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OPTIMAL ENERGY DECAY RATES FOR ABSTRACT SECOND
ORDER EVOLUTION EQUATIONS WITH NON-AUTONOMOUS
DAMPING*

JUN-REN Luo"? aAND TI-JUN X1A0%**

Abstract. We consider an abstract second order non-autonomous evolution equation in a Hilbert
space H : u” + Au+ vy(t)u’ + f(u) = 0, where A is a self-adjoint and nonnegative operator on H, f
is a conservative H-valued function with polynomial growth (not necessarily to be monotone), and
~(t)u’ is a time-dependent damping term. How exactly the decay of the energy is affected by the
damping coefficient v(¢) and the exponent associated with the nonlinear term f? There seems to be
little development on the study of such problems, with regard to non-autonomous equations, even for
strongly positive operator A. By an idea of asymptotic rate-sharpening (among others), we obtain the
optimal decay rate of the energy of the non-autonomous evolution equation in terms of v(¢) and f. As
a byproduct, we show the optimality of the energy decay rates obtained previously in the literature
when f is a monotone operator.
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1. INTRODUCTION

In view of the importance in mathematical theory and applications in physics, engineering, mechanics, biology
and others, various nonautonomous equations including the non-autonomous evolution equations in abstract
(infinite-dimensional) spaces, have been studied by many researchers and a lot of good results on this issue have
been established (cf., e.g. [1, 3, 817, 24-26, 28, 30, 32, 34, 35] and references therein).

In this paper, we are concerned with an abstract second order non-autonomous evolution equation in a real
Hilbert space H, with time dependent damping, as follows

u”(t) + Au(t) + y(E)u'(t) + f(u(t)) =0, Vt>0,

(1.1)
u(0) = ug, v (0) = uq,
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where A is a nonnegative self-adjoint linear operator on H, the nonlinear term f : D(Al/ 2) — H is assumed to
be conservative with polynomial growth, and ~u' is the time dependent damping with

Ri(1+1)" < ~(t) < Ro(1+1)7°2, Wt >0, (1.2)

where R; and Ry are two positive constants, and 0 < as < ap < 1.

For the study of the asymptotic behaviors and decay rates for the damped autonomous evolution equations,
there have been many developments. We refer the reader to, e.g., [2, 4, 6, 12, 13, 15, 17-21, 27, 31, 35] and
references therein. Especially, when A is strongly positive, the asymptotic behaviors for the autonomous case
of (1.1) have been extensively studied too, cf. [10, 22, 23, 29, 30, 32, 33]. In this paper, we assume A to just
have a nontrivial kernel; for the case of () being constant, optimal decay rates have been obtained, and fast
and slow solutions are classified subtly (see [18-20]).

It was shown in [7] that any bounded solution of (1.1) converges weakly in H; to a stationary point of the
potential energy, when f is a general monotone operator. Following the work, it was proved in [31] that any
solution energy E(t) satisfies that for every a < ayq,

Et)=o (,511+a> as t — +o00, (1.3)

under the condition that «(¢) is decreasing,

() > e(1+1)71, >0 (1.4)
(with a constant ¢ > 0), and
t
~(t) < —oq ;Er)t, t>t>0 ae. (1.5)

We note that the two inequalities (1.4) and (1.5) together imply that
y@#) < C(1+t)™ ™, t>0
(with a constant C' > 0). For
yt) =1+t~ (a€][0,1)), (1.6)

the estimate (1.3) was later improved in [4] as

Et) =o (@) as t — 0. (1.7)

However, what is the optimal decay rate of the energy of the non-autonomous equation (1.1), i.e., how
exactly the decay of the energy of (1.1) is affected by the damping coefficient () and the exponent associated
with the nonlinear term f? This problem is still unsolved. To the best of our knowledge, there has been little
development so far on the study of such problems, with regard to non-autonomous equations, even for strongly
positive operator A; see Section 1.3 of [30] about an optimality result for one dimensional wave equation damped
by a time-dependent boundary feedback, whose proof relies on d’Alembert’s formula.

In this paper, we devote ourselves to studying the problem.
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Let v(t) be as in (1.6), and f(u) = |u[Pu (p > 0). By Theorem 2.4 of [28], the energy has the upper estimate
E(t) < C(1+t)"U-0e+2/p, (1.8)

On the other hand, to get a lower bound we may exploit the hyperbolic version of the Dirichlet quotient

@2+ 1A
0=

(1.9)

introduced in [18]. Estimating the time-derivative of G(t), a small perturbation of G with ~ as a product factor
(see (4.9), Sect. 4), with the aid of either (1.7) or (1.8) we might probably obtain a lower estimate

E(t) > e(1+ t)*(1+a)(p+2)/p
for a nonempty open set of initial data, but under the restriction
a<p/lp+4) or a<1/3.

Obviously, there is a gap between the exponents — (1 — a)(p+2)/p and —(1+ «)(p+2)/p, when a > 0. Actually,
it is still unknown what is the best possible upper estimate.

By an idea of asymptotic rate-sharpening, we obtain the optimal decay rate of the energy of this abstract
second order non-autonomous evolution equation in terms of v(¢) and f. Moreover, as a byproduct, we show
that, when f is a monotone operator, some energy decay rates given previously in the literature are optimal.

More explicitly, we obtain upper estimates for the solutions and their energies of (1.1) in a general setting, and
single out slow solutions (decaying exactly at the rates corresponding to the upper estimates) with a nonempty
open set of initial data. When «(t) is a constant, the estimates recover those given in Theorems 2.2 and 2.3 of
[18]. Moreover, specialized to the case of (1.6), the exponents of the upper and lower bounds coincide and read
—(14+a)(p+2)/p for all a € [0,1). In addition, since

—(1+a)(p+2)/p——-(1+a) asp— +oo, (1.10)

we see that the decay rate in (1.7) is the best possible for a general monotone f (as considered in [4, 7, 31]).

The outline of this paper is the following. In Section 2 we state assumptions and present our main theorems.
Section 3 is devoted to formulating several preliminary results. We employ these results in Section 4 to prove
the main theorems. Finally, in Section 5 we give two examples of our theorems being applied to Neumann or
Dirichlet problems for nonautonomous, semilinear wave equations.

2. MAIN THEOREMS

We denote by (v, w) the inner product of two vectors v,w in H, and by ||v|| the H-norm of v, and we define

1/2
H, = D(Al/g) with norm  ||v|| g, = (||11H2 + ||A1/2v|\2) .

The following is the basic assumptions on v and f.
Assumption (H1)
(i) v € Wh(R*) satisfies (1.2);
(i) f =VF: H; — H is a locally Lipschitz continuous gradient operator of some nonnegative functional F
on Hy, with F(0) = 0.
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One knows

F(v)z/o (F(tv), v)dt, Vo € H,.

A function u € C([0, +00); Hy) N C*([0, +00); H) is called a mild solution of problem (1.1), if it satisfies the
integral equation

u(t) = S (t)uo + S(t)ug — /0 St —1)[y(r)d (7) + f(u)]dr, t>0.

Here S(-) : [0,+00) — L(H) (the space of bounded linear operators on H) is a solution operator for the linear
equation

u’(t) + Au(t) =0, ¢>0,

with S(0) = 0 and S’(0) = I (the identity; the derivative being in the sense of strong topology).
In particular, u is called a strong solution if u € C* ([0, +00); Hy) N C?([0, +00); H) and (1.1) holds.
The following result concerning the wellposedness of (1.1) is from Proposition 2.3 of [28].

Proposition 2.1. Assume (H1). Then for every (ug,u1) € Hy x H, problem (1.1) admits a unique mild solution
u, which depends continuously on the initial data. In particular, u is a strong solution if (ug,u1) € D(A) x Hj.
Moreover, defining the energy

B(t) = gl O + 314 2u(0)|? + Fu(), +>0, (21)

one has

(for strong solutions).

For energy decay, more conditions are required.
Assumption (H2)

(1) For v € Hy,

with some constant ¢ > 0;
(2) for v € Hy,

lollP*? < Mo(AY2]) (J|AY20) + F(v))

with constant p > 0 and some positive function My on R, that is bounded on bounded sets;
(3) fort >0,

|v'(t)] < Cy2(t) with some constant C' > 0, or a; = a;
(4) fort >0,

|7/ (t)] < Cy(t)(1 +t)~! with some constant C' > 0 or 7/(t) < 0, in the case a; > 1/2;
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(5) 201 <14 ag, in the case a; > 1/2.
Now, we present our first main result.

Theorem 2.2. Let Assumptions (H1) and (H2) hold. Let (ug,u1) € Hy x H, and let u(t) be the unique global
mild solution of problem (1.1). Then

E(t) < M (E(0)) (1 + /Ot’Y(T)ldT> , Vt>0, (2.3)

o)l < 45 O) (14 [ 2 tar) T vezo,

for some positive functions My and My on Ry that are bounded on bounded sets.
For the existence of slow solutions, we need additional conditions.
Assumption (H3)
(1) ker A # {0}, and there exists ¢ > 0 such that

|AY2u)|? > ¢Jlul?,  Yu € Hin (ker A)*;
(2) there exist positive number £ and M such that
IF@)ll < M (lal ™7 + A2 ), vue Hy with |lulla, <&

(3) y(#t)y(s)™t < Cp, Vt>s>0, with some constant Cy > 0.
The following is our second main result.

Theorem 2.3. Let Assumptions (H1)-(H3) hold. Then there exists a nonempty open set S C Hy x H such that
for every (ug,u1) € S, the unique global solution of problem (1.1) satisfies

t .
|ww2m0+/vm*w)7 vt >0,
0

_p+2

E(t) > ¢ (1—1—/Otfy(7')_1d7') " owso, (2.4)

for some positive function co depending on ||ugl|, | A ?uo| and ||Jui.

Remark 2.4. (1) When 7 is decreasing and oy = a2 = «, we know that (H2)(3)—(5) and (H3)(3) are satisfied,
and the upper estimate of the energy in (2.3) reads

E(t) < My(E(0)) (1 + 1)~ 0F0@+2/p gy >
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and the lower estimate in (2.4) reads
E(t) > o (1 4 t>_(1'5‘04)(117‘~‘2)/107 Yt > 0.

(2) The inequality |y'(t)| < C~2(t) in (H2)(3) is weaker than |y/(¢)| < Cy(t)(1 +¢)~! in (H2)(4).
(3) The inequality 207 < 1+ ag (in (H2)(5)) holds automatically, when «; € [0,1/2).
(4) Condition (H3)(2) is stronger than the corresponding one in [18, (2.14)]:

1Pl < M (lall ™7 4 A2 7)€ Hy with Jlullm, <, (2.5)

where M, &, B are positive constants. It remains open whether condition (H3)(2) in Theorem 2.3 can be
improved as (2.5).

3. PRELIMINARY RESULTS AND PROOFS

Throughout this section, C, C,C4,Cs, . ..,C17 denote positive constants depending on the values of E(0) and
being bounded on bounded sets of the values, and they may be different at different positions.
From (2.2),

SO + 1A 2u@)|? < B() < ()

for strong solutions (and so for mild solution as well, by a density argument). Thus, from (H2)(2) we have
lul2 < C(E(0))E(t), Vue Hi, t >0, (3.1)

for some positive function C' on R, that is bounded on bounded sets.

Now, we establish an important lemma with respect to a perturbed energy functional E. ,(t) (see below),
which is useful in the proof of Theorem 2.2. The functional with n(¢) = 1 was employed in [18] to establish the
upper estimate of the energy when ~(t) = 1.

Lemma 3.1. Assume (H1) and (H2)(1). Let u(t) be a strong solution of (1.1), and let n € WIE’COO(R“') be a
positive function, € € (0,1), and

b P
T p+2
Define
E.y(t) = E(t) +en(t)[E®)]" (w'(t), u(t))
Then

1 ~ =, ~ T
EL, () < =57l @1 + eC(BO) Vi@l @)1 + e[eC(EO)Va(t) — dn)[E®I ™, t >0,
with some ¢ € (0,1) and some positive function C that are bounded on bounded sets. Here,

Vi(t) = [BE(0)]774(t) + [E@)]",
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H (n(z/)(vtzt)f} '

Va(t) = ~()n(t)

Proof. The time-derivative of E. ,(t) is

EL (1) = = 3@/ = ern@EOF 10 ' u) |2 + en(®EO] |1
— en(OIEOF )W, u) = enIE] (14 2u(t)2 + (f(u), u))

+en' (OE®]" (W, u)
2211+I2+13+I4+I5+I6.

We first estimate I5. By (3.1) and the Cauchy-Schwarz inequality we obtain
P[] W u) < r[B@)F W |ul < CLIE@] T R = o [B@)] @,
with a constant C7 > 0. Hence
I < Cren(®) [B()] 75 () ||
For I4, we use Young’s inequality, as well as the Cauchy-Schwarz inequality and (3.1) to infer that
i’Y(t)llu/ll2 +(@O OB )] |lull?

< PN + Coey (P (AP 7.

en(t)[E@®)] v (t)(u',u)

IN

. 2 .
Since 2r + s =Tt 1, this means that

L < OW|P + Cae®y()n* (O[]

1=

Similarly, we have

Is < 2yl |* + Cae®y ()~ ' ()P [E@)]

N

Moreover, in view of (H2)(1) and (2.1) we deduce that

BOF (1401 + (f).0) = alBO)F (G147 + F)

— Bl (B0) - g11?)

= BN - FEON P,

with some constant ¢; > 0, so that

Le[B@)] ) ||

Is < —cien()[B@®)]" T + 5

(3.4)

(3.6)



8 J.-R. LUO AND T.-J. XIAO

Finally, combining (3.3)—(3.6) together we have

EL,(1) < — SOl + Cuen@ @] 0| + Lend) B ')
+ Gty (O OED] ™ — cen()[E@)] ! + Cse ()7 [ )P [E@)]
This gives the estimate of E_ , (t) as required. O

Next, we derive a preliminary upper estimate of energy, by an application of Lemma 3.1.

Proposition 3.2. Let Assumptions (H1), (H2)(1), and (H2)(3) hold. Then

B0 < (0) (1+ [ 2ar) T wzo,

for some positive function My on Ry that is bounded on bounded sets.

Proof. Tt suffices to show the estimate for strong solutions, by a density argument.
First we consider the case a; = as = « and take n(t) = Ri(1 +¢)~“. By (1.2) we see that

n/(t) g a—1
‘n(t)v(t)‘ ST

Thus, for V4 and V4 in (3.2) we have
Vi(t) < Cy V() <Cyy 20,
with a constant Cy > 0. Accordingly,
1 = ~
EL_(t) < —(1) (2 - €CC4> |u/||> + eR1(eCCy — &)(1 + ) [E(t)]T (3.7)
by virtue of Lemma 3.1. On the other hand, using the Cauchy-Schwarz inequality, (1.2) and (3.1), we obtain

eRy(1+ 1) [E@)] (', w)| < R [E@) | [[[ul
< Cse[B()] 7377 = Cue[ (1)) =
< CeeE(1). (3.8)

Take £ = &(2CCy + 2Cs + &) L. Then € € (0,1), and
eCCy < ¢/2<1/2, Cee <1/2.

Thus, it follows from (3.8) and (3.7) that

and

24
BL (1) < —5eRuc(L+ ) (B < - (;) ERe(1+ 1) OB (1))
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Therefore,

o (14 [ sonr) @9)

Sl=

t
E(t) <2E.4(t) < Cr (1 +/ (1+ T)_ad’T)
0
When a1 # ag, by (H2)(3) we derive
Y ()] < Cor?(t), t>0.

Therefore, taking n(t) = y(t), we see that

is also bounded. Then, arguing similarly as in the paragraph above, and using (1.2) whenever in need, we still
obtain the energy estimate as in (3.9).
The proof is complete. O

Finally, we make an improvement over the upper estimate of energy in Proposition 3.2, which will play a
key role for the case a; > 1/2, by following the way as in Section 2 of [31] (see also [7], Sect. 3.1) with effective
adaptations for the present situation.

Proposition 3.3. Suppose 1/2 < ay < 1. Let Assumptions (H1) and (H2)(1)-(4) hold. Then

, VE=0,

1 (0‘1"“12)'1%—2
=)

E(t) < Ma(E(0)) (

for some positive function My that are bounded on bounded sets.

Proof. First we write

+2 + 2
ko = (1 70&1) . pT, k* = (011 +052)pp .

It is clear that kg < k.. Applying Proposition 3.2 enables us to obtain

p+2

E(t) < Cs + < Cg(1+t)7r, vt >0, (3.10)
14 [y ~(r)dr
by (1.2).
Consider the function ¢(t) := |lu(t)||*. Using (H2)(1) and (1.1), we have

£'(8)+ 10 (1) = o2 ~ | AY2u]? ~ (), )
/2 . L1z 2
< P = min2,c} (14Y20P + F ) )

< 2||u/[|* — min{2, c} E(t).
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Therefore,

T T T
min{2, c}/ A (t dt<2/ k(t)Hu’(t)szt—/O /\k(t)q”(t)dtf/o Ak (8)y(t) g (t)dt,
where
T>0, M(t):= (14" with k € [ko — 1, k.].

Integrating by parts yields that

T T
min{2, c} ; Ae(t)E(t)dt < 2/0 Al (0)Pdt = \e(T)g'(T) + [N = (YAR)(T)a(T)

+ / () — (Bt + ¢(0) + (7(0) — k)g(0).

Notice
2p+4
N(t) = k(14 0% and k <k < 272
We see
Ne(T) = (YA)(T) < =5 (YAe)(T), VT =T
where
4 1/(1—an)
Ty == ( p+8) .
pRy
Also,
/' @) < WO llu@)] <2V E([)Va
Therefore,

(D) T) + D~ (A T)a(T)
< [pwVBD)] VAT - |00 (VaD))
powvE) )]

2(Me)(T)
gRil)\kJral(T)E(T) (by (1.2)), VT >Th.

< (the maximum of the above formal function of 4 /q(T))

Accordingly, we infer, for T > Ty,

T B T B B T
/0 (B E(t)dt <Gy / () [ (D)2 + Codpsa (T)E(T) + Co / () = A](a(H)dt + Co
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=Co(J1 + J2+ J3) + Cy, VT > Ty,

with constants Cy, Cg > 0.
From (1.2) and (3.10) it follows that

= Ti / 2 i ’ N nl
5= [ 2@l OPar < o [ Ao (B
<~ rra (TVE(T) + E}é(l))

=R
) T
/ /\k+041—1—k0 (t)dt'
0

k; T
L Eto / Neton 1 (D E(t)dt
Rl 0

_BO) , Gk tay
- Ry Ry

Also using (3.10) gives

2C;
Jo < ng)\malfko (T).
1

As for J3, we observe
()’ (1) = N (O (E) + M)y (8) < (k + O)Re(L+ )1 (L + 1) 702,
by (1.2) and (H2)(4),
M) =k(k—1)(1+ )2

and

by (3.10) again. Accordingly,
T k 1 2kg
Js < 012/ (1+t)F 21 naqs,
0

Take k = kg — a1 — €, where € is a fixed positive number satisfying 1 — a; — € > 0. Noticing

- 2% .
k—ay < o2 + ay, whenever k € [k, k],

we see that
k< ky— aq,

2k
k‘< p+02+0é2.

Accordingly, combining (3.11) with (3.12)—(3.14) yields that

+oo
/ A E()dt < Cys.
0

11

(3.11)

(3.12)

(3.13)

(3.14)
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Since E(t) is decreasing, we see

E(t) Ak(s)ds < ME(s)ds.
t)2 t/2

Hence,

Et)<C —kH—C ikl t>0 (3.15)
>~ 14 1+t — V14 14+1¢ ’ - Y .

where
kl Z:k0+1—0[1—6.

If k1 > k., then we have obtained the required energy estimate. If not, then

1 \"
Eit)<C — t>0
0= (1)« t2o0

where
kg::k1+1—a1—e:k0+2(1—a1—e);

this is because (3.12)—(3.14), with ko replaced by k1, are satisfied, by using (3.15) (instead of (3.10)). Thus,
proceeding like this and denoting by n the positive integer satisfying

]fo—l—ﬂ(l—al—E) < ki,

kn Z:k0+(n+1)(170117€)2k*,

we obtain

1 kn 1 K
Et)<Cu|—) <o (— t>0.
(1) < 16(1+t) = ”<1+t> o=

This ends the proof. O

4. PROOFS OF THE THEOREMS

Throughout the section, Cy, Cs, . .., C15 denote positive constants depending on the values of E(0) and being
bounded on bounded sets of the values, and they may be different at different positions.

4.1. Proof of Theorem 2.2

It suffices to deal with the strong solution case.
We divide the proof into three steps.

Step 1. Obtain a better estimate of energy for case ay < 1/2.
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Take n(t) = 1 in Lemma 3.1. Then V2(¢) = (¢t) is bounded. For V;(t) we exploit Proposition 3.2 to deduce
that

p+2

B t - B 1 1—aq B 1 5] B
T < < _— < _— <
(1) < Gy <1+/0 ’Y(T)dr) e <1+t) <6 (1+t> < Ciy(t),

since a; < 1/2. Accordingly,

Thus, similarly as in the proof of Proposition 3.2, we can let £ small enough such that

1
FB(0) < Eea(t) <2B(), V>0,

and

This gives that
E(t) < Cs(1+t)~

Step 2. Obtain a better estimate of energy for case ay > 1/2.
Take

0(t) = (1+ 02
in Lemma 3.1. Making use of Proposition 3.3 we infer that

a]+tag

nOE®)77 < Ca(l+ 0 (1467 2 <Cu(l+8)* (1 +1)7°2 < Cy, (4.2)

by (H2)(5). This yields that
en(®)[E@)]" (', w)| < en®)[E@]" [/|[lull < Csen(t)[E(®)]' 551 < CseE(t),
which implies that
ZE(t) < E.,(t) <2BE(t), Vt>0, (4.3)

whenever ¢ is small enough.
Moreover, using Proposition 3.3 again, we obtain

n)[EW®)]" < Co(L+ 1) 7M1 4+1)707% = Co(1+1)* 71722 (L + )™ < Cor(t),
due to (H2)(5) and (1.2). Furthermore, we have

Y(E)n(t) < Ro(1+1)72(1 + )27 < Ry,
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and
' (t) = (201 = 1)(1 + )72 < Cry(t)n(t),
by (1.2). These estimates combined with (4.2) indicate that Va(t) is bounded, and
Vi(t)n(t) < Csn(b).
Therefore, there exists a sufficiently small £ such that (4.3) is satisfied, and
BL, (1) < —geen() [B()].

Consequently,

So

E(t) < 610(1 + t)—2a1/r = 010(1 + t)72a1'pT+2.

Step 3. Achieve the desired estimate of energy.
We take

14+t if g =az=a,
n(t) = no(t) ==

Y7L i ag #an

in Lemma 3.1. The boundedness of V,(t) is easy to see by (H2)(3).
Employing (4.1) and (4.4), we obtain

[E@®)]" < Cri(1+1)72 < Cryy(t)?

by (1.2). This yields that
Hence
Moreover,

eno(H)E®)]"|(u', u)| < Craeno(t)[E()] 7075 < CraeB(1).

Accordingly, choosing ¢ small enough we deduce that

(4.4)
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B (1) < —geem(OED]

&,M0o

Therefore,

E(t) <Cis (1 + /Ot 770(7’)(17') o < (s (1 + /Ot’y(T)ld7'>

4.2. Proof of Theorem 2.3

We follow the strategy in Section 3.4 of [18] (for the case of y(t) = 1) to prove the theorem. It is worth noting
that exploitations of the (already obtained) fine upper bound estimates will play an important role.
Let u(t) be a mild solution of (1.1) with ug # 0. Set

—1/r

_ R3(CE+1)

129C2 M*>
= (o[22

(el + 4 2)) + 2200

(4.5)
where Ry is as in (1.2), Cp as in (H3)(3), M as in (H3)(2), and § € (0,1/2) is a constant that will be determined
later; set

_ @I + A 2ub)]*

U= e 40

We will show the existence of a nonempty open set S C (Hy \ {0}) x H such that for (ugp,u1) € S, the solution
u(t) of problem (1.1) satisfies the property: given T > 0, one has

2
Mﬂ#Odem<wéy (4.7)
whenever
W) £0 and G() < 2 forall t € [0,T). (4.8)

Y2 (t)

Next, we assume (4.8). We will find such a set S, and with it prove (4.7) (for strong solutions), by seven
steps.
Step 1. Construct a small perturbation of G(t).

Denoting by @ the orthogonal projection from H to (kerA)*, we set

2 (u'(2), Qu(t))

Git)=G@) + M(t)W’ tel0,7), (4.9)

for the case of a; # aw; replace y(t) by (1 +¢)~* in (4.9) for the case of a; = as = a.. Below we only address
the former case (the latter case can be dealt with similarly). We have

o' |12 1/2u 2 W12 — o, Ou

[[u]|?P+2 [

=K + K+ Ks+Ks+Ks+Kg, tel0,T).

[Ju[?P+2
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Step 2. Estimate K3 and Kg.
It follows from (1.2) and (H3)(1) that

Ry 1/2 R% 12 1 1/2, 112
V(O Quy < —Z W/ IIVCIQull < 2[4 u]| < =2 u/||* + <[ A 2wl
Ve Ve f 8
noting that ||AY2Qu)| = ||A/?ul|. Hence, we have
A SN 7 LAY 17 LIS
K3 <Dq6v(t V()T < D16v(t —6v(t)G(t tel0,T 4.11
3 =M1 ,-y( )||U||2p+2 + S 7( ) ||uH2p+2 =M1 ’Y( )Hu||2p+2 + 4 7( ) ( )7 € [ ’ )7 ( )

where D; := (2R3 + ¢)/C.
As for Kg, we use (H2)(3) to get

1Y ()] < CH2(t) < CRyy(t), Wt >0.

Also,
1 2CR
/ < / < / A1/2 < 20,112 A1/2 2
(v, Qu)| \fllu 17/l Qull fll ] | R — " + SCR, [[A™ =l
Accordingly,
~ [W'|I*, o(t)
K¢ < DQ&Y(t)W + TG(t)» te[0,7), (4.12)
where Dy := 2C%R3/(.
Step 3. Estimate K4 and Kj in the case oo < 1/2.
From now on, we assume
E(0) <1, and < sup C(s) +2> [E(0)]7 < &2, (4.13)
s€[0,1]

where C' and ¢ are, respectively, as in (3.1) and (H3)(2). Then

lu() 17, = llu(®)]? + |AY2u(®)]* < < sup 0(8)) [E(#)]7 +2E(t)

s€[0,1]

s€10,1]

< ( sup C(s) +2> [E(O)]P% <&

Thus, in view of (2.1), (4.1), (3.1), (1.2) and (H3)(2), we deduce that

IF@ o, <IIUI’”+1 + IIA”QUIIPH)

[[ufP*t [[uffP*

Al/2y 9
< (14 - REOP”)

<M (1 V260 - RE®)PY 2E(0)]”/4)
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< M (14 Dy/G(0) - (1405 (B0))

SM(1+D2[E(O)]”/47(1€) G(t)), telo,7),

noting

p+2>1>
_— - 1.
4 g ~ 7t

Here, D1, Do are positive constants independent of initial data (because of E(0) < 1). Also, we have

5B Qull < %nA%u,

by (H3)(1). Hence,

el + oy Qull _ Jluell + Ra /vl A2ul| < D3\/CTD)

[[ul/P+? B [[ul/P+?
where D3 := 2(1+ R2/+/C). Thus,

fw) Nl + @) Qull

R T e T
So
Ki < 3+ PG + DO OGO, te 0.7,

where Ds is a positive constant independent of initial data.
For K5, we note that

36 > 0 such that a; +60 =1/2,

since a1 < 1/2. From the definition of G(t), (3.1), (4.8) and (4.1), it follows that for ¢t € [0,T),

Wl W
Tl | < Tupiee I
< V2GE) - 27 ]
ﬁ —2a 2p8
< Y D1 4 1) 2 [E(0)]
Yo Du(1+ 07 [E(0)

2p6

< Dsymy()[E(0)] 72,

with positive constants D4, D5 independent of initial data. Therefore

K5 < Dy[E(0)]#+2 A1y(t) - G(t), te[0,T),

for some 6’ > 0, and some positive constant D, independent of initial data.

< DsM+/G(t) + M DyDs[E(0)]P/44(t)G(t).

17

(4.14)

(4.15)
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Step 4. Estimate K4 and K in the case oo > 1/2.
In view of (2.1), (4.4) and (H3)(2), we obtain

1/ ()

[P+

1A 2]
[[ufP*

<M (1 . ~ [2E<t>]p/4[2E<0>}p/4>

<M (1 + Do /G - (14 1)~ [E(O)]p/4>
<M (1 + D7E(O)]p/4'y(t)\/G(t)> , tel0,T),

with positive constants Dg, D7 independent of initial data. This means that the estimate (4.14) for K4 holds
too in this case.

By virtue of Theorem 2.2, we get

1
P 1+ag

llu(®)|| < Ds (1 + /Ot’y(r)_ldT) < Dg(1+4t)" "7,

where Dg, Dg are positive constants independent of initial data. In addition,

36, € (0,1) such that 2a; = 61 (1 + a3)

by (H2)(5). Hence

(', u)
[[u]?

< V2G() - P [lul P

< L D1+ 4704 ()] 407

2
S~—

B

5+ Dio(1+0) 72 [B(0)] ()7

2

~

(
(1—061)p

< DuyA(OIEO)] 7, te(0,7),

where Dy, D11 are positive constants independent of initial data. So the estimate (4.15) for K5 holds too in
this case.
Step 5. Estimate .

Plugging (4.11)—(4.15) into (4.10), we obtain

[ 7()HA”QUHZ AM?
[ 22 [ul?P+2 6v(t)

G'(t) < — (1 — D5 — Dza) ()
+ (35/4+ Dy BOP/) 4(1)G(1) + Day/TEO)F A(1)G(0), ¢ € [0,T).
From (H3)(1) and (1.2), we know that

'y(t)m <2(R3C'+1/4)G(t), te0,T).
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Now, we choose § € (0,1/2) such that

(R3¢ +1/4) 6 < 1/10,

{ (D1 + D9)d < 1/2;

then, choose a set S of initial data satisfying (4.13) and

DylE(O)/ < 6/32,

DaATE(O)] 5 < 6/32.
We here emphasize that D5, Dy are independent of all the initial data satisfying F(0) < 1. Thus,

26(1) < G1) < 26(1), 1€ (0.7),

and

v Wl AR e 2
&0 < =600 (et + ) *

’ A A
;l%) + %M(t}G(t) + 3—1257(75)(;(75), te0,7),

O 3G + 3—1257(1?)@@)

< —y(t)G(t) +

by noting

i ) ||u/||2 ||Al/2UH2
_ (1 — D6 — D25> (1) [|w]]2P+2 B 57(1&)W

o2 AV
<—(1—=1/2)4(t) [ul[2PH2 57(t)W

. /> (A 2u?
< — mln{l/Q,(s}'Y(t) <||u|2p+2 + ||uH2p+2 ’

and § € (0,1/2). Hence,

G'(t) < —iév(t)é(t) + o

= ) tel0,T).

Step 6. Estimate G .
Integrating (4.17) and setting

we deduce that

19

(4.16)

(4.17)
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By (H3)(3), we have

Y2 (t) -
Then
Gt < Gy~ + 2L LIBEOL o, 1y
From

it follows that

Therefore, noting H(t) > 1 for t € [0,T), we derive

G(t) < G(0) + % te0,7). (4.18)
Step 7. Obtain (4.7).
Using (4.8), we have
O] =200, )] < 236 - Ll < 2 (o) F ve o1

So we obtain

2
P

lu(t)]* = (2pﬁ/017(8)_1d8+ IIUOII_p) , te[0,T).

Thus, we see that u(T") # 0.
Letting ¢ — T~ in (4.18) and using (H3)(3), we get

. . 2772 2
G(T) < (Clg.cga(o) + 15255’;0(% ) < (;% '

| 128C3M
3292(T)

So

G(T) < 2G(T) <

1 2 2
(2R§c§.0(0)+ 2800 M ) < 7271

72(T) 62 A1)

Therefore, (4.7) is satisfied.
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Consequently, for any (ug,u1) € S (given by (4.13) and (4.16)) and any T > 0, we have

21
w(T)#0 and G(T)< ,
(1) # 1)< s
provided u(t) is a strong solution, and
2
ut) £0 and G(t) < 727(15)’ for all ¢ € [0, 7). (4.19)

This implies that
sup{T > 0: (4.19) holds} = +o0,

due to the continuity of G and the fact that (4.19) is indeed satisfied for some T' > 0, as can be seen from the
estimate

72(0)G(0) < R2G(0) < ~1/2.

Therefore, we obtain

for all t > 0.

Accordingly,

for strong solutions (and so for mild solution as well). Hence,

1
t %
Jutoll = (20w [ 27 eds + ool ) foralte > 0.
0
This combined with (3.1) gives (2.4). Thus, we complete the proof.

5. APPLICATIONS

In this section, Q C R™ is a bounded domain with smooth boundary 0f2, v is the unit outward normal on
99, and () is a decreasing function on R* satisfying (1.2) with a; = as = a.

Example 5.1. We consider the following nonautonomous wave equation with the Neumann boundary condition:

p/2
uge(t, ) — Ault, ) + y(t)ue(t, ) + (/Q |u(t, x)|2da:> u(t,z) =0, in [0,400) x €,
u(0,2) = uo(z), u(0,2) = ui(x), z€Q, (5.1)

Au(t, x)
ov

=0, on JdN x (0,00),

where p > 1.
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Take H = L?(f2), and define operator A by
Av(z) = —Av(z), z€Q ae.
with

veDA) = {u € H*(Q); ? =0on BQ}.

v

It is known that A is a self-adjoint nonnegative operator on H, H; := D(A'Y/?) = H*(Q), and (H3)(1) holds.
Moreover, we set

p/2
f(v)(w)=(/Q |v<w>|2dx) o(@) = [u|Po(@), e H.
Then
1F@)] = o™+, Vo€ Hy,

and so (H3)(2) is satisfied. Besides (H1)(ii) and (H2)(1)-(2) are also satisfied (¢f. [28], Exam. 4.2 for details).
Therefore, applying Theorems 2.2 and 2.3 (seeing also Rem. 2.4 (1)), we obtain the following conclusions
regarding the mild solution u(t) and the energy

p+2
2

Bu(t) = %/ﬂ(w +|Vu)dz + Iﬁ (/Q |u(t,x)|2d:z:>

of the problem (5.1).

(i) For some positive function My on Ry that are bounded on bounded sets,
E(t), [[u(t)|[P*? < My(E(0)) (14”02 -y > o

(ii) there exists a nonempty open set S C Hy x H such that for some positive function ¢y depending on ||ug|l,
| AY2uo|| and [|us ||,

E(t), Hu(t)||p+2 > o (14 t)—(1+a)(p+2)/p) V>0,

whenever (ug,u1) € S,

Example 5.2. Consider the Dirichlet problem for a nonautonomous wave equation
upe (B, ) — Au(t, ) — Mult, ) + y(E)ue + |u(t, 2)|Pu(t, ) = 0,
in [0, +00) x Q,

w(0,2) = up(z), w(0,2) =ui(x), =€, (5.2)

u(t,z) =0, on IN x (0,00),
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where ) is the first eigenvalue of the negative Dirichlet-Laplacian on 2, p > 0 and
p<2/(n—2) ifn>2. (5.3)
Take H = L?(f2), and define operator A by
Av(z) = —Av(z) — Mv(z), x€Q ae.

). Then we know that A is self-adjoint and nonnegative, (H3)(1) is satisfied,

with v € D(A (Q)ﬂH(
2(9). Set

)=H
and H, := D(AY?) = H,

f)(@) = |v(@)[Pv(z), v e H.
Using (5.3) gives

1 1
1F @)l = ol 2 < eallollyi?, Yo € Hy,

with a constant c; > 0. So (H3)(2) holds. Moreover, (H1)(ii) and (H2)(1)-(2) hold too (cf. [18, the proof of
Thm. 4.1] for details). Accordingly, Theorems 2.2 and 2.3 are applicable to problem (5.2), and so for the mild
solution u(t) and the energy

1
Bu(t) = 5 /Q(\UtP + Va2 = Mul? )dx+ — </ lu(t, = |p+2dx>

of the problem (5.2), we have the same conclusions as in Example 5.1.
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