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SPACE OF SIGNATURES AS INVERSE LIMITS OF CARNOT

GROUPS∗

Enrico Le Donne1,2,** and Roger Züst3

Abstract. We formalize the notion of limit of an inverse system of metric spaces with 1-Lipschitz
projections having unbounded fibers. The construction is applied to the sequence of free Carnot groups
of fixed rank n and increasing step. In this case, the limit space is in correspondence with the space of
signatures of rectifiable paths in Rn, as introduced by Chen. Hambly-Lyons’s result on the uniqueness
of signature implies that this space is a geodesic metric tree. As a particular consequence we deduce
that every path in Rn can be approximated by projections of some geodesics in some Carnot group of
rank n, giving an evidence that the complexity of sub-Riemannian geodesics increases with the step.
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1. Introduction

In the study of rough paths in stochastic PDE theory to each path one assigns its signature via the method
of iterated integrals. This concept was introduced by Chen [4, 5] who aimed to give an algebraic structure to
the space of paths. The space of k-truncated signatures of rectifiable paths in Rn has the structure of the free
nilpotent Lie group of rank n and step k. In fact, the truncated signatures have a sub-Riemannian meaning.
Namely, the above Lie group has a natural structure of a Carnot group and hence to every rectifiable path in
Rn one assigns a horizontal lift starting from the identity in the Carnot group. The truncated signature of the
path is the final point of the lifted path.

With the idea that the signature of a rectifiable path lies in an infinite dimensional tensor algebra, one
would like to metrize the space of signatures as a limit of Carnot groups. The first aim of this paper is to
formalize the appropriate notion of limit of inverse systems of metric spaces. Our construction differs from
previous ones as for example in [6] by the fact that the fibers of the bonding maps may not have finite diameter
and it is inspired by the construction of ultralimits of metric spaces. Namely, let ((Xi, ?i)i∈I , (π

i
j)i≥j∈I) be an

inverse system of pointed metric spaces and 1-Lipschitz base-point-preserving maps πij : (Xi, ?i)→ (Xj , ?j) as
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connecting morphisms. In Lemma 2.3 we show that the system admits an inverse limit ((X∞, ?∞), (π∞i )i∈I) in
this category and points in X∞ can be characterized by those elements (xi)i∈I ∈

∏
i∈I Xi such that

πij(xi) = xj for all i ≥ j and sup
i∈I

d(?i, xi) <∞ .

Our interest will be in the inverse limit of the system (Gk(Rn), πk)k∈N, where Gk(Rn) is the free Carnot group of
rank n and step k, pointed at the identity element. The map πk : Gk(Rn)→ Gk−1(Rn) is the projection modulo
the k-layer, i.e., the k-th element of the lower central series of Gk(Rn). The maps πk have two properties that
will be crucial in our following discussion: they are submetries (see Def. 2.1) and have lifting properties for
rectifiable paths (see Defs. 2.5 and 2.8). Under this type of assumptions we can draw several conclusions on our
inverse limit space X∞. For example, also the projections maps π∞i are submetries with lifting properties and
the metric space X∞ is a geodesic space, if so are the Xi’s (see Lem. 2.7 and Prop. 2.9, respectively).

We deduce that the space of signatures of rectifiable paths in Rn has a canonical identification with the
metric space

lim←−
k∈N

(
Gk(Rn), πk

)
. (1.1)

We draw some consequences from a deep result of Hambly and Lyons [8] on the uniqueness of signatures, i.e.,
every rectifiable path in Rn is completely determined by its signature, up to reparametrization, translation,
and tree-like reduction. In Theorem 4.4 we show that the space (1.1) is a geodesic metric tree. In fact, it is a
metric space homeomorphic to a tree that branches at every point with infinite valence. Further we deduce a
particular statement about the complexity of sub-Riemannian geodesics in Carnot groups. Indeed, we come to
the conclusion that every path in Rn can be arbitrarily approximated by the projection of some geodesic in
Gk(Rn) for some k (see Cor. 4.5).

One more purpose to study the space (1.1) was with the aim to properly define and metrize the free Lie
group with n generators. Clearly, the space (1.1) still has an induced group structure for which the distance is
left invariant (we initially take Carnot groups with left invariant distances). Unfortunately, this space is not a
topological group since the right translations are not continuous anymore. We prove this last claim in general.
Namely, a group with the topology of a tree cannot have continuous left and right translations simultaneously,
unless it is R (see Thm. 5.1).

2. Submetries and path lifting properties

Let (I,≥) be a partially ordered set. For each i ∈ I, let Xi be a metric space and let ?i ∈ Xi be a choice
of a base point in Xi. We shall say that (Xi, ?i) is a pointed metric space. For all i, j ∈ I with i ≥ j let
πij : (Xi, ?i)→ (Xj , ?j) be a map that is 1-Lipschitz and preserves the base point, i.e., πij(?i) = ?j . The maps πij
are called bonding maps if πii is the identity map in Xi and πjk ◦ πij = πik, for all i ≥ j ≥ k. In this case, we have

that ((Xi, ?i)i∈I , (π
i
j)i≥j∈I) is an inverse system of pointed metric spaces and 1-Lipschitz base-point-preserving

maps πij : (Xi, ?i)→ (Xj , ?j) as bonding morphisms.
The most important example for us is when I = N. Namely, assume we have a sequence of pointed metric

spaces (Xi, di, ?i)i∈N together with 1-Lipschitz maps πi : Xi → Xi−1 that preserve the base point. This leads to
an inverse system. For i ≥ j, we define

πij : Xi → Xj as πij := πj+1 ◦ · · · ◦ πi . (2.1)

As a composition of 1-Lipschitz maps, each πij is itself 1-Lipschitz.
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As discussed in the introduction, we consider the space X∞ as the set of elements (xi)i∈I ∈
∏
i∈I Xi with

the property that πij(xi) = xj and

sup
i∈I

di(?i, xi) <∞ .

It is thus clear thatX∞ is nonempty since ?∞ := (?i)i∈I ∈ X∞. The distance between x = (xi)i∈I and y = (yi)i∈I
in X∞ is defined by

d∞(x, y) := sup
i∈I

di(xi, yi) .

There are natural projections π∞i : X∞ → Xi given by π∞i ((xj)j∈I) := xi for i ∈ I.

Definition 2.1. A submetry is a 1-Lipschitz map between (nonempty) metric spaces π : X → Y such for any
y, y′ ∈ Y and x ∈ X with π(x) = y there is a x′ ∈ X with π(x′) = y′ and dX(x, x′) = dY (y, y′).

If in the notation (2.1) each of the πi is a submetry, then also every πji is a submetry. This last claim follows
from the simple observation that the composition of submetries is also a submetry.

Lemma 2.2. The space (X∞, d∞) constructed above is a metric space and further:

(1) The projection π∞i : (X∞, d∞)→ (Xi, di) is 1-Lipschitz for every i ∈ I.
(2) If Xi is complete for every i ∈ I, then so is X∞.
(3) If I = N, then d∞(x, y) = limi→∞ di(π

∞
i (x), π∞i (y)).

(4) If I = N and πi is a submetry for every i, then π∞i is a submetry for every i ∈ N.

Proof. Let x = (xi)i∈I , y = (yi)i∈I and z = (zi)i∈I be arbitrary elements of X∞. First note that by the triangle
inequality in each Xi, we have

d∞(x, y) ≤ sup
i∈I

di(?i, xi) + di(?i, yi) ≤ sup
i∈I

di(?i, xi) + sup
i∈I

di(?i, yi) <∞ .

Hence d∞ is finite. Similarly one can show the triangle inequality. Indeed,

d∞(x, z) = sup
i∈I

di(xi, zi) ≤ sup
i∈I

di(xi, yi) + sup
i∈I

di(yi, zi)

≤ d∞(x, y) + d∞(y, z) .

If d∞(x, y) = 0, then of course xi = yi for all i ∈ I and hence x = y. Thus d∞ is a metric on X∞.
(1) is clear since di(xi, yi) ≤ d∞(x, y) for all i ∈ I.
For (2) consider a Cauchy sequence (xn)n∈N in X∞. We can write xn = (xni )i∈I for every n ∈ N. Because

π∞i : X∞ → Xi is 1-Lipschitz by (1), the sequence (xni )n∈N is a Cauchy sequence in Xi for every i ∈ I. By
assumption these sequences converge, say to xi := limn→∞ xni ∈ Xi. We want to show that (xn)n∈N converges
to x := (xi)i∈I in X∞. First note that πij(xi) = xj for i ≥ j because πij is continuous and πij(x

n
i ) = xnj holds for

all n ∈ N. Because (xn)n∈N is a Cauchy sequence in X∞ there is some R > 0 such that d(xn, ?∞) ≤ R for all
n ∈ N, which is equivalent to di(?i, x

n
i ) ≤ R for all i and n. Taking limits, this implies that also di(?i, xi) ≤ R

for all i and hence x is an element of X∞. Now if ε > 0 is given, there exists Nε ∈ N such that d∞(xn, xm) ≤ ε
for all n,m ≥ Nε. Again because each π∞i is 1-Lipschitz it holds that di(x

n
i , xi) ≤ ε for all i ∈ I and all n ≥ Nε.

Hence

d∞(xn, x) = sup
i∈I

di(x
n
i , xi) ≤ ε
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for all n ≥ Nε. Thus xn converges to x in X∞ and (2) follows.
To see (3) note that πi(xi) = xi−1 and πi(yi) = yi−1. Because each πi is 1-Lipschitz, the sequence

(di(xi, yi))i∈N is increasing. Hence (3) holds.
In order to show (4) fix k ∈ N and consider xk, yk ∈ Xk and x = (xi)i∈N ∈ X∞, i.e., such that π∞k (x) = xk. For

i < k set yi := πki (yk). For i > k we recursively define yi+1 ∈ π−1i+1(yi) to be some point with di+1(xi+1, yi+1) =
di(xi, yi). This is possible because each πi is a submetry. By construction and (3),

sup
i∈N

di(xi, yi) = lim
i→∞

di(xi, yi) = dk(xk, yk) <∞ . (2.2)

Set y := (yi)i∈N ∈
∏
i∈NXi. Since

sup
i∈N

di(?i, yi) ≤ sup
i∈N

di(?i, xi) + sup
i∈N

di(xi, yi) <∞

it follows that y ∈ X∞. From (2.2) we obtain

d∞(x, y) = lim
i→∞

di(xi, yi) = dk(xk, yk) .

Since each π∞k is 1-Lipschitz by (1), this shows that these maps are submetries.

We readily show that the space (X∞, ?∞), as defined, is the inverse limit in the category of pointed metric
spaces with base-point-preserving 1-Lipschitz maps as morphisms. Notice that we do not show the analogue
considering submetries, see Example 2.4 below.

Lemma 2.3. Assume that (Xi, ?i)i∈I together with πij : Xi → Xj for i ≥ j is an inverse system in the category
of pointed metric spaces with base-point-preserving 1-Lipschitz maps as morphisms. Then (X∞, ?∞) is its inverse
limit.

Proof. We need to check the universal property for (X∞, ?∞). In this direction let (Y, ?) be some pointed metric
space together with base-point-preserving 1-Lipschitz maps ui : Y → Xi that satisfy πij ◦ ui = uj for all i ≥ j.
We need to find a base-point-preserving 1-Lipschitz u : Y → X∞ such that π∞i ◦ u = ui for all i ∈ I. For y ∈ Y
set u(y) := (ui(y))i∈I ∈

∏
i∈I Xi. Since each ui is base-point-preserving, u(?) = (?i)i∈I = ?∞. Since each ui is

1-Lipschitz,

sup
i∈I

di(?i, ui(y)) = sup
i∈I

di(ui(?), ui(y)) ≤ dY (?, y) <∞ .

This shows that u is a base-point-preserving map into X∞. Moreover, the function u is 1-Lipschitz for the same
reason: given y, y′ ∈ Y , then

d∞(u(y), u(y′)) = sup
i∈I

di(ui(y), ui(y
′)) ≤ dY (y, y′) .

Hence u : Y → X∞ is a base-point-preserving 1-Lipschitz map. It is clear that u : Y → X is the only map that
satisfies π∞i ◦ u = ui for all i ∈ I.

It is interesting to note that (X∞, ?∞) is not the inverse limit in the category of pointed metric spaces
with base-point-preserving submetries. Indeed, in this category inverse limits do not exist in general as the
following example demonstrates. This does not come as a surprise because submetries being surjective are
strongly restricted.

Example 2.4. For each n ∈ N let Xn be the metric space with n elements denoted by {a1, . . . , an} and
pairwise distances 1 for different points. The projection πn+1 : Xn+1 → Xn is given by πn+1(ai) = ai for i ≤ n
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and πn+1(an+1) = an. These maps are clearly submetries. Let Y = {ai, bi}i∈N ∪ {b} be the countable metric
space with distances d(ai, aj) = d(bi, bj) = d(bi, b) = 1 for i 6= j and d(ai, bj) = d(ai, b) = 2 for all i, j ∈ N. Let
un : Y → Xn be the map given by un(ai) = un(bi) = ai for i ≤ n and un(y) = an for all other points y ∈ Y .
These maps un are compatible with the projections πn and submetries. For the latter note that different fibers
in Y have distance dist(u−1n (ai), u

−1
n (aj)) = 1 = dn(ai, aj) and this distance is realized for any point in one of

the fibers.
Now consider any other metric spaceX with submetries π∞n : X → Xn with the compatibility condition πn+1

n ◦
π∞n+1 = π∞n . We show that the universal property that would identifyX as the inverse limit of ((Xn)n∈N, (πn)n∈N)
in the category of metric spaces with submetries does not hold. So assume that there is submetry u : Y → X
with un = π∞n ◦ u for all n ∈ N. First note that u−1(u(b)) = {b} because for any other point y 6= b in Y there
exists some n ≥ 1 such that un(y) 6= un(b). For the same reason, the fiber u−1(u(ai)) is either {ai} or {ai, bi}.
Assume first that there exists some i such that u−1(u(ai)) = {ai, bi}. Then

dist
(
u−1(u(ai)), u

−1(u(b))
)

= dist({ai, bi}, {b}) = 1

but this distance is not realized by the point ai in the first fiber. This is not possible and thus u−1(u(ai)) = {ai}
for all i and hence also u−1(u(bi)) = {bi} for all i. This implies that u : Y → X as an injective submetry is an
isometry.

Let Y ′ be the metric space obtained from Y by changing all the distances with value 2 to 3/2. In this
case too, all the projections un : Y ′ → Xn are submetries. The same reasoning as above implies that any
compatible submetry Y ′ → X has to be an isometry. But Y and Y ′ are obviously not isometric. This shows
that (X, (π∞n )n∈N) is not the inverse limit of ((Xn)n∈N, (πn)n∈N) and thus there is in general no inverse limit in
the category of metric spaces with submetries as morphisms.

In what follows we introduce additional properties for maps. We recall that a rectifiable path γ : [a, b]→ X
in a metric space X is a continuous map with finite length. The precise definition and relevant properties of the
length functional can be found for example in [3].

Definition 2.5. A submetry π : X → Y has the unique path lifting property if for all rectifiable paths γ :
[a, b]→ Y and each point x ∈ π−1(γ(a)) there is path γ̄ : [a, b]→ X such that

(1) L(γ̄) <∞,
(2) γ̄(a) = x,
(3) π(γ̄(t)) = γ(t) for all t ∈ [a, b],
(4) if a path η : [a, b]→ X satisfies (1),(2) and (3), then η = γ̄,
(5) L(γ̄) ≤ L(γ) (because π is 1-Lipschitz we have equality).

Such a path γ̄ is called a lift of γ.

Lemma 2.6. Assume that π : X → Y has the unique path lifting property and γ̄ is a lift of a rectifiable path
γ : [a, b]→ Y . The following hold:

(a) If a ≤ s < t ≤ b, then L(γ̄|[s,t]) = L(γ|[s,t]).
(b) If γ is L-Lipschitz, then also γ̄ is L-Lipschitz.
(c) If η : [a, b]→ X is rectifiable, then η is the unique lift of π ◦ η starting at η(a).

Proof. (a): The path γ̄|[s,t] satisfies (1), (2) and (3) in Definition 2.5 for the interval [s, t] ⊂ [a, b] and the starting
point γ̄(s). Hence γ̄|[s,t] is the unique lift with these properties by (4) and thus L(γ̄|[s,t]) = L(γ|[s,t]) by (5).
Alternatively, (a) also follows directly from Lip(π) ≤ 1 and L(γ̄) = L(γ).

(b): If moreover γ is L-Lipschitz, then

dX(γ̄(s), γ̄(t)) ≤ L(γ̄|[s,t]) ≤ L(γ|[s,t]) ≤ L|t− s| .
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Hence also γ̄ is L-Lipschitz.
(c): Since π is Lipschitz, also the projection π ◦ γ̄ is rectifiable. It is clear that γ̄ is a lift of π ◦ γ̄ and the

uniqueness follows from the assumption on π : X → Y .

Next we show that the unique path lifting property is inherited by X∞.

Lemma 2.7. Assume that πi+1 : (Xi+1, ?i+1) → (Xi, ?i) is base-point-preserving and has the unique path
lifting property for every i ∈ N. Then π∞i : X∞ → Xi also has the unique path lifting property for every i ∈ N.

Proof. From Lemma 2.2 we already know that each π∞i is a submetry. Fix some j ∈ N and let γj : [a, b]→ Xj

be a rectifiable path and let x = (x1, x2, . . . ) ∈ X∞ be a point with xj = γj(a). Such a point exists because π∞j
as a submetry is surjective. For i < j, let γi := πji ◦ γj . For i > j let γi be the successive lift of γj with γi(a) = xi.
First we show that γ∞(t) := (γ1(t), γ2(t), . . . ) is in X∞ for each t ∈ [a, b]. Because lifts are length-preserving,

di(xi, γi(t)) ≤ L(γi) ≤ L(γj) ,

for all i > j and the same holds true for i < j because each πi is 1-Lipschitz. Hence

sup
i≥1

di(?i, γi(t)) ≤ sup
i≥1

di(?i, xi) + sup
i≥1

di(xi, γi(t)) <∞ ,

which implies that γ∞(t) ∈ X∞ for all t ∈ [a, b]. From Lemma 2.6 it follows that L(γi|[s,t]) = L(γj |[s,t]) for all
a ≤ s < t ≤ b and i ∈ N. Further

d∞(γ∞(s), γ∞(t)) = sup
i≥1

di(γi(s), γi(t)) ≤ sup
i≥1

L(γi|[s,t])

≤ L(γj |[s,t]) .

This shows that γ∞ is continuous since L(γj |[s,t]) → 0 for t − s → 0. By taking a finite partition of [a, b] and
summing up the distances it is immediate that L(γ∞) ≤ L(γj). So γ∞ is a lift of γj and it remains to show the
uniqueness of γ∞.

Assume that η : [a, b] → X∞ is a rectifiable path with π∞j (η(t)) = γj(t) for all t as well as η(a) = x. Then
for each i > j, the path π∞i ◦ η is a lift of γj with π∞i (η(a)) = xi. By the unique path lifting property it follows
that π∞i (η(t)) = π∞i (γ∞(t)) for all t and i. Hence η = γ∞ and we are done.

It follows from Lemma 2.6(c) that γ∞ : [a, b]→ X∞ is uniquely defined by γ∞(a) and π∞i ◦ γ∞ for any given
i. We call such a rectifiable path γ∞ the lift of its projections π∞i ◦ γ∞ at the starting point γ∞(a).

Definition 2.8. A map π : X → Y has the continuous path lifting property if it has the unique path lifting
property and for each sequence of paths γn : [0, 1]→ Y , n ∈ N, with

(1) γn(0) = y for all n,
(2) supn≥1 Lip(γn) <∞,
(3) γ(t) = limn→∞ γn(t) for all t ∈ [0, 1],

it holds that

γ̄(t) = lim
n→∞

γ̄n(t) for all t ∈ [0, 1] ,

where γ̄n and γ̄ are lifts of γn and γ, respectively, with the same starting point γ̄n(0) = γ̄(0) ∈ π−1(y).

Note that in the definition above, assuming uniform bounds on Lipschitz constants, pointwise convergence
and uniform convergence are equivalent.
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Recall that a metric space (X, d) is proper if all the closed balls B(x, r) in X are compact. The metric space
(X, d) is a geodesic space if for all points x, y ∈ X there is a path γ : [a, b] → X with γ(a) = x, γ(b) = y and
L(γ) = d(x, y). Any such path is called a geodesic. A path γ : [a, b]→ X is parametrized proportionally to arc
length if L(γ|[s,t])|b − a| = L(γ)|t − s| for all a ≤ s ≤ t ≤ b. It is a general fact in metric geometry that any
rectifiable path γ has a reparametrization γ̃ ◦ φ by arc length, i.e., L(γ̃|[s,t]) = |t− s| for all s and t.

Proposition 2.9. Assume that for every i ∈ N, the pointed metric space (Xi, ?i) is geodesic and proper. If
all the projections πi+1 : Xi+1 → Xi are base-point-preserving and have the continuous path lifting property,
then X∞ is a complete geodesic metric space and for each pair of points x = (x1, x2, . . . ), y = (y1, y2, . . . ) ∈ X∞
there exist η∞ : [0, 1]→ X∞ and γσ(n) : [0, 1]→ Xσ(n) for a strictly increasing sequence σ : N→ N such that:

(A) η∞ is a geodesic parametrized proportionally to arc length connecting x with y in X∞.
(B) Each γσ(n) is a geodesic parametrized proportionally to arc length connecting xσ(n) with yσ(n),

(C) π∞i ◦ η∞ = limn→∞ π
σ(n)
i ◦ γσ(n) for all i ∈ N.

Proof. Note that proper metric spaces are in particular complete, so it already follows from Lemma 2.2 that
X∞ is a complete metric space. For each n ∈ N let γn : [0, 1]→ Xk be a geodesic parametrized proportionally
to arc length connecting xn with yn. This implies that Lip(γn) ≤ dn(xn, yn) for all n ∈ N. From Lemma 2.7 it
follows that the lift γn∞ : [0, 1]→ X∞ of γn with γn∞(0) = x satisfies

Lip(γn∞) ≤ Lip(γn) ≤ dn(xn, yn) ≤ d∞(x, y) .

Hence the path γn∞ is contained in the closed ball B(x, d∞(x, y)). Since each π∞i is 1-Lipschitz by Lemma 2.2,
the path π∞i ◦ γn∞ is contained in B(xi, d∞(x, y)), starts at xi and satisfies Lip(π∞i ◦ γn∞) ≤ d∞(x, y) for all i
and n. Since B(x1, d∞(x, y)) is compact, the theorem of Arzelà-Ascoli guarantees a subsequence (σ(1, n))n∈N
of (n)n∈N such that (π∞1 ◦ γ

σ(1,n)
∞ )n∈N converges uniformly to some path η1. Recursively we find for every i ≥ 2

a subsequence (σ(i, n))n∈N of (σ(i− 1, n))n∈N such that (π∞i ◦ γ
σ(i,n)
∞ )n∈N converges uniformly to some path ηi.

For the diagonal sequence it holds that

lim
n→∞

π∞i ◦ γσ(n,n)∞ = ηi

uniformly for all i ∈ N. We have the following properties of these limits for all i ∈ N:

(1) ηi(0) = xi,
(2) ηi(1) = yi,
(3) Lip(ηi) ≤ d∞(x, y),
(4) πi+1(ηi+1) = ηi.

(1) is clear by construction since π∞i ◦ γn∞(0) = xi for all i, n ∈ N. Similarly, (2) follows from the fact that
π∞i ◦ γn∞(1) = yi for all i ≤ n. (3) is a consequence of Lip(π∞i ◦ γn∞) ≤ d∞(x, y) for all i, n ∈ N. To see (4) note

that the path π∞i+1 ◦ γ
σ(n,n)
∞ is the unique lift of π∞i ◦ γ

σ(n,n)
∞ starting at xi+1 for all i, n ∈ N. The continuous

path lifting property now implies that ηi+1 is the unique lift of ηi for each i ∈ N. Hence (4) holds.
It now follows from (1), (3), (4) and Lemma 2.7 that η∞(t) = (η1(t), η2(t), . . . ) is for each i ∈ N the unique

lift of ηi starting at x. Moreover Lip(η∞) ≤ d∞(x, y) by (3) and Lemma 2.6. The equality η∞(1) = y holds
because of (2) and hence η∞ is a geodesic connecting x with y. The bound Lip(η∞) ≤ d∞(x, y) also implies that
η∞ is parametrized proportionally to arc length.

Note that in the setting of the proposition above the projections π∞i : X∞ → Xi in general do not have the
continuous path lifting property as we will demonstrate in Remark 4.6 below.
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3. Group structures and their limits

We consider the case where each metric space Xi has a group structure with a left invariant distance. The
following lemma shows that then also the metric space X∞ admits a group structure making the distance left
invariant.

Lemma 3.1. Assume that (Xi, ei)i∈I is a collection of pointed metric groups together with maps πij : Xi → Xj

for i ≥ j such that:

(A) ei is the identity element of Xi,
(B) the projections πij : Xi → Xj are homomorphisms,
(C) left translations are isometries, i.e., for each gi, xi, yi ∈ Xi it holds that

di(gi · xi, gi · yi) = di(xi, yi) .

Then the limit (X∞, e∞) is a group with identity element e∞ = (ei)i∈I , and operations (xi)
−1
i∈I := (x−1i )i∈I as

well as (xi)i∈I · (yi)i∈I := (xi · yi)i∈I . Moreover, left translations in X∞ are isometries with respect to d∞.

Proof. We need to show that

(1) e∞ ∈ X∞,
(2) x−1 ∈ X∞ if x ∈ X∞,
(3) x · y ∈ X∞ if x, y ∈ X∞,
(4) d∞(g · x, g · y) = d∞(x, y) for all g, x, y ∈ X∞.

(1) is clear by definition. To see (2) let x = (xi)i∈I ∈ X∞. By assumption it holds that

sup
i∈I

di(ei, x
−1
i ) = sup

i∈I
di(xi · ei, xi · x−1i · ei) = sup

i∈I
di(xi, ei) <∞ .

Because each πij is a homomorphism πij(x
−1
i ) = πij(xi)

−1 = x−1i and this implies that (xi)
−1
i∈I ∈ X∞. For (3)

note that by left invariance of each di and by (2) it holds

sup
i∈I

di(ei, xi · yi) = sup
i∈I

di(x
−1
i , yi) ≤ sup

i∈I
di(x

−1
i , ei) + di(ei, yi) <∞ .

Moreover, πij(xi · yi) = πij(xi) · πij(yi) = xj · yj again because all πij are homomorphisms. Thus (xi · yi)i∈I ∈ X∞.
Clearly,

d∞(g · x, g · y) = sup
i∈I

di(gi · xi, gi · yi) = sup
i∈I

di(xi, yi)

= d∞(x, y) ,

and this shows (4).

We will see later in Theorem 5.1 that right translations in X∞ are in general not continuous, and the resulting
limit space thus is not a topological group. A particular example of this behaviour is given by the sequence
Xi = Gi(Rn) of free nilpotent Lie groups of step i over Rn equipped with the Carnot-Carathéodory metric.
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4. Space of signatures as an inverse limit

We first review the basic definitions and results about signatures and free nilpotent Lie groups, we mainly
refer to [7]. As defined in Definition 7.2 of [7] the step k signature of a rectifiable path γ : [a, b]→ Rn is given by

Sk(γ)a,b :=

(
1,

∫
a<t<b

dγt, . . . ,

∫
a<t1<···<tk<b

dγt1 ⊗ · · · ⊗ dγtk

)
∈ T k(Rn) :=

k∏
i=0

(Rn)⊗i .

Note that the iterated integrals are interpreted as Riemann-Stieltjes integrals and thus well defined and inde-
pendent of the particular parametrization of γ. There are natural coordinate projections ξk : T l(Rn)→ (Rn)⊗k

and πlk : T l(Rn)→ T k(Rn) for 0 ≤ k ≤ l. For g, h ∈ T k(Rn) the truncated tensor product is defined by

g ⊗k h :=
∑

0≤i+j≤k

ξi(g)⊗ ξj(h) ∈ T k(Rn) ,

which makes (T k(Rn),+,⊗k) into an associative algebra with neutral element 1k := (1, 0, . . . , 0), see Proposi-
tion 7.4 of [7]. Similarly one defines the infinite tensor algebra T∞(Rn) :=

∏∞
i=0(Rn)⊗i.

Given a rectifiable path γ : [a, b]→ Rn, Chen’s theorem states that for a ≤ s < t < u ≤ b

Sk(γ)s,u = Sk(γ)s,t ⊗k Sk(γ)t,u , (4.1)

see e.g. Theorem 7.11 of [7].
Set tk(Rn) := {g ∈ T k(Rn) : ξ0(g) = 0}. It is shown in Proposition 7.17 of [7] that the set 1k + tk(Rn) ⊂

T k(Rn) together with the truncated tensor product ⊗k of T k(Rn) is a Lie group. Similarly, the set tk(Rn) ⊂
T k(Rn) together with the bilinear map

[g, h] := g ⊗k h− h⊗k g

is a Lie algebra, Proposition 7.19 of [7]. By gk(Rn) ⊂ tk(Rn) we denote the smallest Lie subalgebra that contains

(Rn)⊗1 ⊂ tk(Rn). The exponential map expk : tk(Rn)→ 1k + tk(Rn), expk(a) := 1k +
∑k
i=1

a⊗i

i! , maps gk(Rn)
onto a closed Lie subgroup Gk(Rn) := expk(gk(Rn)) of 1k + tk, the free nilpotent Lie group of step k over
RnRnRn, Corollary 7.27 of [7]. The straight path γ : [0, 1] → Rn given by γ(t) = tv for some v ∈ Rn has truncated
signature Sk(γ)0,1 = expk(v), Example 7.21 of [7]. Chow’s theorem states that for any g ∈ Gk(Rn) there exists
a piecewise linear path γ : [0, 1]→ Rn such that g = Sk(γ)0,1, see e.g. Theorem 7.28 of [7]. Moreover,

Gk(Rn) = {Sk(γ)0,1 : γ : [0, 1]→ Rn is rectifiable} ,

Theorem 7.30 of [7]. The Carnot-Carathéodory norm on Gk(Rn) is defined by

‖g‖ := inf{L(γ) : γ : [0, 1]→ Rn is rectifiable and Sk(γ)0,1 = g} .

This infimum is achieved by some rectifiable path γ, see Theorem 7.32 of [7], and the Carnot-Carathéodory
metric dk(g, h) := ‖g−1 ⊗k h‖ is a left invariant geodesic metric on Gk(Rn), see e.g. Definition 7.41 of [7]. By
construction it is clear that πlk : Gl(Rn)→ Gk(Rn) is 1-Lipschitz for any 1 ≤ k ≤ l.
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Let γ : [a, b] → Rn ∼= G1(Rn) be a rectifiable path and let g ∈ Gk(Rn) with πk1 (g) = γ(a). We define γk :
[a, b]→ Gk(Rn) by

γk(t) := g ⊗k Sk(γ)a,t ,

for t ∈ [a, b]. Clearly πk1 ◦ γk = γ, γk(0) = g and by Proposition 7.59 of [7] and the left invariance of dk we obtain
that

L(γk) = L(t 7→ Sk(γ)a,t) = L(γ) .

This implies that all the projections

πk+1 : (Gk+1(Rn), dk+1, 1k+1)→ (Gk(Rn), dk, 1k)

have the unique path lifting property as in Definition 2.5. The fact that these projections also have the continuous
path lifting property, in the sense of Definition 2.8, is certainly known but for the sake of convenience we add
a proof here.

Lemma 4.1. For every k ∈ N, the projection

πk+1 : (Gk+1(Rn), dk+1, 1k+1)→ (Gk(Rn), dk, 1k)

has the continuous path lifting property. Moreover, each each metric space Gk(Rn) is geodesic and proper.

Proof. The standard topology on 1k + tk(Rn) ⊂ T k(Rn) =
∏k
i=0(Rn)⊗i is induced by the distance function

ρ(x, y) := max
i=1,...,k

|ξi(x)− ξi(y)| .

In fact, as shown in Proposition 7.45 of [7], there is a constant C ≥ 1 such that

C−1ρ(1k, g) ≤ max{dk(1k, g), dk(1k, g)k} ≤ Cρ(1k, g)

for all g ∈ Gk(Rn). Thus the topology of Gk(Rn) agrees with the topology induced by ρ and since closed balls
in Gk(Rn) are compact each Gk(Rn) proper. We already stated above that Gk(Rn) is geodesic.

If f, g : [0, 1]→ R are Lipschitz, then we claim that also the function ι(t) :=
∫ t
0
f dg is Lipschitz. Indeed, for

0 ≤ s ≤ t ≤ 1 it holds that

|ι(s)− ι(t)| =
∣∣∣∣∫ t

s

f(t)g′(t) dt

∣∣∣∣ ≤ ∫ t

s

|f(t)g′(t)|dt

≤ ‖f‖∞ Lip(g)|t− s|
≤ (f(0) + Lip(f)) Lip(g)|t− s| . (4.2)

Moreover, we claim that if (fm)m∈N and (gm)m∈N are sequences of Lipschitz functions on [0, 1] with
supm{Lip(fm),Lip(gm)} <∞ that converge pointwise (and thus uniformly) to f and g, respectively, then

lim
m→∞

∫ 1

0

fm dgm =

∫ 1

0

f dg . (4.3)

This follows for example by properties of the Riemann-Stieltjes integral, see [12] for more general convergence
results where the statement above is attributed to Helly [9]. Alternatively, one has another proof of (4.3) by
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observing that the characteristic function χ[0,1] induces a 1-dimensional metric current on R, see Example 3.2
of [1].

Assume now that γm : [0, 1]→ Rn, m ∈ N, is a sequence of Lipschitz paths with γm(0) = 0, supm Lip(γm) <
∞, and limm→∞ ‖γm − γ‖∞ = 0. It follows by induction on k using (4.2) and (4.3) that

lim
m→∞

ρ(Sk(γm)0,t, Sk(γ)0,t) = 0 ,

for all t ∈ [0, 1]. By the discussion in the first part of the proof this implies that

lim
m→∞

dk(Sk(γm)0,t, Sk(γ)0,t) = 0 .

The general continuous lifting property now follows from the left invariance of the metric and the unique path
lifting property for the projections πk1 : Gk(Rn)→ G1(Rn) ∼= Rn.

For the discussions that follow, metric trees play a fundamental role. Let us recall the following definitions.
An arc in a topological space X is a set I ⊂ X homeomorphic to [0, 1]. By abuse of notation we denote by ∂I
the end points of I. The space X is said to be arcwise connected if for any two different points x, y ∈ X there
is an arc connecting x with y, i.e., there is an arc I ⊂ X such that ∂I = {x, y}.

A topological tree is a metrizable topological space X with the following two properties:

(1) X is uniquely arcwise connected, i.e., for any two different points x, y ∈ X there is a unique arc in X
connecting x with y. We will denote this arc by [x, y].

(2) X is locally arcwise connected, i.e., for any x ∈ X and any neighbourhood U of x there is an arcwise
connected open neighbourhood V of x contained in U .

A metric tree is a uniquely arcwise connected geodesic metric space.
It is clear that any metric tree is a topological tree. The main result of [11] states that the converse holds

too.

Theorem 4.2 ([11], Thm. 5.1). X is a topological tree if and only if X is homeomorphic to a metric tree.

In connection with the uniqueness of signatures result by Hambly and Lyons [8], the following notion is
needed.

Let γ : [a, b]→ X be a rectifiable path in a metric space X. γ is called tree-like if there exists a metric tree T
and Lipschitz maps ψ : T → X and φ : [a, b]→ T such that φ(a) = φ(b) and ψ ◦ φ is a reparametrization of γ.

Equivalent characterizations of this property are given in Theorem 6.7.1 of [10], among these is the original
definition of [8].

An equivalence relation on the space of rectifiable paths in X is defined by

γ ∼ µ⇔ γ ∗ µ̄ is tree-like .

Here µ̄ is a backwards parametrization of µ. In this definition it is understood that the paths are translated so
that the end point of γ agrees with the start point of µ̄.

Let S(Rn) ⊂
∏∞
i=0(Rn)⊗i be the set of signatures of rectifiable paths in some fixed n ∈ N. Given such a path

γ : [0, 1]→ Rn, its signature is

S∞(γ)0,1 :=

(
1,

∫
0<t<1

dγt, . . . ,

∫
0<t1<···<tk<1

dγt1 ⊗ · · · ⊗ dγtk , . . .

)
∈
∞∏
i=0

(Rn)⊗i ,

Also here Chen’s identity (4.1) holds, and thus S(Rn) naturally has a group structure (S(Rn),⊗,1), where 1 is
the element (1, 0, 0, . . . ) in

∏∞
i=0(Rn)⊗i. The main result of Hambly and Lyons [8] is the following.
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Theorem 4.3 ([8], Thm. 4). Given two paths γ and µ in Rn it holds that S(γ) = S(µ) if and only if γ ∼ µ.

In particular, every equivalence class contains up to translations and reparametrizations a unique path of
shortest length. These are called tree-reduced. Injective paths for example are always tree-reduced. In [2] there
is an extension of this uniqueness theorem to weakly geometric rough paths in Banach spaces.

As a consequence of the results stated so far, the inverse limit G∞(Rn) is a metric tree. Here are the details.

Theorem 4.4. There is a natural group isomorphism identifying the space of signatures S(Rn) with G∞(Rn),
where (G∞(Rn), d∞, 1∞) is the inverse limit of the free nilpotent Lie groups (Gk(Rn), dk, 1k) with left invariant
Carnot-Carathéodory metrics dk as defined in Section 2. Further, the metric space G∞(Rn) is a complete metric
tree.

Proof. Set (Xk, ?k) := (Gk(Rn), 1k) for all k ∈ N with the metric and projections defined earlier for Gk(Rn). Now
(x1, x2, . . . ) ∈ X∞ if and only if πk+1(xk+1) = xk for all k ≥ 1 and supk∈N ‖xk‖ <∞. Let ξ : X∞ →

∏∞
i=0(Rn)⊗i

be the map given by

ξ(x1, x2, . . . ) := (1, ξ1(x1), ξ2(x2), . . . ) .

We claim that ξ is a group isomorphism onto S(Rn). First if x ∈
∏∞
i=0(Rn)⊗i is the signature S∞(γ)0,1 of a

rectifiable path γ : [0, 1]→ Rn, then

‖Sk(γ)0,1‖ ≤ L(t 7→ Sk(γ)0,t) = L(γ) <∞ ,

and hence x is in the image of ξ. On the other side assume that x = ξ(x∞) for some x∞ ∈ X∞. Because each
πk has the continuous path lifting property and each Xk is proper and geodesic by Lemma 4.1, it follows from
Proposition 2.9 that X∞ is a geodesic metric space. So let γ : [0, 1] → X∞ be a path of finite length with
γ(0) = 1∞ and γ(1) = x∞. Because each πk1 : Xk → X1 = Rn has the unique path lifting property with lifts
given by the step i signature of a path, it holds that xk = Sk(π∞1 ◦ γ)0,1 for all k ∈ N. Thus x = S∞(π∞1 ◦ γ)0,1.
It follows that ξ(X∞) = S(Rn). By construction it is clear that ξ is injective. This implies that ξ : X∞ → S(Rn)
is a bijection. By the construction of ξ, the group structure given on X∞ as defined in Lemma 3.1 and the
fact that the truncation operator S(Rn) → Gk(Rn) is a group homomorphism it is not hard to check that
ξ : X∞ → S(Rn) is a group homomorphism and because also ξ is injective, it is a group isomorphism.

We already know from Proposition 2.9 that X∞ is a complete geodesic metric space. Next we show that
X∞ is a metric tree. Assume that γ1, γ2 : [0, 1] → X∞ are two injective rectifiable paths with the same start
and end points. We want to show that im(γ1) = im(γ2). For this both can be assumed to be parametrized
proportionally to arc length (i.e., L(γk|[0,t]) = L(γk)t for k = 1, 2). By Lemma 3.1, the space X∞ is a group
and d∞ is left invariant and therefore we can assume that γ1(0) = γ2(0) = 1∞. As obtained above, ξ(γk(t)) =
S∞(π∞1 ◦ γk)0,t for k = 1, 2 and t ∈ [0, 1]. Because γk(t) is injective, the paths π∞1 ◦ γk in Rn are tree-reduced.
Because S∞(π∞1 ◦ γ1)0,1 = S∞(π∞1 ◦ γ2)0,1, the uniqueness of signatures implies that π∞1 ◦ γ1 and π∞1 ◦ γ2 have a
common reparametrization. In particular c = L(γ1) = L(γ2). Because π∞1 : X∞ → X1 has the unique path lifting
property by Lemma 2.7 it follows from Lemma 2.6 that L(π∞1 ◦ γ1|[0,t]) = L(π∞1 ◦ γ2|[0,t]) = ct for all t ∈ [0, 1].
Thus π∞1 ◦ γ1 = π∞1 ◦ γ2 and therefore also γ1 = γ2 again by Lemma 2.7. By approximation, im(γ1) = im(γ2)
can be shown for injective paths, not necessarily of finite length. This shows that X∞ is a metric tree.

As a consequence of Proposition 2.9 it follows that any tree-reduced path in Rn is the projection of a geodesic
in (G∞(Rn), d∞). Together with the second part of Proposition 2.9, the next result shows that paths in Rn can
actually be approximated by projections of geodesics in some Gk(Rn).

Corollary 4.5. For any (continuous) path γ : [0, 1]→ Rn ∼= G1(Rn) and any ε > 0 there is some k ≥ 1 and a
geodesic γk : [0, 1]→ Gk(Rn) such that L(γk) ≤ L(γ), πk1 (γk(δ)) = γ(δ) for δ = 0, 1 and

‖γ − πk1 ◦ γk‖∞ < ε .
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Proof. Note first that γ can be uniformly approximated by tree-reduced paths with length bounded from above
by L(γ) while fixing the end points. So without loss of generality we may assume that γ already is a tree-
reduced rectifiable path. Let (G∞(Rn), 1∞) be, as before, the inverse limit of the sequence of pointed metric
spaces (Gk(Rn), 1k)k∈N. Since π∞1 : G∞(Rn)→ Rn is surjective by Lemma 2.2, there is a point x∞ ∈ G∞(Rn)
that projects to γ(0) ∈ Rn. Due to Lemma 2.7, π∞1 has the unique path lifting property and hence γ lifts to
a path γ∞ : [0, 1] → G∞(Rn) starting at x∞. Since γ is tree-reduced, the path γ∞ is injective and hence by
Theorem 4.4 it is a geodesic (not necessarily parametrized proportionally to arc length). Since γ∞ is the unique
geodesic (up to reparametrizations) connecting its end points it now follows from Proposition 2.9 that there

is an increasing sequence σ : N → N and geodesics γσ(k) in Gσ(k)(Rn) for each k ∈ N such that π
σ(k)
1 ◦ γσ(k) :

[0, 1]→ Gσ(k)(Rn)→ Rn converges uniformly to π∞1 ◦ γ∞ = γ.

Instead of paths in Rn, the analogous statement holds for paths in Gk(Rn) which can be approximated by
projections of geodesics in Gi(Rn) for some i > k. The proof is essentially the same.

Remark 4.6. Although the projection π∞1 : X∞ → X1 has the unique path lifting property if each πi has it
by Lemma 2.7, the map π∞1 in general does not inherit the continuous path lifting property. This can be seen
from the sequence of rectifiable paths γn : [0, 2]→ R2 given by

γn(t) :=

{
(1− t, 0) if t ∈ [0, 1]
(t− 1, 1

n (t− 1)) if t ∈ [1, 2]

and their lifts γ̄n to G∞(R2). Each γ̄n is injective and because (G∞(R2), d∞) is a metric tree by Theorem 4.4,
it holds that

d∞(γ̄n(0), γ̄n(2)) = L(γ̄n) ≥ L(γn) ≥ 2 .

But the limit path γ : [0, 2] → R2 has trivial signature, i.e., γ̄(0) = γ̄(2) for its lift into the limit space
(G∞(R2), d∞). Thus π∞1 : G∞(R2)→ R2 does not have the continuous path lifting property.

5. Trees as topological groups

The main goal of this section is to prove that nontrivial topological trees cannot have the structure of a
topological group. This is implied by the following theorem. As a consequence we obtain that right translations
are not continuous in the limit space G∞(Rn), or more generally, the space G∞(Rn) is not homeomorphic to a
topological group.

Theorem 5.1. Assume that X is a topological tree with a group structure (·,−1, e) such that all left translations
x 7→ g · x and right translations x 7→ x · g are continuous. If X contains more than one point, then X is
homemorphic to R.

Proof. We first show that in case X is not an interval, then there cannot be a group structure on X with
continuous left and right translations. This is proved by contradiction. Due to Theorem 4.2 we assume that X
is a metric tree.

Claim 1: If X is not an interval, it contains a tripod. This means that there are different points x, x1, x2, x3 ∈
X such that [x, xi] ∩ [x, xj ] = {x} for i 6= j.

Proof of claim 1: Assume that X does not contain a tripod. Fix some x0 ∈ X. Assume first that there is
some ε > 0 for which the set Aε := {x ∈ X : d(x0, x) = ε} contains more than two points. Then any three
points in Aε form a tripod, contradicting the assumption. Now assume that Aε contains only one point for
any ε > 0. Then f : X 7→ R given by f(x) := d(x0, x) is an isometric embedding of X onto some interval
in R. Finally assume that there are two different points x−, x+ ∈ Aε for some ε > 0. Let X+ be the set of
points x ∈ X for which [x0, x+] ∩ [x0, x] 6= {x0}. Because X is uniquely arcwise connected this means that
[x0, x+]∩ [x0, x] = [x0, z] for some z 6= x0. If now x, y ∈ X+, then [x0, x] and [x0, y] meet in some initial segment
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and thus [x0, x] ∩ [x0, y] = [x0, z] for some z 6= x0 as before. But since X does not contain a tripod, x = z
if d(x0, x) ≤ d(x0, y) and y = z if d(x0, y) ≤ d(x0, x). Similarly we define X− with respect to x−. Note that
X+ ∩X− are disjoint, otherwise [x0, x+] ∪ [x0, x−] would form a tripod. Thus f : X → R defined by

f(x) :=

 0 if x = x0
+d(x0, x) if x ∈ X+

−d(x0, x) if x ∈ X−

is an isometric embedding of X onto an interval of R. This proves the claim.
So there exists a tripod in X as stated in the claim above. Left (or right) translating these arcs by x−1

we may assume that x = e is the center of a tripod. Pick some point y ∈ [e, x1] \ {e, x1}. Note that since left
translation by y is a homeomorphism, any set y · I is an arc if and only if I is an arc. Thus, y · [e, xi] = [y, y · xi].

Claim 2: At most one of the arcs [y, y · x1], [y, y · x2] and [y, y · x3] intersects the segment [e, y] \ {y} and at
most one of these arcs intersects [y, x1] \ {y}.

Proof of claim 2: This claim is quite clear since if two different [y, y ·xi] and [y, y ·xj ] intersect say [e, y] \ {y},
then [y, y · xi] ∩ [y, y · xj ] = [y, z] for some z 6= y. But this contradicts that [y, y · xi] ∩ [y, y · xj ] = {y}.

So there exists some i ∈ {1, 2, 3} and a sequence (yn)n∈N in [e, x1] \ {e, x1} with limn→∞ yn = e with [yn, yn ·
xi] ∩ [e, x1] = {yn}. It follows that [xi, e] ∪ [e, yn] ∪ [yn, yn · xi] is an arc. Set U := X \ {e} Because X is locally
arcwise connected, there exists some arcwise connected open neighbourhood V of xi contained in U . Because
right translation by xi is continuous, yn · xi ∈ V for some large enough n. For such an n there exists an arc
entirely in V connecting xi with yn · xi. But this contradicts that [xi, e] ∪ [e, yn] ∪ [yn, yn · xi] is another arc
connecting xi with yn · xi.

This shows that X is homeomorphic to an interval. If X has more than one point, then there is a point
in X with a neighbourhood homeomorphic to R. Because left translations are homemorphisms of X that act
transitively we obtain that all points of X have neighbourhoods homeomorphic to R. As an interval X has thus
to be homeomorphic to R.

The conclusion in the theorem above can be strengthened by saying that (X, ·) and (R,+) are isomorphic as
topological groups. This boils down to the fact that the only topological group structure on R is the standard one.
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[9] E. Helly, Über lineare Funktionaloperationen. Sitzsber. Ahad. Wiss. Wien 121 (1912) 265–297.
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