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FEEDBACK STABILIZATION OF A 3D FLUID FLOW BY SHAPE
DEFORMATIONS OF AN OBSTACLE*

JEAN-PIERRE RAYMOND"** AND MUTHUSAMY VANNINATHAN?

Abstract. We consider a fluid flow in a time dependent domain Qy(t) = Q\ Q4(t) C R?, surrounding
a deformable obstacle Q,(t). We assume that the fluid flow satisfies the incompressible Navier-Stokes
equations in Qf(¢), t > 0. We prove that, for any arbitrary exponential decay rate w > 0, if the initial
condition of the fluid flow is small enough in some norm, the deformation of the boundary 9Q,(¢) can
be chosen so that the fluid flow is stabilized to rest, and the obstacle to its initial shape and its initial
location, with the exponential decay rate w > 0.
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1. INTRODUCTION

1.1. Setting of the problem
We consider a fluid occupying a time dependent bounded domain €¢(t) in R3, for t > 0. We consider the

case where Q¢ (t) = Q\ Q,(t), Qis a regular bounded domain in R?, and Q,(t) is another regular domain such
that Qg (t) C Q, for ¢ > 0. Thus, the obstacle Q,(t) is surrounded by the fluid domain ;(¢) as in Figure 1, but
other situations can be considered as well. We denote by I'. the boundary of 2, and by I's(¢) the boundary of
Qs(t). Therefore I'o UT4(t) = 0Q¢(t), Ts(t) = Qp(t) NQ(t), and Ts(t) N T = (. For simplicity, we assume that
['s(t) is connected.

For t =0, we set Q7(0) = Qy, Q,(0) = Q,, [';(0) =T.

Let u(-,t) and p(-,t) be the fluid velocity and pressure. We are going to consider the case when the fluid flow
satisfies the incompressible Navier-Stokes equations in Q;(¢), with no-slip boundary conditions at the boundary
of Q4(t), and an initial condition u(-,0) = ug € H} () satisfying div(ug) = 0.

Our goal is to prove that, for any arbitrary exponential decay rate w > 0, if ug is small enough in the

norm || - || g1+eq,) for some £ € (3,2), it is possible to choose the shape of the obstacle €2,(t), or similarly the
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FIGURE 1. Reference and deformed configurations.
deformation of the boundary I's(t), for ¢ > 0, in such a way that
tlgglo He“’tu(', t)||H1+Z(Qf(t);R3) = 0. (1.1)

In order to deal with this nonlinear problem, we look for regular obstacle deformations X;(-,t)
Qg = Qg(t), or similarly, regular deformations of the fluid domain X(-,t) : Qf — Qy(t). More precisely,
we look for deformations which can be expressed as regular diffeomorphisms X (-,¢) from Qy into Q(¢), or
similarly from T’y into T's(t).

Thus, we are led to consider the following system

% + (U . Vw)u — div, U(u,p) =0, divu=0 in Qf(t), for t > 0,

u=0 on XX =T, x(0,00), u(0)=1upin Qy,

_ow

X(y, 1), ¢
u(X(y,t),t) 5
X(y,t) =y +w(yt) for (y,t) €¥°, X(y,0)=y and w(y,0)=0 foryel,,
T,(t) = X(Ty, 1),

(y,t) for (y,t) € BT =T x (0,00), (1.2)

where u and p are the fluid velocity and pressure, w may be viewed as the obstacle displacement from the
reference configuration €,

o(u,p) = v (Vou+ (Vyu)h) = pI,

is the Cauchy stress tensor, v > 0 is the fluid viscosity. Let us notice that, since divyu = 0 in Qf(t),
—div, o(u,p) = —vAu+ Vp.

When w satisfies the Lamé system of linear elasticity in Q4 x (0, 00), coupling system (1.2) with the elasticity
system (including the equality of the Cauchy stress forces at the interface I'y) corresponds to a fluid-structure
interaction system (see, e.g., [25]). Thus there is a close connection between the stabilization of fluid-structure
interaction systems and the stabilization problem that we consider. Here, for simplicity, we first treat the
stabilization of the fluid flow by shape deformations of the surrounded obstable (¢). The stabilization of the
system coupling the Navier-Stokes equations with the Lamé system will be studied in a forthcoming paper,
based on the results obtained here.
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There are a few existence results of strong solutions, local in time, for system (1.2), either with a flat initial
fluid-solid interface [14, 25], or in the case of the geometrical configuration considered here, see e.g. [3, 4].
The results in [16] and in [12] provide regularity results for strong solutions (assuming the existence of these
strong solutions). Several papers are concerned with the case where the solid is rigid, we refer to [5, 11] and the
references therein. There are other results dealing with models in which the fluid-solid interface is assumed to
be fixed [14].

From the point of view of control theory a very few results are known for fluid-structure interaction models.
We refer to the recent paper [28] where a stabilization result is obtained for a fluid-solid structure model, with
a control acting in the solid equation. In [32, 33], the authors study the asymptotic behavior of fluid-structure
models coupling heat and wave equations, but the systems are linear and the fluid-structure interface is not
moving. In [18], the authors study some stabilization problems, but still in that case the fluid-structure interface
is fixed. The case of a moving interface, with a stabilizing feedback located at the fluid-structure interface is
considered in [13]. In [21], the second author has studied the stabilization of a fluid-structure model in two
dimensions, where the structure is a damped beam equation located at the boundary of the fluid domain. These
results have been recently extended to more complex systems, see [7]. We also mention [9, 10], where the shape
of an elastic structure is used to reduce the drag of a fluid flow surrounding this an elastic structure.

We prove stabilization results for system (1.2) by rewriting it in Lagrangian variables. For that, we introduce

ﬂ(y, t) = U(X(y7 t)’ t) and ﬁ(yv t) = p(X(y, t)v t),
where

0X _
E(y,t) =u(X(y,t),t), X(y,0)=y forallye Q. (1.3)

We notice that if u satisfies (1.2)3, then equation (1.3) restricted to I'y reduces to

0X ow
—(y,t) = —(y,t) £ 11 .
6t(y,) at(y,) orally €T,

Since w(-,0) = 0, this equation reduces to (1.2),. We look for w of the form

where the functions (§;); ;<. are regular and satisfly
/ & ondr=0 foralll <i< N,
FS

To ensure that the functions (F;), ;. are sufficiently regular, we are going to look for (F;), ;. satisfying

F/(t)= fi(t), Fi(0)=0, foralll<i<N,,
fiit) = hi(t), f:(0)=0, foralll<i<N,.
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(F1,...,Fn.), f=(f1,---sfN.), h = (h1,...,hn,). The system satisfied by (u,p, F, f) is of the

% —vAu+Vp=F(u,p) and divu=G(u)=div(g(u)) in QF = Qf x (0,00),

w(0)=wuy inQy, w=0 onX>,

Nc
= fit)&ily) on B,
=1

, (1.4)
Fi(t) = f@t), F(0)=0,
f'(t)=h(), f(0)=0,
t
X(y,t) =y —|—/ u(y,s)ds, forally e Qy and all ¢ € [0, 00),
0
Qp(t) = X(Qy, 1), Y (X(y,t),t) =y forallye Qs andall te]0,00),
and X(Y(z,t),t) =z for all z € Q(t) and all ¢ € [0,00),
where the nonlinear terms F, G, and g are defined by
F(u,p) = Fi(u) + F2(u) + F3(u, p),
~ 0?Yy, ou
Fi(u) =v ) W(X(y,t),t)af%(y,t),
J.k J
oY; 3Yk 0%u ~ (1.5)
Yy, t),t) ———(y,t) — v Au,
%8% ax] ) )Gyiayk (v.1)

]:3(17’@ = (I - J}j;) vﬁa
Gu) =Vu: (I —det(Jx)Jy), and g(@)=(I—det(Jx)Jy)u

In order to satisfy (1.1), we are going to look for a control h € L?(0, 00; RM¢), in feedback form, such that the
system (1.4) admits a unique solution (u,p, F\ f) satisfying

tlirgo ‘|GWta('7t)||Hl+l(Qf;R3) =0. (1.6)

In order to impose the exponential decay rate w > 0, we introduce the following change of unknowns

u(y,t) = e“"u(y,t), ply.t) = e“'ply.t), Fly.t) =" Fly,t),

p
Fly.t) = e“' f(y,t), hly,t) = e“"h(y, ).
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~

The system satisfied by (@, p, ﬁ, ) is

ou = - PPN
%—wﬁ—l/Aﬁ—f—Vﬁ:}'(ﬂ,ﬁ) and divu = G(u) =divg(u) in QF,

u(0) =wy inQy, w=0 onXZ,

<)

Ne
= Zfi(t) &i(y) on X7,
i=1

F'(t) =wF(t) + f(t), F(0)=0, (1.7)

F(#) =wf(t)+h(t), f(0)=0,
t
X(y,t) =y —|—/ e “*u(y,s)ds, forally € Qs and all t € [0,00),
0
Q(t) = X(Q,1),
Y(X(y,t),t) =y, ye€ Q; and X(Y(z,t),t) =z, x¢€ Qy(t), t €[0,00).

where the nonlinear terms F , G , and g are defined by

F@,p) = e' Fi(e ') + e Fa(e M) + ! F(e ™00, e~“'p),
G(@) = e*'G(e ') and g(1) = e“'g(e“'q).

We notice that X (y,t) = X(y,t), and therefore Y (z,t) = Y (x, t).

Let us notice that, if the functions (§;)1<i<n, are chosen so that / & -ndxr =0, for all 1 <i< N, then

rs
/ g@)(t) -ndx =0.
Is
N
Indeed, / u(t) -nde = / Z fi(t)& -ndx =0 and
s T i=1
/ det (Jg) Jpu(t) -nde = eWt/ u(t) -ndz =0. (1.9
r, T (t)

The first equality in (1.9) is a consequence of Nanson’s formula and the last one is a consequence of the fact
that divu(t) = 0 in Qy(t).

In (1.7), h= (ﬁl, e ,ﬁNc)T is the control, and the function £ = (&;)1<i<n. has to be suitably chosen in
such a way that the linearized system associated with (1.7) is stabilizable by controls h € L2(0, 00; RY¢). The
equation F' = wF + f, F(0) = 0, is added to guarantee that )?(, t)|r, tends to the identity with the exponential
decay rate w > 0, when ¢ tends to infinity. Thus the fluid domain Q¢(¢) tends to the initial configuration ¢,
with the exponential decay rate w > 0, as t tends to infinity. And the equation f’ = wf—f— ﬁ, f(O) =0, is added
to improve the regularity of f
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Let us notice that if h is a control stabilizing system (1.7), then system (1.2);_3 will be stabilized, with the
exponential decay rate w > 0, by the boundary deformation X satisfying the differential equation

%(y’t) =u(X(y,t),t), X(y,0)=y forallyeTs. (1.10)
This is why we shall speak of stabilization by shape deformations of the fluid-obstacle interface.

Before stating the main result of the paper, we recall that, for s > 0, H*(2f) denotes the usual Sobolev
spaces. We would like to underline that we shall make the abuse of notation by writing H*(Qy) for H*(Q;R3)
or H*(Qy; R3*3) for vector valued or matrix valued functions. The distinction between these three spaces should
be clear from the context. We may also use the notation H*({2s) for H*(Qy;C3), for eigenvalue problems in
which eigenvalues and eigenfunctions may be with complex values.

For s > 0, the space HS’S/Q(Q;O) is nothing but L2(0, 00; H*(Q¢)) N H*/2(0, 00; L2(£2)). We shall also make
the abuse of notation by writing H**/2(Q3) for L*(0, 00; H*(Qy;R®)) N H*/2(0, 00; L?(2f; R?)).

Throughout the paper, we assume that

Qy is of class C°. (1.11)

The main result of the paper concerning the stabilization of the Navier-Stokes equations by boundary
deformations is stated below.

Theorem 1.1. (Stabilization of the fluid equations in Lagrangian variables). Let w > 0 be given fized, and let
(&)1<i<n, satisfy (3.2)~(3.3). Assume that uo € H™(Qy) N H(Qf) with £ € (%,2), and divug = 0. If in
addition |[uo | g1+¢(q,) is small enough, then there exists a control h belonging to H'"/2(0, 00; RN¢), in feedback

form, such that the system (1.7) admits a solution (ﬁ,ﬁ, ﬁ)/(\') belonging to
HPHEIH2 Q) 5 HT2(0, 00, RN) x HPH/2(0, 00, RNe) X I,

where

I = {X € L(0,00; H*(Q: RY)) 1 H}L, ([0, 00); H2(Q4:RY))
| X € L2(0, 003 H2H(27)) N H(0, 003 HY(2y)) -

The outline of the paper is as follows. We prove new regularity results for the Stokes system in Section 2.
The stabilizability and the feedback stabilization of the linearized Navier-Stokes system controlled by boundary
deformations is studied in Section 3. The associated closed-loop nonhomogeneous linear system is studied in
Section 4. Section 5 is devoted to estimates of nonlinear terms of the Navier-Stokes system controlled by
boundary deformations. Theorem 1.1 is proved in Section 6 by a fixed point method. In Section A, we have
collected estimates on products of functions needed in Section 5.

As the existence of solution to the nonlinear closed loop system (1.7) is proved by the Banach fixed point
Theorem, we only prove the uniqueness of the fixed point. This does not mean that the solution is unique.
However, we think it is the case, and that the uniqueness can be proved as in [19] by showing that the system (6.1)
admits a unique maximal solution. But due to the length of the proof in [19], we shall explore that issue in a
forthcoming paper.

2. THE STOKES EQUATIONS

In this section, we are going to state results very similar to those in [25], except that in [25] all the regularity
results are stated for equations defined over a bounded time interval (0,7), while, here, we are going to prove
results for equations defined over the time interval (0, c0).
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2.1. Some function spaces

We introduce the following function spaces

VO(Qy) = {ue L*(Q;R?) | divu=0in Qf, u-n=0on dQ;},

VOQs) = {u € L*(Qp;R%) | divu = 0 in Qf}, 21)
Vo (Qf) = Hy (s R%) NV (),

V2(Qy) = {u € H*(Qp;R?) | dive = 0 in Qf}.

We also introduce the dual spaces of V' (2f) and of V2(Q) N V' () with V,2(Q) as pivot space:

Vo () = V() = V1 Q) = (V5 ()
VAQp) N VG (Qf) = V() = V2(y) = (V) N V()

2.2. The Leray projector
Let us recall that

L*(Q;R%) = V) (Qf) & VH' (),

where VH!(Qy) is the subspace of functions belonging to L?(Q; R?) and which are the gradients of functions
belonging to H'(Qy). The Leray projector P is the orthogonal projector from L?*(Q2s;R?) to V,2(Qy). Let us
recall that, for all u € L?(Q;;R3), Pu=u— V({ + ), where  is the solution to the elliptic equation

Ce€HY(Qg), A¢=divu inQp (=0 ondQy, (2.2)

and 7 satisfies

or

e HY(Qy), Ar=0 inQy, an

=(u—-V(¢)-n ondQy. (2.3)
As usual (u — V() -n is well defined in H~/2(T"), the dual of H'/2(T), since (u — V() € L?(Q;R?) and
div(u — V¢) = 0 in Qy.

The operator P may be continuously extended as an operator belonging to £(H (Q;R3), V=1(Qy)), still
denoted by P for simplicity, defined by

<PU’¢>V*1(Qf)7Vol(Qf) - <v’¢>H*1(Qf;R3)~,Hé(Qf;R3) ’

for all v € H=1(Q4;R?) and all ¢ € V! (Qy). Similarly P may also be continuously extended as an operator
belonging to L((H? N H(24;R3)), V=2(Qy)), still denoted by P for simplicity, defined by

(P, @)y —2(0,) v @pnva(e,) = (0 @) ((m2nmg) @, ey, (H2AHD) () 72) -

for all v € (H* N H{ (243 R?)) and all ¢ € Vi (2) N VZ(Qy).

The Stokes operator is the unbounded operator (4, D(A)) in V,?(Qy), defined by D(A) = Vi (Qy) N VZ(Qy)
and A = vPA. With the extrapolation method, the Stokes operator may be extended to an unbounded operator
in V71(Qf) and in V=2(§2f) as follows. The operator (A, D(A;V~1(Qy))) is defined by D(4;V=1(Qy)) =
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Vi (925) and

(Av, @)y 10 v 0 = 7V o, Vv:Vedz,

for all v € V' (2y) and all ¢ € Vi (Qy).
The operator (A, D(A; V=2(2y)) is defined by D(A;V=2(2f)) = V.2(Qy) and

<AU,¢>V*2(Qf),vol(9f)mv2(9f) = _V/Qf v-A¢pdr

for all v e V() and all ¢ € Vi () NV2(82y).

Remark 2.1. Let us notice that, since Q is of class C®, the Leray projector P is continuous from H2H(Qf; R3)
into V2(Qy) N H2T(Qp;R3) for all £ € (3,32). Indeed, if u belongs to H*(Qy; R?) (resp. H*(Qy;R?)), due to
elliptic regularity results and the fact that Q is of class C® (see, e.g., [31], Thm. 2.24), the solution ¢ to (2.2)
and the solution 7 to (2.3) belong to H®(Qy) (resp. H3(Q¢;R?)) (the nonhomogeneous boundary condition
for the solution 7 to (2.3) can be treated by a lifting). Since 3 < 3 + £ < 5, if u belongs to H*¢(Q;; R?), by
interpolation, the solution ¢ to (2.2) and the solution 7 to (2.3) belong to H3+¢(Q;). Thus Pu = u — V(¢ + )
belongs to V.0(Qr) N H2H(Q4; R3).
Assumption (1.11) on the regularity of Q is also used in (3.3), see Remark 3.1.

2.3. Regularity results for the Stokes equations

We study the following Stokes system with Dirichlet boundary conditions and a nonhomogeneous divergence
condition

ov . e
a—l/Av—i—Vq:}" in QF,
dive=g=divg in QF, (2.4)

v(0)=vy iInQy, v=0 on X,

v=¢§ on X,

with the compatibility condition

/Fsﬁ(t)-ndo:_/ﬂg(t)dx_/F g(t) -ndz forall t € [0, 00).

s

We recall that ¢ € (3, 2). We introduce the spaces

E, = {u c H2+€,1+K/2(Q?o) | u|zg<> c HlM/Q(O,oo;Hg/Q”(FS))},
Fy = HY'P(QF),

Gy = L2(0,00; H'T(Q)) N HY2(0, 00; H' (),

G = H'Y2(0,00; L%(y)),

P, = {p c LQ(Q?O) | Vp € H£,€/2(Q§>co)7 fo p(z,t)de =0 for all ¢t € (0,00)}.
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The norm in E; will be denoted by || - || ,, and it is defined by

ur— ullg, = ||U||H2+M+f/2(Q;°) + llulsge | zver2 (0,00 137244 (r,)) -

The usual norms in Fy, Gy, and G will be respectively denoted by || - ||s,, || - llc,, and || - ||g,. The norm in Py
is p = [ Vpllr-

Remark 2.2. Let us notice that if u belongs to H2H’1+€/2(Q?°), u|se, the trace of u on 33°, belongs to
H3/2+63/448/2 (520 = [2(0, 00; H3/>H(T,)) N H3/4+4/2(0, 00; L*(T,)). Since we need to consider velocity fields
u whose trace on X2° belongs to H'+¢/2(0, 00; H3/>*4(T,)), this additional condition has to be included in the
definition of Ej.

We want to prove the following theorem.

Theorem 2.3. If/ ¢ (%’ %)’

F e HYP(QF), v e H Q)N HG(Qy), dive =0,
& € H'/2(0,00; H3/2T(Ty)),

(2.5)
g€ H'"2(0,00:L2(Qy)), g€ Cy([0,00); H'H(2y)),  glee =0,
g € L*(0,00; H'(Qy)) N H/?(0, 00; H (),
and if in addition the following compatibility conditions are satisfied
F(,0)=0 in Qy,
g(-,0) =0 inQy, £(,0)=0 onTy, (2.6)
and /gdx:/g-ndz:/&-ndx,
Q T, s
then the solution to system (2.4) satisfies
v\, + |Va|lF
[olle, + I Valle, @)

< CUIFllr +llglle, + lglla, + 1€l mrverz 0,00, m3/20e(r,)) + llvollmreeay))-

Remark 2.4. A similar theorem is proved in Theorem 3.2 of [1] in the case where 1 < £ < 3/2,and 0 < T < oc.
Another version of Theorem 2.3 is stated in Theorem 1.1 of [27], still in the case where 0 < T < oo.

To prove Theorem 2.3, we split the solution (v, q) of equation (2.4) in the form (v, q) = (v, q) + (v, q), where
(v,q) is solution of

% —vAv+Vqg=0 inQF,
divo =g =divg in QF, (2.8)

9(0)=0 inQp, =0 onX’

e
v=¢€ on X,
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and (7, q) is solution of

%—VA%\—FVZJ\Z}- in QF,

divo =0 in QF,
v(0)=v inQy, =0 on X,

v=0 on X.

2.4. Equation (2.8)

Proposition 2.5. Ifg, g, and &€ obey the assumptions of Theorem 2.3, then the solution to system (2.8) satisfies
ve B, Vqge F; and

[ollz, + IVl

< Clllgllar+e2(0,00,225)) T 19l Eer2 0,005 (25)) T N9l 220,001 +02(025)) + €N E1e72 (0,005 5372421 )) -
Proof. For g = divg and & satisfying the compatibility condition (2.6), we define L(g,&) and L,(g,§) by
(L,Ly) € L (L) x L*(Ly), L*(Qg;R*) x L*(y)) and L(g,€) = u, and L,(g,€) = p, (2.10)
where (u, p) is the solution to the following stationary problem

—vAu+Vp=0 1in Qy,
div(u) =g =divg in Qy, (2.11)

u=0 onl.,, uwu=€ onl,.

When & € Ht/2(0, 00; H3/?>T(T',)) and g € Gy, since &€ and g depend on the time variable ¢, we shall also
emphasize the dependence of u and p with respect to ¢ by setting L(g(t),£(t)) = u(t) and L,(g(t),&(t)) = p(t).
From Corollary 8.4 of [23], it follows that u(t) = L(g(t), £(¢)) satisfies

w20, < Clg®llL2p) + €@ [ 2(r,))-

Thus, we obtain
1wl grser20,00:2(0,)) < CUIBNH1+e/2(0,00;22(02,)) T IEll 152720 00, L2(T )))-
f f
We also have (see [8])
1wl trer2 (0,005 2 (025)) T IV PN EE2(0,0052200,)) < CUIGI HE200,00,17 (2 )) + €l H1072 (0,005 37242 (1)) )
and
1wl 22 (0,00; 2+ ¢ (25)) T IV Pl L2(0,00: (05 )) < CUIGN 20,0051 4072 (25 )) + 1€l H142/2(0,00; 537242 (1)) )-

Therefore the solutions u to (2.11) belongs to Ey, and Vp € F.
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We look for the solution (v,q) to (2.8) in the form (v,q) = (u,p) + (w,p), where (u(t),p(t)) =
(L(g(t),&(t)), Lp(g(t),&(t))). Thus (w, p) is solution of

ow ~ ~ ou . o
E_VAUH_Vp__a in QF,

w(0)=0 inQy, w=0 onX,

w=0 on X.

Since u belongs to Fy, % belongs to Fy, and, due to Theorem 5.3 of [8] (see also the arguments in the proof of
Prop. 2.6), we have the estimate

~ ~ ou
l@lle, +IVallr, < Cligllr. (2.13)
From the above estimates for (u, p) and (w, p), it follows that

[0le, + IVallr, < CUIgl H1+er20,0052200,)) + 1911 HE2(0,00: 11 (24 ))
(2.14)

9l 22 (0,00; 5142 (025)) + 1€l E1+272 (0,005 37242 (1)) -

2.5. Equation (2.9)

Proposition 2.6. If F and ug obey the assumptions of Theorem 2.3, then the solution to system (2.9) satisfies
Ve Ey, VZI\E F, and

12l + 1Valle, < Clllvollvecay) + 1 F e,

Proof. This is a classical regularity result for the Stokes equation. However, since we need estimates over the
time interval (0, 00) we give the main arguments of the proof. (See [8] for estimates over a bounded time interval.)
Let us denote by vy, 7 the solution to (2.9), and let us set vy, = vy,,0 and vF = vg r. The estimate of v,, in E,
follows from the fact that the condition vy € H'T¢(Q;) N Vi (Qy) is equivalent to vy € D((—A)*/2+1/2). Thus
we can apply ([2], Thm. 3.1, II-1) combined with Theorem 2.2, II-3 of [2] and the isomorphism result stated in
(2], (2.19), 11-3).

To study the regularity of vz, we consider the case where F € H'(0,00; L?(Qf;R?)), and we are going to
prove that

lozFllmr©0.00v2 @) < ClIFllL2(0,00iL2 (2 5))
and (2.15)

lor i 0,00v0 @) < ClIF i 0,00i22(02iR2)-
If (2.15) is proved, by interpolation it follows that

lvFll arver2 0,000 25)) < CNF I /20,0002 (25 73)) - (2.16)
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By applying Theorem 3.1, II-1 of [2] combined with Theorem 2.2, II-3 of [2], we first obtain (2.15);. To
prove (2.15)2, using that F(0) = 0 and vz(0) = 0, we have

d . - = ~
Y + Avr = PF, over (—1,00), Ur(-1)=0,

where Ur is the extension of vx by zero to (—1,0), and F is the extension of F by zero to (—1,0). Thus the
equation for w = %ﬁ}- is

d d =
T +Aw = P&}', over (—1,00), w(—1)=0.

By applying Theorem 3.1, II-1 of [2] combined with Theorem 2.2, II-3 of [2], we obtain

HMW%&WW@MSC%%HW@WHWWW>
from which we deduce (2.15)2. With (2.16) and the equation Avy = PF — dyvr, we deduce that
vzl ez 0,00v2 )V (2))) < ClIF R (2.17)
By interpolation, with (2.16) and (2.17), we obtain
vzl (0,001 (25)) < CIF Il F- (2.18)
Next using Avy = PF — d,vr, we deduce an estimate of vz in L?(0, oo; VQH(Qf)). The estimate for the pressure

is derived from elliptic regularity results for the velocity and the pressure in the Stokes equation. The proof is
complete. 0

End of proof of Theorem 2.3. The estimates of Theorem 2.3 clearly follow from Propositions 2.5 and 2.6.

3. STABILIZABILITY OF THE EXTENDED SYSTEM

The eigenfunctions of A 4+ wl corresponding to the eigenvalue A are the solutions (¢,1,\) € D(A) x
H'(2f)/R x R of the system

(¢, V) # (0,0),

Ao —divo(o, ) —we =0,
dive =0 in 9y,

$=0 onTy, ¢=0 onl,.

(3.1)

The triplet (¢,7,\) € D(A) x H'(f)/R x R is a solution to system (3.1) if and only if (¢, A —w) € D(A) x R
is a pair of eigenfunction and eigenvalue of the Stokes operator (A, D(A)). Thus, for w > 0 given fixed, if
(¢,9,\) € D(A) x H(Q5)/R x R is a solution to system (3.1), then A —w < 0.

We choose the family (&;)i1<i<n, so that

/&wndx:() forall1 <i < N.,. (3.2)
s
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and

For 1 <i < N, the function & belongs to HB/QH(FS) and
Span{gh e >£NC}

(3.3)
D span {U((Z), v)n

r, — %/ a(g,)n-ndx | (A, ¢,v) is solution of (3.1) with \ > 0} .
s I's

Remark 3.1. The space span {(¢,v) | (A, ¢, %) is solution of (3.1) with A > 0} is of finite dimension. Since Qf
is of class C®, if (A, ¢, ) is solution of (3.1) With A >0, then (¢,v) € H5(Q4;R?) x HY(Qy) and = — n(z) is of
class C* on I'y. Thus z — ((x) = [o(¢,1)n] TF(GC‘) fr (¢,%)n - nds belongs to H™/?(T'y;R3), and satisfies
Jr ¢-ndx = 0. Since 3/2+( < 7/2, we can always choose the family {1, -+ ,&n.} in (3.3) so that the functions
(&)1<i<n, belong to H3/2+4(T,; R?) and satisfy (3.2).

3.1. The extended system
Let {&1,---,&n.} be a family satisfying (3.3), and consider the extended system

—divo(v,p) —wv =0,

dive=0 inQf,

v="S"N fi() &i(x) on XX, v=0 on T, v(0) =y in Qy, (3.4)
F'=wF+f, F(0) =0,

f'=wf+h, f(0)=0.

We introduce the unbounded operator (A, D(A)) in V,2(2f) x RNe x RNe defined by

N,
D(A,) = {(PU,F, ) €VIQ) x BV x BN | Py~ [,PD,(&) € D(A)},
=1
A+wly 0 ((mA)PD&)i<i<n.
Aw = 0 UJI]RNC IRNC )

O O CLJ[RNC

and the Dirichlet operator Dy € L(H?/>T4(T'y), H*T*(Q)) is defined by Ds& = L(0, £), where the lifting operator
L is introduced in (2.10).
We can rewrite the system (3.4) in the form

Py Py Puv(0) Py
;% Fl=A|F|+Bn | FO)|=] 0|,
f ¥ £(0) 0 (3.5)

Zﬁ )(I - P)D&;,
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where the control operator B is defined by
B=(001)T.

We have also to extend the operator (A, D(A,)) to an unbounded operator in V=2(Q;) x RNe x RNe. This
extension, defined by the extrapolation method, is denoted by (A, D(A,; V=2(Q2;) x RYe x RNe)) with

Nec
D(Au; V72(Qp) x RNe x RNe) = {(Pv, F, f) € V2(Qy) x RN x RN | Pu— Y~ fiPD,(&) € V2(Q)},

i=1
where P is the operator introduced in Section 2.2, and

Atwly—=+ 0 ((—A)PDs&)i<i<n.
Aw = 0 OJIRNC IRNC
O 0 WIRNC

Remark 3.2. To prove Theorem 1.1, we study in Section 4 the nonhomogeneous closed-loop system (4.1).
To prove stability results for system (4.1), in the proof of Theorem 4.1, we first use the fact that the pair
(A, B) is stabilizable in V=2(Q;) x RNe x RNe, Thus, it seems sufficient to study the semigroup generated
by (Au, D(Aw; V=2(Qf) x RNe x RVe))| and the stabilizability of the pair (A, B) in V~=2(2;) x RNe x RNe,
However, we have to recall that the operator (Ay, D(Ay; V=2(2f) x RNe x RN¢)) is defined, from the operator
(A, D(A,)), by the extrapolation method. Moreover, it is easier to study the stabilizability of the pair (A, B)
in V,0(Qf) x RVe x RNe rather than in V=2(Qf) x RVe x RNe. It is why after studying in Proposition 3.5 the
stabilizability of the pair (A, B) in V,.2(€2f) x R¥e x R¥e, we construct a feedback K in Proposition 3.6 able to
stabilize the pair (A, B) both in V,2(Qf) x R¥e x RV and in V=2(Qf) x RMe x RN, Thus the stabilizability
of the pair (A, B) in V=2(Q;) x RV x RN¢ is obtained as a byproduct of that proposition.

Proposition 3.3. The operator (A, D (Ay)) (resp. (Aw, D (Aw; V72(Qy) x RNe x RNe))) is the infinitesimal
generator of an analytic semigroup on V.0(Qg) x RNe x RNe (resp. V=2(2y) x RNe x RN¢), with a compact
resolvent.

Proof. We can set
_ CL)I]RNC IRNC
As = ( 0 WI]RNC) ’

and we can proceed as in Proof of Theorem 3.6 of [21] to prove the analiticity of the semigroup both on
VO(Qy) x RNe x RNe and on V=2(Qf) x R¥e x RNe). The compacteness of the resolvent can be easily checked.
O
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3.2. Hautus criterion
Proposition 3.4. The adjoint of the unbounded operator (A, D (Ay)) in V.O(Q) x RNe x RNe is defined by

D (A;) = (V2(Q) N Vg (Qy)) x RNe x RN
and
A+wl 0 0

A:; — 0 wIRNc 0
(o, Ny &)y,

) IRNC WIRNC
9/ 1<i<N.

where (o (¢, Ny(9))n, &)y stands for [ o(¢, Ny(é))n - & dzx, and, for any ¢ € V2 Q) N VG (Qy), Ny(o) =
Y € HY(Qy)/R is the pressure satisfying

—AY =0 in Qy, a—w =vA¢p-n onl UTl,.
on
Proof. The proof can be done in a classical way and is left to the reader. O

Proposition 3.5. The pair (A, B) is stabilizable in V,)(Qy) x RNe x RNe,
Proof. Step 1. We first assume that

—w&a(A). (3.6)

It is sufficient to verify the Hautus test, see, e.g., Proposition 1.3 of [26]. We have to consider the adjoint
eigenvalue problem

AeC,

Ap—divo(e,) —wp =0, inQy,

divg =0 in Qy,

¢=0 onls, ¢=0 onl,,

AE=wE,

M=w(+E+ ((0(¢,'¢))n7£i)1—‘5)1§i§NC )

We want to show that if (A, ¢, 1, =, () is a solution to system (3.7) with A such that Re A > 0, and if

then (¢, =) = (0,0). We have to consider two different cases.

Case 1. If A = w, from condition (3.6) and from (3.7);_3, it follows that (¢,%) = (0,0). In particular, we have
(¢, ¥)n|r, = 0. With (3.7)5 and the condition o(¢,1)n = 0 on I'y, we deduce that Z = 0 and the proof is
complete in that case.

Case 2. We consider the case when A # w. Thus, (¢,) is a pair solution to the eigenvalue problem for the Stokes
operator with Dirichlet boundary conditions associated with the eigenvalue A — w. Since A # w, from (3.7)4
it follows that = = 0. With (3.7)s, it follows that ((c(¢,¥)n,&)p.) = Ogn~.. Due to (3.3), we have

s/1<i<N,
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(¢, v)n — \FLI Jr o(¢,¥)n-ndx =0 on Iy, and the unique continuation results for the Stokes equation with
Dirichlet boundary conditions gives ¢ = 0.

Step 2. If (3.6) is not satisfied, that is if —w € o(A), we choose —w < —w, close enough to —w, satisfying
—w & o(A) and [-@, —w[No(A) = (. Since —& & o(A) and [—~@, —w[Nc(A) = (), as in Step 1, we can show that
the pair (A, + (@ — w)I, B) is stabilizable in V,2(2;) x RNe x RNe, Indeed, we have

{¢» € D(A) | (¢, A — w) is a pair of eigenfunction-eigenvalue of the Stokes operator with A\ > 0}
={p € D(A) | (¢, \ — @) is a pair of eigenfunction-eigenvalue of the Stokes operator with A > 0}.

If K € L(V2(y) x RN x RNe, RNe) is a feedback operator such that (ef(A«T(E=«)I+BK)) s exponentially

stable on V,)(Qf) x RNe x RNe, then (e!A«TBK)) _ is also exponentially stable on V,)(Qf) x RVe x RNe. The
proof is complete. B O

Proposition 3.6. There ezists a feedback operator K € L(V2(2f) x RNe x RNe RNe) N L(V=2(Qy) x RNe x
RNe RNe) such that (A, + BK,D(A,) (resp. (A, + BK,D(Ay; V2(Q) x RNe x RN¢)) is the infinitesimal
generator of an analytic and exponentially stable semigroup on V,)(Qs) x RNe x RNe (resp. V=2(Qy) x RNe x
RNe).

Proof. Tt is sufficient to apply the strategy developed in [20] for the Oseen equations. In [20], feedbacks are
obtained by looking for feedback controls stabilizing the Oseen system projected onto the finite dimensional
unstable subspace of the Oseen operator. Here, we have to find feedback controls stabilizing the extended
system (3.4) projected onto the finite dimensional unstable subspace of A,,, that we denote by Z,. If P, is the
projector in V.2 (0 ;) x RNVe x RNe onto Z,, satisfying P, A, = A, P,, this projector can be extended as a projector
from V =2(Q;) x RNe x RN onto Z,, (see [24], Lem. 3.17). Because of that property, if K., belongs to £(Z,, RN¢),
the operator K = K,, P, belongs to L(V,2(Qf) x RNe x RNe RNe) and also L(V72(Qy) x RNe x RNe RNe). If in
addition, K, is a feedback stabilizing exponentially the pair (P, A, P,B) in Z,, that is if (et(PuAW+PuBK“))t>O
is exponentially stable on Z,,, then (et(Aw+BK))t>O is exponentially stable both on Vf(ﬂf) x RNe x RNe and on

V=2(Qf) x RNe x RNe. The fact that (A, + BK, D(A,)) is the infinitesimal generator of an analytic semigroup
on V2(Qs) x RNe x RNe follows from the fact that BK is a bounded perturbation of (A, D(A,)). The same
argument is valid for the extension of the operator A, in V=2(Qy) x RNe x RN,

This approach, used in [20], has been first introduced in [24]. Another approach for constructing such feedbacks
is introduced in [22] for the 3D Oseen system. O

4. CLOSED-LOOP NONHOMOGENEOUS LINEAR SYSTEM
We want to prove regularity results for the system
v

afwvfl/Av+Vq:}' and dive =G =divg in QFf,

v(0) = vy in Qy,
Nec

”:Zfi(t)fi(y)+n5 on X°, v=0 on Xg°, (4.1)
i=1

Fl=wF+f, F(0)=0,
f/:wf+K(PU,F,f), f(O):O,
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where K is the feedback operator introduced in Proposition 3.6, and the function ¢ defined by

o(t) = |Fs|71/ g(t) - ndz,

s

is added to satisfy the compatibility condition

/v-ndx:/ g -ndz.
T, r

s s

As in [23], we can prove that (v, F, f) is solution to (4.1) if and only if it satisfies

Py Pv F+ (—A)L(G,nd) Pv(0) Pug
% Pl +Br)| F |+ 0 ClFo) =] o |,
f f 0 f(0) 0 (4.2)

N,
(1= Pyo(t) = 3 fill = P)Dy& + (I = P)L(G.n ).

i=1
’fvheorem 4.1. Assume that F, vo, g, and G obey the assumptions (2.5) and (2.6) of Theorem 2.3 with & =
> fi(0)&ly) + .
rlThen the system (4.1) admits a unique solution (v,q,F,f) € Ey x Py x H*/2(0,00;RYe) x
H2+€/2(07 00; RNe) moreover we have the following estimates

ollz, + IV allr + 1F [ mraverz0,00mne) + [1f [ mr2erz 0,005

(4.3)

< C1 (lvollz+e(ay) + 111l E, + llglle, + 1Glla, + 101l mi+erz0,00)) -
Proof. Step 1. Estimate in L? (0,00;V,)(Qf) x RNe x R¥). As G belongs to L?(0,00; H'™ (), then
L(G,dn) belongs to L?(0,00; H2+(Q), and F + (—A)PL(G,dn) belongs to L?(0,00; V~2(Qy)). Thus, since
(et(Aw+BK))t>0 is exponentially stable on V=2(£2;) x R¥e x RNe we can apply ([2], II-1, Thm. 3.1) and we
have -

|\PU||L2(0,w;V£(Qf)) + ||F||L2(o,oo;RNc) + Hf||L2(o,oo;RNc)

< Cllwllv-riay) + 1P 20026, + IAPLG, 1) 0,251 .
The estimate of (I — P)v is
(I = P)vllp2(0,00;m2+¢(02;583)) < CUIflL2(0,00mNe) + 1G] 20,001 +2(025) + 101l £2(0,00))- (4.5)
With Theorem 2.3, (4.4), and (4.5), we obtain
vl L2 0,00:22(25R3)) + 1F']| 22(0,00mNe) + |l 22 (0,00;RVe) (46)

< Cllvollv-1a;) + IFllz2(0,005v-2(2,)) + (=A)PL(G, 6 n) || L2(0,00;v 2 (25 )))-
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Therefore, taking into account the equations satisfied by F and f, we also have

vl L2 0,00s22(25R3)) + 11| 220,005k ) + [ F11 1 (0,00:Re)

(4.7)
< Clllvollv-1ap) + IFllL20,00v-2(2,)) + I(=A)PL(G, 6 n)l| L2 (0,007 -2(2)))-
Step 2. Improved regularity. Now, we rewrite the first equation of system (4.1) in the form
ov . . . .
a—uAv—l—Vq:]:—&—wv and dive =G =divg in QF. (4.8)

From (4.7), with the first equation of system (4.1) written in the form (4.8), using regularity results for the
Stokes equations ([23], Thm. 5.5), we first obtain

[0llr21@3) < Clllvollvgay) + I1F I L2(0,00L2(00)) + 1G 11 H1.(0,0050 (24)) + 101l 711 (0,00))- (4.9)

Knowing that v € H2’1(Q3’c°), F € H%(0,00;RM¢), and f € H'(0,00;RY¢), we have that K (v, F, f) belongs to
H'(0,00;RM¢). Thus, f belongs to H?(0,00;R™) and F belongs to H?(0, co; RV¢). Still using regularity results
for the Stokes equations stated in Theorem 2.3, we obtain

vl e, + IVl + [1F 1| 30,0058 ) + | £l 52 (0,00;R¢)

(4.10)
< Ci (lvollarveay) + I Flr + gl + I91c.) -

From this estimate, we deduce that K (v, F, f) belongs to H'**/2(0,00;RN¢), and next that f belongs to
H?*H/2(0, 00; RNe), F belongs to H>H/2(0, 00; RNe), and that (4.3) is satisfied. O

5. ESTIMATES OF THE NONLINEAR TERMS OVER THE TIME INTERVAL (0, c0)

5.1. Estimates of 5(\ and Y

In addition to the spaces Ey, Fy, and P, already introduced before, we also need

S = 1f € L(0,003 HYH(9)) 1 b ([0, 00): HI(2)

| Ouf € L2(0,00; H'TH(Qp)) N HY2+1/2(0,00; L2(Q)) },
and
Dy = {f € L®(0,00; H*(Qy)) N Hyye ([0, 00); H* ()

| Ouf € L?(0, 00, HY(Qf)) N H/?(0, 003 L*(4))}.

The spaces Sy, Dy, and I, (defined in Thm. 1.1) will be equipped with the norms
[1f 15
= [|fll 2o (0,00s 1+ ¢(02)) + 10 | L2(0,00: 112 (25)) + 108 f [ HEr241/2(0,00:22 (02 )

1Ly = 11l Lee 0,002 24)) + 10LF

and

| 22(0,00:1¢ (25 )) F 1O f Il He/2(0,00:L2(025))

[ fllr, = I fll oo 0,005 2 ¢ (25 )) + 1O f[ 20,0052+ ¢ (25 )) + 1O 1 (0,00 272 (24 )) -
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Notice that if 7 belongs to Ey, then )A((y, H)=y+ fot e~“*u(y, s) ds belongs to Iy, and that

1Xlze < G+ ulls,)-

We are now going to estimate

t
Te) =1+ [ Vil s)ds
0
Lemma 5.1. Let 0 <y <1 and w > 0 be chosen. Let us assume that

YV 2w

[ll 220,003 112+2(02)) < C(H™E L)’

where C(HY; L) is the constant of the imbedding HY*¢(Q) < L>(Qy). Then, the mapping

X(y,t)=y+ /Ot e Ty, ) dr
obeys
g = llo@s) <7 <1
Proof. We have
|5 (-t) — IHC(W) S CH™HL®)| (1) — | Los (0,001 4£(02))

< C(H™; 1) / T NA(, 7| gasega, ) AT

U)o
S T ||u(',T)||L2(O7OO;H2+Z(Qf)) < 5.

O

Lemma 5.2. Ifu belongs to Ey, then the mapping Jg — I belongs to Sy. And there exists a constant C(w) such
that

1T t) = Ils, < C(w)llul g,
Proof. We estimate Jg — I in L*>°(0, 00; H'T(€)) as follows:
[T (1) = Ill oo (0,00s 1+ (02))
! 1
< [ e a6 s 47 < 2= Nlls s -
We have 0, J5(y,t) = e”“'Va(y,t). Since

||V1AL||H1+@,1/2+2/2(Q?0) < ||a||Ez7
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the proof is complete. (Il

Lemma 5.3. If u belongs to E;, and if
Cw)llulle, <v <1,

then Jp € S¢ and

11— Jglls, <

_— 1 _ /‘Y .
Proof. Since Jg = J}I(l, with Lemma A.1, we have

A (AT
k=1

Thus

oo
~
= Jglls, < Z 11— Jgl%, = P
k=1

For all u satisfying
0 < o < minfy/C(w), W2/ C(HIT 1)}, (5.1)
we set
Erp=A{ue E¢||lullz, < p}.

We denote by 733' the set of polynomials f with nonnegative coefficients and satisfying f(0) = 0.

Lemma 5.4. There exists a polynomial Ky € ’PS’ such that, for all p > 0 satisfying (5.1), allu € Ey,,, we have

I = cof Tglls, < Ki(p),

1= det Jglls, < Ki(p), - i, < K.
1= Jplls, < Ki(w), [1— (det Jg)Jp s, < Ki(w),
92y
T
11— (det Jg) 5 |ls, < K1), Do ome| = Ki(p),
Dy

)%

= K

5| < Kaulw)

Se

Proof. The proof follows from Lemmas 5.2, 5.3, A.1, A.5, and from the following identities
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a‘]? —1 an —1 —wt ~

ot =% WJ)? = e Ty,
and

oY - 0X i~

T(X(w )7)**%7@:*%76 "

We can also establish the following Lipschitz estimates.

Lemma 5.5. There exists a polynomial Ky € Py such that, for all u > 0 satisfying (5.1), all a* € Ey,,, and

all @ € By, we have
g1 = Igalls, < Ka(p) ' — @,
[cof Jg1 — cof Jga|ls, < Ka(p) @ — ||,
[det Ty — det Jg. s, < Ka(p) @' — ||,

1 1
— <K ut — || g,
’ det J)?l det J)A(2 s, = 2(/’[’) || ||E£
[Jp1 = Jgalls, < Ka(p) @' — |,

Hdet J)?IJ?I — det J)?ZJ?2||S£ < KQ(,U) Hal - A2||Eea

82}’}1 82372

— < K. ~1 _ =2
8:cj(9xk 8xj31-k — 2</’[’) ||’U, u HEu

Dy

3?1 8?2

— - —| <K at —u?
= || < Kol @~ @) s,

£
0Jg,  0Jgp, 1 o
— <K —
5 o, S K@ - @ e

t t
where X'(y,t) =y +/ e Ul (y,8)ds, X2(y,t) =y —l—/ e S u%(y,s)ds, Y(-,t) is the inverse of X'(- 1),
0 0

and Y2(-,t) is the inverse of X2(-,t).

5.2. Lipschitz estimate on F
For all p satisfying (5.1), we set

Pop=Ap € P||Vpllr < p}.

Lemma 5.6. There exists a polynomial Cx € Py such that, for all p > 0 satisfying (5.1), all U € Epu, all
peE P, dlu* € Ey,, allpy € Py, allU? € Eyy,, and all py € Py, we have

IF (@, p)llr < nCr(p),
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and

1Fs(@",p") = Fa (@, p)llr, < Cr(u) 5" = 27|l .-

17 @") = F1(@)p, + | F2(@') = Fo(@®)||p, < Cr(p) @' @l

Proof. To estimate JFi, with Lemma 5.6, we notice that 8,23} < Ks(u), and we have
dxj Dy
‘ % < . Thus the estimate of F; follows from Lemma A.3.

H1+z,1/2+e/2(Q?o)
8%u

Y.
j 0y; 0y

To estimate F5, with Lemma 5.6, we notice that H‘%;

< . Thus the

< Ka(p), and we have ‘

Dy Fy

estimate of F5 follows from Lemma 5.6.

To estimate F3, with Lemma 5.6, we notice that ||I — J¥||, < Kz(u), and we have VDl , < p. Thus the

Is
estimate of F3 follows from Lemma A.2. ‘

The Lipschitz properties can be proved in the same way. (Il

5.3. Lipschitz estimates on G, and g
Recall that

G(a) = e Vs (I-det (Jg) JL), g(@) =" (I - det (J5) Jp) @,

where
@ € L2(0, 00, H2(S2)) N HYFU/2(0, 00; L2(Qy)) € HY2(0, 003 HIH(2y)),
Vi € L*(0,00; H' () N HYZH2(0, 005 L2 (Qy)),
det (Jf() J{, € 5y.

We set

5(@) = |1, |2 / g(@) - n.da.

Ts

Lemma 5.7. There exists a polynomial Cg € Py such that, for all u > 0 satisfying (5.1), all U € Ey,,, all
u' € By, and all 4* € Ey,,, we have

G (@)l 20,0051 +2(025)) < 1 Cg(p),
NG @) 272 (0,00:111 (25 )) < B Cg (1),

and

1G(@") = G@)l L2 (0,00 14¢(52))) < Ca(p) 7" = @l s,

IG(@") — g(az)HH'f/Z(o,oo;Hl(szf)) < Cg(p) [[a* — (| g,

Proof. The proof is based on Lemma A .4.
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Step 1. We have
I @)l 220 001142y < C [T = det (T) Tp | e 0 00s 11402,y [VElL20,0011 40

< Clfal%,-

Step 2. Since 4 belongs to Ey, Va belongs to H'T61/244/2(Q ). We know that (I —det (Jg) Jg) belongs to
Sy. The estimate of G(@) in H*/2(0,00; H*()) follows from Lemma A.4.

The Lipschitz estimate for G(u) can be proved in the same way. a
Lemma 5.8. There exists a polynomial Cg € Py such that, for all u > 0 satisfying (5.1), all U € Ey,,, all
u' € By, and all 0® € By, we have
||g(@)HH1+4/2(o,oo;L2(Qf)) + ||5(a)||H1+/f/2(o,oo) < puCg(p),
and
lg(@") — g(@)|| gr+er20,00:22(0))) + 10(@Y) = 8(@) | greer2(0,00) < Celp) [0 — | -

Proof. We have (I —det(Jg)Jyp) € S¢ and @ € H*PH1FH/2(Q%). To obtain the estimate of g(@) in
H'/2(0,00; L2(Qy)), it is sufficient to apply Lemma A.5. The estimate of (%) follows from that of g(a).
The Lipschitz estimate can be easily obtained in the same way. O

6. STABILIZATION OF THE NONLINEAR FLUID SYSTEM

The goal of this section is to prove Theorem 1.1. Our goal is to show that the system

%fwafmmw:f(a,ﬁ) and divi = G(0) = divg(a) in QF,
N, R
u=>» filt)&(x)+d(@n onXP, uw=0 onX5°, u(0)=upin Qy,

F'=wF+§f F0)=0,

f =wf+K(PQ,Ff). f0)=0, (6.1)

Qp(t) = X(Q, 1),
Y(X(y,t),t) =y, yeQr and X(Y(z,t),t) =z, a€Qt), te0,00),

admits a solution (@, VP, F, f,X) belonging to H“LHZ/Q(Q?") X H”/Q(QCJEO) x H3H/2(0, 00; RVe) x
H?/2(0, 00; RN¢) x I, provided that ug € H*(Qf) N H}(Qy), with divug = 0, is small enough.

Step 1. We first notice that if (@, Vp,F,f,X) € H*1H/2(Q¥F) x HY/2(QF) x H3*H/2(0, 00, RNe) x
H*/2(0,00; RNe) x I, is a solution of (6.1), then it is also a solution of (1.7). Indeed, from the condition
divu = divg(u) and from the definition of g(u), it follows that (@) = 0. Thus, to prove Theorem 1.1, it is
sufficient to prove the existence of solution to system (6.1).
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Step 2. We are going to prove the existence of solution to system (6.1) by the Banach fixed point Theorem.
For that, for all u > 0 satistying (5.1), and all (v, q) € Ey,,, x Py, we define x and Y by

t
x(y,t) =y —|—/ e “%v(y,s)ds, forall ye Qs andalltel0,00),
0

(6.2)
YT(x(y,t),t) =y, yeQy and x(Y(z,t),t) =2, z€x(Qy,t),te]0,00),
and the nonlinear terms F (v, q), é\(v), g(v), and g(v) b
F(v,q9) = F1(v) + Fa(v) + Fa(v, q),
A 8 Tk 81}
=ve —wt Y, ,t Y at )
Z Vg @)
_ oY, ark 0% -
y=ve ¥t y,t),t ) —ve @A,
; 9r; 0z, XUy 5, 0 (63)
Fs(v,q) = e~ (I - J§) Vg,
G(v) = e 'V : (I —det (Jy) JX), B(v) = e @t (I —det (Jy) Jx)v
and O(v) = e*wt|rs|*1/ g(v) - nda.
Is
For all (v,q) € E; ) x Py, we introduce the system
(9’U, .~ = ~ . T
e —wu—vAu+Vp = f(v q) and divu=G(v) =g(v) in Qp,
N. R
u=>» fi(t)&(x)+d(v)n on X, uw=0 onX5°, u(0)=ugin Qy,
i=1
F=wF+f, F(0)=0,
(6.4)

ff=wf+K(Pu,F, f), f(0)=0,
t

X(y,t):y—i—/ e “*u(y,s)ds, forallye Qy and all t € [0, 00),
0

Q(t) = X(Qy, 1),
Y(X(y,t),t) =y, yeQr and X(Y(x,0),t) =z, =z€Qt), te0,00),
We denote by N, the mapping from E;,, x Py, into E; x Py, defined by
(v, q) — (@, p),

where (u,p, f, F,)?) is the solution to (6.4).

Our goal is to prove that, for ¢ > 0 small enough, AV is a contraction in Ey , % P;,. From Theorem 4.1, and
Lemmas 5.7 to 5.9, it follows that

IN(, @l zexp, < Crllluoll ey + 1 Cr(p) + pCqp) + 1 Cg(p)) (6.5)
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for all (v,q) € Eq,, % Py, and

||N(U17Q1) —f\/(112,(12)||1~32x134Z

< Cy(Crlp) + Colp) + Col) (01.00) ~ (02,02 o0
for all (vi,q1) € Ep % Py, and all (v, q2) € By x Py . We choose p > 0 such that
Cr(Cr () + Cali) + Cali)) < (6.7)
and we choose ug such that
Chlluoll e < 5. (6.8)

Since (0,0) € Ey,, x Py, the space Ey,, x Py, is nonempty. From (6.5), (6.7), and (6.8), it follows that A is a
mapping from Ey , x Py, into itself, and with (6.6) and (6.7), it follows that N is a contraction in Ep , x Py ,.
Therefore N admits a fixed point which is a solution to (6.1). Due to Step 1, the proof of Theorem 1.1 is
complete.

APPENDIX A. PRODUCT ESTIMATES
Lemma A.1. If f € Sy and g € Sy, then fg € Sy.
Proof. Tf f € L*°(0,00; H**(Q;)) and g € L>(0,00; H**(Qy)), then

£ gll Lo (0,001 +¢ )y < Kl fll oo (0,005 11+ (2,)) 191 o0 (0,00: 1+ (025)) 5

where K, is the continuity constant of the bilinear mapping m from Ht¢(Qf) x H*(Qy) into HE(Qy)
defined by m(f,g) = f g.

To estimate 9;(f g) in L2(0, 00; HY/2T4/2(Qp)) 0 HY24/2(0, 00; L2(Q)), we write

0:(fg) = (0:f) g+ f (Org).

The estimates of the two terms are similar. Let us look at the first term. The estimate of (09.f)¢ in
L2(0,00; HY/?#+/2(Q)) is clear:

100 f) 9ll 220,001+ )) < KnllOrf | 220,001+ (2 ) 91| Los (0,00: 142 (2 ) -
We have to estimate the seminorm [(9;f) gl me/2(0,00;12(2;))- We treat the cases 1 < ¢ < S5, 1<l{<landl=1

separately.
Step 1. We first treat the case when 1 < ¢ < % Let us estimate the time derivative of (9;f) g. We have

0 ((0ef) 9) = (97:.1) g + (Ocf) (Drg).-

We estimate separately the two terms (9% f) g and (9, f) (0;g) in H*/271/2(0,00; L?(Qy)). For the second term,
we have

10 f) (Oeg) | rer2—1r2(0,00522(0)) < ClOS | mrer2(0,00: 17 (920 1029 Erer2 (0,005 1 (02)) -
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For the first term, we have

107.1) 9l 20,0022 25)) < ClOZS | 120,00 101 (2 ) 1911 L0 (0,00, 142 (02 )) -

We estimate the semi-norm |(92 f) 9lrer2-1/2(0,00;22(,)) Py difference quotients

OFf) 9lares2-1/2(0 0022 (52,

_/°° /°° 107 f(s) g(s) = 07 (7) 9(T) 12,
N |s — 7|t

/ / 107 |)_ : Nz, / /°° (97, f | _( |)2 922,

//| » 107 f(s)(g (|S)_ s N2, //l o 107 f(s)(g (ls)_ TV( DIz

+C|attf\m/z—l/Z(o,oo;Lz(Qf)) ||9||Loo(o,oo;H1+e(Qf))~

To estimate the first integral, we write

// 105 f(s)(g(s) — g(T)Z 20,
|s—7|<1 ‘8 - 7—|€

// i (/ 8tg7'—|-98—7')))d9

1
dr
< CE iy [ iz [ WS aca, do

1
[ ()\|L2<Qf)| ez dsdr

= (Qy)

< CllO7 f T2 (0,000~ 2(9,)) 1969117 (0.00: HE(Q)"

For the second term, we can write

// 107/ (s)(g(s) — g(r >>|I%z(g,.>d q
[s—7|>1 s — 7| o

107, f ()17 2
) ¢ €5
< OHQHLw(o,oo;Hl”(Qf))// 7S>1}U{577>1}WdeT

< Clolmgomroniny [ 17 | 10BFO) e, ds

< CH@ f||L2 0,00;L2(2)) ||9||Loo(0,oo;H1+f(Qf))
< OlIf11%, lgll3,-
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Step 2. We now treat the case when % < ¢ < 1. We estimate the semi-norm

[(Ocf) g‘H1/2+1{/2(0700;L2(Qf)) by difference quotients. We have
[(0c.f) 9|§{2/2+1/2(o oo-L2(Qf))

/ / 10: £ (s) — 0 f(1)yg (7')||2L2(Qf)

\s — 7|2

/ / 10:f (s)(g(s) T|fi2))”L2 Q) / /°° 1(0cf (5) |5tf(7|2)+2( Nz,

19:.( ( (5) = 9(T)IZ2q,) 10:f(s)(g(s) = 9(T)1Z2q,)
//.s T|<1 |S_T|£+2 //|5 T|>1 ‘3_T|£+2

+C10uS ger21720,00112 () N9 oe 0.00s1+201 )

To estimate the first integral, we write

// 19ef(s)(g(s) — g(T)I7 20,
[s—7|<1 |S_T|€+2

// (/ 8tg7'+987'))>d9 |0 f
[s—7|<1 H(Qy)

<C||8tgHL°C(OooHe(Qf))/ |7“|e/ 106 £ ()|l (2, ds

< C||3tf||L2(o,oo;H1(Qf)) ||3t9”L°°(o,oo;H'f(Qf))~

( )HHl(Qf) | | dsdr

For the second term, we can write

10:£(5)(a(s) — () 22(q
//|s'r|>1 |s — 7| +2 dsdr

10 e
< CHgHLOO(O oo HIFE(Q))) (omrio1) sz dsdr

< dr

< Clolmgemrsnayy | 775z | 10Oy

< CHatfH%Q(O,oo;Lz(Qf)) HQH%OC(O,OO;HH'[(QJ:))
< CIfI5, llglls,-

Step 3. We now treat the case when ¢ = 1. We have already estimated (9 f) g in L?(0,00; L?(£2f)). To estimate
¢ ((8:f) g) in L?(0,00; L*(Q2f)), we write

0 ((0:f) g) = 07, f g + (0uf) Drg.

We have

HatQtf gHLQ(O,oo;L2(Qf)) < ”atztfHLQ(O,oo;Hl""‘(Qf))||g||L°°(0,oo;H1+"(Qf))
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and

100f 0egllL2(0,00;22(25)) < 0 f || L2(0,00;:m1+¢(2)) 1909 o0 (0,00: 112 (22 ) -
The proof is complete. O
Lemma A.2. If f€ Sy and g € H”/Q(Q?O), then fg € H“/Q(Q?").
Proof. The estimate of f g in L2(0, 00; H(£2)) is easy. Indeed, we have

1f 9l 220,000 (02)) < CllfllLo 0,001+ () 191 220,005 724 )) -

To prove that fg belongs to HZ/Q(O,OO;L2(Q}«)), we treat only the case when 1 < £ < % The cases when

% < ¢ <1 and ¢ =1 can be treated with obvious modifications as we did in the proof of Lemma A.1. To
estimate the semi-norm |fg|Hz/2(07oo;Lz(Qf)), we use difference quotients. We have

2
[ 9larer2 0 oo~L2(Qf))

[£(s) ( )0 9(T)lI72 (0,
/ / e I’ dsdr
oo roo || f(s)(g(s) —g(T 2 i 2
[ || o DI / [ IU5) = a0y
o o 5= 7 gL
ICf(s) = F(T)g(T)F 20,
< C’”fHL"O(O oo H1H4(Q5)) ||9||Hf/2 0,00;L2(92)) //|S et s — 7| ©dsdr
1Cf(s) = F(T) g2 20,y
—|—// 2 dsdr.
|s—7|>1 |S - 7-|£+1
To estimate the first integral, we write
/ / IGGs) = F Do)y
|s—r]<1 s — 7|41
1 2
so[[ ([ aseros-m)aw| s, dser
[s—7|<1 HY(Qy)

<C ||atf||Loo(0 o0 HE (D7) ||9||H2/2(0 00;L2(Qf)) = <C ||f||Sz HQHHZ/Z(O 00; L2(Q2))

For the second term, we can write

// 1(£(s) = F()g()Z2q,)
js—7[>1 s — 7|1

< dr

N A g AN G T

<C ||f||2Loo(o,oo;H1+f(Qf)) HgH%z(O,oo;Lz(Qf))

<C ||f||2Loo(o,oo;H1+é(Qf)) ||9||?ﬂ«@/2(Q§’f’)'
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The proof is complete. U

Lemma A.3. If f € Dy and g € H'*51/2H2(Q%), then f g € HYY/2(QF).

Proof. The estimate of f g in L2(0, 00; H(§2)) is easy. Indeed, we have
1f gllz2(0,00:¢(2)) < C oo 0,00 ) 191 L2 (0,005 514202 )) -

To prove that fg belongs to H€/2(07oo;L2(Qf))7 we treat only the case when 1 < £ < % The cases when
1 <0< 1and ¢ =1 can be treated with obvious modifications. To estimate fg in H*2(0,00; L?(Q¢)) when
1<i< %, we can use difference quotients and adapt the proof of Lemma A.2. O

Lemma Ad4d. If f € S and g € HTHVE2Q¥), then fg € L*(0,00; H(Qy))
N HY%(0,00; H(Qy)).

Proof. The estimate of f g in L?(0,00; H**¢(€;)) is easy. Indeed, we have
£ 9llz2(0,0051+¢(25)) < C Il 0,001 422, 1911 220,001 +2(02 ) -
To estimate f g in H*/?(0,00; H'(Qy)), we can use difference quotients and adapt the proof of Lemma A.2. [

Lemma A.5. If f € S and g € H*™F2(Q%), then fg € L*(0,00; HT(Qy))
N H™/2(0,00; L2(Qy)).

Proof. The estimate of f g in L2(0,00; H*¢(€2})) is easy. Indeed, we have
£ gllz2(0,00 51225 )) < C I f oo 0,001+ 2, 191 2 (0,00 51+ (02)) -

To estimate f g in H'T*/2(0,00; L?(Qy)), we estimate 0; f g and f d; g in H*/?(0, 00; L?(Q)). The first term is
estimated by writing

10 f9||Hf/2(o,oo;L2(Qf)) < |0 f||H4/2(o,oo;H1(Qf))||9||H4/2(o,oo-,H2(Qf))~

For the second term, we have 9, g € HZ’E/Q(Q]%O), and f € Sy. We apply Lemma A.2. O
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