ESAIM: COCV 27 (2021) 80 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv /2021076 WWW.esaim-cocv.org

BOUNDARY CONTROLLABILITY OF A SYSTEM MODELLING A
PARTIALLY IMMERSED OBSTACLE

G. VERGARA-HERMOSILLA!, G. LEUGERING? AND Y. WANG?*

Abstract. In this paper, we address the problem of boundary controllability for the one-dimensional
nonlinear shallow water system, describing the free surface flow of water as well as the flow under a
fixed gate structure. The system of differential equations considered can be interpreted as a simplified
model of a particular type of wave energy device converter called oscillating water column. The physical
requirements naturally lead to the problem of exact controllability in a prescribed region. In particular,
we use the concept of nodal profile controllability in which at a given point (the node) time-dependent
profiles for the states are required to be reachable by boundary controls. By rewriting the system into
a hyperbolic system with nonlocal boundary conditions, we at first establish the semi-global classical
solutions of the system, then get the local controllability and nodal profile using a constructive method.
In addition, based on this constructive process, we provide an algorithmic concept to calculate the
required boundary control function for generating a solution for solving these control problem.
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1. INTRODUCTION
1.1. Context

Free surface interactions with fixed or floating structures have been intensively studied by the mathematical
community in the last years with respect to modelling, well-posedness, numerical simulations, etc. Recently,
Lannes proposed in [7] a new formulation of water-waves problem in order to take into account the presence of
a floating body. More precisely, in his work Lannes implemented a method for the full water wave equations and
for reduced asymptotic models, such as the Boussinesq and the nonlinear shallow-water equations, where the
pressure exerted by the fluid on the partially immersed structure appears as a Lagrange multiplier associated
with the constraint that under the floating structure, the surface of the fluid coincides with the bottom of the
structure. In the case of the nonlinear shallow water equations, the resulting fluid-structure model with vertical
lateral walls has been studied in [7] and in the more general case of non vertical walls in [6]. An extension to
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a system modelling a floating structure on a viscous shallow water regime has been recently studied by Maity
et al. in [14], and by Matignon, Tucsnak and Vergara-Hermosilla in [15, 16].

Bresch, Lannes and Métivier in [3] treat the derivation and mathematical analysis of a fluid-structure inter-
action problem with a configuration where the motion of the fluid is governed by the Boussinesq system, which
is a dispersive perturbation of the hyperbolic nonlinear shallow water equations, and in the presence of a fixed
partially immersed obstacle. They showed that the fluid-structure interaction problem can be reduced to a
transmission problem.

In a similar way and motivated for mathematical modeling and simulations of a specific type of wave energy
converting device, the so-called oscillating water column (OWC) device, Bocchi, He and Vergara-Hermosilla
discuss in [1] about the fluid-structure interaction of the partially submerged fixed wall structure of the OWC
device, considering the nonlinear shallow water equations to describe the fluid movement, and obtain explicit
transmission conditions for the system and respective reduced transmission problems. Recently, Bocchi, He and
Vergara-Hermosilla propose in [2] a new and general approach on the mathematical modelling of the OWC,
where include the presence of the time-dependent air pressure in the device and prove a local well-posedness
result in a Sobolev setting. Hence, by considering their results, in this work we deep on a particular kind of
boundary controllability on the transmission problems studied in [1] on an equivalent physical configuration.
More precisely, we deal with the exact boundary controllability of nodal profile on a system modelling a structure
partially immersed in a fluid governed by the nonlinear shallow water equations [7], considering a discontinuity
in the height of the fluid bottom and the transmission conditions developed in [1]. This physical situation is
presented in a graphical sketch in Figure 1.

This kind of boundary controllability was motivated by practical applications on gas networks and introduced
recently in the literature by Gugat, Herty and Schleper, in [5]. Their new approach was almost immediately
generalized by Li to general 1-D first order quasilinear hyperbolic systems with general nonlinear boundary
conditions in [9].

As is well known, the usual exact boundary controllability that asks the solution to the system under certain
boundary controls to satisfy a given final state at a suitably large time ¢ = T', however, the exact boundary
controllability of nodal profile, requires that the value of solution satisfies the given profiles on one or more nodes
for t > T by using boundary controls. This approach can be established by means of a constructive method with
modular structure, by using the following three ingredients: existence and uniqueness of semi-global classical
solution to the mixed initial-boundary value problem, exchanging the role of the the space variable x and time
variable ¢, and the uniqueness of classical solution to the one-sided mixed initial-boundary value problem. This
approach was synthesized in a systematic way in the book of Li et al. [11], where their also deal with the local
exact boundary controllability of nodal profile on a tree-like network with general topology. For more details,
see [4, 17] and [18].

1.2. General settings

Mathematically speaking, in this work we consider an incompressible, irrotational, inviscid and homogeneous
fluid in a shallow water regime. The motion of the fluid is governed by the 1D nonlinear shallow water equations
[7], which are given by

atc + 8zq =0,

2 1.1
Oq + O, (q> + ghda¢ =0, (-0

h

where ((t, ) is free surface elevation, h(¢,z) is the fluid height given by hy + ¢ with h; denoting the height of
the bottom of the fluid, ¢(¢, x) is the horizontal discharge defined by

¢(t,)
q(t,x) == / u(t, x, z)dz, (1.2)
—hy
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with u(t, z, z) denoting the horizontal component of the fluid velocity vector field. In the following, we consider
the interval (—I,1;) as spacial domain, and we assume that the height of the bottom hy, is given by

hg, x¢€ (—Z,O),
hy =
hla VS [O7l1)a

where h; and hg are real constants such that h; < hg. Furthermore, we assume that

‘%’ < gh. (1.3)

For our analysis, we divide the domain of the problem (=1,11) into two parts: the interior domain 7 =
(lo — r,lp + 1), and its complement & = (—1,1;)\Z, called exterior domain, and which is the union of three
intervals £ U & U &y with

& = (—l,O), &1 =(0,lp — ’I“), E = (lp+ ’I“,ll). (1.4)
Let
Cit,x), xz€&,1=0,1,2
C(t,x) = (1.5)
C’w eR, xzel.
where (,, is the parameterization of the bottom of the solid. Therefore, the fluid heights are defined by
hi(t,z) == h; + G(t,x), x€&,i=0,1,2,
h(t,z) = (1.6)
hyo €ER, x€T,



4 G. VERGARA-HERMOSILLA ET AL.

\lvhere ﬁi(i =0, 1,2) are the fluid height at rest with hi = ho = ho — s, and s is the height of the step. h,, =
hl + Cw-

q;(t,x), €&, i=0,1,2
q(t,x) = (1.7)
quw(t), zel.
where 9;q,, (t) = thwazRU with the fluid density p and an unknown surface pressure P,,.
Thus, the coupled system of nonlinear shallow water equations for x € &; can be written as
O0Ci + 0zq; =0,
q? 1=0,1,2, (1.8)
with the boundary conditions given as
v=—l: G=f(t), (1.9)
x=1l: ¢@=0, (1.10)
where f(t) denotes a prescribed boundary function or a boundary control to be determined.
In addition, we consider the transmission conditions developed in [1], which read as follows:
) 0 t? )
=0 Co(t,0) = Gi(t,0) (1.11)
QO(tao) =q1 t70 )
a2t lo+7) = qi(t,lo — 1) = qu(t),
x=lgtr: q @ } d (1.12)
o — |5 = —a—qu(b),
[th +96] [2}@ 90 aggdu(®
r=lo+7r x=lg—7r
where a = 2—1’;
The initial data of the system is given at rest,
0, z€f&,
0,2) = and ¢(0,z) = 0. 1.13
(0.2) {Cm ey omd a0.2) (113

1.3. Outline of the paper

In Section 2 we present the main results about exact controllability of final data given on the whole or a
part of fluid domain at a given finite time T > 0 (see in Sect. 2.1), and exact controllability of nodal profile for
a given demand at one end x = I; (See in Sect. 2.2). In Section 3.1 we prove some results relative to the well-
posedness result of semi-global C! solutions, and in Section 3.2 we prove the main theorems of the paper by
considering a constructive method with modular structure. Finally, in Section 2.3, we proposed an algorithm
that synthesise the ideas of the proof of Theorem 2.4, which could be utilised to implement numerically our
results on exact controllability of nodal profile.
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2. MAIN RESULTS

Now we come to our results about control problems for the model given in (1.8). In order to ensure the
well-posedness of quasilinear system (1.8) with (1.9)—(1.12), we consider the exact controllability problem in the
neighbourhood of the equilibrium state. In the following, Theorem 2.1 and Theorem 2.4 show the local exact
controllability and of nodal profile near the rest state given as (1.13), respectively. The corresponding results
near other equilibrium state can be obtained in a similar way, we explain with some words in Remark 2.2.

2.1. Exact controllability with one boundary control

The aim of exact controllability for system (1.8) is looking for a boundary control f(¢) acting at = = —I
though the boundary condition (1.9), such that the prescribed final data ((;r(z),¢ir(z)) is attained in the
entire water regime at a given time 7"

Ui(Ta l‘) = (CHQZ)(T?J)) = (CiT(-T); QiT(x))7 MRS gia 1= 07 1a 27 (21)
where the U; is generated by the control f as a solution of system (1.8)—(1.12) with the initial condition:

(€i,9:)(0,2) = (Go(), qio(x)), z€e&, i=0,1,2. (2.2)

In order to ensure the existence and uniqueness of piece-wise C'! semi-global solution for this problem, here
we give some assumptions on the initial data and final data in advance: For i = 0,1, 2,

(S1) Cio(x), gio(x) are C* functions with small norm [[(Gios gio) |l 1 x 01 1

(S2) Cio(x), qio(z) satisfy the C! compatibility at the points (t,2) = (0,—1),(0,/;) and the piecewise C!
compatibility at the adjoint points (t,x) = (0,0),(0,1lo — r), (0,1l + 7);
Accordingly,

(S1°) ¢ (), gir(x) are C! functions with small norm 1(Gor, @ir) vz on g

(S2’) Cir(z), gir(z) satisfy the C' compatibility at the points (¢t,z) = (T, 1), (T,l1) and the piecewise C!
compatibility at the adjoint points (¢,z) = (T,0), (T,lo — r), (T, 1o + 7).

The following result states the existence of such a control, which can be constructed explicitly in Section 3.

Theorem 2.1. (Ezact Controllability). Let

l ll —2r
T>2 — — . 2.3
g <\/9h0 i Vv ghi ) (23)

For any given initial data (Cio, gio) and final data (i, qir) satisfying the assumptions (S1)-(S2) and (51°)-(52°),
respectively, there exists a boundary control f(t) with small norm || f(t)||c1jo,r), such that mized initial-boundary
value problem for equation (1.8) with the initial condition (2.2), the boundary conditions (1.9)—(1.10) and the
transmission conditions (1.11)~(1.12) admits a unique piecewise C' solution ((iyq;) = (G, qi)(t,x) (i = 0,1,2)
with small piecewise C' x C* norm on the domain R;(T) = {(t,z)|0 <t < T,x € &}, which exactly satisfies
the desired final condition (2.1).

In the above result, we consider only the steady-state at rest, but we can easily establish the corresponding
local exact controllability in the neighborhood of a stationary subsonic continuously differentiable state.

Remark 2.2. The exact controllability result given in Theorem 2.1 still holds for initial states in a C*-
neighborhood of a stationary subsonic continuously differentiable state (g;s, (;s),7 = 0,1,2. Forz € &;,i =0, 1,2,
the stationary solutions (g;s(z), (;s(x)) are given by

gis(x) = const, (2.4)
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L) gt )G =0 25)
dx }_L/L + CZS g 1 18 dx 18 - . .

Remark 2.3. The result given in Theorem 2.1 illustrates that after a finite time, the control given at one
end x = —! can effect the state functions ¢ and ¢ in the entire space horizon = € £. In fact, this result can be
generalized to a special case, where the final condition (2.1) is replaced by a demand given on a part of the
horizon:

U (T, x) == (C2, ¢2)(T', @) = (Cor (), gar (7)), T € &, (2.6)

where (o7 (), gor () are regarded as given final state functions in the ‘indoor water regime’ €. Now, the infimum
controllability time (2.9) should be modified by a smaller lower bound:

l + 2[1 — lo —3r
vgﬁo \/951

A limit case, with a given demand only at the end node x = [y, suggests a controllability problem of nodal
profile, which will be shown in details in the following subsection.

T>

(2.7)

2.2. Exact controllability of nodal profile: a given demand at the end = = [4

Stimulated by some practical applications, Gugat et al. [5] and Li [9] proposed in 2010 another kind of exact
boundary controllability, called the nodal profile control. This kind of controllability does not ask the solution
to exactly attain any given final state at a suitable time ¢t = T by means of boundary controls, instead it asks
the state to exactly fit any given profile function w.r.t time on a node after a suitable time T'.

For equation (1.8), we consider a given demand in fluid height and horizontal discharge at the end x = [y
by

Ua(t, 1) = (G2, a2)(t, 1) = (h2 + CB(t),q5(),  t€[T,T]. (2.8)

It’s worth to mention that the given nodal profile function Up := (hs + (g(t), ¢s(t)) should be compatible with
the boundary condition (1.10) in the time interval [0,T] at the node x = I;, which implies that the demand
gp must be set as 0. While, the other one, (g(t), can be chosen as any given C! function of time after a finite
time 7.

In the following, we give a positive answer to the exact controllability of nodal profile:

Theorem 2.4. (Ezact Controllability of Nodal Profile). Let

T>< l +l1—2r> (2.9)

Vv gho A 9711

and let T be an arbitrarily given number satisfying T > T. Then for any given initial data (Cyo,qi0) satisfying
assumptions (51)-(52), and for any given demand of the surface elevation (p(t) with small norm ||Cs |l o1y 7y
there exists a boundary control f(t) € C1[0,T], such that the mized initial-boundary value problem for equation
(1.8) with initial condition (2.2), boundary conditions (1.9)—(1.10) and transmission conditions (1.11)—(1.12)
admits a unique piecewise C* solution ((;,q;) = (¢, i) (t, ) (i = 0,1, 2) with small C* x C* norm on the domain
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Ri(T)={(t,x) |0 <t <T,x €&}, which exactly satisfies the given nodal profile condition at the end x =1;:
Gt ) = ¢g(t), Vtel[T,T). (2.10)

Remark 2.5. In the above results, we consider only the steady state at rest, but we can easily replace it with
any other steady state that is compatible with the boundary and transmission conditions (1.10)—(1.12) and
establish local exact controllability of nodal profile near a given subsonic continuously differentiable stationary
state (qis(7), is(x)),x € &, i = 0,1,2: There exists a C''-neighborhood of the stationary state such that for all
initial data in this neighborhood that satisfies the C'-compatibility conditions and for any given smooth subsonic
desired fluid height hs + (5(t, 1) and discharge profile qg(t,11) at the end x = I; that is in a sufficiently small
C'-neighborhood of the boundary data corresponding to the stationary state we can construct a continuously
differentiable control f = f(t) such that the demand is fulfilled exactly for all ¢ € [T, T]. Moreover, this control
generates a continuously differentiable system state in the entire domain.

3. PROOFS

3.1. Existence and uniqueness of semi-global C! solution

We reduce the system in the exterior domain € to a compact form by introducing the couple U; = ((;, ¢;),i =
0,1,2:

0:U; + A;(U;)0,U; = 0, zeé; (3.1)

with

/\_—:qi__\/ghi<0< Aj=%+ gh; (3.3)

and the corresponding left eigenvectors can be taken as

o T = - ot

Introduce the Riemann invariants to the nonlinear shallow water equations

L;= 2(\/9hi(t7$) - \/ﬁ) - ]%7

. i=0,1,2. (3.5)
R =2(Vghi(t.2) = \/ghi ) + -
Then, (3.5) can be equivalently rewritten in
R, + L; -
ghi = TS ghi,
i =0,1,2. 3.6
% _ Ri — Lz' ! ( )

hi 2
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Thus,
Ri+L; 2
Ci:( it Vgh) — hy,
o —, =012 (37)
._Ri—Li(%‘F ghi)
qi = 9 . .

The 1D nonlinear shallow water equations in £ can be rewritten as the following diagonal form:

OLi + A7 0y L; =0,
{ ' : i=0,1,2. (3.8)

MR + N\ 0. R; =0,

Obviously, for each i = 0,1,2, L;(t,z) is the Riemann invariant corresponding to the negative eigenvalue A, ,
while R;(t, z) is the Riemann invariant corresponding to the positive eigenvalue A\;. A, (resp. A}") is the entering
(resp. departing) characteristic on the right-side boundary, while A; (resp. A\;" ) is the departing (resp. entering)
characteristic on the left-side boundary. In order to guarantee the well-posedness of the mixed initial-boundary
value problem on this coupled network, the boundary conditions on each boundary must satisfy (see [13]):

(1) the number of the boundary conditions must be equal to that of the entering characteristics;

(2) the boundary conditions can be written in the form that the Riemann invariants corresponding to
the entering characteristics can be explicitly expressed by all other Riemann invariants (corresponding to the
departing characteristics).

The boundary conditions (1.9) and (1.10) can be rewritten in Riemann invariants as

r=—l: Ro2(\/g(f+l_zo)\/g70)Ro2LO, (3.9)

and
T = ll : R2 - L2 = 0, (310)

which imply that

v=—1: L03R04<\/g(f+ﬁo)\/£> (3.11)

and
xTr = ll : R2 = L2, (312)

where Ry and Ly are the Riemann invariants corresponding to entering characteristic on * = —[ and x = Iy,

respectively, and
Il fllcio,ry small <= H\/g(f + ho) — \/giLo

At x = 0, the Riemann invariants corresponding to entering characteristic are Ry and L;. Let

small. (3.13)
c10,1)

(3.14)

Fy = ¢ — G,
Fy=qo—q1.
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By a direct calculation and noting (3.6)—(3.7), we have

oFy  0¢ 1 _ Lo+ Ry = 1 gho
g _ 9% _ L g0 o, fop oy L , 3.15
ORy OB, g AT Tk = (3.15)
Similarly,
OF _ 06 _ Vil
L, 0L, 29’
OF, dqo ho qo Vho qo
OR, ~ 9By — 2 + 2hogx/g 0 2\@(\/9 0+ ho) >0, (3.16)
OF, o h q1 Vhi q1
g_ 90 M Vohi = = (\/gh1 + — .
3L, oL 2+2hlg ghi 2\/§( gl+h1>>0
Thus,
o(Fy, F Vhoh Vhoh
e = [+ )+ VO (o + 1)
o L) p 00 9 1 9 0 J(¢0.¢1,90.01)=(0,0,0,0) (3.17)

= Z;hl (V/ gh1 + 1/ gho) # 0,

then by implicit function theorem, in a neighborhood of (Ry, L1) = (0,0), the transmission conditions (1.11)
can be equivalently rewritten as

{RO = Fi(R1, Ly), (3.18)

Ly = Fy(Ry, L)

with £1(0,0) = £3(0,0) = 0.

Similarly, at * = ly = r, the Riemann invariants corresponding to entering characteristic are R; and L.
Using the initial data and integral from 0 to ¢, the second transmission condition in (1.12) can be replaced by
a nonlocal condition as follows

t 2 2
—0qu(t) = —aq(0,lo — ) +/ [2% + géz} - [q—lg + gél} dr
0 2 x=lo+7r 2h1 rx=lg—7r
t q2 q2 (319)
P 1
— A2 2 dr.
A |:2h% + g<2:| x=lo+r |:2h% + g<1:| z=lop—r T
Then, by the first transmission condition in (1.12), we rewrite (1.12) into
CII(t7 lO - 7") = QQ(t7 ZO + T),

(3.20)

"1 4
—aq(tily—r) = [ |2 - [A dr.
aqi(t,lo =) /0 [2hg +942L=z(,+7~ [2h§ +9<1} T

z=lop—"r
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Now, we introduce two boundary functions G; and Gs:
G1 = ql(t,lo - 7’) — QQ(t lo + T),

Gs = agqi(t,ly ) +/0 [ q}fQ + 9G] (3.21)

[ 282 —i—gCl} dr.

z=lo+r x=lg—7r

In fact, by substituting (3.7) into (3.21), G; and G2 can be also regarded as functions with respect to Riemann
invariants Ry, L1, Ro, Lo. For simplicity, we denote Ry (t,lo — ), L1(t,lo — r) and Ra(t,lo + 1), La(t,lo + 1) by
Ry, Ly and Rs, Lo, respectively, in the following expression:

Gl = Gl(RlaLlaRQaLQ)
R — Ly (BB 4 Vght ) Ry — Ly (B2 4 /ghs ) (3.22)

2 g 2 g ’

t
Gy =Gy (RhLla/ G(R17L1,R2,L2)d7'>
0

(Rl — Ly (Bt 4 /gl )2>
2 g

(3.23)

t
+/ G(Rl,Ll,RQ,Lg) dr
0

in which G is the function determined by [% + gCg} — [% + g(l} - and fot G(Ri1,L1, Ry, L) dr
T x=lg—r

x=log+
is regarded as a new variable of Gs. ’
Thus, if

£0, (3.24)

(R17L2):(070)

0(G1,Gs)
O(Ry, L2)

then by implicit function theorem, (3.20) can be solved as

¢
Ry(t) = Gl(Ll,Rz7/ G(L1, Ry, Lo, Ry)dT),
0

¢ (3.25)
Lz(t) :GQ(L17R2,/ G(Ll,Rl,LQ,Rg)dT).
0
Indeed, by calculation, we obtain
8G1 - 8q1 . / CI1
OR,  OR, 2\[ "
oG, 0q2 Q2
=5 = +
o ot | i (3.26)

0Gy  Oq1 \/}T
oRr, ~ "oR, ~ "2g
0G5
ARy

(v ghi —|— ) 0,

=0.
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Therefore,
9(G1,G2) Vhihs il q2
Ao &)l T+ (S + & 2
O(Ry, La) “ 4g (Ve 1Jrhl)( g 2+h2)<0’ (3:27)

which implies (3.24).

Using a method similar to [13], we get the existence and uniqueness of piecewise local C'* solution to the
mixed initial-boundary value problem (1.8) and (1.9)—(1.12). And then, by a method similar to [8], [10], and
the generalized result for a kind of non-local boundary condition as Lemma 4.1 in [12], we can obtain the
corresponding results on existence and uniqueness of piecewise semi-global C! solution.

Theorem 3.1. Let T > 0 be given. For any given initial data (Go,qio) with small norm
1Gio(+)s qio()llcrexcrie (8 = 0,1,2) and boundary function f(t) with small norm || f(:)||lc1jo,r), satisfying the
conditions (S1)-(52), the forward mized initial-boundary value problem of the shallow water system (1.8) on the
connected water regime with the initial condition (2.2), the boundary conditions (1.9)—(1.10) and the interface
conditions (1.11)~(1.12) admits a unique semi-global piecewise C' solution U; = (i(t,x), ¢;(t,x))(i = 0,1,2)
with small norm Z (G- )y @ (s NDllerrs (myx ot ri (1)) 0n the domain

i=0,1,2

RI) = |J R = |J {to)|0<t<T,ze&}.

i=0,1,2 i=0,1,2

Similarly, for the backward mixed initial-boundary value problem, we have

Theorem 3.2. Let T > 0 be given. For any given initial data ({1, ¢ir) and boundary function f(t) with small
norm || f(-)|lc1jo,r), satisfying the conditions (S1°)-(S2°), the backward mived initial-boundary value problem of
shallow water system (1.8) with the final condition (2.1), the boundary conditions (1.9)—(1.10) and the interface
conditions (1.11)—(1.12) admits a unique semi-global piecewise C* solution U; = (¢;(t, x),qi(t,x)), (i = 0,1,2)

with small norm Z 1(Ge(5 )y @i (5 Dllerirs () xcrra (1)) on the domain
i=0,1,2

RT)= |J R = |J {to)0<t<Tze&}

i=0,1,2 i=0,1,2

3.2. Proof of exact controllability. Constructive method

In order to prove Theorem 2.1, by means of the constructive method with modular structure, it suffices to
prove the following.

Lemma 3.3. Let T > 0 be defined by (2.9). For any given initial data ((o,qi0) and final data (i, qir) with
small norm |[(Gio, gio) o1z x o1z and 1(Girs i)l crg xcnz,)» the nonlinear system (1.8) with (1.9)-(1.10)
and (1.11)~(1.12) admits a piecewise C solution (i, q;) = (¢iy i) (¢, x) (i = 0,1,2) with small C* x C* norm on
the domain R;(T), which satisfies simultaneously the initial condition (2.2) and the final condition (2.1).
Proof. By (2.9) and h; = hs, there exists an €y > 0 so small that

1T> su l lo—’l’ ll—l()—T'

) — +  sup — +  sup —— (3.28)
2 jlHml<eo Vgho  1GlH@I<eo Vght  Ical+lael<e  V/ghs
Let
l lop — i —1lp—
T'= sup —=—,To= sup 0" T35 = sup Az (3.29)

ICol+la0l<eo \/gho 1l +la1|<eo / ghy |Ca|+lgz|<eo ghs
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Step 1:

On the domain Ry = {(t,2)[0 <t <Th1 +To + T,z € E} and Ry = {(t, )0 <t <T — (Th + To + T3),z € £},
by solving the corresponding forward and backward mixed problem (1.8) with the initial data (2.2) (or the final
data (2.1)), boundary condition (1.10) at « = Iy, transmission conditions (1.11)—(1.12) and artificial boundary
condition (1.9) at z = 0 (in which f can be taken as any C! function with small C! norm). By Theorem 3.1 and
Theorem 3.2, there exist unique piecewise C'! solutions U; s = (Cif, qif) (¢, z) and Uy = (Cip, gin) () (1 = 0,1, 2),
respectively.

Furthermore, we get the trace (os(t,11),q2¢(t,11) and Cap(t,11), gop(t, 11) at @ =15.

Step 2:
Solve the following leftward problem from x =1; to x = Iy + 7 to get the solution Uy = Us(t, z) in the domain
{(0<t<T,ze&):
0, Uy + AQ(UQ)alUQ =0,
.’E:lll UZZ(EQ(t)7O)7 0§t§T7

3.30
t=0: g2(0,z) =0, x € &y, ( )
t="1T: CQ(T,x):CQT(t)7 x € &,

where ((t) is a C! function satisfying
_ th), 0<t<Th+Tr+T;,
Gy = 0N e (3.31)
C(t,ly), T-T1—To—T5<t<T.

and (op(t) is given by the final data (2.1).

The problem (3.30) is well-posed (by exchanging the role of ¢ and z in hyperbolic system) and admits a
solution Us = ((2,¢2)(t,z) on the domain Ry := {(¢,2)|0 < ¢t < T,z € &}. Then, we get the value of trace
Ca(t,lo+r) and qa(t,lo +7) at x =g + 7.

Step 3:
With the known functions (a(t,lo + ) and g2(¢,lo + 7), we try to determine the (i (¢,lo — ) and ¢1(¢,lp — ) by
the transmission conditions (1.12) at x = Iy & r.

At first, by the continuity condition, we have

qi(t,lo—1) = qa(t,lo +7) (3.32)
and

d d

qpde(t) = 30t lo+7). (3.33)

Substituting the value of ¢1(¢,lo — r), g2(t, lo +7), S, (t) and (o(t,lo + r) into the second formula of (1.12), it
becomes an equation for ¢;(¢,lp — r) that

F(Gi(t,lo—7)) =0 (3.34)
with
oF _ _ﬁ__i(h+ﬁ)¢o te[0,7] (3.35)
ac, ~ Y hi Iy 9 h3 7 s .

provided with the hyperbolicity near the rest state. Thus, we can solve (3.34) near the rest state and uniquely
determine (3 (t,lo — r) by Implicit Theorem.
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We denote the values of (i(t,lop —7) and q;(t,lp — r) obtained in above as (;(t) and @ (t). Hence, we can
verify that
(1) ¢1(t) and @ (t) are both C! functions;
(2) Uy = (Gi(t),q1(t)) is compatible with the value of Ujs(t,lo — r) and Usp(t,lo — 7) on the corresponding
intervals.

Step 4:
Solve the following leftward problem from  =ly — r to = 0 to get the solution U; = Ui (¢, «) in the domain
{0 StST,l‘Ggl}:

oUr + A1(U1)0, Uy = 0,
r=lg—7r: U =(G{),q1), 0<t<T,
t=0: ¢1(0,z) =0, x € &,
t=T: (T, z) = Cir(t), x € &y,

(3.36)

where ({1(t),q (t)) is obtained from Step 3 and (a7 (t) is given by the final data (2.1).
The problem (3.36) is well-posed and admits a solution U; = ({1, ¢1)(t,x) on the domain Ry := {(¢,2)|0 <
t <T,z € & }. Then, we get the values of trace (1(¢,0) and ¢ (¢,0).

Step 5:
By the transmission conditions (1.11) at « = 0, it is easy to get

(C_Oa (jO) = (CO (ta 0), q0 (t7 0)) = (Cl (ta O)a q1 (ta O)) (337)
Similarly, we solve the leftward problem from x = 0 to x = —I to get the solution Uy = Uy(t, ) in the domain

{OStST,l‘Ggo}:

Uy + A1(Up)0, Uy = 0,
z=0: Up=(Co(t),d(t), O0<t<T,
t=0: qo(0,z) =0, x € &,
t=T: ((T,z) = Gir(t), z € &.

(3.38)

Then we take the boundary control f(¢) as the trace (o(t,—1). We can verify that the solutions U; =
U;(t,x), 1 =0,1,2 constructed in the Step 2, 4, 5 satisfy all requirements of the Lemma. O

3.3. Proof of Theorem 2.4

Proof. The prescribed boundary data (g(t) and a fixed control function f(¢) in (1.8) would generate an
overdetermined initial-boundary value problem. To prove Theorem (2.4), we will find a piecewise C! solu-
tion (¢ (¢, ), qi(t,z)) for system (1.8) on the domain R(T), which satisfies simultaneously the initial condition
(2.2), the interface conditions (1.11)—(1.12), the null flux boundary condition (1.10), and the given nodal profile
(2.10). Substituting this solution into the boundary condition (1.9), we obtain the desired boundary control
1),

We construct a solution to the control problem using the following steps explained in more detail below,
where T3, T and T3 are defined as in (3.29).
Step 1: We construct the solution U;y = (if, ¢i) (¢, ) on the domain Ry = {(t,z) |0 <t < T1 +To+T3,2 € £}
by solving system (1.8) with the initial data (2.2), null flux boundary condition (1.10) at x = [;, transmission
conditions (1.11)—(1.12) and the boundary condition (o(¢,—1) = F(t), where F' is an artificial given function
satisfying the C'-compatibility condition at (¢, z) = (0, —1).
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Step 2: From the forward solution U;r, we denote the trace at x = Iy as (C2(t,11),¢2(¢,11)) = (CBs(t),0), thus
Cpy is a C! function in the time interval [Q,Tl + Ty +1’3] and ¢o2(t,11) = 0 is determined by the boundary
condition. Thus, we can find a C*! function (3(t) € C1[0,T] such that

_ {caf(t,h), 0<t<Ty+Ts+Ts, (339)

CO=\ o), T<t<T,

where (g is the given demand.

Step 3: We first solve the leftward problem (3.30) in the domain Rs to get the solution Us = ({2, ¢2)(t, x)

and then do the same construction procedure shown as the Step 3, Step 4 and Step 5 in the proof of

Lemma 3.3 to get solution U; = ({;,¢;)(¢t,x),i = 1,0 in the domain R, and Ry, respectively.

Step 4: Using the trace {y(t, —1) from the solution Uy = ({o, q0)(¢, z), we finally compute the control function

£(t) = Golt, 1),

Step 5: Using the uniqueness theorem, we verify that: at time ¢t = 0, U;(0,z) = U,#(0,z),x € &. Thus, the

solution U; (i = 0, 1,2) is the piecewise C! solution to solve the overdetermined initial-boundary value problem.
O

3.4. Numerical algorithm

In this Subsection we present an algorithm (see in Algorithm 1) that could be utilised to implement numer-
ically our results on the exact controllability of nodal profile of the system modelling the partially immersed
structure considered. More precisely, we synthesize the ideas of the proof of Theorem 2.4 in a consecutive scheme,
which gives rise to the following algorithm in order to obtain numerical approximations of the control f(t¢) asso-
ciated with our problem. The implementation, however, is beyond the scope of this article and is deferred to a
forthcoming publication.

Algorithm 1: Nodal profile controllability
Input: Initial data ¢(0,x), ¢(0,z), and a boundary condition ((¢, —1) satisfying the C'—compatibility
for the C'* function at (0, —1).
Output: Boundary control f(¢).
Steps:
1: By considering the system (1.8), to obtain the forward solution U;¢(t,«) on the domain Rf(T") and
compute the trace at © = l1: (C2(¢,11), ¢2(t,11)) = (¢ (1), 0).
2: Considering the given demand (p to compute the values of the function (3(t) € C*[0,T] such that

Got) = Cap(t,1h), fO<t < Ty +To+ Ty and G(t) = (p(t), T <t <T.

3: By considering the system (3.30), to compute the leftward solution Us (¢, ) on the domain Rs and
obtain the value of the traces (2(t,lop + ) and g2(t,lo + 1) at © =1y + r.

4: By considering the values of the traces obtained in Step 3 and the transmission conditions (1.12) at
x = lp = r, obtain the trace ¢ (t,1lo — r) and solve the nonlinear equation (3.34) in order to get the
trace (1 (t,lo — 7).

5: By considering the system (3.36) and the values of the traces obtained in Step 4 to compute the
leftward solution U (t, z) on the domain R;.

6: By considering the solution obtained in Step 5 and the transmission conditions (1.11) obtain the
traces (o(t,0) and go(t,0).

7: By considering the traces obtained in Step 6 and the system (3.38) obtain the leftward solution
Up(t,z) on the domain R and obtain the trace (o(t, —1).

8: To compute the control f(t) = (o by using the trace computed in the Step 7.
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