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A REACTION NETWORK APPROACH TO THE CONVERGENCE
TO EQUILIBRIUM OF QUANTUM BOLTZMANN EQUATIONS FOR
BOSE GASES

GHEORGHE CRACIUN' AND MINH-BINH TRANZ*

Abstract. When the temperature of a trapped Bose gas is below the Bose-Einstein transition tem-
perature and above absolute zero, the gas is composed of two distinct components: the Bose-Einstein
condensate and the cloud of thermal excitations. The dynamics of the excitations can be described by
quantum Boltzmann models. We establish a connection between quantum Boltzmann models and chem-
ical reaction networks. We prove that the discrete differential equations for these quantum Boltzmann
models converge to an equilibrium point. Moreover, this point is unique for all initial conditions that
satisfy the same conservation laws. In the proof, we then employ a toric dynamical system approach,
similar to the one used to prove the global attractor conjecture, to study the convergence to equilibrium
of quantum kinetic equations.
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1. INTRODUCTION

Several years after the invention of the Boltzmann—Nordheim equation, which is the quantum version of
the classical Boltzmann one, to describe the evolution of dilute quantum gases (cf. [40, 51]), a renewal in the
kinetic theory of bosons has started by the pioneering work of Kirkpatrick and Dorfman [34, 35]. This work of
Kirkpatrick and Dorfman was later extended by Zaremba, Nikuni and Griffin [54], in which the full coupling
system of a quantum Boltzmann equation for the density function of the normal fluid/thermal cloud and a
Gross—Pitaevskii equation for the wavefunction of the BEC has been introduced. In an independent work, the
same model was derived by Pomeau et al. [52]. We prefer to [26, 41] for further discussions on the topic. In the
models by Zaremba, Nikuni and Griffin and Pomeau, Brachet, Métens and Rica, there are two type of collisional
processes.
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— The 1 <> 2 interactions between the condensate and the excited atoms, described by the Cs collision
operator.

— The Css collision operator describes The 2 <+ 2 interactions between the excited atoms themselves,
described by the Cay collision operator.

A third collisional process, previously missing, was proposed by Reichl and Gust [28, 44]. This process takes into
account 13 type collisions between the excitations and is described by the collision operator C3;. However,
the derivation of the new collision operator C3; was very complicated, since it involves the computations of
around 40000 individual terms. As a result, a concise mathematical justification for the existence of the missing
collision operator C3; had been open for many years, and has been solved only until recently in [49].

The spatial homogeneous kinetic equation for the evolution of the density function f(¢,p) of the thermal
cloud, derived in Section I of [49], takes the form

afp) = Cr2lfl(p) + C[fllp) + Cslfl(p), (1.1)

in which the forms of Ci4, Cyy, C31 are given explicitly below

271
Culflttp) = 4x%2 D0 (6 —p) —3(p—p2)
P1,p2,p37#0
—6(p—ps)) (1.2)
X B(w(pr) —w(p2) = w(ps))(K13)*0(pr —p2 =~ ps)

4]
X | F2) (o) (F (1) +1) = F(p1)(f (p2) + 1)(F (ps) + 1)),

Colflitr) = L5 Y (Glo—p)+ 3o

P1,DP2,03,P470

—d(p—p3) —0(p— p4))(K1234)
X 6(p1 + p2 — p3 — pa)d(w(p1) + w(p2) — w(ps) —w(pa)) (1.3)

< | f(p3)f(pa)(f (p2) + 1)(f(p1) + 1)
— £ ) (F(ps) + D(F(p) + 1)),

and

Calflitn) = 25 Y (G-p) - oo

P1,P2,P3,P470
—0(p—p3) —0(p — p4))
X (K1534)°0(p1 — p2 — p3 — pa) (1.4)
x 6(w(p1) — w(p2) — w(ps) — w(ps))
f(p3)f(pa) f(p2)(f(p1) + 1)

= f(p1)(f(p2) + D)(f(p3) + 1)(f(pa) + 1) |,

in which n is the density of the condensate, t € R, is the time variable, p € (Z/L)?\{O} is the d-dimensional

non-zero momentum variable, V' is proportional to the volume of the periodic box [—%, %} , m is the particle



A REACTION NETWORK APPROACH TO THE CONVERGENCE 3

mass, w is the Bogoliubov dispersion relation defined as

wy = [“‘Zsﬁ + (;;)T% (1.5)

and g is the interacting constant. We have normalized the Plank constant to be 1. In the above collision
operators, the kernels are defined as follows

1,2
K1,2,3 = Up, Up, Upg — Upy Upy Upg — Upy Upy Upg (1 6)
+ Upy Upy Upg — Up, Upy Upg + Up, Up, Ups))
K2 Upy Upo Upa Up, + Up, Upo UpaUp, + Up, Upo Upo Us
1,2,3,4 — "p1¥p2™p3Ppa P1¥P2 'P3 Y P4 P1¥P2 YP3 V'P4 (1 7)
+ Upl up? UPS up4 + UPl upz upB UP4 + Upl Upz Ups UP4’
and
3,1 .
K1:2,3,4 =2 |:U’Pl Upy Ups Up, + Up, UP2uP3Up4} ’ (18)
with u, and v, being defined as
1 1
€p +gn 2
Up,vp = | L +-] . (1.9)
2wy, 2

In the setting of [49], we could fix n as a constant, under the assumption that the thermal could fraction is quite
small, in comparison to the condensate. Moreover, in the sum on the momenta Zp £0° the origin is removed due
to the fact that the condensate has been factored out in the Bogoliubov diagonalization (cf. [49, 50]).

Remark 1.1. As it has been discussed in [49], the BEC is in a cubic box with periodic boundary conditions,
the quantum Boltzmann equation is then in the discrete form. In order for the conservations of momentum and
energy to be satisfied, the following system needs to have solutions on the lattice

p1=p2 +p3+ps, wpr) =wp2) +w
Py +ph =3+ Py, wPh) +wph) = wps) +w(pl), (1.10)
P =py +p3, wp)) =wpy) +wps).

At the first sign, the system does have solutions due to the complicated form of the Bogoliubov dispersion
relation (1.5). However, it has been pointed out in [49, 50] that when the temperature of the system is lower
but closed to the Bose-Finstein condensation transition temperature, the Bogoliubov dispersion relation can
be replaced by the Hatree-Fock energy (w(p) ~ c|[p|?). In this regime, the two collision operators C1o and Cay
dominate the collisional processes. The contribution of third collision operator C3; becomes non-trivial when
both w, and v, are large, corresponding to significantly low temperatures. In this low temperature regime,
the excitations are phonon-like and the Bogoliubov dispersion relation (1.5) can be replaced by the phonon
dispersion relation (1.16). The replacement of (1.5) by (1.16) guarantees the existence of solutions to (1.10),
and thus, the conservation laws are satisfied.



4 G. CRACIUN AND M.-B. TRAN

Simplified Quantum Boltzmann model of the thermal cloud. In our work, we try to provide a deeper
understanding of the property of the system derived in [49] by studying a simplified version of it. If we denote

fi=ft:p1), f2= f(t.p2), f3 = [(t.p3), fa = f(t,pa),
then our simplified system for f; writes

o

vl Cialf1] + Caa[f1] + Ci3]fil], (1.11)
where
022 fl . / Kzz)lzp27p3,p4 (pl +p2 — D3 *])4)5(51;1 +gp2 - gP:S - gp4) (112)
(T4 f1) (X4 fo)fsfa — frfa(1 + f3)(1 + fa)]dpadpsdpa, (1.13)
Cualfi] = / K2 (01— 12— p3)5(Eps — Epy — Epo)
X[(L+ f1)fofs = fr(1 + f2)(1 + f3)]dpadps (1.14)
*2/ K;f p2,p35(p2 —P1— p3)5(5p2 - Epl - EP:;)
RS
X[(L+ fo)fifs — f2(1 + f1)(1 + f3)]dp2dps,
and
Cl3[f1] :/ K;f7p2,p3,p45(pl —P2—D3 _p4)6(5p1 - gpz - gpz - 5174)
R3x3
X [+ f1)fafsfa— f1(1 4 f2)(1 + f3)(1 + fa)]dpadpsdpy (1.15)
B 3/3 3 K;f)p? P3, p45(p2 —DP1— D3 _p4)5(‘€}72 - gp1 - gpz - gp4)
R X
X [(1+ fo) fifafa — fa(L + f1)(1 + f3)(1 + fa)]dp2dpadps,
The quantities K22 K}? >0 are the collision kernels, which are radially symmetric, and symmetric

with respect to the permutation of p1, p2, ps, and py:

22 22 _ 722 722
Km ,P2,P3,P4 Klp1|7|pz|7|p3|7\p4| - K\P2\7|P1\,|P3\7|P4| - Klpalv\pzlv\pll-,\m\
722 _ 722 22 _ 722
= Kipilipallpslipr | = Kipilipslipzlipal = Klpilipalipshivl = Eipililpslilpal,lps)-
and
12 12 _ 12 _ 712 _ 12
Km,pz,ps K\m\,lpz\ylpsl - Klpszllv\psl - K\ps\,lpz\JmI - K|p1|,\p3|,\p2|’

where |p| denotes the length of the vector p. and K13 is positive, radially symmetric, and symmetric with

respect to the permutation of p1, pa, p3, P4

P1,P2,P3,P4

K13

13
P1,P2,P3,P4 Klp1|,|p2|7|p3|’\p4|

_ 13
= Kip, 1o

_ 13
Lpsllpal = Eipallpzllpa L Ipal

_ 13 _ 13 _ 13
| = K palipehipal = Kipalpalpshipel = EKlpal pal,lpal,psl

_ 13
= KipuL.Ips 1 psl o
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We make a further simplification by supposing that the temperature is very low compared to the Bose-Einstein
critical temperature. As a result, the energy &£, = £(p) is given by the phonon dispersion law (cf. [42]):

Ep) =clpl, c= \/g;ic. (1.16)

Reaction networks and a toric dynamical system approach for the relaxation to equilibrium
problem. The study of the relaxation of BECs to thermodynamic equilibrium has played very important role
in the theory of Bose gases [25, 28, 29, 43, 54]. Our main tool is to convert these equations into chemical reaction
systems and use an extension of the theory of toric dynamical systems (cf. [15]).

In general, there is great interest in understanding the qualitative behavior of deterministically modeled
chemical reaction systems, including the existence of positive equilibria, stability properties of equilibria, and
the non-extinction, or persistence, of species, which are the constituents of these systems [2—4, 8, 13, 15, 21, 22,
24, 31, 53]. Toric dynamical systems — originally called complex-balanced systems (cf. [15, 32]) — are models used
to describe an important class of chemical kinetics. The complex-balanced condition was first introduced by
Boltzmann [11] for modeling collisions in kinetic gas theory. Based on this condition, it was shown by Horn and
Jackson [20, 27, 30, 32] that a complex-balanced system has a unique locally stable equilibrium within each linear
invariant subspace. To underline the tight connection to the algebraic study of toric varieties, the name “toric
dynamical system” was proposed in [15]. The most important problem in the theory of toric dynamical systems
is the Global Attractor Conjecture, which says that the complex balanced equilibrium of a toric dynamical
system is a globally attracting point within each linear invariant subspace. This global attractor question is
strongly related to the convergence to equilibrium problem in the study of kinetic equations. A proof to the
Global Attractor Conjecture for small dimensional systems has been supplied in [17], for strongly connected
networks in [2], and a complete proof has been proposed in [14].

Our goal is to use the tools developed in [14, 17] to prove the relaxation to equilibrium of Discrete Velocity
Models of a model of (1.11), whose collision operator is Cj5. Similarly, we will prove the relaxation to equilibrium
of another model of (1.11), whose collision operator is C13 + Ca2, and modified quantum Boltzmann model of the
thermal cloud (1.11), whose collision operator is C12 + Ca2 + C13. A related approach for the study of acoustic
wave turbulence has been used in [48]. Let us also mention that some mathematical results of similar kinetic
models have been obtained in [1, 5-7, 9, 10, 12, 18, 19, 23, 33, 36-39, 45-47].

The plan of our paper is the following:

— In Section 2, we show that the discrete version of a simplified version of (1.11), that contains only Cia,
could be rewritten as a chemical reaction network. By using an approach inspired by the theory of toric
dynamical system, we prove in Theorem 2.2 that the solution of the discrete version of a simplified version
of (1.11), that contains only C12, converges to the equilibrium exponentially in time.

— In Section 3, we generalize Theorem 2.2 to collision operators of the forms Ci3 and Css. We prove that
the solutions of the discrete versions of these equations, associated with the collision operators C13 and
Cs5 converge to equilibria exponentially in Theorems 3.1 and 3.2. In the case of Coy, we consider a
one-dimensional version of the model.

— In Theorem 4.1 of Section 4, we extend Theorem 3.2 to a simplified version of (1.11), that contains only
Ci2 + Ca, and the modified quantum Boltzmann model of the thermal cloud (1.11), that contains only
Cia + Cag + C3.

2. A REACTION NETWORK APPROACH FOR THE CASE OF (5

2.1. The dynamical system associated to Ci2

As mentioned in the introduction, the model derived from physics to describe the system that couples BEC-
excitations at very low temperature is the discrete version of a simplified version of (1.11), that contains only
(2, described below.
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Let L denote the lattice of integer points
Lr={peZp| <R}

The discrete version of the simplified version of (1.11), that contains only Ca, reads

fp1 = Z K;ipz,pg {(fpl +1)fp2fp3 _fp1(fp2+1)(fp3+1)}
P2,P3€LR,
p1—p2—p3=0,
E(p1)—E(p2)—E&(p3)=0 (2.1)
—2 > K2 pps {Fos + D o1 Fps = Fos(fon + 1) (£ + D}
p2,P3ELR,
p1+p2—p3=0,
E(p1)+E(p2)—E(p3)=0
for all py in Lg, where E(p) is defined in (1.16).
2.2. Decoupling the quantum Boltzmann equation associated to C12
Note that when p; =0, ICZI)?I)M,3 is also 0, and therefore, we get
fo=0, (2.2)

which says that fo(t) is a constant for all time ¢. Moreover, f,,, does not depend on f; for all p; # 0. Therefore,
without loss of generality, we can suppose that f,(0) = 0, which leads to fo(t) = 0 for all ¢.

Taking into account the fact £(p) = c|p|, note that if p1,pa, ps € L are different from 0 and ps = p1 + p2
and |ps| = [p1] + |p2| (like in the second sum of (2.1)), then p1, p2, p3 must be collinear and on the same side of
the origin. Therefore, we infer that there exists a vector P and kq, ko, k3 > 0, k1, ko, k3 € Z such that

p1=ki1P; pa=koP; p3=~ksP, ki+ko=ks.

Since Lg is bounded, it follows that ki, k2, k3 belong to a finite set of integer indices I = {1,...,I}. Arguing
similarly for the first sum in (2.1), we deduce that (2.1) is equivalent with the following system for k; € I

fre, = > KB pkepis APk + D foks frrs — Fory (Fors + 1) (fpr, +1)}
ko,ks€l,
k1 —ko—ks=0 (2 3)
=2 > KB prapks {(FPks + D Pr frrs — Fory (fPe, + 1) (P, + 1)}
ko,ks€l,
k1+ko—ks=0

Note that the system of equations (2.3) shows a decoupling of the system of equations (2.1) along a ray {kPy}
with & > 0 (see Fig. 1). As a consequence, it is sufficient to study the system of equations (2.3) for a fixed value
of Py, instead of the system of equations (2.1).
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FIGURE 1. We decouple the system (2.1) into rays.

If we denote fi, p, by fr, (with k; € I) and KlilszkszksPo by IC}CikQ’,%, we obtain the following new system

for the ray {k; Py|k; > 0}:

fkl = E ]Cllc?,kg,kg{(fkl + 1)fk2.fk3 - fkl (sz + 1)(ﬁ€3 + 1)}
ka,k3€l,
k1=ko+k3

=2 > KR koA (Frs D ks oo — iy (Fry + D)(fry + 1)}, Vhy €L

k2,k3 €L,
ki+ko=k3

A simple calculation leads to the following conservation of energy

I .
> kfi=0,
k=1

or equivalently

I
Z ki = const.
k=1

We denote this discrete version of Ci5 by

Coolfi] = D KiZ oy [(Frr + DSy = Fiu (Fro + D (Fry +1)]

ko+ks=k

-2 Z Klig,kl,kg[(sz + l)fhfkg - sz (fk‘l + 1)(fk3 + 1)}

k1+kz=k2

2.3. The chemical reaction network associated to Ci2

For z € R%, and a € RZ,, we denote by ® the monomial IT}" , z;".

(2.6)

(2.7)
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Definition 2.1. Consider a chemical reaction of the form
K
Xy +asXo+ -+ o Xy — 51 X1+ BoXo 4 -+ B Xy,

where I is a positive parameter, called reaction rate constant. Then the mass-action dynamical system generated
by this reaction is

& =Kz — a), (2.8)

where o = (a1,..., )T, B=(B1,.--,8a)T, @i, 3; > 0 and x = (21,...,7,)T, in which z; is the concentration
of the chemical species X;. For the case of a network that contains several reactions

Al X{ +ad X3+ -+l X) 5 /X + 83X+ + B X

for 1 < j < m, its associated mass-action dynamical system is given by
m .
&=y Kz (8 —d). (2.9)
j=1

In this section, we will show that the system (2.4) has the form (2.9) for a well-chosen set of reactions.
If y — ' and 3y’ — y are reactions, we combine them together into a “reversible” reaction y <> y'.
We will derive the system (2.4) from the network of chemical reactions of the form:

Xk2 + st — Xk1 (210)
Xy + Xpy — 22X, + Xiy, (2.11)
for all ki, ks, ks in T such that ko + k3 = k1. If we denote by Fj the concentration of the species X, we will
show that, for appropriate choices of the reaction rate constants in (2.10) and (2.11), the differential equations

satisfied by F} according the mass-action kinetics are exactly the same as (2.4).

In order to describe the connection between the mass-action system given by reactions of the form (2.10)-
(2.11) and our system (2.4), we need to consider several cases.

Case 1: For ko + k3 = kl, ko 7& kg, kl, kg, ks € ]I, we consider

2](:1'2

Xy, + Xp, 58" X (2.12)
2jC12 )

Xp, + Xp, % 0X, + Xy, (2.13)

and for the reversible reaction (2.12) the forward and backward rate constants are the same, i.e., we choose the
reaction rate constants of the three reactions X, + Xp, = Xu,, X, = Xiy + Xiogy, Xioy + Xpy = 2Xpg, + Xi,
to be 2KC;2 ;..

For example, consider the reversible reaction (2.12): in this reaction, Xy, is created from Xy, + X, with the
rate 2ICllc?,k2,k3 Fy, Fi, and X3, is decomposed into Xy, + X}, with the rate —2]C,1€?7k2,k3 Fy,, . Therefore, the rate
of change of the species X}, due to this reaction is 2K 1 ¢ [Fry Fry — Fi, |-

For the irreversible reaction (2.13), X}, is lost with the rate —2/C,1€f7k27k3 Fy, Fy, to create 2X}, + Xi,. There-
fore the rate of change of the species Xy, due to this reaction is —2]C,1£,k27k3 F, Fy, . By exchanging the roles of
X, and X}, in (2.13), we obtain the rate —2K32 o o [Fiy Fry + Fiey Fry -
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Therefore, the total rate of change of X}, due to the reactions in (2.12)—(2.13) is

2642 1oy s [F ks Frs — Frey — FroyFry — Fry Fy ). (2.14)

Case 2: For 2ko = k1, k1, ko € 1, we consider

}C12 3
92Xy, 5N X, (2.15)
2633 ki ks
Xy, + Xp, 253X, (2.16)

We choose the reaction rate constant of 2Xj, — X, and the reaction rate constant of X, — 2Xj, to be
’le,kz,kg' Also, we choose the reaction rate constant of Xy, + Xi, — 3X4, to be 2IC,1§7,€2,,€3.

Consider the first reaction (2.15): In this reaction, X, is created from 2 Xy, with the rate K, x, x, Fj, and Xj,
is decomposed into 2X}, with the rate _’Cllc?,kz,kz F};, . The rate of change of the species X, is IC,lcik%kz [F,f2 — By, .

For the second reaction (2.16): Xy, is lost with the rate —2K32 ;. . Fi, Fi, to create 3Xy,.

As a result, the rate of change of X}, due to the reactions (2.15)—(2.16) is

Kllcf,kzyks [szQ - Fkl - 2Fk2Fk1]' (217)

Case 3: Next, for ko = ks + k1, k1 # ks, k1, k2, k3 € I, let us look at the rate of change of X}, in

oKc12
Xk1 + st mka sz (2.18)
2K
kg, k. ks
X, + Xk, 23 22Xy, + Xiy (2.19)
2Kk5 kg
Xy + Xy 23 Xy +2X4,, (2.20)

For (2.18), the rate of change of X, is 2/C}C§,khk3 [Fy, — Fk, Fi,]. For (2.19), the rate of change of X}, is
2K42 k., ks Fier Fie,- By exchanging the roles of X, and X3, we obtain the rate 2KC'? (ky, k1, k3)[Fx, Fi, + Fr, Fi, -
Therefore, the rate of change of X, due to reactions in (2.18)—(2.20) is

- 21c,1€§7,€17,€3 [Fy, Fry — Fr, — FiyFry — Fr, F,). (2.21)

Case 4: Now, for ko = 2k, k1, ko € I, let us look at the rate of change of Xy, in

}C12
2X), & X, (2.22)
2635 ky ks
Xk:2 + Xk:1 2= 3X/€17 (223)

For (2.22), the rate of change of Xy, is 2K}2, . [Fr, — F{]. For (2.23), the rate of change of Xy, is
4K11c§,k1,k3 Fy, Fy,. Therefore, the rate of change of X}, due to the reactions (2.22)—(2.23) is

— 2K32 j ko lFR = Froy — 2Fy, Fi, . (2.24)
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From (2.14), (2.17), (2.21), (2.24), the total rate of change of X}, is

Z 2]Cllc?,k2,k3 [(Fkl + 1)Fk2Fk3 - Fkl (sz + 1)(Fk3 + 1)]
kotks=k1,k2<ks

+ Z Icllc?,k%kQ[(Fkl + 1)Fk2Fk2 - Fk'l (Fk2 + 1)(Fk2 + 1)] (225)
2ko=k1
- Z 2’C 5.k1, kg[(Fk2+1)Fk1Fk3 FkZ(Fkl +1)(Fk3+1)]a
k1+kz=k2
which can be written as
Fkl = Z ’Cllc?,kg,kg[(Fkl +1)Fk2Fk3 _Fkl(sz +1)(Fk3 +1)}
ka+kz=k1 (2 26)
-2 Z K:Ilcz,krl,kg [(sz + 1)Fk1F/€3 - sz (Fkl + 1)(Fk3 + 1)]7
k1+k3=ko

which shows that the system of differential equations satisfied by the concentrations Fj is exactly the same as
the system of differential equations (2.4) satisfied by the densities f.
2.4. A change of variables

In this section, we introduce a change of variables that will help us to investigate the dynamics of the
system (2.26).

Define
Fy,
Gk - Fk: + 1’
then
Gy
F —
k 1_ Gka
and

Giy — Gi, Gk,
(1 - le)(l - sz)(l - Gvke.)7

Fyy +Fy Fyy + Fp, By — Fip Iy, =

G, — G, G,

Fyy + Fyy Fyy + Fyy Fry — Fy Fiy, = (= Gr) (1= Gr)(1—GCr )
1 2 3

Notice that 0 < Fj, < oo and 0 < G < 1.
The system (2.26) is converted into
G

(1 - Gk1)2

. Gy — G, Gy
= CiolG)(k) =2 KL 2 ~ Gia Gy
12[G] (k1) k1+%::k3 Eukaks (T G )(1— Gra) (1 — Grg)

-G, + G, Gy,
L 273 Vki € L. 2.27
! k1 /CZQ-HW, kl’kQ’k3 le)(l - sz)(l - Gka)’ L€ ( )
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Suppose that G represents the column vector (G1,...,Gr)T. Let us also denote by Xy, the vector

0

0
in which the only element that different from 0 is the k-th one.
Also, for ki # ko, we denote

G, G
K¢, 1%, 5% =22 -
Xy + Xy = Xy (G) Kkhkz»ke‘ (1 _ le)(l _ sz)(l _ Gk:g)’

G
B ~ o 12 3
KXkS*)XlierQ (G) T 2,Ck1’k2’k3 (1 —_ le)(l - Gk}g)(l - GkB)’

L . opl2
ICXk1+Xk2<—>Xk3 T 2K;k171€27k3'
Otherwise, if k1 = ko, we denote

G, Gk
-—_ 2 v ?
Ko, -0, (6) = Kl T, 20— Gr)

G
KXk3—>2Xk1 (@) = ]C}“?*kl’]% (1-Gg )2k€1 — Gy )’

_ _ — 12
,C2Xk1 O Xkg T 21Ck17k17k3 .

Using these notations, the system (2.27) could be rewritten as:

. (1—Gy)?
G = diag X (2.28)
(1-Gyp)?
x Y {kalerkz_@kB(G) - K)?k3—>)_(k1+)_(k2(G)j| (Xns = Xy — Xby)-
k1+ko=k3
Equivalently, we can also write
. (1-Gyp)?
G = diag T Z [Kysy (G) — Ky -y (G)] (¥ — 1), (2.29)

(1-G1)? ) yow
where y <+ ' belongs to the set of reversible reactions

Xkl +Xk2 — sta (230)
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with k1 + ko = k3.

2.5. Convergence to equilibrium

Theorem 2.2. For any positive initial condition, the solution

F@®) = (fp)pecn

of the discrete quantum Boltzmann equation (2.1) converges to an equilibrium state f* = (f;)pecy- For each
ray {kPo}r>1 there exists a positive constant p(Py) such that if p = kP, then

) 1
o = gratry 1

Moreover, the solution f(t) of (2.1) converges to f* exponentially fast in the following sense: there exist positive
constants Cy, Cy such that

ma t) — F*| < Cre 2L,
wax (1) — ;] < Gy

Proof. By using the decoupling and the change of variables discussed in the previous sections, for each ray
{kPy}r>1, we can reduce the study of f to F', which satisfies (2.26). From F, we can switch to study G, which
is the solution of (2.29).

Step 1: The Lyapunov function. We recall that (2.27) could be rewritten under the form

_ (1—-Gy)?
G = diag T Z [Ky—y (G) — Ky sy (G)] (' — ). (2.31)
(1-G1)? ) yow

We define the function

GilogG log G,

k=1

where G, = e%’ for some p > 0, and we will show that L is a Lyapunov function for the system (2.27).

We have
1 G
(1-G1)? log Gf%
VL = s , (2.33)
1 G
(1-Gr)? log Gf%

which implies that

(2.34)
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If we define

Ky (G)
Hyuy/ (G) = KZ:Z/GZJ ’

then M, ,» = H, , for y and 3’ as in (2.30). Moreover, we have

Ky (G) = Ky (G)
= Kyery G'Hyy (G) — ’CyHy’Gy,rH%y/(G)
= Kyery Hyy (G)GY — GV (2.35)

’

GY GY

= ’Cyﬁy’(G*)yHyyy/(G) w - W

)

since (G*)Y = (G*)V'.
Combining (2.31), (2.34) and (2.35), we obtain

G-VL
G\ Y GY Qv

- il _ NleaY , _

Yy
<0

since log is an increasing function. Also, note that the above inequality is strict unless
GY G
= (2.37)

for all reactions y > ,y’ .

Since (G*)Y = (G*)¥ for all reactions y «> y', this implies G} - Gy, = G} .4, for all ky and ky such that
k1 + ko < I. As a consequence G} = e~Pk. for some positive constant p. Moreover, (2.37) implies that at
equilibrium (G)Y = (G)¥" for all reactions y ++ 3/, which leads to Gj, = e~#'¥, for some positive constant p'.
By the conservation relation

I
Zkl Z G*’

k=1 k=1
we deduce that
I _ I o'k
e P
Z’fl_e DI
k=1 k=1
By the monotonicity of the function p — 167’;“ we conclude that p = p’, i.e., G* is the only equilibrium point

that satisfies the same conservation relation as the initial condition.



14 G. CRACIUN AND M.-B. TRAN

Now, we will prove that there exists exactly one critical point of the Lyapunov function L within each
invariant set

I
Gy
¢ = k = .
o=\t

Since

1
(1-G1)?
VL = diag S [log G — log G*],
(17%;1)2

the projection of VL on the tangent space to the set &, is 0 if and only if there exists a constant ¢ such that

which is equivalent with

1
= =G
diag [logG —logG*] = o
1 I
1-G)2 =G)2

A direct consequence of the above is the following system of identities
log Gy —log G} = o,
log Go —log G5 = 29,
log Gy —log G} = I,
yielding

Gk; kg
= Vke{l,...,I}.
G;: e, e{) ?}

Moreover, since G, and Gj, satisfy the same conservation law then it follows that G = G*. This implies that G*
is the only critical point of L on the invariant set &..

Step 2: Differential inclusions and persistence. Now let us observe that (2.4) could be regarded as a K-variable
mass-action system for the reversible network (2.30). For this we write

Fyn + FpFyn + Fo Fyr = (1 + Fy + Fir) Fn,

and note that 1+ Fj 4+ F} is bounded below by 1 and above by 1 4+ 2C', where

I
C= Z kFy,.
k=1
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Therefore, the results of [14] about persistence of K-variable reversible mass-action systems can be applied
and we conclude that the system is persistent. Alternatively, we can also use the Petri net argument of [4],
to prove that the system is persistent, as follows. Note that F} is the density function of the species Xj. It is
straightforward that each siphon is {X;, Xs,..., X}, which contains the support of the P-semiflow (see [4] for
the definition of siphons and P-semiflows) given by

I
Z kF), = constant.
k=1

As a result, the Petri net theory developed in [4] can be applied and it follows that the system is persistent.

Therefore, by using the existence of the globally defined strict Lyapunov function L, and the LaSalle invari-
ance principle, it follows that all trajectories converge to the unique positive equilibrium G* that we discussed
in Step 1.

Step 3: Exponential rate of convergence. Define

R(G)
(1-Gyp)?
—ding | | D Ky (@)~ Ky (O] — w) (2.33)
(1-G1)?) you
(1-Gyp)? )
= diag o Z [Kyoy GY = Kyoy GY 1y y (G) (Y —y),
(1-Gp)?) you

and define

S(G) = Z [Kyoy GY = ICyHy’Gyl]Hyyy’(G)(y/ —y).

yery’

Following [16], we compute the Jacobian of § at the equilibrium point G*, applied to an arbitrary vector § # 0
that belongs to the span of the vectors ¢y — y

Jac(S(G"))6 = Y Kyery (G)((y = y') % ) Hyy (G y — o), (2.39)

yey'

in which the inner product x is defined as

I "
D
y * 21: e
Therefore

[Jac(S(G*))d] % & (2.40)
= Y Kyoy (G Hy  (G)[(y — o) +8)[(y' — y) + 8] < 0.

yey'
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Now, we compute the Jacobian of R at the equilibrium point G*,

Jac(R(G™))
[06, (1 = G)?S(G*) (1-G7)°
= diag + diag Jac(S(G™))
19c, (1= G7)*S(G*); (1-Gp)?
[(1-G7)?
= diag e Jac(S(G™)),
(1 —G7)?

where the second equality is due to the fact that since G* is an equilibrium we have that S(G*) = 0.
Since

(1-G7)°

is a diagonal matrix and A := Jac(S(G*)) is negative definite, then D'/2AD'/2 is also negative definite with
respect to this inner product. Since

det(DA — A d) = det(DY2ADY? — \Id), VX €R,

it follows that D'/2AD'2 and DA have the same eigenvectors, so DA is negative definite. In other words,
Jac(R(G™)) is negative definite. The exponential rate of convergence

max{|Gy(t) — G%|,...,|G1(t) — GF|} < Cre~ 2,

then follows from the fact that the Jacobian above is negative definite. This leads to the conclusion of the
theorem.

O
Remark 2.3. The Lyapunov function (2.32) in the variable F' reads
1
= [Frlog Fy — (1+ Fy)log(1 + Fy) + (log(Fy; + 1) — log Fy)(F), + 1)), (2.41)
k=1

and it is a strictly convex function.
Remark 2.4. If the intersection between the ray {kPy}r>1 and Lg contains a single point, then the solution
f(t) of (2.1) has fp, =0, so fp, = constant.

3. A REACTION NETWORK APPROACH FOR THE CASE OF (3 AND (Cosy

3.1. The dynamical system associated to Ci3

As we discussed in the Introduction, we are also interested in the dynamics given by the discrete model of
the collision operator Ci3, described in (1.15).

Let L denote the lattice of integer points

Lr={peZ® | |p|<R}



A REACTION NETWORK APPROACH TO THE CONVERGENCE

The discretized quantum Boltzmann equation for C13 reads

fpl = Cl%[fpl]
= > K oA For + D foafog fous = (Fon + D (foy + D (fp + 1) fr }

P2,P3,P4a€ELR,
p1=p2+p3+pa,
E(p1)=E(p2)+E(p3)+E(pa)

-3 > K2 oAU + Do s fon = For + 1) (Fog + D + Do}

p2,p3,Pa€LR,
p2=p1+p3+p4,
E(p2)=E(p1)+E(p3)+E(pa)

for all py in Lg, where £(p) is defined in (1.16).

Similar to the C12 case, when p = 0, K;f’mm’m = 0, and we obtain

which means fo(t) is a constant for all time ¢, and we can assume fy(t) = 0 for all ¢.
Since in the first sum of (3.1), we consider (p1,p2, p3,ps) satisfying

p1 = p2 + p3 + pa, E(p1) = E(p2) + E(pz) +E(pa),
we infer that there exists a vector P and ki, ks, k3, kg > 0, k1, ko, k3, k4 € Z such that

p1r=FkiP; pa=keP; p3=ksP; pys="FksP; k1 =ko+ks+ky

17

(3.1)

(3.2)

Using the same arguments as the case of C12, we can deduce that equation (3.1) for Cy3 is equivalent with the
following family of decoupled systems for k; € I = {1,2,...,I} where P is the closest point to the origin among

the lattice points on its ray:

JripP

13
= E Kilp ko P s PiaPL(frap + 1) frop frap frap
ko,k3,k4€l,
ki=ko+ks+ky

— e P(frap + 1) (fesp + 1) (frup + 1)}
-3 Z K32 p oy Py Poka P (fraP + 1) fror P fra P fra P

ko,k3,ka€l,
ko=ki+kz+ka

= froP(frap + 1) (frsp + 1) (frup + 1)}

Denoting frp by Fi. (with k € I) and K;?p 1 p . pisp DY K12 gy ks kss WE Obtain

Fkl = Cl3[F](k1) = Z ’Cllc:f7k2,k3,k4{(Fk1 + 1)Fk2F7€3Fk4
ki1=ko+kz+ky

- Fk’l(sz + 1)(Fk3 + 1)(Fk4 + 1)}
-3 Z Kllc?,kg,kg,lm{(FM + I)Flekszs
ki+kotkz=ky
— Fk4(Fk1 + 1)(Fk2 + 1)(Fk3 + 1)}, Vk; € 1.

(3.3)
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In order to ensure that all the variables F}, are coupled with each other, let us assume that I > 4. We have the
following conservation of energy for Ci3

I
> kFp =0, (3.5)
k=1
or equivalently
I
Z kFy = const. (3.6)
k=1
Similar to the case of Co, we define
F,
G =
k Fk + 1 5
and then we have
Gy
F, = .
FTI-Gy

Note that, similar to the previous section, 0 < Fj, < co and 0 < G, < 1.
The system (3.4) can be now written

G —
——— =Cy3[G
=G~ e
G, Gy Gi, — Gy
’Cllc? - Z 2 k3 T ka 1
o ko1 =katks+ha, (1 - Gk1)(1 - sz)(l - Gka)(l - Gk4) (3.7)
[ky|=kz|+|ks|+|ka
G, G, Gi, — Gy
_ 3’C13 1 3 4 2 )
ha b s b kz:k§3+k47 (1 - le)(l - sz)(l - Gka)(l - Gk4)
|kz|=ky|+|ks|+ka
This system can also be rewritten as
. (1-Gy)?
G = diag =
X > (K% Xyt X, =50, (G) = Kx S+ %0, 450, (G)] (X — Xy — Xy — Xi).-

ki=ko+k3+ka,
[k1|=|k2|+ks|+|kal

where X}, is, as mentioned earlier, the vector
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in which the only element that is 1 is the k-th one, and

G,
KXk2+Xk3+X'k4—>Xk1 (G) = Kllczf,kmks,h (1 —Gx )(1 — Gy )(1 ~ Gy )(1 —Gx )7

G, Gr. Gy,
Ko _ _ _ = 13 2 3 4 )
Xy = Xy + Xy + Xy <G) Ickhkz,ks,kz; (1 — le)(l — GkQ)(l — Gk‘g)(l — Gk4)

We can also write

. (1-Gy)?
G = diag T Z [Kysy (G) = Ky oy (G) (¥ — ),
(1- GI)2 y<y’
where y <+ ' rang over the reversible reactions shown above.

Theorem 3.1. For any initial condition, the solution

f(t) = (fp(t)>pellﬂ

of the quantum Boltzmann equation (3.1) converges to an equilibrium state f* = (f))pecy- For each ray
{kPy}k>1 that intersects Lg in at least 4 points there exists a constant pp, such that if p = kPy then

_ 1
- ekaO _ 1

I

Moreover, the solution f(t) of (3.1) converges to f* exponentially fast in the following sense: there exists positive
constants Cy, Cy such that

t) — f¥| < Cre~ 21,
;g%}élfp() ol < Cie

Proof. The proof of Theorem 3.2 then follows exactly from the same Lyapunov function (2.32) and arguments
as in Theorem 2.2. O

3.2. The dynamical system associated to Csz

Let us consider a discretized version of the quantum Boltzmann model associated to the collision operator
given by Coas:

Let L denote the lattice of integer points
Lr={p | Ipl € Z% |p| < R}.
The discretized quantum Boltzmann equation associated to Coy reads Vp, € Lg

fm = CQDQ[fPJ
= Z K;f,pz,pg,p4{(fp1 + 1)(fp2 + 1)f103fp4 - fplfpz(fp3 + 1)(fp4 + 1)}’ (39)

P2,P3,P4E€ELR,
P1+p2=p3+pa,
E(p1)+E(p2)=E(p3)+E(pa)
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where &(p) is defined in (1.16).

Similar to the C1y case, when p =0, K72 =0, and we obtain

which means fy(t) is a constant for all time ¢. As a consequence, we can suppose that f,(0) = 0, which implies

fo(t) =0 for all ¢.
In (3.9), the sums for Cyy are taken over (p1, p2,p3,p4) satisfying

p1 + p2 = p3 + pa, and  E(p1) + E(p2) = E(ps) +E(pa).

(3.10)

In this case, unlike in the case of C15 and Ci3, we cannot infer from (3.10) that there exists a vector P and kq,

ko, k3, ks >0, kq, ko, k3, ks € 7Z such that
p1=kiP; pe=koP; p3=ksP; ps=kaP, ki+ko=ks+ka

However, let us consider the following simplified version of (3.9) for Casg

Fy, = Coo[F(ky) = Z K2 o kg ba {(Frey + 1) (Fiy + 1) Fi, Fr,

k1+ko=Fk3+ks
k2,ks,ka €L

— FiyFry(Fry + 1)(Fy, + 1)}, Vky € L

Recall that T={1,...,I}. We also suppose that I > 3. We have the following conservation of energy

I
> kF, =0,
k=1

or equivalently

1

Z kF), = const.
k=1

For (9, the following “conservation of mass” also holds

F, =0,

=
Il ~
_

or equivalently

I
Z F}, = const.
k=1

Similar to the case of C1o, define

G =
k Fk"‘l’

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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then
Gy
F =
k 1_ Gka
and the system (3.9) can be now written
N
——— =Cx[G
-Gy 2
Gy Gry, — Gi, Gi (3.16)
= ’C}Cikmkm’m Z N .

T, (1= Gr) (1= Gy )(1 = Gy )(1 = Gy)-

|k1|+ka|=[ks|+|kal

This system can be rewritten as

(1-Gyp)?
G = diag .
(1-Gp)?
X Z [Kng X, Xy + X (@) (3.17)

ki1tko=ks+ka,
[k1|+|k2|=lks|+|kal
- KX;Q«%X;CIAX;%«%XM (G)] (Xkl + XkQ - st - Xk4)'

where X}, is, the vector

in which the only element that is 1 is the k-th one, and

G, Gk,
1- sz)(l - Gks)(l - G(k?z;)7

S _ y13
LS NS S S o (@) = Kk s s s (1— G, )(
1

Gy G,
1- sz)(l - Gk?3)(1 - Gk4).

_ _ _ _ _ 13
KXk2+Xk1 = Xkg+Xky (G) - ICk17k27k3,k4 (1 — Gy, )(
1

We can also write

(1-Gq)?

(1-Gr)? ) you

where y <+ ¢’ range over the reversible reactions shown above.
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Theorem 3.2. For any initial condition, the solution
F(t) = (Fi(t))rer
of the quantum Boltzmann equation (3.11) converges to an equilibrium state F* = (F})ke1, where

1
er2 (D) pr(h-2) 1

Fy =

Moreover, the solution F(t) of (3.11) converges to F* exponentially fast in the following sense: there exist
positive constants Cy, Co such that

Fy(t) — F} —Cat,
max |Fy(t) — Fi| < Cie

Proof. We set

. _ B
PR+

By the same argument used to obtain (2.37), we deduce that

GY e
Gy (G

(3.18)

holds true for all reactions y <+ 3/, which implies G¥ = G¥ since (G*)Y = (G*)y/ for all reactions y <> 3. In the
case of Usz, we obtain the relation G, - Gy, = G,*{3 -Gy, for all ki, ka, k3, kg such that ky + ko = k3 + kg < I
From the relation Gy, - Gy, = Gy, - Gk, and the fact that k + (k — 2) = 2(k — 1), the following identity holds
true

Gk(Gl)k72 _ (Gg)k71
We then obtain Gy = (G2)*~1/(G1)¥2, which leads to Gy = e”>(*=D=r1(*=2) for some numbers p}, pl.
Since
Z’: KGr ZI: kG
1-Gp “~—~1-G}’

k=1 k=1

we then have

L keps(k=1)=pi(k=2) kep>(k=1)=p1(k—2)

I
Zl_epQ(k 1)—pi(k—2) Zl ep2(k—1)—p1(k—=2)"

k=1 k=1

We can proceed like in [32] to obtain p' = p and p = p/, yielding p1 = p} and ps = ph.

We can still use the Petri net argument of [4] or the result in [14], to prove that the system is persistent.
For example, to use the method from [4], we note that we have two siphons {X1, Xo,..., X1}, {Xo,..., X1}
However, we also have the conservations of mass and energy

Z F}, = constant,
k=1
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Z kF} = constant,
k=1

that leads to the P-semiflow

Z(k — 1)F}, = constant.
k=2

Therefore, similar to the case of C1g, it follows that the system is persistent, and we can use the same Lyapunov
function as in the proof of Theorem 2.2 to obtain the desired convergence result.

O
Remark 3.3. If I < 3 then F; = 0. If I = 3 then Fj =0 and F; = 15, F§ = 51— for some p = p(P).
4. A REACTION NETWORK APPROACH FOR THE SUM OF (a9, Cy, Ci3
Let us consider the following equations
Fy, = Ciz[F](k1) + Coo[F](k1), (4.1)
and
Fy, = Ci2[F|(k1) + Ca2[F|(k1) + Cis[F](k1), (4.2)

where Cya, Ca2, C13 are the operators defined in (2.7), (3.4), (3.11).
The following theorem then follows by exactly the same argument as in Theorem 3.2

Theorem 4.1. For any initial condition, the solution
F(t) = (Fi(t))ker

of the quantum Boltzmann equation (4.1) or (4.2) converges to an equilibrium state F* = (F}})rer, where F}f =
ﬁ for some constant p. Moreover, the solution F(t) of (3.4) converges to F* exponentially fast in the
following sense: there exists positive constants Cy, Co such that

max |Fy,(t) — Fy| < Cre”©2t,
kel

5. CONCLUSION

In this work, we point out a connection between quantum Boltzmann models derived in [49] and chemical
reaction network models. We prove that the discrete, simplified versions of some differential equations for these
quantum Boltzmann models relax to an equilibrium point, by a toric dynamical system approach, similar to
the one used in a recently proposed proof of the global attractor conjecture [14].
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