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AN OPTIMAL CONTROL PROBLEM RELATED TO A
3D-CHEMOTAXIS-NAVIER-STOKES MODEL***

J. LOPEZ-RIOS AND ELDER J. VILLAMIZAR-ROA***

Abstract. In this paper, we study an optimal control problem associated to a 3D-chemotaxis-Navier-
Stokes model. First we prove the existence of global weak solutions of the state equations with a linear
reaction term on the chemical concentration equation, and an external source on the velocity equation,
both acting as controls on the system. Second, we establish a regularity criterion to get global-in-time
strong solutions. Finally, we prove the existence of an optimal solution, and we establish a first-order
optimality condition.
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1. INTRODUCTION

The chemotaxis phenomenon describes the movement of cells directed by the concentration gradient of a
chemical substance in their environment. One of the most interesting phenomena in chemotaxis corresponds
to the movement of cells toward the increasing concentration of a chemical signal which is consumed by cells
themselves. Also, it has been observed that interactions between cells and the chemical signal with liquid
environments play an important role in various biological processes; indeed, it was observed that when bacteria
of the species Bacillus subtilis are suspended in water, some spatial patterns may spontaneously emerge from
initially almost homogeneous distributions of bacteria [15, 49]. A mathematical model to describe this processes
was proposed in [47]; it is given by the following system of Partial Differential Equations:

ng+u-Vn=D,An—xV - (nVc),

¢t +u-Ve= D.Ac— ven,

p(ur + (u-V)u) =nAu — Vi +nVe,
V-u=0,

(1.1)

where n = n(z,t) > 0, ¢ = ¢(z,t) > 0, w(x,t) and u(x,t) denote respectively the cell density, the concentration
of an attractive chemical signal, the hydrostatic pressure, and the velocity of the fluid at position = € Q C R3
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and time ¢t € (0,7], T > 0. This model describes the interaction between a type of cells (e.g., bacteria), and a
chemical signal which is consumed with a rate proportional to the amount of organisms. The cells and chemical
substances are transported by a viscous incompressible fluid under the influence of a force due to the aggregation
of cells. The equation for the velocity field u is described by the incompressible Navier-Stokes system with
forcing term given by nV®, which represents the effects due to density variations caused by cell aggregation.
The parameters x, Dy, D., p,7 and 7 are positive constants that represent the chemotactic coefficient, the cell
diffusion coefficient, the chemical diffusion coefficient, the fluid density, the chemical consumed rate and the
viscosity of fluid, respectively.

In this paper we are interested in the mathematical formulation and theoretical analysis of an optimal control
problem for a chemotaxis process occurring inside a viscous and incompressible fluid. The control of the veloc-
ity, the proliferation of organisms and the concentration of chemicals in diverse environments have significant
applications in science and biological processes. In fact, in several applications, the respective biological setting
requires to control the proliferation and death of cells, for example, bacterial pattern formation [48, 55] or
endothelial cell movement and growth in response to a chemical substance known as tumor angiogenesis factor
(TAF), which have a significant role in the process of cancer cell invasion of neighboring tissue [7, 8, 35]. In
this paper we propose the analysis of an optimal control problem given by the minimization of a general cost
functional subject to constraints, where the state equations are given by the model (1.1). The controls act on
the concentration and the velocity equations as follows:

ne+u-Vn=D,An—xV - (nVc),

¢t +u-Ve= D.Ac—yen + ge,

us + (u-Viu =nAu — Vr +nVe + f,
V.-u=0,

(1.2)

in Qr = Q2 x(0,T), where g and f are given controls acting on the chemical concentration and the fluid velocity,
respectively. Notice that in the region of {2 where g > 0 the control acts as a proliferation source of the chemical
substance, and inversely, in the region of €2 where g < 0 the control acts as a degradation source of the chemical
substance. This kind of control is commonly known as bilinear control. It is worthwhile to remark that, with
this kind of bilinear control we are able to guarantee the non-negativity of the unknowns n,c of (1.2); if we
consider a distributed control, that is, if we take in the second equation (1.2) ¢ in place of ¢g, we have to assume
that g > 0 in order to guarantee the non-negativity of c. System (1.2) is completed with the following initial
and non-flux boundary data:

{ [n(0), ¢(0),u(0)] = [no, co, uo] , no,c0 >0, x € €,
(1.3)

gn =9 =0, u=0, ondQ, te(0,7),
where v denotes the outward unit normal vector to 92. Thus, the aim of this paper is to analyze an optimal
control problem in such a way that any admissible state is a strong solution of (1.2)—(1.3). Since the existence
of global in time strong solutions of (1.2)—(1.3) is an open question, we have to choose a suitable cost functional
J([n, ¢, u]), considering in particular the L?/7(L?%/7) norm for the density. Thus, if [n, ¢, u] is a weak solution
of (1.2)~(1.3) in (0,T) such that J([n,c,u]) < oo, then n € L?*/7(L?%/7) and as consequence of a regularity
criterion, we will show that [n,c, u] is a strong solution of (1.2)—(1.3) in (0,T). Precisely, we wish to minimize
the functional J : A x B — R defined by

Hs.ah =35 [ In)=n@13at+ 5 [ et = elo)lae
T
/ () = @Ol e+ G [ 1.0) o

7 ottt (1)
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where A x B denotes a suitable set of admissible controls and the functions n, ¢, u are subject to satisfy the state
system (1.2)—(1.3). The functions 7, ¢, & are given and denote the desired states for density, concentration and
velocity, and the parameters ag, s > 0 stand for the cost coefficients of the control. The exact mathematical
formulation will be given in Section 3. Without loss of generality, from now on we will assume D,, = D, =n = 1.
We will prove the solvability of the optimal control problem and state the first-order optimality conditions.

In order to study the optimal control problem described above, firstly we need to clarify the existence and
uniqueness of a solution for (1.2)—(1.3). The mathematical understanding of the existence and uniqueness of a
solution for (1.2)—(1.3) (with f, g = 0) is quite challenging, due to the coupling between the Navier-Stokes equa-
tions and the chemotaxis system. Indeed, as is well known, the 3D Navier—Stokes system has not a satisfactory
existence theory; it is known the existence of global weak solutions u € L?(0, T; H3(2)) N Cy, ([0, T]; L2(£2)), for
initial data in L2(£2). However, in contrast to the 2D case, the uniqueness is still an open problem. On the other
hand, for the chemotaxis subsystem of (1.2), obtained upon neglecting the fluid interactions, contrary to the 2D
case, only certain weak solutions are known to exist globally (c¢f. [44]). The full chemotaxis-fluid model (1.2)-
(1.3) (with f, g = 0) has been analyzed in [4, 16, 28, 45, 49-51, 53, 58]. In [49], the existence of global classical
solutions was proved in two-dimensional bounded convex domains. The results of [49] were extended to noncon-
vex domains in [29]. Results of convergence of classical solutions to the corresponding stationary model were
analyzed in [52, 57]. In [49] was also proved the existence of global weak solutions in bounded three-dimensional
convex domains, considering the Stokes system in place of Navier-Stokes equation, that is, neglecting the non-
linear term (u - V)u in the fluid equation. The existence of global weak solutions for the full three-dimensional
bounded convex domains Chemotaxis Navier-Stokes model was obtained in [51]. There, the author also proved
that any eventual energy solution becomes smooth after some waiting time. The existence of weak solutions for
(1.2)—(1.3) given in [51] (with f,g = 0) was obtained as the limit of smooth solutions to suitably regularized
problems, where appropriate compactness properties are derived on the basis of a priori estimates gained from
an energy-type inequality, which combines the standard L? dissipation property of the fluid evolution with a
quasi-dissipative structure associated with the chemotaxis subsystem. The existence of classical solutions for the
regularized problems are obtained by applying a fixed point procedure to ensure local existence and uniqueness
of smooth solutions, and deriving a suitable extension criterion for such solutions, by using a priori estimates.
A further step toward a qualitative understanding of the chemotaxis-fluid interaction described by (1.2), in
terms of the possible effects of the chemotaxis-driven forcing on the motion, and the latter on the distribution
of cells was given in [53]. The author shows that any mutual influence will in fact dissappear asymptotically, in
that the large-time behavior of solutions is essentially governed by the decoupled chemotaxis only and Navier-
Stokes subsystems on neglecting the components u and [n,c|, respectively. Variants of (1.2)—(1.3) including
nonlinear cell diffusion, that is, replacing An by the porous medium-type diffusion term A™n for m > 1, and
assuming that x is a chemotactic sensitivity tensor, that is, replacing xV - (nVc¢) by V - (nS(n, ¢, x)Vc), where
S(n,c,x) = (sij)nxn is a matrix-valued function, have been analyzed in [4, 16, 28, 45, 50, 54, 58] and some
references therein. In these cases, convenient boundary conditions are assumed. System (1.2)—(1.3) with logistic
source (f(n) = ¢n — un? with > 0), has been analyzed in [34]. Considering bounded domains of R3, in [34] the
author analyzed the existence of weak solutions and proved that the weak solutions become smooth after some
waiting time; moreover, convergence to the steady state (¢/u,0,0) was also established. In [3], it was considered
an exchange of oxygen between the fluid and its environment, which leads to different boundary conditions to
(1.2); then, by requiring sufficiently smooth initial data, it was proved the existence of a unique global classical
solution for V = 2, as well as the existence of a global weak solution for N = 3. Concerning smooth bounded
domains and initial data in LP-spaces, results about local and global-in-time existence of solutions were obtained
n [17]. A numerical analysis based on the Finite Element method including error estimates and convergence
towards regular solutions were performed in [19]. On the other hand, in the whole space RY, N = 2,3, the local
and global-in-time existence of solutions for (1.2) has been studied in [11-13, 30, 56], and some references therein.
In particular, a class of small global solutions in weak-LP spaces including double attraction nonlinear terms in
the density equation was obtained in [30]. In [56] the local well-posedness for initial data in the nonhomogeneous
Besov spaces class B . x Bst! x B! where 1 < p < 00, 1 <r < oo and s > 3/p+ 1 was analyzed. In [13] the
local-in-time existence of solutions for large initial data, as well as global-in-time existence for small initial data
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and some smallness condition on the gravitational term, were obtained in critical homogeneous Besov spaces.
Later, an extension criterion for local-in-time solutions was proved in [11]. In [12] the global-in-time existence

of solutions for small initial data in the critical triple of homogeneous Besov spaces B; f+3/ Px BSGP X B; i+3/ P
with 1 < p < 3 was proved. More recently, in [18, 21| results on existence and asymptotic behavior of small
global solutions in Besov-Morrey spaces were obtained.

However, the derivation of the energy-like estimates when f,g # 0 in (1.2) do not follow directly due prin-
cipally to the term gc in the derivation of energy-type estimates and uniform estimates for the chemical
concentration, by considering a nonregular control g € LP(LP) for some p > 1 (see details in Sect. 3). Therefore,
the first aim of this paper is to prove the existence of weak solutions for (1.2). In comparison with the results
of [51], our definition of weak solution establishes that the equation for the chemoattractant is satisfied a.e. in
Q x (0,T), that is, our weak solution is weaker than the one in [51]. Moreover, following [29, 34], we do not
assume the convexity condition on 2 as required in [49, 51]. In order to prove the existence of weak solutions
of the control system we consider a family of regular solutions to a suitable regularized problem, which is a
little different from that considered in [51]. Indeed, we introduce a decoupling through an auxiliary elliptic
problem which allows to gain regularity for the chemical equation as well as to obtain an energy-type inequality
after testing and combining conveniently the density equation and the concentration equation (see details in
Sect. 3.1).

In connection to the existence of weak solutions, it is worthwhile to remark that the uniqueness of weak
solutions in 3D is an open problem; consequently, due to the lack of uniqueness of weak solutions nor the existence
of strong solutions, establishing optimality conditions when analyzing control problems becomes nontrivial. As a
consequence, most of the studies devoted to the control problems in fluid mechanics and related models assume
that © C R? (c¢f. [2, 5]). In order to overcome this difficulty, the second aim of this paper is to introduce a
regularity criterion which allow us to get a unique strong solution (cf. Sect. 4). This regularity criterion is
motivated by the corresponding one for the Navier-Stokes system [2, 5].

On the other hand, having decided what kind of solutions of the Chemotaxis-Navier-Stokes equations (1.2)—
(1.3) are going to be considered, the third aim of this paper is to analyze an optimal control problem. Here we
recall that in past years, significant progress has been made in mathematical analysis and numerics of optimal
control problems for viscous flows described by the Navier-Stokes equations and related models (see for instance,
[2, 5, 23, 36] and references therein). However, from the optimal control point of view, the literature related is
scarce, and most of the results are devoted to the control theory governed by chemotaxis models without fluids
(cf. [14, 22, 24-26, 40]). In these references, the authors proved the existence of optimal controls and derived an
optimality system. However, as far as we know, optimal control problems for evolutive attractive chemotaxis-
Navier-Stokes models have not been studied previously. In [39] the authors analyze an optimal distributed control
problem where the state equations are given by a stationary chemotaxis model coupled with the Navier-Stokes
equations. The control was given through a distributed force and a coefficient of chemotactic sensitivity, leading
the chemical concentration, the cell density, and the velocity field towards a given target concentration, density
and velocity, respectively. In spite of, we observe that in [9, 10] the authors obtained some results related to
the controllability for the nonstationary Keller-Segel system and the nonstationary chemotaxis-fluid model with
consumption of chemoattractant substance associated to a chemotaxis system, based on Carleman estimates
for the solutions of the adjoint system. We formulate the control problem in such a way that any optimal state
is a strong solution, and prove the existence of an optimal solution assuming controls on the concentration and
velocity, such that the associated strong solution exists.

The rest of the paper is organized as follows: in Section 2 we introduce some basic notations and preliminary
results. In Section 3, we give the definition of weak solutions for system (1.2)—(1.3) and prove that they exist
indeed. In Section 4, we establish a regularity criterion under which weak solutions of (1.2)—(1.3) are also strong
solutions. In Section 5, we analyze an optimal control problem related to the strong solutions of (1.2)—(1.3); we
prove the existence of an optimal solution and derive first-order optimality conditions.
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2. NOTATIONS AND PRELIMINARIES

In this section we establish some basic notations, and give some preliminary results to be used later. Hereafter,
2 is a bounded domain of R? with boundary of class C?!'. The reason to pick this particular regularity on the
domain is the C2-parabolic and C'l1-elliptic regularities for the Laplace problem on a domain (see Thm. 2.1
and system (3.3)). We use the Sobolev space W*P(Q) and LP(Q), k € R, 1 < p < oo, with norms || - ||yyx.» and
|| - | z» respectively. When p = 2, we write H*(Q) := W*2(Q) and its norm will be denoted by || - || z7+. The inner
product in L2(€2) will be represented by (-, -). We denote by W*(€2) the closure of C$°(£2) in the norm || - [|yy1.2.
We also consider the free divergence spaces V = {u € (W;2(Q))3 : divu = 0 in Q}, and (L2(Q))? given by the
closure of {u € C§°(Q)3, divu = 0} in L?(2). We also recall the Leray projector P : (L?(Q2))3 — (L2(2))?, and
denote by A := —PA the Stokes operator with domain D(A) = (H?(2))*NV.

Along this work, we are going to fix a time 0 < T' < oo but arbitrary. In this sense, we introduce the following
notation. For Y being a Banach space, LP(Y) := LP(0,T;Y), 1 < p < 0o, denotes the space of Bochner integrable
functions defined on the interval [0, T'] with values in Y, endowed with the usual norm || - || »(yy. We also consider
the space C(Y') := C([0,T];Y) of continuous functions from [0, 7] into Y, with norm | - || (y)-

The topological dual of a Banach space Y will be denoted by Y”, and the duality product by (-, )y~ or simply
(+,-) when there is no confusion. For simplicity in the notation, we use u for both scalar and vector valued
functions. Also, the letter C' will denote a general positive constant which may change from line to line or even
within the same line.

In order to analyze properties of existence and regularity of solutions (1.2)—(1.3), frequently, we will use the
following parabolic regularity result.

Theorem 2.1 ([20], Thm. 10.22). Let Q be a bounded domain with boundary 02 of class C?, 1< p,q< oo.
Suppose that f € LP(LY), ug € Zpq = {LUQ); d(An)} —1/pps A(Ax) = {v € W29(Q) : §% =0 on Q}, where
{*;-}... denotes the real interpolation space. Then the parabolic problem

Ou—Au=f, in (0,T) x Q,
u(0, ) = wo, in Q,
9u _ ), on (0,T) x 99,

Gu —
admits a unique solution u such that

u € C(Zy ) NLP(W9),  Opu € LP(LY).
Moreover, there exists a positive constant C := C(p,q,Q,T) such that

lu®)llc(z,,) + 10sullLo (L) + [[Au| Lo ray < CUfllLr(za) + uollz,.,)-

If p = q, it holds that

W2=2/p2(Q), if p < 3

7 W22/pp —
PP {uew2-2rr(Q): % =0on 00}, if p > 3.

We will denote by &), the space

X, ={ueC(Z,,) NLP(W>P): dyu € LP(LP)}.
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3. EXISTENCE OF WEAK SOLUTIONS

In this section we prove the existence of global weak solutions for the control system (1.2)—(1.3). We obtain the
existence of weak solutions as the limit of smooth solutions to suitable regularized problems, where appropriate
compactness properties are derived from a priori estimates gained from an energy-type inequality. We start by
establishing the notion of weak solutions for (1.2)—(1.3).

Definition 3.1. (Weak solution) Let 0 < T' < oo, and g € L>?(L5/?), f € L*(L?), V® € L>(), no € L*(Q),
co € WH(Q), ¢ > 3, up € L*(Q), no > 0, co > 0 in Q. A weak solution of (1.2)-(1.3) is a triple [n,c,u] of
functions such that

ne L5/3(L5/3) N L5/4(W1’5/4), o € LlO/Q((Wl,lo)/)’
c € L™®(H") N L*(H?), dyc € L'O/T(L1T),
we L2(V)NL®(L?), e LO3((WhS/2y),

verifying

T /T@n@ //Vn Ve - //nu Vo — x/ /nvC Ve =0,
/O<atu,w //vuwz //u@uvw //nV@q/;-k//fd},

for all ¢ € L9/3(W110/3) "and ¢ € L/2(W15/2), and the equation (1.2); holds a.e (z,t) in Q x (0,7).

In order to obtain the existence of weak solutions, we consider the following assumption on the data:

g € LY2(L3?), f e L*(L?), V® € L*=(Q),
ng € LQ(Q), Co € Wl"q(Q), q>3, ug € Li(Q), (31)
no(x) >0, co(z) > 0.

We prove the following theorem of global existence of weak solutions.

Theorem 3.2. (Ezistence of weak solution) Assume that g, f, VO, and the initial data [ng, co, uo] satisfy (3.1).
Then there exists a weak solution of system (1.2)-(1.8), in the sense of Definition 3.1.

Remark 3.3. In comparison with the definition of weak solution considered in [51], in Definition 3.1, the
equation for the concentration of chemical is satisfied a.e in Q x (0,T).

3.1. Approximated solutions

The existence of weak solutions of (1.2)—(1.3) is obtained through as the limit of a sequence of strong solutions
of the following approximated problems: given € > 0, find [n., we, u., 7] such that:

Net + Ue - Ve = Ane — xV - ( +Vc€> in Q x (0,7),

1+61’L

w5t+u€~Vw€=Aw€—7weeln( +ent) + gwr in Q x (0,7),
Uer + (Yeue - VIue = Aue — Vi +n VO + f in Q x (0,7),
V-ue=0 inQx(0,T), (3.2)

[1e(0), we(0), ue(0)] = [noe, Woe, Up,e]  in £,

Onclat) _ Qwelet) — )y (z,4)=0  ondQ x (0,T),
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where Y, = (1 + €¢A)~! is the Yosida approximation [43], and ¢, is the unique solution of the elliptic problem

(3.3)

9eelt) — 0 on 9.

{ ce — €Ace = w, in €,
In (3.2), n}t = max{n.,0} > 0, w = max{w,, 0} > 0, and for all € € (0,1), ng,e, o, uo, are initial data
satisfying:

ng.. € WA55/3(Q), ng . > 0, Jon0.e = [ 10, 0, = ng in L2(Q), as e — 0,

We,o > 0, wo e = coe— GACO,e € Wl’q(Q)a q>3,

co.e >0, coe — coin HY(Q), as e — 0, (3.4)
wo.e — ¢o in WH4(Q), as e — 0,

uge €V, uge — up in L*(Q), as € — 0.

Remark 3.4. Approximation (3.2) differs from that considered in [51], in the following aspects: first, we
decouple the cross-diffusion term by introducing the elliptic problem (3.3). This allows enhancing regularity
for the new variable c., which, in particular, enables the use of the Leray-Schauder fixed point theorem. This
procedure is not required in [51] due to the use of the semigroup theory to get existence of local strong solutions.
However, in our case, we were able to consider a different class of initial data providing a new class of global weak
solutions, weaker than those in Definition 2.1 of [51]. Second, our approximation includes some non-negative
terms at the right hand side of (3.2), in order to guarantee the non negativeness of n.,w.. Approximation
in the we-equation allows to cancel the cross-diffusion in the n.-equation with the consumption term in the
we-equation. The Yosida approximation for the u.-equation was the regularization for the velocity used in [51].

The existence of strong solutions for (3.2)—(3.4) is given in the next proposition.

Proposition 3.5. For each € > 0, there exist unique functions n. € X5/3, we € X573, ue € Xo, with ne > 0,
we > 0, which, together with some m. € L>(H') solve the system (3.2) pointwisely a.e. (z,t) € Q x (0,T).

Proof. The proof will be carried out through the Leray-Schauder fixed point theorem. For that let us define the
Banach space X = L°(L?) N L?(H"') and the operator I : X x X — X x X by ['([fic, @W,]) = [ne, w.], where
ne, we are the two first components of the solution [ne, we, ue, 7] for the following system:

Net — Ane = —ue - Vite — XV - Q%V(*;G) in Q x (0,7),

Wep — Awe = —ue - Ve —ywf ¢ In(1 + enf) + got in Q x (0,7),
tet — Aue + (Yete - V)ue + Ve = n.V® + f in Q x (0,7),
V- ue=0inQx (0,T), (3:5)

[ne(0), we(0), ue(0)] = [no,e, Wo e, Up,e] in £,

Bnga(yx,t) _ awea(yx,t) =0, ue(SC,t) =0 on 0N x (O,T)7

with ¢ being the unique solution of (3.3) and right hand side w, (note that the first and second equations are
decoupled between them in system (3.5)). We divide the proof in four steps.
Step one. T': X x X — X x X is well defined.

Let [fie, w.] € X x X. Following [43], Chapter V, Section 2.3, since i € X, there exists a unique solution
ue € Xop — L'O(L'0) of (3.5),-(3.5), with initial data ug . Also, since w. € X and recalling that 9Q € C*!, from
the elliptic regularity applied to the problem (3.3) (¢f. [27], Thms. 2.4.2.7 and 2.5.1.1), there exists a unique
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solution ¢, € L>(H?) N L*(H?). Then Vé, € L*®(H') N L?(H?) — LY(L'Y). Since Vil € L?(L?) and

v (- g (I (L2 DR
| = Ce | = < Ce + < - Ve,
X (1+enj ) X1+eﬁj X (1+enj>

by the Holder inequality we get

xv( ne Vc>eL5/3(L5/3).
1+end ¢

Moreover, since u. € L>(H') N L?(H?) — L'%(L'%) we have u. - Vi, u. - Vo, € L>3(L>/?). Therefore the right
hand sides of (3.5); and (3.5), are in L>/3(L5/3) and thus, from Theorem 2.1, there exist unique n.,w. € X5 3
such that

[nell ;5 < Cllno,ellwars.ss, luellx, 7l x, @ x),

[wellae; )5 < Clllco,e = €Aco,ellwarsssas [uellas, [7ellx, [0e]lx)-

Since X5/3 — L?*(H3/?) N L=(L?) < X, we conclude T is well defined.
Step two. I': X x X — X x X is compact.

First notice that from (A.1) in the appendix, X553 < L>(H'/?) N L>3(H'7/19). Thus, by Lemma A.3,
X3 — L2(H?/?) N L>°(HY?) and H?/? S HY < L5/3) HY2 & 12 < [5/3) where < denotes the compact
embedding. Thus, by the Aubin-Lions compactness theorem [31], and the Simon compactness result [41], the
embedding of X5,3 C {f € L2(H3/2) N L>°(H'Y?) : 0w € L>3(L°/?)} into X is compact.

Step three. The fized points of al', a € [0,1], are bounded in X x X.

We assume a € (0,1] (the case a = 0 is obvious). If [n, w] is a fixed point of aI', then [n., w.] = al'[ne, wel,

which means that [n.,w.| satisfies

Ner — An, = —ug - Vi — axV - §1+ +vcé) in Q% (0,7),

wet — Awe = —ue - Vwe — ayw £ In(1+ enf) + agw} in Q x (0,7), (3.8)
Uep — AUe + é(YguE -V)ue + Ve = an VO + af in Q x (0,7T),

V-uc=0in Q x (0,7).

We first prove that n. > 0. Let [nc, we, ue, 7] be a solution of (3.8). As we did in Step 1, the right hand
side of (3.8), is in L>/3(L%3). Moreover n, € X «» L0/3(L19/3) — [5/2(L5/2). Then, we can test (3.8), by
n_ = min{n., 0} < 0, and having into account that the condition V - u. = 0 implies fﬂ ue - Vn_)no =0, we get

€

1d

nt
\Y ——Ve,,Vn_ | =0
35t 3 + 190 B = ax (1 Ve Vg ) =0,

in the scalar distribution sense on (0,7") (cf. [46], Chap. III, Lem. 1.1). This implies n_ = 0 and then n. > 0
a.e. in  x (0,7). In a similar way, testing (3.8), by w; we get

1
2dtllw IZ2 + IV llze = —ay (wielnu +en:>,w;) +algwd,w’) =0,

in the scalar distribution sense on (0,7'), which gives that w. > 0 a.e. in Q x (0, 7).
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Now we prove that w, is bounded in X. For that, testing (3.8), by w., integrating in ©, taking into account
that V - u. = 0, and by the Gagliardo-Niremberg inequality [37], we get

1d
5 qllwellze + [ VwellZ:

1
—ary (we In(1 + ene), w6> + a(gwe, w,)
€

A

(gwe7we)
< gl sz l[wel| 105
4/5 6/5
< Cllgll sz (1wel| 32 1Vwel|55 + [|we]|22)

5/2
< Cllgllgsrelwell2: + Cs, lgl357 llwell32 + 61 ([ Vewe 3. (3.9)

Thus, applying the Gronwall inequality in (3.9) and the convergence wg . — co in W14(£2), taking §; > 0 small
enough, we get

lwellZ- <

t
5/2
(/0 (gl s/ + lgll32)d ) < ClleollL2s gl rarz(rorz));

and then, integrating in time (3.9) we get ||wel| 21y < C.
Using the last estimate we are going to bound n. in X. Testing (3.8); by n. and integrating in {2 we get

1d
g gglnelts + 1Vl = o (1 Vee I )

< ax|nel ol Veel| pa | Ve 2
1/4 3/4
< Cax(InelZ VRl 36t + nell 2) Vel pa | Vne| 2
1/4 7/4
= Caxl|ne| o IVnel| 7 Vel o + Caxlne]l 2| Vne 12 [ Vee || a

< §||Vne||2L2 + Clinel22lIVeelZs + ClinellZ2 [ Veel|Zs- (3.10)

Since ¢, is the solution of (3.3) and w, € X, we know that ¢, € L>(H?) N L?(H3) (cf. [27], Thms. 2.4.2.7 and
2.5.1.1), and

llcell oo (r2ynr2(mzy < Ofe)||lwel| x-
In particular
[Veel[poe(ra)y < Cle)lwellx < Ce).
Then, by applying the Gronwall inequality in (3.10) we get
[nellx < C(e).

Step four. T': X x X — X x X is continuous.
Let [, W] men C X x X be a sequence such that

a7 W — [le, we] in X x X as m — oo.
€ €

In particular [, @™]men is bounded in X x X, and by (3.6), (3.7), [n*,w!] = T'[a, @] is bounded in
X553 X X5/3. Then there exists a subsequence, still denoted by [, w{"],;en, and a pair of functions [, W] €
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Xs/3 X Xs/3 such that

N, w'] = TR, w"] — [fe, W], weakly in Xj5/3 x &X5/3 and strongly in X x X. (3.11)
™ =T[a", W] means

Notice that equality [, w

R — An = —u - VA" — XV - (H”—nvm) in Q x (0,7),

wh — Aw™ = —u™ - Vo™ — fywz”% In(1 + en™) + go™ in Q x (0,7), (3.12)
u — A + (Yol - V)u + Va = @V + f in Q x (0,T),

V-u =0in Qx (0,7),

and the corresponding elliptic problem is satisfied

& — eAF = @™ in Q, (313)
70053533’75) =0 on 09. '
As we did in step 1, since n* € X, from (3.12), we have u* € X and
1d m||2 m||2 =m m m
ia”ue ||L2 + Hvue ||L2 = (ne vq)vue )+ (f?ue )
< IVOellnellpallul > + 1 Fll 2 llucl L2
Since |2||x < C(e), by the Gronwall inequality
[ug[x < Cle). (3.14)

Also, testing (3.12), by Aul", we get

€

1d

5 gl Vel lZe + 1w |7e = —((Yeul - V), Au") + (R V@, Auf") + (f, Au?)

S Yeud || L[ Vu [ s [[Aud [ L2 + [V @] e [ || 2 | Aud™ || L2
+ 1Al 2 [ A 22

< 30| Aug |22 + Coyl[Yeu? |1l V" [ + Coo [ V[ Lo |22
+Ca, £l 22

Notice that

1/2 3/2
Ve [Fall Vg 7o < CIYeu |3 Val |27 | Au 17

< 83| Aud" 172 + Co, [ Yeu |74 | V" |72
Then, from last two inequalities we get

1 d m m m m =m
s IVedlie + (1 =30 = da)l|Au 72 < Coy o Ve [ VU 2 + Co[ VO[T [R21172 + Coallf 117
Since the Yosida approximation Y.u™ is in L3(L*) (cf. [43], Chap. 5), by the Gronwall inequality

[ |2, < C(e). (3.15)
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From (3.14), (3.15), there exists u. € X5 such that
ul™ — ue, weakly in X5 and strongly in X. (3.16)
Therefore, from (3.11) and (3.16) we can pass to the limit, as m — oo, in system (3.12). Strong estimates for nl”
and w{" in X5,3 allow us to pass to the limit in (3.12); 5. In order to pass to the limit in the velocity equation
it is enough to see that

Yeu” - V)ul' — (Yeue - V)ue = Ye(ul* —u) - Vu' + Yeu - V(ul" — u)

and that ||[Yo(u™ — u)||p2 < ||u™ — ullge, ||Yeullrz < |lullrz (¢f. [43], Chap. V). At the limit we get

free = Dive = —u - Vi =XV - (Ve ) in 9 (0,7),

Wep — AWe = —Ue + VWe — ’yzf)e% In(1 + enie) + gwe in Q x (0,7),
tet — Aue + (Yee - V)ue + Ve = n.V® + f in Q x (0, 7)),
V-ue=01in Q x (0,7),

where ¢, is the unique solution of the elliptic problem (3.3) with right hand side w.. Namely, [fi¢, ] = T'[fi¢, @].
We have proved that, for an arbitrary sequence [A7, W™ ]men C X X X, such that [a7, 0", — [fie, W], there
exists a subsequence of [, W] men, still denoted by [Al", @ |men, such that D[R, @] men — I'[Re, @e]. This
implies the continuity of I'.

From the previous steps the operator I' satisfies the hypothesis of the Leray-Schauder fixed point theorem.
Thus, we conclude that the map I' has a fixed point [ne,w.], that is, I'[ne, we] = [ne, w.], which provides a
solution of system (3.2).

Step five. Uniqueness of the solution.
We proceed as follows. First, observe that

Ne € Xsyg C L°(WH/P2/3) 0 L3 (W2P/3) s L°(L%) N L*(L™),

where we have used the classical Sobolev embedding and Lemma A.4 with ¢ =3, p1 =p2 =5/3, r =2, p=2.
Second, since n, € L>®(W*/55/3) 0 L3/3(W?25/3), from (A.1) in the appendix we have

ne € LOO(H1/2) ﬂL5/3(H17/10).

Then, from Lemma A.3 with (p1,s1) = (00,1/2), (pa, s2) = (5/3,17/10) we get n, € L%/9(H"/%). In particular
Vn, € L20/9(H2/5) SN L20/9(L20/9).

Let us assume that [n¢1, We 1, Ue,1, Te 1], [Me,2, We 2, Ue 2, Te 2] N A 3 X A /3 X A X L*(H'), withn. 1,n.2 > 0,
We.1,We2 > 0, in accordance with ¢, 1,ceo € L(H?) N L?(H?), are two solutions of (3.2). Then, if we define
U= Ul — U2, W="T¢1 —Ne,2, W= We 1 — We2, C=Ce,1 — Cc,2 ANA T = T 1 — T 2, we have

(3.17)

u — Au+ (Yeu - V)ue1 + Yeteo - V)u+ Vo = nVe,
V-u=0,

with 4(0) = 0, and v =0 on 9Q x (0,T).
Notice that, since W2(Q) c L5() and taking into account the continuity of Y; on L2(Q) (cf. [43], 11.2.3.6),
there exists C' > 0 such that for any € > 0,

|Yeue| s < C||VYeue|| 2 = C|AY?Youe| 12 = C||YeAY ?uc|| 2 < C||AY?ue|| 12 = C||Vuel| 2. (3.18)
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Thus, {Ycu.} is uniformly bounded in L?(LS). Hence, if we multiply (3.17) by u, and integrate in , we get

1d

5 g llullze +IVullze < [Yeull o [Vuea ez lull s + V@[ o [l 22 [[ul 22

1/2 1/2
< C|\Vu| g2 | Ve || g2 [ull o2 [Vl 1 + [V po | 22 [l 2
1/2 3/2
< O Vate || 2 ||ull 22| Vu H R+ IV®| o 1]l 22 |Jul| 2

< 64)| V|2, + Cs,

1
§IIV<I>||:£oo||nlliz + 5 llullze. (3.19)

On the other hand,

Te,1 Te,2
—An+u.q1-Vn=—-u-Vn V- fle1 Ve < — 2 Ve,
+ €,1 2 — X |:1 T €neq + 1+ €ne 1+ €neo €2

with n(0) =0, and g—;‘ =0 on 9Q x (0,T). Thus, multiplying by n, integrating in 2, and using the Gagliardo-
Niremberg inequality (as in (3.10)) we obtain

1d

Sl + 1Vl

Ne,1 — Ne,2
< — | (u-Vnes)n + /7Vc Vn + / : ’ Veez - Vn
< [ neamex [ e X Jo T Fenc) 0+ enca) * 2

<),

< nezllpellull 2 Vallzz + x[IVell 2 [ Vnl| 2
+ X[V ee 2 al|Vn 7o Il 2

< 85l[Vn3a + Cs, neal2ee lull3z + Cs I Vel3z + Css [ Vee 2l 3alnl|3

< 85)|Vnl2a + CsyIneal2ee lul2a + Cs, [ Vaw]|22 + Csy [ Vee 2l §a )22, (3.20)

Inllg>" + Xl VeeallLa [Vall 2 )l
where in the last inequality we have used (3.3). On the other hand,
—Aw+uer-Vw=—u-Vwes — zwe,l In(1+eneq1) + lweyg In(1 + ene2) + gw, (3.21)
€ €
with w(0) = 0, and g—‘j =0 on 90 x (0,T). Observe that

—%wal In(1 +eneq1) + %wg,g In(1 + ene 2)

= —lw In(1+ ene1) — we2 (In(1 + ene1) — In(1 + ene 2))
€

b En
= w1+ enct) — weoln [ ——— 1+ 1.
W n(l+ ene 1) —wealn (1 p— )

Therefore, testing (3.21) by w, and working as in (3.9) we get

||w||L2 + (| Vuwl|Z

S/w€,2u~Vw+’y/w2n6,1+7/w6,2nw+/gw2
Q Q Q Q

2dt



AN OPTIMAL CONTROL PROBLEM 13

Sl

-

< 06| Vwllze + CslweallZeullze + lnecallellwlze + 5
5/2

+ 37|Vl 3z + Cllgllzssz w3z + Co, 9]l s w7 (3.22)

Finally, multiplying (3.22) by 1 + Cs,, and adding to (3.19), (3.20), gives

2 (InllZe + (s + DllwllZe + llulzz) + (1= 65)[VnllZz + (1= (d6 + 67) (1 + Cs,)) [ Vo] 72

N =
Q—“Q_,

+ (1 =0y Vuli. <C (055\\Vce,zllL4 + g Hwe 2l +Alneille + Clgllzsre + Cs. g1l

y+1

+Cou[[Vuealzz + CoslIne2llze + Collwesllix + —

) (Inll2 + (Ca, + Dl + [[ul22) .

and then, since n(0) = w(0) = u(0), by the Gronwall inequality we get n = w = u = 0, which proves the
uniqueness. O

3.2. Uniform estimates

The aim of this section is to find proper estimates, independent of €, allowing the pass to the limit in
(3.2)—(3.3).
Lemma 3.6. Let [n, w, te, 7|, ne > 0,w. > 0, be a strong solution of (3.2) and g € L%/?(L%/?). Then, w, €
Xs /3 satisfying

Wet — Awe = —Ue - VWe — 'yweé In(1 + ene) + gwe, in Q x (0,7),
e =0, 0on 90 x (0,7), (3.23)
we(0) = wo € WH4(Q), ¢ > 3,

verifies that
0 < we(z,t) < ClleollLe, |9l Lsr2(rsr2))- (3.24)

Proof. From Step three in the proof of Proposition 3.5 we known that w, > 0. Now, by multiplying (3.23), by

LwP~! and integrating in 2, we have
P

1d 1
= — (wP/?)? /Awewp Ly /uE VwwP™? —l/ln(l—kene)wf-l-*/gwf-
p? dt Q pPe Ja P Ja

Then, since V - u, = 0, and by the boundary condition u|go = 0, the third term in the left hand side of last
equality is zero. Thus, after integration by parts, we obtain

s [y 222 v = =2 [ naenguz+ 2 [ ot
dt pJa

Therefore, by making the substitution w = w? /% and since we > 0, by the Gagliardo-Niremberg inequality,

as in (3.9), we get

d 4p-1)
allwlliz + ——[| Vw7 < p/ 9w® < pllgll sz l|wllos
p Q
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5/2
< p3|Vwllia + Cillgl}5allwlie + Cllgl oo |wll3e. (3.25)

Thus, taking ¢ small enough and then applying the Gronwall inequality, we have

191lLs72(25/2)) < Clllcolles lgll Loz rsr2))- (3.26)

lwel| oo Ly < C(Jlwo,e
Using that
lwoellze < Q1P |lwo,ellz < Cllwo,ellwra,
from (3.26), we conclude that
[wellLo(zry < Clwo.ellwras [I9llLsr2rsr2))- (3.27)
Moreover, going back to (3.25), we obtain ||[Vwl|z2(r2) < C(p,[|gll15/2(15/2), [lwol[L2), that is,
we € L®(LP) N LP(WYP),  for any p > 1. (3.28)

From (3.27), and Theorem 2.8 of [1] we obtain that we is uniformly bounded in L>°(L*°) and thus, we conclude
the proof of (3.24). O

Next, we are going to derive a quasi-energy estimate for system (3.2), which is the key for deriving strong
convergences allowing the pass to the limit as ¢ — 0. For that we test system (3.2) with suitable functions
in such a way that the regularized chemotaxis term is absorbed by the regularized consumption signal. First,
multiplying (3.2), by Inn., integrating in (2, and using the mass conservation property for n. (we already proved
nd = n) gives

d € 2 €’ €
— [ nelnne = —/ V| + X M, on (0,7). (3.29)
dt Q Q Ne Q 1 + €Ne

Let us compute now % fQ |v;;;;\27 for any € > 0 on (0,T). By using (3.2),, and following Lemma 2.8 in [34]

one has
2 Aw,|? 1
|Vw€| —2/ ﬂ—&—Q -Vw6—|—27/ Aw.—1In(1 + en,)
dt We a w Q €

Q We
Vwe|? Vwe|?
72/Awég+/ﬂAw67/ﬂué.vwe
Q o w? o w?

Vw|? 1 Vw,|?
Nod® Ly a sy + [ 2l
Q We € Q We
Aw,|? Aw, Vwe - Vne
< 9 |Aw,| +2/ e Gw. — 2 Vuw, - Vn /Awég
O We o) We Q 1+€n5

Vw,|? Vw,|? Vw,|?
L LR O
Q We Q We Q We

Now, by replacing w, from (3.3),, we get

Ue * VW, — 2

d |Vwe|2 |Aw,|? +2/ Aw, Vee - Vne
o We o l4+en

dt We Q W
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2
+2%/ V(Ac) - Vne ,2/ Gﬁ/ Vue
Q 1+ en,

Vwe|? Vwe|?
| “’2| R A i (3.30)
Q  We 0 We
By Lemma 2.7(vi) in [34], there exist k1 > 0, k2 > 0 such that for any ¢ > 0:
Awe|? Vwe| Vwe|*
|Aw l / | Aweg kzl/wE|D21nw€|2 k;l/ V| —|—l€g/w6 (3.31)
Q Q
Having into account identity Aw, = w A lnw, + Wwe‘ , we have
2 2
—2/ Aw.g + 7‘Vw€| g= —2/ WegA In we — 7|Vw€\ g
Q Q We Q Q We
Vw,|?
S e P AT T
We L2

2 2 [V |* 1/2 12
<81 | we|D?Inwe|* + b2 5+ Cs,6,lwe’ 79|l 72
Q o We
9 2 |Vwe‘4 5 5/2
< 61 wE|D In w€| + 52 3 + 051,52 |UJ5| + 061,52 |g| . (332)
Q o We Q Q

Moreover, following the proof of Lemma 2.8 in [34], there exists k3 > 0 such that for any € > 0:

A € 62 k 64
2 [ A%y, vu, — [ VUL, g, < —1/ [Vere| +k3/w€|Vu6\2. (3.33)
€ Q Wwe 2 Jao w? Q

o w

Then, putting together (3.30)—(3.33), we obtain

2 4
g |vw6| (k]_ _ 61)/ w€|D2 1nw6|2 (kl —62) ‘Vw€|
Q

dt Jo w. w3
Vee - Vn V(Ace) - Vn
< 9 € € e € k . C . 5
- 7Q 1+ en, C 14en. + 2/Qw+ 51’62/Q|w‘
+ s, / 19172 + Ck:s/ IVue\Q, (3.34)
Q Q
where we have used the uniform bound to w, provided by Lemma 3.6 (observe that, for ¢ > 3, wo . € Wh4(Q) —
L>(Q).
Note that
5 / V(Ace) - Vne 1/2 V(Ace) - Vne (enﬁ)l/2
€ _— =
7 o l+en. n/? 1+ ene
V |2
< 53/ [Vl + 053@2/ |V(Aco)|?. (3.35)
Q Ne Q

From (3.3) it holds that €V (Ac,) = Vee — Vwe. Then, by replacing (3.35) in (3.34), we get
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|Vw€|2 / 2 2 k1 |Vw5\4
— k1 —0 e|D* Inw, — =9
at, w + (k1 —01) Qw<| nwe|” + {5 — 02 "

Ve - VnE |Vn|?
2 - —+ k € + €
/Q 1+ ene / Q/w Cﬁl’éz/ el

+ Gy, 52/ |g|5/2+0k3/ |Vu€|2 /\VCE\Q /|Vw€|2 (3.36)

Now, for the velocity u. we have the following estimate: there exist d3, C > 0 such that for every € > 0

2
2dt/|u€|2 + (1 —63) /|Vu€|2<C’ /'WE| +C/\f|2+c on (0,7). (3.37)

Indeed, multiplying (3.2), by u., and integrating in ©

1d
5 gl +1IVucliz = (Ve ue) + (f,uo).

Moreover, since n. € L*(£2), by the Gagliardo-Niremberg inequality

(neV®, ue) < Cllnell poss|luel| o
< C||”i/2||2le/s|\VUe|\L2
< 8l|Vuell3s + Cs, Ind/? 4o/
< 8lIVuell3s + Co, (In22(132 VL2 12 + [n2/2)132)?
< 85| Vuel2a + Cyllnell s (Il 2. V22127 +1)2
< 03| Vuell72 + Cs, (VR 2|2 + 1).

Then, multiplying (3.29) by a suitable constant to cancel terms with (3.36), and multiplying (3.37) by a
constant if necessary, we obtain

d 2 2
{/nelnne—FC'/|Vw€|—|—C’/|u5|2}—|—0/vn6
dt Q o) We o) Q Ne
4
+C’/w€|D21nw€|2+C/ W“;e' +c/ | V|
Q o Wwe Q
gC’/wEJrC/ |w5\5+C’/ |g\5/2+C/ |f\2+/ |w€|2+/ Vw2 (3.38)
Q Q Q Q Q Q

Finally, by using Lemma 3.6, we get

2
d[/nelnnew Vo +C [ Ju ﬂ*o/ e
ar | /g

4
+C/w€|D2lnw |2—|—C/ |Vw€| +C/ | V|

<c/ |g|5/2—|—0/ 2+ /|Vc6|2+/Q|Vw€|2+C. (3.39)
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Testing (3.3) by ¢. and —Ac, give us

1 1
gHCelliz + €| Vee||7 < g\lwelli% (3.40)
and
1 2 2 1 2
SIVeelzs +ellAcellze < SlIVewellze, (3.41)

accordingly. Recalling that | Vwe| z2(z2) < C uniformly in € (see (3.28)), then, by (3.41) we have ||Vec||p2(z2) < C
uniformly in e. Moreover, \/eAc, is bounded in L?(L?) uniformly in e. Thus, integrating in time (3.39), in
particular, we obtain that

<C,

B
L*(L?)

1/2
ws/

and since [, [Vwe|* = [, %we and w, is uniformly bounded (Lem. 3.6), we get

[Vwe| po(L2) < C, (3.42)

uniformly in e. Also, from (3.39), Lemma 3.6 and the identity Aw. = w.Alnw, + %, we have
[Awe|r2(2) < C, (3.43)
uniformly in e. In addition, from (3.40)—(3.42) we have
{c.} is bounded in L=(H?'), {\/eAc.} is bounded in L>(L?).

Moreover, taking A in (3.3), and testing by Ac, give us

SIAcs + e VACs < 5 lAwcE
Therefore, by (3.43)
{cc} is bounded in L*(H?), {\/eAc.} is bounded in L*(H*').
Thus we have

{{cs} is bounded in L= (H') N L2(H?) < LO(L'Y), (3.44)

{V€Ac.} is bounded in L°°(L?) N L?(H?').

Since 2V,/n, = %, by (3.39), Vy/n. € L*(L?). Also \/n. € L*(H') < L*(L%). Moreover, by the mass
conservation property n. € L>(L'), which implies /n¢ € L>(L?). That is,

{\/ne} is bounded in L>(L?) N L*(L8) — L1/3(L10/3), (3.45)

{V/ne} is bounded in L?(L?). '
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Since Vn, = 2\/nVy/nc, by (3.45) we have

{n¢} is bounded in L>/4(W1/4). (3.46)
Moreover, by (3.45), it holds
{nc} is bounded in L%/3(L%/3). (3.47)
Also, from (3.39) we get
{uc} is bounded in L®°(L?) N L*(V) « LO/3(L10/3), (3.48)
and from (3.42) and (3.43) we obtain
{we} is bounded in L>®(H") N L?(H?) < L'°(L'%). (3.49)

3.3. The limit as € -+ 0
Notice that from (3.3) and (3.44), we obtain

we —cc = —eAce — 0 ase— 0, in L¥(L*) N L*(HY). (3.50)
Therefore, from (3.44), and (3.45)-(3.50), there exist limit functions [n,w,u] such that

nc L5/3(L5/3) N L5/4(W1’5/4),
ce L™(HY) N L2(H?),
we L=(L2) N LA(V),

and for some subsequence of {[n., ¢, e, we|}e>0, denoted in the same way, the following convergences hold, as
e — 0,

ne —n  weakly in L/3(L5/3) 0 LA/4(W15/4),
ce — ¢ weakly in L?(H?) and weakly* in L>(H?),

3.01
ue —u  weakly in L?(V) and weakly* in L°°(L?), (3:51)
we — ¢ weakly in L2(H') and weakly* in L>°(L?).
Now, by (3.44),, {Ve.} is bounded in L>®°(L?) N L2(H') « L'%/3(L1%/3). Thus, from (3.47) we have
nt
{ < +Vce} is bounded in L'%/%(L0/9), (3.52)
1+ end

which implies the term y [ 7nj+Vc€ -V is bounded for each ¢ € L'°(WH10), Likewise, by (3.47) and
0 JQ 14en
(3.48) we get

{ncuc} is bounded in L'9/9(L10/9). (3.53)
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Therefore, looking for the n.-equation in (3.2) we obtain
{Oync} is bounded in L'/°((W1H10)"), (3.54)
On the other hand, from (3.48) and Lemma 3.6 we get
{ucw.} is bounded in L'/3(L10/3), (3.55)
which implies fOT Jo wete - Vo is bounded for ¢ € LP/3(W15/3). Also, from Lemma 3.6 it holds

{gwe} is bounded in L%/2(L%/?), (3.56)

In(1 + ent
{uﬁw} is bounded in L%/3(L5/3). (3.57)

¢ €
Therefore, looking for the w.-equation in (3.2) we obtain
{dyw} is bounded in L3/3(L5/3). (3.58)
Now, for o € L3/2(W'5/2) from (3.47), (3.48), we obtain

(e ® e, V) < |uZl| po/s |Vl o2, (3.59)
(neV®, ¥) < IV @|[col|nell poss |9l Loz (3.60)

Therefore, looking for the uc-equation in (3.2) we obtain
{8,uc} is bounded in L3 ((W15/3)". (3.61)
Therefore, from the time-estimates above we have

dine — Oyn weakly in [/10/9((1/1/'1,10)/)7
drwe — Orc weakly in [,5/3([;5/3)7 (3.62)
Orue — Oyu weakly in L5/3((W1>3/2)’),

From (3.45), (3.46), (3.48), (3.49), (3.62), taking into account that W15/4 < [2 <y (WL10) [2 & gl s
L5/3 and H! < L2 < 5/ 3, and using the Aubin-Lions lemma and the Simon compactness theorem, we have

ne—n strongly in LY/4(L2) 0 C(0, T); (WH10)),
we — ¢ strongly in L*(H') N C([0,T]; L?), (3.63)
ue — u  strongly in L2(L?).

By (3.52), we have the convergence

+
: fe Ve = ¢ weakly in L'0/(117%), (3.64)
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From (3.51), we have Ve, — Ve weakly in L'%/3(L19/3). Also from (3.63)1, {n}co is relatively compact in

LP/4(L>/*). Then, taking into account (3.47), and the interpolation inequality

4p — 5
—0 %
Hne”LP(LP) < Hn5||25/4(L5/4)||n5||L5/3(L5/3)7 0= D

€ (0,1),

(which leads to 2 < p < 2), we obtain that {n.} is relatively compact in LP(LP). Since L®/3(L5/3) —
L20/13(1,20/13) and noting that

/(nch6 —ntVe)p = / nt(Ve. —Ve)p + / (nf —n")Veep
Q Q Q

< / nd (Vee = Ve)g + [nf —n| 2o [ Vee] pioss [ @ll 2o
Q

— 0,
e—0

we can conclude, from (3.64), that ¢ = n™Vec. That is

+
Hnﬁvce ~n*Ve weakly in L10/9(L10/9). (3.65)

In a similar way, by (3.51),, (3.53) and using that {nc}cso is relatively compact in LP(LP) for all p < 5/3,

we get

neue — nu weakly in L0/9(L10/9), (3.66)

Therefore, taking the limit in the regularized problem (3.2),, as e — 0, by (3.51),, (3.65) and (3.66), the limit

n satisfies the weak formulation

T T T T
/ (Opm, ) +/ /Vn -V — / /nu -V — X/ /n+Vc Vo =0, Vo € LOYWHY), (3.67)
0 0o Ja 0o Ja 0o Ja

On the other hand, from (3.51), (3.55) and (3.63), we get
ucwe — cu weakly in L%3(L%/3). (3.68)
Also, from (3.63), and taking into account that g € L>/2(L5/2), in particular, it holds
gw} — get weakly in L'/T(LY/7), (3.69)

Now, since M <nt, by (3.47) and (3.49) we have

€ €

+
{w+1n(1—|—en€)} is bounded in L'/7(L'0/7). (3.70)

By (3.47) and the dominated convergence theorem

In(1+ en))
€

+

L5/3(L5/3)
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In(1+ent) In(l+en™)

In(1+en™) -

€ €

In (1 Ll =) n+)>

1+ent

€

In(1+en®) ot

L5/3(L5/3) L5/3(L5/3)

L5/3(L5/3) € L5/3(L5/3)

— 0.
e—0

Then, by the weak convergence in (3.51),, the strong convergence above, and (3.70), we get

+In(1+en})

w, — ¢nT weakly in L**/7(L10/7). (3.71)

€

Therefore, from (3.62), (3.63), (3.68), (3.69) and (3.71) we get

T T T T T
/ (0rc, p) +/ / Ve -V — / / cu -V — ’y/ / ctnte— / / gt =0, (3.72)
0 0o Ja 0o Ja 0o Ja 0o Ja

for all p € L19/3(W10/3), Observe that (3.72) is a weak formulation for the c-equation of (1.2). Thus, integrating
by parts in (3.72) and using that n € L%/3(L5/3), c € L?>(H?) N L>®(H'), and uw € L?>(H') N L>=(L?), we get

ct+u-Ve=Ac—~en+ge, in LYOT(LO/7), (3.73)

On the other hand, to take the limit in the u.-equation, we argue as usual. In fact, recalling (3.18), {Y.u.}
is uniformly bounded in L?(L%). Moreover,

Youe@ue —u®u = You ® (ue —u) + Ye(ue —u) @ ue + (Ye — Du @ u.

Therefore, taking into account the above decomposition, (3.63)3 and the fact that Y, — I in L?, we can pass
to the limit in the u.-equation in order to get

/OT<atu,¢>+/OT/QVU.V¢_/OT/QU®U'V¢Z/OT/San¢.¢+/OT Qf.w,

for all ¢ € L3/2(W15/2).

Finally, from (3.4), [ne(z,0), we(z, 0), uc(z, 0)] = [no,(x), wo,e(z), ug,e(x)] = [no, co, uo] as € — 0 and thus, by
(3.63), n(0) = ng, ¢(0) = ¢p, u(0) = ugp, which is the initial condition in (1.3).

To conclude the proof of Theorem 3.2 it remains to see the non-negativity of n and ¢. From (3.63) and taking
into account that ne,cc > 0 a.e. (z,t) € Q x (0,T), for all € > 0, then n,c > 0.

4. REGULARITY CRITERION

In this section we are going to prove that under the extra assumption [n,u] € L?/7(L?°/7) x L8(L*), weak
solutions have better regularity properties. This is possible by a bootstrapping argument. It is worth noting
that this extra regularity assumption is going to be obtained from the definition of the functional in the control
problem, providing the relation between the solutions of the PDE, the cost functional and the existence of
optimal solutions.
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Definition 4.1. (Strong solution of (1.2)) Let g € L*(L*), f € L*(L?), V® € L*>(Q), [no, co, uo) € W3/24
W3/24 x V, ng >0, ¢g > 0in Q. A strong solution of (1.2)-(1.3) is a triple [n, ¢, u] of functions such that

[’I’L,C,U] € Xy x Xy x Ay,

such that (1.2) holds a.e (z,t) in 2 x (0,T), and (1.3) are satisfied.

Theorem 4.2. (Regularity criterion) Let [n, c,u] be a weak solution of (1.2). If [no, co, ug) € W3/24 x W3/2:4 x
V and

[n,u] € L2/7(L297) x L8(LY), (4.1)

then [n,c,u] is a strong solution of (1.2) in the sense of Definition j.1. Moreover, there is a constant C =
Cllnollgs 2. llcollgps aas lluollv, g € LHLA), ([ fllL2(z2), Inllpz2y, llull s zey) > 0, such that

[, e, ull| vy x xyx 2, < C. (4.2)

Proof. The idea is to use a bootstrapping argument following the ideas of [25]. From Theorem 3.2, there exists
a weak solution [n, ¢, u] of system (1.2) in the sense of Definition 3.1. The regularity is carried out into several
steps:

Step 1: u € As.

Since u € L3(L*), from Theorem 4.2.1 in [5], we have u € Xy — L19(L19). The last embedding is consequence
of Lemma A.4 below, applied to g1 = 6, p1 = ps = 2, r = 2. Moreover,

[ull, < Clluollv + @l Lo I2ll 222y + [lulls L)) (4.3)

Step 2: ¢ € Xyg7.
As a general fact in the following steps, n € L**/7(L?%/7) and u € L'°(L'°). Moreover, from the weak regularity
we have ¢ € Xp < L19(L10).

1) ce Xgo/g.
From the corresponding regularities of ¢, n, g, we have gc € L20/7(L20/7) and cn € L20/9(L20/9). Moreover,
since ¢ € Xy, we have Ve € L>(L?) N L2(H') — L'9/3(L'%/3) where we have used Lemma A.4 with
q1 = p1 = p2 = 2, r = 1. Therefore u- Ve € L2(L%?). In conclusion, from (1.2),, ¢; — Ac € L29/2(L20/9),
thus from Theorem 2.1, ¢ € Xy 9.

i) ¢ e LO(L2).
Since ¢ € Xy /9, we have ¢ € L (W11/10:20/9) 0 [20/9(}/2:20/9) <y [oo(L12) 0 L20/9(W220/9). Thus, from
Lemma A.4 with ¢ = 12, p1 = po = 20/9, 7 = 2, we obtain ¢ € L?°(L?).

111) cE X5/2.
With the extra regularity obtained for ¢, we have cn € L>?(L%/?). Since 5 < 2, from Theorem 2.1, we
have ¢ € X5/5.

iv) ¢ € L>®(L*®) and Ve € L3(L5).
Since ¢ € Xs /o, then ¢ € L(W6/55/2) 0 L5/2(W?25/2). Now, by Sobolev embeddings W5/%:5/2(Q) —
L9(R), for all 1 < ¢ < co. Thus ¢ € L>®(L9) for all 1 < ¢ < oo; in particular, ¢ € L>(L?*%/9) and then,
ne € L2/T(L'3/5). Thus, from Theorem 2.1 we get ¢ € L3/5(W?213/5) n [0 (W16/13,13/5) .y [20( ),
Moreover ¢ € Xs/y implies Ve € L®(W1/55/2) 0 LS/2(W15/2) — L>°(L3) 0 L3/2(W15/2). Thus, from
Lemma A.4 with ¢; = 3, p1 = p2 = 5/2, r = 1, we obtain Ve € L5(L5).

V) ce X20/7.
With the extra regularity obtained for ¢ and Ve, we have that cn € L2%/7(L2%/7) and u- Ve € L'/3(L19/3),
Since % < 1—30, from Theorem 2.1, ¢ € Xy 7.
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Ve € L2/3(120/3) and Ac € L20/7(L20/7).

Since ¢ € Xy /7, we have Ve € Lo°(W3/10:20/T) n [20/T(W1.20/T) y [o0(L4) 0 L20/7(W120/7). Thus, from
Lemma A.4 with ¢; = 4, py = ps = 20/7, r = 1, we obtain Ve € L?%/3(L?0/3). The fact that Ac €
L20/7(L2%/7) is immediate from the definition of Koo 7-

Notice that we cannot go further in the regularity of ¢ because en cannot be improved beyond L%/ 7(L20/ n.
That is why we work now to improve the regularity of n, and go back later again on the regularity of c.
Step 3: n € L>°(L?) N L*(HY).
First, from step 2—(vi) we have the following regularity property on ¢

Ve e L(L*) n L2O/T(WH20T) s [20/3(12073), (4.4)

Our starting point is the weak regularity, together with the extra regularity assumption of n; that is, n €
L20/7(L20/7) N L5/4(W1’5/4).

i)

ii)

iii)

iv)

n e X20/19'

Since n, Ac € L?/7(L?°/T), we have nAc € L'%/7(L19/7). Moreover, u € L'°(L'%) and Vn € L>/*(L/*)
imply w - Vn € LY/9(L9/9), Finally, Ve € L*/3(L?°/3) and Vn € L5/*(L°*) imply Ve-Vn €
L20/19(L20/19) " Since 22 < 10 < 10 from (1.2),, ny — An € L?/19(L20/19) thus from Theorem 2.1,
n € Xa0/19-

Vi € L200/171(L25/17),

Since n € Xog/19, we have n € L°(W1/10:20/19) n [20/19(1/2:20/19) " Then, denoting by D'/1%n the 1/10-
derivative of u we have

D/10,, < Loo(L2O/19) n L2O/19(W19/10’20/19) N LOO(L20/19) N L20/19(W1’20/13).

Then, from Lemma A.5 with a =9/10, 8 =1, v =0, p=20/13, ¢ = 20/19, we have A = 9/10, r = 25/17
and for s > 0,

1-X
||D1/10n||f/v9/10,25/17 < ||D1/10n||f,‘>,‘1,20/13 ”Dl/lonnz(%/lg)'

Since D% ¢ L2919 in time, we have s\ = 20/19, which implies s = 200/171 and then n €
L200/171(W1’25/17). Finally,

Vn € L200/171(L25/17). (45)

n e XIO/Q'
From (4.4) we have Vc € L>®°(L*) N L?%/7(L%Y). Moreover, from Lemma A.1 with p; = 0o, ¢1 = 4, p2 =
20/7, g2 = 60 and p = 10 we obtain

Ve e L®(L*) n L5/,

Therefore, from (4.5), Ve - Vn € L200/171([100/93) q [,200/191(1,300/259) © Rinally, from Lemma A.l
with (p1,q1) = (200/171,100/93), (pa,q2) = (200/191,300/259) we have Ve - Vn € L*/9(L10/9). From
Theorem 2.1, n € Xy¢/9.

Vn € L?3/18([150/103),

Since n € Xyg/9, we have n € Lo (W/5:10/9) o [10/9(1)72:10/9)  Then,

DYy ¢ Loo(LIO/Q) n L10/9(W9/5,10/9) N LOO(LlO/Q) n L10/9(W1,30/19).



24

vi)

vii)

viii)

J. LOPEZ-RIOS AND E.J. VILLAMIZAR-ROA

Thus, from Lemma A.5 with a =4/5, 8=1,v=0, p=¢q =10/9, we have A = 4/5, r = 150/103 and for
s> 0,

s(1—=X)

||D1/5n||€/(/4/5,15o/103 < ”Dl/SnHi{)l«SO/lgHDl/SnHLlO/Q ’

Since D'/®n € L%/ in time, we have s\ = 10/9, which implies s = 25/18 and then n € L2°/18(}/1:150/103),
Finally,

Vn € L25/18(L150/103). (46)

n e X20/17.
From (4.4) we know Ve € L°(L*) N L?°/7(L%). Moreover, from Lemma A.1 with p; = 0o, ¢ = 4, pp =
20/7, g2 = 60 and p = 5 we obtain

Ve e L®(L*) N LP(L57).

Therefore, from (4.6), Vc - Vn € L?/18([300/281) o [,25/23(300/241) " Ripally, from Lemma A.1 with
(p1,q1) = (25/18,300/281) and (pa, g2) = (25/23,300/241) we have V- Vn € L29/17(L2%/17), From (4.6)
we also have u - Vn € L2%/17(L2%/17), Thus, we conclude, from Theorem 2.1, n € Xoo17-

Vn € L200/119([150/103)

Since n € Xyg/17, we have n € Lo (W3/10.20/17)  [,20/17 (7 2,20/17)  Then,

D3/10,, ¢ LOO(L20/17) n L20/17(W17/10,20/17) N LOO(L20/17) N L20/17(W1,60/37)'

Thus, from Lemma A.5 with « = 7/10, 8 =1,y =0, p = 60/37, ¢ = 20/17, we have A = 7/10, r = 150/103
and for s > 0,

s(1—=X)

||D3/10”||f4/7/m,1so/ms < ||D3/10n||€/31=60/37||D3/10n||L20/17'

Since D3/1% € L2/17 in time, we have s\ = 20/17, which implies that s = 200/119 and then n €
L200/119<W1’150/103). Finally

Vn € [200/119([150/108) (4.7)

n e X5/4.
From (4.4) we know Ve € L°(L*) N L?°/7(L%). Moreover, from Lemma A.1 with p; = 0o, ¢ = 4, pp =
20/7, g2 = 60 and p = 4 we obtain

Vee (LY N LY (L').

Therefore, from (4.7), Vc - Vn € L200/119([300/281)  [,200/169(1300/231) " Rinally, from Lemma A.1 with
(p1,q1) = (200/119,300/281), (p2,q2) = (200/169,300/231) we have Ve -V € L¥/4(L3/4). In a similar
way, from (4.7), we have u - Vn € L>4(L5/*). From Theorem 2.1 we conclude that n € Xs 4.

Vn € L25/12(L25/17).

Since n € X5/, we have n € Lo (W2/5:5/4)  L5/4(W?25/4). Then,

D2/5n c Loo(L5/4) ﬂL5/4(W8/5’5/4) < Loo(L5/4) ﬂL5/4(W1’5/3).
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Thus, from Lemma A.5 with « =3/5, 8=1,v=0, p=5/3, ¢ =5/4, we have A = 3/5, r = 25/17 and
for s > 0,

s(1—=X)

||D2/5n|‘?/[/3/5,25/17 < ||D2/5n‘|(19/3115/3 ||D2/5n||L5/4

Since D?/°n € L%/* in time, we have s\ = 5/4, which implies s = 25/12 and then n € L2%/12(W125/17),
Finally,

Vn € L2/12(L25/17), (4.8)

n e X4/3.
From (4.4) we know Ve € L*°(L*) N L?°/7(L5%). Moreover, from Lemma A.1 with p; = oo, 1 = 4, pa =
20/7, g2 = 60 and p = 3 we obtain

Ve e L¥(LY) N L3 (L3).

Therefore, from (4.8), Vc - Vn € L25/12(1100/93) n [75/61([,900/637) " Rinally, from Lemma A.1 with
(p1,q1) = (25/12,100/93), (p2,q2) = (75/61,900/637) we have Ve - Vn € L¥3(L*3). In a similar way,
from (4.8) and u € X>, we have u - Vn € L*3(L*?). From Theorem 2.1 we conclude that n € X, 3.

Vn € L¥3(L3/?).

Since n € X3, we have n € L>®(W1/24/3) 0 L4/3(W24/3). Then,

D1/2n c LOO(L4/3) mL4/3(W:’)/2,4/3) N LDO(L4/3) ﬂL4/3(W1’12/7).

Thus, from Lemma A.5 with a« =1/2, 8=1,v=0,p=12/7, ¢ =4/3, we have A = 1/2, r = 3/2 and for
s >0,

R g T S T S | I (el

Since D'/2n € L*/? in time, we have s\ = 4/3, which implies s = 8/3 and then n € L8/3(W"3/2). Finally,

Vn e L¥/3(L3/?). (4.9)
n e X10/7.
From (4.4) we know Ve € L*°(L*) N L?°/7(L5%). Moreover, from Lemma A.1 with p; = oo, ¢1 = 4, pa =
20/7, g2 = 60 and p = 3, again

Ve e L=(LY) N L3 (L3).

Therefore, from (4.9), Ve - Vn € L8/3(LY2/11) 0 L24/17(1,36/25), Finally, from Lemma A.1 with (p1,q1) =
(8/3,12/11), (pa, q2) = (24/17,36/25) we have Ve - Vn € L'9/7(LY/T). In a similar way, from (4.9) and
u € X, we have u - Vn € L**/7(L*%/7). From Theorem 2.1 we conclude that n € Xjg,7.

Vn € L?(L?) and n € LY0/3(L10/3).
Since n € X7, we have n € L>(W?3/5:10/7) n L10/7(1210/T) Then,

D3/5n c LOO(L10/7) N L10/7(W7/5’10/7) < LOO(L10/7) N L10/7(W1"30/17).
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Thus, from Lemma A.5 with o =2/5, 8 =1, v =0, p=30/17, ¢ = 10/7, we have A\ = 2/5, r = 150/97
and for s > 0,

s(1—=X)

||D3/5n||€/v2/5,150/97 < ||D3/57LH€/I//\1«30/17HD3/5n||L10/7 ’

Since D*/°n € L'%7 in time, we have s\ = 10/7, which implies s = 25/7 and then n € L2/7(W1:150/97),
Now, by Sobolev embeddings Vn € L'O/7(W110/7) y [10/T(L30/11) That is Vn € L?/7(LY0/97)
LY/T(L3%/11) Then from Lemma A.1 with p; = 25/7, ¢1 = 150/97, py = 10/7, g2 = 30/11 and p = 2,

Vn € L*(L?). (4.10)

Finally, by Sobolev embeddings we have n € L (W?3/510/7)  L10/7(WW2:10/7) <y [o°(12) N LYO/7(L30)
L10/3([10/3),

n e XQO/IB'

Since we had Ve € L29/3(L?%/3), Ac € L*%/7(L?*°/7) and u € L'°(L'°) — L?°/3(L?°/3), from the regularity
of n obtained in last item we have

Uu - Vn, Ve - Vn, nlc € L20/13(L20/13).

We conclude, from Theorem 2.1, n € X5g/13.

n € L>®(L*) N L3(HY).

Since n € Xag /13, we have n € Lo°(W7/10:20/13) q [20/13(172,20/13) Then, from (A.1) in the appendix we
have

ne LOO(W7/1O’20/13) N L20/13(W2,20/13) N Loo(H1/4) N L20/13(H31/20).

Then, from Lemma A.3 with (p1,s1) = (00,1/4), (p2,s2) = (20/13,31/20) we have n € L2(H5%/52) —
L?(H'). From Step 3-xii), we already had n € L>°(L?).

Now we go back to improve the regularity of c.
Step 4:ce€ XlO/S‘

i)

ii)

cE X10/3.

Since n € L>®(L?) N L*(H') — L'Y/3(L'%/3) and u € L'°(L'?), g € L*(L*), ¢ € L=(L™®), Ve €
L20/3(L2%/3) imply u - Ve, ge € LY(L*), en € L'/3(L1%/3), we conclude, from Theorem 2.1, ¢ € Xj3.
Ve e LY(L1) and Ac € LYO/3(L0/3).

Since ¢ € Xjg3, we have Ve € L®(W?2/5:10/3) q L10/3(W1:10/3) <y [oo(L8) N L1/3(W110/3). Thus, from
Lemma A.4 with q; = 6, p; = pa = 10/3, 7 = 1, we obtain Ve € L'(L'?). The fact that Ac € L'/3(L0/3)
is immediate from the definition of &3¢ /3.

Step 5:né€ X5/3.

i)

ii)

nec X5 3.

From t/he regularities of n in Step 3-xii) and ¢ in Step 4-ii), and since ¢ € L>®(L>®), u € L°(L1%) we
obtain u - Vn,nAc, Ve - Vn € L/3(L5/3). Therefore, from Theorem 2.1, n € Xs /3.

n € L5(L?) and Vn € L2/9(129/9).

Since n € Xs/3, we have n € L>®(W*/55/3) 0 L¥/3(W?25/3) — L>°(L%) N L>3(W?*%3). Thus, from
Lemma A.4 with ¢ = 3, p1 = po = 5/3, r = 2, we obtain n € L5(L®). On the other hand, since
n € L®(W*4/55/3) 0 L5/3(W?25/3) from (A.1) in the appendix we have

= LOO(HI/Q) ﬂL5/3(H17/10).
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Then, from Lemma A.3 with (p1,s1) = (00,1/2), (p2,s2) = (5/3,17/10) we have n € L**/°(H"/%). In
particular Vn € L20/9(H?2/5) — L[20/9([20/9),

Step 6: c € Xj.

1) ce Xy.
We already have from Step 4-i) that u - Ve,gc € L*(L*). Since ¢ € L* (L), and from Step 5-ii),
n € L?(L®), we obtain cn € L5(L%). Thus, from Theorem 2.1, ¢ € X;. Moreover, from (4.3),

lellx, < O = w- Ve —en+ gellpaws) + llcollgpa/a.a)
< Clllullpioio)lIVellpzors 203y + el o ooy (Inll Lo sy + gl za(rs)) + llcollgrs z.a)

< C(llnollgps/2.as llcollips aas luollv s lgllza s 1222y, 1ol 22y, lull s (z)- (4.11)

ii) Ve e L?°(L?°) and Ac € LA(L%).
Since ¢ € Xy, we have Ve € LO(WY24) N LAW ) «— L(L'2) N LA(W'*). Thus, from Lemma A.4 with
q1 =12, p1 = ps =4, 7 = 1, we obtain Ve € L?°(L?°). The fact that Ac € L*(L*) is immediate from the
definition of Xj.

Notice that the regularity of ¢ cannot be improved, because g € L*(L*) by hypothesis.
Step 7: n € Xj.

i) n€ Xpo/11-
From the regularities of n in Step 5-ii), and c in Step 6-ii), and since u € L'°(L!?), we obtain u - Vn €
L2/M (L2010 nAc € L2/9(L2°/), Ve - Vn € L?(L?). Therefore, from Theorem 2.1, n € Xao/11-

ii) Vn e L¥2(L5/?).
Since n € X011, we have n € Lo (W9/10:20/11) y [,20/11 (172,20/11) ' Then, from (A.1) in the appendix we
have

ne Lm(W9/10,20/11) A L20/11(W2,20/11) N LOO(H4/3) n L20/11(H20/37).

Then, from Lemma A.3 with (py,s1) = (00,4/3), (pa,s2) = (20/11,20/37) we have n € L>/2(H3'/20). In
particular Vn € L2(HY/20) — [5/2(L80/19) <y [5/2(L5/?),

i) n € Xy.
Since Vn € L%(L%/?) and u € L'(L') we have u - Vn € L?(L?). Then, following Step 7-i), from
Theorem 2.1, n € X,.

iV) n e X5/2.
We have n € Xy — L'°(L!?). Moreover Vn € X} «— L'9/3(L'9/3) where we used Lemma A.4 with ¢; =
p1 = p2 = 2, 7 = 1. Therefore, from the regularity of ¢ in Step 6-ii) and u € L'9(L?) we obtain u - Vn €
L5/2(L5/2) and Vn - Ve,nAc € L2/7(L?/7). Since 2 < 22 we get n € X; .

v) Vn € LA(LY).
Since n € X9, we have Vn € L>®(W1/55/2) ) L5/2(W'5/2). Then, from (A.1) in the appendix we have

ne Lw(W1/5,5/2) ﬁL5/2(W1’5/2) N LOO(Hl/Q) ﬂL5/2(H13/10).

Then, from Lemma A.3 with (py, s1) = (00,1/2), (p2, s2) = (5/2,13/10) we have Vn € L*(H') — L*(L*).
Vl) n e X20/7.
Since Vn € L*(L*) and u € L'°(L'?), we have u - Vn € L2*/7(L?0/T). Then, following Step 7-iv), from
Theorem 2.1, n € X597.
vii) n € L®(L*®) and Vn € L20/3(120/3).
Since n € Xyg/7, we have n € Lo° (W13/10,20/7) s [,20([,2°). Moreover, from Lemma A.4 in the appendix
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we have
Vn € LOO(w3/10,20/7) N L20/7(W1’20/7) N L20/3(L20/3).

viii) n € Xy.
From the corresponding regularities of ¢ and n in previous steps, and since u € L'°(L'°) we obtain
u-Vn € L*(L*), nAc € L*(L*) and Vn - Ve € L5(L5). Thus, by Theorem 2.1, n € Xy. Moreover, from
(4.11),

Inllx, < Cllu-Vn+ V- (nVe)|lLsws) + [nollgps/2.a)

< Cllnollgas2.ar lcollgpsraas luollv llgllLaceys 1 FllL2 e, [Inll 22y el sw)- (4.12)

Note that the regularity of n cannot be improved, since Ac € L*(L*) is the best we can get.
Finally, we observe that estimate (4.2) follows from Theorem 2.1 and the computations above. O

Remark 4.3. Notice that, following the proof above, if we assume g € L'%/3(L'9/3), we can get a strong solution
in the class Xs/g X XIO/?) X XQ.

Before formulating the optimal control problem, let us state the following result concerning a “linearized”
version of System (1.2).

Lemma 4.4. Let [fig, Co, Ug) € TW3/2:4 5 TW3/2:4 V, [w,v] € L*(L*) x L2(L?), and [n, c,u)] € Xy x Xy x Xy with
divu = 0 in Qp. Then, there exists a unique element [fi, ¢,u] € Xy X X4 X Xo and some m € L2(H"Y) solution of
the following problem.:

A+ a-Vn+u-Va=An—xV-(aVe) —xV - (nVe),
¢+ u-Ve+u-Vé=AC— vyen — yen + we,

4 (@ - Viu+ (u-V)a=Au—Vr —aVe + v,
V-u=0,

(4.13)

for some ™ € L?(H'), which is unique up to the addition of a function of L*(0,T).
Proof. The idea is to use the Leray-Schauder fixed-point theorem. Indeed, let X = L>°(L?)N L?(H') and T be
the operator

f:XXX*)X5/3XX5/3

[, ¢’ = [n,4,
where [71, €] is the solution of the coupled system

e+ a-Vn+u-Vnd=An—xV-(n?Ve) — xV - (nVe),
G +u-Ve+u- Vel = A¢ — yedn — yen® + we?,

a + (a-Vu+ (u- V)i = At — V1 +niVe + v,
V.-u=0.

(4.14)

Following [6], Theorem 4.2.1, since v € L?(L?) and n? € X « L'%/3(L1%/3)  there exists a unique solution
U € Xy — L'°(LY0) of (4.14),. This implies @ - Ve € L29/3(L2/3) and we can follow the ideas in the proof of
Proposition 3.5 to prove the existence of a unique solution [7,¢] € X x X.

The extra regularity of system (4.13) can be obtained by a bootstrapping argument as follows:
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Step 1: ¢ € Xy9. Following Step 5-ii) in the proof of Theorem 4.2, n,¢ € L®(L?) and Va, Ve € L20/9(L20/9).
Together with the regularities n,c,u € Xy — L>®(L*>), Vc € L?°(L?Y), and w € L*(L*) give cii,en € L°(LP),
we € L*(L*), a- Ve € L29/3(L?9/3) and u - Ve € L?/9(L?%/9). Therefore, from Theorem 2.1, ¢ € Xy 9.

Step 2: 1 € Xpg/11. By definition Ae € L20/9(L0/9). Moreover, from Step 2-ii) in the proof of Theorem 4.2,
¢ e L*(L?%), Vé € L*(L*). Together with the regularities above give Vn - Vé € L10/3(L'9/3), Ve Vi € L(L?),
nAc,nAc € L299(L20/9) - Vn € L2/3(L%/3) and u - Vi € L2/1 (L2911, Therefore, from Theorem 2.1,
ne XQO/ll'

Step 3: 1 € A,. From Step 7-ii) in the proof of Theorem 4.2, Vi € L%/2(L%/?). Therefore, u - Vi € L?(L?).
Together with the regularities given in Step 2, from Theorem 2.1, 1 € A5.

Step 4: ¢ € X,. Following Step 2-ii) in the proof of Theorem 4.2, ¢ € L?°(L?°) and Ve € L*(L*). Then
u- Ve € L*(L*). Therefore, from the regularities in Step 1, and Theorem 2.1, ¢ € X.

Step 5: n € Xy. The proof follows Step 7 in the proof of Theorem 4.2.

Finally, for the uniqueness part, let [nhchul,m] [Ri2, B2, U, 772] € Xy x Xy x Xy x L?>(H?) be two solutions
of (4.13). Then, defining & = 4y — U, 1 =iy — N2, ¢ = & — G2, & = Uy — Uz and T = m; — Tg, we have

—An+u-Vn=—-u-Van—xV-(nVec+nVe),
— Ac+u-Ve=—u-Ve—yen —yen + we,
— AU+ (U-V)u+ (u-V)i+ Vi =nVe,

n(0) = ¢(0) = u(0) =0,

with the corresponding boundary conditions. Proceeding as we did in the proof of Step 5 — Proposition 3.5, is
not difficult to see that

5 dt”n”L? +IValZ: <81Valz. + Csllnlli~ (1al7- + IVElZ) + Cs(Vellza + Vel Inl1Z:,

~ 1, -
5 dtIIUHLz +IValZ. < 6|IValli: + CsllVullz: llall7- + IIV‘PlIQLwIlnHiz + S llZe,

1 - - 8/5
il 122 + |VEl2 < 8|Vell2e + Cs(llel3 a2z + (lwll 3 + [[wll ) 1232)

+7llnll e llelZ + §HC||L°°(||n”L2 +[ellz2),

for some & > 0. Putting together the inequalities above and using the Gronwall inequality, we can obtain
n=c=u=0ae (z,t) € Q2 x (0,7). O

As a consequence of the last lemma, and following the ideas in [5], the next corollary states that the set of
controls, around a given control providing a strong solution, is an open set.

Corollary 4.5. If system (1.2) has a solution [n,c,u] € Xy x Xy X Xy for some element (g, f) € L*(L*) x L?(L?),

then there exists an open neighborhood Ag x By of [g, f] in L*(L*) x L?(L?) such that (1.2) has a strong solution
for every (g, f) € Ag X By. Moreover, the mapping G : Ay x By — Xy x Xy X Xa, defined by G(g, f]) = [n,c,ul, is
of class C>. Finally, if [n,¢,a) = G'([g, f])[w,v], for some [g, f] € Ao x By and some [w,v] € L*(L*) x L*(L?),

then [7i, ¢, 1] is the unique strong solution of the problem:

At+a-Vn+u-Vi=An—xV - (aVe) — xV - (nVe),
& +u-Ve+u-Vé=A¢— ~ven — vyen + wée,

i+ (- Vut+ (u-V)i=Au—Vr+nVd + v,
V.u=0,

(4.15)
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with boundary conditions for ‘g—ﬁ =5, =0,4=0 for some 7 € L2(HY), which is unique up to the addition of a
function of L*(0,T).

Proof. We outline the main steps of the proof. Let us consider the space
H={X:u € L*L2)},
which is a Hilbert space with the norm of A>. We consider the mapping
G: Xy x Xy x H x LYLY) x L*(L?) —s LY(L*) x LY(L*) x L*(L?) x W34 x W3/24 x v,
given by

G([n,c,u, 9, f]) = +u-Vn—An+xV - (nVe), ¢, +u- Ve — Ac+ ~ven — ge,
ur + Pl(u- V)u— Au—nV® — f],n(0) — no, ¢(0) — co, u(0) — uo] ,

where P is the projection operator.
Then G is of class C*> and

89([&5’:5’ I (5 .a) = 1+ Vn+u-Vi— An 4 XV - (aVe) + XV - (nVe),

&+u-Ve+u-Ve— A+ yen +yen — we,uy + P[(a- V)u+ (u-V)a — Au — avVe],
1(0),¢(0), u(0)] -

Thus, following the ideas in [6], we conclude that (4.15) is satisfied for some 7 € L?(H?'). In this sense, from
Lemma 4.4,

a[fiu][n,c, U, g, f] s Xy x Xy x H — LY(L*) x LA(LY) x L2(L?) x W3/24 x W3/24 x v

is an isomorphism for every [n, ¢, u, g, f] € Xy x Xy x H x L*(L*) x L*(L?). Then, if problem (1.2) has a strong
solution [n, ¢, u] for a given control [g, f] then G[n,c,u, g, f] = 0. By applying the implicit function theorem we
deduce the existence of an open neighborhood Ay x By of [g, f] and a mapping G : Ay x By — Xy x Xy X H of

class C* such that G([G(g, f), g, f]) = 0 for every [g, f] € Ao X Bo. O

As a consequence, the set of controls [g, f] € L*(L*) x L?(L?) for which there exists a strong solution [n, ¢, u]
is open. This set will be denoted by A x B.

5. THE CONTROL PROBLEM

In this section, we define the bilinear optimal control problem. We derive the optimality system and prove the
existence of one global optimal solution. As is explained in [5, 6, 25|, allowing the weak solutions of (1.2) to be
admissible states imply the optimality system can not be obtained. Indeed, the lack of uniqueness of solutions
for the state system imply, eventually, that the Gateaux derivative of the functional is not uniquely determined.
That is why the control problem is formulated in such a way that any optimal state is a strong solution of (1.2).

For the rest of this work we fix a finite time 7" > 0. We recall the following notation LP(Y) := L?(0,T;Y).
Let

F C L*(L*) x L*(L*), be a nonempty, closed and convex set.
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Let [ng, cg, ug] € W3/24 % W3/24 % V be an initial data with ng, cp > 0, and the couple [g, f] € F describing
the control acting on the u-equation and c-equation respectively. We define the set of admissible controls as:
Unq = (A x B) N F. We consider the functional J : A x B — R defined by

T

7 T 7 1 [* 1
Ko 1) =55 [ In® =%t + 5 [ e)) = Ot G [ ute) = w0 ua
T T
[0 o
+ 5 [ 52 [ gl (.1
0 0

where [n, c,u] = G([g, f]) is the state associated to [g, f], the desired state [n?, c¢?, u?] € L26/T(L?5/7) x LA(L*) x
LY*(LS), and a1, as > 0. Then, the control problem is rewritten as

min J([g, f1),
{[gaf] EZ/{ad- (P)

The choose of the L2%/7(L?0/7) and L8(L*) norms for n and u, respectively, in the cost functional, is made
in line with Theorem 4.2. That is, if [n, ¢, u] is a weak solution of (1.2) in (0,7") such that J([g, f]) < oo, then
[n,u] € L?/T(L2/7) x L3(L*) and, by Theorem (4.2), [n,c,u] € Xy x Xy x X, is a strong solution of (1.2) in
(0,T). In what follows, we will make the following assumption:

Uzag # 0. (5.2)

Remark 5.1. The hypothesis (5.2) holds. Indeed, following [42], given € > 0, there exist f € L?*(L?) with
Ifllzr(z1) <€, and a unique solution u € X5 of

w4 (u-Viu=Au—-Vr+f inQx(0,7),
V-u=0, in Qx(0,7T),

u=20, on I x (0,7), (5-3)
u = ug in €.
Then, taking u € X5 the solution of (5.3), we solve the equation ¢; — Ac = —u - Ve, with Neumann boundary

condition % = 0, and initial data ¢(0) = ¢o. In fact, it is clear the existence of a unique weak solution ¢ €

L>(L?)N L?(H"') of this initial and boundary value problem. Then, noting that u € Xy C L'9(L!?) and Ve €
L2(L?), it holds that uVe € L%3(L%/?), which, by parabolic regularity implies that ¢ € X5/3. Even more,
proceeding as we did in Lemma 4.4, ¢ € &Xy. Next, knowing u € A5 and ¢ € X, we consider the the initial value
problem

—An=—u-Vn+xV-(nVe), (5.4)

with Neumann boundary condition g" = 0 and initial data n(0) = ng. It is clear that there exists a unique weak
solution n € L>®(L?) N L*(H') c L*/T(L?%/7) for (5.4) with the corresponding initial and Neumann boundary
data. Indeed, testing (5.4) by n and integrating by parts, we get

1d

2dt
7/4 1/2

< CO|IVa| LM Vel alInll}s < 81Vell? + Cs[[ Vel In|2e.

Inll72 + 1VnlZ: = —(nVe, Vn) < C|Val 2 [Vel| 4 ]|n s
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Thus, we can define g such that —cn +gc =0 (i.e g =n) and f = f + nV®, which furnish a control pair
[fa g] € uad~
d ¢ yd]

By the regularity of [n% c¢% u®], and as a consequence of Corollary 4.5, we state now the following
differentiability property for the functional J.

Theorem 5.2. The functional J : Ax B — R is of class C>, and for every [g,f] € AXx B and [w,v] €
LA(L*) x L?(L?) we have

7 (g)w, J'(f l//a299+0q //a1f+r

where [p,q,r] € Xy X Xy X Xy is the unique element satisfying

b

P+ (u-V)p=—Ap—xVe-Vp+yeqg+ (VO)Ir + [n — nd|%/7(n — nd),

g+ (u-V)g=—Aq+xV - (nVp) +yng — gq — c+ c,

re+ (u-V)r — (Vu)T'r = =Ar + VII+ (Vn)Tp + (Vo) g — |lu — wd||14]u — u?]?(u — u?),
V-r=0,

with 1 € L*(0,T; HY () uniquely defined up to the addition of a function of L*(0,T).

Note that the assumption on [n?, ¢?, u] implies the right hand side of system (5.5) is in L*(L*), L*(L*) and
L?(L?) respectively.

Proof. Let [g, f] € L*(L*) x L?(L?) such that there exists a strong solution [n,c,u] of (1.2). Let [0g,df] €
LA(L*) x L*(L?) be any possible variation of [g, f]. Then for e > 0 sufficiently small, the solution [n¢,c¢, u¢],
corresponding to

9%, 1 = lg, f1 + €lbg, 011,
is such that [n€, ¢, uf] € Xy x Xy x Xy can be written as
[n€, ¢, uf] = [n,c,u] + €[dn, de, du],
where [0n, dc, Ju] is the solution of the linearized system:

ong +ou-Vn+u-Vin = Adén — xV - (nVe) — xV - (nVic),
d0cy + du - Ve+u-Véec = Adc — ydnec — yndc + gbe + dgc,

up + (0u - V)u~+u - Vou = Adu+ dnVP + 46 f,

V- du=0.

In order to derive the dual system, let us multiply last system, respectively, by test functions [p, g, r] such
that lim |, [p, ¢, 7] = 0. After integrating in space and time, recalling that (-, -) denotes the product in L? we
get

Jo [(8ne, p)+ (6, (Vn)Tp) — (5” ( )p)] dt= [(571 Ap)+(dn, xVe - Vp)—(de,xV - (nVp))] dt
Jo_ [6er, q)+(6u, (Ve)Tq)— (¢ ] dt:fo [(6¢, Aq)—(6n, yeq)+ (8¢, —yng + gq) + (69, cq)] dt,
fo [ Sug, )+ (0u, (Vu)Tr)—(du ( )r)] dt= fo [ Su, A1)+ (0n, (VO)Tr)+(5f, 7")] dt
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By integrating in time and assuming [p, ¢, 7]|t=r = 0 and V - r = 0 we get
Jo [0, —pr — Ap — (u- V)p — xVe - Vp) + (8¢, xV - (nVp)) + (6u, (Vn)T )} dt =0,
Jo, (8¢, —ar — Aq — (u-V)q +vng — gq) + (6n,7v¢q) + (3u, (Vo) q)| dt fo [(3g, cq)]
o [(Ou,=re = Ar — (u-V)r + (Vu)Tr) — (0n, (V®)Tr)] dt fo [(6f,7)

which, after addition of the three equations become
T
/ [(0n, —pt — Ap— (u- V)p — xVe - Vp+yeqg — (V@) 'r)] dt
0
T
+/ [(0e,—q: — Aq — (u- V)g +yng — gg + XV - (nVp))] dt
0

T
+/0 [(6u, —ry — Ar — (u- V)r + (Vu)'r + (Vn)Tp + (Vc)Tq)} dt

T

— [ (@g.ca) + G377 . (5.

0
Now, the Gateaux derivative of o [, ||n( )— (t)Hi%Ldt nd 1 fo le(t) — c(t)||22 at [f, g], in the direction

on and dc, respectively, is given by
T T
/ (|n —nd|%/7(n —nd), 5n) dt, / (c — %, 6c) dt. (5.7)
0 0

Likewise, the Gateaux derivative of & fOT |u(t) — ud =5 fo (Joy lu— ud ) at [f,g], in the direction du

is given by

T
/ (ot — ) —
0

Finally, by derivating % fo | f]12.dt and 22 fo lgl|7+dt, we obtain

2(u—u?), 6u) dt. (5.8)

T T
ar [ (rondtas [ (lgPg.sg) et (59)
0 0
From (5.1) and using (5.7)—(5.9), the Gateaux derivative of J at [f, g], in the direction [ f,dg], is given by
T T
(6.0 -0f,0J-6g) = / (|n —n8/7(n — nd), 5n) dt + / (c—c% dc)dt
0 0

T
Jr/ (HU*ud”‘i4|ufud|2(u*ud),5u) dt+a1/
0

0

T T
(F.69)dt+az [ (1gPg.59) . (5.10)

0
By (5.6) and (5.10), if we consider system (5.5), we obtain the desired result. O

Observe that the regularity assumed on the objective [n?,c?, u?] and the regularity [n,c,u] € Xy x Xy x Xy

imply

=0T (n = n?), Jlu—upalu = u??(u - u) € L*(L?).
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The next theorem establishes the existence of at least one solution of the optimal control problem (P), as
well as the first order optimality conditions satisfied by any local minimum of the optimization problem.

Theorem 5.3. IfU,q # 0, the optimization problem (P) has at least one global optimal solution. Moreover, for
any local solution [f,g], there exist [n, ¢, u] and [p,q,7] in Xy x Xy X Xo and 7,11 € L2(H') such that

g +a-Vn=An—xV - (aVe),
¢ +a-Ve=Ac—~en+ ge

iy + (- V)i = At — VT + 7V + f, (5:11)
V-u=0,
Pe+ (u-V)p=—Ap —xVe- Vp+yeq + (VO) ' — [ —n?[*(n — nf),
G+ (@ V)G = —Aq +xV - (AVp) + g — §q — ¢+ ¢, (5.12)
7o+ (@ V)r — (Va)'t = =AF + VII+ (VA) 5 + (Vo) § — [|a — u?||1a]a — u?* (@ — u?), '
V-7r=0,
T B B T
[ | [@isnu=n. [ [(ealsfo+en-a| = 0.0, v.o) €U (5.13)
0 0

Finally, we have the extra regularity f,g € H'(Qr) N C([0,T], HY) N L2(W15) N L2(C()).

Proof. Since Uy,q is nonempty, there exists a minimizing sequence {[gx, fr]}22; C Una of (P). Let [n, cx, ug] =
G([gk, fx]) € X4 X Xy X Xa, according to Corollary 4.5. From the definition of the functional J,

7 20/7 1 1 a1 [6%)
%anHLZ/on(Lzoﬁ) + §||Ck||2L2(L2) + é”uk”is(ﬁl) + 7||fk||2L2(L2) + Z”gk”%‘l(L‘l)
< J(lgk, f]) < (g1, f1]) < o0, VE.

Hence, {[gx, fx]}5, and {[ng,cx,ux]}5, are bounded in L*(L*) x L?(L?) and L2°/7(L?*°/7) x L?(L?) x
L8(L*) respectively. Since F is a closed convex subset of L*(L*) x L%(L?) (hence is weakly closed), there

exist subsequences, still denoted by {[gk, fr]}72 1, {[nk, cr, ur]}72,, such that [gx, fr] — [g, f] and [ng, ¢, ug] —
[0, ¢, u) weakly in L*(L*) x L?(L?) and L*(L*) x L?(L?) x L8(L*) respectively. From Theorem 4.2, we conclude
that [ng, ek, ux] — [7i, ¢, 4] weakly in Xy x Xy x As.

Then, the following convergences hold, as k — oo:

ng — 0 weakly in L*(W?%) and weakly* in L™ (W3/24), (

¢, — @ weakly in L*(W?%) and weakly* in L™ (W?3/24), (

up — 4 weakly in L?(H?) and weakly™ in L>(H"'), (
Oyny, — Oy weakly in L*(L*), (5.17
Osc, — 0iC weakly in L4(L4), (
Oyuy, — Oy weakly in LQ(LQ). (

From (5.14)—(5.19), the Aubin-Lions lemma (see [33]), Sobolev embeddings, and the compactness of the
embedding X, C L¥(L*), we have

[k, ¢k, up] — [71, & @) strongly in (C([0,T); LY) N L*(W9))% x L8(L*), V¢ < oc. (5.20)
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Moreover, from (5.20) we have that [n(0), cx(0), ux(0)] converges to [12(0),¢(0),@(0)] in L9 x L9 x L*, and
since 1 (0) = ng, cx(0) = co, ug(0) = ug, we deduce that 72(0) = ng, ¢(0) = ¢y, and @(0) = Therefore we
can pass to the limit in (1.2) satisfied by [ng, cx, ux] as k goes to +o0o, and we conclude [, ¢, ﬁ} is also a solution
of (1.2) pointwisely, together with # € L2(H?'). Thus we have that [g, f] € Uaq, and

lim J(ge, fil) = int I, 1) < T, 7)) (5.21)

[gvf]euad

Since J is lower semicontinuous on U,q we get the result. The optimality system (5.11)—(5.13) can be obtained
by using Theorem 5.2. O

6. CONCLUSIONS

In this paper, we study an optimal control problem associated to a 3D-chemotaxis-Navier-Stokes model.
First we prove the existence of global weak solutions of the state equations with a linear reaction term on the
chemical concentration equation, and an external source on the velocity equation, both acting as controls on
the system. Second, we establish a regularity criterion to get global-in-time strong solutions. Finally, we prove
the existence of an optimal solution, and we establish a first-order optimality condition. Some open questions
and future work in this direction may be addressed; for example, the derivation of second order necessary and
sufficient optimality conditions, the proposal of a numerical scheme to approximate the control problem in three
dimensions providing some error estimates for the difference between locally optimal controls and their discrete
approximations.

APPENDIX A

In order to get some regularity results, frequently we use the following embedding results

Lemma A.1. Let p,q,p1,p2,q1,q2 > 1 verifying

1 1-6 40 1 1-6 0
e + =, = + —, with 6 € [0,1].
p p1 P2 q q1 a2

Then, LP*(L%) O LP2(L%) — LP(LA).

Remark A.2. As a consequence of the Sobolev embeddings, we have
. 1 1
W"P(Q) — H*(Q), r,s>0, 1<p<2, withs=N < — ) +r. (A1)

Lemma A.3. [[31], p.49] Let p,p1,p2 > 1 and s1, s2 > 0 verifying

:(1—9)81+082, 1:1_0+£7 w1th0€[0,1]
p 4! P2

Then, LP*(H*') N LP2(H%2) — LP(H®).

Lemma A.4. Let p,q,p1,p2,q1 > 1 verifying

1 1-— 1 1
- = H—I—H(—T), fzﬂ, with r >0 and 0 € [0, 1].
q ¢ N PP

Then, L (L) N LP2(W"Pr) < LP(L9).
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Lemma A.5. [[20], p. xxx]| Let € RY a bounded Lipschitz domain. Then the following interpolation inequality
holds:

for 0 <a,B8,7<1,1<p,qr<oo,a=A+(1-A)y, &=

”'U”WQ-T(Q) < ||'U||I)/\V/3,p((2)”v”Il/[;v)tq(Q)a 0< A<,

1-)
+

2P
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