ESAIM: COCV 27 (2021) 42 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv /2021043 WWW.esaim-cocv.org

MINIMAL TIME CONTROL OF EXACT SYNCHRONIZATION FOR
PARABOLIC SYSTEMS*>**

L1JUAN WANG! AND QISHU YAN?%***

Abstract. This paper studies a kind of minimal time control problems related to the exact synchro-
nization for a controlled linear system of parabolic equations. Each problem depends on two parameters:
the bound of controls and the initial state. The purpose of such a problem is to find a control (from a
constraint set) synchronizing components of the corresponding solution vector for the controlled system
in the shortest time. In this paper, we build up a necessary and sufficient condition for the optimal
time and the optimal control; we also obtain how the existence of optimal controls depends on the
above mentioned two parameters.
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1. INTRODUCTION
1.1. Synchronization and control

Synchronization is a widespread natural phenomenon. For instance, thousands of fireflies may twinkle at
the same time; field crickets give out a unanimous cry; audiences in the theater can applaud with a rhythmic
beat; and pacemaker cells of the heart function simultaneously (see [16, 17, 20] and the references therein). The
phenomenon of synchronization was first observed by Huygens in 1665 (see [10]). The theoretical studies on
synchronization phenomena from mathematical perspective were started by Wiener in the 1950s (see [36]). The
previous studies focused on systems described by ODEs such as

dX; N
i = f(Xit) +)_AyXj, i=1...,N,
j=1
where X;(i = 1,...,N) are n-dimensional state vectors, 4;;(1 < 4,j < N) are n x n coupling matrices, and

f(X,t) is an n-dimensional function independent of ¢. If for any given initial data X;(0) = XZ-(O)(I <i<N),
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2 L. WANG AND Q. YAN
the solution (X7, ..., Xy) to the system satisfies
X;(t) - X;(t) >0 (1<i,j <N) as t — 400,

then we say that the system possesses the synchronization (see [14, 20, 37] and the references therein ).

Mathematically, the exact synchronization for a controlled system is to ask for a control so that the difference
of any two components of the corresponding solution to the system (with an initial state) takes value zero at
a fixed time and remains the value zero after the aforementioned fixed time. The exact synchronization in the
PDEs case was first studied for a coupled system of wave equations both for the higher-dimensional case in
the framework of weak solutions in [15, 16, 19], and for the one-dimensional case in the framework of classical
solutions in [11, 17]. Recently, Pontryagin’s maximum principle of optimal control problems for the exact
synchronization of parabolic systems was studied in [34].

Minimal time control for the exact synchronization of controlled systems is another interesting topic. It is
to ask for a control from a constraint set so that the difference of any two components of the corresponding
solution to the system (with an initial state) takes value zero in the shortest time and remains the value zero after
the aforementioned shortest time. It is a kind of time optimal control problem. To the best of our knowledge,
such problem has not been touched upon. This paper studies a minimal time control problem for the exact
synchronization of some parabolic systems.

1.2. Formulation of the problem

This subsection formulates the problem studied in this paper. We begin with introducing the controlled
system. Let QO C R? (with d > 1) be a bounded domain with a C? boundary 9. Let w C € be an open and

R™ ™ be two constant matrices, where n > 2 and m > 1. Let yg € Lz(Q)”. Consider the controlled linear
parabolic system:

Yy — Ay + Ay = xoBu in  Q x(0,+00),
y=0 on 09 x (0,400), (1.1)
y(0) = yo in €
where u € L?(0, +00; L?(Q)™) is a control. Write
y(t;yo, u) = (Y1(t; Yo, w), y2(t Yo, w), - . ., Yn(t;yo, w)) T
for the solution of the system (1.1). (Here and throughout this paper, we denote the transposition of a
matrix J by J'.) It is well known that for each T' > 0, y(-;yo,u) € WH2(0,T; H~1(Q)™) N L(0, T; H} (Q)") C
C([0,T); L?(Q)™). We will treat this solution as a function from [0, +00) to L?(2)™.
We next define control constraint set Uys (with M > 0) and the target set S as follows:

Un = {u € L*(0,+00; L*(0)™) = |lullL2(0,400;22(0)m) < M}

SE{(y1,y2, - yn) ELXQ)" iy =y2 =" =yn}.

Given M > 0, yo € L*(2)", we define the minimal time control problem (T'P)%:
T(M,yo) = infueyy, {T >0 : u(-) =0 and y(-;yo,u) € S over [T, +00)}.

About Problem (T'P)Y), several notes are given in order:
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(a1) We call T(M, yo) the optimal time; we call u € Uy; an admissible control if there is T > 0 so that u(-) =0
and y(-;yo,u) € S over [T,+00); we call u* € Uy, an optimal control if T(M,yp) < +oo,u*(-) =0
and y(-;yo,u*) € S over [T(M,yo), +00); we agree that T'(M,yo) = +oc if the problem (T'P)%} has no
admissible control.

(a2) One can easily check that if y = (y1,v2,...,yn) € L2()", then y € S if and only if Dy = 0, where and
throughout this paper,

1 -1 0 0
o 1 -1 .- 0

D= oo, : ’ (1.2)
o o - 1 -1

(n—1)xn

(a3) Differing from a general minimal time control problem, our problem here is to ask for a control (from the
constraint set) not only driving the corresponding solution to the target S at the shortest time, but also
remaining the solution in S after the shortest time with the null control. This arises from the characteristic
of the exact synchronization. When the target is an equilibrium solution of the system with the null control,
this can be done by taking the null control after the shortest time. However, the elements in .S may not
be equilibrium solutions. Thus, we need some reasonable assumptions to fit it.

(asg) Two concepts related to this problem are the null controllability (see [9]) and the exact synchronization
(see [15]). Let us recall them: First, the system (1.1) is said to be null controllable at time T', if for any yo €
L2(Q)", there exists a control u € L?(0, +00; L2(2)™), with u = 0 over (T, +00), so that y(T; yo,u) = 0.
Second, the system (1.1) is said to be exactly synchronizable at time T, if for any yo € L?(2)", there
exists a control w € L?(0, +-00; L2(0)™), with u = 0 over (T, +00), so that

y1(t; Yo, w) = y2(t; yo,u) = -+ - = yn(t;yo, u) forall t>T.

Mathematically, the exact synchronization is weaker than the null controllability. Here, we would like to
mention the following references on controllability for infinite dimensional systems: [6, 22, 25, 27-29]. For
synchronization of infinite dimensional systems, we would like to mention [5, 7, 38].

1.3. Aim, motivation and hypotheses

Aim First, we will answer the question: Given (yo, M) € L?(2)" x (0, +0oc), does the problem (T'P)¥9 have an
optimal control? Second, we are going to characterize the optimal time and the optimal control to the problem
(TP

Motivation As we have explained before, the minimal time control problem for the exact synchronization of
controlled systems is an interesting topic and has not been touched upon. In the problem (T'P)%7, the optimal
time and the optimal control are two of the most important quantities. It is not an easy job to characterize them.
In most papers concerning time optimal control problems, people can only provide a necessary condition for the
optimal control, i.e., Pontryagin’s maximum principle (see, for instance, [3, 12, 21]). In [13, 26, 33], by estab-
lishing connections between minimal time and minimal norm control problems, the authors gave characteristics
for the optimal time and the optimal control for a minimal time control problem, where the controlled system
is the heat equation. The idea of this paper utilizes the approach from [13, 26, 33]. However, there are three
main differences between the above three works and our paper as follows: (i) In [13], the target set is a closed
ball with center at the origin (in the state space) which is an equilibrium solution of the heat equation. In [26],
the target set can be extended to an arbitrarily fixed bounded, closed and convex set with a nonempty interior
(in the state space). Since both of the target sets in [13, 26] have nonempty interior, the auxiliary functionals
in [13, 26] are not applicable to the cases in our paper. We need to try different auxiliary functionals (see (2.4)
and (2.7)). The auxiliary functionals play a very important role in the studies. More precisely, they can help us
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to construct minimal norm controls (see Thm. 4.1). (ii) In [33], the target set is the origin (in the state space)
which is an equilibrium solution of the heat equation. In our paper, although the synchronized target set differs
from the target set in [33], we can equivalently transform this to another control problem (see Sect. 3.2) in which
the target set is exactly the origin. However, the auxiliary functionals in [33] and our paper are totally different.
We have tried the auxiliary functional in [33]. Unfortunately, we do not succeed. (iii) In [33] and our paper,
the techniques for the study of the connections between minimal time and minimal norm control problems are
different. In [33], the analysis builds on the study of the optimal time as a function of control bound, while we
start by studying minimal norm control problems. These motivate us to do this research.

Hypotheses Our main theorems are based on one of the following two hypotheses.

(Hi)

(H2)

The pair (A, B) satisfies that

n n
> ai = aj forall ije{1,2,...,n}
{=1 {=1

and that
rank(DB, DAB, ..., DA" ?B) =n — 1.

(Recall that D is given by (1.2).)

The pair (A, B) satisfies that
Zaiog #+ Zajﬂg for some ig,jo € {1,2,...,n};
=1 =1

and that

rank(B, AB,..., A" 'B) = n.

Several remarks on these hypotheses are given in order.

(b1)
(b2)
(b3)

One can easily see that (Hy) differs from (Hs).

We call (1.3) (or (1.5)) the row condition; and call (1.4) (or (1.6)) the rank condition.

(1.3) is equivalent to that (see [18, 20]) there exists a unique matrix A € R(™=1*("=1) g0 that
DA = AD.

There is a pair (A, B) satisfying (H;). For example,

(i &) o-(2)

There is a pair (A, B) satisfying (Hs). For example,

()2

(1.3)

(1.5)

(1.7)

We will prove in this paper that the system (1.1) is exactly synchronizable at time T if and only if (A, B)
satisfies either (H;) or (Hs) (see (ii) of Rem. 3.2). Hence, our main theorems are based on (H;) and (Hy).



MINIMAL TIME CONTROL OF EXACT SYNCHRONIZATION FOR PARABOLIC SYSTEMS 5

In [34], we showed that the system (1.1) is exactly synchronizable at each time T if and only if either the
following (ﬁl) or (Hy) is true:

(Hy) The pair (A, B) satisfies (1.6).

(H,) The pair (A, B) does not satisfy (1.6), but satisfies (1.4) and (1.3).

The difference between [34] and this paper is as follows: In [34], the research is carried out from the
perspective of rank condition: rank(B, AB, ..., A" !B) = n or rank(B, AB, ..., A" 1 B) # n, while in this
paper, it is carried out from the perspective of the row condition: (1.3) or (1.5). It deserves mentioning
that necessary and sufficient conditions on the synchronization were obtained for controlled systems of
wave equations in [15].

1.4. Plan of the paper

In Section 2, we present the main results of this paper. In Section 3, we give some preliminaries which contain
the exact synchronization for the controlled system of heat equations and transformations for the minimal time
control problem. In Section 4, we present some properties on a minimal norm control problem. In the final section,
we prove the main results of this paper. Throughout this paper, C(-) denotes a generic positive constant, which
depends on what are enclosed in the bracket.

2. MAIN RESULTS

Our main results will be given by two theorems. To state them, we need to introduce one kind of minimal
norm control problem and two kinds of functionals under either (Hy) or (Ha).

2.1. Minimal norm control problem

Given T' > 0 and yo € L?(2)", define the minimal norm control problem (NP)¥ in the following manner:
N(T, yo) £ inf{HvHL2(0,+OC;L2(Q)m) :v(-) =0 and y(;yo,v) € S over [T,+00)}.

Several notes on the problem (NP)¥ are given in order.

(c1) We call N(T,yo) the minimal norm; we call v € L?(0, +o00; L?(2)™) an admissible control if v(-) = 0 and
y(+;Yo,v) € S over [T, +00); we call a function v* an optimal control if it is admissible and satisfies that
lv*[| 22(0,400;22(0)m) = N (T, yo)-

(c2) Given yo € L?(Q)", we can treat N(-,yo) as a function of the time variable. We will prove that if either
(Hy) or (Ha) holds, then for each yo € L?(Q)", limg 4 N(T,yo) exists (see Prop. 4.7). Thus, under
either (Hy) or (Haz), we can let

M(yo) = Tl_i)r_r:OO N(T,yo) for each yo € L*(Q)". (2.1)

(c3) If either (Hp) or (Hs) holds, then for any 7 > 0 and yo € L*(Q)", the problem (NP)¥° has a unique
optimal control (see Thm. 4.1).

2.2. Two auxiliary functionals

The first functional is built up (under the assumption (1)) in the following manner: Recall the note (bs) for
the matrix A. Let T > 0 and let yo € L?(Q)". Write 4 (-; T, ), with @ € L?(Q)"~1, for the solution to the
system:

,(pt + Ard; — gTw =0 in QX (OaT)v (2 2)
b =0 on 90 x (0,7), .
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with the initial condition 1 (T") = 4. Construct two subspaces:

X1t 2 (B D (; T,pr) : pr € LA™} and Yy 2 Xpp | E20ms2em) (2.3)

We can characterize elements in the space Yp; (see (i) of Lem. 4.4). In fact, each element in
Yr1 can be expressed as x,B'DT, where ¢ € C([0,7); L3(Q)"!) solves (2.2) and satisfies that
XwB DT (") = lim; 400 Xo BT D 9 (+; T, 2;) for some sequence {z;};>1 C L2()" "1, where the limit is taken
in L*(0,T; L*(w)™). Define the first functional J¥, : Y71 — R by

1 T
T 0BTDTH) £ 5 [ BT DTl eyt + ($(0). Dy e (24)
0

for each x,B' DT € Yr .
The second functional is defined (under the assumption (Hsz)) in the following manner: Let 7" > 0 and let
Yo € L2(Q)". Write (; T, 1), with ¢ € L*(Q)", for the solution to the system:

pr+Ap—ATp=0 in Qx(0,7), (2.5)
=0 on 00 x (0,7), ’
with the initial condition ¢(T') = ¢r. Build up two subspaces:
X1 2 {xuBTo(: T, or) - or € LA™} and Vi £ Xpp w20 mm2em, (2.6)

We can also characterize elements in the space Yro (see (ii) of Lem. 4.4). Indeed, each element in Yp o
can be expressed as x,B'¢, where ¢ € C([0,T); L3(Q)") solves (2.5) and satisfies that y,B' ¢(-) =
lim; 400 XwB (T, 2;) for some sequence {z;};>1 C L?(2)", where the limit is taken in L2(0,T; L%(w)™).
Define the second functional J#%, : Y2 — R by

1 T
5 BTl + (200) 9002 (27)

J7%(xwB ) £
for each x,B ¢ € Yro.
Three notes on these two functionals are given in order.

(d1) The functional J¥° has the following properties: First, it is well defined on Yr; (see (i) of Cor. 4.5);
Second, it has a unique nontrivial minimizer in Yr1 when yo € S (see (i) of Lem. 4.6).

(d2) The functional J2% has the following properties: First, it is well defined on Yr2 (see (i) of Cor. 4.5);
Second, it has a unique nontrivial minimizer in Y7o when yo # 0 (see (ii) of Lem. 4.6).

(d3) The construction of these two functionals is inspired by [31].

Recall (2.1), (1.2), (2.3), (2.4), (2.6), (2.7), and notes (d;) and (dz2). The main theorems of this paper are as
follows:

Theorem 2.1. Suppose that (Hy) holds. Let yo € L*()"™ and let M > 0. The following conclusions are true:

(i) If yo € S, then (T'P)%) has the unique optimal control O (while 0 is the optimal time); If yo & S and
M < M(yo), then (TP)Y) has no optimal control; If yo € S and M > M (yo), then (T'P)¥} has a unique
nontrivial optimal control.



MINIMAL TIME CONTROL OF EXACT SYNCHRONIZATION FOR PARABOLIC SYSTEMS 7

i1) Ifyo € S and M > M(yg), then T* and u* are the optimal time and the optimal control to (T P)%$ if and
M
only if

1
2

N
M= ([ BT @ ) (2.8)
and

u*(t)ﬁ{ XoBTD (1), te (0,T%),

0. > T (2.9)

where x, BT DTap*, with * € C([0,T*); L2(Q)"~1) solving (2.2), is the unique minimizer of JE | over
YT*,l'

Theorem 2.2. Suppose that (Hz) holds. Let yo € L*()"™ and let M > 0. The following conclusions are true:

(i) If yo = 0, then (T'P)Y) has the unique optimal control O (while 0 is the optimal time); If yo # 0 and
M < M(yo), then (T'P)%) has no optimal control; If yo # 0 and M > M(yo), then (T'P)%} has a unique
nontrivial optimal control.

(1) Ifyo # 0 and M > M(yo), then T* and u* are the optimal time and the optimal control to (TP)%} if and
only if

T 1
M= ([ BT Ol et
0
and

* Ay XOJBTSD*(t)? te (07T*)a

where xoB T @*, with p* € C([0,T*); L*(Q)") solving (2.5), is the unique minimizer of J¥° , over Yps o.
Several notes on Theorems 2.1 and 2.2 are given in order.

Remark 2.3. (a) The conclusion (i) in Theorem 2.1 (or Thm. 2.2) shows how the existence of optimal
controls to (TP)Y9 depends on (M, yg) € (0,+0c) x L*(Q)™. In [32], the authors studied how the bang-
bang property of a minimal time control problem depends on the pair (M, yo). The target set in [32] is an
equilibrium solution of the system with the null control, while in our paper, the target set S may contain
non-equilibrium solutions of the system with the null control.

(b) The conclusion (iz) in Theorem 2.1 (or Thm. 2.2) gives characteristics of the optimal time and the optimal
control via the minimizer of a given functional, under the assumption (Hi) (or (Hz)).

(¢) By (ii) in Theorem 2.1 (or Thm. 2.2), we can use the similar way to that used in [30] (see also [23]) to get
an algorithm for the optimal time and the optimal control.

(d) Theorems 2.1 and 2.2 can be extended to the boundary control case. For example, we consider the
controlled linear parabolic system:

Yt — Yoz + Ay =0 in  (0,7) x (0,400),
’y(O, ) = B'U, y(ﬂ'a ) =0 on (07 +OO)7 (210)
y(ao) =7%Yo in (O,’/T),
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where yo € H=1(0,7)" and v € L?(0,+00)™ is a control. For each T > 0, the system (2.10) has a unique
solution (defined by transposition, see [2]) y(+;yo,v) € C([0,T]; H=*(0,m)"). By Theorem 1.1 and Propo-
sition 2.4 in [2], we can employ the similar method to that used in our paper to obtain similar results as
Theorems 2.1 and 2.2.

3. PRELIMINARIES
3.1. Exact synchronization

The main result of this subsection is the next theorem.

Theorem 3.1. Let T > 0. The following statements are true:
(1) If the system (1.1) is exactly synchronizable at T, then either (Hy) or (Hz) holds.
(#4) If either (Hy) or (1.6) in (Hz) holds, then the system (1.1) is exactly synchronizable at T.

Remark 3.2. (i) Theorem 3.1 implies that the system (1.1) is exactly synchronizable at each time T if and only
if either (Hy) or (1.6) in (Hz) is true. (ii) Theorem 3.1 also implies that the system (1.1) is exactly synchronizable
at each time 7' if and only if either (Hy) or (Hz) is true.

The proof of Theorem 3.1 needs the next null controllability result quoted from [1].
Lemma 3.3. Let T > 0, O € R¥** and L € R**!, where k, | > 1. Then the system
wy — Aw + Ow = x,Lu in 2 x(0,+00),

w=0 on 99 x (0,+00),
w(0) € L2(Q)k

s null controllable at T if and only if
rank(L,OL,..., O 'L) = k.
The proof of Theorem 3.1 also needs another lemma. To state it, we introduce the following controlled system:

2z — Az + Az = x,DBu in Qx (0,+00),
z=0 on 90 x (0,400), (3.1)
z(0) = 2z in Q

)

where u € L?(0, +00; L?(Q)™) and 2o € L?(2)" L. We write z(-; 29, u) for the solution of (3.1).
Lemma 3.4. Let T > 0 and let yo € L*(Q)™. The following two conclusions are true:

(i) Assume that (1.3) holds, i.e., >, aiw = Y.p_yaj for all i,j € {1,2,...,n}. Then Dy(t;yo,u) =
z(t; Dyg,u) for allt > 0 and u € L?(0,+o00; L2(2)™).

(i) Assume that (1.5) holds, i.e., Y ,_y Gige # > p_q Qjor for some ig, jo € {1,2,...,n}. If there exists a con-
trol w € L?(0,+o00; L?(Q)™) with u(t) = 0 for a.e. t > T so that Dy(t;yo,u) = 0 for all t > T, then
y(t;yo,u) =0 for allt > T.

Proof. (i) The desired result follows from (1.7), (1.1) and (3.1) directly.
(ii) Because Dy(t;yo,u) =0 for all t > T, i.e.,

y1(t; Yo, uw) = y2(t;yo, u) = -+ = Yn(t;yo, u) forall t > T, (3.2)
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it follows by (1.1) that
Z(aiof — @joe)Yio (6 Yo, u) =0 for all ¢ > T.
=1

Since >y, (aioe — ajoe) # 0, the above, along with (3.2), yields the desired result.
Hence, we finish the proof of Lemma 3.4. O

Remark 3.5. When (H;) holds and rank(B, AB, ..., A" 1B) = n — 1, we can determine the state of synchro-
nization, which depends only on the initial data. Indeed, in this case, there exists & € R™ (see [19] and the proof
of Thm. 2.6 in [35]) so that

(€ 1)gn =1, AT¢=ag and B¢ =0, (3.3)

where

12(1,1,...,1)" €R” and a2 ay =Y aj forall i,j€{1,2,...,n}.
=1 /=1

On one hand, according to (i) of Theorem 3.1, for each yo € L?(2)™ and T > 0, there exists a control u €
L2(0,400; L2(2)™) so that

p(t) 2 y1(t; Yo, u) = y2(t;yo, u) = -+ = yn(t;yo,u) for each t > T. (3.4)
Let o (t) £ (€, y(t; Yo, u))rn for each t > 0. Noting that BT¢ = 0 and AT¢ = a€, we can directly check that

P —AYp+ap=0 in Qx(0,400),
=0 on 0N x (0,+00), (3.5)
¥(0) = (& yo)rn  In L
Hence,
Y(t) = ePVHE yo)rn for each t > 0. (3.6)
On the other hand, it follows from (3.5), (1.1), (3.4) and the first equality of (3.3) that
¥(t) = o(t) for each t > T.

This, along with (3.4) and (3.6), implies that the state of synchronization is

p(t) 2 e(A_“)t<§,y0>Rn,1 for each t > T.

Proof of Theorem 3.1. Arbitrarily fix T > 0. We first show (7). Assume that (1.1) is exactly synchronizable at
T.nAbout {aij}észl, there are olnlyl two possibilities: either Y, ; a;x = >, ajo for all 4,5 € {1,2,...,n} or
Y oveq Gigt F Y p_q Qjoe for some ig,jo € {1,2,...,n}.

In the case that the first possibility occurs, we arbitrarily fix zo € L?(2)"~!. Noting that D is a surjection
from R™ to R"~!, we have that zg = Dyp for some g € L?(2)™. Since (1.1) is exactly synchronizable at T,
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there exists a control @ € L%(0, +-00; L#(2)™) with #(t) = 0 a.e. t > T so that
Dy(t;yo,u) =0 for all ¢ > T. (3.7

From (i) of Lemma 3.4 and (3.7) it follows that (3.1) is null controllable at T. This, together with Lemma 3.3
(where L =DB,0 = A,k =n—1 and [ = m), implies that

rank(DB, ADB, ..., A" 2DB) =n — 1,
which, combined with (1.7), indicates that
rank(DB, DAB, ..., DA" ?B) =n — 1.

Hence, (Hy) is true.

We now consider the case that the second possibility occurs. Since the system (1.1) is exactly synchronizable
at T', we see that for each yg € L*(Q)", there exists u € L?(0, +-00; L?(2)™) with w(t) = 0 for a.e. t > T so that
Dy(t;yo,u) = 0 for all t > T'. Then we can apply (ii) of Lemma 3.4 to this case to obtain that y(¢; yo, @) = 0 for
allt > T, i.e., the system (1.1) is null controllable at T'. This, along with Lemma 3.3 (where L = B,O = A,k =n
and [ = m), implies that

rank(B, AB,..., A" 'B) = n.
Thus, (Hs) is true. This ends the proof of the conclusion (i).
We next show the conclusion (ii) by the following two steps.

In Step 1, we consider the case that (Hj) is true. By the note (b3) in Section 1, we can find a unique matrix
A € R(=Dx(=1) holding (1.7). This, along with (1.4), indicates that

rank(DB, ADB, ..., A" 2DB) = rank(DB, DAB, ..., DA" ?B) =n — 1. (3.8)

By (3.8), we can apply Lemma 3.3 (where L = DB, O = A k=n—1and = m) to see that the system
(3.1) is null controllable at T. Thus, for zo = Dy, with yo € L?(Q)" arbitrarily fixed, there exists a control
ug € L%(0, +00; L2(Q)™), with ug(t) = 0 for a.e. t > T, so that

z(t; Dyg,ug) =0 for all ¢t > T, (3.9)

where z(+; Dyg, up) is the solution of (3.1) with zy = Dy and u = ug. Because (1.3) is a part of (H;), we can
use (i) of Lemma 3.4, as well as (3.9), to obtain that

Dy(t;yo,up) =0 for all ¢t > T,

from which, we see that the system (1.1) is exactly synchronizable at T

In Step 2, we consider the case that (1.6) in (Hs) is true. In this case, we can use Lemma 3.3 (where O = A,
L =B, k=mnand ! =m) to find that the system (1.1) is null controllable at 7. Consequently, it is exactly
synchronizable at T

In summary, we finish the proof of Theorem 3.1. [
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3.2. Transformations of problems

The hypothesis (H;) contains two parts: the row condition (1.3) and the rank condition (1.4), while the
hypothesis (Hz) also contains two parts: the row condition (1.5) and the rank condition (1.6). Each row condition
can help us to transform the problem (7'P)¥j into a minimal time control problem where the target is the origin
of the state space. The same can be said about (NP)¥°. More precisely, we have the next discussions.

Under the row condition (1.3) in (H;), we consider the following two problems:

(If"\f’)ﬁ f(M, yo) 2 infuey,, {T>0: 2(T;Dyg,u) =0 and u(-) = 0 over [T,+c0)},
and
(]’\773)%0 ]TT(T7 yo) = inf{[|v]| 12(0,400:22(0)m) : 2(T; Dyo,v) =0 and v(-) = 0 over [T, 400)}.

About Problem (ﬁ)ﬁ@, we call T(M,yo) the optimal time; we call u € Uy an admissible control if
there is T' > 0 so that z(T; Dyg,u) = 0 and u(-) = 0 over [T,+00); we call u* € Uy an optimal control if
T(M,y0) < +00, 2(T(M,yo); Dyo,u*) = 0 and w*(-) = 0 over [T(M, y,), +00); we agree that T(M, yo) = +oo
if the problem (ﬁ)ﬁj has no admissible control.

About Problem (]/V\I/D)%D, we call v € L%(0,+00; L2(2)™) an admissible control if z(T; Dyo,v) = 0 and
v(-) = 0 over [T, +00); we call N(T,yo) the minimal norm; we call a function v* an optimal control if it is
admissible and satisfies that |[v*||12(0,400:22(0)m) = N(T, yo).

Then we have the next theorem.

Theorem 3.6. Suppose that the row condition (1.3) in (Hy) holds. Let M > 0,T > 0 and yo € L*(Q)". Then
the following conclusions are true:

(i) Problems (TP)%) and (ﬁ)ﬁ have the same optimal time, the same admissible controls and the same
optimal controls. -

(it) Problems (NP)¥" and (NP)¥’ have the same minimal norm, the same admissible controls and the same
optimal controls.

Proof. By the definition of S and (1.2), one can easily check that y € S is equivalent to Dy = 0. Then by the
row condition (1.3) in (H;), we can apply (i) of Lemma 3.4 to obtain the desired conclusions. This completes
the proof. O

Under the row condition (1.5) in (Hz), we consider the following two problems:
(ﬁ)ﬁ T(M, Yo) = infuey, {T>0: y(T;y0,u) =0 and u(-) =0 over [T, +0c0)},
and
(J\//*T))g" N(T,yo) 2 inf{||v||z2(0,400;z2(2)m) : Y(T;y0,v) =0 and v(-) = 0 over [T, +00)}.

About Problem (1/“1\3)’]{;, we call T (M, yo) the optimal time; we call u € Uy, an admissible control if there is
T > 0 so that y(T;yo,u) = 0 and u(-) = 0 over [T, +00); we call u* € Up; an optimal control if T(M,yo) <
~¢—c>o,y(7Aﬁ(M7 Yo); Yo, w*) = 0 and u*(-) = 0 over [f(M, Yo), +00); we agree that f(M, Yo) = +oc if the problem
(TI\D)’J{; has no admissible control.

About Problem (ﬁ)’#, we call v € L?(0, +00; L?(Q)™) an admissible control if y(T'; yo,v) = 0 and v(-) = 0
over [T, +00); we call N (T,yo) the minimal norm; we call a function v* an optimal control if it is admissible

~

and satisfies that ||[v*||12(0,4-00;22(Q)m) = N(T', 9o).
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Then we have the next theorem.

Theorem 3.7. Suppose that the row condition (1.5) in (Ha) holds. Let M > 0,T > 0 and yo € L*(Q)". Then
the following conclusions are true:

(i) Problems (TP)Y) and (ﬁ)ﬁ have the same optimal time, the same admissible controls and the same
optimal controls. -

(it) Problems (NP)¥> and (NP)¥’ have the same minimal norm, the same admissible controls and the same
optimal controls.

Proof. By the row condition (1.5) in (Hz), we can apply (ii) of Lemma 3.4 to obtain the desired conclusions.
This completes the proof. O

From now on, we will transform studies on (TP)¥ (or (NP)¥°) into studies on the problem (TP)¥? (or the
problem (NP)¥), when (Hy) is assumed; we will transform studies on (T'P)¥? (or (NP)¥) into studies on the
problem (ﬁ)ﬁ (or the problem (ﬁ)’%"), when (Hs) is assumed.

Throughout the rest of the paper, in the proofs of all results related to (TP)Y} and (NP)¥’, we only deal with
the case where (Hy) is assumed. The case where (Hs) is assumed can be studied very similarly. The reasons are
as follows:

(91) Both (H;) and (Hs) are constituted by two parts: a row condition and a rank condition.

(92) The problems (TP)¥ and (NP)¥ have been transformed into the problems (TP)¥0 and (NP)¥, when
the row condition (1.3) in (H;) holds; the problems (ﬁ)f@ and (ZT]TD)%}O7 when the row condition (1.5) in
(HQ) holds.

(93) Throughout the rest of the paper, in the studies on problems (ﬁ)zﬁ and (ZfV\I/D)%O (or problems (ﬁ)’ﬁ

and (ﬁ)é,{”), the row condition (1.3) (or the row condition (1.5)) will not be used again.
(94) The rank condition (1.4) in (H;) and the rank condition (1.6) in (Hs) are the same essentially. This can
be explained in the following manner: First, based on (g2), the controlled system (3.1) (to the problems

(TP)¥ and (NP)¥*) is governed by the pair of matrices (A, DB) and is in the state space L2(Q)"!,
while the controlled system (1.1) (to the problems (ﬁ)ﬁ} and (]V]\D)%O) is governed by the pair of matrices
(A, B) and is in the state space L2(€)™. Second, since A satisfies (1.7) (see the note (bs) in Sect. 1), we
see that (1.4) is equivalent to the rank condition:

rank(DB,ADB, ..., A" ?2DB) =n — 1.

Hence, the rank condition (1.4) (in (H;)) for the system (3.1) is the same as the rank condition (1.6) (in
(H2)) for the system (1.1) essentially.

4. MINIMAL NORM CONTROL PROBLEM

This section studies properties on the minimal norm control problem (NP)¥.

4.1. Characteristic for minimal norm controls

The main purpose of this subsection is to prove the next theorem which gives the characteristic of minimal
norm controls.

Theorem 4.1. Let T > 0 and let yo € L?(Q)"™. The following conclusions are true:
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(i) Suppose that (Hy) holds. If yo € S, then O is the unique optimal control to the problem (NP)¥; Ifyo & S,
then the control, defined by

T T /%
wmé{yBdemiggﬂ’ (4.1)

is the unique optimal control to (NP)¥, where x, BT D T4p*, with ¢* € C([0,T); L*(Q)"~1) solving (2.2),
is the unique minimizer of J%f’l over Yp 1, moreover, v*(t) # 0 for a.e. t € (0,T).

(ii) Suppose that (Hs) holds. If yo = 0, then O is the unique optimal control to the problem (NP)¥°; If yo # 0,
then the control, defined by

* A XWBT(p*(t)7 te (07T)7
”@_{0, t>T,

is the unique optimal control to (NP)¥°, where x, BT ¢*, with ¢* € C([0,T); L>(Q)") solving (2.5), is the
unique minimizer of J3% over Yr ., moreover, v*(t) # 0 for a.e. t € (0,T).

To show Theorem 4.1, we need some preparations.

4.1.1. Observability estimates

Proposition 4.2. Let T > 0. The following conclusions are true:

(i) Suppose that (H1) holds. Then there exists a positive constant C(T) so that

T
19 (0T, 4p7) | 720yn-1 < O(T) /0 X B DT ap(t; T, 1) |72 (ym (4.2)

for all r € L*>(Q)"~L. Here, 1(-;T,v7) denotes the unique solution to (2.2) with the initial condition

%(T) =+r.
(i) Suppose that (Hz) holds. Then there exists a positive constant C(T') so that

T
(0T, o)l 72(0)n < C(T)/O Ixo BT (t; T, 1)1 20y dt

for all or € L*(Q)"™. Here, @(-;T,pr) denotes the unique solution to (2.5) with the initial condition
o(T) = er.

To prove it, we need the next observability estimate quoted from [1].

Lemma 4.3. Let O € R*>*F L ¢ RF¥! qnd T > 0, where k, | > 1. Assume that
rank(L,OL, ..., O 'L) = k.
Then any solution @(-) to the following system:
i +Ap—0Tp=0 in Qx(0,7T),

p=0 on 99 x (0,T),
o(T) € 12(0)"



14 L. WANG AND Q. YAN

satisfies the estimate

T
[ (O)]12 e < C(T) / XL T ()2 e,

where C(T) is a positive constant depending on T.

Proof of Proposition 4.2. We only need to prove the conclusion (i), because of the reasons given in the last
paragraph in Section 3.2. Suppose that (H;) holds. Then we have that (see (3.8))

rank(DB,ADB, ..., A" 2DB) =n — 1.
This, together with Lemma 4.3 (where O = A, L = DB,k =n — 1 and [ = m), implies (4.2). O

4.1.2. Properties of functionals
Recall (2.3) and (2.6). We have descriptions on Y71 and Yr 2 as follows.

Lemma 4.4. Let T > 0. The following conclusions are true:

(i) Suppose that (Hy) holds. Then
Yr1={xwB D" € L?(0,T; L*(w)™) : ¥ € C([0,T); L*(Q)"~ ') solves (2.2) and
XoB D 4p(5 T, 2;) = xoB' D 9(:) strongly in L*(0,T; L*(w)™) (4.3)

for some sequence {z;};>1 C LQ(Q)n_1}~

Moreover, there exists a positive constant C(T) so that

T
190172 (@yn—r < C(T)/O X BT D 4p|[72ymdt for all x,B' D4 € Yr,1. (4.4)

(ii) Suppose that (Hs) holds. Then
Yro={xwB o € L*0,T; L*(w)™) : ¢ € C([0,T); L>(Q)") solves (2.5) and
XoBTo( T, 2) = xwB () strongly in L*(0,T; L*(w)™)

for some sequence {z;}i>1 C L*(Q)"}.

Moreover, there exists a positive constant C(T) so that

T
H¢(O)||%2(Q)’n < C(T)/O ||XWBT§0||%2(w)mdt fO’f’ all XWBTQD S YT72.

The proof of Lemma 4.4 is similar to that of Lemma 2.1 in [31]. For the sake of completeness, we give its
detailed proof below.

Proof of Lemma 4.4. We only need to prove the conclusion (i), because of the reasons given in the last paragraph
in Section 3.2. Let & € Y7.1. According to (2.3), there exists a sequence {z;};>1 C L?(£2)"~! so that

XeB D (T, z;) — & strongly in L*(0,T; L*(w)™). (4.5)

Here ¢ (-; T, z;) denotes the unique solution to (2.2) with the initial condition ¥(T") = z;. From (4.5) it follows
that {xwB' DT (T, z;)}i>1 is bounded in L2(0,T; L*(w)™). Let {Ty}e>1 C (0,T) be such that T, 7 T.
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Arbitrarily fix £ > 1. By (4.2) in Proposition 4.2, we have that for all i > 1,

T
19(Teg1; T, 2:) |72 (yn-1 < C(T, Tul)/ X BT D 9p(t; T, 2) |72y mdt < C(0). (4.6)

Tot1

We arbitrarily take two subsequences {z1;};>1 and {z2;}i>1 from {z;};>1. Then, by (4.6) and by using the
standard L?-theory for parabolic system and Arzela-Ascoli theorem to {t(; T, z1,:) }i>1 and {9 (s T, 22.4) }i>1,
we can easily see that there are respectively two subsequences of {z;;};>1 and {z2;}i>1, still denoted by
themselves, so that

Y(T,21,:) = Yo and P(-; T, 22,;) = 2 strongly in C([0,T,]; L*(Q)" 1),

where ,.1(-) and vy 2(-) are solutions to (2.2) (where T is replaced by Ty). These, together with (4.5), imply
that

XwB Dy 1(t) = xo BT DTy o(t) = £(t) for a.e. t € (0,T)).
Hence, by (4.2) in Proposition 4.2, we get that
Po(t) £ Pe1(t) = e 2(t) for each ¢ € [0,Ty].
Then
(T, z;) — () strongly in C([0,T,]; L*(Q)" 1) (4.7
and
£(t) = xoBTDTy(t) for ae. t e (0,Ty). (4.8)
Since £ > 1 was arbitrarily taken, it follows from (4.7) that
Po(t) = Poqe (t) for each ¢ €[0,Ty] and ¢ > 1. (4.9)
We now define
P(t) £ py(t) for all t € [0,Ty]. (4.10)
Then, according to (4.8)—(4.10), v(-) is well defined, 9(-) € C([0,T); L?(Q)""!) solves (2.2) and &(t) =
XoBTDT(t) for a.e. t € (0,T). The rest is to show that the above 1) satisfies (4.4). To this end, we use
(4.5), (4.7) and (4.10) to find that
XoB D (T, z;) = xoB D () strongly in L?(0,T; L*(w)™) (4.11)
and

P (0;T, z;) — (0) strongly in L*(Q). (4.12)
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Meanwhile, we use (4.2) of Proposition 4.2 to obtain that

T
19(0; T, z0) 172 (yn—1 < C(T)/0 IXwB D (65T, 2)[|72 1y mdt.

Finally, by passing to the limit for ¢ — +o00 in the latter inequality, using (4.11) and (4.12), we obtain (4.4).
Thus, we finish the proof of Lemma 4.4. O

Recall (2.4) and (2.7). Based on Lemma 4.4, we have the following corollary.
Corollary 4.5. Let T > 0 and let yo € L*(2)". The following conclusions are true:

(i) Suppose that (Hy) holds. Then J3° is well defined.
(i) Suppose that (Hs) holds. Then J3°, is well defined.

Proof. We only show the conclusion (i). Let by,o € C([0,7); L2(Q)"~ 1) satisfy that x,B"D T,
XwB D"y € Yr 1 and x,B D 4p1 = x,B" D"ps. Then by (i) of Lemma 4.4, we see that 11(0) = 1)2(0) in
L?(Q)"~ L. Thus, we have that

T (xw BT D ") = J% (xo BT D 4p2).
Hence, J%?l is well defined. This completes the proof. O

The next lemma presents some properties of the functionals J%Ol and J?T’?Z.

Lemma 4.6. Let T > 0 and let yo € L*(Q)™. The following conclusions are true:

(i) Suppose that (Hy) holds. If yo € S, then J¥°, has the unique minimizer O in Yr1; If yo & S, then J¥
has a unique nontrivial minimizer (in YT,l).7 ,

(i) Suppose that (Hs) holds. If yo = 0, then J%fg has the unique minimizer 0 in Yro; If yo # 0, then J%?Q
has a unique nontrivial minimizer (in Yr2).

Proof. We only need to prove the conclusion (i), because of the reasons given in the last paragraph in Section 3.2.
First, we suppose that yo € S. Then by the definition of S and (1.2), we have that Dyy = 0. This, along
with (2.4) and (4.3), yields that 0 is the unique minimizer of J¥° in Y7r ;.
Next, we suppose that yo € S. Then by the definition of S and (1.2), we have that Dyy # 0. Since
L2(0,T; L*(w)™) is reflexive, Y71, as a closed subspace of L2(0,T;L*(w)™) (see (2.3)), is also reflexive.
Meanwhile, by (2.4) and (i) of Lemma 4.4, we see that

J%’Ol : Y71 — R is continuous, strictly convex and coercive in Y7 ;.

Hence, J?T’f’l : Y71 — R has a unique minimizer. By (4.3), this minimizer can be expressed by x,B' DT9* €
L2(0,T; L*(w)™) for some * € C([0,T); L*(Q2)"~ 1) solving (2.2).
To end the proof of this lemma, we now only need to prove that x,B' DT4*(-) # 0. By contradiction, we
suppose that x,B " DT4*(-) = 0. Then we would have that
J¥ (xoB DT (atp)) > 0 forall @ €R and x,B'D"¢p € Xr,1.
(Here we used the fact that X1 is a subspace of Yr 1, see (2.3).) From the latter and (2.4) it follows that

(¥(0), Dyo) r2(yn-1 = 0 for each x,B' D' € Xr. (4.13)
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Let z be the solution to the system:

z—Az4+Az=0 in Qx(0,7),
z= on 90 x (0,7), (4.14)
z(0) = Dyo in Q.

Then let 12 be the solution to the system:

P+ AYp—ATp=0 in Qx(0,7T),
P=0 on 09 x (0,T), (4.15)

P(T) = 2(T) in Q.

Since yo € L2()™, one can easily use (2.3) to obtain that y,B' D74 € X7. Multiplying (4.14) by %, then
integrating it over  x (0,7, and then using (4.15), we obtain that

I2(T)[Z2 @y = (1(0), Dyo) 12(yn-1- (4.16)

It follows from (4.16) and (4.13) that z(T") = 0. This, along with (4.14) and the backward uniqueness of parabolic
system (see, for instance, [4]), implies that Dyg = 0, which leads to a contradiction.

In summary, we finish the proof of Lemma 4.6. O

4.1.8. Proof of Theorem 4.1

We only need to prove the conclusion (i), because of the reasons given in the last paragraph in Section 3.2.

Notice that we have transformed the problem (NP)¥’ into the problem (J/\71/3)1T’° under the assumption (H;)
(see (ii) of Thm. 3.6).

First, we suppose that yo € S. Then we have that Dy = 0. Hence, 0 is the unique optimal control to the
problem (N P)¥. Consequently, 0 is the unique optimal control to (NP)¥°.

Next, we suppose that yo ¢ S. By (i) of Lemma 4.6 and (i) of Lemma 4.4 , we can let x,B' D"1* be the
unique minimizer of J%?l. Let v* be given by (4.1). The rest of the proof is organized by four steps.

Step 1. We show that v*(-) is admissible for (NP)¥°.
Since x, BT DT4* is the unique minimizer of J7, we have that for each A > 0 and XoB DT € Yr 1,

[J3°,(xoB D 9" + Ay BT DT p) — J¥, (xo BT D 4p*)] /A > 0.

Passing to the limit for A — 07 in the above, using (2.4), we obtain, after some simple calculations, that for
each XwBTDTl,ZJ €Yr,

T
/ (XwB D", X BT D" 4) 12(ymdt + (1(0), Dyo) 2(yn—1 = 0. (4.17)
0

Now we arbitrarily fix 1 € L?(Q)"~ L. Let (-; T, 1) be the solution to the system:

Y+ Ap—ATp=0 in Qx(0,7T),
P=0 on 99 x (0,T), (4.18)
P(T) =yr in Q.
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Let z(-; Dyp, v*) be the solution to the system:
21— Az + Az = x,DBv* in Qx (0,+00),
z=0 on 09 x (0,400),
z(0) = Dyo in Q.

Multiplying (4.18) by z(-; Dyg, v*), then integrating it over 2 x (0,7") and then using the second system, we
obtain that

(W7, 2(T; Dyo,v*)) L2y —1

T 4.19
= <¢(0;T,¢T)7Dyo>L2(Q)n—l+/0 (X" (1), X B D Y(t; T, 7)) 2(0ym dt. (4.19)

Now it follows from (4.1), (4.17) and (4.19) that
(Y, z(T; Dyo,’u*)>L2(gl)nfl =0 for all ¥ € L2(Q)n_1,

which indicates that z(T; Dyg, v*) = 0. Thus, v* is an admissible control to the problem (]V]—:’)go Equivalently,
it is an admissible control to (NP)¥’ (see (ii) of Thm. 3.6).

Step 2. We prove that v*(-) is an optimal control to (NP)¥°.
We arbitrarily take an admissible control v to (NP)¥. Then it is an admissible control to the problem

(]T]\IB)?%O (see (ii) of Thm. 3.6), which implies that
z(T; Dyp,v) = 0. (4.20)

We aim to show that

T T
| st < [ oyt (4.21)

When it is proved, we achieve the goal.
We now show (4.21). The fact that x, B DT4* € Yr 1, along with (2.3), yields that there exists a sequence
{XwBTDT'l/Jg}421 C Xr,1 C Y so that
XeBTD 4py = x,B"DT4p* strongly in L*(0,T; L*(w)™). (4.22)
This, along with (4.4) in Lemma 4.4, implies that
(0) — 1*(0) strongly in L?()" . (4.23)

For each ¢ > 1, according to (2.3) and (2.2), 1, is the unique solution to (4.18) where ¥ = 1p,(T) € L*(Q)" 1.
Hence, by (4.20), we can use the similar arguments to those used in the proof of (4.19) to obtain that

T
= (¥¢(0), Dyo) 2 ()n—1 =/ (XwVs XwB T D apg) p2(ymdt. (4.24)
0

Passing to the limit for £ — +o00 in (4.24), and using (4.22) and (4.23), we get that

T
— (*(0), Dyo) r2(qyn-1 :/ (X, X BT D ™) p2(ymdt. (4.25)
0
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On the other hand, by choosing x,B D" = x,B" DT4* in (4.17), we find that

T
/O X BT DT "2 (ymdt = —(1*(0), Dyo) L2 (ayn—1-

Finally, the above, combined with (4.25), indicates that

T T
/0 I BT DT 4" |2 it < / "

which, along with (4.1), leads to (4.21).

Step 3. We show that v*(-) is the unique optimal control to (NP)¥.
To this end, let ¥ be another optimal control to (NP)¥. According to Step 2 and (ii) of Theorem 3.6, v*

and ¥ are two optimal controls to (171/3)5{0 Then we have that

0" (| 2 (0, +00;22()m) = 10|l L2(0,+00;L2()m) = N(T,yo), (4.26)
v*(t) =v(t) =0 forae. t>T
and
z(T; Dyg,v*) = z(T; Dyp,v) = 0.
These imply that
[(v* +9)/2l| 220 40022 0)m) < N(Ty90), (v* +3)/2=0 for ae. t > T,
and
2(T; Dyo, (v* +v)/2) = 0.

Thus, (v* + v)/2 is also an optimal control to (ﬁﬁ)f}o Then

[(v* +0)/2[| £2(0,4+00;:22(2)m) = N (T, yo)-

This, together with (4.26) and parallelogram law, implies that v* = v.

Step 4. We prove that v*(t) # 0 for a.e. t € (0,T).

Since the operator A — AT, with its domain (H2(Q) N H} (Q))nfl7 generates an analytic semigroup on
L2(Q)"~1 (see, for instance, [24]), the desired result follows from (4.1), (i) of Lemma 4.6, (4.3) and (2.2).

In summary, we finish the proof of Theorem 4.1. U

4.2. Continuity and monotonicity of minimal norm function

Proposition 4.7. Let yo € L?(Q)". The following conclusions are true:
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(i) Suppose that (Hy) holds. If yo € S, then N(T,yo) =0 for each T > 0 and limr_, 100 N(T,y0) = M(yo) =
0; If yo € S, then the function N(-,yo) is strictly monotonically decreasing and right continuous over
(0, +00). Moreover, it holds that

lim N (T, yo) = M(yo) € [0, +00) (4.27)
T—+oo
and
lim N(T = . 4.28
A (T, y0) = +00 (4.28)

Here, M(yo) is given by (2.1).

(i) Suppose that (Hs) holds. If yo = 0, then N(T,yo) =0 for each T > 0 and limy_, oo N(T,yo) = M(yo) =
0; If yo # 0, then the function N(-,yo) is strictly monotonically decreasing and right continuous over
(0, +00). Moreover, it holds that

TEIEwN(T, Yo) = M(yo) € [0,400) and Thj& N(T,yo) = +oo0.

Here, M(yo) is given by (2.1).

Proof. We only need to prove the conclusion (i), because of the reasons given in the last paragraph in Section 3.2.
First, we suppose that yo € S. Then, by (i) of Theorem 4.1, we see that N(T,yo) = 0 for each T > 0.
Consequently, we have that limp_ . N(T,y0) = M(yo) = 0.
We next suppose that yo € S. The rest of the proof will be carried out by the following four steps.

Step 1. We show that N (-, yo) is strictly monotonically decreasing.
Let 0 < Ty < Ty < +0c. By (i) of Theorem 4.1, we can let v} be the unique optimal control to (NP)%.
According to (ii) of Theorem 3.6, v} is the optimal control to (Z,V\f’)gfl’ Then we have that

0Tl L2(0,400;2(2)m) = N(T1,90), vi(t) =0 fora.e. t € (T, +00) (4.29)
and
z(Ty; Dyo,vy) = 0. (4.30)
Since Ty > T}, by the second equality in (4.29) and (4.30), we observe that
vy (t) =0 for a.e. t € (T, +00) and z(T3; Dyo,v7) = 0.

These, along with the first equality in (4.29), imply that v} is an admissible control to (]’\;73)% and

N(Tz,90) < [[v1llL2(0, 400522 ()m) = N (11, Yo)- (4.31)

We now claim that N(TQ, Yo) < ]\Nf(Tl, Yo). By contradiction, suppose that it were not true. Then by (4.31), we
would have that N(Tl,yo) = N(TQ, yo). This, together with (4.29) and the fact that 75 > Ty, implies that v
is an optimal control to (J/V\P)gg and v (t) = 0 for a.e. t € (T1,T3). Using (ii) of Theorem 3.6, we see that v} is
an optimal control to (N P)¥’. However, by applying (i) of Theorem 4.1 to the problem (NP)%’, we find that
its optimal control v; has the property: vi(t) # 0 for a.e. t € (0,7T3). Thus, we get a contradiction. Hence, we
have that N(T%,yo) < N(T},yo), which along with (i) of Theorem 3.6, shows that N (T%,y0) < N(T1, o). So
the function N(-,yg) is strictly monotonically decreasing.
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Step 2. We prove that N(-,yg) is right continuous.
We arbitrarily fix a Ty € (0,400). Let {T;};>1 be a strictly monotonically decreasing sequence so that
T; — Tp. We aim to show that

lim N(T;,90) = N(To, yo). (4.32)
i——+00

On one hand, by Step 1, we have that
1im N(T;,90) < N(To, yo)- (4.33)
11— 400

On the other hand, by the conclusion (i) of Theorem 4.1, for each i > 1, (NP)¥’ has a unique optimal control
v}. According to (ii) of Theorem 3.6, each v} is the optimal control to the problem (]V]/?)g? Thus, we have that

||’v;<||L2(07+OO;L2(Q)m) = N(E,yo), ’Uik(t) =0 for ae. t> Tz (434)

and
z(T3; Dyo, v;) = 0. (4.35)
According to (4.33), (4.34), L?—theory for parabolic system and Arzela-Ascoli theorem, there exists a control

v € L2(0,400; L2(2)™) with vo(t) = O for a.e. t > T and a subsequence of {i};>1, still denoted in the same
way, so that

v — g weakly in L?(0, +00; L*(2)™), ||vo|l2(0, 4 00:22(@)m) < lim N(T3,yo), (4.36)
11— +00
and so that
2(+; Dyo,v}) — 2z(+; Dyg,vg) strongly in C([0,Ty]; L*(2)"™1). (4.37)

It follows from (4.35), (4.37) and the continuity of z(-; Dyg, vg) that

|2(To; Dyo, vo)ll 2 ()1 < [12(To; Dyo, vo) — 2(Ti; Dyo, vo) || 2 (o)n—
+[12(Ti; Dyo, vo) — 2(Ti; Dyo, v ) || 2 (yn-1 — 0.

This implies that z(Ty; Dyo,vo) = 0, i.e., vo(-) is an admissible control to the problem (]f\f\li-’)% So it is an
admissible control to (NP)¥, (see (i) of Thm. 3.6). Hence, N(To,yo) < [[vo|l£2(0,400:£2(2)m)- This, along with
the second conclusion in (4.36) and (4.33), leads to (4.32).

Step 3. We show (4.27).
Since yo &€ S, N(T,yo) > 0 for each T > 0 (see (i) of Thm. 4.1). Then (4.27) follows from Step 1 at once.

Step 4. We prove (4.28).
By contradiction, suppose that (4.28) were not true. Then we would have that

lim N(T,yo) = M for some M € (0,+00).

T—0t+

Let {T;}:;>1 be a strictly monotonically decreasing sequence satisfying T; — 0. By (i) of Theorem 4.1, for each
i > 1, (NP)% has a unique optimal control ;. Then by (ii) of Theorem 3.6, each v is the optimal control to
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the problem (Kffa)go Thus, we can use the optimality of v} and the conclusion of Step 1 to obtain that for all
i >1,

071 220, +o0sp2ym) = N(Ti,yo) < M, vi(t) =0 for ace. t > T, (4.38)
and
2(T3; Dyo, v;) = 0. (4.39)

According to (4.38), we can use the same arguments as those used in Step 2 to see that there exists a control
v € L%(0, +00; L2(2)™) and a subsequence of {i};>1, still denoted in the same way, so that

v} — vy weakly in L?(0, +o0; L*(Q)™)
and so that
2(+; Dyo,v}) — 2(+; Dyo,vo) strongly in C([0, T1]; L*(Q)™). (4.40)
Meanwhile, it is clear that

| 2(T3; Dyo, vo)ll 12 (0)n—1
< ||2(T3; Dyo, vo) — 2(T3; Dyo, ;)| L2)n—1 + |2(T3; Dyo, vi) |2 @)n—1-

Then by (4.39) and (4.40), we can pass to the limit for ¢ — 400 in the above inequality to obtain that Dy, = 0,
i.e., Yo € S. This leads to a contradiction. Hence, (4.28) is true.

Thus, we finish the proof of Proposition 4.7. O

5. PROOF OF MAIN RESULTS

We only need to prove Theorem 2.1, because of the reasons given in the last paragraph in Section 3.2. The
proof of Theorem 2.1 will be organized in the next three subsections.

5.1. Existence and uniqueness

Proposition 5.1. Suppose that (Hy) holds. Let yo € L*(Q)"™ and let M > 0. The following conclusions are
true:

(i) Ifyo € S, then (T'P)Y) has the unique optimal control O (while 0 is the optimal time).
(it) If yo € S and M < M(yo), then (T'P)%) has no optimal control.
(iit) If yo € S and M > M(yo), then T(M,yo) > 0 and (T'P)Y9 has a unique optimal control w*. Moreover,

H'u,* HLQ(O’+OO;L2(Q)’VTL) =M.
Proof. First of all, we recall that yo € S < Dyg = 0 (which follows by the definition of S and (1.2) at once).

Now we show (i). Suppose that yo € S. Then we have that Dy, = 0. From this, one can easily check that 0 is

the unique optimal control and 0 is the optimal time to the problem (TZ/D)ZJ@ Then by (i) of Theorem 3.6, 0
and 0 are the unique optimal control and the optimal time to (T'P)Y;.

We next show the conclusion (ii). By contradiction, suppose that it were not true. Then there would be
yo ¢ S and M < M(yo) so that (T'P)¥} has an optimal control . Thus, according to (i) of Theorem 3.6,  is
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an optimal control to the problem (ﬁ)g} and T(M, yo) = T(M, yo). These imply that
1) 220 1o0ir2(@my < M, @(t) =0 for ae. t >T(M,yo) =T (M, yo), (5.1)
and
2(T(M,y0); Dy, &) = 2(T(M, yo); Dyo, &) = 0. (5.2)

Since yo € S, we have that Dyg # 0. Thus, it follows by (5.2) and (5.1) that T(M, yo) > 0 and @ is an admissible

control to the problem (NP)%’P(M wo)' Then by making use of (ii) of Theorem 3.6 again, we see that u is an

admissible control to (N P)gf)( M.yo)» Which indicates that

N(T(Mu yO)yyO) < ||ﬁ||L2(07+00;L2(Q)7n) < M.
This, along with the strict monotonicity of N(-,yo) (see (i) of Prop. 4.7), yields that
M = N(T'(M,yo),yo) > M(yo),

which leads to a contradiction. Hence, the conclusion (ii) in this proposition is true.

Finally, we prove the conclusion (iii). Suppose that yo ¢ S and M > M (yo). The rest of the proof is organized
by three steps.
Step 1. We show that (T'P)%} has at least one optimal control and T'(M,yy) > 0.

According to (i) of Proposition 4.7, there exists T > 0 so that M (yo) < N (T, yo) < M. By (i) of Theorem 4.1,
the problem (N P)yf0 has a unique optimal control u. Then according to (ii) of Theorem 3.6, w is the unique

optimal control to (]V?’);O Thus, by the optimality of w, we have that

1 22 (0, 4 o0:L2()my = N (T, o) = N(T,yo) < M, u(t) =0 for a.e. t>T
and
2(T; Dyy, @) = 0.

These yield that w is an admissible control for the problem (ﬁ)ﬁ Hence, there exists {u;}i>1 C
L?(0,400; L?(2)™) and a strictly monotonically decreasing sequence {T}};>1 so that

T; — T(M, ), (5.3)
||ui||L2(0,+oo;L2(Q)m) <M, ul(t) =0 for a.e. t> T, (54)

and so that
z(T;; Dyo, u;) = 0. (5.5)

By (5.3)—(5.5), we can use the similar arguments to those used in Step 2 of the proof of Proposition 4.7 to
obtain u* € L?(0, +o00; L?(2)™) so that

Hﬁ*||L2(0,+oo;L2(Q)m) < M, u* (t) =0 for a.e. t> T(M, yo), (56)
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and so that

z(T'(M, yo); Dyo,u*) = 0. (5.7)

Since yo & S, i.e., Dyg # 0, it follows from (5.7) and (5.6) that T(M,yo) > 0 and @* is an optimal control to
(T'P)Y9. These, along with (i) of Theorem 3.6, show that @* is an optimal control to (T'P)%} and T'(M,yo) =

T(M,yo) > 0.

Step 2. We prove that any optimal control w* to (T'P)Y) satisfies that [[u*||12(0 400;22(0)m) = M.

By contradiction, suppose that it were not true. Then (T'P)%) would have an optimal control u* so that

1™ || £2 (0, 4-00: L2 () ™) 2 M < M. (5.8)

According to (i) of Theorem 3.6, u* is an optimal control to (1/“\15)5\’/? and T(M, yo) = T(M, yo). Then by the
optimality of u*, we get that

2(T(M, yo); Dyo,u*) =0 and uw*(t) =0 for a.e. t>T (M, yp). (5.9)
We denote z*(-) £ z(-; Dyg,u*). Since T(M,yo) = T(M,yo) > 0 (see Step 1) and z* € C([ON,T(M,yO)];
L2()"~1), we see that for any ¢ > 0 (it will be precised later), there is a constant § = &(e) € (0,T(M,yo)/2)
so that

[Dyo — 2" ()| L2(yn—1 <e. (5.10)

According to (4.2) in Proposition 4.2, and the equivalence between the observability and the null controllability
(see, for instance, [8]), there is a control vy € L?(0,+o00; L?(2)™) so that

vo(t) = 0 for a.e. t>T(M,yo)/2; (5.11)

[voll2(0,4-00;2(2)m) < C(T(M,y0))|1Dyo — 2" ()| L2(yn—13 (5.12)

and so that w € C([0,+00); L2(Q)" 1) satisfies

w; — Aw + Aw = XoDBvg in  Qx (0,+00),

w=0 on 90 x (0,+400), (5.13)
w(0) = Dy — z*(0) in Q
and
w(t) =0 for all ¢t > T(M,yo)/2. (5.14)

Denote z3(-) £ z*(- + d). On one hand, by (5.13), the first conclusion in (5.9) and (5.14), we have that

(z; +w) — Azf +w) + Z(z:; +w) = xoDBu*(t+9)+vy) in Qx(0,+0),
zi+w=0 on 090 x (0,4+00), (5.15)
(z; +w)(0) = Dyo in Q
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and
(25 +w)(T(M,yo) — 6) = 0. (5.16)
On the other hand, we choose € = WJK))_‘_D It follows from (5.8), (5.12) and (5.10) that

[w (- +6) +vo ()|l £2(0,400;22()m) < M. (5.17)

Noting that w*(t 4 6) 4+ vo(t) = 0 for a.c. t > T(M, yo) — & (which follows by the second conclusion of (5.9) and
(5.11)), by (5.15)—(5.17) and the optimality of T'(M,yg), we obtain that T (M, yo) — 6 > T(M, yo), which leads
to a contradiction.

Step 3. We show that (T'P)¥? has a unique optimal control.
The result follows from Steps 1-2 and similar arguments as those in Step 3 of the proof of Theorem 4.1.

Hence, according to Steps 1-3, the conclusions in (iii) are true.

In summary, we finish the proof of this proposition. O

Corollary 5.2. Suppose that (Hy) holds and yo € S. The function T(-,yo) is strictly monotonically decreasing
over (M (yo), +00).

Proof. We arbitrarily fix My, My € (M(yo), +00) so that My > M;. By (iii) of Proposition 5.1, we have that
T(Mi,yo) >0 and (T'P)j; has a unique optimal control uj so that

[uillz2(0,400:L2()m) = M1 < M. (5.18)

Thus, according to (i) of Theorem 3.6, u} is the optimal control to the problem (fﬁ)%ﬁl Then by the optimality
of uj, we obtain that

2(T(My,y0); Dyo,ut) =0 and wui(t) =0 for a.e. t > T(M,yo). (5.19)

It follows from (5.18) and (5.19) that u} is an admissible control to (7?}5)5\’22 Hence, T'(Ms,, yo) < T(My,y0).
If T(Msy, yo) = T(Mj, yo), then by (5.18) and (5.19), we would have that u} is an optimal control to (ﬁ)%?{z
Thus, according to (i) of Theorem 3.6, uj is an optimal control to (T'P)}}, . This, along with (iii) of Proposi-
tion 5.1, yields that [[u]||12(0,+00;22(0)m) = M2, which contradicts (5.18). Thus, T(My,yo) < T(Mj, yo). Using
(i) of Theorem 3.6 again, we obtain that T'(Ms,yo) < T(M1,yo)-
This completes the proof. O

5.2. Equivalence between minimal time and minimal norm control problems

Proposition 5.3. Suppose that (Hy) holds and yo ¢ S. For each T > 0, T(N(T,yo),y0) =T and the optimal
control to (NP)¥ is the optimal control to (TP)%’\;’(T wo)- Conversely, for each M > M(yo), N(T(M,yo),y0) =
M and the optimal control to (TP)Y} is the optimal control to (NP)%O(M vo)"

Proof. Let T > 0. According to (i) of Theorem 4.1, (NP)¥’ has a unique optimal control u} so that

luillz20,400:22()m) = N(T,90) > 0 and uj(t) =0 forae. t>T. (5.20)
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Thus, it follows by (ii) of Theorem 3.6 that w7 is the optimal control to (]V]B)%O Then by the optimality of uj,
we have that

z(T; Dyg,uj) = 0. (5.21)

It follows from (5.20) and (5.21) that u} is an admissible control to (ﬁ)?\})(T’yo) and T(N (T, yo),y0) < T. We

now claim that

T(N(T,yo),y0) =T. (5.22)
If (5.22) is proved, then according to (i) of Theorem 3.6,

T(N(T,yo0),y0) =T. (5.23)

By contradiction, suppose that (5.22) were not true. Then we would have that T(N (T, yo),yo) < T. By (i) of
Proposition 4.7, we get that

N(T,yo) > M(yo). (5.24)
This, along with (iii) of Proposition 5.1, implies that (TP)?\;’(T yo) 11as a unique optimal control w3 so that
||u§||L2(O’+OO;L2(Q)m) = ]\7(T7 yo). (525)

Thus, according to (i) of Theorem 3.6, w3 is the optimal control to (f};)%’(
we obtain that

Toy0)" Then, by the optimality of u3,

2(T(N(T,0),90); Dyo,us) = 0 and wj(t) =0 for a.e. t>T(N(T,y0), o). (5.26)
Meanwhile, since T > f(N(T7 Yo),Yo), by (5.26), we see that

z(T; Dyo,u3) =0 and u3(t) =0 fora.e. t>T. (5.27)

Since N(T,yo) = N(T,yo) (see (ii) of Thm. 3.6), by (5.27) and (5.25), we observe that
u} is an optimal control to (]Vﬁ)g?

From the latter, (ii) of Theorem 3.6 and the second relation of (5.26) it follows that w} is an optimal control to
(NP)¥ and u3(t) = 0 for a.e. t € (T'(N(T,yo),Yo), T). However, by applying (i) of Theorem 4.1 to the problem
(NP)¥, we find that its optimal control u} has the property that w3(¢) # 0 for a.e. t € (0,7). Thus, we get
a contradiction. Hence, (5.22) follows. Furthermore, by (5.20)—(5.22), we see that u} is an optimal control to
(TP)?\?(T yo)+ Lhus, by (i) of Theorem 3.6, (5.24) and (iii) of Proposition 5.1, we conclude that u} is the optimal

control to (TP)?\;)(T vo)"
Conversely, for each M > M (yy), according to (iii) of Proposition 5.1, T'(M, yo) > 0 and (T'P)%) has a unique

optimal control u3 so that

w3l 22(0,4-00;22(2)m) = M. (5.28)
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Thus, uj is the optimal control to (ﬁ)i{} (see (i) of Thm. 3.6). By the optimality of uj, we get that
2(T(M,y0); Dyo, u3) =0 and ui(t) =0 for a.c. t > T(M,yo). (5.29)

Since T(M,yo) = T(M,yo) (see (i) of Thm. 3.6), it follows from (5.28) and (5.29) that u} is an admissible

control to (NP)%’(M yo) and

N(T<M7 yO)a yO) < Hu;;HL2(O,+oo;L2(Q)m) =M. (530)
This, along with (ii) of Theorem 3.6, implies that N(T(M,yo),yo) < M. We next claim that
N(T(M,yo),yo) = M. (5.31)

By contradiction, suppose that (5.31) were not true. Then we would have that N(T(M, yo),yo) < M. Noting
that T(M,yo) > 0, by (5.23), (5.24) and Corollary 5.2, we get that

T(M,yo) = T(N(T(M,yo0),Yo0),Yo) > T(M,yo),

which leads to a contradiction. Hence, (5.31) follows. It follows from (5.31) and (ii) of Theorem 3.6 that

N(T'(M,yo),yo) = M. (5.32)

Yo
T(M,yo

to (J/V\J/D)g%M’yo). This implies that w3 is the optimal control to (NP)ET“EM’yO) (see (ii) of Thm. 3.6 and (i) of

Thm. 4.1).

Since u3 is an admissible control to (N P) ) by (5.30) and (5.32), we observe that u} is an optimal control

Thus, we finish the proof of Proposition 5.3. O
Remark 5.4. For each yo € L?(2)", we can show that the function N (-, yo) is also left continuous over (0, +00).
We only need to prove this conclusion for the case: (H7) holds and yg € S, because of the reasons given in the last

paragraph in Section 3.2. To this end, we arbitrarily fix a Ty € (0, +00). Let {7;};>1 be a strictly monotonically
increasing sequence so that T; — Tp. According to (i) of Proposition 4.7,

lim N(T;,y0) > N(To,y0) and N(T;,yo) > N(To,yo) > M(yo) for all ¢ > 1. (5.33)

T; —4o0

We aim to show that

Til_l)riloo N(T;,y0) = N(T0, yo)-

By contradiction, we assume that

lim N(T;,y0) = N(To,yo) + €0 for some positive constant &q.
T; ——+o0

This, along with Corollary 5.2 and the second relation of (5.33), implies that

T(N(T;,90),y0) < T(N(To,y0) + 0, Y0) < T(N(To,¥90),¥Yo)-
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It follows from that latter and Proposition 5.3 that

T; < T(N(To,yo) + €0, Yo) < To,
which leads to a contradiction.

5.3. End of the proof

According to Proposition 5.1, it suffices to show (ii) in Theorem 2.1. Let T* and u* be the optimal time and
the optimal control to (T'P)Y}. Since T* = T'(M,yo) > 0 (see (iii) of Prop. 5.1), it follows from Proposition 5.3
that u* is the optimal control to (NP)¥. and M = N(T*,yo). These, along with (i) of Theorem 4.1, imply
(2.8) and (2.9).

Conversely, suppose that (2.8) and (2.9) hold. It is obvious that T* > 0. By (i) of Theorem 4.1, (2.8), (2.9)
and (i) of Proposition 4.7, we see that

u*(-) is the optimal control to (NP)¥. and M = N(T™,y0) > M (yo). (5.34)

Since M = N(T'(M,yo),yo) (see Prop. 5.3), it follows from (i) of Proposition 4.7 and the second relation of
(5.34) that T* = T(M,yo). This, together with Proposition 5.3 and (5.34), yields that «*(-) is the optimal
control to (T'P)Y).

In summary, we finish the proof of Theorem 2.1. [

Acknowledgements. The authors would like to thank Professor Gengsheng Wang for his valuable suggestions.

REFERENCES

[1] F. Ammar Khodja, A. Benabdallah, C. Dupaix and M. Gonzdlez-Burgos, A generalization of the Kalman rank condition for
time-dependent coupled linear parabolic systems. Differ. Equ. Appl. 1 (2009) 427-457.

[2] F. Ammar Khodja, A. Benabdallah, M. Gonzdlez-Burgos and L. de Teresa, The Kalman condition for the boundary controlla-
bility of coupled parabolic systems. Bounds on biorthogonal families to complex matrix exponentials. J. Mathématiques Pures
Appl. 96 (2011) 555-590.

[3] V. Barbu, Analysis and Control of Nonlinear Infinite Dimensional Systems. Academic Press, Boston (1993).

[4] C. Bardos and L. Tartar, Sur I'unicité rétrograde des équations parabliques et quelques questions voisines. Arch. Ratl. Mech.
Anal. 50 (1973) 10-25.

[6] T. Caraballo, I.D. Chueshov and P.E. Kloeden, Synchronization of a stochastic reaction-diffusion system on a thin two-layer
domain. STAM J. Math. Anal. 38 (2007) 1489-1507.

[6] T. Duyckaerts, X. Zhang and E. Zuazua, On the optimality of the observability inequalities for parabolic and hyperbolic
systems with potentials. Annales de ’Institut Henri Poincaré. Analyse Non Linéaire 25 (2008) 1-41.

[7] M.A. Demetriou, Synchronization and consensus controllers for a class of parabolic distributed parameter systems. Syst.
Control Lett. 62 (2013) 70-76.

[8] J.M. Coron, Control and Nonlinearity, American Mathematical Society, Providence, RI (2007).

[9] E. Fernandez-Cara and S. Guerreo, Global Carleman inequalities for parabolic systems and applications to controllability.
SIAM J. Control Optim. 45 (2006) 1395-1446.

[10] C. Huygens, Oeuvres Completes, Vol. 15, Swets & Zeitlinger B.V., Amsterdam (1967).

[11] L. Hu, T-T. Li and B.P. Rao, Exact boundary synchronization for a coupled system of 1-D wave equations with coupled
boundary conditions of dissipative type. Commun. Pure Appl. Anal. 13 (2014) 881-901.

[12] K. Kunisch and L.J. Wang, Time optimal controls of the linear Fitzhugh-Nagumo equation with pointwise control constraints.
J. Math. Anal. Appl. 359 (2012) 114-130.

[13] K. Kunisch and L.J. Wang, Time optimal control of the heat equation with pointwise control constraints. ESAIM: COCV 19
(2013) 460-485.

[14] C.-H. Li and S.-Y. Yang, A graph approach to synchronization in complex of asymmetrically nonlinear coupled dynamical
systems. J. London Math. Soc. 83 (2011) 711-732.

[15] T-T. Li and B.P. Rao, Exact synchronization for a coupled system of wave equations with Dirichlet boundary controls. Chin.
Ann. Math. Ser. B 34 (2013) 139-160.

[16] T-T. Li and B.P. Rao, On the state of exact synchronization of a coupled system of wave equations. Comptes Rendus
Mathématique-Académie des Sciencs-Paris 352 (2014) 823-829.

[17] T-T. Li, B.P. Rao and L. Hu, Exact boundary synchronization for a coupled system of 1-D wave equations. ESAIM: COCV
20 (2014) 339-361.



(18]
(19]
20]
21]
(22]
(23]

[24]
(25]

[26]
[27]
[28]
[29]
[30]
[31]

32]
(33]

(34]
(35]
(36]

37]
(38]

MINIMAL TIME CONTROL OF EXACT SYNCHRONIZATION FOR PARABOLIC SYSTEMS 29

T-T. Li, B.P. Rao and Y.M. Wei, Generalized exact boundary synchronization for a coupled system of wave equations. Discrete
Continu. Dyn. Syst. 34 (2014) 2893-2905.

T-T. Li and B.P. Rao, On the exactly synchronizable state to a coupled system of wave equations. Portugaliae Math/ 72
(2015) 83-100.

T-T. Li, From phenomena of synchronization to exact synchronization and approximate synchronization for hyperbolic systems.
Sci. China Math. 59 (2016) 1-18.

X.J. Li and J.M. Yong, Optimal Control Theory for Infinite Dimensional Systems. Birkh&user, Boston (1995).

J.-L. Lions, Exact controllability, stabilization and perturbations for distributed systems. STAM Rev. 30 (1988) 1-68.

X.L. Li, L.J. Wang and Q.S. Yan, Computation of time optimal control problems governed by linear ordinary differential
equations. J. Sci. Comput. 73 (2017) 1-25.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York (1983).
K.D. Phung and G.S. Wang, An observability estimate for parabolic equations from a measurable set in time and its application.
J. Bur. Math. Soc. 15 (2013) 681-703.

S.L. Qin and G.S. Wang, Equivalence between minimal time and minimal norm control problems for the heat equation. SIAM
J. Control Optim. 56 (2018) 981-1010.

D.L. Russell, Controllability and stabilizability theory for linear partial differential equations: recent progress and open
questions. SIAM Rev. 20 (1978) 639-739.

M. Tucsnak and G. Weiss, Observation and Control for Operator Semigroups, Birkhduser Verlag, Basel (2009).

G.S. Wang, L.J. Wang, Y.S. Xu and Y.B. Zhang, Time Optimal Control of Evolution Equations. Birkhduser, Cham (2018).
G.S. Wang and Y.S. Xu, Equivalence of three different kinds of optimal control problems for heat equations and its applications.
SIAM J. Control Optim. 51 (2013) 848-880.

G.S. Wang, Y.S. Xu and Y.B. Zhang, Attainable subspaces and the bang-bang property of time optimal controls for heat
equations. STAM J. Control Optim. 53 (2015) 592-621.

G.S. Wang and Y.B. Zhang, Decompositions and bang-bang properties. Math. Control Related Fields 7 (2017) 73-170.

G.S. Wang and E. Zuazua, On the equivalence of minimal time and minimal norm controls for internally controlled heat
equations. STAM J. Control Optim. 50 (2012) 2938-2958.

L.J. Wang and Q.S. Yan, Optimal control problem for exact synchronization of parabolic system. Math. Control Related Fields
9 (2019) 411-424.

L.J. Wang and Q.S. Yan, Exact synchronization and asymptotic synchronization of linear ODEs. To appear in Science China
Mathematics.

N. Wiener, Cybernetics, or Control and Communication in the Animal and the Machine. MIT Press, Cambridge (1961).
C.W. Wu, Synchronization in Coupled Chaotic Circuits and Systems, World Scientific, Singapore (2002).

K. Wu and B.S. Chen, Synchronization of partial differential systems via diffusion coupling. IEEE Trans. Circ. Syst. I 59
(2012) 2655-2668.



	Minimal time control of exact synchronization for parabolic systems,
	1 Introduction
	1.1 Synchronization and control
	1.2 Formulation of the problem
	1.3 Aim, motivation and hypotheses
	1.4 Plan of the paper

	2 Main results
	2.1 Minimal norm control problem
	2.2 Two auxiliary functionals

	3 Preliminaries
	3.1 Exact synchronization
	3.2 Transformations of problems

	4 Minimal norm control problem
	4.1 Characteristic for minimal norm controls
	4.1.1 Observability estimates
	4.1.2 Properties of functionals
	4.1.3 Proof of Theorem 4.1

	4.2 Continuity and monotonicity of minimal norm function

	5 Proof of main results
	5.1 Existence and uniqueness
	5.2 Equivalence between minimal time and minimal norm control problems
	5.3 End of the proof


	References

