) dr

T (+)
+E/ A (14316 (nY,)) dA,
0

Passing to lim,_, in the approximating equation (5.25) and using the results from the proof of Proposition
5.2 we infer

T T T
Yt+/ USdQs=n+/ H(s,Ys,Zs)dQs—/ Z.dB., t € [0.T],
t t t

U, =a, UV 4+ (1 -a,)U? (5-37)
UM cdp(Y,), dP®ds—ae and U e€dp(Vy), dP®dA,—ae. on [0,T],
and the conclusion follows. O

The main result of this section (and one of the main goal of our article, among the uniqueness property
provided by Theorem 4.1) is the next Theorem 5.5. We remark that, with respect to Proposition 5.2, the
restrictive assumption (5.21) is relaxed and becomes (5.38); the assumptions (5.22) and (5.23) are kept.

Theorem 5.5 (LP-variational solution). We suppose that assumptions (As — A7) are satisfied. In addition we
assume that:

(1) (see (5.21))

T P
B e+ ([ 1P (0010 +1G (044, ) | <o (5.38)
0

where V is defined by (2.10);
(12) (see (5.22)) there exists a € (1 + npA,p A2) such that

T b

(a) E(/ éids) < 00,
0 o (5.39)

T
(b) E l/o eV (F¥ (r)dr + G# (r)dA,)| <oo, forall p>0,

where V) is defined by (2.11) and Fj& ,G# are defined by (2.4);

(i17) (we recall (5.23)) there exists a positive p.m.s.p. (©y),~, and for each p > 0 there exist an non-decreasing
function K, : Ry — Ry such that a

FF(t)+Gi(t) <K, (6:), ae tel0,T]. (5.40)
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Then the multivalued BSDE

T T T

Y, —|—/ dK, = 77+/ H(r,Y,, Z.)dQ, —/ Z.dB,, P—a.s., foraltel0,T],
t t t

dK, = U,dQ, € 9, (r,Y,)dQ,

has a unique LP-variational solution, in the sense of Definition 3.2.

Moreover this solution satisfies
p/2 T p/2
) + IE(/ 2Vl (r,Y,) dQT>
0

T
E(SuptG[O,T] PV |Yt\p) +]E</ e2Vr
0

T r/q T p/q
+E</ e |Yr|q_2|ZT|2dr) —HE(/ e |}¢|q—2xp(r,yr)er> (5.41)
0 0

T p
eV [f” + (/ eV IH(T’,O,O)Ier) ] ,
0

S Op,)\ E

where ¢ € {2,p A 2}.

Remark 5.6. If we consider the particular coefficients given by Remark 2.2, we mention that assumptions
(5.38)—(5.40) are satisfied (under some supplementary restrictions).

Indeed, by (2.13), we have

E(epVT) < 00, wherthdZGf/ (|,ur|—|——€2 dr—i—/ || dA,. .
0

Hence

P

T p T
E(/ eV (|F (r,0,0)| dr + |G (r,0)| dAr)) < cp]E</ eV (|pr| dr + £, dr + |v,| dAr)>
0 0
T _ P
<c,E / eV ( | dr + — 24 dr + |v.| dA >
E( ) (s (g 475 Y+l as,)
T _ p T _ P
<c¢p 2Pl / eV=dv, +cp op—1 (@>pE / eV ds
0 2 0

and therefore assumption (5.38) is satisfied.
Assumption (5.39—a) is clearly satisfied by the Burkholder-Davis-Gundy inequality;

In order to fulfill assumption (5.39—b) we should impose, in addition, that there exist m,n > 0 such that
Ifi ()] <emwitn 4y e Ri=1,3. Hence, for a < p,

E[ /O " (BE () dr+ GF (1) dAr)]a

T _
< E[/ eVr (p—|— em”lBTH") (|ger| dr + £, dr + |vy| dA;)
0

a
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mpsu Ben\ (L v e mpA @
SE[(p—i-e psuPrepo, )| Brl+ >/ e T(dVT.—&—gdrﬂ
0
< 92(a—1) IE[ (p“ + eamPS“pw~6[0,T]|Br‘+‘m) ((/OT e‘_/rd‘_/r>a + (%M\)a (/OT BVTd’I‘) G)]

< 92(a—1) (1 + (an)\T)a> |:paE(eaVT) + ean E(eampsupre[mT”BH eaVT):|

< 22(0«71) <1 + (n;DQ)\T)a> |:paE(eaVT) + o E(e% Supre[O,T]|BT\2+a";"2 eaVT):|

which is finite if, for instance, m is such that El mp 5 < 2T

Therefore we deduce that assumption (5.39—b) is satisfied.

Assumptions (5.40) is satisfied with K, (r) =7 (p+ ™" *"), r € Ry and Oy = |By| + || + || + 4 .

Proof. Step 1. Approzximating equation
Let t € [0,T] and

By =t+ A+ || + 1] + 6 + VT + |F (£,0,0)] + |G (£,0)| + O,
Define, for n € N*,

&Ly 10, (Il + V:ﬁ+))7

F (ty,2) = F (t,y,2) — F (£,0,0) 1300 (B2)
G (t,y) = G(t y) = G (£,0) L0 wt),

H® (t,y,2) & aF™ (ty,2) + (1 - ar) G™ (1,y).

We highlight the following properties of the function H™ :

n n 2
<y/ - Y, H( )(ta y/7 Z) - H( )(t,y,2)> S [Mtat + v (1 - at)] |yl - y| )
[HO .2 = HO . 2)| < oty |2~ 21,

[0 (1, 2) = HO(ty,2)| < [0 [F (,0,0)]+ (1= 00) |G (1,0)]] T (50
and, using the previous, the monotonicity properties

{y, H™ (t,y,2))

< fyl e |[F (£,0,0)] + (1 = ) |G (£, 0[] Lo,y (Br) + |yl*AVi + ”TA Els
< [yl [on [F(£,0,0)] + (1 — ) |G (£, 0)[] Lo, (Be) + ly2dVD) + % Els
and
Y, = Yo, HM(t,Y/, Z)) = H™ (1, Y, 20))dQ; < [Y{ — V> dV; + 22 |Z’ Z,|* dt

<Y/ - thH + A\ g,

(5.42)
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Clearly, the assumptions of Proposition 5.2 are satisfied for the approximating BSDE

T T T
y,™ 4+ / AK (™ = 4 / H™ (5, Y™, Zz(M)aQ, — / ZMdB,, tel0,1],
t t t (543)

dK ™ € 8,9 (r, Y,")dQ, = a,0p(Y, ") dr + (1 — a,.) 9 (Y, ™M) dA,

and therefore there exists a unique LP-variational solution (Y (™), Z(™) of (5.43).
Since V' < V() we obtain from (5.24)

T ) p/2 T p/2
E(supre[oﬂ eV |YT(") ’p) + IE(/ Ve ZT(”)| dr) + E(/ eQVT‘I'(r, YT("))dQT> < 00
0 0

n) def

1/2
and for any q € {2,p A2}, 0, = 6 171,9) (¢) and F,E (‘Mt — Y;(n) ’2 + 5q> it holds

(T 4 ag—1) / (TN R, — 2 2dr + ¢ / (T 120 (r, V) dQ,
t t

2
< (P)7 1 g / ()P (1, M,) dQ,
¢ (5.44)

T

+q / (TN, — YO, N, — HO) (1, Y., 207))dQ,
t

—q / (TN (M, — Y™ (R, — Z)dB,)
t

for any 0 <t < s < oo and for any M € V9, of form (3.2), i.e. My = My + ftT N,.dQ, — ftT R,dB, .

Since IE( Sup,.¢o, 1) ePVr Y,«(") ’p) < oo and inequality (5.44) holds for 1 < ¢ = pA2 < p, boundedness properties
(3.22) and (3.17) from Proposition 3.10 yield

T ) p/2 T p/2
E(SUPte[o,T] epvt|y;(n)’p) +E<_/O o2V Zr(n)| dr) +E(/0 62quj(r7 Yr("))er>

T p/q T
+IE( / etV 1@<">\"‘2]Z§">yzdr> —HE( / etV
0 0

T
ePVr |m1’+ (/ eVr
0

Step II. Cauchy sequence
From the continuity property (4.3), for ¢ = p A 2, we have forall 0 < a < 1:

(n)|9—2 (n) ol
Y, (r, Y dQ, (5.45)

S Cp,)\ E

H(r,0,0)|er>p1 .

. N T |Zﬁn+z) - Zﬁn)|2 @
]ESUPte[o,T] eath|Y—t(n+’L) 7}/;(n)| q + (E/ e2Ve )2_q dr>
0

(EVT hft(”'ﬂ) _ }/t(n)| +1

q

(n+i) _ ,(n)

(5.46)

Ui

< Cagn [EquT n

T a\ /47
o (E</O GVTIH(”M(t,K("),Zﬁ”’)H<”>(t,m(">,25"’>ld62r)> ] ’
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where

4 q
K= [Ee‘ZVT |77(n+i) ’q +E (/ eVr| g nti) (r,0,0) ’er) + EedVr |77(n) ’q
0

T
—I—IE(/ eVr
0

7\ 7(—-1)/q
F (r,0,0)|dr + |G (r, 0)|dAr> ) }

q7(¢—1)/q
H™ (1,0,0) !d@) }

T
< 2(@=1/q {E (quT In|? + (/ oVr
0

and Cq 4,x is a positive constant depending only «, ¢ and A.

First we remark, see also (5.30),
Ee?Vr |n(n+i) _ 77(n)|q < Ee?V7 |p|? 1(%00)( |n| + VT(+)) — 0, P-—a.s., forn— oo,
since, by 1 < ¢ < p and assumption (5.38), we have
EedVr p|? < (E V7 [n]?) " < oc.

Again by (5.30) and assumption (5.38) we deduce:

T
([«
0

! q
< ]E(/O eV [|F (,0,0)] Lin.o0) (Br) dr + |G (r,0)] 100y (Br) dA,] >

T q T
<0 [E( / eVrF(r,o,o>|1<n,oo)<ﬂr>dr) +E( | e
0 0

—0, P-a.s., for n — co.

q
H(nJri) (tht(n)’ Zt(n)) i H(n) (t, Yt(n)’ Zt(n))|er>

G (1,0)] e wr)dAr)q]

From (5.46) we conclude that there exists (Y, Z) € SY, x A2 ., such that (on a subsequence)

T
SUP¢elo,T] ‘Y;s(n) - Yt‘ +/0 |Z§") — ZTIer — 0, P-—a.s., forn— .

Passing to liminf,_, in (5.44) and (5.45) we infer that (Y, Z) is an LP-variational solution. O

Remark 5.7. If we consider BSDE (1.1) in the particular case G = 0, ¢ = 0, F and n deterministic and F'
independent of Y and Z, we obtain the deterministic differential equation

{ Y/edp)—F(t), tel0,T], (5.47)

Yr =n,

since the solution (Y:, Z;) = (¥%,0) is deterministic.
Let us remark that a variational solution in the sense of definition (3.11) implies that Y satisfies the inequality

|MfYt|2+2/ som)de—m%z/ @(M)dTJr?/ (M Y, ~F (1)) dr,
t

s s
t t
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forany M € R™ and any 0 <t < s <T.
On the other hand, see ([2], Chap. III, Def. 2.1), the integral solution of (5.47) means that Y satisfies the
inequality (let us remark that our equation (5.47) is with final condition)

|M—Yt|2§ \M*YS\2+2/ (M —Y,,M*—F(r))dr, forany M* € dp (M)
t

and any 0 <t <s<T.

It is easy to see that any variational solution of (5.47) is an integral solution of the same problem. Using now
Chapter ITI, Corollary 2.2 of [2], we can prove the converse, i.e. that any integral solution of (5.47) is a limit of
strong solutions and therefore (see Rem. 3.8) is a variational solution of (5.47) in the sense of definition (3.11).

Therefore, the definition of the variational solution for (5.47) coincides with the definition of integral solution
for the same problem.

Hence the question about the difference between the variational solution (our definition) and the strong
solution is equivalent with the problem of the difference between the integral solution and the strong solution
of the same problem. We also remark that, in this framework, our assumptions about the generator F' reduces
to the assumption that F € L' (0,7,R™). Finally, we remark that, accordingly with Chapter III, Theorem 2.1
of [2], under the assumption F' € L (0,7, R™) the solution is only integral (in order to have a strong solution
it is necessary to impose that F' € L? (0,T,R™), see [2], Chap. IV, Thm. 2.1).

5.2. Existence on a random interval time [0, 7]

Theorem 5.8. We suppose that assumptions (A1 — A7) are satisfied. Let V and V) be given by definitions
(2.10) and (2.11) respectively. In addition we assume that:

(4)

0< U (r,n) <1g>2¥(r,n), ae r>0;

T P/2 T P/2
E(supyso e &) +E( / Ve cﬁdr) +1E( / ewwlf(ngr)d@r)
- 0 0

0 ) (5.48)
HE(/ eV (IF (r,0,0)| dr + |G (r, 0)|dAT)> L7 < oo
0
(i)
def p/2 p
where Ay = | [ €V 14590 (r, é})er) + <ft°° eV |H (r,&, )| er> ;
(iv) there exists a € (1 +nyA,p A 2) such that for every T > 0 :
T P
(a) E(/ Eids) < o0,
0 (5.50)

T a
)
(b) E(/O Vit (F,f (s)ds+ Gf (s)dAy) ) < oo, forall p>0;
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(v) there exists a positive p.m.s.p. (et)tZO and, for each p > 0, there exist an non-decreasing function K, :
Ry — Ry such that

FF(t)+GH(t) <K, (0:), aet>0, P—as. (5.51)

Then the multivalued BSDE

T

Yt+/ dK, =n+ H(T,YT,ZT)dQTf/ Z,dB,, P— a.s., forallt>0,
t

AT tAT tAT

dK, = U,dQ, € 8, (r,Y,)dQ,

has a unique LP-variational solution, in the sense of Definition 3.2.
Moreover this solution satisfies

T p/2 T p/2
]E<SUPte[0,T] eVt |Yt|p> +E (/ e?Vr |Z,,|2dr) +E (/ 2V (r,Y,) er>
0 0
T p/q T p/q
+E (/ e |V, |92 Z,)? dr> +E (/ e Y972 (r, Y, dQT) (5.52)
0 0

T P
<CpAE [e”VT In|” + (/ eVr |H(r,0,0)|er> } )
0

Remark 5.9. Our initial assumptions are about n but the first three terms from (5.48) involves the processes
& and ¢ (associated to 7). However, we remark that in order to obtain that the first three terms in (5.48) are
bounded it is sufficient to impose

E(sup,sq e nf”) < oo

(for the proof we can apply ([21], Cor. 2.45) for the process sup,~, V; ) and respectively

T p/2
E(/ 2V (r,n) dQT> < 00.
0

Proof. Step 1. Approximating equation and estimates
By Theorem 5.5 there exists a unique pair (Y(”), Z(”)) as LP-variational solution on [0, n] of the BSDE, with
the final data &, = E ),

VAR / dK(™ = ¢, + / H(s, Y™, ZM)dQ, — / ZMdB,, telo,n],
t t t

dK™ € 8,0(s,Y")dQ, .
Hence

(Y™, Z2™) = (&,¢), forallt>n and (Y, 2) = (n,0), forallt>r. (5.53)
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By (5.41) we have

00 ) p/2 ) p/2
E(supt>0 PVt |Yt(")|p) +E </ e2V"|Z£”)| dr) +E (/ ezv"'\I/(r, YT,("))dQT>
- 0 0
n ) p/2 n p/2
gE(wm@mwmﬂnwf)+E(/ éwzﬁWdO +E</'&Ww0ﬂ¢MMQJ
0 0

™ p/2 T p/2 5.54
B (swpoe leP ) 4B ([ e igPar) ve( [ reee)a,) 50
- 0 0

< CpaE {epv" Eal” + (/ g H(r,0,0)|er)p] +L
0

§L~CP7A+L(§IZ.

On the other hand, let us take in Proposition 3.10
My=&=E""n R =(, N;=0, andL;=0
and therefore
T T
Mt:MT—i—/ Odr—/ R.dB,, forall0<t<T < o0.
t t
Since, for all k € N*,

E(Supte[o}k] ePVe M, — Y;(k)|17> < op—1 ESUPte[o,k] ePVi |'5t|p + op—1 Esupte[o,k] oPVe ‘Y;(k)|17 < o0,

we can use boundedness properties (3.20) and (3.16) from Proposition 3.10 in order to deduce that, for all
0<t<s<k,

p/2
Eﬂ(ﬁmmMQJw

&~ YO +E7 ( / v
t

& — ys(k)|p

C’r - Z,,(,k) |2dr>

< Cp,)\ ETt [est

+ (/ts €VT 1q22\11 (7", gr) er)

p/2

+ (/ <" |H (r, £T,<r>|er)p].

Hence

E]:t ePVs

& — Ys(k)|p < E* (Supse[t,k] ePVs |£S — vy &) |p>

S

Fo | Vi (k)P g 1% p/2
< Cpa BT Ve[, — vV +(/ ¥ 14200 (r,6) Q)
t

k
Jr(/ oV
t

k
= Cp,)\ E]:t |: (/ eVT quZ\Ij (Ta gr) er)
t

H (1,6,G) dQT)p]

p/2

+ (/tk eV |H (1,6, )] dQT)p}
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Using the above two inequalities we deduce

_yWP) LR ( TVl _ g0 >

&—YO) + /t |G — 20"
k p/2 k P

< CP,)\ E]:t |:</ €Vr 11122\1/ (T7 fr) er) + (/ eVr |H (’I“, 67‘,4—7‘)| er) :|
t t

Jo%) p/2 0o P
scp,xﬂ*:ft[( / eVrlqzﬂ(r,gr)dQT) +( / eVT|H<r,§T,<T>dQT)]
t t
=Cpx-EFt (Ay).

p/2

E7 (Supre[t,s] ePVr

Step II. Cauchy sequence
In particular, since

(Y™, zM) = (&,¢), forallr>n and (V") Z00) = (¢,.,¢), forall r >n+1,
we obtain

p/2
E7n (suprz” ePVr

vim — Y 4 B ( / T vz — ) |2dr>

n+i p/2
=k (supre[n’nﬂ] ePVr Yr(”) — YT(”'H) ‘p) + E7» (/ e2Vr Z,(,”) — ZT(”'H) |2dr)
n

n+1i
6 — Yr(n+i)’p) L EF (/ o2V

o0 p/2 o}
SOp,AEﬂK/ eVquzqu(r@er) +(/f eVr|H<r,fr,<r>|er)”}
= Gy BT (An)

Vi

‘FTI,
=K (Supre[mn-i-i] e’

p/2
-z

and therefore, using (5.49),

p/2

lim,, oo E(suprzn ePVr G — Zﬁ") ’2dr> =0.

o0
& — Yr(n)|p) +E </ e2Vr
n

By the continuity property (4.3) on [0,n], with 0 < a < 1,

v (nt4) (n) n v |Z(n+1) _ Z(") ’2 «
E sup ne"q‘Ynz—Yan—i—(E/ e*Vr i . _d?“)
t€[0,n] ‘ t t 0 (eVr }/r(n+2) . Yr(n)’ + 1)2 q
. a v ) aq/p (555)
< Cogn [Equn Y,S”H) _ Yn(n)|<J] < Cagn {Eep n yn(nH) _ §n|p}

< Cop-[E (An)}aq“’ — 0, asn — oo.



LT —VARIATIONAL SOLUTIONS OF MULTIVALUED BSDES 49
Hence, using again Holder’s ine uahty
9 q )

]ESUPQO eath |Y;(n+7f) _ Y;(”)laq

' < aq/p
< Esupte[o’n] eV |Y;("+l) _ Yt(n)|aq + <E(Supr2n ePVr Yr(n) . Yr(n-H) }P))
< Capn-[E (An)}aq/p — 0, asn — oo.

Step III. Passing to the limit
Hence there exists Y € SY, such that

Esup;> eVe|y; — Yt(n)|aq —+0, asn—o0
and, on a subsequence denoted also by Y (™)
supyso V1Y, — V|2 50, P —as., asn— oo. (5.56)

Since (Yt(”), Zt(")) = (n,0), for all t > 7 and n € N*, it clearly follows that Y; =, for all ¢t > 7.
By Fatou’s Lemma applied to inequality (5.54) we deduce

[eS] p/2 ~
]E(supt>0 PVt |Y#’) +E (/ 2V g (r,m)er> <L
- 0
From (5.54) we also infer that there exists Z € AY _, such that

Z" — 7, weakly in L? (Q; L* (R4 ;R™F)) | as n — oo

and

5 \P2
z")| dr) <L

[e%e] P/2 [e%e}
E (/ e2Vr |ZT|2 dr) <liminf,, o E (/ e2Vr
0 0

Now, by the continuity property (4.1) on [0,n], we have, P-a.s., for all t € [0,n],

|Z7En+i) B Z’Sn) |2
(v |y, — ] 4 1)
YD -y |1 2 — Z () Py (5.57)

dr

1Vt {Yt(n+z‘) _ Yt(n)|q + g ]E]-"t/ e2Vr
t

+cqgn ]Eft/ edVr

t
Yn(n—H) _ Yn(n) ’q < (E]:tep\/n ’YTEn—H) _ En‘p)q/P
< [E7* (Crap B (A0)]"" = Cra [E7 (80)] 7"

S E]:t qun

Therefore, if we denote A,E’” def sup; e+ €V ‘Yt(nﬂ) — Y;(n)

, then

(AE"))” < Chayp E”t (A,), P—as., forallte[0,n].
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From Proposition 1.56 of [21] we infer

o 1 o
E sup;¢o,7 (Aﬁ”’) P < 1o (CrapEAy))", forall0<a< 1.

Consequently, by Beppo Levi monotone convergence theorem for T' — oo, it follows

1

l—«

E sup,> (A§”))“p < (CrapE(AR)Y,— 0, asn— oco.

Let T > 0 be arbitrary and 7' < n. Then, from (5.57),

1 T _ ,
Cq,A E( — / e2Vr|z(nt0) — Zz( d7‘>
q (suptzo A](fn) + 1)2 q 0 | T T |

n - |Z£Tl+i) B Zﬁn)|2
< Cq,x EA e (GVT|Y7‘(n+i) _ Y*T(TL)| + 1)2*‘1

dr < [CropE (An)]47

In this inequality we pass to liminf; .., and it follows

1 T
€q.a E( O / |2, - 2 \er) < [CrapEA77.
(supyso A" + 1) 0

Now, by Beppo Levi monotone convergence theorem for T — 0o, we obtain

1 o0
cq7,\E< ) o / V| z, — z™) |2dr> < [CrapE(A)]YP =0, asn — .
(suptzo A+ 1) 0

Hence, on a subsequence denoted also by Z(™ | we get

oo
[
0

Since Z\™ =0 for all r > 7, we clearly deduce Z, = 0, for all 7 > 7.
We shall verify that (3.10) is satisfied. For 1 < n < T we have

Ly — Zﬁ”)fdr —0, P—a.s.,asn— oo.

[ee] P/2
limsupp_, o, [epVT |Yr — &r|” + (/ e?Vs |Zs — CS|2 ds) 1
T
) p/2
Zs— ZM| ds)

) p/2
Zy— ZM| ds) :

= limsupy_,

Ve vy — Y ¢ (/ 2V
T

< (sup;> ep‘/th/;f _ Yt(n)|p)aq/p_’_ </ 2V
0

From (5.56) and (5.58) we get

e P/2
VT Yy — Ep|P + (/ Ve | Zy — ¢ ds) —0, P-—as., asT — oo,
T

(5.58)
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and consequently the convergence holds true in L° (Q, 7, P;R™) (which is the convergence in probability).
In order to verify (3.11), let 0 < ¢ < s < oo be arbitrarily chosen and let n > s.
Then, for ¢ € {2,p A2}, 0, = 6 11,2 (¢) and Fg") = (|Mt — Yt(n)‘Q + 5q) 1/2, it holds

(an))q + q (q2_ 1) / (FSL))‘I—Q ’Rr _ Zﬁn)|2d7" + C]/ (an))q—Q\I,(T’ YT(n))er
t t

< () g [ ()P ) dQ, g [

t t

b [ ()M, < YO N, O (Y0, Z07))d,
t

S

(F(n))q—Q <Mr - YT(n)7 (Rr _ ZT("))dBr> (5.59)

r

for all M € V2, of the form

T T
M; = My +/ N,dQ, — / R,dB, .
t t

Passing to the limit, for n — oo, in (5.59) we infer (using for the left-hand side the Fatou’s Lemma and, for the
right-hand side, the Lebesgue’s dominated convergence theorem and the continuity of the stochastic integral
with respect to the convergence in probability) that the pair (Y, Z) satisfies inequality (3.11). O

6. APPENDIX

In this section, mainly based on some results from [21] and their proofs, we recall and we obtain new
inequalities and properties useful in our framework and frequently used in our paper. These results concern
mainly inequalities for BSDEs and are interesting by themselves. For more details the interested readers are
referred to the monograph of Pardoux and Réscanu [21].

Let {B;:t>0} be a k-dimensional Brownian motion with respect to a given stochastic basis
(Q, F,P,{F:}+>0), where (F;),~, is the natural filtration associated to {B;:t > 0} augmented with N (the
set of P-null events of F).

Notation 6.1. If p > 1, we denote n, def (p—1 AL

6.1. An Itd’s formula and some backward stochastic inequalities

For the proof of the next result see equality (2.24) from the proof of Proposition 2.26 in [21] and Corollary
2.29 in [21].

Proposition 6.1. Letp e R, p >0 and d such that § >0, if p>2 and § > 0, if p < 2.
Let Y € SY be a local semimartingale of the form

t t
Yt:Yr/ dKT+/ R.dB,, t>0, (6.1)
0 0

where R € A? K eS8, K €BVie (Ry;R™), P-a.s..

mxk
Let p, 5 : RT — (0,00),
22 1/2
onse) = (L 6)
! 1+ plal?
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By Ité’s formula, applied to cp?(; (Y;), with p € R, we have, for all0 <t < s<T,
ob 5 (Vi) + ]23/ RP»Oqp 4 & [L(p,p’é) Lgpmﬁ)}

s (6.2)
=¢ps (V) +5 / QPPOdr +p / (UP»D), dK,) - p / (UP», R.dB,), P—as.,
t t t

wher(e .
U = 5" (V) g Yoo
P50 - * 2 2 2 « 2
R(PP ) SOP’ (Yr) (1+P|§/r|2)3 |:1+1;);—7‘2 |RTYT| + (er| |YT| _|RTY;_| >:|,
LD =6 Jyens (%) gy (1B 0 (1B IV = Ry, ) ar,
and

P56 - *
QPP = 2 (Y,) Tt IR

In the case p =0 we have
umf+®”2+§l’unﬁ+®@4w[@—nuﬁnf+u&fuﬂ2—mﬂﬂ%}w

#5’/ 512 +0)" R ar
t

. (6.3)
= (Y +6)"” +p/ (12 +6) 7722 (v, dK,)
t
fp/ (1% +6)" 2" (v,, R.dB,).
t

Remark 6.2. If p > 1, then

(b= VIR + (1R 1V = R ) + 6B
> n, (IR + (1R 1P = 1RY )] + 0| P
= (np |Yr|2 + 5) |R7"|2 > n;v( |Yr|2 + 5) |Rr|2

and from (6.3) we infer
4)
(Wil )" 4 & [0 40) ™y 1o 4.0) (6.4)
< (VP40 p [ (WP +0) " (0K,
t
—p/ (1%2+6)" 22 (v,,RdB,), P-as,
t

forall 0 <t<s<T.
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6.2. Backward stochastic inequalities

Based on Proposition 6.80 in [21] and its proof we adapt here the Pardoux-Réscanu’s inequalities (6.92)
and (6.94) from [21] to the case of our framework (namely the fact that the solutions are defined using not an
equality but a stochastic inequality, see Definition 3.2).

Proposition 6.3. Let (Y,Z) € SO, x A?nxk and a >0, v € R such that, for all 0 <t < s < 00,

s
t

/|ZT|2dr+/dDT§a|Ys\2+a/ (dRT+|YT\dNr)—|—fy/ (Y,,Z.dB,), P—a.s.,
t t t

where R, N and D are increasing and continuous p.m.s.p. with Ry = Ny = Dy = 0.
Then, for all ¢ > 0 and for all stopping times 0 < o < 0 < oo, the following inequality hold:

Ef”</6 |Z,.|2dr>q/2 +1Efv(/6 chT)q/2
< Cun g B [supre[g,e] ey “ar)" 4 ( / ") dNr)m] (6.5)

o q/2 f q
szca,%qu“[supre[a,a] it ([ am) ([ aw) ] P as,

where Cq 4 15 a positive constant depending only on a,~y and gq.

Proof. We follow the first part of the proof of Proposition 6.80 in [21]. Let the sequence of stopping times

oVs oVs
Gn:9/\inf{s>0:supre[a’gvS] \YT—YUH—/ |Zr|2dr—|—/ d(Dr+ R, + N,) >n}. (6.6)
We have, for ¢ > 0,
o a/2 On a2
£ (/ |ZT|2dr) —s—]Ef”(/ dD,.)
o on \as2

< oE%- (/ 12,2 dr +/ dDT) (6.7)

0 0

< Cloa B [+ ([ ar)" ([

“vilan,)” | / " Y. 2,48,) "

By Burkholder-Davis-Gundy inequality we get

c'_ ETe

a,”,q

On
/ Y, Z,dB,)

a/2 On q/4
<l B ([ Wiz )
On q/4
S C(/l/”‘/,q E}-U Supre[o—)en] ‘Yr‘q/2 (/ |Z’r|2 d’l")

1 2 1 Gn 2 q/2
S 5 (CI/J«/;’Y,Q) E]:” sup,,.e[g,gn] IY"lq ‘|‘ §E]:” (/ ‘Z’rl d?”)

o
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and consequently from (6.7) the following inequality holds

B ( / . |ZT|2dr>Q/2+Efa( / dDr)Q/Q

T /2 0 a/2 (6:8)
< Cuna B [subcip 17+ ([ ar)" + ([ mjav)™)

On

Since

0

4 q/2 1 ¢ 1 q
([ welans)™ < 3 sup, e lvaft+ 5 ([ am)",

from (6.8) we infer

On q/2 On q/2
Efo(/ |ZT|2dr> +Ef”(/ dDr)
. ) P o2 0 . (6.9)
< Cun B [suppeppq 7+ ([ are)™ ([ am)'].
Consequently, by Fatou’s Lemma, as n — oo, inequality (6.5) follows. O

Proposition 6.4. Let (Y,Z) € S9, x A?

mxk 2 @ >0,y €R and 1 < g < p satisfying for all 0 <t < 5 < 0o and
P-a.s.,

|Yt|‘I+/ V72 1y |ZT|2dr+/ V"2 1y, 4o dD,
t t

<a \ys|q + a/ [|YT|‘1—2 ly, 20 1g>2dR, + |yr|q—1 dNT} + 7/ ‘yr‘q—2 (Y, Z.dB,),
t t

where® R, N and D are increasing and continuous p.m.s.p. with Ry = Ny = Dy = 0.
If o and 0 are two stopping times such that 0 < o <6 < 0o and

]Esupre[dﬂ] |Y;“|p < o0, (610)
then, P-a.s.,

E7 [ sup,epo Vol + / W 1y g0 12 dr)p/q +( / I dDr)p/q]

< CpganE [|Y9|p + (/0 15>2 dRr)p/z + (/9 dN,)p]

o

(6.11)
where Cp, 4 a4 15 a positive constant depending only on p,q,a and 7.
Proof. We follow the proof of Proposition 6.80 in [21]. Let the stopping time 6,, be defined by

oVs oVs
9n:9/\inf{820:8upre[g’ov8] |YT—Y0|+/ ‘Z'r|2d74+/ d(Dr+Rr+Nr)2n}

5 We use the convention: |Y;|772 Yy = |Y;|772 1y, 4o Yy, for any ¢ > 1.



LT —VARIATIONAL SOLUTIONS OF MULTIVALUED BSDES 55

For any stopping time 7 € [0, 6,] we have

[ On
|YT|q +/ ‘K.‘q_Q ]_yﬁ,go |Zr|2d7“+/ |Y7.|q_2 ].yﬁ,go dDr

0, o, (6.12)
<alYy,|? +a/ (|m|H Ly, 20 152 dR, + |Yr|q*1dNr) ﬂ/ Y, |72 (Y, Z,dB,).
Remark that
S
M= [ oo () W (0. 2,4B,), 520
is a martingale, since for any T > 0,
T N 1/2 B On 1/2
E(A Lo, (1) Y7212, ar) SEmeQM%]nWI(/“|zde |
~1 1 . a/2
< T2 Bsup, g Y1+ E( [ 12 ar)
q q o
-1 1
< IRV, +n)!+ = n?/? < .
q q
Therefore, from (6.12),
On p/q On p/q
B ([ v 127 a) " ([0 1y 00, )]
o g 6.13
r P On g—2 p/q On g—1 r/q ( )
< Cpua B (W V4 ([ (07 1y tipadi) ) ([ an)]
and
F p ! [ F. P F, On q—2 p/q
E”- SUPr¢(0,0,,] |Y‘r‘ < Cp,q,a,'y E7 ‘Ybn| +E7° (/ ‘Y;"‘ ]'Yr?'fo 1q22 dRT)
r 0 1 p/q F /
+E7 (/ Mk dNT) + E77 sup ¢y, | Mg, — M- |" q:|
7 p (6.14)
" F. P F, " q—2 p/q
é Cp,q,a,'y E”- ‘Yén| + E o( ‘YH ]'Yr?'fo 1‘122 dRT)

" vz er)p/(zq)}

0
" /
+Ef”(/ IYTI"_ldNr)qurlEf”(/

o

On the other hand, from (6.13),

On
C// ]E}-a (/ |Yr|2q72 |Zr|2 dT‘)p/(2Q)

p,q,a,y

On p/(2q)
< CY oy B [0, 117 ([ v 220 ar)

o

cyo. 2 On _ p/a
ET SUD, (5.9, ‘YT‘P + WEF”(/ 1y, o |Yr|q 2 |Zr|2 dT)
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Y. +C Py (/Gn <|Yr|q72 1y, 20 15>2 dRr) )p/q}

1
FU‘
< 5IE SUD,¢(4,6,] P,q,a,Y

E7- { Yo,

On p/q
+ Ol B / Y7 an,)

Using this last inequality in (6.14) we obtain

E7 sup, (0,1 1Y+

7,60,

On _ p/q
< Cpgan B’ [|Y9np + (/ Y77 ly, 2014>2 dRr) + (/

o

On Y dN )p/q} (6.15)

Now, by Young’s inequality,

F On q—2 r/q
OPJLGKYE 7 ( |Yr| ]-YT;éO 1q22 dRr) + (

97’1,
< Coy B [(Supre[oﬁ"] (\Yr 1y, 2077 1q22) /
q—1 On p/q
=+ (Supré[o,en] |}/7“| dN?”)

F P A . o P12 A F o b
E “Sup_re[a.ﬁn] |YT‘ +Cp,q,a,7]E "(/ ]‘QZQ dRT) +Cp,q,a,’yE ‘7(/ dNr) 5

On _ r/q
¥, 7" an,) ]

p/q
1,52 dRr)

<

N |

which yields, via (6.15),

On P/2 On P
E%7 $up, 1.0, [Yel” < Cpograry B Dy@n P ( / 1q22dRT) + ( / dNT) ] (6.16)
Hence, from the last two inequalities, we deduce
On p/a On p/a
E* [(/ 1V,1972 1y 40 1q22dRr> + (/ |YT|Q*1dNT) ]
7 o, 7 0. (6.17)

< ép,q,aﬁ E7- {|Y9n|p + (/

14>2 dRr)p/Q + (/

o

dNT)p} .

By Beppo Levi monotone convergence theorem and by Lebesgue dominated convergence theorem we deduce,
from (6.13), (6.16) and (6.17), inequalities (6.18) and (6.11). O

Remark 6.5. Passing to the limit in (6.13) and (6.15), as n — oo, we deduce (using Beppo Levi’s monotone
convergence theorem and condition (6.10) and Lebesgue dominated convergence theorem) that the following
inequality holds

o _ p/q 4 _ p/q
87 [subrcip [V ([ 617 v (2P 0) " ([ 19 1 0aD,) "]

0 ] (618)
F » q—2 p/q g—1 p/q
< CpganE° [|Y«9| + ( Y| ly, 20 1g>2 dRr) + ( Y| dNr) }, P—as.
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Moreover (using again the same Beppo Levi theorem and Lebesgue theorem) we can see that inequalities (6.11)
and (6.18) are also true in the case 0 < o < 0 < oo.

Proposition 6.6. Let Y be a continuous stochastic process. Let ¢ > 1 and b, L > 0 such that
Esup, ¢, |Yr* <L <00

and, for all 0 <t <T < o0,

T T
]Eff<Yt|q +/ dDr) < bE” {|YT|" +/ (|Y,ﬂ|q‘2 1y, 20 1>2dR, + nq‘ldNT)],
t 0

P-a.s., where R, N and D are increasing and continuous p.m.s.p. Ry = Ng = Dy = 0.
Then, for any 0 < a < 1,

T «
Esup,eo,r) |2 +E(/ dDr)
0

< (]E|YT|]) + L i E(/ 1, 2dR7)
1 — 0 2

2a
q

) e (o)) ]

(M)

and, for any €, > 0, there exists Cy q,p.c,6 > 0 such that

[e3

T
E supeqo.zy Y| +E( /0 a, )

ao T 24e arse T q+0 ars
< Cagbe,s {(IE|YT| )"+ (E(/ 1,590 dRr> ) + (E(/ dNr) > }
0 0

Proof. By Proposition 1.56, (As) of [21], the conclusions clearly hold true in the case ¢ = 1.

Letg>land 0 < a< 1.
We remark first that

(6.20)

(e

T
Bsupicio V™ < Esupcry (74 [ ap,)"
t

E(/OT dDT)a < Esupepo,n <|Y}|q + /tTdDr)a,

hence

T

T (e «
E sup,c 0.1y |Yt|aq+E(/ dDT> §2Esupt€[O’T](|Yt\q+/ dD,,) . (6.21)
0 t

By Proposition 1.56, (As) of [21] we have

T «
Esup;efo,7) (\Yt|q +/t dDr)
ba
l1-«a
ba
l-«a

IA

T T «
BB [ b dpadre 4B [t (6.22)
0 0

IN

(E|yr|")® + A% + B,
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where

b r «
A% =4 (E(Supre 0.7] (lY Ly, zol*” q>2) / 142 dRr)) ;
Y ;

@ ba q—1 T “
B =1_a(E(supre[o,T]|m [ av))

By Hélder’s inequality with 8 = —£7 > 1 and 3’ = ¢ we have

o/B

(e%

i 1” s (s ) (s [ o))
- 0
S%La(q—n/q (]E(/OT dNT)q>a/q.

In addition, again by Holder’s inequality and Young’s inequality, with 8 = % >1, 5

(6.23)

= o V= a =
a—(g—1)/q’ a
—L > 1 and 7' = ¢, we obtain the next inequality for any a such that % <a<l:

_1 1\ @1/8 T g\ 1/
B < < (Esup,cpom 1Y, 1707) +Oaﬁmb<1E(/ an, ) )
0 (6.24)
1 agq T agq/(ag—g+1)\ @491
= SEsup,con %[ + Cogo JE( A dNT) .
Of course,
0, ifl<g<?,
=] e T o 6.25
(E/ dRr) . ifg=2. (6.25)
11—« 0
If ¢ > 2, by Holder’s inequality with § = —%; > 1 and ' = %, we have
be a/B T 5\ /F
w05 7 (i F02) " ([ o))
0 (6.26)
b T q/2\ 2/4
< 2 peta-2/a E(/ dRr> .
T l-a 0
We see that inequality (6.26) is satisfied also in the case 1 < ¢ < 2.
In addition, again by Holder’s inequality and Young’s inequality, with 8 = qaf‘g >1, 8 = #—2)/11’ v =
g = q% >1and 7' = £, we obtain the next inequality for any a such that "%2 <a<l:
1 oy \/B T B\ /F
A% = ) (ESUPTE[O,T] Yy |B(q 2)) + Ca,8,7,b (E(/ dRr) )
0 (6.27)

1 o T aq/(aq—q+2)\ (¥4—02)/2
= SEswp,cor (1%[*) +Ca7q7b(E</0 dr,) )
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We see that inequality (6.27) is satisfied also in the case 1 < ¢ < 2 and for any « such that 0 < o < 1.
Now it is clear that inequality (6.19) follows from inequalities (6.21), (6.22), (6.23), (6.25) and (6.26).

On the other hand, from inequalities (6.21), (6.22), (6.24), (6.25) and (6.27) we deduce that, for any « such
that%<%1<a<1,

T «
E sup;c 0.7 |Vi|* +IE(/ dDT.)
0

r st T R A N
I R YA ) I C VAl A
0 0

If 0 < o < 1 is arbitrary fixed, then the last inequality hold also for « replaced by any & such that

L2 (g=2)(g+2)  (¢—1)(g+9)

q(qg+2e—2) T@19-1) a<l. (6.28)

By Hoélder’s inequality we have

T o _\o/a T a
Esupepo,ry [Yel™ +E(/O dDT> = (EsuptE[O,T] |Ytaq> - (]E(/o dDr) )

T —
E sup;epo, 77 Y| + E(/ dDT>
0

QR

(0%

<2

& aq—q+2

< Caqpb {(E|YT’1)O‘ n (E<f0T 1q>2dRr)aq—q+2>

< Caqp [(E Y7 |D + <E<f0T 1q>2dRr)aq_q+2>

Using (6.28) we obtain

Consequently inequality (6.20) holds for any 0 < a < 1. O
Proposition 6.7. Let:
- (V. Z) € Sy x A

m
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- K €S} and K. € BVige (Ry;R™), P-a.s.;
- D, R, N, R be some increasing continuous p.m.s.p. with Dy = Ry = Ng = 0;
— V be a bounded variation p.m.s.p. with Vi = 0;

— o and 0 be two stopping times such that 0 < o < 0 < co.

L. If for oll 0 <t < s < 00, P-a.s.

m|2+/ |ZT|2dr—|—/ dD, < |YS\2+2/ <YT,dKT>—2/ (Yy, Z,dB,),
t t t t
and for some A < 1

t t t

then, for any q > 0, there exists a positive constant Cq x such that P-a.s.

4 /2 4 q/2
Efv( / 2V |Zr|2ds) +Efa( / e2W~dDT)
o q/2
SUPre(s,0] ‘eVTYT‘q + (/ 62VTdRr> + (/

o o

q 0 a/2 0 q
< 20, \E77 SUP,¢[,0] |eVTYT| + (/ eQVTdRr) + (/ eV”dNr> .

0

a/
< Cy 2B 2V 1Y, dNT>

IL. Ifg > 1,

(i) Wil Sy [ by 2P e [V 2y 0dD,
t t

< |Yil* +q / Yo7 Ly, 0 [dRe + (¥, dK)] — g / Yo" 1y, 20 (V2 Z,dBy),
t t

(7’7’) Esupre[a,ﬁ] quT |}/T|q <00
and for some \ < 1

dR, + (Y,,dK,) < (14>2dR, + |Y,|dN, + |YT|2dVT) + % A |ZT|2 dt,

then there exists some positive constants Cq », C:],A such that, P-a.s.,

(4
e T e

[ea

0
E7- [sup,,e[gﬁ] |ev"Yr’q —|—/ e?Vr

y 0
< Cn BT [ Yol ([ e T s LsadRy) + ([ e )

q 0 a/2 o q
< C;,AJEf“[erGYQ\ + (/ M 1z dR, )+ (/ eVrdN, ) }

N
—_

Yo" 1y, 20 dDT}

|

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)
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Proof. Using inequalities (6.29) and (6.30) we obtain, for all 0 <t < s < 00,

W+ a-n [z fars [ b,
t t

< |Ya|? +/ [(2dR, + 2|Y,|dN,) + |Y,[*d (2V;)] — 2/ Yy, Z,dB,),
t t
which yields, applying ([21], Prop. 6.69) (or [16], Lem. 12),

2 S 2 S
Bod +(1—/\)/ eV Z, | dr+/ e?V"dD,
t t
< |eVsYS\2+2 / [e*V"dR, + |e"Y,|e""dN,] — 2 / (eVY,, eV Z,.dB,).
t t

Inequality (6.31) follows now by Proposition 6.3.
In the same manner, using (6.32), (6.33) and Proposition 6.69 of [21], we infer

S S
|thY}}q + %nq (1- /\)/ |eVTY,.|q_2 1y, 20 |eVTZ,.|2dr—|—/ ‘ev’“Y,.‘q_2 1y, 20 e2VrdD,
¢ ¢
S
< eV Yi|" + q/ “eVTYr\q_2 Ly, 20 1g>2 € " dR, + |€VTY7-|q_1€VTdNT}
t

—q/ €YY, | "2 1y, 0 (€¥Y,, e Z,dB,) .
t

Inequalities from (6.34) follow now by Proposition 6.4 and Remark 6.5. O
With a similar approach we deduce the next result; for its proof see Proposition 6.80 of [21].

Proposition 6.8 (Pardoux-Réscanu). Let (Y, Z) € S9, x AV . satisfying

m

T T
Yt:YT+/ dKS—/ Z.dB,, 0<t<T, P-—as.,
t t

where K € S°, and K. € BVo. (Ry;R™), P-a.s..
Let 7 and o be two stopping times such that 0 < 17 < o < 0o. Assume that there exists three increasing and

continuous p.m.s.p. D, R, N with Dy = Ry = Ny = 0 and a bounded variation p.m.s.p. V with Vo = 0 such that
for, A < 1,

A
AD, + (Y, dKy) < dRy + VAN, + Y, PdVi + 5 |2, dt.

Then, for any q > 0, there exists a positive constant Cy x such that, P-a.s.,

E}—T</ eQVSdDS)q +E]:T(/ 62VS Zs|2 ds)q

< CgnE7" |:supse[7)a] eV, |" + (/0 62"5011~23)q/2 + (/

T

g

eVSdNS>q} .
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Moreover, if p > 1 and

AD; + (Y, dKy) < (Lpzo dR: + [Vi|dN; + |Yi[2dVi) + T2 |2 dt,

Y, < o0,

E SUDs¢[r,0] epVS

then there exists a positive constant Cp 5 such that, P-a.s.,

7 P/2 7 p/2
]EFT(Supse[T’g} |eVaYSy”) +1Ef7( / e2VsdDS) —i—]EfT( / 2V |Zs|2ds)
g T (6.35)

, g p/2 o P
< CpA B [|erY0|"+ (/ e2Vs 1p22dRs) v (/ eVSst) } .

T

6.3. Smoothing approximations

Lemma 6.9. Let € > 0 and let Q : Q2 x Ry — Ry be a strictly increasing continuous stochastic process such
that Qo = 0 and limy_, o, Q¢ = 00, and let G : @ x Ry — R™ be a measurable stochastic process such that
supiep, |Gt| < o0, P-a.s..

Define

1 o0 r—Wtve
ngf/ TGO, (6.36)
QE tVe

Then G¢ : Q x Ry — R™ are continuous stochastic processes and, P-a.s.,

(a) 1G5l < Sup,.> |G|, forallt>0;
(b) limeso G =Gt, a.e.t>0;

. (6.37)
() |G5 — G| <exp (2 - 1/«/Q€) SUp,-> |G|
+sup,>g {|G,. —G|:0<Q, —Q: <VQ:V QE} , forallt > 0.
Moreover, if G is a continuous stochastic process, then, for all T > 0,
lim._q (supse[m G — Gs|) =0, P—as. (6.38)

Proof. (b) Let n € N*. We can assume that 0 < & < ¢.

1 o _Qr—Q¢
|G§_Gt| S a / e Qe |Gr—Gt|er
e Jt

- /0 e * |Go-1(@irs) — Go-1(qn | ds

< /0 |GQ*1(Qt+sQ€) - GQ’l(Qt) ’ ds + 2 Sup,>q |G| / e~ °ds.

Since almost all points ¢ € [0, n] are Lebesgue points for the measurable and bounded function Gg-1(.y, we have

limg_m/ |GQ*1(Qt+SQE) — GQ—l(Qt) ’ ds=0, ae.te [O,TL] s
0



L” —VARIATIONAL SOLUTIONS OF MULTIVALUED BSDES 63
and therefore, for all n € N*,
limsup, o |G} — G¢| < 2e7"sup,5¢ |G|, ae. te(0,T),

which yields (b).
(c) Let t. = Q7' (Q: + v/Q<) . We have

]. o0 _Qr Qt\/s
|G§—Gt|sQ—/ e Gy — G1ldQ,
t

= Ve

1 teVe _Qr— Qtvs 1 o0 _ Qr—Qtve
< SUD,elpve,t. ve] |G — Gy Q e dQ, + 251>113 |G | e 2 dQ,
€ Jtve s Qe teVe
M

Qe s 1 o0 QtVE
< SUPre[tve,t. Ve |GT - Gt‘ / e *ds + 2sup |GS| N / dQT
0 520 Qe Ji.

e —Qtve

Q¢
< SUDye[tve,t. Ve |G — G| + 2e Qe SuPg>qo |Gl

Since
Qts B QtVE _ V Qs Qt\/s 1 -1
Qe Qe Qa \/ ’
inequality (6.37—c) follows.
Clearly, (6.38) follows from (6.37—c). O

Remark 6.10. Let ¢ > 0 and let @ : Q x R — R be a strictly increasing continuous stochastic process such
that Qo = 0 and lim;_, o Q¢ = o0, limy;_,_ . Q; = —o0, and let G : Q x R — R™ be a measurable stochastic
process such that sup,cg, |G| < oo, P-ass..

Then similar boundedness and convergence results as in the previous Lemma 6.9 hold true for G¢ : Q x R —
R™, i =1,4, defined by

G} © = Qi /t Gre™

1 t
G?* = 67/ Gre™

Qr—Q¢

d@,, teR,

Qt—Qr
€

d@,, teR,

Gfa—e QEGO—’—*\/GQ Qt— deQT
! t _Qt—=Qr
— @ [ [1(—00,0) (T) GO + 1[0700) (7") Gr] e Qe t Z 0’
e 1 K Q7\/5
Gt’ = 1[0,5) (t) Go + 1[5700) (t) a G, e dQ,. t>0.
e JO

Corollary 6.11. Let the assumptions of Lemma 6.9 be satisfied and ¢ : R™ — (—o00, 00| be a proper convex
lower semicontinuous function such that [J° | (Gy)|dQqy < oo, P-a.s..
Then, for any 0 < a < 3,

B B8
lime 0 / 2 (C5)dQ, = / (G dQ, .
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where G¢ is given by (6.36).
(oo}

Moreover, if E lo (G)] dQ., < oo, then, for any stopping times 0 < o < 6,
0

0

0
time o [ 0(G5)dQ, = [ () da.

Proof. We have

B
/ (G£)dQ, <

B 00
( ]. / Qu Q%r\/z (Gu) dQu> er
6 rVe

Qe

o\o\g\

since 1jpve,o0) (1) = 10,0 (1) 1je,00) (1) -

We obtain

1 /“ _Qu-Qr 1 “ — Quz@rve

— Lo (1) e~ @ dQTS*/ 1io ) (r dQ,

Q- /. [a,8] (7) o ), o8] (1) €
1 “ _Qu-0Q _ Qu-Qr

= 7Q5 / l[a’ﬁ] (T) |:1[0,5) (T) e Qe+ 1[5’00) (T) e Qe ] dQ,
Qu/\a 1— 1 /u Q'u

< el= 3 + — 1 r dQT ,
0. 0. ap) (1) €

since

/0 Lo (1) L) () dQr < Qune -

By Remark 6.10 (with the extension @, = r, for r < 0),

Q'u. Qr

. [

limg_,q a / 1ia.p (r)e dQ, = Lia.p (u), a.e.u>0,
e Jo

hence, by (6.39),

_Qu~— Qr\/e

. I
11m5_>0 a /O 1[a,/3] (7’) er = l[a 5] ( ), a.e. u Z 0.
€

On the other hand, since

I Qe
ogQ—/ Lo g () e 0754Q, < e+ 1,
€ JO

by Fatou’s Lemma and by the Lebesgue dominated convergence theorem, we infer

B B B
/ v (G)dQ, < liminfg_m/ v (G5)dQ, < limsups_m/

[e3 [e3

e 1 _Qu~— Qer
¢ (Gu) ( / L5 (1) Lpve,o0) (u) €~ dQ, )dQu
o0 1 w _Qu~— QT\/E
@ (Gu) 1 o0) (u )<Q/0 Liap () € dQ. )dQu,

B
0 (G2)dQ, < / (GO,

(6.39)
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The second assertion of this corollary follows in the same manner.

65

O

Proposition 6.12. Let Q : Q x [0,T] — Ry be a strictly increasing continuous stochastic process such that

Qo = 0.

Let 7 : Q — [0, 00] be a stopping time and n : Q@ — R™ a F,-measurable random variable such that E |n|” < oo,

ifp>1, and (§,¢) € S?, x AP .
(see [21], Cor. 2.44):

(o)
§&e=1 —/ (sdBs, t >0, P—a.s.,
t
& = ]E}-tn = EFfATn and (= 1 (t) ¢

(or equivalently, & =n — ftTAT (sdBs, t >0, P-a.s.).
Let U € SP,, with p > 1, be such that

m ?

(a) Esup;sg|Ui]” < oo,

Define
1 > _Qr—Qtve F,
Uf = — e @ U, dQ, and M;=FE"(U7), t=>0.
QE tVe
Then:
I.

() M| <E sup,>o |Ur|, P — a.s., forallt >0,
(39) ESUP@O |Mt5|p < CPESUPTZO |Ur|p~

Also, for any t >0,

[M; — U] < BT [exp (2= 1/V/Q2) supy20 U]
- sup, g { U = U0 < Qu = @y < VQ-V Q]
which yields

(43j) lm.,oM;=U;, P—a.s., forallt>0;
(jv) lime o Esupyepoqy M7 — Us" =0,  for all T > 0.

I1. M* is the unique solution of the BSDE:

T

1 T
Mf:M§+—/ 1z o0) (r)(Urfo)erf/ REAB,, foralT >0, te[0,T],
t t

Qe

Moreowver,

lim; o0 Esupgs, [Up — P =0 =  limio E(supSZt |M: — fs\p)

the unique pair associated to n given by the martingale representation formula

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)
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ITI. Let ¢ : R™ — (—o00,+00] be a proper conver lower semicontinuous function such that

E/ 0 (U,)]dQ, < oo.

Let 0 < s <t and the stopping times s* = Q; 1, t* = Qt_l , where Q™' is the inverse of the function r — Q, :
[0,00) — [0, 00).
Then

t* t*
lim. o E/ e (M:)dQ, = E/ 0 (U)dQ, .

* s*

Moreover, if g : R™ x R™ — R, is a continuous function, D : Q x Ry — R"™ is a continuous stochastic process
such that for all R >0

R R
B [l (U ubacio) 9 U Do) dQ, +E [ [ (U] suppero,y sup g(MF. D) dQ, < oc,
0 0 <e<

then, for all0 <T < oo,

t*AT t*AT
(v) E / g (M2, D,) o (M?)dQ, <E / g (ME.D,) o (UF) dQ, |
s*N\T s*N\T
AT AT (6.46)
(vj) limesoE / 9 (M2, D,) o (M?)dQ, = E / 0 (U, D,) o (U,) dQ, .
s*N\NT s*N\NT

Proof. By Doob’s inequality (see [21], Thm. 1.60) and (6.41—j) we get estimate (6.41—77).
Clearly

|M; — Uy| <E™* |UF — Uy < E7* sup,.c(o |UF — Ui

and conclusions (6.42) and (6.43) hold by Lemma 6.9 and Doob’s inequality.

Let us to prove (6.44). By the martingale representation theorem we have

A
— e @ U,dQ, =E"*— e QsUd r R dB,
QE 5 Q QE £ Q

1
t—HEftQ—/ e U, dQ, + /REdBT,

which yields

_ Qtve

1 o r *
e O ME = 7/ oo (1) ™ & UTdQT—/ REdB, . (6.47)
QE t t
Now by It6’s formula
M=z [ afef ()]
t

1 T Ve rVe T rVe rVe
= Mi - - / ooy (r) e 855 (%55 117) aQ, - / 6t (e 7
5 t t
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1 T 1 T Qrve _ Qrve
= M’% - a / 1[5,00) (T) Mf dQ7 + a / e Qe l[s,oo) (’/‘) e Qe U7' dQT
5 t € t
T
- / ¢ 5 REdB,
t

1 [T T
:M;+—/ Lo (1) (UT—Mf)dQT—/ RedB, .
t t

def Qrve ~
where R, = e 2= R.

The convergence result from (6.44) is obtained as follows:

1 [ _Qr-9u. 1 [ _ar—aue
M -l = [T [t - gaQ BT [ (6 - g e,
€ Jtve € Jitve

<[5 /0 ™ (Ug=(sQurQive) ~ 60-1(sQu+Quvs)) ds| + BT sup, >, & — &

By Jensen’s inequality and, after that, by Burkholder-Davis-Gundy inequality (see [21], Cor. 2.9) we have

r P 00 p/2
/csst> < C, EF (/ |C5|2ds> .
t t

P
ds)
o p/2
Pds—l—CpE(/ |€S|2d8>
t

(E]——t Suprzt ‘ST - €t|)p S <]E]:t Suprzt

Hence (by Jensen’s and Holder’s inequalities)

E|M; — &P <2°7'E <]EE/O € |UQ1(sQe4+Quve) — £01(sQe +Quve)

+ 2071 E (B7 sup,», & — &I)”

<2 /Ooo e E|Ug-1(sQ.+Qive) — 6@ (sQet Q)
and, using the Lebesgue dominated convergence theorem, we get
limy 00 E|M; — &|P = 0.
In order to prove (6.45), we see that, fore <T <t and 1 < ¢ < p,
IMF = &P < 207 B sup, s Uy = &P + 207 (B sup,, I — &%)

and consequently (by Burkholder-Davis-Gundy and Doob’s inequality)

r q p/q
/csst ]
t

00 q/2 p/a
< or~1 ]ESUPTZT |Ur - €r|p + Cpxq ESUptZT [Eft (/ ‘CS|2 ds) ]
T

Ebl;g |ME — &P < 2p~t Esup,sr U, — &P +2rt Esup;>r {E}—‘ SUp, >4
t>

00 5 p/2
< CpEsup,sp|Ur =& [P+ C, E (/ 1G] ds)
T
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and (6.45) follows.

Inequality (6.46—v) follows since, using the notation 7* = Q7 !,

t* AT t*
B[ gOED)(OE)AQ =B [ 1on ()9 (D) ¢ (85 (U7) Qs

*NT

IN

B[ B [Lom) ()9 (ME, D)o (U] dQ,

E / E7 (L2 () g (M=, Do) o (UZ.)] dr

t
9 (M D) o (UE)] dr =E [ o ()9 (M., Dyo) p (U7 dr
£ AT
E/ Lo (19 (VE D) p (U)4Q, =& [ gV, D) p (U540
s*ANT
As in the proof of Corollary 6.11 we have
t*AT
B[ gD e U740,

s*N\T
o0 1 o c _Qp—Qrve
< E/o © (Ug) 11c.00 (0) 0. /0 Vg nr,eont) (1) g (M7, Dy) e” @ dQ, | dQg

< E/ 2 (UO) 1[5,00) (9) 'Supre[oﬂ] ‘g (M57Dr) -9 (Ur7 Dr)‘ dQB
0

(o' ]
E /0 o (Us) 11 (6) (5 /0 Ly nzient) (r) g (U, Dy) e~ 20 Qr> 10,

Now, by Fatou’s Lemma and Remark 6.10 (with the extension @, = r, for r < 0), we have

t*AT t*AT
B[ gW0.D)pU)dQ <tminfE [ g (7D e (M) dQ,
s*AT =04 s*AT
t*AT t*AT
<liminf. o, E/ g (M7, D) (Uy)dQ, < limsup,_,q, E/ g (M:, D)o (Us)dQ,
s*A\T s*A\T

e—04

) [e%¢] 1 0 Qr\/e
leq lim SupE/ ¥ (Ua) (1[5700) (9) a / 1[3*/\T,t*/\T] (T) g (Um Dr) e er)dQO
0 e JO

t*AT
:E/ 9 (Us, Dy) ¢ (Up) dQq

s*N\T

and convergence (6.46—vj) follows. O

6.4. Mollifier approximation

Let F: Q xRy x R™ x R™*k 5 R™ and G : Q x Ry x R™ — R™ be such that assumptions (As) and
(Ag) are satisfied.

Let p € Cg° (R™;R4.) such that p(y) = 0if |y| > 1 and [, p(y)dy = 1.
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Let x > 0 be such that

/B(o 5 IVp()|dv <k and [Vyp(y)| < Hlm(y)’ for all y € R™.
Define, for 0 <e <1,

F, (tvyv Z) = F (tvy —eu, Be (Z)) 1[0,1] (5 |F (tvy — &u, O)D P (u) du

B(0,1)

F(ty —eu, Be (2) Lo (e|F (ty — u,0)]) p(u) du (6.48)

m

= —m F(t7u756 (Z)) 1[071] (€|F(t’u70)|) P (y E u> dU7
3 Rm )

Il
—_ T

where

z
BE (Z) = 1V (5 ‘ZD = PI‘B(OJ/g) (’Z> :

For all z, 2 € R™** and all €, > 0 we have

1
8- (] < J2l A 2
|/Be (Z) — B (é)‘ < |Z - 2| >
B2 (2) = B5 ()| < Lng.oo) (12]) Lo - |21
Clearly, from the assumptions satisfied by F, we have, for all y,u € R™ with |u| < 1 and for all z € R™*¥,
|F (ty — eu, Be (2))] < b 2|+ Ff L (1)

and consequently

|F- (t,y,2)| < b |2 + F,

7. () and |F-(£,0,0)] < Ff (). (6.49)

The mollifier approximation F. of F satisfies the following properties:

11

(@) |Fe(ty:2)l S 6B (2)+ 2= - (L+4),

0) |F-(t,y,2) — F- (t,y,2)] < by |2 — 2], (6.50)
. K 1 R k(1+74 N

(C) |F5(t7y,2)—F5(t,y,Z)|§g gt |BE(Z)|+E |y_y|§ (62 t) | _y|



70 L. MATICIUC AND A. RASCANU

Indeed,

|Fe (t,y, 2) — F= (¢, 9, 2))

1 —u
<o [P B ) e 1P ko)) [o(E) (e
< e =1 [ 1016 )+ 1F (6, 0)] Loy 61 (6, 0))

Rm™

([ o=t 40 ) ao)an
==l [ ([ 11 @I+ IF (06— ) = cv0)]
Loy | F (ty + 60 (9 —y) — e, O)|)-|Vp(v)|dv)d0

Lol ] [ ([ 1velan)in < 16+ 2] il

IA
I

since 0 < (a+b) 191y (b) < a+ 1, for all a,b > 0.

We also have, for all y,§ € R™ with |j| < p and for all z € R™**,

(v =3, P (6.9,2)) < gy — 9 + ly — y|[p+1<>+et|z\
(6.51)

N npA 2
<ly -9l p+1(t)+(ut+ﬁ€?1z¢o) ly = 3° + 757 [21*, for all A >0,

where p>1,n,=(p—1) ALl
Indeed, by taking

ac (t,y) = /B Mo CIF Gy = 0)) p () d

we have 0 < a (¢,y) <1 and

<y_<7;7FE (t,y,Z)>

= /B(@/ 0, F (ty —eu, Be (2)) = F (t,9 — eu, B (2))) Lo (€|F (t,y — eu, 0)]) p (u) du

—|—/ (y =9, F (t,9 —eu, Be (2)) = F (t,9 — €u,0)) 1oq) (e |F (t,y — €u,0)]) p (u) du
B(0,1)

+/ (=3, F (3 —cu,0)) Loy (£|F (ty — e, 0)]) p (u) du
B(0,1)

< [mely =3P + 1y =914 18- ()] e (t.) + Iy = 31 Ffy ().
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Moreover, for all y, 5 € R™, X\ € R such that |y| < p,|g] < p:

(a) WW@ y2) = P (4,3, 2))
ity =9 + 1y = 91 [Ffa (0 + 0 12l] 1 ooy (F (8)
(0) <y—y7F (t.y,2) — Fe (.9, 2))
<ly-l| p+1<>+ft 21] 12 ey (s (1)

+<ﬂt +ﬁ€ 1z¢2> |y—?ﬂ2+% ‘Z_2|2

(C) <y_y7F5(t y7) F&(t gvA»
< e — o] [ le = 8l + 26, (1) + 2 2]

(6.52)

1y = 91 [26F e = 81+ €0 18] Loy (120) Lo
+(FF () + 6o 12) Ly oo><F;ﬁ1( )]
; 1..:) mel .
+(ut+2 AK #2) |y — y\+ X e s

Obviously, it is sufficient to prove (6.52—c).
We have

<y_g7Fs(t7y7z) _F6 (t7g72)>
< /7<y—5u— (§—du)+ (e =0 u, F(t,y — eu, B (2)) — F (¢,§ — du, B (2)))
B(0,1)
'1[0,1] (5 |F (t’y - 5“70)‘) P (u) du
+ /7 <y - gv F (tvg - 5U7ﬁ€ (Z)) - F (tag - 5“755 (2)» 1[0,1] (6 |F (t’y - EU,O)D 4 (U) du
B(0,1)

. /i (y— 5, F (.9 — du, B5 (2)))
B(0,1)
(Lo (e |F (ty — e, 0)]) = 1po,1 (3 |F (£, § — du, 0)])] p (u) du

< ut/( y == (5 0P T G 1y =2 0)) p ) o
B(0,1

21e = 8] [Py () + 0 18- ()] + Iy = 31 € 182 (=) = B5 (2)] e (1)

ly = 31 [Ff (0 + 0185 (G)I] 1ngo0) (Ff (1)
But

pely —eu— (§ — du)* < i |y —eu— (5 — ou)|?
~ ~ 2
<l ly— 9 + 20 |y —glle — 8]+ uf e -4

and, using the properties of S. , inequality (6.52—c) follows.
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Remark 6.13. The function G will be approximate in the same manner. For 0 <& <1 :

G: (t,y) = /B(O . G (t,y —eu) 1q) (|G (t,y — u)|) p(u) du. (6.53)

Inequalities (6.50)—(6.52) are similarly obtained for G, with z = 2 =0 and £ = 0.
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