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A GEOMETRIC CONDITION FOR THE UNIFORM STABILITY OF
LINEAR MAGNETOELASTICITY

THOMAS DUYCKAERTS*

Abstract. We give a necessary and sufficient condition, of geometrical type, for the uniform decay
of energy of solutions of the linear system of magnetoelasticity in a bounded domain with smooth
boundary. A Dirichlet-type boundary condition is assumed. Our strategy is to use microlocal defect
measures to show suitable observability inequalities on high-frequency solutions of the Lamé system.
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1. INTRODUCTION

Let Q be a bounded, simply connected domain of R3, with a smooth boundary. Let us consider the following
system, modelling the displacement of an elastic solid in a magnetic field:

02v — ¢Av — (A +¢)Vdive — kcurlh A B =0
BOth + curlcurl h — S curl (O,v A B) =0 (t,y) € (0,00) x 2
divh =0
v=0, hn=0, culhAn=0 ({y)€ (0,00)x 90,

(1.1)

where v = (v1, v2, v3) is the displacement vector of the solid, and h = (hy, ha, h3) the magnetic field. The system
is located in a constant exterior magnetic field B = (B, 0,0). We have denoted by A, V, div, curl respectively
the Laplace operator, gradient, divergence and curl operators according to the space variable y, in the Euclidean
metric of R3. The positive constants x and 8 are coupling constants, and n is the external normal vector to the
boundary of Q. The real Lamé constants A and ¢ are such that A +2¢ > 0, ¢ > 0 and A + ¢ # 0.

The system (1.1) has a natural energy:

1
E(t) = 5/ 0] + ¢| Vol + (A + c)|divv|2 + k|h|?dy
Q
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which is time-decreasing. More precisely:

t
Vt>0, E(t)— E(0)= —g/o /Q|curlh(s,y)|2dyds.

When 2 is simply connected, G. Perla Menzala and E. Zuazua have shown that this energy tends to zero as
time tends to infinity, which is a simple consequence, using LaSalle invariance principle, of the non-existence of
stationary solution for (1.1).

The system (1.1) may be seen as a coupling between the Lamé system

O*u — cAu — (A +¢)Vdivu = 0, (1.2)
with Dirichlet boundary conditions, which is a conservative system, and the following heat equation:
Bog — Ag = 0.

The energy decay is produced by this strongly dissipative equation. From the point of view of v, the dissipation
is caused by the coupling term: R(v) := curl (v A B).
In this paper, we are interested by the possible uniform decay of the energy:

E(t) < f(t)E(0), f(t) — O, (1.3)

t——+o0

where f if independent of the initial condition. In this case it is easy to show, using the semi-group property of
the equation (1.1), that f may be taken as a negative exponential function.

We will give, with a technical hypothesis on €2, a necessary and sufficient condition on the geometry of the
problem for (1.3) to hold. When this condition is not fulfilled, there exist rays on {2, named B-resistant rays,
along which the energy of some solutions of (1.1) concentrates, and the dissipative term R(v) is very small.
Indeed, when such a ray exists, there is a sequence of solutions of (1.1) concentrating on the ray and which is
in first approximation parallel to B.

Before giving more explicit results, let us mention some earlier works on related subjects. As it was already
stated, the convergence to 0 for the energy of magnetoelasticity in a bounded, simply connected domain was
shown by G. Perla Menzala and E. Zuazua in [20], but their method does not give any information on the
rate of convergence. By energy methods, Mufioz Rivera and Racke [18], Mufioz Rivera and de Lima Santos [§]
have shown the rate of convergence to be at least polynomial, in dimension 2 or 3, but only for some precise
types of domains. Andreou and Dassios [1] have examined the same system on the entire space R®, showing
again polynomial decay for some initial conditions. In [5], Charao, Oliveira and Perla Menzala have studied the
system of magnetoelasticity in dimension 3 with an additional (linear or semilinear) damping term, and proved
exponential or polynomial decay depending on the nature of the decay. See also [6] for a study in unbounded
domains. Ma, Rivera, Oquendo and Sudrez have studied the system of magnetoelastic plate (analogous to (1.1),
where the wave equation is replaced by a plate equation) in [16].

The linear system of thermoelasticity is better understood. In this system, the Lamé system is coupled with a
scalar heat equation. The dissipation is caused by the longitudinal part of the Lamé equation (the curl-free part
of v). G. Lebeau and E. Zuazua [15] and N. Burq and G. Lebeau [3] have given (under a spectral assumption)
a necessary and sufficient condition on €2, of geometrical nature, for the uniform decay in dimension 2 or 3.
Namely, this decay is equivalent to the non-existence of rays, called “transversal polarization rays”, carrying the
transversal component of v (the divergence-free component), which resists to the dissipation. In [15], Lebeau
and Zuazua have also proved the polynomial decay in dimension 2, under the same spectral assumption, which
is namely that the operator associated to the equation does not admit any real eigenvalue. As shown in [20],
this spectral condition is always fulfilled for the system of magnetoelasticity in a bounded, simply-connected
domain.
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The comparison of the two systems of thermo and magnetoelasticity show that thermoelasticity is slightly less
dissipative (the coupling of the Lamé system with the heat equation is weaker), and more difficult to describe,
because of the non-trivial polarization of transversal waves.

Let us also mention the work [14] about the controllability of the system of thermoelasticity, and the articles
[19], and [7] on the stability of the system of magneto-thermo-elasticity that take into accounts both thermic
and magnetic effects.

The system of thermoelasticity of type III, where the classical heat equation is replaced by an hyperbolic
(Cattaneo-type) heat equation was studied by Quintanilla and Racke [21] and Zhang and Zuazua in [24]. In this
last article, the authors proved polynomial decay for most domain in dimension 2, and investigated uniform
decay in dimension 3, relying on the results of [15].

To state our main result, we need some geometrical preliminaries. Assume that 0€2 has no contact of infinite
order with its tangents. Thus, the Hamiltonian flow of the symbol of a wave operator 87 — ¢*A, which is defined
locally in S*(R x Q) (the spherical cotangent bundle of §2), may be extended to the boundary of this bundle
to a global flow, the generalized bicharacteristic flow, which may be seen as a continuous flow on the spherical
compressed cotangent bundle S; (R x Q) (cf. [11], Chap. 24.3). We shall call bicharacteristic rays or just rays
the characteristic curves of this flow. Such a curve v will be said parallel to B if its direction of propagation is
always parallel to B and orthogonal to B if its direction of propagation is always orthogonal to B. We refer to
Section 3 for the exact definitions of S; (R x Q) and of the generalized bicharacteristic flow.

The Lamé system (1.2) may be written as the sum of two wave equations known as the longitudinal and
transversal wave equations, of respective speed ¢z := VA +2¢ and cr := /S (cf. Sect. 3.5). The assumption
X+ ¢ # 0 is equivalent to cp, # cr.

Definition 1.1. One calls longitudinal ray (respectively transversal ray) any bicharacteristic ray for the
operator 97 — c¢2 A (respectively 07 - c%A). One calls B-resistant ray any continuous application ~ from an
open interval I = (s, s,) to Sj (R x Q) such that there exists a finite number of real numbers sg < s1 < -+ < s,
such that

e on (sj_1,s;), j € {1,...,n}, v is a longitudinal ray parallel to B, or a transversal ray orthogonal to B;
o if j € {1,...,n—1}, v(s;) is an hyperbolic point for the longitudinal and transversal waves (cf. Sect. 3.1.7)
and one of the following assertions is true:
o (L — T) case: v is a longitudinal ray on |s;_1, s;[, and a transversal ray on |s;, sj+1[;
o (I'— L) case: v is a transversal ray on |s;_1, s;[, and a longitudinal ray on |s;, sj41].

Some B-resistant rays are drawn in Figure 1. The rays of this figure are all planar, but this is not a general
property of B-resistant rays.

Near s;, 1 < j < n — 1, the continuity imposed by the definition of v gives a condition on the angles of
incidence and refraction. In the case (L — T), if we denote by «f, the angle between the longitudinal incoming
ray and the tangent to 0 in the plane of incidence, and by Br the angle between the transversal outcoming ray
and this tangent, we have tanay = ¢& and tan S = ¢& (which implies ar + Sr = 7/2). In the case (I' — L),
and with similar notations, we have tan ar = % and tan 87, = i—f
Theorem 1.2. Let Q be a bounded, simply connected domain of R3, with a smooth boundary, having no contact
of infinite order with its tangents. The energy of the system of magnetoelasticity in Q decays uniformly if and
only if there exists an € > 0 such that the length of every B-resistant ray on §) is lesser than .

Remark 1.3. As it will be shown in the proof, at high frequency, the transversal rays carry the component of
v which is orthogonal to the direction of propagation, and the longitudinal rays the component of v which is
parallel to this direction. A B-resistant ray, whose direction of propagation is orthogonal to B in the transversal
case and parallel to B in the longitudinal case carries essentially the component of v which is parallel to B, thus
cancelling the dissipative term R(v) := curl (0;v A B). From this point of view, Theorem 1.2 is very natural.
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d) A boundary
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Fi1GURE 1. Examples of B-resistant rays.

Remark 1.4. It is essential to assume ¢y, # ¢p. Otherwise, the first equation in (1.1) would be a wave equation
with speed c¢j, = ¢r. Every solution of (1.1) such that

'U[t:()J_B, é)tv“:oJ_B, h[t:() =0

would be of constant energy.

Remark 1.5. If  is not simply connected, there exists a finite dimensional space F of stationary solutions
of (1.1), whose components along v are null. The study of the decay to zero of the solutions may be replaced by
the study of their convergence to the eigenfunctions corresponding to the space E (cf. [20], Chap. 5). We won’t
develop this aspect here.

Remark 1.6. The condition of uniform decay is not fulfilled in simple cases, like the one of a ball, or an ellipsoid
which has an axis parallel to the magnetic field. However it seems generic in the class of C* open sets. When
this condition is not fulfilled, one can prove polynomial decay of regular solution (see the arXiv preprint [9]).

The proof uses propagation arguments on microlocal defect measures. This strategy of proof was initiated
by G. Lebeau (see [12]).

The remainder of the paper is organized as follows. In Section 2, we reduce Theorem 1.2 to an high-frequency
observability inequality on the Lamé system (1.2). This is based on two arguments: the setting aside of low
frequencies, which is a consequence of the non-existence of stationary solution for the equation (1.1) shown in
[20], and the decoupling, by simple calculations, of the two equations (the Lamé system and the heat equation)
which compose (1.1). In Section 3, we introduce microlocal defect measures (an object due to P. Gérard [10]
and L. Tatar [22], and in this particular setting to N. Burq and G. Lebeau [3]), in order to study the lack of
compactness of a sequence of high-frequency solutions of the Lamé system. The main result of this section (apart
from the existence of the measures), is a propagation theorem which was stated and shown in [3]. In Section 4,
we prove the observability inequality on solutions of the Lamé system (1.2) which implies Theorem 1.2. The
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method of proof is to introduce, in a contradiction argument, a sequence of high frequency solutions of (1.2)
which contradicts this inequality, and to use propagation arguments on the defect measures of this sequence.
Section 5 is devoted to the necessary condition of Theorem 1.2, and is inspired by [4]: defect measures are used to
construct a sequence of solutions of (1.2) concentrating on a B-resistant ray and contradicting an observability
inequality.

This paper is a corrected, updated and abbreviated! version of the unpublished preprint [9] (2004), which is
a translation of a chapter of the French PhD thesis of the author. The author would like to thank his former
PhD supervisor, Nicolas Burq, for introducing him to this subject and more generally to microlocal analysis.
This work is also indebted to Enrique Zuazua, who played an important role in the mathematical study of linear
elasticity, especially with microlocal analysis techniques (see his articles with Gilles Lebeau [14] and [15]), and
also has introduced system (1.1) in the mathematical community, in his work with G. Perla Menzala [20].

2. OBSERVABILITY INEQUALITY FOR THE LAME SYSTEM

2.1. Notations and preliminary results

In this subsection are gathered a few basic facts about equations (1.1) and (1.2), as well as some notations.
The main results of Section 2 are stated in the next subsection.
If U is an open set of R? or R* we set

H*(U):= H*(U,C*, L*U):=L*U,C%.

2.1.1. Magnetoelasticity

Consider the following spaces:

H:={ge L*(Q), divg=0inQ, gn=0in 00}, Hj:={f € H(Q), f=0in 00}
Hy = {fEHﬂHQ(Q), curl f An =0 in 00},

and the norms |[|g||% = '{HQH%Q(Q)’ ||fH%Ié(Q) = (A +9¢)||div fH%z(Q) + g||Vf||?L2(Q))3. Let A be the unbounded
operator on X = H{(Q) x L?(Q) x H, with domain D(A), defined by

—v
AW) = —A.vg — k(curl hg) A B

, D(A):=(H?>NH}) x H} x Hy.
—curl (v; A B) + %curl curl hg

where Vg = (vo,v1, ho) denotes an element of X. Equation (1.1) may be rewritten
WV + AV =0, V = (v,0v,h). (2.1)

The following proposition is due to G. Perla Menzala and E. Zuazua [20]:

Proposition 2.1. a) The operator A is mazimal accretive. For any initial data Vi € X, there exists a unique
weak solution V() = (v(t), dpv(t), h(t)) € C°([0, +ool; X) of (2.1) such that V(0) = V.
b) The energy E(t)

1 1
E(t) := §|\V(t)||§( = 5/ 10:0]? + | Vo> + (A + ¢)|divol® + k|h[*dy (2.2)
Q

TA section on polynomial decay was taken off for the sake of brevity.
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1s decreasing. More precisely,

vt >0, E(t) - E(0)= 7%/0 /Q|cur1h(s,y)|2dyds. (2.3)

¢) If Q is simply connected, for all Vi in X, limy_ 1o, E(t) = 0.

The assertions a) and b) are straightforward applications of the semi-group theory for the operator A. The
assertion ¢) is a consequence of the non-existence of stationary solutions for the system.

2.1.2. Lamé system

Let us now consider the Lamé system with Dirichlet boundary conditions:
02u—Au=01in R x Q

U =0 (2.4)

(Urt:o, 3turt:0) = (UO,Ul)-

Let X, be the space H} x L? and £ the unbounded operator on X, defined by

L= { _OAe ¢ ] D(L) = (H? N HY) x L2, (2.5)

Taking (up, 1) in the energy space X, the equation (2.4) may be written

Proposition 2.2. The operator L is mazimal and unitary. For any initial data Uy = (ug,u1) € X, the sys-
tem (2.6) has a unique weak solution U € C°(R, X,). Furthermore, the function u is a solution of (2.4) in the
distributional sense. At last, the energy

1

1
5 (@ + 10rll3=) = 51U,

of this solution is constant.

2.1.8. Two useful lemma
The two following standard lemma will be of great help in all this paper. The first one is due to the fact that
Q is simply connected (¢f. [23], Appendix I, Lem. 1.6):

Lemma 2.3. The H' norm on H N H' is equivalent to the norm ||Ju|| := ||curlul|p=.

The second lemma is a elementary energy estimate on solutions of the non-homogeneous Lamé system. If

w(t) is a function with values in some Hilbert space, we set (wo, w1) = (w, Ow)|,_,-

Lemma 2.4. Let T >0, W € C°((0,T), X.) and F € L*((0,T), X.) such that

OW + LW =F, te(0,T). (2.7)
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Then

T T
/ ||W<t>||§<edtsc{||vv<o>|§@+ / ||F(t)|§(edt},
0 0

where C' only depends on T. In particular, if

w e CH(0,T), L*(2))NC°((0,T), H} (Q)), f€ L*((0,T) x Q)
Fw— Aow = f,

then
leoles oy xe < € (Iwolln ey + Nt legay + 1132 0mxey ) -
This is a standard energy inequality (using Re(LW,W)x, = 0) and we omit the proof.

2.2. Necessary and sufficient condition for uniform decay
2.2.1. Statement of the condition

Proposition 2.5. Let Q be a smooth, simply connected, bounded domain of R>.

a) Assume that there exist T > 0 and C > 0 such that for any solution U of (2.6),
lwollZgy + lall3z < € (llewrl @ A B)l-1 0,y xay + oz + el ) - (2:8)

Then the energy of solutions of the system of magnetoelasticity (1.1) decays uniformly.
b) Conversely, if the energy of solutions of (1.1) decays uniformly, then there exist T > 0 and C > 0 such
that for any solution of (2.4) of finite energy,

luoll gz + lurlZ> < Cllowu(t) A Bllz2(0,1)x0)- (2.9)

Remark 2.6. Proposition 2.5 is a fairly classical result in this setting. To prove it, we shall avoid the
usual abstract decoupling argument (see [14]) but rather use simple energy estimates on the systems of
magnetoelasticity and Lamé.

To prove Proposition 2.5, we first write a necessary and sufficient condition of uniform decay for solutions of
a general dissipative equation. The second step of the proof consists in applying this condition to the system of
magnetoelasticity, furthermore decoupling it in the system of Lamé and a heat equation.

2.2.2. Abstract framework

Let P be a maximal, accretive operator on an Hilbert space X, with dense domain D(P). Denote by ||..|| the
norm of X, [|..||; the natural norm on D(P) and ||..||—; the norm on its dual space, with respect to the pivot
space X. Assume that the embedding

X — D(P)
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is compact. For zg € X, we will denote by z(t) the solution (obtained for example by standard semi-group
theory) of

dz
n +Pz=0, 2z=0 = 20. (2.10)

By accretivity of P, the energy %||z||2 is time-decreasing. The following uniqueness-compactness argument is by
now classical (cf. [2]):

Lemma 2.7. The two following assertions (i) and (i) are equivalent:

3C >0, 3a >0, Vzo € X, ¥t >0, ||2()]|? < C||z0]|%e~* (i)
(the energy is uniformly decreasing)
a) 3T >0, 3C > 0, Yz € X, [|2(T)[|* < C (||2(0)|* — [[=(D)II* + [|2(0)]|%4) (i)

b) There is no non-zero solution of (2.10) of constant energy on [0, +00].

Corollary 2.8. The energy of (2.1) is uniformly time-decreasing if and only if
T
T >0,3C >0,V e X, E(T)<C / / |curl h|? dy dt + H%||2D(A), .
0 Ja

Indeed, the non-existence of stationary solution (the condition ii,b of Lemma 2.7 has been proved in [20],
p. 356), which shows the corollary.

Proof of Lemma 2.7. Tt is easy to see that (i) may be replaced by
3T >0, 30 >0, Vzo € X, [|2(D)|* < C (|200)|* = [|2(T)]*) (i)

Clearly (i’) implies (ii).
Assume (ii). For some T > 0, set

gr(2) = [20)* = [(D)?, " = {2 € X, qr(2) =0},

which is the kernel of a positive, bounded, quadratic form on X, thus a closed subspace of X.

According to (ii), a) and the compactness of the embedding from X to D(P)’, G(T) is locally compact, and
thus of finite dimension, for large 7. Combining with assumption b), we obtain that GT = {0} if T is large
enough.

Let us fix such a T. We prove (i) by contradiction. Assume that there exists a sequence (z%) of elements of
X such that

L= 22D, lim gr(z") = 0. (2.11)

k——+oo

Extracting subsequences, we may assume that (z§) converges weakly in X. Since G7 = {0}, its weak limit
must be 0. The compactness of the embedding of X in D(P)’ yields limy_, 4 ||25]|_1 = 0, Contradicting a)
and (2.11). O
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2.2.3. Proof of Proposition 2.5

Assume the uniform time-decay of the energy of solutions of (2.1). Then, by (2.3), there exist T > 0 and
C > 0 such that the following estimates hold for any solution v of (2.1)

T
lol% < c/o lenrl A(t)[[22 0 d. (2.12)

Let U be a solution of the Lamé system with initial data Uy = (ug,u1) € D(L) and V the solution of the system
of magnetoelasticity with initial data

Vo = (v, 0pv, h) t—o = (uo,u1,0).
Set: W (t) :== V (t) — (u(t), dyu(t),0). Then
oW + AW = (O, 0, —curl (Qyu A B))

Take the scalar product in X with W of the two sides of this equality, then integrate the real part with respect
to time between 0 and 7. Using

K
Re (AW, W)x = Bllcurlhlliz(m

(curl (Oyu A B), h) L) = (

dsu N\ B, curl h)LQ(Q) ,

the fact that Wy=9 = 0, and in the second line, the inequality (2.12), we get

T T
||W(T)||§(+/O Jeurl A2 0 dt < c/o 100u(t) A Bl dt
T
oy + iy < C [ 100t) A By

This shows point b). To prove a), assume that inequality (2.8) holds. Consider a solution V' = (v, dyv, h) of (2.1)
with initial data V = (vo, v1, ho), and the solution u of the Lamé system with initial data

(u, Opt) p=0 = (vo, v1).

Thus, by (2.8):
looliZgy + lfoal3s < € (Nlewrl (Bu A B) g+ 0.1y + ol + lon i3+ ) - (2.13)
Furthermore, the energy inequality on the non-homogeneous Lamé system (Lem. 2.4) yields
T
=l oy < C [ llewst (o) ds

T
[leurl (Dpu A B) | 3-1(0.7yx0) < C {/o [leurl A()[|72 dt + [|curl (dpv A B)@Il((o,T)xQ)} ;
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which implies, using (2.13), Lemma 2.3 and the equation 89;h + curl curl h = Beurl (9,v A B),

T
lvollzgy + llvrllz> < € {/ leurl A(t)[[ 7>t + [lvollZ> + ||v1||§11} : (2.14)
0

In order to use Corollary 2.8, we need to add to the left-hand side of inequality (2.14) the L?-norm of h(T). We
may do so by taking a larger T Indeed, consider s € [0, T] such that

Ih(s)I3e = min, [h(t)]32.

By Lemma 2.3,

I c [’
) < 5 [ IO eyt < [ lewsth() gyt

Inequality (2.14) taken at the initial time ¢ = s yields

1 2T
E(s) = 5IV(s)lix <C (/0 leurl A(6)[[Z2 (g dt + ||V(5)||2D(A)’> :

Since £ and ||V p(4) are non-increasing functions of time, this implies the inequality of Corollary 2.8, and
thus the uniform decay of solutions of (1.1). The proof of b) is complete.

3. DEFECT MEASURES

Let N > 1 be an integer (below we will take N = 1 or N = 3). For an open subset U of an Euclidean space,
we set

L?(U) := L*(U,CY), H*U):= H*(U,CN).

We consider an open subset  of R”, n > 1 (below we will take n = 3), and a sequence (u*) of functions on
R; x Q, such that

ub* — 0in HL (R xQ), (3.1)

k——+oo

(in the sense that (pu”) converges weakly to 0 in H'(R x Q) for all p € C§°(R x )). We assume that every

u® is solution of a wave equation in Q:

(V20 — A)uF =0, in R x Q. (3.2)

We shall introduce in this section a measure describing, from a microlocal point of view, the defect of compactness
in H' of the sequence (u*). This description is of fundamental importance to show the observability inequalities
of the preceding section, since the Lamé system decomposes into two waves equation (see Sect. 3.5.1). Micro-
local defect measures have been independently introduced by P. Gérard and L. Tatar [10, 22]. We shall follow
the construction of N. Burq and G. Lebeau [3], which describes the defect of convergence up to the boundary
of Q.

We assume, for the sake of simplicity that the functions u” are smooth, so that their traces on the boundary
are always defined. In the sequel we shall always reduce to this case.

k
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In Section 3.1 we will give a few definitions and notations. In Section 3.2 we will state an existence theorem of
microlocal defect measures and set out their first properties. Section 3.3 is devoted to the propagation theorem
of the measure (proved in [3]), and Section 3.4 to some important properties of the traces of u* on the boundary.
Finally, in Section 3.5, we shall apply the construction of the measure to the case of a sequence of solutions of
the Lamé system.

3.1. Notations
3.1.1. Local coordinates

Consider an open cover of : Q = Uj:o 2, where Qo C Qand, for all j > 1, (1; is a small neighbourhood of
a point of 0Q, such that on §2;, there are geodesic normal coordinates

ze€ Qi (y,z,) €Y :=Y'x]0,1],

where x,, is the distance to the boundary, and Y’ an open subset of R®~!. Most objects introduced here are
global objects but we will mainly use local coordinates. For a large part of this section we choose one of the
open set €2, j > 1.

Set X ;=R xY, X':=R xY’, and denote the elements of X and Y by

T = (x(Jaxlu"vxnfhxn)a X :ta Yy = (;vl,x27..,xn,17mn) €Y7
—_———— —— ——
z/ y/
Let

Ry = {(2/,2,) € R"M, 2, > 0}, @Tl =R, X =X'x {0}, X:=X x[0,l[

The set X is an open subset of @i. Let g be the natural metric on Y, induced by the change of coordinates,
and g = det g. In a geodesic system of coordinates, g is of the form

3.1.2. Bundles on X

Let us consider T*X = X x R"*! the cotangent bundle of X and S*X the spherical cotangent bundle, which
is defined to be the quotient

S*X = (T"X\{l¢] = 0})/RY,
by the action of R% : (X, §) +— A. The elements of those two bundles will be denoted by
p=(2,6), re€X, £=(,&)eER"XR, {=(r,n) =(1,7,&).

There is a natural Euclidean norm for the n-component of T*X: [|n||* := g~'n.
We will also consider T*X = X x R*™1 T*9X = 90X, x R, the boundary cotangent bundle and S*0X the
associated spherical bundle.
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3.1.8. Operators in the interior of €2

Le S]™ the set of matrix symbols of degree m with compact support in X, which are the functions
a(z,€) € C=(X x R™™ My(C)),
such that there is a compact K of X with suppa C K x R"*! and satisfying the following estimates:

Vo, V3, 3Cag,

020 alw,€)| < Cas (1+16)™ 7, (3:3m)

and which have a principal symbol a,,(z,£), homogeneous function of degree m in £, such that a — a,, satisfies
(3.3,—1) for large |£|. The operator of symbol a, A = a(z, D), is defined by

Av(z) = (Qm%ﬂ/a(x,f)@(f)emfdg.

In order to act on functions which are only defined in X, it is convenient to consider only the set A" consisting
of operators A which are of compact support in X, in the sense that A = @Ay for a function ¢ € C§°(X).

An operator in A" maps a distribution in X to a compactly supported distribution in X. We shall denote by
om(A) the principal symbol of an operator A of degree m.

3.1.4. Operators near the boundary

Let S]* be the set of tangential matrix symbols of degree m with compact support in X, defined as the
functions

a(z,€') € C*(X x R", My(C)),
such that there is a compact K of X with suppa C K x R”, and satisfying the estimates

Va, VB, 3Caps,

o 0ga(z,€)| < Cap (116", (3.4)

and which have a principal symbol a,,(x, "), homogeneous of degree m in ¢ and such that a — a,, satisfies the
inequalities (3.4,,—_1) for large |¢'|. We define the operator of symbol a, A = a(z, D’), by

Av(z) = ﬁ/a(x,5’)6(5',xn)eiw/‘5/d£’.

Here, the Fourier transform of v is only taken with respect to the tangential variable z’. As in the interior case,
we introduce the set A" of tangential operators A with compact support in X, i.e. such that A = @Ay for a
compactly supported function ¢ € C§°(X).

The set of all pseudo-differential operators of interest for us will be denoted by

Am ::{a:Ai+Ab7 AZGATa AbEAgn}

3.1.5. Sobolev spaces

Let s € R and w be an open set of R” or R"*!. As before, we denote by H*(w) the Sobolev space of CV-
valued distributions (which is the set of restrictions to w of elements of H*(R"), endowed with the quotient
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norm). We also consider the space H{ (w), the space of vector-valued distributions such that
Vo € Cg°(w), ¢ue H?,

and HZ, - (w), the space of distributions in H*®(w) compactly supported in w. The notation H (Z), will also

comp

be used when Z is not open (Z =R x Q, or Z = X) as follows:

uF — w(or =0())in Hi (Z) < Yo € CP(Z), ou* — pu(=0(1))in H,

k— o0 k——+oo

where C§°(Z) is the space of C* functions whose support is a compact of Z. We will also consider the following
spaces, suitable for boundary-value problems:

HY(X) = L0, Hipo (X)), Hlioo(X) = {u € HY2(X), 3p € CF(X), u=pu}.
The elements of A" are continuous maps from Hy (X) to HZ M (X), and those of A} are continuous maps
from H,>* (X) to HOZ ™ (X)) .

comp

Definition 3.1. Let p € S*X. The sequence (v*) is said to be bounded (respectively converging to 0) in
H; when there exists A € A7, whose principal symbol is invertible near p and such that (Av*) is bounded in
H?* (respectively converges to 0 in H?).

Let p' € S*0X. The sequence (v¥) is said to be bounded (respectively converging to 0) in HS,’S when

there exists A € Aj, whose principal symbol is invertible near p’ and such that (Av*) is bounded in H®*
(respectively converges to 0 in H®*).

Note that, according to Proposition A.1 of the appendix, for a sequence of solutions of (3.2), the convergence
in H%! and H' are equivalent. The spaces H%! and the tangential operators are thus well fitted for the
description of the H' convergence of (u").

3.1.6. Melrose’s compressed cotangent bundle

We shall now introduce a bundle which naturally contains as subbundles both bundles 7*X and T*0X. For
this purpose, set Ty X := X x R"*! endowed with its canonical topology and consider

"X L 17X
(2,8,6n) — (2,6,0 = 2n&n).
The mapping j restricts to a continuous map:
"X — Ty X Nn{z, >0},
which identifies T* X to a subbundle of dimension 2(n + 1) of the interior of T} X. Furthermore, the restriction

of j to ¥, = 0 defines a map from T*X N {x, = 0} to Ty X N {z,, = 0}, whose kernel is the set {¢’ = 0}. This
clearly identifies

T*0X ~ (T"X N {2, = 0})/Re,,
(quotient taken by identifiying all the points (',€,&,), &, € R) with a 2n-dimensional subbundle of T; X. The

set of all sections of T X, with the above identifications, may be seen as the dual bundle of the bundle of all
vector fields on X tangent to 0.X. It is called the compressed cotangent bundle.
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We will also consider S; X the spherical bundle of T;* X, which naturally contains the spherical bundles S*X
and S*0X.

3.1.7. Symbol of P and related manifolds

The equation (3.2) takes the following form in local coordinates:
Put =0, P:=—g 1%, g%, +Q, (3.5)

where @) is a scalar tangential differential operator of degree 2. Let ¢(x,&’) be the principal symbol of @, and
p(r, &) = € + q(x,¢") the principal symbol of P. They are both scalar, homogeneous polynomials of degree 2
with respect to &. Let

Char P := {(z,¢) € T*X, p(x,§) =0}, Z:=j(CharP), Z = j (Char P) U j ({z, = 0}),

and SChar P, SZ, S 7 the corresponding spherical bundles.
Denoting go(2',&") = q(2/,0,¢’), we decompose T*(0X) (and S*(0X)) into the disjoint union of the elliptic
region &, the glancing region G and the hyperbolic region H:

&= {qO > 0}7 g:= {qO = O}v H = {QO < 0}

3.1.8. Global measure

The defect measure is at first constructed in each of the preceding local coordinate systems. The objects
obtained are then pieced together to M = R x Q. It is easy to define from local objects global Sobolev spaces
and bundles on M, such as Melrose’s compressed cotangent bundle 7M. We shall use the same notations

(Char P, Z, 2, SChar P, SZ, 5’2,. ..) for the local and global objects. The definition of global operators is less
natural in our setting. The symbol A™ will denote the set of operators A acting on functions on M, which are
of the form

J
A= ZA(j).
j=0

where A is a classical pseudo-differential operator of order m with compact support in M and each Aj is
an operator of the sets A™ defined in each system of local coordinates. The global space A™ depends of the
coordinate patches chosen, which shall not cause any problem in the remaining of the article. For a totally
intrinsic construction, we could have used Melrose’s totally characteristic operators (see [11], Chap. 18.3).

3.2. Existence of the measure
3.2.1. The existence theorem

The next elementary proposition (cf. Lems. 2.3 and 2.4 of [3]) shows that for any A € A%, the behaviour of
AuF in H' only depends upon the restriction of its principal symbol to SZ:

Proposition 3.2. Let A, € A, °. Let (u*)y be as above, satisfying (3.1) and (3.2). Then

Apu® m 0 in H.
—
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Let A; € AV, whose principal symbol vanishes on Char P. Then

70
A — 0 in H".
k—0

According to Proposition 3.2, it is sufficient to describe the H' convergence of (u*) near 52, in the sense
given by Definition 3.1. Let M be the set of matrix-valued measures on SZ, i.e. the dual space of

=0 (52, MY ((C)) ,
and M the subset of all positive measures in M, i.e. measures p which satisfy
wec, (vzeSZ, b(z)20) = (ub)=0.

(M > 0 means M is positive Hermitian).
Before coming to the main theorem of this paragraph, we shall introduce a technical condition on u*:

Definition 3.3. Let the sequence (u*) satisfies (3.1) and (3.2). We shall say that (u*) is regular on the
boundary when one the following equivalent assumptions is satisfied:

_o=o(1) in H*(0X), k — 400 (3.6a)

loc

B ub, _o=o0(1) in Hy /?(0X), k — +oo. (3.6b)

loc

Tn

Note that the standard trace theorems imply conditions (3.6) with O(1) instead of o(1). All the sequences
(u¥) in this work shall satisfy this condition. For the proof of the equivalence between (3.6a) and (3.6b) see
Lemma 2.6 of [3].

Theorem 3.4. Let u* be such that (3.1), (3.2) and (3.6) hold. Then there exists a subsequence of (u¥), still
denoted by (u*), and a measure u € M™, called microlocal defect measure of (u*), such that u(EUH) =0
and

az + gnal >

s : k k , k
VAJ' ceAl, je {1,2}, kEI_,I_lOO (Azu +A1Dxnu U ) = <Iu,7 =

(3.7)

In (3.7), the notation (.,.) stands for the L2-scalar product on M (in local coordinates, it is the scalar product
on X using the metric g'/2dy dt). We note that 7 # 0 on SZ \ (£ UH), and that

W& € SZn{a, >0}, || < VIEOImn)]

so that the function (z, &) — 2% extends to a continuous function on SZ \ (£ UH), which is null on G. Thus

T

the right-hand side of (3.7) makes sense.

Remark 3.5. The measure fi = pull{,, -0} may be seen as the standard microlocal defect measure (cf. [10])
of the bounded sequence (u*) of H}! (M). This interior measure describe the compactness defect of (u*) in
HL (M) (in particular, it is null when (u*) converges to 0 in this space), but not in H\

ac Lo (M): fi vanishes when
(uF) concentrates on OM, even if it does not converge to 0 in H.L (M). On the other hand,

p € C(M) :>/¢|Vyuk|2dx+/<p|8tuk|2dz k_>—+>oo (1, ) .
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The measure u thus gives a complete description of the local convergence of (u*) in H'(M). This description
is indeed microlocal:

ks 0in
k—+oo

H! ifz, >0
pESUPP U <= u p

HO' ifz, =0.

Theorem 3.4 is a new formulation, using Lemma 2.7 of [3], of Proposition 2.5 of this article. Compared to
this proposition, the measure p of Theorem 3.4 has been renormalized.

3.2.2. A sufficient condition of nullity for

Let pe S Z an interior point and A € A2, whose principal symbol is invertible at . By elementary symbolic
calculus on classical operators, it is easy to show, with formula (3.7),

AuF Nl 0 in Hﬁ_1 = p ¢ supp p. (3.8)

The same statement holds in G:

Proposition 3.6. Let p € G. Consider an operator of the form
A= A()D?Dn + Alen + AQ, Aj € A‘j, aj = U(Aj),
such that

Ak — 0in HY . (3.9)

k—+o00
Assume that (u¥) is reqular on the boundary and that as(p) is invertible. Then
p ¢ supp p.

Remark 3.7. Proposition 3.6 is trivial when A = Ay € A? (it is essentially the definition of Hg’_l).

Remark 3.8. Note that according to the appendix, the convergence to 0 of (Au*) in the space H (X)) near
Z would imply (3.9). Furthermore, the proof of Proposition 3.6 will show that assumption (3.9) is equivalent to

(BAuF, u") k—+> 0, VB € A°, with support close enough to j.
—+00

Proof. According to (3.8), ully,, >0y is null near 5. The same property remains to be proved on pllg, —oy. Let
B e A%, ¢ € C§°(R) such that 1(0) =1, B. := ¢ (%) B, and b = o(B). In view of (3.9) and (3.7),

€

2
(v () pl0Sn F Nl 2y (B Ak, ub) = o

7'2 k—+oco

Letting ¢ goes to 0, the dominated convergence theorem and the fact that &, is null on the support of ull (. —o)
give

b
(1575 ) = 0. (3.10)
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Let ¢ € Sl? be scalar, positive, and compactly supported near p such that as is invertible on the support of ¢,
and choose B such that

b(z, &) = ¢z, )ay .

The equality (3.10) then shows that <[L, ]1g¢> = 0, which completes the proof using the positivity of pu. O

3.3. The propagation theorem

3.3.1. The generalized bicharacteristic flow

The characteristic curves of the Hamiltonian flow of p
Hp = 85p81 — (3'35]?85

define a local flow on T*X. The symbol p is homogeneous of degree 2 in ¢, so that the flow of H,, does not
yield a flow on the quotient space Sy X. To get such a flow, we shall replace p by p/7 which is homogeneous of
degree 1. Note that on the support of 1 (where 7 does not vanish), p is null, so that %Hp and H,,, are equal.
Furthermore, the integral curves of %Hp and H, are the same.

Let ¥ be a small conic open subset of Z = j(Char P). Set qo := ¢}z, =0, ¢1 := Og, |z, =0 and

¥ :=2n{z, >0}
Yi=H=%n{z,=0, ¢ <0}
Y2 =Yn{r, =0, q =0, ¢ #0}
Y =Y {2, =0, o=q Z---ZH,;CO(h =0, H§O+1q1 # 0}.

Assume that in 3, there is no contact of infinite order between the bicharacteristic curves of P and the boundary,
which means that for a certain finite integer J

iJeN, =[]/ (3.11)
i<J

Decompose X2 in the disjoint union
Y =g>Tug*, ¢*t=x*n{qn <0}, G =22n{q >0}
The set G%7 is the set of strictly diffractive points and G%~ the set of strictly gliding points.
Definition 3.9. Let v be a map from a real interval I to X and
I'(s) = j*((s)) € SChar P

which is defined as long as ~(s) ¢ H. Such a map y(s) = (z(s),&(s)) is called a ray, or a general
bicharacteristic curve when < is continuous from I to ¥ and for all sq in I,

o if z,(s9) > 0, T is differentiable in sg and

1
IV(s0) = ;pr(so);
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o if y(s9) € HUG>T,
Je >0, Vs€lsg—e,s0[Ulso,s0+e[, xn(s)>0;

o if v(s9) € G\G*>*, T is well defined and differentiable near sy and
, 1
T (So) = ;Hng(SO)-

(Thus, if v stays in this region, its spatial projection is a geodesic of the boundary.)

Under the assumption (3.11), R. Melrose and J. Sjostrand have shown that for any p € X, there exists a
unique maximal ray - taking values in ¥ such that v(0) = p (¢f. [17], [11], Chap. 24.3). In the sequel, we shall
denote by ¢(s, p) the resulting flow (satisfying ¢(0, p) = p). The function p/7 being homogeneous of degree 1 in
&, ¢ also defines a flow on X/R% .

3.83.2. The uniform Lopatinsky conditions

Notations. Let S5 be the set of symbols a(z’,£’) of pseudo-differential operators on 0.X, with compact support
in 2/, with principal symbol homogeneous of degree m in ¢’, and A} the set of corresponding compactly
supported pseudo-differential operators (cf. Sect. 3.1.3 for precise definitions). The Sobolev spaces on 90X,
defined as those on X, shall be denoted by Hj, Hy, 5, HS,(’)'

An approximate pseudo-differential equation on the traces of u* is said to satisfy Lopatinsky conditions when
it is independent of the equation Pu* = 0. More precisely:

Definition 3.10. Under the assumptions (3.1) and (3.2), the sequence (u*) is said to satisfy uniform
Lopatinsky boundary conditions at p € S*0X when

e ifpeG, dB ;1 € Agl such that

Uy, =0 = Bo1 (Da,ufy, =) +h* 3.12
hF — 0in H} ,; (3.12)
k—4o00 ’
e if p € H, 3By € AY such that

D, uty,—o = Aufy, —o = Bo (Da, ully, —o + Auly, ) +*
N . k . 2 ,
o(Byp)(p) invertible, h N 0in L7 5 (3.12)

Ae A, o(A) = Vaola', &) = V1272 — 1|2 near f.

('] = W'g’~1n’ is the natural Euclidean norm in the local coordinate system).
Examples. e The Dirichlet boundary condition, u’r“znzo = 0, or more generally a pseudo-differential

boundary condition of the form
uf, —o=B_1Dyuf, _o+h*, B_ieA!

(3.13)

¥ — 0in H% Py
k— 400 ’

where the eigenvalues of o(B_1) are all pure imaginary numbers near p, is a uniform Lopatinsky boundary
condition, whether p is glancing or hyperbolic.
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e The Neumann condition

D, v . —s 0in L?
Tn Yz, =0 kst oo 0,0

is a uniform Lopatinsky condition near any p ¢ G, but not at p € G.

In the glancing case, a boundary condition of the form (3.12) implies that (u*) is regular near the boundary
close to j (see Prop. 3.18), so that we can define the microlocal defect measure p of u*, and the bicharacteristic
flow is defined p-almost everywhere in a neighbourhood of g (since u(€) = 0).

The set G>* is transverse to the bicharacteristic flow. The following result (proved in [3], Sect.3.4) is needed
in the next paragraph to treat the propagation of u by the flow.

Lemma 3.11. Suppose that on 2, u* satisfies uniform Lopatinsky boundary conditions. Then
1 (6>t nx) =o0.

3.3.8. The propagation theorem

When a uniform Lopatinsky condition holds, x4 propagates along the integral curves of the bicharacteristic
flow. In the hyperbolic region, there is a jump (which depends upon the boundary condition). We shall only
state a propagation theorem for the support of u, without giving a complete description of the propagation of u.

Theorem 3.12. Let p € HNG such that (u®) satisfies Lopatinsky boundary conditions. Consider a small conic
open neighbourhood ¥ of p in SZ such that on X, (3.12) (or (3.12°)) holds. Then the support of p is, in X,
imwvariant by the bicharacteristic flow.

(¢f. [3], Chap. 3.3, Thm. 1)
In other terms, if p € 3 is on the support of u, so is the entire bicharacteristic passing through p in X.

Remark 3.13. Inside M, Theorem 3.12 is an easy consequence of the transport equation on pu:

{p,{p/T,a}), a€C§(ZNn{x,>0}), (3.14)

which may be immediately derived, using symbolic calculus, from the property

lim (A;Puf — PAjW u¥) =0, A e Al (3.15)

k—+oco

obtained by integration by parts with the equation (3.5). Near a boundary point, property (3.15), with 4; € A},
still holds with an additional boundary term. Consequently, (3.14) holds only for a certain class of function
a € C§°(5Z2), satistying a particular boundary condition on {x,, = 0} (condition chosen so that the boundary
term vanishes when k goes to 0o). The proof of the propagation theorem, which is fairly technical, uses (3.14),
and near strictly diffractive points, Lemma 3.11. The boundary condition on a gives the exact value of the jump
in the hyperbolic region. See par. 3 of [3] for details.

3.4. Estimates on traces

We now state precise properties of the traces of u* in the hyperbolic, elliptic and glancing regions, which are
one of the main tools of the proofs of the following sections. Those results are fairly classical, and we only shall
give a proof (in the appendix) for the glancing case. See Appendix of [3] for proofs in the hyperbolic and elliptic
cases. In this paragraph, we shall always assume (u*) satisfies (3.1) and (3.2).
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3.4.1. Hyperbolic region

Near an hyperbolic point, one gains without any boundary condition, half a derivative in comparison with
the standard traces theorem.

Proposition 3.14. Let p € H. Then

ulfg:n:o = 0() z'anl,a, &Mulf

k—»00 Tn=0 koo

0(1) in L3 ,.

In view of the propagation theorem in the interior of M, the support of u is, near p, the union of incoming
rays (integral curves of H,, , along which &, < 0) and outgoing rays (integral curves of H,, . along which
&, > 0). When the sequence satisfies uniform Lopatinsky conditions, Theorem 3.12 is equivalent to the fact that
if an incoming (respectively outgoing) ray is in the support of p, so is the outgoing (respectively incoming) ray
passing through the same hyperbolic point. In the opposite case where the support of p contains, locally, only
incoming (or only outgoing) rays, one gets a boundary condition which is orthogonal to the uniform Lopatinsky
conditions:

Proposition 3.15. Assume that near p € H, on the support of p, &, > 0. Then
Dxnulfxn:o + Aulfzn;o =o(l)in L3,, AcAh, oi(A)=+/v27m2 — ||
On the other hand, if near p € H, on the support of u, &, < 0, then
Dxnulfwnzo - Aulfxnzo =o(1) in L;a.

In particular, if p is null near p,

.y k . 1
_og — 01 L% ut, _qg — 0w H: 4.
=0 k—+00 p,0° [z, =0 k—+00 p7a

Dxnu?wn
3.4.2. In the elliptic region

In &, the equation (3.5) implies a pseudo-differential traces equation on u*:

Proposition 3.16. Let j € £ and (u*) satisfy the assumptions of Theorem 8.4. Let M > 0. Then

k = k M
Dy uyy, —o + ZEufy, —o kjoo 0 in H; (3.16)

Ee Al 01(B) =iy = i/|[0||2 — v272 near p.

In particular, if a boundary condition independent of (3.16) holds on u* near 5 (such a condition is called as
in the glancing and hyperbolic cases a uniform Lopatinsky condition), the traces of u* converge to 0 in H ,,13” .
Proposition 3.16 still holds in a much more general case, for example if P is replaced by a non-scalar operator P.
The principal symbol of = depends again upon the principal symbol of P. In the next proposition, we only state
a consequence of this fact when (u*) satisfies Dirichlet boundary conditions (which are of uniform Lopatinsky
type).

Proposition 3.17. Let P := chn + Q1D,, + Qo, where each Qj is a matriz pseudo-differential operator of
degree j, with principal symbol q;. Let p(z,£) := &2 + q2 + &,q1 be the principal symbol of P, and p = (i:’,g’)
be a point of S*0X such that the matriz p(Z’', 0, ¢, &n) is invertible for any real number §,,. Consider a sequence
(u*), weakly converging to 0 in H} (X) and satisfying

Pu* =0, U]Fxn:o =0.
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Then for all M,

k - M
8$nUrxn=0 k_>—>+oo 0 m Hﬁ,@

We shall later apply the preceding proposition in the elliptic zone (£r N &L with notations of Sect. 3.5.2) of
the Lamé operator 97 — A..

3.4.8. In the glancing region

The strong results of the two preceding paragraphs do not hold in the neighbourhood of a glancing point.
In this case, one needs boundary conditions to get better estimates than the standard traces theorem with loss
of one half-derivative. In the case of Lopatinsky boundary conditions, the results are similar to those of the
hyperbolic region.

Proposition 3.18. a) Let p € G. Assume that (u*) satisfies Lopatinsky uniform boundary conditions near p.
Then
k _ : 1 k _ : 2
ufy, —o =O(1) in Hj 5, Op,uy, _o=O0(1) in L3 5. (3.17)

Furthermore, if u vanishes near p, then

k : k
uf,, —o = o(1) in H;,a, Oz, U}

Tn=

o =o(1) in L2 ,. (3.18)
b) Assume
U]an:o =o0(1) in Hgﬁ, 3%@’;%:0 =o0(1) in L?;,a, (3.19)

and that every p € G is not diffractive, in the sense that at least one off the two half-bicharacteristic passing
through p stays in 02 near p. Then = 0 near p.

Remark 3.19. As seen in Propositions 3.14 and 3.15, point a) holds in the hyperbolic case, where no boundary
condition is required.

The proof of Proposition 3.18 is given in the appendix.

3.5. The Lamé system

This subsection is devoted to the Lamé system with Dirichlet boundary conditions on an open bounded
subset Q2 of R3:

OPu—Au=0, (t,y) ERxQ
upgn =0 (3.20)

1 2
Up=0 = Ug € HO7 8tu”:0 =u; € L*.

In Section 3.5.1, (3.20) is decomposed into two wave equations. In Section 3.5.2, we shall introduce the defect
measures associated to these equations. Next paragraphs are devoted to a few elementary properties of these
measures.

We will often work in local coordinates. As before (but with n = 3) we will only use geodesic normal
coordinates near the boundary, choosing the coordinate x5 to be the distance to the boundary {x3 = 0}.
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3.5.1. Transversal and longitudinal waves

The natural energy

1
E(t) = 5/9 (|0wul® + s|Vul? + (A + <) [divul?) dy

is time-invariant. Let Ey be its constant value. The next classical proposition is proved, for example, in [3].
Recall that M :=R x Q.

Proposition 3.20 (Decomposition of the Lamé system). There exists a constant C > 0 such that for every
solution u of (3.20), there exists

such that

1. u=ur +ug, divur =0, curluy, = 0.

2. (0? — A A)ur =0, where c2 :=g.

3. (07 — 2 A)ur, =0, where ¢ := X+ 2.
4

. For every bounded interval I of R, of length |I|,

lurl (1xay + lurllE (1x0y < CH|Eo.

O

. If ug and uy are linear combinations of a finite number of eigenfunctions of Ae, then
up € C®°(M), wurp € C®(M).

Definition 3.21. The function uy is called the transversal wave, and uy, the longitudinal wave.
Remark 3.22. In the sequel we shall often reduce the longitudinal wave to a scalar function, writing uy, = Vi,
with

peH, (M), |ella2axa) <CH|E, (07 —ciA)e=0.

3.5.2. Measures

Let (u*) be a sequence of solutions of the Lamé system with

(uf, ul) N 0 in H(Q) x L*(Q).

In view of Proposition 3.20, both sequences (u%) and (u¥) weakly converge to 0 in H} (R x Q). Likewise, the

sequence (0;p") weakly converges to 0 in HL (R x Q) (we consider a derivative of ¢ in order to work in a H*
space since we have defined the defect measures in such spaces).

Lemma 3.23. The sequences (uk), (uk), (0,¢*) are regular on the boundary.
(¢f. [3], Lem. 4.2)
Notations. Let

e 7, pr and g be the defect measures respectively associated (up to a subsequence) to (u%), (u%), and
(0¢") by Theorem 3.4;
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o Hp, Hy, Gr, Gr, Er, &1, the hyperbolic, glancing and elliptic region of the transversal and longitudinal
waves.

All the calculation shall be carried out in one of the J + 1 local coordinate systems chosen in the beginning of
this section. We shall make a distinction between the spaces of scalar operators A™, A% (defined in Sect. 3.1.3,
Sect. 3.1.4, Sect. 3.1.8, with N = 1), and the spaces of matrix operators A™, A3 (with N = 3).

The notation x = (t,y) always refers to local coordinates. When a distinction is necessary, we shall write
coordinates on 2 before the change of variables z = (z1, 29, z3). This global system of coordinates has been
chosen so that the magnetic field B has coordinates (B, 0,0).

Remark 3.24. The condition ¢ # c% means that the intersection of Gr and Gy, is empty.

3.5.8. Link between i and pr,

In a fixed coordinate patch, let x be the local diffeomorphism from global spatial coordinates (z1, 22, 23) to
local coordinates:

Proposition 3.25.

Va € GO (St (R x ), M¥(©)) , (1,28 = (41, a).

72
In particular, the measures p and pr have the same supports.
Proof. Let A; € Al j=1,2, A:=A_1D,, + Ap.
Set I, := (Adyuk , 9,uk).
On one hand,
Iy = —(8, A0k uk)y — (up,a).
k—+oco

On the other hand,

. k k tCaC
Iy = —(div AVO,*, ") + o(1) —» <M, >

k— 400 T2

The boundary terms of this preceding integration by parts converge to 0 according to Lemma 3.23. This implies
Proposition 3.25 when a is of the form &za~! + ag, and then by a density argument for any a. O

3.5.4. Polarization of ur and uy,

Let 7 be the orthogonal projection in C3 on the line spanned by ¢ € R3, and 7, the orthogonal projection
on the plane normal to (.

(V) :=[¢|72(C.V)¢, 7o=TIdgs — . (3.21)

The projectors m and 7, are defined by the formulas (3.21) on S*X.

Proposition 3.26. The measure py, is polarized along the direction of propagation, and up orthogonally to this
direction:

WL = TULT, W7 = TLUTT L.
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Proof. The statement on py, is an immediate consequence of Proposition 3.25. To show the statement on pr,
take Ag € Ag. The nullity of div u% implies

— (AT div ik ok ao¢ ¢
0 = (AgVdiv uf., uy) k:)m </LT7 772>

Thus < pp,am >=0 i.e. < pp,am; >=< prp,a >. The symmetry of ur completes the proof. O

Remark 3.27. To get more intrinsic formulations of the preceding results, i.e. statements where the two
coordinate system do not mix, one should have considered u’z and u? as section of the tangent space T2, and
defined measures with values endomorphism of TQ (instead of endomorphism of C3).

3.5.5. A decoupling lemma

The next result, converting an approximate differential equation on u* into two equations on u% and u%, is
of crucial importance in the sequel. As before, (.,.) stands for the L? scalar product on R x €.

Lemma 3.28 (decoupling lemma). Let A be a pseudo-differential operator of order 2 of the following form

2
A= 3" A027+ A, A A, Aje A (3.22)
j=—M
Then
. E ooky_ 1 E kY _
kEr-',I-loo(AuT’ ur) = kETOO(AuL7uT) =0. (3.23)

Let A be a (1,3) matriz of pseudo-differential operators, with coefficients of the form (3.22), but with scalar
operators. Then

lim (Auk, 0i0") = 0. (3.24)

k—+oco
Proof. We shall only prove the convergence to 0 of (Au%, u%). The proof of rest of the lemma is very much the

same. We may obviously assume that the operators A; have compact support in one of the local coordinate
system introduced in Section 3.1.8. In view of the equations

~g 200,820, u + Qruy =0, —g 20,8200, uf, + Qrul, =0,

where @Qr and @ are tangential, it is sufficient to prove the lemma in the cases j = 1,2 and in the interior
case.

First case: A € A,

Since vy, # vr it is easy to construct two operators U, W, € A? such that

(Vr + V) =1d, suppoo(¥r)N ZL =suppoo(¥r) N Zr =0,
where U is an open subset of  such that there exists a function ¢ € C5°(U) satisfying p Ap = A. Writing

A=Ap=AVrp+ AVUrp,
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we may assume that the principal symbol of A does not intersect Z7 (or does not intersect Zp). For such
operators, (3.23) holds has a direct consequence of Proposition 3.2. For example, in the first case we have

Auk. = O(1) in L2

Second case: A € A2.

We know that the support of purlly,,—gy is included in Gz and the support of pzll(,,—oy in Gr.
As a consequence, we may write A = A(Or + ©r) where Or and O, are tangential operators of degree 0 such
that

supp oo(©7) NG =suppa(©r) NGy = 0.

We may thus assume that the support of the principal symbol as of A is disjoint from one of the two glancing
sets, say Gr. We have

(Aup,uf) = (x(xs/e)Auf, ul) + (1 — x(zs/) Ak, uf ).

where x is a compactly supported function in R equal to 1 near the origin. We first fix £ and let k£ tend to oo.
The second term of the sum tends to 0 in view of the preceding case. As for the first term, we have, u¥ being
bounded in H?,

|(X($3/5)AU£}’U]Z)| §C||X<x3/5)‘4ul’}||L2(0,l,H*1(X/))HulZ”Lz(O,l,Hl (X))
<C||A" x(x3/e) Auf| 2 + o(1), k — +o0,
|71

where A’ | € Agl, with principal symbol equal to ||€’|| ™ near the support of A. We have

(x(x3/¢))? |as|®
(ur, Sl P

IAZ x(zs /o) Ak [3e —

S e

. x(3/¢))* |as|?
limsup |(Auk., k)| < <MT7 ( >
b 400 ’( T L)’ T2H§I”2

When ¢ goes to 0, the right side of this inequality converges (by the dominated convergence theorem) to

(prs Wgg—oylazPm 21" 72),

which is null, because Gr and the support of as are disjoint.

Third case: A = A;D,,, A; tangential.

As in the preceding case, we may assume that oq(A;) is disjoint from one of the two glancing sets, say Gr.
Then

(Aug, uf) = (x(zs/e)Aug,ui) + (1= x(zs/e)) Auf, uf)

The second term converges to zero when k—oo for the same reasons as in the case A € A?. The first term may
be written

(x(23/€) A1 Dyl uf) = (Day (x(23/2) Aruf), uy) + (Roufp,uf) , Re € A'
= ((X(xg/a)Alul}), DmulZ) + (Rguﬁ,ui) + {boundary terms}
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The boundary terms tend to zero when k tends to infinity because (u%) and (u¥) are regular on the boundary.
The proof may be completed as in the preceding case, letting k go to infinity then € go to zero. O

4. SUFFICIENT CONDITION

If v is a B-resistant ray defined on a real interval |a, b[, we shall call life-length the positive quantity |¢(b) —
t(a)|. In this section we use the tools introduced in the preceding section to prove the following:

Proposition 4.1. Let T > 0. Assume that every B-resistant ray in ) is of life-length strictly less than T'. Then
there exists C' > 0 such that for every solution of the Lamé system (3.20)

luoll3zy + lusllz < € (Jlewrl (O A B) 351 0.7y + o3 + - ) (4.1)

Inequality (4.1) is the sufficient condition (2.8) for uniform decay stated in point a) of Proposition 2.5.
Proposition 4.1 thus completes the proof of the sufficient condition of Theorem 1.2, namely that the non-
existence of arbitrarily large B-resistant rays on 2 implies the uniform decay of the energy for solutions of the
system of magnetoelasticity.

To show (4.1), we shall argue by contradiction, considering the defect measures pp 1, of Section 3.5.2 asso-
ciated to a sequence (u*) which contradicts (4.1) (¢f. Sect. 4.1). The bound on curl (3;u* A B) given by the
negation of (4.1) implies a strong condition on the supports of these measures (see Sect. 4.2). In Section 4.3, we
make use of this condition, together with propagation arguments near the boundary of 2. Section 4.4 completes
the proof, using the assumption of non-existence of B-resistant rays of life-length larger than T.

4.1. Introduction of measures

Assume that (4.1) does not hold. Then there exists a sequence (u*) of solutions of the Lamé system such
that

1= i3y + b132 > & (llowrl (O A B3 o.ryxeny + Il3e + b3 ) - (4.2)

Up to the extraction of a subsequence, one may assume that (uf,uf) weakly converges in H} x L2. Inequal-
ity (4.2) implies that its weak limit is 0. We may thus introduce the defect measures pur, pr, and p of Section 3.5.2,
associated to the sequences (u%), (uk) and (9;4%). To contradict (4.2), we need to show that these measures
are null. Note that (4.2) implies

curl (Opu* A B) — 0in H71((0,T) x Q). (4.3)

k— 400
Remark 4.2. By a density argument, it suffices to show (4.1) with (ug,u;) generated by a finite number of
eigenfunctions of £. We may thus assume, that u¥ and u% are C°.

Remark 4.3. We will indeed show a more precise statement than Proposition 4.1 namely that if (u*) is a
sequence of solutions of the Lamé system converging weakly to 0 in the energy space and satisfying (4.3) then
the set (supp pr Usupp o) N {t € (0,7)} a union of B-resistant rays of length T

4.2. Condition on the supports

We may see B as a vector field on €2, i.e. a section of T). To avoid confusions, the magnetic field considered
as a vector field shall be referred as B In a local coordinate system, if

= —3
x:UcCQ—R,
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is the change of coordinates, and ' its differential, § is equal to x’B. Notation B shall always refer to the
vector of R? of coordinates (B,0,0). As before, (21, 29, 23) refers to the global spatial coordinates on 2, before

the change of variable.
Lemma 4.4. Assume (4.3). Then, on the interval (0,T),
,U'T]]-(O,T) = /"LT]l(O,T):H'Elv BJ_ = {(tvyaTa 77); t§77 = 0}
prlor =prlonly, . B/ = {(t,y,7,m); n e UGCt(gg)}*
Proof. Set
—0z,u2 — Oz5u3
Ru := curl (Qyu A g) = BO, 0., U2

8z1 us

Transversal measure. The measure pur does not charge neither Hr nor Er. Thus, it suffices to check

supp pr Lo,y Lizs>0306: C B
Near the boundary, by Proposition A.1 of the appendix,

Ru* — 0in L*([0,1[, H_} (X")).

k—4o00 loc

Thus, according to the decoupling lemma,

VAg € A%, supp Ag C {t € (0,T)} = (AgRub,u%) — 0.

k—+4oc0

Because divu% = 0, the definition (4.6) of Rur implies Ru%. = 9,0,,u%. By Section 3.2.2,

W({t € (0,7)} N {02(8,0s,) # 0}) —0.

(4.6)

(4.7)

This clearly shows the announced result near an interior point. When p € G one may write 9., = fo0z, + F1,
where fj is a function and F a first order tangential differential operator, and the following basic fact completes

the proof:

o(F)() =0 «— 7LB.

Longitudinal measure. The first coordinate of Ruf is —9,(92, + 833)90’“. Its scalar product with 9;p" gives

YAy € A, supp (4g) C {t € (0,T)} = klim (Ao(a§2 + 333)8tg0k,6t<pk) =0.

——+00
This implies (again by Sect. 3.2.2), that u (thus pz) vanishes, in (0,7"), on the set of all p such that
p€{xs >0 UGy, 02002 +02)(p) #0.

Hence (4.5).
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4.3. Support of the measure near the boundary

For any symbol ¢o with support in {3 > 0}, we have

<:U'T7HpT/TqO> =0 </~LL7HpL/7—q0> =0,

which shows, in the interior of (2, the invariance of each measure by the associated Hamiltonian flow.
Unfortunately, the condition

U%rag + “]Zraﬂ =0 (4.8)

is not always sufficient to extend such a property in the neighbourhood of 9. Indeed, py and pr are not
deterministic for general sequences of solutions of the Lamé system, in the sense that the value of the two
measures for time ¢ > tg is not uniquely determined by their value for time ¢ < ty. In our case, this convenient
property holds thanks to the strong conditions on the support of ur and uy. As announced before, we shall
only describe the propagation of the supports of the measure.

Lemma 4.5. Let up and pg be the defect measures associated to a sequence of solutions of the Lamé system
satisfying (4.3). Let

p=(&.&)= L7, 7)€ S0X

and n the unitary exterior normal vector to O at §'. Them pr and py, both vanish near p except possibly in
the following cases (cf. Fig. 2):

1. pyp is null. The support of ur propagates along the transversal flow and
o (Hrw) case: p € Hr, i =0 and B is orthogonal to n;

o (Hrw) case: p € Hy, 7’ # 0 and B is normal to the reflection plane;
e (Grm) case: p is diffractive for the transversal wave (i.e. p € Gr and the bicharacteristic ray passing

through p intersects the boundary only at p), and § is orthogonal to 7' ;

e (Gri21) case: p € Gr is not diffractive for the transversal wave, and § s mormal to the reflection plane.
2. ur is null, the support of ur, prop%ates along the longitudinal flow and

o (Hyp) case: p€ Hy, 7 =0 and B is parallel to n;

e (Gr) case: p is a diffractive point for the longitudinal wave and § 1s parallel to 77'.
3. Both measures pp and pg are non null, p € Hr NHy and

e (T'— L) case: is orthogonal to the transversal ray coming in, and parallel to the longitudinal ray
going out of p. The support of pur is a union of incoming transversal rays. The support of uy is the
union of all outgoing longitudinal rays going out of points of Hr NHr where the transversal rays of the
support of pp come in;

e (L—=T) case: is orthogonal to the transversal ray going out of and parallel to the longitudinal ray
coming in p. The support of ur is a union of incoming longitudinal rays. The support of ur is the
union of all outgoing transversal rays going out of points of Hr NHy where the longitudinal rays of the
support of pr, come in.

All the assertions of Lemma 4.5 should be understood in a neighbourhood of p. The reflection plane at a
boundary point p = (¢,3’,7,7'), defined as long as 1’ # 0, is the plane passing through 3’ and generated by n
and 7', thus containing the bicharacteristic ray passing through p. The statement “§ is parallel to ’” must be
understood as “the vector g B of the cotangent bundle of ) is parallel to n'”.
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OB

{(Hrm) {Hr)

!

{Gri) (Gria)

(He) (T — L)

FIGURE 2. Cases arising in Lemma 4.5.

Notation. Let p be an hyperbolic point for the transversal (respectively longitudinal) wave. We shall denote
by &7, f}r (respectively &, 52') the incoming and outgoing vectors through p:

+ . ¢ - '3
br = ( §rs = \/vpT? — |[n|? ) br = ( —€13 >

(respectively with “L” instead of “T7).
We shall write n%, nfLE the spatial components of this vectors. For example,

+ n
o ( 272 — 2 > '

Let us postpone the proof of Lemma 4.5 to show, as stated in the introduction of this article, that in the
(T — L) and (L — T) cases, the angles of refraction and incidence have a fixed value, determined by the
quotient cp/cr. Consider for example the (I — L) case. Let ar be the angle of incidence of the transversal
wave, O, the angle of refraction of the longitudinal wave, ar and aj, the following numbers:

{rs {13
71l”

ar :=tanf; = =
17|

ar = tanar =
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The incident and refracted waves are orthogonal, so that
7|2 — €rsérs =0, i.e. apar, = 1. (4.9)
Furthermore, the definitions of 7, and ﬁ:ﬁg, yield
lip|? =2 =0, il |*-7° =0,
which gives the equation
(1 +a%)=c2(1+ad2). (4.10)

Equations (4.9) and (4.10) imply the formula announced in the introduction:

CcL cr
ar = arctan —, [y, = arctan —.
cr CcrL

By a similar calculation, one gets, in the (' — L) case, ay, = arctan (&, fr = arctan c&.

Proof of Lemma 4.5. We start with case (3): ur # 0, pr, # 0 near p. In this case, p ¢ Er UEL. Tt is also easy
to show that p ¢ Gr UGy. Indeed, if p € Gr then it also belongs to Hy, (it cannot be a point of £r, and G, and

Gr are disjoint). But pr being non-null near g, 7 is orthogonal to B (by Lem. 4.4) so neither 7j; nor 7j; are
parallel to B, which implies (again by Lem. 4.4) that pz, = 0 near p, contradicting our assumptions. Likewise,
if p € Gr, 77/ must be parallel to B and pr null near p. Thus p € Hp NHy. The support of measures pur and
[z, is, near p, a union of incoming and outgoing maximal rays.

Let us first assume that the support of uy contains the ray going out of p. Then

i)/ B

so that 7"7';5 is not orthogonal to ﬁ As a consequence, the support of pp is only made of incoming rays, and the
fact that pur # 0 implies

inLB.

Thus 7, is not parallel to § This is the (T'— L) case, and it remains to show the statement of the lemma
about the transfer from transversal incoming waves to longitudinal outgoing waves, which may be formulated
as follow: for any p € Hr N Hy near p the following equivalence holds:

p ESUpPp pp <= P € SUpp pr. (4.11)

Let us assume for example j§ ¢ supp pr. Then pr is null near rays coming in and going out of j and by the
hyperbolic theory (see Prop. 3.15),

k _ ok 2
ULlzg=0 = ~UTizg=0 , 2 00 Ljp.

By the propagation theorem, the support of 1, propagates near p. But this support is a union of outgoing rays.
Consequently, it is empty near p and py, is null near p. The implication p ¢ supp p, = p ¢ supp pur may be
shown in the same manner.



A GEOMETRIC CONDITION FOR THE UNIFORM STABILITY OF LINEAR MAGNETOELASTICITY 31

If the support of py, contains no outgoing ray near p, it must contain incoming rays. This corresponds to the
(L — T) case, which may be treated as the (T'— L) case.

The study of the other cases is based on the transfer of the boundary conditions stated in Lemma 4.6 below:
roughly, a boundary condition on the longitudinal wave implies one on the transversal wave and vice versa.

Notation. Let v% ;, be the functions u’% ;, considered as vector fields on 2. In local coordinates, if x denotes
the change of coordinates, we have

k / k Ugl k ! k vﬁl
vp = X' (Y)ur = Ura v =X (y)uy, = %2
Urs VL3

Lemma 4.6. Let p € S*0X, and (u®) be any sequence of solutions of the Lamé system weakly converging to 0
in HY (R x ).

o Assume the following approxzimate equation for some A; € A:
ars”§"3rx3:o = Alv?srmg:o +o(1) in L%,& (4.12)
Then
Ay’%@’[czg.:o = 7A13I3<p’;z3:0 +o(1) in L,23,6~ (4.127)
e Conwversely, if, for some A_; € A™Y the following equation holds:
Moo =A 105,08 _o+o(l) in H2 (4.13)
Pla;=0 —1023P ) z5=0 T O m i1 5. .
Then
Oy Vg aamo = — Dy A_10g1,,—0 +0(1) in L2 5. (4.13)

o Moreover if, in addition to (4.13), i’ #0 and o(A_1)(p) # 0, then

Uécﬂfz:sio = Z_lam3v§~rr3:0 + 0(1) in H%,a (4.13”)
0 0 Z'g/—l m
ZacA L oa(Z)=71"] 0 o0 72
0 0 O'(A_l)71

Proof. First note that the Dirichlet condition on u* implies

69:3”%&13:0 = Ay"PIFg;B:o +O(1) in Hlt/cz(ax)a (4.14)
Indeed, the equation div u§ = 0 implies, recalling that div véﬁ = ﬁ Z?Zl Oy, (\/gvél])

By V5 + Dy, Uy + Dy, v = O(1) in Hyo(X).

Using U‘];razgzo = 0, we obtain

. 1/2
83337‘}]%3[353:0 = 82!10%1[903:0 =+ ayzvllcl2[:c3=0 =+ 0(1) mn Hlo/c (6X)a
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yielding (4.14) by the definition of .
Assume (4.12). By (4.14) and the nullity of fuz’,fr

r3=0"
Aywﬁ-g:o = —Alvf?)rzg:o +o(1) = —Alaxgwlfxgzo +o(1) in L%,a-

Now assume (4.13). Then Ay"PlfzS:O = Ay/A—lam‘P]Fxg:o +o0(1) in L%’a, which implies (4.13”) using (4.14) on
the left-hand side of the equation, and the Dirichlet condition on v% on its right-hand side.
If, in addition to the assumption (4.13), 7’ and o(A_1)(p’) are nonzero, both operators A_; and A, are

elliptic at g, and equations (4.13’) and (4.14) may be rewritten

Vistzy=0 = Y-100, Vg, +0(1) in Hy 5 o(Yo1) = || 2o (A1), (4.15)

. r5/2 _ -

Phramo = B-20s,0fg100m0 + O(1) in HJF, 0(E_2) =~ [/ near 5

Hence
vk _ Oy, o _ .
< v:}glrwgfo ) =g' 1 ( aJNPmeo ) _ 2718137}'1123@3:04‘0(1) in H;,/a?g:o (4.16)
T2 z3=0 Y2 Plzs=0
o(Z-1) = ill' |2~ ( " ) near .

Assertion (4.13”) is an easy consequence of (4.15) and (4.16). O

We may now study cases (1) and (2) of Lemma 4.5.
Case (1): assume py, = 0, pr # 0 near p. There are three possibilities:

o If p € Hy, the nullity of py implies, by standard hyperbolic theory (Prop. 3.15),

k .k : 1
WP pgam0 = —UL 125=0 kﬁ—>+oo 0 in Hﬁ@

so that near p, the support of ur propagates. It is easy to see that condition (4.4) on the support of ur
implies, if ur does not vanish, that this is one of the four cases described in Lemma 4.5, (1) .
e Assume p € &;,. The standard elliptic theory (Prop. 3.16) implies

k — k . 1
@0390@3:0 + iZP 1,0 k—> 0in Hj,

—+00 z3=0

where 01(Z) = i\/[[7/[|2 — v272. With Lemma 4.6, this yields the following equation on the traces of u.:
Ulfrm,:o = ii—lDzaul:?mg:o +o(1) in H,;av Z_,=X"'Z 1Y (4.17)

where the principal symbol of the operator Z_; € A" is given by (4.13”), with 0_1(A_1)~"' = —io1(E).
Notice that the eigenvalues of o_1(iZ_1), thus those of o_;(iZ_1) are pure imaginary numbers. As a
consequence, the boundary condition (4.17) is a uniform Lopatinsky boundary condition near p (see the
example following Def. 3.10), which shows again the propagation of pr. As in the case where p € Hp, it
is easy to see that this is one of the four cases of Lemma 4.5.

e The case p € Gy, is the most difficult. If pp is non-null near p, then p must be in Hp. We use a contradiction
argument to prove the propagation of the support of ur. Let p € Hp such that the ray coming in p is in the
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support of pr, but not the ray going out of j. According to the standard hyperbolic theory (Prop. 3.15),
brrao 2 0in L2, o1(Ar) = v/orr? = [
This implies, by Lemma 4.6, a boundary equation on 9,¢"*, of the following form:

Ot Pfrsmo = Y-1D, 0y P},,—o + 0(1) in H} 5,

which is a uniform Lopatinsky condition near p because p € Gr. In view of Proposition 3.18 on traces in
the glancing region, such an equation implies, with the nullity of u near p the following conditions:

Orplrsmo = 0in H} 5, 0n0yply,—o — 0in L3 .
The operator 0; being elliptic at g, this shows that u’Z tends to 0 in H}n o> and thus

k . 1
Uy =0 k~>_>+oo 0in Hﬁ’a.

Hence the propagation of the support of pr near p, which contradicts the assumption on rays coming in
and going out of p.

Similar arguments show that if the ray going out of p is in the support of ur, so is the ray coming in p.
This proves that the support of pur propagates near p. Notice that this is necessarily the (Hr2) case.

Case 2: we assume now that pur = 0 and pp, # 0. We argue in a similar way, considering three possibilities:

e If p € Hrp, the standard hyperbolic theory gives an approximate Dirichlet boundary equation on u%, which
implies

k : 1
UT, 15=0 k:)m 0in Hj 5.

As a consequence, the support of uy propagates. On this support, 7 is parallel to B, which shows, as

stated in Lemma 4.5, that 7/ = 0 and p € Hp,, or ﬁ’//§ and p € Gr,.
o If p € &, we write (as in the similar situation when p € £1), the boundary equation of the elliptic region,

k = k . 2
DwauTrmg,:o + Erurp,—0 k—>—>+oo 0in Lﬁ,a~

This implies in view of Lemma 4.6 a uniform Lopatinsky boundary equation on 0,¢*, thus the propagation
of the support of i, which is the same as that of p7,. The fact that i’ # 0 shows that p cannot be hyperbolic
for the longitudinal wave (in this case outgoing and incoming directions are not parallel, thus at least one
is not parallel to B). Consequently, p € Gr.. More precisely, it is a diffractive point: the bicharacteristic
passing through p must stay parallel to B, thus its direction is constant which is not possible for gliding
rays because (2 has no contact of infinite order with its tangents. We are in the (G,) case of Lemma 4.5.

o If p € Gp, then p € Hy. The fact that p € Gr implies that 7/ # 0 , so directions ﬁ‘[ and 7j; cannot be
both parallel to § Consequently, the support of ur, is a union of only incoming rays (or only outgoing
rays). This gives a boundary equation of the following form:

o 3t%0]Fx3=o + ‘ALat‘p]FCm:O k—>—+>oo 0 in L;ZF,@’
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where ¢ € {+1, —1}. Notice that 0; is elliptic at p, so that we may rewrite this last property taking out
all the 0, and with H' instead of L?. This yields, in view of Lemma 4.6, a uniform Lopatinsky boundary
condition on u%. The nullity of ur gives as before (by Prop. 3.18)

k k . 1
Uy = —U 01nH~
L Tk—> FE

so that py propagates, and in view of the particular form of its support, vanishes near p. This shows that
this particular situation (p € Gr and py, # 0) is impossible, and completes the proof of Lemma 4.5.

O

Definition 4.7. We shall call B-admissible points the points of the boundary of S;M which are of one of
the eight types described in Lemma 4.5.

4.4. Conclusion of the proof
Let S := supp pr Usupp pur, and BR the subset of SyM, of all points p satisfying one of the following

properties:

e 25>0,pe SZ, and n//?;
e 23>0,pe SZyr and nl B;
e z3 =0 and p is B-admissible.

Let ®7(p,s) and ®r(p,s) be the bicharacteristic flows for the transversal and longitudinal waves. We shall
define a local continuous flow on BR, denoted by

q)(p7 S) = (cDx’a (I)x?n q)é/7 (I)fa) )

in the following way:

o if &, (p,s) >0 and ®(p,s) € SZr, or if ®(p,s) is a B-admissible boundary point of the form (1) of
Lemma 4.5, ® is near (p, s) the restriction to BR of the transversal bicharacteristic flow;

o if &,.(p,s) >0 and D(p,s) € SZ;, or if ®(p,s) is a B-admissible boundary point of the form (2) of
Lemma 4.5, ® is near (p, s) the restriction to BR of the longitudinal bicharacteristic flow;

e if ®(p, s) is B-admissible of type (T" — L), then

O(p,r) =Pr(p,7), if r<s
(I)(p,T) = (I)L(pvr)a if r> 53

(p,r) = @rp,7), ifr <s
D(p,r) = Pr(p,r), if r > s.

In view of Lemma 4.3, S (which a subset of BR) is stable under the flow ® on (0,7). Furthermore, if for some
p € BR,

(I)(p78) — ﬁ % BRa s€ (OvT)v
s—§
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(thus p is a boundary point which is not B-admissible), then p is not in S. Consequently, S is a union of
B-resistant rays of life-length 7. The assumption of non-existence of such rays made in Proposition 4.1 shows
that S is empty, which completes the proof.

5. NECESSARY CONDITION

Proposition 5.1. Assume that for all’T > 0, there exists a B-resistant ray of life-length T'. Then for all T > 0,
there exists a sequence (u¥) of solutions of the Lamé system such that

[0vuf—ollg> + ||u]Ft:o||2Hg porh 1 (5.1)
¥ A Bl g (0,1 x9) e, 0 (5.2)

Corollary 5.2. Under the assumption of Proposition 5.1, the energy of the solutions of the magnetoelasticity
equations does not decay uniformly. In other terms, the necessary condition of Theorem 1.2 holds.

Corollary 5.2 is a direct consequence of point b) of Proposition 2.5.

Proof of Proposition 5.1. This proof is inspired by the one of Theorem 4 of [3]. Denote by Z one of the indices
T or L and set Pz := A — v%0?. We start by an elementary remark:

Remark 5.3. Let E be a vector subspace of C? and 7 the orthogonal projection on E. The defect measure
of WEulg is mppzmE. Furthermore, Pzm Eu’% = 0, so that the theorem of propagation 3.12 holds for the measure
75z e if a uniform Lopatinsky boundary condition holds on 7gu%. Notice that any scalar uniform Lopatinsky
condition on u’% yields such a condition on WEU]%. If 5 uzmE = pz, the measure pz will be said to be polarized
along E. If E is the line generated by a vector H of C? we shall also use the phrase “polarized along H”. If
both measures prll_. vy and pplj_. 7. are polarized along B, then condition (5.2) is fulfilled.

Let T > T. Consider a B-resistant ray defined on an open interval I of length T":

V() = (t5(8), 44 (8), 7 (5), 117 (5)) = (24(s), &4(5))-

If T” is large enough, then one of the two following assertions holds:

a) v(I) contains an interior point;
b) yy(I) =T C 09 where I is a closed curved, contained in a plane P which is normal to B, boundary of a
convex subset of P, and such that on I', n is orthogonal to B.

Case b) occurs when there exists an infinite boundary B-resistant ray. This case reduces to case a), choosing a
transversal ray contained inP which only meets the boundary at hyperbolic points.

Thus, we may assume that «(7) has an interior point. We may also assume, possibly translating the origin, that
this interior point is v(0), and that (¢,(0), y,(0)) = (0, 0). Recall that the magnetic field is vertical: B = (B, 0,0).
We shall denote by —T'~ and T'" the extremal points of I: I = (=T, 7).

If 7,(0) is parallel to B (i.e. if ¥(0) is in the longitudinal characteristic set), choose a non-zero function
p € C§° (), and set

Py) = Kk e o(Vhy), up = Vb, uf = ikepug.
Where u* is the solution of the Lamé system with initial data (u”*, du*) ;= = (uf, u¥). Then

k -1 k -1
U — K © U — K ©® .
” OHH1 & H HLQa || 1||L2 & ” ”L2
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Thus, condition (5.1) is fulfilled with an appropriate choice of K.
For small ¢, by finite speed of propagation for the wave equation, u¥ has compact support in Q. Thus u% = 0
and uf = u¥. As a consequence, for small ¢,

L pr =0;
2. py, is polarized along B; B
3. the projection of the support of py, on R, x €2 is contained in z (I).

If n,(0) is orthogonal to B, we construct a sequence of solution of the Lamé system, with the following initial
data (cf. [3]):

PP = K== ey (Viy),  ub = curl (0,0, %),  u¥ = ikerub.

In this case, condition (5.1) is fullfilled for an appropriate K and the defect measures satisfy the following
properties for small ¢:

L opr =0;
2. pr is polarized along B; -
3. the projection of the support of yr on R, x Q is contained in - (I).

To show (5.2), we shall prove that both measures ur and ur, are, for ¢ € I, polarized along B. For ¢t > 0, we
shall denote by P(t) the following property: in a neighbourhood of [0,¢], both measures y; and pr are
polarized along B and the projections of their support on R, x Q are contained in x(I).

Let T be the set of t in [0,7F) such that P(¢) holds. By its definition, 7 is an open subset of [0,7"). We
have just shown that 0 is in 7. We shall now prove that 7T is closed. We will use the following lemma:

Lemma 5.4. Let p = (t,9,7,7) € S; M. If prll,_; and prll,_; vanish in a neighbourhood of p, the measures
wr and pr also vanish in a neighbourhood of p.

This is a trivial assertion in the interior of €2 by the propagation of both measures. Near a point of the
boundary of €, one may show Lemma 5.4 using the Dirichlet boundary condition on u* and the theorem of
propagation 3.12; together with the same type of arguments as in Lemma 4.5.

Let s > 0 such that P(sg) holds for s < sp. We must check that P(sq) holds. Five cases arise, depending on
the nature of p := y(so).

i) p is an interior point.

P(s0) is obvious in view of the propagation of both measures in the interior of .

ii) p is of the type (1) of Lemma 4.5.

This case, where py, vanishes for time ¢ < t,(so) near t,(so), was studied in [3]. The authors show that p,
remains null for times greater than t.(sg) and that pur propagates near y(so), in such a way that in our case,
its polarization along B is preserved. In particular property P(sg) holds. The next three cases are represented
in Figure 3.

iii) p is of the type (Hr) of Lemma 4.5: y’ (so) € 99, 1 (s0) = 0 and n//B.

In view of Lemma 5.4, the support of the measure iy, is contained, near p in the union of the longitudinal ray
coming in p and the longitudinal ray going out of p. The support of ur, if not empty, if the transversal ray going
out of p. Let E be the plane orthogonal to B in C3. The polarization of u, along B shows that nurme =0
and thus, by Remark 5.3 and the standard hyperbolic theory of Proposition 3.14,

k k —
7TEUT[1-3:O = —TI'EUL[wszo kj@ 0 mn Hp,a
which implies, using again Remark 5.3 that n}ur7mg propagates along the transversal flow near v(sg). Thus

TpurTE vanishes near p. But pr is polarized orthogonally to its direction of propagation which is exactly B
on the support of ur near p. This show that pr vanishes near p, completing the proof of P(sg).
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iv) p is of the type (Gr.) of Lemma 4.5: p is a diffractive point for the longitudinal wave, and 7/, (so) is parallel
to B.

Then p € Hp UEp. Furthermore, if p € Hrp, pur ]1t<t7(éo) vanishes near p. Thus, according to standard elliptic
or hyperbolic theory (cf. Props. 3.15 and 3.16), u% satisfies a boundary condition of the following form:

k k 1
Dy Wi py—o = AUpp,,—o +0(1) in L2 5, A€ A,

where o1(A) = —iy/||7’||> — v272 in the elliptic case and o1(A) = —/v772 — ||/||? in the hyperbolic case. This

yields, in view of Lemma 4.6, an uniform Lopatinsky boundary condition on ¢*:
Voo = B_1Dy 0, _o+o(1) in H! (5.3)
(p[a:g:() -1 m‘ng:O o m p,0° .
As a consequence, the support of p (and that of pr) propagates near p. The polarization of py along B is
immediate. The nullity of pr near p remains to be checked. This is a general property in the elliptic case
p € Er. In the hyperbolic case, first note that the propagation theorem of Burq and Lebeau ([3], Thm. 1)
implies with the boundary condition (5.3) that u is invariant by the longitudinal flow near diffractive points.

So the total mass of uy, is preserved by time, for ¢ close enough to ¢,(sp). The next lemma, which is a measure
version of the conservation of energy for the Lamé system, completes the proof of P(s):

Lemma 5.5. Let ¢ € C§°(R). Then

(pr + pr, @' (t)) = 0.

Thus the total mass of the measure (ur + pr)n=s s well defined, and does not depend on s.

Proof. In this proof, we denote by = = (¢,2) € R x ) the global space-time variable. By the equation (97 —

A)ut =0,
Re /Bfukatﬂkgo(t)dx —Re /Aeukﬁtﬂkap(t)dx =0.
Set Veu := (sVu, (A + ¢)divu) € C*. A simple integration by parts yields
/(p’(t) ‘&guk’de + /(p’(t) ‘Veukfdx = 0.
Using another integration by parts, and then the decoupling Lemma 3.28,
—/8fukukg0’ /A uk Tk ! ( =o0(1) as k — +oo
/(3,52 + A& A)ubak o (t)dx + /(af + A A ubak o (t)de = o(1) as k — +oo,

and thus, by the definition of pur and up,

7_2 +C2 2 7_2 +CQ 2
<uT, gl (p,(t)>+<% AUl (p/(t)>:0_

272 272

This completes the proof, noting that on the support of pr (respectively pr), er||nll (respectively cp||n||) is
equal to 7. O



38 T. DUYCKAERTS

case iv)

case v)

FIGURE 3. Cases iii), iv) and v).

Lemma 5.5 and the mass conservation of pz, imply that the mass of ur is also preserved near p, which shows
that pp vanishes in a neighbourhood of p.

v) p is of the type (L — T') of Lemma 4.5.

In view of Lemma 5.4 and of the assumption P(s) for s < sg, the support of uy is contained in the two
longitudinal half-rays passing through p, and that of pr is only contained in the ray going out of p. To prove
P(sp), it remains to show that p; = 0 along the longitudinal ray going out of p. We shall do so by a simple
polarization argument. Let H (respectively J) be a unitary vector of C? parallel to the direction of the transversal
(respectively longitudinal) ray going out of p. The polarization of pup shows that 75, urmgy is null, so that 75 upmy
propagates near p. Now, H is orthogonal to the direction of the longitudinal ray coming in p, so that njurmy
vanishes, along incoming rays but also, in view of the propagation, along outgoing rays. Furthermore iz 14 (s0)
is polarized along J. It is easy to see that this last measure vanishes. Indeed, the polarization of pj, implies

* %k * %
Wit (so)TyTuTgPLTITHT ) = Lt (so)TyTpLmaTy =0

But

< H,J>?
[H|?|J|?

TJTHT ] = T

Noting that H and J are not orthogonal this yields the nullity of y1,1;5; (s, in a neighbourhood of p. vi) p is
of the type (T — L) of Lemma 4.5.

One may argue as before, showing that for every vector K orthogonal to J, mjurmr = 0 near p, which
implies the nullity of prlese ., near p.

The proof is completed by reversing time, which yields P(s) for — T~ < s < 0. O

APPENDIX A. REGULARITY OF BOUNDARY VALUE PROBLEMS

The following proposition concerns solutions of a partial differential equation which is transverse to the
boundary of an open set. It says that for such functions, the control of derivatives which are tangential to the

boundary suffices to control all the derivatives. As in Section 3, we shall work in an open subset X of @TFI, of
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the form X’ x [0,1[, where X’ is an open subset of R™. Let P be a differential operator of degree 7 on X, of the
following form:

P=>" Q- ;0

7j=0..r

where the ;s are N x N matrices of tangential differential operators, with C'*° (Y) coefficients, and @ is the
identity of CV. To simplify the following statements, we suppose u € C°°(X).

Proposition A.1. Let s >0, j € N, and suppose that Pu=0 on X. Then

VoeC® (X)), 3oeCE(X), |¢dl ullge—si < Cll@ullr2(oner:(x7))
where C does not depend on u. Likewise (assuming again Pu = 0),

Vo e O3 (X)), 32e 0 (X)), lleullrzpa—+xr) < Cllgullm-s(x)-

APPENDIX B. PROOF OF PROPOSITION 3.18

As mentioned in the introduction of Section 3, whe shall assume that each u* is smooth enough, so that all
the quantities appearing in the following calculation are well defined and finite. Let

A= AgD,,, Ay € A%, C* = ([P, Alu*,uF).

Take the support of Ap in a small enough neighbourhood of . The operator P is formally self-adjoint. A simple
integration by parts yields

ck = —(APuk7 uk) + (Auk7 Puk) —(Au’r“gcn:07 iDan]an:o)a + (iDznAU]an:O» U]an:o)aa

0

where (.,.)s is the L? scalar product on {z,, = 0}, with respect to the measure /g, —odz’dt. We have

Dy, AoDy,u" =AgD2 u* + D, , Ag] D, u* = —AgQu* + RyD, u¥, Ry e A°
ck zz'(Angcnuk7 Dmnuk)a —i(ApQuF,uF) s + (RoDxnuk, uk)y.

So, using condition (3.12),

C* =i(AyD,, uF, D, u*)g —i(AgQB_1D, u* B_ 1D, u*)s —i(AgQh*, B_1D,, u*)s
—i(AoQB_1D,, uF h*)g + (Ro Dy, u*, B_1D,, uF)s + o(1), k — 400

Take Aj of the form TjjT), where Ty € Ay is scalar, elliptic at p and has support in a small neighbourhood of
p. Then

CF =i(EgD,,u*, D, u*)g — i(ToQh*, B_1 Ty Dy, u*) — i(QB_1Ty Dy, u*, Toh*) 4+ o(1), k — 400
EO e AO, Eo = T(;(TO — BilT;TQQB_l + BilRO'

Denoting by ¢o the principal symbol (which is scalar) of Ty, we have

oo(Eo) = [tol? (1 —b* 1b_1¢2) .
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Since g2 vanishes at p, we may choose ¢ty with support in a small enough neighbourhood of p such that
O'(Eo) Z 1/2‘t0|2

(in the sense of quadratic positive Hermitian forms). The weak Garding inequality, applied to the operator
Ey — 1/2T3 Ty, thus yields

1
lim inf Re (Eg D, u*, D, u*) — §||TODInuk\|2L% > 0.

k——+o0

This implies, using the convergence to 0 of h* in H },
lim inf Im C* > 1|\T0DI ub 2.
k=00 ~ 4 n LG

Thus Dwnulfxnzo is bounded in L%,av which yields, with the boundary condition, that U’an:o is bounded in
le’a. The proof of (3.17) is complete.
When p is null near p, we have

lim CF = (u, LUEky _ g

k—+4o00 T2

which yields (3.18).

Point b) of Proposition 3.18 may be seen as a consequence of the propagation theorem of [3]. The assump-
tions (3.19) imply that any uniform Lopatinsky boundary condition holds on the traces of u*, which shows that
the measure p propagates near p with any smooth multiplicative factor, which is impossible unless p is null.
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