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SECOND ORDER NECESSARY CONDITIONS FOR OPTIMAL
CONTROL PROBLEMS OF EVOLUTION EQUATIONS INVOLVING
FINAL POINT EQUALITY CONSTRAINTS

HELENE FRANKOWSKAL*** AND QI LU%***

Abstract. We establish some second order necessary conditions for optimal control problems of evo-
lution equations involving final point equality and inequality constraints. Compared with the existing
works, the main difference is due to the presence of end-point equality constraints. With such con-
straints, we cannot simply use the variational techniques since perturbations of a given control may
be no longer admissible. We also cannot use the Ekeland’s variational principle, which is a first order
variational principle, to obtain second order necessary conditions. Instead, we combine some inverse
mapping theorems on metric spaces and second order linearization of data to obtain our results.
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1. INTRODUCTION

Let H be a separable Hilbert space and A : D(A) — H an infinitesimal generator of a Cp-semigroup {e“*};>¢
on H. Let H; be a separable Banach space and U C H; be a nonempty bounded closed subset. Let T' > 0. Put

us {w:1]0,T] = Ul u(-) is Lebesgue measurable}
and define a distance on U as follows:

A
d(u1,u2): |u1—uQ|L1(0’T;H1), Vui,us € U.
Then (U, d) is a complete separable metric space.
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Consider the following control system:

x4 (t) = Az(t) + f(t, z(t),u(t)), te(0,T),

x(0) = zg, u €U,

where xo € H is given and the map f : [0,T] x H x H; — H satisfies the following conditions:

(H1) For all (x,u) € H x Hy, f(-,z,u) is Lebesgue measurable, for oll (t,x) € [0,T] x H, f(t,z,-) is
continuous and there exists C' > 0 such that

sup | f(t, z,u)lp < C(1+ |z[u),  V(t,z)€[0,T] x H. (1.2)
uelU

(H2) For every r > 0, there exists k,(-) € L*(0,T) such that for a.e. t € [0,T]
|f(t 21, u) = f(t 22,u)|g < ke(t)|21 — 2|0

for any x1,x9 € H with |z1|g <7, |22|g <r and allu € U.

Here and in what follows, C' denotes a generic constant which may change from line to line.

Under the assumptions (H1) and (H2), to each w € U there corresponds a unique (mild) solution z €
C([0,T7; H) of the system (1.1) called a trajectory of (1.1).

Let r € N, g; € C(H;R) for j =1,...,r, Hy be a separable Hilbert space and h € C'(H; H). We consider
the following final state constraints

9j(=(T)) <0, j=1,....r (1.3)
and
h(z(T)) = 0. (1.4)
Let go € C(H;R) and consider the following Mayer type cost functional:

J(u) = go(2(T)), (1.5)

where z(-) is the solution to (1.1) corresponding to the control u(-) such that (1.3) and (1.4) hold.
Any trajectory-control pair (z,u) of (1.1) satisfying (1.3) and (1.4) is called an admissible pair. The
corresponding x and w are called admissible trajectory and admissible control, respectively.

Definition 1.1. An admissible pair (Z,%) is called a local minimizer of (1.5) if for some ¢ > 0, we have
go(z(T)) > go(z(T)) for each admissible trajectory-control pair (z,u) such that [u — @|p1 (o, 7;m,) < €.

It is one of the important issues in optimal control theory to characterize local minimizers. Similarly to the
Calculus, the most usual way to do this is to find necessary conditions satisfied by local minimizers. Since the
milestone in [17], first-order necessary conditions are studied extensively in the literature for different kinds of
control systems, such as systems governed by ordinary differential equations (e.g. [17]), systems governed by
partial differential equations (e.g. [13]), systems governed by stochastic differential equations (e.g. [21]), systems
governed by stochastic evolution equations (e.g. [15]), etc.

Second order necessary conditions for controlled partial differential equations are studied extensively in the
literature (e.g. [3-5, 18-20]). However, as far as we know, there are no published results on second order necessary
conditions with end-point equality constraints. The main purpose of this paper is to investigate such kind of
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problems. Second order necessary conditions have the same purpose as the first order conditions - to eliminate
some candidates for optimality that the first order conditions did not throw out. Sufficient conditions are usually
obtained by strengthening the obtained second order necessary conditions. This is planned as a future direction
of our research.

The main difficulties we face are as follows:

— The interior of the tangent space to constraints defined by equalities is, in general, empty. Then one cannot
simply use the variational technique to obtain second order necessary conditions since perturbations of
the optimal control may be not admissible.

— Unlike for the first order necessary condition, it is unclear whether one can use the Ekeland variational
principle, which is a first order variational principle, to derive second order necessary conditions.

— Unlike in the finite dimensional case, in the Hilbert spaces, in general, two convex sets having an empty
intersection can not be separated by a linear functional: at least one of them has to have interior points.
When there are several constraints, this requires all but one of them to have a nonempty interior. In the
presence of the end point equality constraints we face two sets with empty interiors, the second one coming
from the control system itself, that is usually seen as a second equality constraint.

In the literature these difficulties are usually handled by reducing the optimal control problem to an abstract
infinite dimensional mathematical programming one. For this aim it is usually requested that control sets
are described via inequality and equality constraints verifying some gradients independence assumptions. In
particular, if the set of controls is a union of such sets, instead of their intersection, such methodology does not
work anymore. In contrast, in our paper the control set U is an arbitrary nonempty closed subset of a Banach
space.

Usually, once such new abstract optimisation problem is stated, some abstract constraints qualification
assumptions (Robinson’s like conditions) allow to write a Lagrange multiplier rule. The main difficulty is then to
return back to the original problem and to translate the derived multiplier rule in terms of the original problem.
For this reason very often the authors restrict their attention to very simple sets U, impose some structural
assumptions on optimal controls and assume that optimal controls are piecewise continuous. Such assumptions
are very strong, because usually, in the presence of constraints, the classical existence results guarantee only
measurability of optimal controls with no particular structure.

In the difference with this approach, we do not make reduction of the optimal control of evolution system to an
abstract mathematical programming problem. Instead we linearize twice the control system and the constraints
in the original state space and apply the separation theorems to the linearized problem. This allows us to work
with measurable controls by the methods of variational analysis. Another advantage of our approach is that it
brings also sufficient conditions for the normality of the derived necessary conditions.

To overcome the difficulties mentioned above, we borrow some ideas from [8], where an optimal control
problem was investigated in the finite dimensional setting. Let us underline that usually the second order
tangents to reachable sets of control systems do have an empty interior. Same for the second order tangents to
the sets defined by the equality constraints. The separation theorems can not be applied then in the usual way to
get second order conditions like in [10, 12]. We exploit instead the idea from [8] saying that under a surjectivity
type assumption imposed on the linearized control system, the intersection of the two second order tangents is
the second order tangent to the reachable set of the control system with a final point equality constraint. For
this aim a non-standard inverse mapping theorem on a metric space is applied. We remain then with just one
set having an empty interior and the application of the separation theorem becomes then possible. Roughly
speaking, the inverse mapping theorem on a metric space allows us to consider equality constraints as a part of
control system because its second order linearization incorporates the second order linearization of the end-point
equality constraints. More details can be found in Section 4.

The rest of this paper is organized as follows: in Section 2, we present our main results, whose proofs are
given in Section 4. Section 3 is devoted to some preliminaries. At last, in Section 5, we provide two illustrative
examples.
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2. STATEMENT OF THE MAIN RESULTS

To begin with, let us introduce some notations. Let Z be a Banach space with the norm |- |z. For any subset
K C Z, denote by intkC, clIC and OK the interior, closure and boundary of I, respectively. A subset K is called
a cone if az € K for every a > 0 and z € K. For a general K, denote by ¢o6 K the smallest closed convex set
containing K. Define the distance between a point z € Z and K as

dist (z,K) 2 inf exly — 2|z

Definition 2.1. For z € K, the Clarke tangent cone Cx(z) to K at z is

dist K
Ce() 2 {v cy i sty +ev,K) :0},
e—=0t yek,y—z IS
and the adjacent cone TP (z) to K at 2 is
T,l%(z)é{veZ lim M:O}.
e—0t €

Crc(2) is a closed convex cone in Z and Cx(2) C T2(2). When K is convex, Cx(2) = T2(2) = cl{a(2 — 2)|a >
0, 2e€ K}.

Definition 2.2. For z € K and v € Z, the second order adjacent subset to K at (z,v) is

: 2
lim dist (z + ev + &2h, K) :O}.

e—0+ g2

T (z,0) 2 {h €z

The set T,Ié(z)(z, v) is closed and may be empty for instance when v ¢ TH(z).

Let Y7, Y2 and Z be Banach spaces. Denote by £(Y7; Z) the Banach space of all bounded linear operators
from Y] to Z and by L(Y7,Y5; Z) the Banach space of all bounded bilinear operators from Y7 x Y5 to Z. When
Y1 = Z, we replace L(Y1;Z) by L(Y?1) for simplicity.

The Hamiltonian and the terminal Lagrange function are defined respectively by

H(taxauap) = <p,f(t,$,u)>H

and
Z(JC,Oé,ﬂ) = Zajgj(x) + <6ah(x)>H27
§=0
where a = (ag, a1, , ) € Rfl and 8 € Hy. Set

Kjé{er\gj(x)SO} for j=1,...,r

Clearly, for every « € 0K, we have g;(z) = 0.
Let (Z, @) be a local minimizer of (1.5). Put

2

I,={j=1,....r|2(T) € 0K,}.
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When f(t,-,-), g; (j =0,...,7) and h are C', the first-order necessary condition for local minimizers is as
follows:

Theorem 2.3. Assume (H1), that the maps f(t,-,-), g; (7 =0,...,r) and h are continuously Fréchet
differentiable for a.e. t € [0,T] and

|fw(tax?u)|ﬁ(H) + |fu(taxvu>|[)(H1;H) + Z ‘g],m($)|H + |hw(x)|£(H,H2) < Ca v (t,x,u) S [0>T} x H x U.

3=0
Then there exist « = (g, a1, ...,Q,) € R:_H and B € Hsy, not vanishing simultaneously, satisfying
;=0 if jé¢I, (2.1)

such that for the (mild) solution p € C([0,T); H) of

—pi(t) = A™p(t) + Ha(t, 2(t), u(t), p(t), t€[0,T),

p(T) = L(2(T), v, B),

(2.2)

we have
inf e, (a@) Hu(t, Z(1), u(t),p(t)) (k) >0,  for a.e. t €[0,7], (2.3)

where H, and H, are the Fréchet derivatives of H with respect to x and u, respectively.

When U is convex and f is affine with respect to u, Theorem 2.3 is just the Pontryagin minimum principle for
the local minimizer (Z, ). When U is not convex, generally speaking, the conclusion of Theorem 2.3 is weaker
than the Pontryagin maximum principle derived by the needle variation technique (e.g., [13]) for the so called
strong local minimizers, i.e. when local means that trajectories stay nearby T (instead of controls nearby ).
Note that under our assumptions any strong local minimizer is also a weak local minimizer. However, in general
the converse is not true. Thus the first order results for local minimizers, in general, can not be deduced from
those known for strong local minimizers. In the recent publication [11], in the finite dimensional setting, the
authors derived the second order conditions for local minimizers together with the maximum principle using a
relaxation theorem. We do not have yet such analogue for the infinite dimensional context.

Theorem 2.3 can be proved by the separation theorem for convex sets. Since the main purpose of this paper
is to study second order necessary conditions, we shall derive the first-order condition as a consequence of the
second-order one and, so, for C? data.

Let us introduce the following assumption:

(H3) The maps f(t,-,-), g; ( =0,...,r) and h are twice continuously Fréchet differentiable for a.e. t € [0,T].
Moreover,!

| fe(ts 2, u) | comy + | foe (2, )| 2om, vy m) + | fou(l Tw) | 20m, By 1)

(2.4)
+|fu(t’x?u)|£(H1;H) + ‘fuu(taz7u)|l:(H1,H1;H) S C? v (t,z,u) € [OvT] x HxU

IRecall that, for Banach spaces Y and Z, a C2-function ¢ : Y — Z and any n € Y, pz4(n) € L(Y,Y; Z). This means that, for
any 11,12 € Y, @aa(n)(n1,m2) € Z.
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and

(19,0 @) 1 + 195,20 (@)| e mmy) + [P (@) £ar:11) + haa (@) 2,101,y < O YV € H. (2.5)
=0

Now, let us introduce two variational linearizations of control system (1.1) at (Z, ). The first one is

ye(t) = Ay(t) + foltly(t) + fultlu(t), u(t) € TE(a(t), t € (0,T),

(2.6)
y(0) =0, u € L*(0,T; Hy),
where f,[t] 2 fo(t,2(t),a(t)) and fult] £ fu(t, Z(t), a(t)).
The second one is
9i(t) = Ag(t) + fu[t]g(t) +v(t), v(t) €co f(t,z(t),U) - f[t], te (0,17, o

4(0) =0,

where v : [0,T] — H; is measurable and f[t] =

The reachable set of (2.7) at time T is

[t 2(@t), u(t)).

R ={g(T) | () is a trajectory of (2.7)}.
Clearly, R is convex. Put

— A
- =
==

C([0,T); H) x L*(0,T; Hy).

To study second order conditions we introduce the set C(Z, @) of all critical pairs (y,u) € E solving the linear
system (2.6) such that

902 (2(1)) (y(T)) <0, (2.8)
e (7(1)) (4(T)) = 0, (2.9)
9.2 (2(T)) (y(T)) <0, for j €, (2.10)
and
360 >0, Ic e L*(0,T), V6 € [0,00], dist(a(t) + du(t),U) < c(t)6* for a.e. t € [0,T). (2.11)

The last inequality strengthens the inclusion u(t) € T5(i(t)) and is very useful in the second order analysis
involving such stronger tangents. Thus the critical set C(Z,u) can be seen as the set of all the solutions to the
strengthened linearized system (2.6) that satisfy the linearized final point constraints (2.9), (2.10) and is critical
in the sense of (2.8). Our proofs below imply that for any (y,u) € C(z,u) we have go . (Z(T)) (y(T)) = 0 and,
consequently, the word critical is inherited from the classical Calculus.
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Put
Az, u) = {(a, B,p) € R x Hy x C([0,T; H)| (a, B,p) # 0 and satisfies (2.1)-(2.3)}.
For any (a, 8,p) € A(Z,1), u: [0,T] — Hy and t € [0, T}, define
T(u(t), p(t) 2 inf {H, [t (v)| v € TH (a(t), u(t))}, (2.12)

where H,[t] = Hu(t, Z(t), u(t), p(t)), and by convention, inf() = +oo.
For every (o, 8,p) € A(Z,u) and (y,u) € E, define

1>

Qy,u, 0, 8,p) = luw (2(T), o, B) (y(T),y(T))

T
+/0 (Haalt) (y(), y(1)) + 2Hau [t (y(1), u(t)) + Huu[t] (u(?), u(t)) )dt,

where Hyo[t] = Haa(t, Z(t), a(t), p(t)) and Hypy[t], Huwult] are defined in a similar way.
Fix a trajectory-control pair (y,u) € E of (2.6). We introduce a second order linearization

1
wt(t) = Aw + fa [t}w(t) + fu[t]v(t) + ) [facx [t] (y(t)> y(t))
T2l ((8), u(t)) + Funlt) (), u(t)], () € Ty (@(t), u(t)), ae. t € (0,7, (2.13)
w(0) =0, ve L'(0,T; Hy),
where fou[t] = fou(t,Z(t),a(t)) and foult], fuu[t] are similarly defined. Denote by RY(?) the reachable set at
time T of (2.13), which depends on the choice of (y,u). It is well known that the set cl R“(?) is convex. This

can be easily deduced from Corollary 3.9 below.
Define the convex sets

0= {9 = H‘ ho(2(T))0 + %hm (1)) (y(T), y(T)) = o} (2.14)
and
©={0-kl0€O, ke (R®)]. (2.15)

Clearly, both © and 5) depend on the choice of (y,u).
We impose the following additional assumption.

(H4) There is a closed subspace H of H such that © C H and int 5 © +# 0, where int 5 © denotes the interior
of © in H.

Remark 2.4. (H4) is introduced to apply the Hahn-Banach theorem to separate two convex sets. Indeed, it
is well known that to separate two convex sets in an infinite dimensional Hilbert space, one of them should
have an interior point. Usually, © does not satisfy this requirement. To remedy that difficulty, we assume that
int 5) # (. Under this condition, for any nonempty convex subset K of H having an empty intersections with

© one can find a linear functional to separate O from K. More details can be found in the proof of Theorem 2.5.
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For any given w : [0,T] — Hy, set

V2(a,u) 2 {v:[0,T] = Hy|v is measurable, f,[]v(-) is integrable and

u(t) € TP (a(t), u(t)) for a.e. t € [0,7]}. (210
Theorem 2.5. Assume (H1), (H3) and let (z,1) be a local minimizer of (1.5) satisfying
0 € int cl b, (2(T)) (R") (2.17)
and
he (2(T)) (H) = Ho. (2.18)

Let (y,u) € C(Z,u) be such that (H4) is satisfied and V?(u,u) N L%(0,T; Hy) # 0. Then there exists (o, 3,p) €
A(z,u) such that a; = 0 whenever g; .(Z(T))(y(T)) < 0, the function Y (u,p) is integrable and

%Q(y,u, a, 8,p) +/0 Y (u(t), p(t))dt > 0. (2.19)

Remark 2.6. Condition (2.17) is an assumption on the controllability of the system (2.7). For a given controlled
partial differential equation, if the optimal control belongs to the interior of U for a.e. ¢ € [0,7] and (2.18) is
satisfied, then one can use the classical controllability theory of partial differential equations to verify (2.17)
(e.g. [22]). For establishing the first order necessary condition, these assumptions can be relaxed (e.g. [13, 14]).
On the other hand, if there is no state constraint (1.4), then (2.17) and (2.18) can be omitted because in this
case h would not be involved in our proofs. Since R is convex and (2.7) is linear in g, (2.17) can be verified by
a separation theorem whenever clh,(Z(T))(R") has a nonempty interior.

Recall that if ap > 0, then the necessary condition in Theorem 2.5 is called normal. In such case, by normal-
izing, one can set ay = 1. On the other hand, in the abnormal case i.e. when ag = 0, the necessary condition is
independent of the cost functional. Hence, it is important to show the normality of the multiplier. We present a
second-order sufficient condition for normality below. To this end, let us introduce the following linear control
system

z(t) = Az(t) + fo[t]2(t) + fultln(t), 7(t) € Cu(u(t), t e (0,T],

(2.20)
2(0) =0, 7 € LY(0,T; Hy).
Denote by R the reachable set of (2.20) at time T'. Clearly, R is convex.
Theorem 2.7. Under all the assumptions of Theorem 2.5 suppose that
by (#(T)) (R) = Ha. (2.21)

If there exists wr € cl R¥?) such that

e (2(1)) (wr) + e (2(7)) (4(T), 4(T)) = 0 (2.22)
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and
9jx (i‘(T)) (wT) + %gj,a:a: (-f(T)) (y(T)vy(T)) < 0) f07’j S Iga (2'23)

then the conclusion of Theorem 2.5 is valid with oy = 1.

If there is no wr as in Theorem 2.7, then the second-order condition holds true in the abnormal form. More
generally, we have the following result.

Theorem 2.8. Assume (H1), (H3) and let (Z,a) be a trajectory-control pair of (1.1) satisfying (2.18). Let
(y,u) € Z be a trajectory-control pair of (2.6) such that (H4) holds and V*(u,u) N L*(0,T; Hy) # 0. If there is
no wr as in Theorem 2.7, then the conclusion of Theorem 2.5 is valid with ag = 0.

For the sake of completeness we also provide a result without assumption (2.17).

Theorem 2.9. Assume (H1), (H3) and let (Z,u) be a local minimizer of (1.5) satisfying (2.18). If
L ha (2(T))(RY) has interior points or is contained in a closed subspace Hy G Hy, then for every (y,u) €
C(z,u) verifying (H4) and V?(u,u) N L?(0,T; Hy) # 0, there exists (a,B3,p) € A(Z,u) such that for any
trajectory-control pair (w,v) of (2.13) satisfying (2.22) with wr = w(T), we have

T
%Q(x,u,a,ﬁ,p) —I—/O Ho[t] (v(t))dt > 0.

In Theorems 2.5-2.9, we assume that f, g; (j =0,...,r) and h are twice continuously Fréchet differentiable
with respect to . This is quite restrictive in the infinite dimensional framework, but is needed when {e4*};>¢ is
a general Cp-semigroup. On the other hand, if {e#*};>0 has some smoothing effect, then (H3) can be relaxed.
Let us discuss it below.

Let X C H be a separable reflexive Banach space with the norm Gateaux differentiable away from zero.
Further suppose that X is dense in H and that the embedding from X to H is continuous.

Several assumptions are in order.

(S1) {e?t};>0 is a Cy-semigroup on X and for every t > 0, there is a constant C'= C(t) > 0 such that
for allm € H, |e**n|x < C|n|u. Further, there exists a constant C > 0 such that for all t € [0,T) and n € H,
|6A'77|L2(t,T;X) < C~Y|77|H-

(S2) f(+y+):[0,T] x X x Hy — X 1is measurable in the first variable, continuous in the third variable, and

|f(t, 1, u) — f(t,x0,u)|x < Clzy —x2|x, V(t,21,29,u) €[0,T] x X x X x U, (2.24)
|£(t,0,u)|x <C, VY (t,u)€[0,T] xU. '
(S3) For a.e. t €[0,T), f(t,-,-) : X x Hy — H 1is C%. Moreover,
|fw<t7xau>|£(X;H) + |fam(tax7u)|£(X,X;H) + |fa:u<t7xau>|£(X,H1;H) (2 25)
+|fu(tax7u)|£(H1;H) + |fuu(t7x7u)‘E(H1,H1;H) S 07 v (t,m,u) € [OvT] x X xU.
(S4) g; : X >R (7=0,...,7) and h: X — Hs are C?. Moreover, for all z € X,
> (1950 @) cixm) + 1950 (@) cix xim)) + e (@) 20x30) + e ()| 20x x010) < C- (2.26)

J=0
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By (S1)—(S2), it is easy to prove that for any zo € H and u € U there exists a unique mild solution
x(-) € C([0,T); H) N L*(0,T; X) to the system (1.1) and x(t) € X for every t € (0,T]. Furthermore, for any
trajectory-control pair (y,u) of (2.6) we have y € C([0,T]; X). Similar statement is also valid for trajectories of
(2.7). Thus the system in (2.13) is well defined. Moreover R, RY, R¥() are subsets of X.

By (S4), the final data of the adjoint equation (2.2) belongs to X’. By (S1) and Corollary 1.10.6 of [16], A*
is the infinitesimal generator of the adjoint Cy-semigroup (e4*)* on X', denoted by {e? *},5¢. Also by (S1) for
every t > 0, there is a constant C' = C(t) > 0 such that for alln € X', |eA |y < C|n|x- and e? ' € L2(0,T; H).
Further, we have that for all ¢ € [0,T) and n € X', |€A*'TI\L2(t,T;H) < 5|77|X/. Then it is easy to prove that under
assumptions (S1)—(S4) the mild solution to (2.2) belongs to C([0,T]; X') N L?(0,T; H) and p(t) € H for every
tel0,T).

Define the convex sets

Ox = {1 X[ (@(T))(n) + hee (2(T) (u(T),5(T)) = 0} (2.27)
and
(:)X:{97R|9€ex, HEClx(RL(Q))}, (2.28)

where clx denotes the closure in X.
We impose the following assumption.

(S5) There is a closed subspace X of X such that éX C X and int)}éx # (), where int)zéx denotes the
interior of éX in X.
Corresponding to Theorems 2.5-2.9, we have the following results with

Kjé{xeX\gj(x)§0} for j=1,...,r

L,2{j=1,...,r

z(T) € 0x K, }, (2.29)
where Ox K; denotes the boundary of K; in X and
Ax(Z, ) 2 {(c, B,p) € R x Hy x C([0,TT; X')| (at, B,p) # 0 and satisfies (2.1)-(2.3)}.
Theorem 2.10. Suppose (S1)-(S4) and let (Z,a) be a local minimizer of (1.5) satisfying (2.17) and
he (2(T)) (X) = Ha. (2.30)

Let (y,u) € C(z,u) be such that (S5) holds and V?(u,u) N L*(0,T; Hy) # 0. Then there exists (o, 3,p) €
Ax(Z,u) such that a; = 0 whenever g; . (Z(T))(y(T)) < 0, the function Y (u,p) is integrable and

1 T
320 fp)+ [ X p(0)de >0, (2.31)
0

Theorem 2.11. Suppose (S1)-(S4) and let (Z,a) be a local minimizer of (1.5) satisfying (2.17), (2.21). Let
(y,u) € C(Z,u) be such that (85) is satisfied and V?(a,u) N L?(0,T; Hy) # 0. If there exists wr € clx R*()
such that (2.22) and (2.23) hold, then the conclusion of Theorem 2.10 is valid with cg = 1.
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Theorem 2.12. Suppose (S1)-(S4). Let (Z,u) be a trajectory-control pair of (1.1) satisfying (2.30) and
(y,u) € Z be a trajectory-control pair of (2.6) such that (S5) holds and V?(u,u) N L?(0,T; Hy) # 0. If there is
no wr as in Theorem 2.11, then the conclusion of Theorem 2.10 is valid with ag = 0.

Theorem 2.13. Suppose (S1)-(S4) and let (z,a) be a local minimizer of (1.5) satisfying (2.30). If

clh, (Z(T))(RY) has interior points or is contained in a closed subspace Hy G Ha, then for every (y,u) €
C(z,u) satisfying (85) and V?(u,u) N L*(0,T; Hy) # 0, there exists (o, B,p) € Ax(Z,u) such that for any
trajectory-control pair (w,v) of (2.13) wverifying (2.22) with wr = w(T'), we have

T
%Q(y,u,a,ﬁ,p)+/o Ha[t] (v(t))dt > 0.

Proofs of Theorems 2.10-2.13 are very similar to those of Theorems 2.5-2.9, respectively. To shorten the
paper, we only give the one of Theorem 2.10.

3. PRELIMINARIES

3.1. Some results of set-valued analysis

For readers’ convenience, we collect some basic facts from set-valued analysis. More information can be found
in [1].

Definition 3.1. Let (M, X) be a measurable space, Z a separable Banach space and F : M ~» Z a set-valued
map. For any w € M, F(w) is called the value of F' at w. The map F is called measurable if

F_l(B)é{weM | F(w)NB # 0} € X for any B € B(Z),

where B(Z) is the Borel o-algebra on Z.

Definition 3.2. Let (M, X, 1) be a complete o-finite measure space, Y and Z two complete separable metric
spaces. We call g : M xY — Z a Carathéodory function if for every w € M, g(w, -) is continuous and for every
y €Y, g(-,y) is measurable.

Lemma 3.3. ([1], Thm. 8.2.8) Let (M, %, ) be a complete o-finite measure space, Y and Z two complete
separable metric spaces, and S : M ~»Y a measurable set-valued map with closed values. Let g : M XY — Z
be a Carathéodory function. Then the set-valued map defined by

M3 w~ clg(w, S(w))

s measurable.
Next, we recall the notion of measurable selection for a set-valued map.

Definition 3.4. Let (M, X) be a measurable space and Z a complete separable metric space. Let F be a set-
valued map from M to Z. A measurable map f: M — Z is called a measurable selection of F if f(w) € F(w)
for all w € M.

A sufficient condition for the existence of a measurable selection is as follows.

Lemma 3.5. ([1], Thm. 8.1.3) Let Z be a complete separable metric space, (M, %) a measurable space, and
F: M~ Z a measurable set-valued map with nonempty closed values. Then there exists a measurable selection

of F.
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Lemma 3.6. ([1], Thm. 8.2.9) Consider a complete o-finite measure space (M, X, 1), complete separable metric

spaces Y, Z, and measurable set-valued maps S : M ~~Y, G : M ~» Z with closed values. Let g : M XY — Z
be a Carathéodory function. Then the set-valued map R defined by

R(w) 2 {z € S(w)|g(w,z) € G(w)}

is measurable. Consequently, if R(w) # 0 for all w € M, then there exists a measurable selection f(w) € S(w)
such that g(w, f(w)) € G(w) for allw € M.

Recall that for a measure space (M, X, ), the integral of a set-valued map w ~~ ¥(w) from M into a Banach
space Z is defined by

/M Udp = {/M P(w)dw ‘ P(w) € U(w) a.e., P(-) is Bochner integrable},

where [, 1¥(w)dw is the Bochner integral of () over M. We say that W is integrably bounded, if there is a
(Lebesgue) integrable k& : M — Ry such that ¥(w) € k(w)Bz(1) for all w € M, where Bz(1) stands for the
closed unit ball in Z.

Lemma 3.7. Let (M, %, 1) be a complete measure space with p(M) < 0o, Y be a separable metric space, and
Z be a separable Banach space. Consider a measurable set-valued map S : M ~» Y with closed values and a
Carathéodory function g : M XY — Z. If M 3> w ~ g(w,Y) is integrably bounded, then

cl /M g(w, S(w))dp = cl /M clg(w, S(w))du.

Proof. Clearly

cl/ g(w, S(w))dp C cl/ clg(w, S(w))dp.
M M
Fix a Bochner integrable selection ¢ (w) € clg(w, S(w)) and let § > 0. Then for

Bz((w),6) = {n € Z| In - v(w)|z < 5},
we have

g(w,S(w)) N Bz(h(w),8) #0 Vwe M.
By Lemma 3.6, there exists a measurable selection u(w) € S(w) such that g(w, u(w)) € Bz (1 (w),d). Since u(+)
is measurable, it is the pointwise limit of simple measurable maps {u, }»>1. Using that ¢ is Carathéodory we

deduce that g(-, u(+)) is pointwise limit of simple measurable maps. Since g(w,Y") is integrably bounded, by the
Lebesgue dominated convergence theorem, g(-,u(+)) is Bochner integrable. This implies that

/ Wy / 9w, u(w))dp + 5u(M) Bz (1).
M M

By arbitrariness of § > 0, we have / Pdu € cl/ g(w, S(w))dp. The arbitrariness of the Bochner integrable
M M
selection ¢(w) € clg(w, S(w)) ends the proof. O



SECOND ORDER NECESSARY CONDITIONS IN OPTIMAL CONTROL OF EVOLUTION EQUATIONS 13

Lemma 3.8. ([1], Props. 8.6.2 and 8.6.4) Let (M, %, 1) be a complete o-finite measure space, Y a separable
Banach space, and F : M ~~Y a measurable, integrably bounded set-valued map with nonempty closed values.
Then

cl/ @quz@/ Fdpu.
M M

Furthermore, if p is non-atomic, then

cl/ @Fd,u:cl/ Fdpu.
M M

Corollary 3.9. Suppose that all the assumptions of Lemma 3.7 hold and p is non-atomic. Then
d [ gl S@)du=cl [ gl S6)dn
M M

As an immediate corollary of Lemma 2.10 of [12], we have the following result.

Lemma 3.10. Let ¥ be the o-algebra of all Lebesgue measurable sets contained in [0, T], U C Hy be closed and
u € U. Then the set-valued map t ~ Cy(u(t)) is X measurable.

We shall also need the following lemma.

Lemma 3.11. (/9], Lem. 2.4) Let Z be a Banach space, K C Z. Then for every = € K C Z and z; € Tp(2),
T,lé(Z)(z7 21) = 12(2)(z, z1) + Cx(2).

3.2. Some inverse mapping theorems

The aim of this section is to prove the following two inverse mapping like theorems.

Theorem 3.12. Assume (H1), (H3) and let (T,u) be a trajectory-control pair of (1.1) with h(Z(T)) = 0. If
(2.17) holds true, then there exist € > 0 and ¢ > 0 such that for every trajectory-control pair (x,u) of (1.1)
satisfying |u — |10, 7:1,) < € we can find a trajectory-control pair (&,1) of (1.1) satisfying

hz(T) =0, [a—ulpiorm) < clh(z(T))]u,-

Theorem 3.13. Assume (S1)-(S4) and let (Z,u) be a trajectory-control pair of (1.1) with h(Z(T)) = 0. If
(2.17) holds true, then there exist € > 0 and C > 0 such that for every trajectory-control pair (x,u) of (1.1)
with |u — |10, 1:1,) < € we can find a trajectory-control pair (T,w) of (1.1) satisfying

WE(T)) =0,  |a—ulpioma,) < C(T))|m,-

By the classical theory of evolution equations (e.g. [13], Chap. 2, Subsect. 5.2), we know that under
assumptions (H1) and (H2), to every control u € U there corresponds a unique solution z(:,u) of the
control system (1.1). Furthermore, using the Gronwall lemma, it is not difficult to check that the mapping
U3 ur z(;u) € C([0,T]; H) is continuous. However, since U is only a metric space, one cannot differentiate
the map U > u — h(z(T,u)) to get the above inverse mapping theorems. Instead we replace derivatives by
variations in the following way:
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Recall that for a family of subsets {I's}s~o of a Banach space Z, the upper set limit is defined by

v € Limsup;_,o+I's <= liminf dist (v,T'5) = 0.
§—=07t

Define the continuous map G : U — Hs by G(u) 2 h(z(T,w)). For 6 > 0 and u € U, set
A
Bs(u) = {v e U|d(v,u) < d}.

The first-order contingent variation of G at u € U is defined by

G(Bs(u) = G(u)
5 .

G (u) = Limsupgs_, o+

Usually, it is difficult to compute the whole set GV (u). However, as we show below, the set h,(Z(T))(RY) is a
subset of @6 G(M) (). This is sufficient for our purposes.
Denote by B2 the closed unit ball in Hy. The following result is an immediate consequence of Theorem 3.2

of [7].

Lemma 3.14. If for somee > 0 and p > 0, pB™2 m @G(l)(u), then for every u € U such that d(u,u) <
d(u,a)<e
S andce |0, 5],
G(u) + cpint B2 ¢ G(B.(u)).

Moreover, for every u € B=(u) and x € Hy satisfying |x — G(u)|g, < min{g, 5}, we have
. 71 1
dist (u, G~ (2)) < =z — G(u)|m,-
p

Lemma 3.15. Assume (H1), (H3) and let (Z,a) be a trajectory-control pair of (1.1). If (2.17) holds true,
then there exist ¢ > 0 and p > 0 such that for every u € U satisfying d(u, ) < €, we have pB™> C @6 G (u).

Before proving Lemma 3.15, we recall the following result.

Lemma 3.16. (/2], Thm. 2.8) Let Y and Z be separable metric spaces and consider a Carathéodory map
F:[0,T] XY — Z. Then, for any € > 0 there exists a compact set To C [0, T] with the Lebesque measure of
([0, T]\ Tz) smaller than € and such that the restriction of F' to Te XY is continuous.

Proof of Lemma 3.15. For v € U, let x(-,u) denote the corresponding solution of (1.1). By (H1) the set
{z(-,u) }uecy is bounded in C([0,T]; H). We borrow some ideas from the proof of Proposition 2.9 in [2]. Choosing
Y =HxH;,Z=H and F = f, by Lemma 3.16, for every k € N, there exists a compact 77, C [0,T] such that
f is continuous on 71 ; x H x Hy and the Lebesgue measure of [0,7]\ 77, is smaller than % Fix any u € U.
By Lemma 3.16 again, for every k € N, there exists a compact Tz, C [0,T] such that w is continuous on Tz j

and the Lebesgue measure of [0,7] \ 72, is smaller than % Let Tx = T1,x N T2, and denote by Tw the set of

Lebesgue density points in 7. Then the Lebesgue measure of the set T 2 Ure; 7~7C is equal to T
Define M = maxyey |w|m, + 1 and consider a dense subset {u;}32, of U. Let t € TN (0,T] and 6 € (0,2M1).
For a fixed j € N, define the control

uj, if seft—4§/2M,t],

uj5(s) =
u(s), otherwise.
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Then u; s € Bs(u) and

oty uz.) / AU (s, (s, uy),uy) = F(s,2(s,u),u(s))]ds
§/2M
:/ A [f(s,2(s,u5),u5) = f(s,(s,u), 7)) ds (3.1)
t—tS/QM
+/ A= S) f(s,x(s,u),uj)*f(S,x(Sau),u(s))]d&
t—5/2M

From (H3), we deduce that

/ R [ (s, 2(5,uy),u5) = f(s5,2(s,u), u5)]ds
t—8/2M "

¢ 1
= / eAlt=s) / fo(s,z(s,u) + o(x(s,uj) — x(s,u)),u;) (z(s, u;) — x(s,u))dods (3-2)
t—6/2M 0 H
<C sup |z (s, uj) — x(s,u)|gd = 0(9).
SE[t—6/2M 4]

Since ¢ € T, there exists k > 0 such that ¢ € T5. Since ¢ is a Lebesgue density point of T, it follows from (H1)
that

lim f/ eA(t_S)fs,x s,u),ui) — f(s,z(s,u),u(s))|ds
B[S S € a0, w) = sy 0), u(e)]ds ],
) (3.3)
< Clim = ds = 0.
6200 Jir—s/2M 4\ Ti
Recalling that f(-,-,-) is continuous on T x H x Hy, from (3.3), we obtain
1 t
lim = AU [ (s, w(s, u), u5) — F(5,2(s, u), u(s))]ds
=00 Jy_s/om
1
= lim ~ eAlt=9) [f(s,2(s,u),u;) — f(s,x(s,u),u(s))]ds (3.4)
§=00 Jy—s/2M40Ts
1
= m[f(t7x(tau)7u]) - f(tvx(tau)vu(t))]
Combining (3.1), (3.2) and (3.4), we have
. x(tus) —x(t,u) 1 N
lim , = S Ut e u),ug) — £t (e u), u(e)] (3.5)
Consider the following equation:
zi(s) = Az(s) + fz(s,z(s,u),u(s))z(s), s € (t,T), 36)
3.6

z(t) = zo,
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and define the family of operators ®(-,¢;u) on H as follows:

D(s,t;u)zg = 2(s) for s € [t, T.
Then we have that

(T, ujs) — x(T,u)

= (T )t 2t u) ) — £ (), u(t)))

51—i>%1+ ) 2M
Therefore,
he(z(T, u)){@(T,t;u) [f(t,m(t,u),uj) - f(t,x(t,u),u(t))}} C 2MG(1)(u). (3.7)

Since j € N is arbitrary, {u;}52, is dense in U, and f is continuous with respect to the third variable, it follows
from (3.7) that for a.e. t € [0,7T],

o (2 (T, w) { (T, tsu) [ f(t, 2(t,w), U) — f(t,x(t, ), u(t)]} € 2Meo GW (u).

Consequently, for every measurable selection v(t) € f(¢,z(t,u),U) — f(t, z(t,u),u(t)) and for a.e. t € [0,T], we
have

ha (x(T, u)) [O(T, t; u)v(t)] € 2Mco G (u).

This implies that
T
hy (z(T, u))[ / @(T,t;u)v(t)dt} € 2MT o G (u). (3.8)
0

Denote by R™* the reachable set at time T of the following control system:

9e(t) = AG(t) + falt, x(t,w),u(t)g(t) + v(t), ¢ (0,T],
v(t) € flz(t,u),U) = f(z(t,u),u(t)), a.e. t € [0,T], (3.9)

§(0) = 0.
Since @6 G (u) is closed, we get from (3.8) that
L hy (2(T,u))(REY) € 2MT e GW (u).
Hence, we only need to show that
3p > 0,Yu € U, sufficiently close to @ in U, it holds that pB72 C clh, (x(T,u))(R™). (3.10)
By the continuity of the map U > u — z(-,u) € C([0,T); H) we know that

Vé >0, 36 > 0 such that [z(-,u) — Z(-)|c(o.r:m) < &, Yu € U with d(u, @) < 4. (3.11)
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Using the Gronwall lemma it is not difficult to show that

Vé>0, 36 > 0 such that sup |D(T, t;u) — (T, ;)| £y < &, Vu € U with d(u, ) < 5. (3.12)
tel0,7]

Let @ € U. From (3.11), (3.12) and (H3) we deduce that for each € > 0, there exists 6 = §(¢) > 0 independent
from @ such that for any u € U satisfying d(u, @) < 9,

ha(#(T){ / (T, 1) [£ (1, 2(0), (1)) — f(t,2(), u(t))]dt |
€ hy(x(T, u)){/o (T, t;u) [f(t, x(t, u), a(t)) — f(t,m(t,u),u(t))]dt} + eBHz,

Observe next that by Lemmas 3.5 and 3.6 for every measurable selection v(t) € f(¢,Z(t),U) — f[t] there exists
@ € U such that v(t) = f(¢,Z(t),a(t)) — f[t] a.e. in [0, T]. Consequently,

clhy (2(T))(RE™) C el (he(x(T,u))(RY") + eBH2) . (3.13)
Define F(t) = f(t,&(t),U) — f[t] for all ¢ € [0, T]. It is not difficult to check that
0 (he(2(T))®(T, t;u) F(t)) = cl (ha(2(T)) (T’ t; u)To F(1)).
Therefore, by Lemma 3.7, applied with S(t) = o F(t) and g(t,&) = hy (2(T))®(T, t; @)¢

T

cl (ha(Z(T)R") =cl | hy(z(T))®(T,t;u)co F(t)dt

L (ha (3(T))®(T, t; 7)co F(t))dt

Il
o
S

o— >

=l | @ (ha(2(T)B(T, t;0)F (1)) dt.

S~
5

This and Corollary 3.9 applied with S = U and g(t,u) = h,(Z(T))®(T, t;@)(f(t,z(t),u) — f[t]) imply that
cl (ha(Z(T))R") = cl /0 ho (2(T))®(T, t; a) F(t)dt.

Therefore cl (hy(2(T))RY) = cl (hy(Z(T))R™) and the set cl (h,(Z(T))R™™) is convex. The same argument
implies that ¢l (hg(Z(T))R™") is convex for any u € U.
By (2.17), for some p > 0 we have

pB2 c cl (h, (z(T))REY). (3.14)

Fix € € (0, %) and let 0 = d(¢) be as above.
We claim that

(p —2¢)B2 C clhy(z(T,uw))(RYY), Vu €U satisfying d(u, @) < 6. (3.15)
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Otherwise, by the separation theorem, there exists ¢; € Hz with |g1]|mg, = 1 such that

sup e, q1 < p-—2e. (3.16)
e€hy (x(Tiu)) (RE) < >H2
By (3.13),
sSup €, q1 < sup 60 +e.
e€ha (5(T))(RL-™) (e, e€ha (2(Tu))(REW) (e,

This, together with (3.14), yields

p < sup <e,q1>H2§ sup <e,q1>Hz+€<p—2<€+s:p—a.
e€ha (3(T))(RE-) e€hg (x(T5u)) (RE™)

The obtained contradiction yields (3.15). Consequently, (3.10) is satisfied with p = p — 2¢ whenever d(u, 4) < é.

O
Proof of Theorem 3.12. By Lemma 3.15, there exist € > 0 and p > 0 such that for every v € U with d(u, @) < &
we have pB2 € @ G (u). Then by Lemma 3.14, we obtain the desired result. O

To prove Theorem 3.13, we need to modify the assumptions of Lemma 3.15.

Lemma 3.17. Assume (S1)—-(S4) and let (Z,u) be a trajectory-control pair of (1.1). If (2.17) holds true, then
there exist € > 0, p > 0 such that for every u € U satisfying d(u, @) < € we have pB"2 € @6 GM (u).

Proof. By (S1)—(S2), for every u € U and t € (0,7, z(¢t,u) € X. Then one can mimic the proof of Lemma 3.15
to deduce Lemma 3.17. O
The proof of Theorem 3.13 is the same as the one of Theorem 3.12.

3.3. Tangents to trajectories satisfying end-point equality constraints

The aim of this section is to prove the following two lemmas.

Lemma 3.18. Assume (H1) and (H3). Let (T, @) be a trajectory-control pair of (1.1) with h(Z(T)) = 0 satisfy-
ing (2.17) and (y,u) € Z be a trajectory-control pair of (2.6) satisfying (2.11) and such that h,(Z(T))(y(T)) = 0.
Then for every trajectory-control pair (w,v) € E of (2.13) satisfying (2.22) with wr = w(T), there exists ¢ > 0
and trajectory-control pairs {(xs,us)}s>o0 of (1.1) such that [us — u|p10,17;m,) < €0,

h(zs(T)) =0
and

lim lzs — & — 6y — 0%wlc (o, 1) 1)
§—0+ (52

=0.

Furthermore, if V*(a,u) N L*(0,T; Hy) # 0, then for any wy € cl RE?) satisfying (2.22), there exist trajectory-
control pairs {(xn, un)tnen of (1.1) and 6, — 0+ such that h(x,(T)) =0, lim |u, — @|p10,7;m,) = 0 and
n—oo

Lo 2 (T) = 3(T) = uy(T) = Fwrl

n— 00 67%

=0.

Lemma 3.19. Assume (S1)-(S4). Let (Z,a) be a trajectory-control pair of (1.1) with h(Z(T')) = 0 satisfying
(2.17) and (y,u) € 2 be a trajectory-control pair of (2.6) satisfying (2.11) and such that h,(Z(T))(y(T)) = 0.
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Then for every trajectory-control pair (w,v) € Z of (2.13) such that (2.22) holds true with wr = w(T) there
exists ¢ > 0 and trajectory-control pairs {(xs5,us)}s>0 of (1.1) satisfying |us — u|r1(0,7;m,) < €6,

h(zs5(T)) =0
and

lim |zs — T — oy — 52w|C([o,T];X)

=0.
50+ 02

Furthermore, if V*(@,u) N L*(0,T; Hy) # 0, then for any wr € cl RE?) satisfying (2.22), there exist trajectory-
control pairs {(xn, un)}nen of (1.1) and §, — 0+ such that h(x,(T)) =0, li_>m |t — @l 10,70, = 0 and

o Jea(T) = #(T) = 6,y(T) = wrlx

n—00 5721

=0.

Proposition 3.20. Let u € U and u,v : [0,T] — H; be measurable and such that

(i) for some measurable ¢ : [0,T] — Ry, po > 0 and for any p € (0, pol, dist(a(t) + pu(t),U) < p?c(t) for a.e.
t € [0,T];
(i) v(t) € T (@(t), u(t)) for a.e. t € [0,T].

Then for any p € (0, po, there exists a measurable v, : [0,T] — Hy satisfying
(1) |v,(t)] < 2Jv(t)] + 2p + c(t) for a.e. t €[0,T);
(2) a(t) + pu(t) + p*v,(t) € U for a.e. t € [0,T);
(3) p1_1>r51+ v,(t) = v(t) for a.e. t € [0,T].
In particular, if v € L?(0,T; Hy) and ¢ € L?(0,T), then lim,_ o+ |v, — V|2 0,1:H,) = 0.
Proof. Let p € (0, po]. Put
a,(t) £ dist(i(t) + pu(t) + p2u(t), U). (3.17)
Then a, is measurable. Further, by Lemmas 3.5 and 3.6, there exists a measurable y,, : [0,7] — U such that
ap(t) < la(t) + pu(t) + p*o(t) =y, ()|, < ap(t) +p*>  forae. t €[0,T].
Similarly, there exists a measurable z, : [0,7] — U such that
|i(t) + pu(t) — 2,(t) g, < dist(@(t) + pu(t),U) + p* < pc(t) + p*  for ae. t € [0,T].
This, together with (3.17), implies that
ap(t) < [i(t) + pu(t) + p?u(t) — 2o(B)l, < pPe(t) + pAlo(t) , +p° for ace. t € [0,T].
Consequently,

ap (t)
02

<c(t)+ |v(t)|g, +p forae. te(0,T).
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Next, define v, : [0,7] — H; by

Then we have that

[o(t) —vp(t) |, < a;(;) +p forae. tel0,7T].
Therefore, for a.e. ¢ € [0,T],
o (D) |1, < 2[0(t)] 1, + () + 2p
Further, it follows directly from the definition of v, that
a(t) + pu(t) + p?v,(t) € U for ace. t € [0,T).

Finally, since for a.e. t € [0,T7], v(t) € T[I}@)(ﬂ(t),u(t)), we have that

t
lim ap(z) =0 forae. tel0,T].
p—0+  p
O
Proof of Lemma 3.18. By Proposition 3.20, we know that for every ¢ > 0 there exists @s € U such that
R -
Denote by Z5s the solution of (1.1) corresponding to is. It follows from (3.18) that
|tis — Ul r2(0,7;m,) = O(0), (3.19)
|1~L§ — U — (5u|L2(0)T;H1) = 0(52) (3.20)
and
s — u — 6u — 6%0|2(0,7:11,) = 0(6°). (3.21)

Then we have that for some C' > 0,

t
1 t—s




SECOND ORDER NECESSARY CONDITIONS IN OPTIMAL CONTROL OF EVOLUTION EQUATIONS 21

+= /Ot eA(ts){/01(1—9)fxu(5,f(8)+9(55(5)—f(s)),ﬁ(s))d@} (5:5(5)_3—;(5),aé(s)_ﬂ(s))ds’H
41 /OteA(t—S){/01(1—9)fxu<571‘(8),U(S)+9<ﬁ5(8)—u(8)))d9} (jg(s)—.’f(s)’aé(g)_a(SDdS‘H

L1 /OteA(tS) [/01(1 0) fuu(s, T(s), @(s)+0(iis(s) — a(s)))de} (ﬁg(s)fﬂ(s),ﬂg(s)—ﬂ(s))ds‘H

< c(/ot [25(s) — #(s)]srds + ).

This, together with Gronwall’s inequality, implies that

%6 = Z| o ey < CO- (3.22)

Similarly, from (3.20) and the above inequalities, we can deduce that

- 2
Ts— T — 6y|C([O,T];H) < Cé°. (3.23)

From (3.19) and (3.22) it follows that
|#5(t) — 2(t) — dy(t) — 6*w(t)|
= ‘/ eA(t_S)f(s,QE(;(s),ﬂg(s))ds—/ eA=9) £ (s, 2(s), u(s))ds
0 0

— teA(tfs) sly(s slu(s))ds — 62 teA(tfs) slw(s slv(s))ds
3 [ M (ulslyls) + Rlslu9)ds = 8 [ A (fulshu(s) + flslo(s))d
_52/0 o At—s) [feals] (y(s), y(s)) + 2fzuls] (y(s), u(s)) + fuuls] (u(s),u(s))}ds‘H
= | /O A=) £, (8] (F5(s) — 2(s) — by(s) — 6%w(s))ds (3.24)
+/ A=) f,15] (is(s) — a(s) — u(s) — 6°v(s))ds
0
= / A=) [ £, 5] (35(5) — 7(5), () — 5(5)) + 2fuuls] (F5(5) — 7(5), () — (5))
+ fuuls] (ﬂ(;(s) —u(s),us(s) — ﬂ(s))]ds
—% /O A [Frals] (5(5). 9(5) + 28] (9(5), u(s)) + Fuuls] (u(s), u(s)) ] ds| |+ 04(5?)

with sup,c(o.7) |0:(6%)] = 0(5?).
By (3.22) and (3.23), we see that for every ¢ € [0, T7,

/0 ‘fmw[s] (-%5(5) - j(8)7 i‘g(S) - j(3)> - 62fmw[s] (y(8)7y(8)) ’HdS

_ /0 | l8) (o (8) —2(5), E5(5)— 2(5) —69(3)) & Foa [8] (60(5). Ea(5)—2(5) — Sy(s)) |, s (3.29)

< 0(6?).
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Similarly, we can show that

’ /0 [me[s] (505(5) —z(s),us(s) — _(s)) + fuuls] (ﬂg(s) —a(s),us(s) — ﬂ(s))]ds

3.26
5 [ A1) + Fuuls ) )]s, < 005, o
Combining (3.21), (3.24), (3.25) and (3.26), we obtain that
3(0) = 00) = u(6) ~ 800 < © [ [75(5) = 6) = 80(5) ~ $0(6)] 5+ o6),
This and Gronwall’s inequality imply that
&5 — 7 = 0y — 8*w| 0 1.1y = 0(0%), (3.27)

which yields

. .i'(;—.’i‘—(sy
lim ———~=

m 52 =w in C([0,T]; H).

Then by the choice of y and w, h(Zs(T)) = 0(62). By Theorem 3.12, for every § > 0, there exists a trajectory-
control pair (zg,us) of (1.1) such that

|tis — us|Lr(or;H,) = 0(6%)

and h(zs(T)) = 0. Thus,
lus — Ulpro,rmy) < |us — Us| Lo, m,) + s — Ul Lo, 3m,) < CO+ 0(6%).

Similarly to the proof of (3.22), we can get that

|Zs — @s|c(o,m), ) = 0(6).
This, together with (3.27), implies that

Ts— T — 0y — 52w|C([O,T];H) = 0(6?).

Consequently,

. x5 —T—0y
lim ———~=

Jm, 52 =w in C([0,T]; H).

To prove the last statement, consider trajectory-control pairs (wy,v,) of (2.13) such that lim w,(T) = wy.
n—oo
Since V2(u,u) N L2(0,T; Hy) # (), we may assume that (w,,v,) € =.
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Fix n and let (Zs,us) be as at the beginning of the proof with w replaced by w,. In particular, 511%1+ lus —
—

12|L1(0’T;H1) =0 and

lim |Z5 — & — 6y — 0°wn|c(o,m;m) _

6—0+ 02 0-

On the other hand, setting
_ _ 1
En = |2hr(x(T))(wn(T)) + hes (z(T)) (y(T),y(T))| + W
we know that li_>m en = 0. By the choice of y, for all § > 0 sufficiently small,
n oo
\W(@5(T))| < end®.

By Theorem 3.12 there exists ¢ > 0 independent of n and §,, > 0, such that for every § € (0,9,], we can find a
trajectory-control pair (zs,ugs) of (1.1) such that

~ 2
|tis — us|L1(0,7;H,) < CERD

and h(zs(T)) = 0. Then, by the Gronwall inequality, for a constant C' > 0 independent of n, we have |zs —
Z5|c o, H) < Ce,p62. Taking d,, smaller and keeping the same notation, we may assume that

|Zs — T — 0y — 52wn|c([07T];H) <
62 -

for all § € (0,6,]. Then

|zs — & — 0y — 8% wnlc (o, 1.0
S (O.T:H) (C +1)en
for all 6 € (0,6,]. Consider next any d,, € (0,d,] such that &, — 0+ and define (z,,,u,) = (s, ,us, ). Then

|20 (T) — 2(T) — 60y (T) — Spwr|
H

< (C+ ey, + |wp(T) —wr|a.

The proof is complete O

The proof of Lemma 3.19 is very similar to that of Lemma 3.18. One only needs to use the smoothing effect
to compensate the loss of the regularity of the derivatives of f, h, etc. Indeed, for any zq € H, the solution
x(t) € X for t > 0. Hence, for ¢ > 0, the terms such as | fo (¢, 2(t), u)|z(x;m)s | foe(t, 2(t), w)|£(x, x; ) Mmake sense.
We omit the details.

4. PROOFS OF THE MAIN RESULTS

We borrow some ideas from [8, 10] to prove Theorem 2.5. The key point is to find “admissible perturbations”
of the control (perturbation of the local minimizer which still fulfill the endpoints constraints) using Lemma 3.18,
the second order linearization of our control system and second order linearizations of the end-point constraints.
Then we write a variational inequality satisfied by these perturbations and derive a dual expression of this
variational inequality by using the separation theorem. To get the above variational inequality we need a
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Mangasarian-Fromovitz like constraint qualification. When it fails to hold, again, by using the same kind of
arguments based on the separation theorem the necessary conditions follow in the abnormal form.
Proof of Theorem 2.5. By (2.18), the mapping h, (Z(T")) is surjective. Thus, h,(Z(T'))* is injective and

(kerh, (2(T))) " = Tm by (2(T))" (4.1)

Fix (y,u) € C(Z,u) with V2(a,u) N L?(0,T; Hy) # . By Lemma 3.11, we obtain that

R+ RM? = RL®), (4.2)
Put
Q= {ﬂ € H \ 95.=(@(T))(n) + %gj,m(f(T))(y(T),y(T)) < o}, jez,u{0} (4.3)

and observe that if for some ¢ € Z, U {0}, Q; = 0, then for all n € H,

9ex(Z(T))(n) + %ge,m(i(T))(y(T)vy(T)) > 0.

This implies that

902(Z(T) =0, graa(@(T))(y(T),y(T)) = 0.

In this case, set 8 =0, ay =1 and «; = 0 for j # ¢. Then (,0,0) € A(Z, @) and (2.19) is verified with p(-) = 0.
Now we only need to deal with the case when Q; # 0 for every j € Z, U {0}.
From (4.3), we see that if g; ,(Z(T")) = 0, then Q; = H. Put

T2 {jeT,|g;.(#(T)) #0, g;.(&(T))(y(T)) = 0}.

In what follows, for convenience, if Z = (), then we set ﬂjeI Q;=H.

The remaining proof is quite long and is divided into three steps. It is well known that the set cl R“(?) is convex
(it can be verified similarly to the end of the proof of Lemma 3.15, where we have shown that cl (h,(z(T))R"®)
is convex).

Step 1. Assume that (e Q;) (1Ol RE®?) £ () and let wr € (Njez @) NONel RE?) (recall (2.14) for the
definition of ©). Let (zy,u,) and d, — 0+ be as in the last statement of Lemma 3.18. If j ¢ Z,, then for all
large n, z,(T) € @, and therefore g;(z,(T")) < 0. Also if for some j € Z, we have g;.,(Z(T))(y(T)) < 0, then
for all large n

95 (@n(T)) = g;(F(T)) + 0ng; . (Z(T))(y(T)) + 0(0n) < 0.

Finally, if g; ,(Z(T))(y(T)) = 0 for some j € Z,, then for all large n

5500 (1) = 35 0(D)) + 0% (032(@(T) ) + 503D BTV UT) ) + 0002 <0
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Consequently, (x,,u,) is admissible whenever n is sufficiently large. It follows from the inequality
90.(Z(T))(y(T)) < 0 that

go(zn(T)) — go(z(T))

0 < fi, =
< fiy 00 @(D)(@a(T) = 2(T) — 6uy(T))
T n—oo 57%
45 i o (7(T)) (””"(Tli xT), mn<T>5; 20))

= 00,2 (@) (wr) + 5002 (#(T))(y(T), y(T)).

If go,-(Z(T)) = 0, set g = 1,c; = 0 for j # 0 and 5 = 0, p(-) = 0. Then, by the above inequality, the conclusion

of Theorem 2.5 holds with this choice of multipliers. From now on we assume that go ,(Z(T")) # 0.
IfZ#0,let Z={ji1,...,jy}, where 1 <~ <r. The above string of inequalities implies that the convex set

A
r= {(qo—m,ql—m,...,qv—n,Q—m)MEclRL(2), 0€0,q0€Qoq€Qj, L=1,....,7}

does not contain 0. By (H4), we know that I" has interior points in the product space H;/:o E; x H , where
E; =H for all j =0,...,7. By the separation theorem for convex sets, there exists a nonzero bounded linear

functional p on [[_, Ej x H such that
p(qO_KHQI_"{7"'aq’y_K/79_KJ)Zoa
Ve €clRM® 0€0, ¢€Qo ¢ €Qj,, L=1,...,7.

Define an extension p of p as follows:

§
(G0 Gy Gyr1) = p(Cos - G Plyrn), Y(Cos- 16y, Gin) € [ By x H,

j=0
where Pz denotes the orthogonal projection from H to H. Then we have

ﬁ(qoiK’aql757"'711’)'7’4/,0753)ZO,

(4.4)
Ve € cddRF® 0O, qoeQo e €Qjy L=1,...,7.

By the Riesz representation theorem, there exist ¢, ¢; € H (j € Z U {0}), not vanishing simultaneously, such
that for every x € cl RE(),

Z inf g, eq,(¢ ¢ — k), +infoco(C,0 — k), > 0.
JETU{0}

By taking p; = — Z ¢ — ¢, we have
JETU{0}

> GHCH+p=0 (4.5)

JETU{0}
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and

Z inf g, cq, <Cj, qj>H + inf9€@<C, 9>H +infcpee <p1, k>H > 0. (4.6)
JETU{0}

It follows from (4.6) that
inf {{¢, H>H| K € ker hy (Z(T))} > —o0 (4.7
implying that ¢ € ker h,.(Z(T))*. Hence, by (4.1), we get that
(= hy(z(T))"q1 for some q1 € Ho.
Set 8 = —q1. Similarly, by the definition of Q;, for every j € ZU {0}, we have
G € (ker g3 (T(T))* = T g;.0(3(T))".
Consequently,
¢ = X;jgj»(Z(T)) for some \; € R.
We next observe that for all large A > 0, —Ag; . (Z(T)) € Q;. By (4.6), we have that for some ¢ > 0
inf x> (X 9.0 (2(T)), =2gj2(F(T))) g = i xse (= A9, (2(T))[7) > —oc.
Recalling that |g; . (Z(T))|% > 0, we deduce that A\; < 0. By the very definition of Q;, for every j € T U {0},

1

S 430 (F(T)) () = ~ 505 (F(T))(9(T), (7))
Therefore,
inf e, (6) = 29l e (R 0(T), (7))
Set
Il ifjezufo),

Yo itjeqn. T
By (4.5),

pr=> @;9;:(2(T)) + ho(2(T))*B. (4.8)

=0

Since ¢* and {(} }jezufo) do not vanish simultaneously, we have (a, 3) # 0. Denote by p(-) the solution to the
adjoint equation (2.2) with the final datum py = p;. It follows from (4.6) that inf, cpre p(T)(k) is bounded
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from below. Since R is a cone, we deduce from (4.2) and (4.6) that

inf wer p(T) (k) > 0.

Let (z,m) be a trajectory-control pair of (2.20). Then

<p / <p s fult] > dt > 0.
From Lemmas 3.10 and 3.5, using that Cy(@(t)) is a cone, we deduce that

lnanC'U(u(t < () fu[] > =0.

Hence («, 8,p) € A(Z,a).
Step 2. Let (w,v) be a trajectory-control pair of (2.13). From (4.6) and the above calculations we obtain

%<hm(f(T))(y(T),y(T)),ﬁ>H2 + > %gj,m(f(T))(y(T),y(T)) +{(p(T), w(T)), > 0.
JETU{0}

On the other hand,
(p(T),w(T),,
- /OT [0, FlF10(0)) 5 + 5 (0, FealAE), 90 g+ 2(p(0), Feall0(0) )
+(p(0), Funlt] u(t), u(t))) ) |t
-/ [0 + £ (M0, 50 5 + 2HanlE00),u(0) + Mo 100, ) .
This yields

;Q (y,u,a, B,p) / Haul ))dt > 0.

Next, for every @ € V2(u,u), there exists
{vi}2, € {v e L30,T; Hy)| v(t) € To (alt), u(t)) for ae. t € [0,7]}

such that

Thus

1 T
3200 B.9) +infacvauay | Hall(o(e)de > 0. (149)
0

Then, by an argument similar to end of Section 5 of [10], we can obtain the inequality (2.19).
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Step 3. Assume that (();c7 Q;)1©cl RE®?) = (). Then the set

I‘é {(q1—/17...,(]7—5,0—/{)|/~@ECIRL(2), 0 €0,q0 € Qo,qe erwﬁzl,...,v}

does not contain zero. Applying the same separation arguments as in Step 1 and the analysis of Step 2 to this
new set I' and Z U {0} replaced by Z we obtain («, 5,p) € A(Z,a) with ag = 0 satisfying (2.19).
|

The proof of Theorem 2.10 is almost the same as the one of Theorem 2.5. One only needs to use the fact
that for all t € (0, T, Z(¢),y(t), w(t) € X. We only focus on the differences in the proof.

Proof of Theorem 2.10. By (2.30), the mapping h,(Z(T)) is surjective. Thus,
Im h, (Z(T))* = {¢ € X'| #(n) =0, Vn € ker hy(Z(T))}. (4.10)

Fix (y,u) € C(Z,u) with V2(a,u) N L?(0,T; Hy) # . By Lemma 3.11, we know that (4.2) is satisfied. Define

Qj = {77 € X‘ 95,(Z(T))(n) + %gj,m(i”(T))(y(T),y(T)) < 0}, j € Z,u{0}, (4.11)

where Z, is as in (2.29). Again, if for some ¢ € Z, U {0}, Q; = 0, then it is sufficient to set 3 =0, ap = 1 and
a; =0 for j # ¢. Then («,0,0) € Ax(Z,u) and (2.19) is verified with p(-) = 0.
Assume next that Q; # 0 for every j € Z, U {0}.

Step 1. From (4.11), we see that if g; ,(Z(T')) = 0, then Q; = X. Put

T2 {jeT,|g;.(#(T)) #0, g;.(&(T))(y(T)) = 0}.

Again, if Z = 0), then we set (),;c7 Q; = X.
Let wr € (7 @) N Ox Nclx RY?). In the same way as in Steps 1, 2 of the proof of Theorem 2.5 we show
that

9o.e(B(T)) ) + 502 (F(T)) (T, y(T)) > 0. (412)

If oo (Z(T)) =0, set g = 1,0 = 0 for j # 0 and 5 = 0,p(-) = 0. Then, by the above inequality, the conclusion
of Theorem 2.10 holds with this choice of multipliers. From now on we assume that go ,(Z(T")) # 0.
IEZ#0, let Z={ji1,...,jy}, where 1 <~ <r. Inequality (4.12) implies that the convex set

rs {(qofn,ql7I€,...,q77/£,971€)|h:€ClxRL(z), 0 €Ox,q € Qo,q € Qj,, 6:1,...,7}

does not contain 0. By (S5), I' has interior points in the product space szo X; x )?, where X; = X for all
J=0,...,7. By the separation theorem for convex sets, there exists a nonzero bounded linear functional p on
[[j—o X, x X such that

p(qO_"i7q1_Kjv"WQ’Y_HHe_H)207
Ve €clx RE® 0 Ox, g0 e€Qo, 0 €Qy,, L=1,...,7.
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By the Hahn-Banach theorem, p has an extension p on H;/:o X; x X. Then

ﬁ(qo_l{7q1_Ka"'7Q’Y_K;79_K/)207

(4.13)
Vi €cx R"®, 0 €Ox, g€ Qo, @ €Qjy £=1,...,7.

By the Riesz representation theorem, there exist ¢, (; € X’ (j € ZU{0}), not vanishing simultaneously, such
that for every k € clx RL(Q),

Y infyeq,¢(g — K) +infocox((0 — k) > 0.

jezu{o}
By taking p; = — Z ¢j — ¢, we have
jeTu{0}
> GHC+p=0 (4.14)
jezu{o}
and
> infgeq,¢i(q) +infacoy ((0) + inf . grepi (k) > 0. (4.15)
JETU{0}

As in the proof of Theorem 2.5 it follows from (4.15) that ¢ = h,(Z(T))*q1 for some ¢; € Hs. Set 8 = —q;.
Similarly, ¢; = Ajg;,..(Z(T)) for some A\; € R_. Let j € Z and n € X be such that g;.(Z(T))(n) = |g;,.(Z(T))|x".
Then for all large A > 0, —An € Q;. By (4.15), we have that for some ¢ > 0

inf 3> e A 95,0 (Z(T)) (=) = infxse (= ANj1g5,0 (2(T))[x7) > —o0

and therefore A; < 0. As before we know that

)\,
inf e, () = g, (D) (T, 0(T)).
Set
Al i e Tu o
Oéj:
0, ifje{l...r}\T.
By (4.14),

p1= Zajgj,m(f(T)) + he (2(T))"B-
=0

Since ¢ and {(;}jezufo} do not vanish simultaneously, we have (, 3) # 0. Denote by p(-) the solution to the
adjoint equation (2.2) with the final datum pr = p;. It follows from (4.15) that inf ¢ prep(T) (k) is bounded
from below. Since R is a cone, we deduce from (4.2) and (4.15) that

inf .er p(T)(k) > 0.
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Let (z,7) be a trajectory-control pair of (2.20). Then

(BT D) = [ (000) £t () e = 0.

This, together with Lemmas 3.10 and 3.5, implies that («, 3,p) € Ax(Z,a).
Step 2. Let (w,v) be a trajectory-control pair of (2.13). From (4.15) and the above calculations we obtain

e EON WD), 9D, B+ Y Dy EONT) YD) + (D), 0(D)) , > 0.

JETU{0}

2

On the other hand, by assumptions (S1)-(S4),
(p(T),w(T)) .
- /OT [(p(0), ultlo () + ;«p@, Feal) (1), y()) 7+ 2(p(1), Feultl(W(8),u(®))
+(p(0), Funlt] u(t), u(t))) ) |
- / ' [HIA0) + 5 (a0, 9(0)) g+ 20 (0), 0(0) + oA u(0), (1)) ]t

This yields

%Q(y,u,a,ﬁ,pwr/o Ho[t](v(t))dt > 0.

The proof ends in the same way as the one of Theorem 2.5.

Proof of Theorem 2.7. By our assumption, if j € Z,, then Q; # (). From the proof of Theorem 2.5 we know
that if go.(Z(7)) = 0, then the conclusion of Theorem 2.5 holds with oy =1, =0, a; = 0 for all j # 0 and

p(-) =0.

Now we consider the case of go.(Z(T)) # 0. From the proof of Theorem 2.5, we only need to show that
Co # 0. Otherwise, let wr be as in the assumptions of our theorem. From (4.5) and (4.6), taking the closure of

RE®) in H we have that

Zianjer <C]7q] - wT>H + inf@€@<g7 60— wT>H Z 0.
JjeET

This and the choice of wr yield (; = 0 for every j € Z. Consequently,
p1 = —h.(2(T))"q1 for some 0# q; € Ha.
This and (4.6) imply that
ianGRL(2>< — he (Z(T))*q1, /@>H = ianeRL(2)< - q1, hw(aﬁ(T))/ﬁ>H2 > —00,

which contradicts (2.21) and (4.2).
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Proof of Theorem 2.8. The assumption of this theorem is equivalent to

( N Qj) NeNdr"® =o.

J€ZLg

Then, by the same arguments as in the proof of Theorem 2.5, we can get the conclusion. O

Proof of Theorem 2.9. By Theorem 2.5, we only need to deal with the case when 0 is on the boundary of
clh(Z(T))(RY). By the assumption of Theorem 2.9 on clh,(Z(T))(R%) and the separation theorem, there
exists a nonzero ¢; € Hs such that

Nrg%nL (a1, hx(f(T))n>H2 =0. (4.16)

Set « = 0, 8 = ¢ and denote by p the corresponding solution of the adjoint equation (2.2). As before, (4.16)
and Lemma 3.5 imply that for a.e. t € [0, 7],

H(E (), up(t) > H(t,2(0),a(t), p(t),  Vue U,

This yields (2.3). Furthermore, if a trajectory-control pair (w, v) of (2.13) satisfies (2.22) with wr = w(T'), then

(). 0(T))y + 2 (B, haa (ST WD), u(T)) , =0.

2

On the other hand, as in the proof of Theorem 2.5,

T
— [ [l + § (a0, (0 + 200, 000) + Haa (0, u(0)

Hence,

1 T

5 (B o (B(T)) (W(T), y(T))) py, + / Hat](v(t))d

0

"‘% /O (<Hm [ty (), y(t)>H + 2H [t (y (1), w(t)) + Huult] (u(?), u(t)))dt =0

This completes the proof. O

5. TWO EXAMPLES

In this section, we present two illustrative examples for our assumptions to be verified.

5.1. A controlled hyperbolic equation
Let D C R3 be a bounded domain with a C? boundary 0D. Let Dy be a nonempty open subset of D. Put

U £ {a e L*(D)| il 2(p) < 1}. (5.1)
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Consider the following controlled hyperbolic equation:

Fu(t,§) = AZ(t, &) + f(t, & E(,€)) + xp, ()u(t, &), (,€) € (0,T] x D,
(t f) =0, (t,g) S [O,T} X 0D,
2(0,§) = 20(§), 4(0,&) = 71(), §eD,

where (Zo(-),Z1(-)) € Hi(D) x L?(D). The cost functional is
T = [ wie.ar.o)ae
and the constraints are

/ng(f,i’(T,g))dg <0, j=1,...,r
and

A%@wwm:aj:uum

(5.5)

Here {h; };?:1 C L?(D) are linearly independent. Assume f and g; (j = 0,...,r) satisfy the following conditions:

(C1). The function f: [0,T] x D x R — R is Lebesgue measurable in the first two variables, §; : D x R =+ R

is Lebesgue measurable in the first variable and \f(, - 0)| Lo ((0,r)x D) < 0.

(C2). The function r ~ f(t,&,7) (resp. r v g;(£, 7)) has first and second order derivatives, which are also

continuous functions in r and are denoted by f’ and f”(resp. g; and g}/). Moreover,

|F' Lo 0.1y x Dx) + | [Los ((0,7)x DxR) + Z (1951 Lo (DxR) + 197 | L (DxR)) <
=0

Under conditions (C1) and (C2), by the classical well-posedness result for hyperbolic equations (e.g. [16],
Sect. 6.1) for each measurable function @ : [0, 7] — U, there is a unique weak solution #(-) € C*([0,T]; L?(D)) N

C([0,T); HY(D)) of (5.2) such that

1Z()ero,r:22(0)) + 12O eo,ry;a2 0y < C (&0, 210 13 (yx 20y + 1@l L20,1502(D)) ) -
Put H = H}(D) x L?*(D), H; = L*(D). Then z = (&%) € H with & € H}(D) and Z € L*(D). Let

D(A) = (H*(D)N H§(D)) x Hy(D), A(#,7) = (7,A%), Y(z,z) € D(A)
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and
Fta(),u) = (0, f(t, &) + xp,(Jul), Vo= (%) € H, uel,

gO(I) = Lgo(gvj(g))d€7 gj(l') = /ng(fvi(f))dﬁv .7 = 1’ ceey Ty Vo = (567'%) S H7 (56)
h(zx) = (/Dizl(f)iy(g)df,...,/Dﬁk(g):ﬁ(g)df)T for all z = (,2) € H.

By (C1) and (C2), it is clear that (H1) and (H2) hold. Now we prove that f, h and g; (j =0,...,r) are
twice continuously Fréchet differentiable. For any (6xo(-),dz1(-)) € H}(D) x L?(D), by the Sobolev inequality
(e.g. [6], p. 284, Thm. 6), we have that

| ~( ()‘F(SxO( )) f(t,-,i('))—f/(t,',.f<'))5.%‘o(')’Lz(D)
- / + 95330( ))d@éxo(-) - le(tv '7i('))61‘0(') L?(D)
_ / ) 0020()) = F/ (k- #0)) oo ()|,
< / [t ) 4 80w0()) = 0 2O)]A8] [0 o,
<0 / )+ 0520()) = 6 2N A0] 16200 gy

This implies that

|f(t7 75() + (;.’Eo()) - f(t7 7:i'()) - fl(ta 7j())5I0()|L2(D)

im
1801113 () =0 [6z0]f1 (D)
SENLE F(t,-, 2(-))]do =
6T0H1(D)—>0‘/ o(1)) = f( ())] L3(D)

Thus, for any z € H and u € U, it holds that for any (dz¢(-),dz1(-)) € HY(D) x L*(D) (recall (5.6) for the
definition of f),

fﬂc(tv €T, u)(éxo(-), (5.%1()) = (07 f,(tv K j())5‘T0())

and

\fo(ty 2, w) | coay < |F/ (6, 2())|pspy < C for ae. t € [0,T] and for all (z,u) € H x U.
Next, for any (6z0(-), 621(:)), (0x0(-), 621(-)) € HE (D) x L2(D), we have that
|F/ (8, 3() + 620(-))dwo () = F'(t, -, #())60(-) — F" (¢, -, #()) 0 () oo (- |L2 )
|7 (@) + 620()) = F(t, -, 2()) = F (¢, &()) 0o ()
= | [ F'(t3() + 06w0())a00m0 () — F"(t,, 7())ow0()

L3(D) |6m0(')|L5

|550<~>\L6<D>

L3(D)
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- | / ) 080()) = (8,3 ()]a05za ()], | 80 sco)

‘/ F(t, - & () + 060 () — f(t, -, %(-))] o

oy 13200 | oy 1020 Ol 25 (0)

<0 / )+ 0620() — (¢, @(-))] 46

6(D) |51'0(')|H5(D)|5x0(')|Hé(D)'

This implies that

lim |f/ sy L + 61‘0( ))51’0() - le(ta 71%())8;0() - .f”(tv 755())53:0( )53]0 |L2(D

1620/ 13 () = 0 162012 (D)0%0| 13 (D)

‘6$0|H3(D) =0

=0.
L8(D)

= C|¢sxo|,lff?ﬂ,ﬁo ‘ / [F" (¢, &() + 00x(-)) — f"(t, -, &(-))]dO

Thus, it holds that for any (dzo(-), dz1(+)), ((/5\3/:0(),%1()) € H}(D) x L*(D),
fro (.2, w) (820, 621), (620, 621)) = (0, f (¢, &(-))8xo ()0 ()
and
| fow(t o) 2o ey < | F7 (6 @) po(py < C for ace. t € [0,T] and for all (z,u) € H x U.
Similarly, we can prove that (recall (5.6) for the definition of g; (j =0,...,r) and h)
|95, (@)1 + |gj,20 ()| oy < C forallz € Hand j=0,...,r
and
\ha (@) | c(arirey + [hao(2)| c(amrey < C forall 2 € H.
Let ((Z,2;),a) be a local minimizer. By (5.1), we know that U is the unit ball in L?(D). Then
) {vELz(D)|<v,ﬁ(t)>L2(D) <0} if |a(t)|mpy =1
Ty (a(t) = {
L*(D) otherwise.

) for a.e. t € [0,T]. Assume in addition

Consider a critical pair ((§,9:),@) € C((&,Z,),a). Then a(t) € T§(a(t)
T,

that @ € L>(0,T; L*(D)) and that for some 6 € (0,1) and a.e. t € [0
|a@(t)|p2py > 1 — 0 = (alt),@(t))r2(p) < 0.

Define M := ess sup,cjo 1) |i(t)|L2(p) and observe that for a.e. t € [0, 7] such that |a(t)|2(py <1 —6 and for
every e € [0,8/M] we have [a(t) + eii(t)| 12(py < 1. Therefore dist(a(t) + ea(t), U) = 0 and 0 € Tp'™ (a(t), a(t)).
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Consider next ¢ € [0, T] such that [a(t)|z2(py > 1 — 4. Then for all small £ > 0 we have

|
= ’(1 - 82|’&(t)|%2(D))a(t) + €ﬂ(t)’L2(D)

< (1= 2a(t)]12(p))[a(t)[12p) + €*a() |2 ()

Il

(t) + et(t) — *|a(t )|L2(D a(t) |L2(D)

< (1 =e*a(t)[72(p))* +&*la()] L2 p)
:1_52|U()|L2 +54|u()‘L2 )]\42<1
Consequently, dist(a(t) + ea(t),U) < |a(t)32p)|a(t)|r2(py whenever & > 0 is sufficiently small, and
—[a(t)[2 2 pyit) € Tg! (alt), a(t)). This implies that V2 (@, @) N L(0,T; Hy) # 0.
In the setting of this subsection, the control system (2.13) reads

Wi (t,€) = M (t,€) + f/(t, €, 2(8))w(t, €)
L6 H )T + xpy ()34 ), (1€) € (0,T) x D,
T3 (5.7)
w(t, &) =0, (t,€) € (0,T] x dD,
’lI)(O,f) =0, u?t(O,ﬁ) =0, EeD.
Here (1) € T ((t), @(t)) for a.c. t € [0,T] with #(-) € L2(0, T; L2(D)) and § solves
gtt(t7£) = Ag(taﬁ) + f/(t’&i(f))g(tv é) + XDo (t,ﬁ)ﬁ(t,f), (tvf) € (OvT] X Da
g(tvf) =0 (tag) € (OvT] X 8D, (58)
¢eD.

g(07£) = 07 gt(oag) = Oa
From (5.5), we know that © is a finite codimensional subspace of H. Let us consider two different cases

Case 1 RE(®) C ©. In this case, © = O fulfills (H4).
Case 2 () # R*(®) ¢ ©. Denote by Pg the orthogonal projection operator from H to © and by I the identity

operator on H. Then we have that (I — Pg)RX(?) #£ {0}. Since © is a finite codimensional subspace of
H, there are only finitely many linearly independent elements in (I — P@)RL(Q) Denote by {73}?1:1 these

linearly independent elements. Then we know that (I — Po)RM? ¢ H3 =span{ry,...,r, }. Then © & Hj

is a closed subspace of H, © C ©@ H; and 1nt@@H3@ # (). By choosing H=0a H37 we get (H4).

5.2. A controlled parabolic equation

Consider the following controlled parabolic equation:

€) = A2(t,€) + f(t,£,2(t,€)) + xp, (Oa(t, ), (,€) € (0,T] x D,
) (t,€) € (0,T] x D, (5.9)

§eD,
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where 2o(-) € L?(D), and 4(t,-) € U (recall (5.1) for the definition of U) for a.e. t € [0,T] and is measurable
with respect to t. The cost functional is

~

ﬂ@=A%®ﬂﬂmM, (5.10)

and the constraints are (5.4) and (5.5) with linearly independent {h; }?:1 C L?(D) and 7 replaced by #. Assume
f and g; (j =0,...,r) satisfy the following conditions:

(C3). The function fr [0,T] x D x R — R is Lebesgue measurable in the first two variables, §; : D x R =+ R
(j=0,...,7) is Lebesgue measurable in the first variable and |f(-,-,0)|Le((0,7)xp) < 0.

C4). The function r — f t,&,r)(resp. r — §;(£,7)) is twice continuously differentiable. Denote by F/ and
j
"(resp. g and §/) the first and second order derivatives, respectively. Moreover, assume that
j j

|| o= (0.1 x DxR) + | F”| L= (0.1 x DxR) + Z (195] L (Dxr) + |37 1L (DxR)) < C.
=0

Under conditions (C3) and (C4), by the classical well-posedness result for parabolic equations (e.g. [6], p
535, Exam. 1) for each Lebesgue measurable function @ : [0,7] — U, there is a unique weak solution &(- )
C([0,T); L*(D)) N L?(0,T; H(D)) of (5.9) such that

12()e o2y + 12C) 20,503 (0)) < C(120lL2(py + il 220,122 (D))) - (5.11)

Put H = L?(D), H, = L*(D), X = L(D). It is well known that | - |x is Fréchet differentiable away from
zero. Let

ft,z,u) = f(t7 ~x(+)) + xpo (Dul), Vee H, ueUl,
w@) = [ wlea©e g0 = [ aa@)is j=1..n Voen (5.12)

h(z) = (/Di}l(g)x(g)dg, . /D Ek(g)x(g)dg)T for all = € H.

By the smoothing effect of the Cy-semigroup generated by the homogeneous Dirichlet Laplacian, the Sobolev
embedding theorem (e.g. [6], p. 284, Thm. 6) and (5.11), we get (S1).
By (C3) and (C4), it is clear that (S2) holds. Now we prove (S3). For any éx(-) € L%(D), we have that

( ) + 5‘T( )) - f(ta a"i()) - ]E/(t’ 7i'())6x()|L2(D)

L 8() + 002()d00x() = f'(¢,-, 2 (-))dx()

L*(D)

)+ 052(-)) — f'(t,-, ()] dOox(-)

IN

8 () + 062(-)) = (¢, 2(-))]d6

/f
-If
/f

L3(D) |5x(')’L6(D)'



SECOND ORDER NECESSARY CONDITIONS IN OPTIMAL CONTROL OF EVOLUTION EQUATIONS
This implies that

|f(t7 ) i‘() + 61‘()) - f(ta ) i‘()) - fl(t7 7‘%())61‘()’1/2(1))

im
‘61|L6(D>—>0 |5‘T|L6(D)
Y+ 06x(-)) — f(t, -, &(-))]do =
|5a;|L6(D)—>o’/ () = JX )] L3(D)

Thus, for any dz(-) € L5(D) and (x,u) € X x U, from (5.12), we see that

fo(t,z u)dx = f'(t, -, 2(-))ox(")
and

|fo(t, 2, 0)| ox ) < 17 (t, »2(-))|s(py < C for a.e. t € [0,7] and for all (z,u) € X x U.

Next, for any 6z(-),6z(-) € L°(D), we have that

Pt () + 62()5a() = F/(t, 5 (0)82() = /(153 ()62()570)] 12

€ 10 0) 4 82) = P11 ) = F (1 50)20)] g Ol

= | [ 720020 + 03000050 0,202 5 oo

= /O 1 [F" (¢, () + 652()) — f"(¢, »fr(-))]de&x(-)\m (D)|SE<->|L6<D>

| [ 1050+ 0850 = 70 0, 8501 O

This implies that

[F/ (82 () + 0w(-)d2() = f/ (8, 2(:)02() = ' (t - #())02()02()] 1a )

1m —
6] 16 (py—0 |5$|L6(D)|55E|L6(D)
lim ‘/ )+ 06 (¢, a()]do =0.
MLG(D)_)O () = (L, ()] o)

Consequently, for any 533(),5;() € L5(D) and (z,u) € X x U,

foa(t,2,u)(82,62) = f'(t, - 2(-))dz(-)dz(-)

and

| foa(t, 2, u)| £ (x,x:m) < |f"(t, - ,2(-))|ps(py £ C for a.e. t € [0,T] and for all (z,u) € X x U.

Similarly, we can prove that

95.0(@)| 1 + 195,20 (@) | c(x;m) < C forallz e X, for j=0,...,7

37
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and
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|ho ()| cxmr) + [haa(T) ] 2(x,x;mr) < C forall z € X.

Next, similarly to the proof in Section 5.1, we can show that (S5) holds. As before, if @ € L>(0,T; L*(D))
is such that @(t) € T4 (u(t)) for a.e. t € [0,T] and for some § > 0 and a.e. t € [0, 7]

[@(O)|r2py > 1 =6 = (@(t),a(t)) r2(p) <0,

then V2(u,a) N L?(0,T; Hy) # 0.
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