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LINEAR-QUADRATIC OPTIMAL CONTROL FOR BACKWARD
STOCHASTIC DIFFERENTIAL EQUATIONS WITH RANDOM
COEFFICIENTS

JINGRUI SUNY* AND HANXIAO WANG?*****

Abstract. This paper is concerned with a linear-quadratic (LQ, for short) optimal control problem
for backward stochastic differential equations (BSDEs, for short), where the coefficients of the back-
ward control system and the weighting matrices in the cost functional are allowed to be random. By
a variational method, the optimality system, which is a coupled linear forward-backward stochastic
differential equation (FBSDE, for short), is derived, and by a Hilbert space method, the unique solv-
ability of the optimality system is obtained. In order to construct the optimal control, a new stochastic
Riccati-type equation is introduced. It is proved that an adapted solution (possibly non-unique) to the
Riccati equation exists and decouples the optimality system. With this solution, the optimal control is
obtained in an explicit way.
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1. INTRODUCTION

Let (2, F,P) be a complete probability space on which a standard one-dimensional Brownian motion W =
{W(t);t > 0} is defined, and let F = {F;};>0 be the usual augmentation of the natural filtration generated by
W. For a random variable £, we write £ € F; if £ is F;-measurable, and for a process ¢, we write ¢ € F if it
is F-progressively measurable. For a matrix H = (h;;) € R**! we use |H| to denote the Frobenius norm of H,

that is, |[H| = (32, ; |hij|?)%. Let T > 0 be a fixed time horizon and H be a subset of R¥*!. For ¢ € [0, T], we let

L% (QH) = {(: Q= H | { € F and E|¢* < oo},
L (t, T;H) = {¢: [t,T] x Q@ - H | ¢ € F and is bounded }.
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Consider the controlled linear backward stochastic differential equation (BSDE, for short):

dY (s) = {A(S)Y(s) + B(s)u(s) + C(S)Z(s)}ds + Z(s)dW(s), (L1)

Y(T)=¢, ‘
where A,C € LF(0,T;R™™) and B € L(0,T;R™™), called the coefficients of the state equation (1.1), are
given processes; u : [0,T] X Q@ — R™, called a control process, is selected from a certain space to influence the
state process (Y, Z); and £ € Lng (€;R™), called an terminal state, is a given random variable. According to the
standard result of BSDEs (see [25], for example), the state equation (1.1) admits a unique adapted solution
(Y, Z) = (Y&, Z5%) over [t, T] whenever the control u is square-integrable over [t,T], i.e., whenever u belongs
to the following space:

T
Ut,T) = Li(t, T;R™) = {gp ([T x Q= R™ ‘ ¢ € F and E/ lo(s)]?ds < oo}.
t

Moreover, there exists a constant K > 0, independent of (¢,2) and u, such that

E[ sup V)P + [ TZ<s>|2ds] sm[ﬁu / ' |u<s>|2ds}

t<s<T

Let S™ be the set of symmetric n x n real matrices, and let S’} be the subset of S™ consisting of positive semi-
definite matrices. To measure the performance of the control process u over [t,T], we introduce the following
quadratic cost functional

s =2 G 0.0+ [ [QEYELYE) + (N(6)2(6).2(9)
+ (RG)uls), u(s)] s (1.2

where G : 0 — S™ is a bounded F;-measurable random variable, Q, N € Lg°(0,7;S% ), R € Lg°(0,T;S7), and
(-, -) denotes the Frobenius inner product of two matrices. With the state equation (1.1) and the cost functional
(1.2), the backward linear-quadratic (LQ, for short) optimal control problem can be stated as follows.

Problem (BLQ). For given terminal state £ € L% (€;R"), find a control u* € U[t,T] such that

J(t,&u") = uegl[f,T] J(t &) = V(). (1.3)

A control u* € U[t, T| satisfying (1.3) is called an optimal control of Problem (BLQ) for the terminal state
&; the corresponding state process (Y*,Z*) = (YS’“*, Z5’“*) is called an optimal state process; the three-tuple
(Y*, Z*,u*) is called an optimal triple; and the function V' is called the value function of Problem (BLQ).

The (forward) stochastic LQ problem (SLQ problem, for short) is a classical and fundamental problem in
control theory, which was initially studied by Wonham [23] in 1968. In the book ([25], Chap. 6), it shows
that under the standard conditions, the SLQ problem with deterministic coefficients is (uniquely) solvable; the
optimality system, which is a coupled forward-backward stochastic differential equation, can be decoupled; and
the optimal control can be further represented as a linear feedback of the current state, in terms of the solution
to the associated Riccati equation. Another feature of SLQ problems is that the positive definiteness assumption
on the weighting matrix of the control is not necessary for its solvability. This type of SLQ problems is called
indefinite SLQ problems, see Chen-Li-Zhou [4] and some follow-up works [1, 6, 16, 21]. When the coefficients
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and weighting matrices are allowed to be random, the associated stochastic Riccati equation becomes a fully
nonlinear BSDE with quadratic growth (see [3]), whose solvability was collected by Peng [14] in his list of open
problems on BSDEs. Since then many efforts have been devoted to the SLQ problem with random coefficients;
see Chen—Yong [5], Kohlmann-Tang [9], Tang [19, 20], Sun—Xiong—Yong [17], for instance. It is particularly
worthy to mention that in [19], Tang first obtained a satisfactory solvability result for this type of stochastic
Riccati equation under the standard conditions, which serves as a foundation for our study on Problem (BLQ).
For more detailed history of SLQ problems, we refer the reader to the books by Yong-Zhou [25] and Sun—Yong
[18].

The LQ optimal control problem for BSDEs with deterministic coefficients and weighting matrices was
initially studied by Lim—Zhou [12] in 2001. The theory of backward LQ optimal control problem has important
applications in mathematical finance, especially in financial investment problems with future conditions (as
random variables) specified; see, [11, 12, 15, 25]. It also has a great potential in studying stochastic differential
games, as a backward LQ optimal control problem arises naturally when we consider the game in a leader-
follower manner; see for example, [24]. Because of these facts, there has been extensive research on the LQ
optimal control (and game) problems for BSDEs. See, for example, Huang—Wang-Wu [8], Wang—Xiao—Xiong
[22], Du-Huang-Wu [7], Li-Sun—Xiong [10], and Bi-Sun—Xiong [2]. Note that in our Problem (BLQ), the
coefficients of (1.1) and the weighting matrices in (1.2) are allowed to be random. This feature makes it more
complicated and difficult to study. Since it was proposed by Lim—Zhou in [12], there are few significative results
on Problem (BLQ) with random coeflicients so far.

One difficulty in solving random-coefficient backward LQ Problems is the solvability of the stochastic Riccati
equation:

d¥(s) = |SAT + AR +32QY — BR™'BT + AN(I, + EN)'A - O(I, + N)~'=C T

— C(I, + SN)A — A(L, + NZ)*IC’T}ds — AW (s), se€0,T], (1.4)

where the argumet s is suppressed for notational simplicity (and we will frequently do so in the sequel if no
confusion occurs). Different from the deterninistic case studied in [12], equation (1.4) is now a fully nonlinear
BSDE with quadratic growth in A. Due to the presence of A and (I,, + NX)~!, the perturbed method used
in [12] cannot be easily applied to our Problem (BLQ). To be more convincing, let us elaborate the difficulty
we encountered in detail. It is very hard to directly establish the solvability of (1.4). However, thanks to the
results on solvability of the stochastic Riccati equation for forward LQ optimal control problems (see [17, 19]),
the following perturbed equation is easily seen to have a unique adapted solution (3., A.) for each € > 0 (see
(5.42)):

d¥.(s) = [ZEAT+AZE+EEQEE—BR‘lBT—i—AEN(In—i—EEN)‘lAE—C(Lﬁ—ZEN)‘lEECT
— O + BN)" AL — A(I, + NZE)*CT} ds — A.dW(s), (1.5)
Y (T) = el,,.

The first componet Y. of the solution is bounded, positive semi-definite, and monotone in . So the limit
Y(s) £ lim. 0 ¥.(s) exits for a.e. s € [0,7], a.s. If all the coefficients are deterministic, then A, is identically
zero for every € > 0 and hence (¥,0) is a solution of (1.4). But in the random-coefficient case, the A.’s are
nonzero stochastic processes, even not bounded. The standard stability estimate also fails here since (1.5)
is a multi-dimensional quadratic BSDE. The convergence of A. therefore becomes very unclear. Instead of
stubbornly proving the convergence of A, we shall combine the above perturbed approach with a new method
of undetermined coefficients to obtain the existence of a A, which, together with the limit of 3., gives the
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adapted solution of (1.4). We point out that although our work benefits from the results of Lim—Zhou [12] and
Tang [19] a lot, it is by no means a simple extension of the backward LQ problem from deterministic case to
the random one.

On the other hand, for deterministic-coefficient backward LQ Problems, it has been shown in [10, 12] that, in
order to construct the optimal control, besides an ordinary Riccati equation, one need also consider an associated
uncontrolled BSDE with bounded deterministic coefficients. Another difficulty is that for our Problem (BLQ),
we have to consider the solvability of a BSDE with unbounded random coefficients. To our best knowledge,
there are only a few papers dealing with such kind of BSDEs, and no existing results ensure the existence of an
adapted solution to the BSDE associated with Problem (BLQ).

The purpose of this paper is to overcome the above difficulties and to give a complete solution of Problem
(BLQ) under the following condition: For some ¢ > 0,

Q(s) 20, N(s)=6dL,, R(s)=0dL, se€l0,T]. (1.6)

We shall show that Problem (BLQ) is uniquely solvable and establish the global solvability of the stochastic
Riccati equation (1.4) under the condition (1.6). With the adapted solution to (1.4), we further introduce a
decoupled system of forward-backward stochastic differential equations (FBSDEs, for short) with unbounded
random coefficients and establish its unique solvability. Then we provide an explicit representation for the unique
optimal control of Problem (BLQ), in terms of the solutions to (1.4) and the decoupled system of FBSDEs.

The rest of this paper is organized as follows. In Section 2, we collect some preliminary results of BSDEs.
Section 3 is devoted to deriving the optimality system for Problem (BLQ) and establishing its unique solvability.
To decouple the optimality system, we introduce a new stochastic Riccati-type equation and a decoupled system
of FBSDEs with unbounded coefficients in Section 4. Finally, we establish the solvabilities of the stochastic
Riccati equation and the decoupled system of FBSDEs in Section 5.

2. PRELIMINARIES

Throughout this paper, R™"*™ is the Euclidean space consisting of n x m real matrices, endowed with the
Frobenius inner product (M, N) £ tr [M " N], where M " and tr (M) stand for the transpose and the trace of
M, respectively. The identity matrix of size n is denoted by I,,. When m = 1, we simply write R"*! as R". If
there is no confusion, we shall use (-,-) for inner products in possibly different Hilbert spaces and denote by
| - | the norm induced by (-, -). Besides the notation introduced in Section 1, the following notation will be also
frequently used in this paper:

LE(QH) ={: Q= H| £ € F is bounded };
L (Q;C(1t, T); H)) = {gp ([t,T) x Q@ —H | ¢ € F is continuous and bounded};
LM L2, T3 ) = {p: (LTI x @ 5 H | p € Fand B[ f) o (s)[2ds] * < o b
L3(t, T;H) = {30 (LTI x Q= H | peFand E [ |p(s)2ds < oo};

LA(Q;C([t, T); H)) = {go ([, T x Q2 —=H | ¢ € Fis continuous and E{supt@gT |g0(s)|2} < oo}.

For M, N € S™, we use the notation M > N (respectively, M > N) to indicate that M — N is positive semi-
definite (respectively, positive definite). Further, for an S"-valued measurable function F on [t, T], we write

F>0 if F(s) >0, a.e. s € [t,T],
F>0 if F(s)>0, a.e. s € [t,T],
F>0 if F(s)>0I,, ae.sécltT], for somed > 0.
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We will say that F'is uniformly positive definite if F' > 0.
For the state system (1.1) and the cost functional (1.2), we impose the following assumptions.

(H1). The coefficients of the state equation (1.1) satisfy
A, C e Ly(0,T;R™™), Be Lg(0,T;R™™).
(H2). The weighting coefficients in the cost functional (1.2) satisfy
Q,N e Lg7(0,T;8%h), Re L (0,T5SY), Gye LF (;Sh).
Moreover, there exists a constant § > 0 such that
R(s) > 6L, ae. sel[0,T], as.

We now present a result concerning the well-posedness of the state equation (1.1).
Theorem 2.1. Let (H1) hold. Then for any terminal state & € L% (€;R™) and control u € U[t, T, state
equation (1.1) admits a unique adapted solution

(Y, 2) = (Y&, 28) € LA O(t, T R™)) x LA(t, T5R"),

Moreover, there exists a constant K > 0, independent of t,& and u, such that

E| s V()4 [ T|Z<s>|2ds} < E|je? + [ ' o) s (2.1)

t<s<T
T

T
sup BNV +E0 [ 12095 < KE, [|§|2+ /
t t

t<s<T

|u(s)|2ds] , o as., (2.2)

where B[] = E[-| Fy] is the conditional expectation operator.

Proof. Tt is standard to obtain the existence and uniqueness of the adapted solution to (1.1) and the estimate
(2.1). The details and proofs of this reslut can be found in [25]. We only sketch the proof of estimate (2.2) here.
Applying Ito’s formula to s + |V (s)|? yields that

T

T
Y (s)]* + / | Z(r)[2dr + 2/ Y (r)" Z(r)dW (r)
S T S
=€ + 2/ Y(r)T[A(r)Y (r) + B(r)u(r) + C(r)Z(r)]dr, s € [t,T]. (2.3)
Taking conditional expectations with respect to F; on the both sides of (2.3) and by (H1), we get

T
E|Y ()] + B / 1Z(r)[2dr

<KEts|2+KEt{ / [|Y<r>|2+|Y<r>||Z<r>|+Y<r>|u<r>}dr}, se Tl (2.4
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By Young inequality, it is clearly seen from (2.4) that

T
BN +E [ |2(0)Pdr

T T
1
<xmleP + KB [ [0+ o]ar} + 58 [ 1200Pan sele) (25)
which implies that
T T
&W@F+&/\ (r)2dr < maw+Km{/[w@W+umﬂm},semﬂ. (2.6)
The estimate (2.2) then follows from Gronwall’s inequality immediately. O

Under (H1), Theorem 2.1 shows that for any £ € L% (€ R™) and u € U[t,T], state equation (1.1) admits
a unique adapted solution (Y,Z2) € L2(Q;C([t,T7; R”)) x LZ(t,T;R™). If, in addition, (H2) holds, then the
random variables on the right-hand side of (1.2) are integrable and hence Problem (BLQ) is well-posed. When the
coefficients and the weighting matrices reduce to deterministic functions, (H1)—(H2) are same as the Assumption
(Al) in Lim—Zhou [12]. Moreover, (H2) implies the mapping u — J(t,&; u) is uniformly convex, which plays an
important role in establishing the unique solvability of Problem (BLQ).

3. OPTIMALITY SYSTEMS AND COUPLED FBSDESs

In this section, we shall derive the optimality system for the optimal control of Problem (BLQ) by a variational
method and then study the unique solvability of the optimality system from a Hilbert space point of view.

Theorem 3.1. Suppose that (H1) and (H2) hold. Then for any given terminal state & € LffT (G R™), u* € U[t,T)
is optimal for Problem (BLQ) if and only if the adapted solution (Y*, Z* X*) to the following FBSDE

dY™*(s {A Y*(s) 4+ B(s)u*(s) + C(s)Z }ds
+ Z*(s)d U,seﬁﬂ

dX*(s) = { — A(s) " X"(s) + Q(s)Y NS (3.1)
+{—C(s)TX*(s) + N(s)Z*(s) }dW (s), s € [t,T],

YHT)=¢, X(t) =GY7(t)
satisfies the following stationary condition:
R(s)u*(s) — B(s)" X*(s) =0, ae.s€[t,T], as. (3.2)
Proof. By the definition of Problem (BLQ), u* is an optimal control if and only if
J(t, &u) < J(tEut +eu), VeeR, ueldt,T). (3.3)

For any fixed but arbitrary e € R and w € U[t,T], let (Y, Z.) be the adapted solution of BSDE (1.1)
corresponding to the terminal state £ and control u* + eu; that is

dY(s) = {A(s)Yz(s) + B(s)(u*(s) + eu(s)) + C(s)Z:(s) }ds
+ ZE( AW (s), se€t,T], (3.4)
Yo(T) = ¢
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Let (Y, Z) be the adapted solution of the following BSDE:

dY (s) = {A(s)Y (s) + B(s)u(s) + C(s)Z(s) }ds
+ Z(s)dW(s), selt,T], (3.5)
Y(T) = 0.

By the linearity of BSDEs (3.4), (3.5), (3.1) and the uniqueness of the adapted solution to BSDE (3.4), we get
Y.=Y*+eY, Z.=2"+¢Z (3.6)
Then it is straightforward to deduce the following representation of the difference J (¢, &; u* + eu) — J(¢, & u*):
J(t, & u" +eu) — J(t, & u”)
T
= 52E{<GtY(t), Y (1)) +/ ((QY, Y)Y+ (NZ,Z) + (Ru, u))ds}
¢
T
+ 2€E{<GtY*(t), Y (t)) +/ ((QY*, Y)Y+ (NZ*,Z) + (Ru*,u))ds}. (3.7
¢
Thus the condition (3.3) is equivalent to
T
EQE{<GtY(t),Y(t)> +/ ((QY, YY+(NZ Z)+ (Ru,u))ds} + 25E{<GtY*(t), Y (t))
t
T
+/ (<QY*,Y> Y (NZ* Z) + (Ru*,u>)ds} >0, VeeR,ueUltT). (3.8)
¢
It is clearly seen from (H2) that

E{<GtY(t),y(t)> + /T ((QY, Y)+ (NZ,Z) + (Ru,u))ds} >0, VueUltT).

Note that for any fixed v and &, the left-hand term of (3.8) could be regarded as a quadratic polynomial of the
variable e. Hence, (3.8) holds if and only if

T
]E{<GtY*(t),Y(t)> +/ ((QY*,Y) +(NZ*,Z) + (Ru*,u))ds} =0, YuelUlt,T]. (3.9)
t
By applying Itd’s formula to s — (X*(s),Y (s)) on [t,T] and then taking expectation, we get
T
E(G:Y"(1),Y (1)) = E(X"(t), Y (1)) = -E / (1Qv=,Y) + (BT X" u) + (N 2", 2) ) ds.
t
Substituting the above into (3.9) yields that
T
E/ (Ru* — BT X*,u)ds =0, YueUlt,T], (3.10)
t

which implies that the stationary condition (3.2) holds. By reversing the above arguments, the sufficiency of
(3.2) follows easily. O



8 J. SUN AND H. WANG

The system (3.1), together with the stationary condition (3.2), is referred to as the optimality system for
Problem (BLQ). For any given u* € U[t,T], the system (3.1) is a decoupled FBSDE. However, note that the
optimal control u* necessarily satisfies the stationary condition (3.2), which is equivalent to

u*(s) = R(s)"'B(s) " X*(s), a.e.s€ltT] as. (3.11)

Substituting the above into (3.1), the optimality system becomes a coupled FBSDE as follows:

dY*(s) = {A(s)Y*(s) + B(s)R(s) "' B(s) " X*(s) + C(s)Z*(s) }ds
+Z%(s )dW(s)7 s € [t, T]

dX*(s) = { — A(s ( )+ Q(s)Y }ds (3.12)
+ —C X*(s)+ N(s)Z*(s)}dW (s), se€[t,T],

Y (T)=¢ X*(@t)= GtY*(t).
In the subsequent analysis, we shall consider the well-posedness of FBSDE (3.12). To begin with, we present a
unique solvability result of Problem (BLQ).

Theorem 3.2. Suppose that (H1) and (H2) hold. Then for any terminal state £ € L% (9;R™), Problem (BLQ)
admits a unique optimal control.

Proof. For any u € U[t, T], consider the following BSDE:

Y% (s) = {A(s)Y*"(s) + B(s)u(s) + C(s)Z%"(s) }ds
+ Z%4(s)dW (s), s € [t,T], (3.13)
YU (T) = 0.

By Theorem 2.1, the above BSDE admits a unique adapted solution (Y%, Z0%) e LZ(Q;C([t,T];R")) x
L2(t,T;R"™). By the linearity of BSDE (3.13), we can define two bounded linear operators £ : U[t,T] —
L C([t, T);R™)) x Lg(t, T;R™) and M : U[t, T] — L%, (€;R™) as follows:

Lu= Yo" 720, Mu=Y%"(t), welUltT]. (3.14)

Also we can define the linear operators N : L% (% R") — Lg(Q; C([t, T];R™)) x Lg(t, T;R™) and O :
L%, (O R™) — L% (Q;R™) as follows:

NE= (Y80, 250, 06 =Y 0(t), €e L% (R, (3.15)
with (Y49, Z89) being the adapted solution of the following BSDE:

5.’ ) = 5 ¢ s g, 3 &, S S
{dY °(s) = {A()YO(s) + C(5)25°(s) }ds + 29°(s)dW (s), s € [t, T, (3.16)

YeOUT) = ¢.

Observe that for any (£, u) € L% (;R™) x U[t, T], the sum (YO + Y40, 70w 4 780) satisfies BSDE (1.1). By
the uniqueness of the adapted solutlon to BSDE (1.1), we get

(Y, Z) = (YOu Y0 Z0v 4 789) = Lo 4 NE. (3.17)
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In particular, the initial value Y (¢) is given by
V(t) =Y (t) + YO t) = Mu + O¢. (3.18)

Now let A* denote the adjoint operator of a linear operator A, and define the bounded linear operator Q :
LA(t, T;R™) x La(t, T;R"™) — L2(t, T;R"™) x La(t, T;R") by

02 (Cg ]%) (3.19)

Then by the representations (3.17), (3.18), and (3.19), the cost functional (1.2) can be rewritten as follows:

J(t,&u) = E{<GtY(t>v Y + /t T [ < <Qt<)8) N?s>) CZ/EZ;) ’ CZ/ES) >

+ (R(s)u(s), u(s))|ds |
= (Gi(Mu+ O8), Mu + O&) + (Q(Lu + N€), Lu + N€) + (Ru, u)
= (M*GM + L*OL + R)u,u) + 2((O*GM + N*QL)u, &)
+ ((O*GO + N*QN)E, €). (3.20)

Since all the linear operators involved in the above are bounded, the map u — J(¢,&;u) is continuous. Due to
the facts that @ > 0, Gy > 0 and R > dI,, obtained from (H2), we have

T T
(M*GM + L*QL + R)u,u) > (Ru,u) = ]E/t (R(s)u(s),u(s))ds = 5E/t lu(s)|*ds,

which implies the map u +— J(t,&; u) is strictly convex, and that
T
J(t,&u) = oo as E/ lu(s)|*ds — oo.
t

Therefore, by the basic theorem in convex analysis, the unique solvability of Problem (BLQ), for any given
terminal state £ € L% _(€;R™), is obtained. O

Combining Theorem 3.1 with Theorem 3.2 together, we get the unique solvability of FBSDE (3.12)
immediately.

Theorem 3.3. Suppose that (H1) and (H2) hold. Then for any terminal state £ € LZ}-T(Q;]R”), the cou-
pled FBSDE (3.12) admits a unique adapted solution (Y*,Z*,X*) € LA(;C([t,T];R™)) x Li(t,T;R") x
LA(Q; C([t, T);R™)). Moreover, the unique optimal control of Problem (BLQ) for £ is given by

u*(s) = R(s)"'B(s) " X*(s), selt,T]. (3.21)

Remark 3.4. We emphasize that in FBSDE (3.12), the terminal state Y*(T) is an arbitrary Fp-measurable
random vector and the initial state X*(¢) is determined by the initial value of Y*, due to which FBSDE
(3.12) is not Markovian even if its coeflicients are deterministic functions. Thus the form of FBSDE (3.12) is a
little different from the standard FBSDEs (see [13], for example). In particular, it will be interesting to give a
“Four-Step Scheme” for this type of FBSDEs.
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4. DECOUPLING, RiccATI EQUATION, BSDE aAND FSDE wiTH
UNBOUNDED COEFFICIENTS

Since the optimality system is a fully coupled FBSDE;, it usually becomes difficult to find the optimal control
by solving (3.12) directly. Then, to construct an optimal control from the optimality system (3.12), a decoupling
technique needs to be adopted. Thus, we now introduce the following stochastic Riccati-type equation:

dS(s) = |ZAT + AX + 2QX — BR™'BT + AN(I, + N)'A - C(I,, + EN)'zCT
— C(I, + SN)A — A(L, + Nz)*lcﬂ ds — AW (s), se[0,T], (4.1)
S(T) = 0.

If the above equation is solvable with (X, A) being a solution, we introduce the following BSDE:

de(s) = {(A+2Q)¢ — C(I, + SN) "B+ AN(I, + EN) ' B}ds
- 5dW(5)a s € [tﬂT]ﬂ (42)

It is noteworthy that A is merely square-integrable in general, thus (4.2) is a BSDE with unbounded coefficients.
Suppose that BSDE (4.2) has a solution (g, 3), we consider the following forward stochastic different equation
(FSDE, for short):

dX(s) = —{(AT + Q)X + Qp}ds + { —CTX + N(I, + EN) (A +2CT)X
+ N(I, + EN) ' B}dW (s), set,T), (4.3)
X(t) = =(In + G:X(1)) " Grp(t).
Similar to (4.2), the coefficients of FSDE (4.3) are also unbounded in general. Under the assumption that the

above equations (4.1)—(4.2)—(4.3) are solvable, the following result provides a method of decoupling FBSDE
(3.12). At first, we impose an additional assumption for the weighting matrix N of cost functional (1.2).

(H3). There exist two constants d, A > 0 such that
0I, < N(s) < My, a.s., a.e.s € [0,7], (4.4)
or, equivalently,

—I, <N(s)"'< <1, a.s., a.e.s € [0,T], (4.5)

| =

where N(s)~! stands for the inverse of N(s).

Since N is assumed to be bounded in (H2), the existence of A can follow from that easily. The non-degenerate
assumption (i.e., 6I,, < N(s)) is a technical condition (see (4.9)—(5.56) for some reasons). At the moment, we
cannot improve it and we shall come back in our future publications.

Theorem 4.1. Let (H1)-(H2)—(H3) hold. Suppose that Riccati equation (4.1) has a solution (X,A) €
L (9;C([0,T);S%)) x LE(0,T5S™) such that the corresponding decoupled system of BSDE (4.2) and FSDE
(4.3) has a solutwn (0,8, X) € LA(Q; C([t, T); R™)) x LE(%; L2(t, T; R™)) x L&(Q; C([t, T); R™)). Then the unique
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adapted solution (Y*,Z*,X*) of FBSDE (3.12) can be given by

Y*,Z*, X*)=(-2X — ¢, (I, + SN) ' (AX + 2C"X + 8), X ),

and the unique optimal control u* of Problems (BLQ) has the following explicit representation:

w*=R'B"X.
Proof. For convenience, we denote
Y, Z,X)2 (-2X — ¢, (I, + EN)"{AX + 2CTX + 5), X ).

Note that
r 2
/ |(I, + EN) ' (AX + SCTX + )| ds < o0, as.
t
Define for each k > 1 the stopping time (with the convention inf () = co)
T, = inf {s € [t,TY; / |(In + SN)"HAX + soT X —|—ﬁ)|2dr > k:} .
t
By (H3), we have

T NT
E/ (I, + EN) 1 (AX + 2CTX + 8)|’ds
t
T AT 9
:E/ |INTIN(I, + EN) M AX + 2CTX + B)|ds
t

T NT
< KE/ IN(I, + EN)(AX + 2CT X + 8)|*ds.
¢
Recall that X satisfies FSDE (4.3), we have by It6’s isometry that

T ANT
IE/ IN(I, + SN)(AX + 2CT X + 8)[*ds
t
< KE|Gi(In + £(1)Gi) "o (1) + KE|X (T A )2
T ANT
+KE/ (AT + Q=) X[ + |Q¢|” + |7 x|"] as
t

< KE[G(1 + 201G~ ¢(0)" + KE[ sup [X()P]
se|t,

T
+ KE/ AT + Q=) X[ + |Q¢|” + |7 x|"] as
t

<KE| sup [X(s)?+ sup lp(s)]?].
s€(t,T] s€(t,T]

11

(4.9)

(4.10)
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Combining the above with (4.9), by the definition of 7, we have

T AT R TENT 2
E/ |Z|2ds:]E/ |(I, + EN) "' (AX + SCTX + B)|"ds
t t

<KIE[ sup |X(s)]* + sup \(p(s)ﬂ < 0. (4.11)
s€(t,T) s€(t,T)

Since limg_,00 7% = 00 almost surely and the right-hand side of the above inequality is independent of 7, we
conclude Z = (I, + EN)(AX + XCTX + B) € L2(¢,T;R") by letting k — oo. Then it is clear to see that
(Y, Z,X) € L(Q: CO(It, T R™)) x LE(t, T;R™) x L3(; C([t, T];R™)).

By the uniqueness of the adapted solution to FBSDE (3.12) from Theorem 3.3, it suffices to verify that
(17, 2,)?) satisfies FBSDE (3.12). By the definition (4.8) of (377 2,)?) and equation (4.3) of X, X satisfies

dX(s)={ - ATX - Q[EX + ¢]}ds
+{-CTX + N[(I, + EN)"HAX + 2CTX + 8)] }dW (s)
={-ATX+QV}ds+{ - CTX + NZ}dW(s), se[tT). (4.12)

Further, by the initial condition in (4.3), the initial value of X is given by
)/f(t) =X(t)=[I,+ GE@)]X(t) — Ge2(t) X (¥)
= —[In + GeS()][Ln + GeX(1)] ' Geplt) — GeS(H) X (2)
= Gi[—p(t) = SOX(1)] = G (). (4.13)

Thus X satisfies the same FSDE as X* with (Y*, Z*) replaced by (Y, Z).
We now show that (Y, Z) satisfies the same BSDE as (Y*, Z*) in (3.12) with X* replaced by X. By applying

~

Itd’s formula to s — Y (s) = —X(s) X (s) — ¢(s), some straightforward calculations yield that
Y (s) = d[-E(5)X (s) = ¢(s)]
- { — A(SX +¢)+ BR'BTX + C(I, + ©N)"Y(AX + XCT X + j)
+AN(I, + BN)'SCTX — ACTX + A(I, + NZ)—lcTX}ds
+{AX +3CTX + B —EN(I, + EN) ' (AX + 2CT X + ) }dW (s)
= (I)ds+ (I1)dW (s). (4.14)
Using the fact that
(I, +EN) 'S =%(I, + N©)™', NX(I,+N®) ' —1I,=—(I,+N%)!, (4.15)
we have

AN(I, + EN)'SCTX = ACTX + A(I, + N2)'CT X
= ANS(I, + NY)'CTX —ACTX + A(I, + N©)'C0TX
= A[NS(I, + NE) '~ LJOTX + A(I, + N¥)~'CTX
=-A(I, + NY)'CTX + A(I, + N¥)"'CTX =0.
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Then by the definition (4.8) of (X, Y, Z), the drift term in (4.14) can be rewritten as

(I) = -A(SX +¢)+BR'B'X +C(I, + EN)"{(AX + £CTX + B)
=AY + BR'BTX +CZ. (4.16)

By the definition (4.8) of Z, the diffusion term in (4.14) can be expressed as

(IT) = [I, = EN(I, + N)(AX + 2CT X + B)
= (I, +EN)"Y(AX +2CTX + 8) = Z.

Combining the above with (4.16), we can rewrite (4.14) as
dY(s) = {AY + BR™'BTX 4+ CZ}ds + ZdW (s).

Moreover, by the terminal values of ¥ and ¢, Y satisfies the following terminal condition:

It follows that ()A/, A ) satisfies the same BSDE as (Y™, Z*) with X* replaced by X. The proof is thus completed.
O

To illustrates the procedure for finding the optimal control by Theorem 4.1, we conclude this section by
presenting the following simple example.

Example 4.2. Consider the one-dimensional controlled BSDE:

1
dY (s) = ———u(s)ds + Z(s)dW(s), s € [0,T],
(5) = Ty te)ds + Z@AW(s), s e 0.1] i
Y(T) =1,
and the cost functional:
TT2+wW(s)? 2+ W(s)?
ju) =E | Z(s)]P+ ——— 2| ds. 4.1
s, =5 [ L 2R+ 2T ) as (a.13
Notice that
1 2+ W(s)?
0< —— <1, 1< <o 0, 7).
ST W) ST W(s) s €[0,7]

Thus, the example satisfies the assumptions (H1)—(H2)—(H3). In the following, we are applying Theorem 4.1 to
obtain the optimal control. The corresponding Riccati equation (4.1), BSDE (4.2), SDE (4.3) read:

B 1 2+ W(s)? 2+ W(s)?\ !
dx(s) = | - (14 W(s)2][2 + W(s)2] AT W(s)2 ( n AT W(s)2> A} ds
—AdW(s), s€]0,T],

S(T) = 0,

(4.19)
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2+ W(s)? 2+ W(s)2\ -1
dels) = AT 5 (1 +E+T(S)2) Bds — pAW(s),  se[t,T), .
o(T) = —1,
and
2+ Wis) 2+ W(s)?
e {1+W() (b + 2y ) Ax
ii% z 2( 2+W 32) 1ﬁ}dW(8), s e [t,T], (4.21)
X(t) =0.

Note that (—1,0,0) is the unique solution to the decoupled system of BSDE (4.20) and SDE (4.21). By the
formula (4.7) in Theorem 4.1, the unique optimal control u* is given by

u*(s) = R(s)"'B(s)"X(s) =0, s€]0,T]. (4.22)

5. SOLVABILITIES OF THE RICCATI EQUATION, BSDE AND FSDE wiTH
UNBOUNDED COEFFICIENTS

If the solutions (X, A, ¢, 8, X) of (4.1)—(4.2)—(4.3) are solved, then it immediately follows from Theorem 4.1
that FBSDE (3.12) can be decoupled and the unique optimal control of Problem (BLQ) can be represented
explicitly. In this subsection, we shall establish the solvabilities of Riccati equation (4.1), BSDE (4.2), and
FSDE (4.3).

We begin with two interesting results of the optimal control problems for forward SDEs, which will play a
basic role in our subsequent analysis. For any given € > 0, consider the following stochastic Riccati equation:

dP.(s) = {PA—i—ATP +Q - [ (B, C) + (07Ha)]
-1
x (g NEPE) [(B,C)"P. + (O,HE)T]} +.dW (s), s€[0,T], (5.1)

P.(T)=¢"'I,.

Note that (5.1) is the Riccati equation associated the following forward LQ problems: For the given £ > 0,
consider the following controlled FSDE:

(5.2)

dX(s) = {A(s)X(s) + B(s)u(s) + C(s)v(s) }ds + v(s)dW (s), s € [t,T],
X(t) =,

and the cost functional:

Je(t,n;u,v):Et{ /t [(Q(5)X (5), X()) + (N(s)u(s), v(s)) + (R(s)u(s), u(s))] ds

+ 5_1<X(T),X(T)>}. (5.3)
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For any given (t,7) € [0,T] x L%, (€ R"), find a (u*,v*) € LE(¢, T;R™) x Lg(t, T; R™) such that

Jo(t, m;u*,v") = essinf J. (¢, n;u,v) = Vo(t,1n),

u,v

as (u,v) ranges over the space Li(t, T;R™) x L&(t, T;R™). Under (H1)-(H2)-(H3), we have

R 0 1
(0 N>251m+m @>0, and ¢ >0.

Thus the above SLQ problems satisfies the so-called standard condition in the literature [17, 19, 25]. Then
by [17], Theorem 6.2. (or [19], Thm. 5.3), Riccati equation (5.1) admits a unique solution (P.,II.) €
L (9;C([0,T); %)) x LE(0,T;S™). The following result shows that P. is uniformly positive definite (for the
given € > 0).

Proposition 5.1. Let (H1)—-(H2)—(H3) hold. Then for any given € > 0, P. is uniformly positive definite; that
18

P.(s) 2 a.l,, as., s€[0,T], (5.4)

for some a. > 0.

Proof. For the given € > 0, by (H2)—(H3), the cost functional J. (5.3) satisfies

T
St > € RO IXDR+ [ [l + fo(o)as .
V(t.m) € 0.T) % I3, (R"), (uv) € LA T:R™) x LA(L. T3 R, (5.5

We now prove the existence of a. by contradiction. If not, then for any a > 0, there exist a ¢ € [0,7) and an
O € F; with P(€;) > 0 such that

Omin(P:(t,w)) < o, as. weQy, (5.6)

where opin(P-(t,w)) stands for the minimal eigenvalue of the symmetric matrix P.(¢,w). Then we can find an
Fi-measurable random vector 7, with |n,| = 1 such that

<P€(t’ W)Ua(w), na(w» = O'min(Pe(t, W)) <o, as weE Q. (57)

For the fixed (t,7,4), by [17], Corollary 5.7 and Theorem 6.7, there exists a control (u¥,v*) € L2(¢,T;R™) x
LA(t,T;R") such that

<P6(t)77aa noz> = V;—(t, 7704) = Ja(t7 Nas uj;a U:;)v a.s. (58)

Combining (5.8) with (5.5), we get

s e [ R+ o)

1
< )Je(tvnoc;u:aU:;) = (

“1r0) m<Pa(t)77aana>v (5.9)
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where X7 is the solution of (5.2) corresponding to 7, and (u?,v%); that is

dX7(s) = {A(s)X5(s) + B(s)ul(s) + C(s)vi(s) }ds + vi(s)dW(s), s€[t,T], (5.10)
Xa(t) = na- '
The inequality (5.9), together with (5.7), implies that
T
Et{XZ(T)P —|—/t [\u3(5)|2 + |UZ(5)|2}ds} < ﬁa, a.s. on (. (5.11)

Moreover, from (5.10) and the fact X%(T) = X% (T'), we see that (XX, v%) also satisfies the following BSDE
(with (Y7, ZZ) being unknown variables):

dY;(s) = {A(s)Y3(s) + B(s)ui(s) + C(s)Z%(s) }ds
+ Z(s)dW (s), s € [t,T], (5.12)
Yo (T) = X, (T).

[0}

Then, by the estimate (2.2) in Theorem 2.1, there exists a constant K > 0, independent of « such that

T
sup E¢|X7%(s)|> = sup E¢|V7(s)]? < KE, {|X;(T)|2+/ ug(s)Pds]. (5.13)
s€(t,T] se(t,T) t

Using (5.13)—(5.11) and the fact that | X7 (t)|? = [n.|> = 1, we get

1= [nal* = [X5(0OF < sup Eof X3(s)[?

s€t,T]
r K
< KE{X;(T)PJF/t |u’;(5)2ds} < ma, a.s. on ), (5.14)
which implies that
K
1< ——a. 5.15
=N (5.15)
By taking a small enough « > 0 such that ﬁa < 1, we get the contradiction immediately. O

For any € > 0, we consider the following controlled FSDE:

{ dX.(s) = A.(s)X.(s)ds + u(s)dW (s), s € [t,T], (516)
Xs(t) =1,
and cost functional:
~ T ~ ~ ~
Totomin) = E [ [(Qul9)Xul5) X)) + 2S(5)Xels) u(5) + (Ruls). ()] s
+E(GX(T), X(T)). (5.17)

We introduce the following assumption of the coefficients in (5.16) and weighting matrices in (5.17).
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(H4). For any € > 0, the coefficient A. and weighting matrices Q, S, R, G. satisfy:

A € L2 (0, T;R™™), Qe € LF(0,T;SY), S € L (0, T; R™™),
Re L¥(0,T;ST), G.eLE (%S1), Q.—STR'S>o0.

Moreover, there exist two constants d§, K > 0, independent of € such that
|Ac(s)| +1Qc(s)| +|Ge| < K, R(s)>6I,, as., ae.sel0,T]

With the state equation (5.16) and cost functional (5.17), we consider the following LQ problem:
Problem (SLQ.). For any given € > 0 and (t,7) € [0,T] x L%, (Q;R"), find a u} € U[t, T] such that

Tetmug) = inf Je(t,miu) = Va(t,n). (5.18)

The following result is concerned with the stability of the value functions {‘75}520-

Proposition 5.2. Let (H4) hold. Suppose that

lim U/L(s) — Ao(s)] +]Q=(s) — Qo(s)| + |G- — éoﬂ =0, as,aesel0,T] (5.19)

e—0+
Then, for any (t,n) € [0,T] x L%, (Q;R™), the following convergence holds:
lim V. (t,m) = Vo(t,n). (5.20)
e—0+t

_ _ — ~ ~ o~
g

Proof. Let (X.,Y:, Z.) and (X¢, Y, Z.) be the adapted solutions to the decoupled linear FBSDEs
dY.(s) = —{AE(S)TYE(S) + Q.(s)X.(s) + g(s)Tu(s)}ds + Z(5)dW (s), (5.21)
)
and

dYe(s) = —{A(5)"Ye(s) + Qc(s)Xo(5) }ds + Z(s)dW (s), (5.22)

respectively. Note that (X., Yz, Z.) (respectively, (X., Y., Z.)) depends linearly on u (respectively, ). We define
two linear operators Ny . : U[t, T] — U[t,T] and Ly, : L%, (Q;R™) — UL, T] as follows:

o
=
o
Il
mN\
S
+
n
O
>

-(8) + R(s)u(s), secl[t,T), YuecUlt,T); (5.23)
[Lecn)(s) = Z.(s) + S(s)X(s), selt,T], Vne L% (%R, (5.24)

—~
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Since A., Q., G, are uniformly bounded by (H4), using the standard estimates of FSDEs ([25], Thm. 6.16, Chap.
1) and BSDEs (Theorem 2.1), it is clear to see that

T

T
N cul? < KE/t (1Ko + 12 + [u(s)P]ds < KE/t u(s)2ds, Yu e Ult,T),

where K is a constant independent of ¢ and w. Thus the linear operator NV; . is uniformly bounded with respect
to €. Similarly, we can get the uniform boundedness of £, ; that is

[1£e.enl? < KE[nf®, Vn € L, (O R™). (5.25)

Let (M., H.) be the adapted solution to the following BSDE

{ AM:(5) = —{ Me(s) Ac(5) + Ac(s) " Me(s) + Qe(s) s + He(5)AW (5), (5.26)

M.(T) = G..

By [17], Theorem 3.4, the cost functional J.(t,n;u) admits the following representation:

Je(t,m3u) = Neeu, u) +2(Ly en, u) + E(Me (), ). (5.27)

By (H4)—(5.19), Theorem 2.1, and dominated convergence theorem, we have

lim E{ sup |Mc(s) —MO(S)P}

=0t Lge,m)

T ~ ~ ~ ~
< K lim E/t [\Mo(s)|2|AE(s) — Ao(8))? +|Q=(s) — Qo(s)|2] ds = 0. (5.28)

e—0+

Note that by (H4) and [17], Proposition 2.2, M. is uniformly bounded with respect to . Thus by dominated
convergence theorem again, the above implies that

lim E(M(t)n,n) = E(Mo(t)n,n). (5.29)

e—=0t
For any given u € U[t, T], by (5.19) and the standard estimates of SDEs and BSDEs, we have

T 2
lim E[ sup [X.(s) - Xo(s)]?] < K lim B /t | Au(3)Xo(s) — Ao(s) Xo(s)| ds = 0, (5.30)

e—0t s€[t,T) e—0+

and

lim ]E[ sup |Yz(s) —}70(3)|2} + lim E/tT |Z.(s) — Zo(s)|*ds

e—0t sE[t,T) e—0t
T, N - _ - _ - _ 2
<K 1i1})1+ E/ ‘Aa(s)TYb(S) + Q:(5)X.(s) — Ag(s) " Yo(s) — Qo(s)Xo(s)| ds
e— t

+ K lim E|G.X.(T) — GoXo(T)|”

e—0+

=0. (5.31)
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Combining (5.30) with (5.31), by the definition (5.23) of N; ., we get

lim [N cu—MNpoul| =0, YuelUlt,T). (5.32)
e—0+
Similarly, we have
lim |[Lyen— Loonl =0, Vne Ly (4 R"). (5.33)
e—0+

For any u € U[t, T], by the representation (5.27) of the cost functional and (H4), we have

(Nicu,u) = JNE(t, 0;u)

> 5IE/T lu+ 371§X5|2d5. (5.34)
¢
Define a linear operator 7¢ : U[t, T| — U[t, T] by
Tou=u+ R'SX., welUlt,T).
Then 7¢ is uniformly bounded and bijective, with its inverse 7_~! given by
T 'u=u— R 'SX., weclUltT],

where X. is the solution of

dX.(s) = A.(s)X.(s)ds + {- R™Y(s)5(s)X(s) + u(s) pdW (s), (5.35)
X.(t)=0. '
Since A. is uniformly bounded, ||7.7!| is clearly uniformly bounded with respect to . Thus, we have
g p—13v |2 2 1 —1 2 1 2 2
E [ |u+RSXc|ds= | Teul® > ”T_1H2||72 Teul” = ||T‘1||2Hu” > lull®, (5.36)
t € €

with v = > 0. Substituting the above into (5.34), we get

1
=
sup. o 712

T
Wit ) = (1, 000) > 08 [ Ju(s) P (5.37)
t
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It follows that

1
NG < 5

where N, ' is the inverse of ;.. Then by (5.32), we get
Jim [NV e = Vg = Tim VNG 0N g w = NN Nl

< i NN N NN

% hm |}/\ft70/\/t7_01u — ./\/t,a./\/;joluH =0, YuelltT].

By [17], Corollary 3.5, the (unique) optimal control of Problem (SLQ.) for  is given by
U: = _'/V.t,_slﬁtyen'
Substituting the above into (5.27) yields that
Velt,n) = Jo(t,msul) = (N2 Loen, Loen) + E(Mc(t)n,n), 1€ L%, (4 R").
Then combining the above with (5.25)—(5.38), we get
[V(t,n) = Vot,m)| = | = (N2 Loen, Loen) + (Nog Leon, Leon) + E(M(t)n, )
— E(Mo(t)n, )|
= ’ - </\/‘fglﬁt ey Lien — Ly 077> </V'fgl (Et en — Ly 077), Et,077>
= (W = Nig ) Leon, Loom) + E(M-(t)n, 1) — E(Mo(t)n, m)]
< {2 (el <l < (1£0em = Leonl] + 1N |£een = Loom]
< aoll x [lnl] + Wi £eom = Nig Leonl] * [1£eoll ]l }
+ [B(Mc (£, m) — E(Mo (£)n,m) |
<dwﬂm&w Loonl| + Wi £oon - Nig oo }
+ [E(M.(t)n, ) — E(Mo(t)n, n)|-

Therefore, by (5.29)-(5.33)—(5.39), we have

tim |Vo(t,n) = Vo(t,m)| < K Y |ln][{[[een— Loon]l + Vi Leon = N Leon] }
e—0t

+ lim [E(M.(t)n.n) — E(Mo(t)n. )

=0, VneL% (%R

We now are ready to state and prove the main result of this section.

(5.38)

(5.39)

(5.40)

Theorem 5.3. Let (H1)-(H2)-(H3) hold. Then Riccati equation (4.1) has a solution (X,A) €

L (Q; C([0,T);S)) x L2(0,T;S").
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Proof. For any ¢ > 0, we consider the following perturbed equation of (4.1):

d8.(s) = [EaAT LAY, +2.Q8. — BRBT + ALN(I,, + S.N) 1A,

—C(I, +X.N)'2.0T —C(I, + 2.N)'A. — A(I, + NX.)"'CT |ds
— A dW(s), sel0,T],

(5.41)

For the given € > 0, let (P, A.) € L (% C([0,T);S7)) x Lg(0,T;S™) be the unique solution of Riccati equa-
tion (5.1). By Proposition 5.1, P is uniformly positive definite (for the given £). Hence P is invertible, and its
inverse P! is positive definite and bounded (for the given ¢). Let

(B, A) = (P, PoTLPTY), (5.42)

then (3., A.) € L (Q;C([0,T];S7T)) x LE(0,T;S™). We shall show that (3., A.) defined by (5.42) is a solution
of (5.41). Using the fact that

0=d(Z.P.) =dE.P. + X.dP. + dX.dPF.,
we have
d¥. = Y. dP.P7' —d¥.dP. P . (5.43)
For convenience, we denote
dX.(s) = (I)ds — (II)dW (s). (5.44)
By (5.43)—(5.1), the diffusion term in (5.44) is given by
(II) =2 J.P- ' = PPt = A, (5.45)
and then the drift term in (5.44) reads

(I) =S A{P.A+ ATP. + Q — (P.C +11.)(N + P.) " (C" P. +11.)
— P.BR™'B'P.} P! + S 1. PP
=AY + 5. AT +2.Q%. —C(N + P.)"'CT —CO(N + P.)" L.,
— BN 4+ P.)7 0T — S.0.(N + P.)"MI.Y. — BR'BT + X 1. P71,
=AY + X AT +5.Q%. —~C(N+P.)"'CT —C(N + P.) 71X,
— Y I (N + P)'CT + X I[P~ YN + P.) — I,J(N + P.) 'I.Y. — BR™'B"
=AY + 2 AT +5.Q%. —~C(N +P.)"'CT —C(N + P.) 'I.X.
— S.I.(N 4+ P.) 0T + ... N(N + P.)"'I.%. - BR'BT. (5.46)

By the definitions of ¥, A. and using the facts that

(N+P) ' =, +P'N) Pt = (I, + Z.N)" '35,
(N+P) =PI, +NPY)Y ' =%(I, + N2.) 1,
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we can rewrite (5.46) as follows:

(I)=AX. + 2. AT +2.Q%. — C(I, + Z.N)'2.CT — O(I, + 2. N) 'S IL S,
— SILY. (I, + NS 'CT + ... N(I,, + X.N) " 'S.I1.%. — BR™'B'
=AY, + X AT +3.Q%. — C(I, + E.N)'2.CT — C(I, + Z.N) A,
— AL, + NZ)'CT + A.N(I, + ©.N)"'A. — BR™'B". (5.47)

Note that Y. satisfies the terminal condition ¥.(T) = P-Y(T) = el,,. Substituting (5.47)—(5.45) into (5.44),

€

then it is clearly seen that (X, A) defined by (5.42) satisfies equation (5.41).
By [17], Theorem 5.2 , we have

P.. < PEQ, V0 <eg <ep < oo. (548)

1

Note that for a given £y > 0, Proposition 5.1 shows that there exists a constant ag > 0 such that
aoly, < Pr,. (5.49)
Combining the above with (5.48), we get
aol, < P,

. <P, V0<e<eo. (5.50)

Since Y. is the inverse of P., the above implies that

1
nga <an < 71717 V0<5<50- (551)
(e}

o

Then by monotone convergence theorem, there exists a ¥ € Lg°(0,7;S";) such that

lim ¥.(s) =3(s), as., a.e.s€]0,T]. (5.52)

We emphasize that in general the above boundedness and monotonicity of ¥, could not yield

lim esssup [X:(s) — X(s)| =0, a.s. (5.53)

e—=0% s¢(0,7]

Next, we apply Proposition 5.2 to get the existence of the diffusion term A in (4.1) by introducing the
following method of undetermined coefficients. Consider the Riccati equation

dP(s) = —{PA+ATP+Q— (ST +I)(R+ P)"*(S +10)}ds
+ AW (s), s e 0,77, (5.54)
P(T) =G,

where

A=-AT-Qx, R=N"', S§=N"'CT, G=0,
Q=BR 'BT +2Qx+C(I, + EN)'2CT +C(I, + EN)"IN~1CT. (5.55)
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By (H1)-(H2)-(H3) and the fact that ¥ € Lg°(0,T;S%), A, R,Q, S are bounded. Moreover, by (H2)-(H3), we
have

1
R=N"1> XI'” >0, (5.56)

and
Q- S'R'S=BR'BT +XQ% +C(I, + =N)"'2CT
+C(I, +EN)'N~!¢T —CNINN-1CT
=BR'BT +XQX+CN (N '+ o) ixoT
+CONY(N1+o)"IN“IcT —cN~ICT
=BR'B" +XQX +CN (N '+ )" Yz + N HoT —cN~ICT
= BR'BT +3Q% > 0. (5.57)

Thus by [16], Proposition 3.5 and [17], Theorem 6.2, Riccati equation (5.54) admits a unique solution (P, II) €
L2 (9;C([0,T);S7)) x LA(0,T;S™). We claim that if

P=3, (5.58)

then (P, —II) is a solution of (4.1). In fact, with the equality (5.58), equation (5.54) can be rewritten as
dP(s) = —{PA+ATP+Q — (ST + M) (R + P)~*(S +1I) }ds + IIdW (s)
- —{P(—AT — Q%)+ (—A-XQ)P + BRBT + Q% + C(I, + SN)'xCT
+C(I, + SN)IN"ICT — (ON~ 4+ ) (N~L + P)"Y(N~1CT + ﬂ)}ds + TIdW (s)
- {AP +XQP +PAT + PQS — BR™'BT - 2Q% — C(I,, + £N)"'nCT
—CN YN+ INICT + ONYN " 4 P)INTICT + TI(N Y + P) O
LN+ P)IN"LCT 4 ONTY (N 4 P)’lﬁ}ds + AW (s)
- {Aﬁ +PAT + PQY — BR'BT — C(I, + SN)'8CT + I(N~! + P)~ '
FIO(N"' + P)'N"LCT + CN“Y N+ P)—lﬁ}ds + TIdW (s)
- {AP + PAT £ PQP — BR'BT — C(I,, + PN)"'PCT + (~TI)N(I,, + PN)~}(~II)

—(~I)(I, + NP)"LCT — O(I, + PN)—l(_ﬁ)}ds — (D)W (s), (5.59)

which implies that (P, —II) satisfies Riccati equation (4.1). Thus it suffices to verify that the equality (5.58)
holds.

Similar to the arguments in (5.59), we can obtain that (P.,II.) = (3., —A.) satisfies the following Riccati
equation

dP.(s) = —{P.A. + A] P. + Q. — (ST + IL.)(R + P.)"*(S + IL.) }ds
+ IL.dW (s), s €[0,T7, (5.60)
P.(T) = G.,
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with

A.=—-AT"-Q%., R=N"', S=N"'C", G.=c¢l,,
Q- =BR'BT +3.Q%. + C(I, + .N)'2.CT + C(I, + ©.N)"!N~1CT. (5.61)

By (5.51), G., A., Q. are uniformly bounded (with respect to 0 < € < &¢). Moreover, by (5.52), we have

lim G. =Go=G, lim A.(s) = Ag(s) = A(s),

e—0t e—0t
h%lJr Q-(s) = Qo(s) = Q(s), as., ae.se[0,T]. (5.62)

Note that (I:’g, IZIE) is the solution of the corresponding Riccati equation of Problem (SLQ.), which is defined by
(5.18). By [17], Proposition 5.5, the value function V. of Problem (SLQ.) can be given by

Vo(t,n) = E(P-.(t)yn,n), Ye>0, neL% (%R,
Then by Proposition 5.2, the convergence (5.62) implies that

E(P(t)n,n) = Vo(t,n) = lim Vi(t,n) = lim E(P.(t)n,n), Vne€ L% (GR™). (5.63)
e—=01 e—=0Tt

Using the fact that P. = 3., by (5.52)~(5.51) and dominated convergence theorem, we have

lim E(P.(t)n,n) = Jim E(E(t)n,n) = EE(E)n,m), Vne L%, (9 R™). (5.64)

e—0+

Combining (5.63) with (5.64) together, we get

E(P()n,n) = E(S(n,n), Wy € L3, (2R,
It follows that
P(t) =%(t), as., ae. te]l0,T].
Thus the equality (5.58) holds and the proof is completed. O

Remark 5.4. From the proof of Theorem 5.3, we see that if Riccati equation (4.1) has a solution (3, A), it
can be rewritten as a Riccati equation associated with some forward LQ problem (see (5.54) with P = X).
Noticing this fact, to prove the solvability of Riccati equation (4.1), we only need to show (5.58) holds. Since the
coefficients of (5.54) depend on ¥, which is a undetermined variable, we would like to call the above arguments
a method of undetermined coefficients.

With a solved solution (X, A) of Riccati equation (4.1), the following result shows that the decoupled system
of BSDE (4.2) and FSDE (4.3) is uniquely solvable.

Theorem 5.5. Let (H1)—(H2)—(H3) hold and (,A) € Lg°(Q;C([0,T);S%)) x LE(0,T;S™) be a solution of
Riccati equation (4.1). Then for any & € L% (Q;R™), the decoupled system of BSDE (4.2) and FSDE (4.3)

T

admits a unique solution (p, 3, X) € LE(; C([t, T); R™)) x Li(Q; L2(t, T; R™)) x L&(Q; C([¢t, T); R™)).
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Proof. Let (X*,Y™*, Z*) be the unique solution of the coupled FBSDE (3.12) and (X, A) be a solution of Riccati
equation (4.1). Define

P =-NX*-Y* B*'=(EN+I,)Z"-XCTX* -~ AX*. (5.65)

It is clear to see that (¢*,*) € L2(Q; C([t,T];R™)) x LL(Q; L?(t, T;R™)). We shall show that (p*,3*) is a
solution of BSDE (4.2). In fact, by applying Itd’s formula to s — ¢*(s) = —=3(s) X *(s) — Y*(s), we have

de*(s) = d[-X(s)X*(s) — Y*(s)]
—{ - [BAT+ 42+ £QT - BR'BT + AN(SN + I)'A = C(I + =N)'5CT

—C(EN+D)TTA—ANS+ D) 'CT|X* = S[-ATX* + QY]
A[-CTX* + NZ*] — [AY* + BR-\BTX* + CZ*]}ds
+ {AX* = S[-CTX* + NZ*] — Z* }dW (s)
- { CASXF YY) - BQ(EX* +YH) — AN(EN + I)IAX* + AN + )17 X
—ACTX* + ANZ* + C(I + EN)"'SCTX* + C(EN + I)"'AX* — CZ*}ds
~{(EN+1,)Z* = SCTX* — AX*}dW(s)
- { —(A+3Q)(EX* +Y*) + AN(EN + I)"[(SN + ) Z* — SCTX* — AX"]
~C(EN + D)7 Y(EN + 1,)Z* - 5CTX* — AX*]}ds
—{(EN+1,)Z" - SCTX* — AX*}dW(s), se€ [t,T]. (5.66)

With the definition (5.65) of (¢*, 8*), the above can be rewritten as

de*(s) = {(A+2Q)¢*(s) + AN(EN + I)7'8*(s) — C(EN + 1) 8*(s) }ds
— B*(s)dW(s), se€lt,T]. (5.67)

Since ¢* also satisfies the terminal condition:
(1) = —S(T)X*(T) = Y*(T) = —Y*(T) = —¢,
(¢*, B*) is a solution of (4.2). Moreover, (5.65) implies that
Y*=-YX* -, Z*=(I,+ZN)B*+2CTX* + AX"].
Substituting the above into the FSDE in (3.12), we have

dX*(s) = —{(AT + QX)X (s) + Q" }ds + { —CTX*(s)+ N(I, + EN)~1p*
+ NI, + EN)"H A+ 2CT)X*(s) }dW (s) set,T). (5.68)

Note that

Y7(t) = =) X7(t) — " (1) = =E(O)G Y™ (1) — " (D),



26 J. SUN AND H. WANG
we get
Y*(t) = —(In + 2(6)Go)~'o" (1),
which implies that
X*(t) = GiY*(t) = —Gy(L, + Z()Gy) L™ (t) = — (I, + GX(1) ' Gro™(t).

Combining the above with (5.68), X* satisfies the FSDE (4.3) with (¢, 8) given by (¢*, 8%).
Let (¢,8) € LA(Q;C([t,T;R™)) x Li(Q; L%, T;R™)) be any solution of BSDE (4.2) and X €
L(; C([t, T);R™)) be any solution of FSDE (4.3) corresponding to the given (i, 3). Let

=YX -9, Z=(I,+IN)'XCTX + B+ AX].

By Theorem 4.1, (X,Y, Z) is the unique solution of FBSDE (3.1). Then the uniqueness of (¢, 8, X) follows from
the uniqueness of the adapted solutions to (3.1) immediately. O

Remark 5.6. By Theorem 5.3 and Theorem 5.5, the solvabilities of Riccati equation (4.1), BSDE (4.2) and
SDE (4.3) are established. Then a complete and explicit representation (4.7) for the optimal control of Problem
(BLQ) is obtained, via the solutions to Riccati equation (4.1), BSDE (4.2) and SDE (4.3).

Acknowledgements. The authors would like to thank the associate editor and the anonymous referees for their suggestive
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